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Abstract

Before 1971, all the electronics were based on three basic circuit elements. Until a professor from UC

Berkeley reasoned that another basic circuit element exists, which he called memristor; characterized by

the relationship  between the charge  and the flux-linkage.  A memristor  is  essentially  a  resistor  with

memory. The resistance of a memristor (memristance) depends on the amount of current that is passing

through the device. 

In 2008, a research group at HP Labs succeeded to build an actual physical memristor. HP's memristor

was  a  nanometer  scale  titanium  dioxide  thin  film,  composed  of  two  doped  and  undoped  regions,

sandwiched between two platinum contacts. After this breakthrough, a huge amount of research started

with  the  aim  of  better  realization  of  the  device  and  discovering  more  possible  applications  of  the

memristor. 

In this report, it  is attempted to cover a proper amount of information about the history, introduction,

implementation,  modeling  and  applications  of  the  device.  But  the  main  focus  of  this  study  is  on

memristor modeling. Four papers on modeling of the memristor were considered, and since there were

no cadence models available in the literature at the time,  it  was decided to develop some cadence

models. So, cadence models from the mentioned papers were designed and simulated. From the same

modeling papers some veriloga models were written as well. Unfortunately, due to some limitation of the

design tool, some of the models failed to provide the expected results, but still the functioning models

show satisfactory results that can be used in the circuit simulations of memristors. 
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1. INTRODUCTION

The memristor, known as the forth basic element or the missing link, was discovered by Professor Leon

Chua, from University of California Berkeley in 1971. Previously, to describe the relationship between the

four corner stones, the magnetic flux φ, electric charge q, current i, and voltage v, only the basic circuit

elements: the resistor  R, the inductor  L, and the capacitor  C have been used. But then based on the

symmetry and the fact that the relations between four factors are  described using three elements, he

proposed that there exists another basic circuit element and called it “memristor: the missing link”. He

even  made  a  prototype  of  its  active  realization  on  a  breadboard  which  was  far  away  from  being

miniaturized. In 2008, a research group at HP Labs lead by Stanley Williams succeeded to fabricate the

device in nanometer scale. Since then, the research being conducted on memristors gained momentum

and the number of publications have boosted quite rapidly. 
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Figure 1: Accumulated number of reports on memristor since 1971 
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Figure 1, as well as Figure 2 shows the accumulated number of academic reports on memristors since

1971. It is quite visible that after HP Labs memristor in 2008, the number of publications have been

boosted up and the diagram looks like a hockey stick. The property that makes the memristor interesting,

is that at any point in time, the resistance of the device is a function of the current being passed through

it. The other property is that the memristor can “remember” the resistance that it had in the past. More

details and explanations will be given in chapter 3.

1.1 Motivation

There has not  much time passed since  HP Labs found a physical realization of  the memristor  and

presented a model for it. Since then, extensive research is going on to develop accurate and close to the

physical behavior models of the memristor. Many models have been introduced so far, and each of them

has their own advantages and disadvantages. Based on the need for more accurate models and also in

order to gain a better understanding of the function and properties of the memristor, it was decided to

perform a rather broad study of the memristor and simulate some models. So far, most of the memristor

models  are  SPICE models.  In  this  thesis  work,  a  couple  of  memristor  models  are  introduced  in

schematic circuit models using Cadence and also Veriloga which is a Hardware Description Language

(HDL). 
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Figure 2: The number of related published papers since 1971 (Google scholar updated in 28/05/2012). Reprinted
with permission from [143].
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1.2 Working environment

This thesis work was done in Linköping University, Electronic System division. The working environment

was  according  to  the  standards  and  all  the  necessary  facilities  were  available.  I  worked  in  a  well

equipped laboratory, where several other master students were working (mostly the members of the

Smart Dust project). I had access to a computer, printer and other basic requirements. 

There was a good collaboration between the master students in the research environment. We could

discuss any issues related to our topic, and others would try to help and brain storm when necessary.

Another  advantage  working  with  the  batch  of  master  students  was  that  we  were  a  diverse  and

international group of students, having members from India, Pakistan, Sweden, Iran etc. It was a great

cultural mix which made it interesting to work in that group. Every week, there was a group meeting

among Dr. Wikner's master students. Every member would discuss their progress report, what are they

aiming for the next week, and also share if  they faced any problems. Then there was brainstorming

among the group members to give suggestions and help resolving the problem. 

1.3 Work specification

The aim of this thesis work was to conduct a wide literature study on different aspects of the memristor

device. The process of collecting sources for the literature study started with general web news and

YouTube videos about memristor. This gave clues to find the most popular papers and articles published

on the subject such as Chua  [5] and Williams  [25] papers. From there, a wide internet search on the

subject  was done,  resulting  in  a  collection  of  several  sources (articles,  papers,  presentation  slides,

master thesis reports, PhD reports and so on). Also found the 'memristor.org' website that is dedicated to

memristor research [155]. It was a good source as it would announce new interesting findings, or events

about memristors. Through the mentioned website, came across YouTube videos of “The 1st memristor

and  memristive  systems  symposium”  held  in  UC  Berkeley  on  Nov.  2008  [36],  and  also  “The  2nd

memristor and memristive systems symposium” held in UC Berkeley (and co-sponsored by CITRIS) on

Feb.  2010  [37].  Listening  to  all  the  talks  in  those  symposiums  proved  to  be  very  informative.

Furthermore, it helped to know the main research contributors in this field. Another way of finding more

relevant sources was to refer to the reference lists of the papers that were collected so far. After some

time, connections with some of the other researchers were established, through whom more publications

were found. Overall, it is believed that a considerable number of references in this literature study were

collected and organized. 

This study includes an introduction to the device, and the history on how did it developed. Moreover,

what  properties  the  memristor  have?  What  applications  can  it  have?  In  which  area  it  is  being

researched? How is the structure of a physical memristor and how it is manufactured? The study was

decided to focus on the memristor models built for circuit simulations. As described in the motivation
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section,  1.1, a few Cadence models were designed based on the available published papers in the

literature.  Therefore, to be concise, the objective was to perform a literature study of the memristor

device and develop Veriloga and schematic circuit models.

1.4 Outline of thesis

This  thesis  work  just  started with  an  introduction  of  the  topic  of  this  research  study,  and  also  the

motivation behind the work (chapter 1). Chapter 2 gives a brief history of the basic circuit elements, and

then discusses where the memristor was originated from. An introduction to how Leon Chua found the

missing circuit element and how HP Labs succeeded in building a physical model from that is also given

in chapter 2. Chapter 3 is dedicated to the actual memristor device, where a clear definition of the device

along with its properties are discussed. Chapter 4 talks about the more popular memristor models that

are available in the literature. Different models are listed and a comparison is done among them to

identify the most suitable memristor model.  Memristor implementation is discussed in chapter  5. We

mention the different materials used in memristor fabrication, the manufacturing techniques and several

physical structures.  In chapter  6, the main areas that  memristors are being used in  are introduced;

several applications ranging from non-volatile memories to neuromorphic circuits are mentioned. The

simulation results and the memristor model created in Cadence are presented in chapter  7. A short

conclusion is then given in chapter 8. Some ideas for future work is also mentioned in this chapter. The

Veriloga codes can be found in the appendix in chapter 9. And finally the references are listed in 10.
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2. A BRIEF HISTORY OF CIRCUIT 
ELEMENTS

Around four decade ago, Leon Chua published his paper about memristor. However, the concept of a

resistor with some memory characteristics, was already studied by some other scientists. Chua was the

one to establish a more accurate connection on his findings. In this section, a short  introduction on

memristor history is given, and after that a perspective of the research that has been conducted on

memristor research over the past 50 years is discussed more in detail. 

2.1 Introduction

Between  1994  and  2008,  there  were  many  other  researchers  achieving  similar  characteristics  like

hysteresis feature, but were not able to connect the link. Therefore, they were referred to as anomalous

current-voltage  behaviors  or  characteristics.  But  only  researchers  at  HP  Labs  successfully  and

interestingly by chance found a connection between their results and Chua 's memristor.

Finally in 2008, almost four decades after Chua's prediction, a research group consisted of hundreds of

scientists lead by Stanley R. Williams actually build the memristor in physical form. The research was

conducted in the Information and Quantum Systems (IQS) Laboratory. Then, Dmitri Strukov, Gregory

Snider, Duncan Stewart and Stanley Williams published in Nature and described the connection between

Chua's memristor and the resistance switching characteristic of the bi-layer titanium oxide structure in

nanometer scale. They also proposed a model for the memristor.

2.2 Research reviews

A history of the research that has been done based on the time-line is listed in the following [1]. 

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES



No Title Page

LITH-EX-11/4455 A Study of the Memristor Models and Applications 18 of 115

1960 Bernard Widrow  

(From Stanford 

University)

He  developed “memistor”;  a three terminal  circuit  element in  which

the resistance of the “memistor” was controlled by the charge. This

element was the basic building block of  ADALINE (ADAptive LInear

NEuron) which was a neural network architecture. [2] 

1967 J. G. Simmons & 

R. R. Verderber

In their paper, "New conduction and reversible memory phenomena in

thin  insulating  films",  observed  hysteretic  resistance  switching  in  a

silicon oxide thin film that was injected with gold ions. They suggested

that electron trapping is the reason of this phenomena. [3]

1968 F. Argall He published a paper entitled “Switching phenomena in titanium oxide

thin films”. The results he got were somehow similar to those Williams

got for the HP Labs memristor. [4] 

1971 Leon Chua 

(From University of 

California Berkeley)

He mathematically postulated that based on the relations between the

four fundamental circuit variables and the symmetry, there should exist

another circuit element that relates the charge and flux. He published

an article with the title of “Memristor - the missing circuit element” in

IEEE Transactions on Circuit Theory. [5]

1976 Leon Chua &

Sung Mo Kang

Leon Chua and his student Sung Mo Kang generalized the theory of

memristors and memristive circuits, in their paper “Memristive devices

and systems” published in IEEE Proceedings. [6]

1986 Robert Johnson & 

Stanford Ovshinsky

They received U.S. Patent 4,597,162 for describing the manufacturing

process of a reconfigurable resistance switching array based on phase

changing materials. [7]

1990 S. Thakoor, 

A. Moopenn, 

T. Daud & 

A. P. Thakoor

They  published  a  paper  in  the  Journal  of  Applied  Physics  entitled

"Solid-state thin film memistor for electronic neural networks" [8], and

developed  a  tungsten  oxide  variable  resistor  that  was  electrically

reprogrammable. But it is not clear that whether this device has any

relation with Chua's memristor or not. Even Chua's paper is not cited

in the references.
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1993 Katsuhiro Nichogi, 

Akira Taomoto, 

Shiro Asakawa & 

Kunio Yoshida 

(From the Matsushita 

Research Institute)

They  received  U.S.  Patent  5,223,750 [9] for  describing  an  artificial

neural function circuit that was created using two terminal organic thin

film resistance switches. Although nothing was mentioned about the

memristor, still there were some similarities in terms of properties. 

1994 F. A. Buot & 

A. K. Rajagopal 

They published the article entitled "Binary information storage at zero

bias  in  quantum-well  diodes"  and  described  current-voltage

characteristics  which  was  similar  the  memristor  I-V  curves  in

AlAs/GaAs/AlAs quantum well diodes. But again no relation to Chua's

paper was found. The authors were not aware of Chua's paper at the

time. [10]

1998 Michael Kozicki & 

William West

On June 2nd, they received U.S. Patent 5,761,115 for presenting the

Programmable  Metallization  cell.  The  device  consisted  of  an  ion

conductor between two or more electrodes, where the resistance or

capacitance of the ion conductor can be programmed via the growth

and dissolution of a metal "dendrite". Despite some similarity to the

memristor, there is no connection mentioned. [11]

Bhagwat Swaroop, 

William West, 

Gregory Martinez, 

Michael Kozicki &

Lex Akers

On June 3rd, they published a paper entitled "Programmable current

mode  Hebbian  learning  neural  network  using  programmable

metallization  cell"  [12].  They  demonstrated  that  by  using  an  ionic

programmable resistance device, we can minimize the complexity of

an artificial synapse. 

James Heath, 

Philip Kuekes, 

Gregory Snider, & 

Stan Williams 

(From HP Labs)

In June 12th, the researchers at HP Labs discussed implementation of

a  chemically  fabricated  two  terminal  configurable  bit  element  in  a

crossbar configuration, provided for defect tolerant computing, in their

paper entitled "A Defect-Tolerant Computer Architecture: Opportunities

for Nanotechnology" [13]. Still, no connection to memristors is found. 
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2000 A. Beck, 

J. G. Bednorz, 

Ch. Gerber &

C. Rossel, 

(From IBM Research 

Lab in Zurich)

In July 3rd, the researchers at IBM Research Lab in Zurich published

an article entitled "Reproducible switching effect in thin oxide films for

memory applications" in Applied Physics Letters  [14]. They reported

resistance switching behavior in thin oxide films that was reproducible.

The  resulting  hysteresis  characteristic  was  similar  to  memristor,

without pointing out the relation to memristor. 

Philip Kuekes, 

Stanley Williams & 

James Heath

(From HP Labs)

In October 3rd, researchers at HP Labs received U.S. Patent 6,128,214

(assigned  to  HP)  [15] and  described  a  two  terminal  nonlinear

resistance switch as a rotaxane molecular structure of a nanoscale

crossbar. Once again, no relation to memristor was mentioned. 

2001 Shangqing Liu, 

NaiJuan Wu, 

Xin Chen &

Alex Ignatiev 

(From University of 

Houston)

They,  in  the  article  "A New Concept  for  Non-Volatile  Memory:  The

Electric Pulse Induced Resistive Change Effect in Colossal Magneto-

resistive  Thin  Films"  [16],   showed  that  oxide  bi-layers  are  very

important  in  achieving  high-to-low  resistance  ratio.  Similar

characteristics were reported, but still no connection to memristors is

provided. 

2005 Darrell Rinerson, 

Christophe Chevallier, 

Steven Longcor, 

Wayne Kinney, 

Edmond Ward & 

Steve Kuo-Ren Hsia

In March 22th, they received U.S. Patent 6,870,755 (assigned to Unity

Semiconductor) [17] for introducing reversible two terminal resistance

switching materials based on metal oxides.

Zhida Lan, 

Colin Bill & 

Michael Van Buskirk

In November 1st,  they received U.S. Patent 6,960,783 (assigned to

Advanced Micro Devices) [18] which introduces a resistance switching

memory cell  that was made from a layer of organic material  and a

layer  of  metal  oxides  or  sulfides.  It  showed  similar  current-voltage

characteristic to the memristor, but nothing mentioned about it. 

2006 Stanford Ovshinsky He received U.S. Patent 6,999,953 [19] and described using a neural

synaptic system based on phase change material as a two terminal

resistance switch. Although Chua's paper is cited as a reference, but

no connection to memristor is mentioned. 
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2007 Vladimir Bulovic, 

Aaron Mandell & 

Andrew Perlman

In February 27th,  they received U.S.  Patent  7,183,141 (assigned to

Spansion)  [20], for developing methods of programming two terminal

ionic complex resistance switches to act as a fuse or anti-fuse. 

Gregory Snider 

(From HP Labs)

In April 10th, Gregory Snider from HP Labs described implementation

of  two  terminal  resistance  switch  similar  to  memristors  in

reconfigurable  computing  architectures  and  received  U.S.  Patent

7,203,789, (assigned to HP) [21]. 

Gregory Snider In  August  10th,  Gregory  Snider  published  an  article  entitled  "Self-

organized computation with unreliable, memristive nanodevices"  [22]

and  discussed  that  memristive  nanodevices  are  useful  in  pattern

recognition and reconfigurable circuit architectures. 

Blaise Mouttet

(graduate student from 

George Mason 

University)

In November 27th,  Blaise Mouttet described the use of two terminal

resistance switching materials in signal processing, control systems,

communications,  and  pattern  recognition.  He  received  U.S.  Patent

7,302,513. [23]

2008 Gregory Snider In April 15th, Greg Snider received U.S. Patent 7,359,888 (assigned to

Hewlett-Packard)  [24] and  introduced  a  nanoscale  two  terminal

resistance switch crossbar array formed as a neural network. 

Dmitri Strukov, 

Gregory Snider, 

Duncan Stewart & 

Stan Williams

In May 1st, the team at HP Labs published an article in Nature "The

missing  memristor  found"  [25],[26] and  introduced  a  relationship

between  the  two  terminal  resistance  switching  characteristic  in

nanoscale systems.

Blaise Mouttet Between June 1st-5th, during Nanotechnology Conference and Trade

Show  in  Boston,  Blaise  Mouttet,  presented  the  poster  "Logicless

Computational Architectures with Nanoscale Crossbar Arrays" [27]. He

described  analog  computational  architectures  that  use  similar

resistance switching materials.
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Victor Erokhin &

M. P. Fontana

In  July  7th,  they  claimed  that  two  years  before  HP  Labs  find  the

titanium oxide memristor, they have discovered a polymeric memristor,

and  it  is  discussed  in  the  article  "Electrochemically  controlled

polymeric device: a memristor”. [28]

J. Joshua Yang, 

Matthew D. Pickett, 

Xuema Li, 

A. Douglas  

A. Ohlberg, 

Duncan R. Stewart  &

R. Stanley Williams

In July 15th, explained memristive switching behavior in nanodevices in

their  Nature  paper,  entitled  "Memristive  switching  mechanism  for

metal/oxide/metal nanodevices". [29]

Stefanovich Genrikh, 

Choong-rae Cho, 

In-kyeong Yoo, 

Eun-hong Lee, 

Sung-il Cho & 

Chang-wook Moon

In  August  26th,  they  received  U.S.  Patent  7,417,271  (assigned  to

Samsung)  [30] and  showed  that  a  bi-layer  oxide  two  terminal

resistance  switch  can  have  memristive  properties.  But  there  is  no

relation or reference given to Chua’s theory. 

Blaise Mouttet Between September 14th-16th, during the nanotechnology Conference

in Boston he presented a poster entitled "Proposal for Memristors in

Signal Processing". [31]

Yu V. Pershin &

M. Di Ventra

(From University of 

California, San Diego)

In September 23rd, they discussed memristive behavior in Spintronics

in an article entitled "Spin memristive systems: Spin memory effects in

semiconductor  Spintronics"  [32],  and  published  in  Physical  Review

Letters. 

Yu V. Pershin,

S. La Fontaine &

M. Di Ventra

In October 22nd, they  published an article entitled "Memristive model

of  amoeba's  learning"  [33].  They  studied  the  amoeba-like  cell,

Physarum Polycephalum that  was mapped it  to a series of  voltage

pulses that could mimic the changes in the environment. 

Duncan Stewart, 

Patricia Beck, & 

Doug Ohlberg 

In  October  28th,  researchers  at  HP  Labs,  received  U.S.  Patent

7,443,711 (assigned to HP)  [34] and introduced a tunable nanoscale

two terminal resistance switch. 
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Blaise Mouttet In November 4th he received U.S. Patent 7,447,828  [35] for several

cases  of  using  resistance  switching  materials  in  adaptive  signal

processing. 

Leon Chua, 

Stan Williams, 

Greg Snider, 

Rainer Waser, 

Wolfgang Porod, 

Massimiliano Di Ventra &

Blaise Mouttet

In November 21st, Leon Chua, Stan Williams, Greg Snider, Wolfgang

Porod,  Massimiliano  Di  Ventra,  Rainer  Waser,  and  Blaise  Mouttet

conducted a panel discussion at The Symposium on Memristors and

Memristive  Systems  held  at  UC  Berkeley.  They  talked  about  the

theoretical  foundations  of  this  field  and  the  potentials  of  using

memristor for RRAM and neuromorphic architectures. [36]

Blaise Mouttet In December 2nd he received U.S. Patent 7,459,933 [38] for claims in

using hysteretic resistance materials for image processing and pattern

recognition. 

2009 N. Gergel-Hackett,  

B. Hamadani, 

B. Dunlap, 

J. Suehle, 

C. Richter, 

C. Hacker  &

D. Gundlach 

Researchers  at  the  National  Institute  of  Standards  and Technology

(NIST) in Gaithersburg, United States, succeeded to create a flexible

and  low  power  memory  that  can  "remember"  the  passing  current

(indicated in the resistance). These flexible memristors have potential

applications in or  both long-term and short-term memories such as

disposable sensors and medical applications. [39]
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2010 H. J. Koo, 

J. H. So, 

M. D. Dickey &

O. D. Velev

Researchers at North Carolina State University (NCSU) demonstrated

a  squishy  memory  device  with  physical  properties  of  a  Jelly,  that

works well in wet environments [40]. They claimed that it can provide

an electronic bridge between man and machine. The circuit is both

squishy and hydrophilic which allows it  to be implemented in living

human tissues. The device consists of two electrodes made from an

alloy of Gallium and Indium, which in room temperature is in a liquid

form. Sandwiched between these two electrodes are two films made

of agarose, a hydrogel used in biochemistry. One of the films is doped

with polyacrylic acid (PAA) and the other one with polyethyleneimine

(PEI) which is a base. A resistive thin layer of gallium oxide is usually

created in the border between the electrodes and the hydrogel. But on

the  side  with  PEI doping,  due  to  high  pH  this  oxide  layer  is

suppressed. Hence, by applying voltage, the thickness of the resistive

oxide layer on the other side,  the resistance of  the device can be

changed. A positive voltage across the device increases the thickness

of the oxide and it will lead to higher resistance. Moreover, the current

flow can be controlled  and this  means that  the device  can switch

between conductive and non-conductive modes, just like a diode. If

the current switch off, the diode keeps a memory of its last resistance

state. So,  it  has memristor characteristics.  It  was reported that the

memristor that  NCSU team made retained its memory for 3 steady

hours. They also made a test version of it into a crossbar array.
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2.3 The Resistor, The Capacitor, The Inductor

Before describing the memristor as the missing link, a review of the previously known circuit elements

(resistor, capacitor and inductor) is given just for the sake of comparison [49].

2.3.1 The Resistor

A resistor is a two-terminal, linear, passive fundamental circuit element. The current that passes through

a resistor has a linear direct relation to the voltage across the resistor. A resistor is characterized by its

resistance which is the ratio of voltage to current. Figure 5 shows the two types of symbol for the resistor.

Resistor is invented by Georg Ohm in 1827 and is the most common component in electrical networks

and electronic circuits. In practice, they can be made of different materials, films or resistance wire which

is made of high-resistivity alloy like nickel-chrome. They can be implemented and integrated into hybrid

and printed circuits. Figure 6 Shows a couple of different resistors.

Commercial resistors can have a value in a range of nine order of magnitude. In some applications,

some other factors such as temperature coefficient are of importance. In power electronic applications,

resistors have a maximum power rating that should be taken into consideration. Resistors with higher

power rating, are physically larger and thus need heat sinks. Real resistors have a series inductance and

a small parallel capacitance which will gain importance in high-frequency applications. The unwanted

inductance, temperature coefficient and excess noise are mainly dependent on the technology used in
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manufacturing the resistor. The resistor is measured in ohm Ω, which is the name of its inventor, Georg

Simon Ohm. One ohm unit is equivalent to one volt per ampere. Due to wide range of manufactured

resistors in the market, units of milliohm (1 mΩ =10-3 Ω), kilohm (1 KΩ =103 Ω), and megohm (1 MΩ =106

Ω) are also used. Conductance is the reciprocal of resistance R and is defined as (1): 

G= 1
R

,
(1)

which is measured in  Siemens,  and sometimes it  is  referred to as a  mho.  Therefore,  the unit  of  a

Siemens is the reciprocal of an ohm S=Ω-1.  Conductance is sometimes used in circuit  analysis,  but

usually resistors are specified based on their resistance.

2.3.1.1 Ohm's law

According to Ohm's law, the voltage across a resistor is proportional to the current by a constant, that is

the resistance. (2) shows Ohm’s law:

V= I R . (2)

Equivalently, Ohm's law can also be written as: 

I= V
R

, (3)

which simply says that the current is directly proportional to the voltage and inversely proportional to the

resistance. So, the current that runs through a larger resistance, is less. Below, in Figure 7 the voltage-

current characteristic of a resistor is presented.
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2.3.1.2 Resistors in series

When several resistors are connected in series, the current through all of them is the same, but the

voltage across them is proportional to their resistance. The total voltage of the configuration is equal to

sum of the voltage across each resistor. The series configuration can be seen in  Figure 8. The total

resistance will be the sum of all the resistances:

Req= R1+R2+⋯+Rn . (4)

For  example,  in  a  special  case,  if  N resistors  with  resistance  R are  connected  in  series,  the  total

resistance is given by NR.

2.3.1.3 Resistors in parallel

When several resistors are connected in parallel, the voltage across all of them is the same, but the

currents through each one is dependent on the resistance. The total current of the configuration is equal

to sum of the currents in each branch. The total resistance can be computed as:

1
Req

= 1
R1

+ 1
R2

+⋯+ 1
Rn

 (5)

To simplify the notation of parallel configuration, the parallel equivalent resistance can be represented by

two vertical  lines "||".  In case of  two resistors with resistances  R1 and  R2 in parallel,  the equivalent

resistance can be calculated using:

Req= R1∥R2=
R1 R2

R1+R2

 (6)

For example, in a special case, if  N identical resistors with resistance R are connected in parallel, the

total resistance is given by R/N  and the power rating of each individual resistor is multiplied by N. The

configuration in parallel is shown in Figure 9.

2.3.1.4 Power dissipation

A resistor dissipates power as the form of heat energy. The dissipated power of a resistor is calculated

as:

P= I 2 R= IV = V²
R

 (7)
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Figure 8: Resistors in series configuration
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The first form is Joule's first law statement. And the other two forms can be derived using Ohm's law. The

total amount of heat energy which is released over a period of time is given by the integral of the power

over that period of time:

W=∫
t1

t2

v ( t)i( t)dt . (8)

Practically, resistors are rated based on their maximum power dissipation. Most of them that are used in

electronic circuits consume much less than a watt of power and are not much of a concern regarding

their power rating. These types are commonly rated as 1 /1 0 , 1 /8  or 1 /4  watts.

In some applications such as power supplies, power amplifiers and conversion circuits,  resistors are

needed to dissipate more power and are generally called 'power resistors'.  Power resistors have bigger

sizes and usually don't use common values, color codes, and external packages.

If a resistor dissipates more average power than its power rating, it will cause damage to the resistor,

permanently changing its resistance. Very high power dissipation can cause higher temperatures and

finally burn the circuit or other nearby components, or in worst case cause a fire. There are flameproof

resistors  that  will  be  open  circuited  before  it  overheats  to  a  certain  risky  threshold.  Air  circulation,

ambient temperature, and other factors can reduce the risk significantly. 

2.3.2 The Capacitor

A Capacitor is a two terminal passive component which has two conductive plates separated by a non-

conductive dielectric medium that stores electric charge. The dielectric can be air, paper, glass, vacuum,

or even a semiconductor depletion region. By applying a voltage difference across the conductors, dipole

ions will polarize which makes the positive ions to accumulate on one plate and the negative ions on the

other plate. So, the plates have equal and opposite charges on their surfaces facing toward each other.

This forms a static electric field across the dielectric. Then the charge is stored in the dielectric medium.

The role of the dielectric is to reduce the electric field and increase the capacitance. Practically,  the

dielectric between the contacts leaks some current and also limits the electric field strength that causes a

breakdown voltage. The circuit symbol is shown in Figure 10. Some different varieties of capacitors are

illustrated in Figure 11.
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Figure 9: Resistors in parallel configuration
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Capacitors are widely used in many applications such as storing charge, blocking direct current while

passing alternating current, smoothing the output of power supply circuits, coupling of two stages of a

circuit, filter networks, delay applications and tuning radios to particular frequencies. The capacitor has

variety of forms. They can be fixed or variable. They are also categorized into polarized or non-polarized.

Electrolytic capacitors are polarized. Most of the low value capacitors are non-polarized. 

An ideal capacitor is characterized by its capacitance which is measured in Farad F and as it is shown in

(9),  is  defined as the ratio of  the electric charge on each conductor plate, to the voltage difference

between them. One Farad is the capacitance when one coulomb of charge is stored by applying one volt

across the device. 

C= Q
V

, (9)

in which  Q is the amount of charge stored in the capacitor,  C is the capacitance value and  V is the

applied voltage across the capacitor. And in case there is a change in the capacitance, it can be defined

in terms of incremental changes. 

C= dq
dv

 (10)

The current passing through a capacitor is given by: 

I = C dv
dt

 (11)
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Figure 10: Circuit symbol of a capacitor. (left) Fixed capacitor,
(center) polarized capacitor, (right) variable capacitor, 

Figure 11: Different kinds of capacitors
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2.3.2.1 Current-voltage relation

According to the definition, the current through the capacitor is the rate of charge flow passing through it.

Due to the existence of  the dielectric,  the  charges and electrons are not  able to pass through the

insulator  layer;  instead,  they  accumulate  on  the  negative  plate.  For  every  electron  that  leaves  the

positive plate, there is a hole with the same charge but opposite sign (positive charge) appearing on the

other  plate.  Therefore,  the  charge  on  the  electrodes  is  equal  to  the  integral  of  current,  and  also

proportional to the voltage.

The capacitor equation can be written in integral form as: 

v (t )= q (t )
C

= 1
C ∫

t0

t

i(τ )d τ+v (t 0) . (12)

The derivative form can be obtained by taking the derivative of the above equation.  

i(t)= dq(t )
dt

= C dv (t )
dt

. (13)

The current-voltage relation of a capacitor is shown in Figure 12.

2.3.2.2 Capacitors in parallel

For  capacitors  in  a  parallel  configuration,  the  applied  voltage  is  equal  for  all  of  them  and  their

capacitance  add  up  (the  plate  area  add  up).  Equation  (14) shows  the  equivalent  capacitance  of

capacitors in parallel configuration, which is shown in Figure 13. 

C eq= C1+C 2+…+C n  (14)
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Figure 12: Voltage-current characteristics of a capacitor
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2.3.2.3 Capacitors in series

If  capacitors  are  connected  in  series,  the  separation  distance  adds  up  and  each  capacitor  store

instantaneous charge, equal to the other capacitors in the configuration. The total voltage is distributed

among them based on the inverse of their capacitance. The equivalent capacitance will be smaller than

any  of  its  components.  Equation  (15) shows  the  equivalent  capacitance  of  capacitors  in  series

configuration, which is shown in Figure 14.

1
C eq

=
1
C1

+
1
C 2

+…+
1
C n

 (15)

This configuration is used to obtain higher voltages and to increase the energy storage of the network

without overloading any of the components. 

2.3.2.4 Energy Storage

In order to distribute the charge, an external influence should be applied to the capacitor. So, work has to

be done to  separate  the charges.  After  removing the external  influence,  the  charge separation  will

remain in the electric field and energy is stored. When the charge is back to its initial condition, the

energy is released. The amount of work done and the stored energy are given by (16).

W= ∫
q= 0

Q

V dq= ∫
q= 0

Q
q
C
dq= Q2

2C
= 1

2
CV 2= 1

2
VQ .  (16)

2.3.2.5 Non-ideal behavior

Leakage current or parasitic effects are some deviations of the ideal behavior of the capacitor. By adding

some virtual components to the equivalent circuit, these effects can be compensated. But in return, for

some other non-ideal behaviors like the breakdown voltage, network analysis cannot be used and should

be considered separately. 
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Figure 14: Capacitors in series
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2.3.3 The Inductor

An inductor  is  a two terminal  passive element  that  stores energy in  the magnetic  field.  It  was first

produced by Micheal Faraday in 1831. An inductor is characterized by its inductance and it is measured

in Henries H. Almost any conductor has inductance, but they are typically twisted in loops to reinforce the

magnetic field. 

According to Faraday’s law of electromagnetic induction, a voltage is induced because the magnetic field

inside the coil varies with time. According to Lenz’s law, the induced voltage opposes the change that

created it. Since inductors have the ability to delay or reshape alternating currents, they are widely used

in electronics where voltage and current vary with time. 

There are different types of inductors based on the kind of core they have, such as air core inductors,

ferromagnetic core inductors and also variable inductors.  A kind of inductors called chokes are used as

a part of filters in power supplies or to block the AC signals.  Some different varieties of capacitors are

illustrated in Figure 16.

Figure 16: Different kinds of inductors. Reprinted with permission from [148].

 

2.3.3.1 Current-voltage relation

In an electrical circuit, an inductor opposes the changes in current that is passing through it by inducing a

voltage that is proportional to the rate of change in the current. Although it was discussed that the ideal

inductor has no resistance, but in practice, the only inductors that have real zero resistance are the ones

that are superconducting. The relationship between the voltage v (t )  and the current i(t)  of an inductor

is given by the below differential equation:
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Figure 15: Circuit symbol of an Inductor
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v (t )= L di( t)
dt

, (17)

in which L is the inductance. If a sinusoidal alternating current passes through an inductor, a sinusoidal

voltage will be induced.  

i(t)= I psin (2 π f t) , (18)

in which  Ip is the amplitude of the current, and  f is the frequency of the current. Voltage amplitude is

proportional to the product of frequency of the current and the amplitude, as it is shown in (20). 

di(t )
dt

= 2 π f I pcos (2 π f t) . (19)

v (t )= 2 π f L I p cos (2π f t) . (20)

In case that the inductor is connected to a current source through a resistance, the current source will be

short-circuited, and the current will decline with an exponential decay: 

i(t)= I e
(R
L

)t  (21)

The current-voltage relation of a capacitor is shown in Figure 17.

2.3.3.2 Inductors in parallel configurations:

Inductors in parallel have the same voltage across each of them. The total equivalent inductance of a

parallel configuration is given by:  
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Figure 17: Voltage-current characteristics of an inductor
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1
Leq

=
1
L1

+
1
L2

+⋯+
1
Ln

 (22)

Figure 18 shows several inductors in a parallel configuration.

2.3.3.3 Inductors in series configurations:

The current through all the inductors is the same, but the voltage across each one is different. The total

voltage of the configuration is equal to the sum of voltages. The total equivalent inductance of inductors

in series is shown in (23).

Leq= L1+ L2+⋯+ Ln  (23)

Figure 19 shows several inductors in a series configuration. It should be noted that these equations only

hold when there is no mutual coupling of magnetic fields among the inductors. 

2.3.3.4 Stored energy

The energy that an inductor stores (in joules) is equal to the amount of work that should be done to

create a current and in result a magnetic field. This is shown in (24): 

E stored=
1
2
L I 2

, (24)

where I is the current of the inductor and L is the inductance. This equation is only applicable for a linear

relationship between the flux and the current.
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Figure 19: Inductors in series
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2.3.3.5 Ideal and real inductors

An ideal inductor has an inductance, but it does not have resistance or capacitance, and also does not

dissipate any energy.  In return real inductors have resistance and parasitic capacitance due to wire

resistance, core losses and other parameters. Real inductors at some frequencies behave like resonant

circuits and will become self-resonant. If the frequency is increased, the capacitive reactance becomes

dominant and energy is dissipated by wire resistance. Resistance and resistive losses of the inductor

increase in high frequencies due to skin effect in the winding wires. Practically, inductors are used as

antennas,  which radiate  some energy into  the surrounding space and may receive  electromagnetic

emissions from other circuits as well. 

2.3.3.6 Applications

Inductors  have  many  applications  in  analog  circuits  and  signal  processing.  If  they  are  used  with

capacitors and some other components, they can form tuned circuits which can filter out or emphasize

some specific signal frequencies. Large inductors have applications in power supplies, while smaller

inductor/capacitor combinations forming tuned circuits are used in radio reception and broadcasting. A

transformer, which is a essential element in every electric utility power grid, can be created with two or

more  inductors  that  have  coupled  magnetic  flux.  As  the  frequency  increases,  the  efficiency  of  a

transformer can reduce as a result of skin effect on the windings and eddy currents in the core material.

Higher frequencies can also cause the size of the core to become smaller.  In some switched mode

power supplies,  inductors are used as the energy storage devices.  They are also used in  electrical

transmission systems for depressing voltages from lightning strikes and to limit switching currents and

fault current. In these cases, they are mostly called as reactors.

2.4 Origin of the memristor

Anyone with a basic knowledge in electrical engineering knows that there are four fundamental circuit

variables: Current  i, Voltage v, Charge q, and Flux φ. Then it is clear that with these four parameters,

there  can  be  six  possible  combinations  for  relating  them to  each  other.  So  far  we  have  complete

understanding and control  over  five of  these combinations in  which three of  them are passive two-

terminal fundamental circuit elements, namely the resistor R, the capacitor C and the inductor L. Unlike

the active components which can generate energy, these three components are passive elements which

are only capable of storing or dissipating energy but not generating it. 

The behavior of each of the three elements can be described by a linear relationship between two circuit

variables. The relationship between 'voltage and current', 'voltage and charge', and 'current and flux' are

defined by a resistor, capacitor and an inductor, respectively.  Figure 20 shows these three relationships.

Moreover,  the  two other  combinations  are  defined by Faraday's  law.  Faraday's  law shows that  the

current is the time derivative of the charge and the voltage is the time derivative of the magnetic flux.

Figure 21 shows the relationship between these parameters. 
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Figure 20: Relations between circuit variables that define resistor,
capacitor and inductor. 

Figure 21: The relation between the four circuit variables known before Chua's
paper. Note the missing link between φ and q. 
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2.4.1 The Missing Link

In 1971, Leon Chua, an EE professor from UC Berkeley compared this definition to Aristotle theory of

matter. Based on Aristotle's theory, and as it is shown in Figure 22, all the matters are consisted of four

fundamental elements, namely Earth, Water, Air and Fire. There are also four basic properties namely

dryness, moistness, hotness and coldness (from Chua's talk in [36]). 
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Figure 22: Aristotle's theory of matter (adapted from [36])

Figure 23: The relationship between the four circuit variables, defining four
circuit elements including the memristor.
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Any of the fundamental elements represent two of the four basic properties. After some inspection Chua

found out that there is a similarity between the relationship among above elements and the relationship

among electrical circuit parameters. He noticed that there was no element relating the magnetic flux and

electric charge. Therefore, he predicted that based on symmetry, there should be a fourth fundamental

circuit  element.  He  called  this  hypothetical  element,  “memristor”.  The  forth  element  describes  the

relationship between the charge and the magnetic flux. But why nobody considered this missing link

before is quite an interesting question itself. After that it took about 40 years for the memristor to be

actually implemented in a physical form. Figure 23 Shows the complete relation between all four circuit

elements and variables.

2.5 Chua's memristor

As  mentioned  before,  resistor  R,  capacitor  C and  inductor  L  are  the  three  fundamental  electronic

devices.  They are  described  by  the  relationship  between  two  (out  of  four)  circuit  variables.  These

variables are voltage v, current i,  charge q, and magnetic flux φ. The three basic devices didn't cover all

the combinations between circuit variables. There was something missing. No device was there to relate

the charge and the magnetic flux until Leon Chua introduced his new circuit element called “memristor”

[5].  In  his  paper,  “Memristor  –  The  missing  circuit  element”,  he  described  how  his  memristor  is

characterized by a relationship between the charge (formulated in (25)) and the flux-linkage (formulated

in (26)). 

q (t)= ∫
− ∞

t

i(τ )d τ . (25)

φ(t)= ∫
− ∞

t

v ( τ )d τ . (26)

Moreover, he presented a field electromagnetic interpretation of the memristor characteristic, and also

some of its possible applications, which can be found in  [5]. Probably, the most important property of

memristor is that it is a passive element, which means that it cannot produce or create energy, and it

merely consumes.  Figure 24 shows the symbol and q-φ curve of the memristor described in Chua's

paper.

He also  proposed  a  symbol  and  three basic  circuit  realizations  for  memristor.  In  each  case,  these

realizations contained a mutator that is terminated by a proper nonlinear element. In more detail, for a

M-R mutator a nonlinear resistor  R  is used across port 2, and similarly a nonlinear capacitor  C for a

M-C mutator and a nonlinear inductor L  for a M-L mutator.

In fact,  Chua's concept  was that if  a proper nonlinear resistor is connected across port  2 of a M-R

mutator, one can realize a memristor with any desired q-φ curve. This concept is illustrated in Figure 25
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for different realizations.  

Therefore for instance, the task of a type I M-R mutator is to transform the v R− iR  curve of the nonlinear

resistor f (V R ,iR)= 0  into the corresponding q-φ curve f (ϕ , q)= 0  of a memristor. In return, a type II

M-R mutator transforms the iR− v R  curve f (iR , v R)= 0  into the q-φ curve. The same is applicable to M-

C and M-L mutators [5].

Table 1: Characterization and realization of M-R mutator (adapted and redrawn with permission from [5], copyright 
© 2003 IEEE).

M
-R

 M
U

TA
T

O
R

Type Symbol and characterization Basic realizations using controlled sources

1

2
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Figure 24: The symbol and typical curve of a memristor (adapted and redrawn with permission from [5],
copyright © 2003 IEEE).
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Figure 25: Memristor basic realizations – using a mutator which is terminated by a nonlinear
element (adapted and redrawn with permission from [5], copyright © 2003 IEEE).

Then, the basic realizations in all three cases were defined using controlled sources, such as voltage

controlled voltage source, current controlled current sources etc.,  which is discussed in detail  in  [5].

Here, only realizations based on controlled sources for M-R mutator is shown in Table 1.

Chua also made a practical  active circuit  realization of  type I  M-R mutator  on a breadboard,  which

contained  different  active  elements  such  as  transistors.  But  unfortunately  this  circuit  with  all  those

devices was far away from being miniaturized.  Figure 26 shows the active circuit realization of Chua's

memristor. 
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Figure 26: Type I M-R mutator based on realization 1 in Table 1 of the actual circuit Chua implemented on
the breadboard using active elements (adapted and redrawn with permission from [5], copyright ©

2003 IEEE).
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2.6 HP Labs

For  decades,  even  after  Chua's  1971  memristor  article,  scientists  were  observing  hysteresis

characteristics (or as Chua refers to it, pinched hysteresis loops) in different materials and structures.

Since it was an unknown behavior and they couldn’t explain it, they would report anomalous current-

voltage characteristics. This remained the same until  2008, when HP Labs finally found the missing

connection between this mysterious phenomenon with Chua's theorem. They published their findings in

Nature, that they had found the missing element. They then made a basic circuit model of the memristor

based on the same mathematical formulations of Chua's predictions. But the model had an upper bound

for the resistance, meaning that the device would act like a memristive device (instead of a memristor) in

higher or longer bias voltages. With that model, they reproduced several types of I-V curves that has

been observed before (mostly not perfect butterfly shapes, but 'S' and 'N' curves). From the memristance

formula given by HP, it  was clear that the size of the most effective parameter in memristance gets

bigger when the size reaches nanometer scale. This was one of the reasons the memristance effect was

not so much bold and visible in the past. This made memristor a very hot topic in nanotechnology [141].

Figure 27 shows the main contributors in HP Labs memristor team. 

The interesting part of the story is where scientists in HP Labs were not even attempting to find the

memristor.  It  all  started in 1995,  when David Packard proposed a research topic of  molecular-scale

electronics. They formed a research group to come up with a result in 10 years. The plan was to find an

approach to technology was to keep the Moore's Law going (which was predicted to only last until 2010).

The existing semiconductor technology at the time was 0.35 μm (Nowadays, the critical feature size in

transistor fabrication is 45 nm, or about only 220 Si atoms) [7]. Their work started with the suggestion of

Phillip Kuekes, the creative mind of the Teramac (a supercomputer built from defective parts at HP). His

idea was to build an architecture than is able to function even if a considerable amount of its devices
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Figure 27: HP Labs memristor team. From left to right: Dmitri
Strukov, Stan Williams, Duncan Stewart & Greg Snider.

(adapted from [151]).
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were dead from the start. So, the idea was a system in nanoscale that can improve itself after many

defective components, which with smaller sizes in nanoscale, is common [12]. They started to search for

the mystery nanodevice. An easy place to start with was to replicate Teramac in nanometer scale, where

the simplest  part  of  that  architecture  was the crossbar.  The crossbar  was a  simple,  redundant  and

adaptable nanoscale structure, used in information processing applications.  [17] At that time, the main

crossbar limitation was its small OFF to ON resistance ratio of each switch (in the factor of 2 or 3). So, it

was decided that this ratio should reach at least in the factor of 1000, meaning that the OFF resistance

must be 1000 times higher than the ON resistance [36],[141]. 

The tunneling current in Scanning Tunneling Microscope (STM) gave them the key answer. The basic

concept in tunneling microscopy is that by moving the tip closer to the sample by only 0.1 nm, the

tunneling current increases by one order of magnitude. In order to get a ratio of 1000 or three orders of

magnitude, they have to find a way to effectively reduce the physical space between two intersecting

nanowires in crossbar by 0.3 nm. For this purpose, they fabricated a test device, which contained two

titanium contacts  resembling the intersecting  crossbar  nanowires.  The bottom platinum contact  was

oxidized, creating the highly conductive platinum dioxide. The two contacts were adhered together by a

dense and monolayer thick film, especially designed from switching molecules, and also a 2-3 nm layer

of titanium layer (for stronger bonding to the top platinum contact) [141]. 

The molecules in the monolayer were supposed to be the switches. The built device was working but in

an unstable and annoying way. The switching was working perfect, and the OFF to ON resistance ratio

was as required (over 1000). The switching was too fast that they didn't have a chance to measure it.

After the switching, the resistance state would remain for a long time. The frustrating part was that the

device was working inconsistently. There was no explanation for why the device sometimes works or

sometimes fails. There were also no physical model for the device operation. This mystery continued for
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Figure 28: An AFM image of an array of 17 memristors
built at HP Labs. The wires are approximately 50 nm

wide (adapted from [150], Photo credit: HP Labs).
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the next 6 years, until 2002, when Greg Snider (who also had worked on Teramac) found Chua's paper.

A graph in Chua's paper (the current-voltage curve or the pinched hysteresis loop) was quite similar to

their experiments results. The diagram and basic characteristics of the device with respect to the applied

voltage and change in resistance, gave him an idea that there must be a connection between Chua's

memristor  and their  switches.  They did not  find the reason until  2004 where they performed a little

operation on their platinum sandwiches. Somehow, they separated the layers of the device from the

most vulnerable place (the molecular monolayer) and looked carefully. To their great surprise, what they

saw was not what they had built. They were expecting to see the platinum dioxide layer underneath the

monolayer,  but  they found a layer  of  pure platinum.  And also instead of  the titanium on top of  the

monolayer, they found an oxygen deficient layer of titanium dioxide. It seemed that the oxygen atoms

had traveled from the platinum dioxide, through the monolayer and into the titanium film. The molecules

in the monolayer were completely unchanged and stable. The titanium dioxide layer was also divided

into two sections. The section close to the monolayer was completely stoichiometric with no vacancies,

and the section near the platinum contact, lacked some of its oxygen atoms (between 2-3 %). Prior to

this  operation,  they  though  that  a  positive  or  negative  voltage  will  turn  the  device  OFF  or  ON

respectively. But it turned out that the opposite was what's happening. This helped them a lot in figuring

out all the missing pieces of information. In a month, they were convinced that the device they had built,

was a memristor [91],[141]. An AFM image of the built nanowires and 17 memristors in the junctions of

the crossing nanowire is shown in Figure 28. A conceptual image in Figure 29 also shows the switching

molecules between the two platinum wires.
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Figure 29: A conceptual image of the nanowires in a crossbar structure
and the switching molecules at the cross-points. Adapted from [149]

(Photo credit: HP Labs).
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3. THE MEMRISTOR

3.1 Introduction
In  this  chapter,  a  description  of  the  definition  and properties  of  memristor  is  given.  Then the main

switching mechanisms in memristive systems are discussed briefly.

3.2 Memristor definition
Memristor is a portmanteau of “memory resistor”. It is a passive device with two terminals, where the

magnetic flux is related to the amount of passed electric charge through the device. [5] Since memristor

is not an active element, it can not store or generate any power. The symbol of a memristor is shown in

Figure 30.

If the flux and charge relationship is expressed as a function of charge, then it is a charge-controlled

memristor and when it is expressed as a function of the flux, it is a flux-controlled memristor [2].

For a charge-controlled memristor,

φ= f (q)  , (27)

differentiating (27) yields:

d φ
dt

= df (q)
dq

.
dq
dt

 , (28)

having the voltage as v (t )= d φ
dt

 and the current as i(t)= dq
dt

, (28) can be rewritten as:

v (t )=M (q ) i ( t )  , (29)

where

M (q)= df (q )
dq

. (30)

M(q) is the memristance, and similar to resistor it has the units of ohm. Similar to the equations above

we can write for a flux controlled memristor,
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Figure 30: Symbol of a memristor
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q= f (φ) , (31)

differentiating (31) yields

dq
dt

= df (φ)
d φ

.
d φ
dt

, (32)

Having the current as i(t)= dq
dt

 and the voltage as v (t )= d φ
dt

, (32) can be written as:

i ( t )=W (q) v (t )  , (33)

where 

W (φ)= df (φ)
d φ . (34)

W(φ) is called the memductance, and similar to conductance, it has the units of Siemens. 

3.3 Memristance
Memristance  M is  defined as the functional  relationship between charge and magnetic  flux  [5].  The

resistance of the memristor will increase when the electrical charge flows through the memristor in one

direction, and decreases when the current flows in the other direction. If the power shut down, which

means  the  applied  voltage  turns  off,  the  resistance  of  the  memristor  freezes.  In  some  sense  the

memristor “remembers” its last resistance (state). If the power turns back on again, the resistance of the

memristor  starts  exactly  from where  it  was  turned  off.  This  is  exactly  the  property  that  makes  the

memristor exceptional. 

3.4 Memristor analogy
Assuming  a  water  pipe  that  water  runs  through  it,  pressure  of  the  water  at  the  input  of  the  pipe

represents the voltage and the water flow represents the electric charge. The rate of the water that runs

in the pipe is similar to the electric current. A pipe with larger diameter means that the water runs faster

through the pipe (which is like flowing more electrical current and having less resistance) and in return

there is a slower water flow through a pipe with smaller diameter (which is like flowing less electrical

current and having higher resistance).  For a resistor, the diameter of the pipe is constant and will not

change  by  water  flow variations.  But  in  case  of  the  memristor,  expansion  or  shrinking  of  the  pipe

diameter depends on which direction the water is flowing through. When the water runs in one direction,

the diameter of the pipe increases to let the water flow faster and the diameter  of the pipe decreases

when water runs in opposite direction to slow down the water flow. When there is no water flow, the pipe

will keep its last diameter and when the water turns on again, the pipe diameter starts from the time

water flow was turned off. This is how the pipe “remembers” the amount of water than has gone through

it. The above analogy is illustrated in Figure 31.
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3.5 Memristor properties

3.5.1 Flux-charge relation

The q-φ curve, has a monotonically increasing characteristic. The slope of this curve is the memristance

M(q). Hence, the memristance is always positive M(q)≥0. Based on the passivity condition, a memristor

is a passive element if and only if the memristance has a non-negative value. The instantaneous power

dissipated by the memristor is given by:

P(i)= M (q)i(t )2 , (35)

and since M(q)≥0, the dissipated power is always positive as well. Therefore, memristor is a passive

device. This means that it cannot create or store energy, but only consumes power. Similar to a resistor,

a memristor is purely dissipative. Figure 32 Shows some typical q-φ characteristics of the memristor.
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Figure 32: Three examples of charge-flux characteristics of the memristor, which all have monotonically increasing
characteristics (adapted and redrawn with permission from [36], Chua's talk).

Figure 31: Analogy of memristor. (adapted and redrawn from [144]).
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3.5.2 Current-voltage relation

The most important characteristic of a memristor is the current-voltage characteristic, where it exhibits a

pinched hysteresis loop. By applying a periodic signal to a memristor, if the voltage is zero, the current

will be zero and vice-versa. So, both voltage v(t) and current i(t) curves always crosses the origin. One of

the main characteristics of a memristor or a memristive device is having a current-voltage hysteresis

curve.  The shape of the pinched hysteresis loop will change with frequency. Increasing the frequency

causes the hysteresis loop to shrink. By further increasing the frequency toward infinity, the memristor

will act as a normal resistor.

3.5.3 Switching mechanism

By applying voltage or current to a memristor, there will be dramatic changes in resistance. Therefore

memristors can be used as switches.  For calculating the energy dissipation during a single switching

event, the voltage is assumed to remain constant. The change that it should be made to the charge, so

that a memristor can switch from Ron to Roff and from time ton to toff is given by:  

E switch=∫ P switch=∫ V 2

R( t )
dt= V 2 .∫

T off

T on

dt
M (q(t ))

 
(36)
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Figure 33: Current-voltage characteristic of the memristor. The pinched hysteresis loop shrinks
with increasing the frequency.
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Considering that dq= i dt , (36) can be rewritten as:

E switch=V
2 . ∫
Qoff

Qon

dq
I (q )M (q)

 (37)

Inputting V = i(q)M (q)  and then ∫ dq
V

= ΔQ
V

 yields:

E switch=V
2 . ∫
Qoff

Qon

dq
V (q )

= V .ΔQ , (38)

where ΔQ= Qon− Q off . So, to switch a memristor from Ron to Roff , the charge must change by ΔQ.

Many metal-insulator-metal systems show resistive switching effects and have been introduced as the

basis  for  emerging  non-volatile  memories.  The  insulator  in  the  MIM  structure  can  be  one  of  the

binary/multinary oxides, chalcogenides and organic compounds. The metal can also be chosen from a

wide range of metal electrodes and electron-conducting non-metals. 

According to Waser and Aono [41], there are two switching methods in resistive memories, which are: 

• Cation migration: based on electrochemical growth and dissolution of metallic filaments.

• Anion migration: In which sub-oxide conductive paths are formed and suppressed by local redox

processes. 

These methods are described more in detail in Waser and Aono [41].  As described in [41], based on the

electrical polarity that is needed for resistive switching in MIM systems, the switching can be:

• Unipolar: When the switching process is independent from the voltage and current polarity.

• Bipolar:  When the  switching  process  is  dependent  on  the voltage  and  current  polarity.  This

means that the ON and OFF switching takes place at different polarities. 

In both unipolar and bipolar switching mechanisms is it important that the reading of the state is done at

a small voltage, so that the state remains unchanged while reading process.  By applying a threshold

voltage, the system is switched or ‘set’ from OFF state (high resistance state) to ON state (low resistance

state).  Compliance current1 of the control circuit limits the current. Switching back to the OFF state or

‘reset’,  happens at a much higher current than the switching current and also at a threshold voltage

smaller than the ON threshold voltage, which is not necessarily negative. Examples of unipolar and

bipolar curves are shown in Figure 34. 

1The compliance current is the range of current over which the load regulation is within specified limits. There can be 
compliance current problems at both high or low currents. 
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As mentioned above, bipolar switching is indicated when the ON state occurs at one threshold voltage

and the OFF state at the same threshold voltage but with opposite polarity. In order to show the bipolar

behavior,  the structure must  have some sort  of  asymmetry,  such as different  electrode materials  or

different voltage polarities during the initial step. 

Now we can address the geometrical location where the switching mechanism occurs in the oxide and

what is the cause of it. It is reported that instead of spreading homogeneously over the entire pad or

contact,  switching to the ON state is limited to a filament  [41].  This will  lead to a resistance that  is

independent  of  the  pad  size.  Vertical  and  lateral  configurations  of  the  MIM  sandwich  structure  is

illustrated in Figure 35. As it can be seen, the switching mechanism appears as form of filaments. The

red filament is the one which is responsible for changing the state. The actual mechanisms that cause

the switching process are combinations of physical and/or chemical effects which can fall  into three

classifications such as thermal, electronic or ionic [41]. 

3.5.3.1 Thermal switching

In case of thermal switching, by the means of Joule heating, the material is modified in a discharge

filament (which it is called a partial dielectric voltage breakdown), and the switching is unipolar. Because

of the compliance current, only a weak conductive filament with controlled resistance is formed.  This

switching  mechanism  is  sometimes  called  the  fuse-antifuse  mechanism.  It  is  because  in  the  reset

process, due to the high power density of about 1012 W/cm3, the filament will disrupt thermally. Titanium

dioxide can show bipolar switching characteristics, but if  the compliance current is high enough and

there is no breakdown happening, it can show unipolar switching characteristics. 

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES

Figure 34: (a) Unipolar switching and (b) bipolar switching curve examples (Reprinted by permission from
Macmillan Publishers Ltd: Nature Materials, copyright 2007 [41]). 
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3.5.3.2 Electronic switching

The other mechanism is called electronic charge injection. In this mechanism, charges are injected in the

structures through tunneling and then are trapped in the insulator at defect sites or metal nanoparticles.

In switching to on state, the trapped charges are scattered over the insulator and cause a decrease in

the resistance. The transportation of ions and redox processes will lead to bipolar switching which is

described in more detail in [41].

3.5.3.3 Ionic switching

Ionic switching in the MIM systems is based on the reduction of the metal cations (ions with positive

charge) in the ionic conductors (transition of an ion from one section to the other one through defects in

the crystal lattice), after the metal atoms migrated to the cathode consisting of inert materials. This is an

example of cation migration. The ON state forms whenever the reduced metal cation creates a filament

that grows toward the anode. This will  reduce the resistance and hence ON switching occurs. If  we

change the polarity of the voltage, the metal atoms at the edge or boundary of the filament is dissolved,

which will end up destroying the filament. In continue, the resistance will increase, acting as the OFF

state. In the case of anion migration, oxygen ion defects which are mostly oxygen vacancies cause

bipolar switching in transition metal oxides. In general, oxygen vacancies are more mobile than cations.

But if  the cathode doesn't allow ions to exchange while a filament is forming, a section with oxygen

deficiency can spread to the other side, which is anode and form a conductive filament. It also can be

oxidized if anode is reactive.
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Figure 35: Formation of a filament in the switching medium for (a) vertical and (b) horizontal structures (reprinted
by permission from Macmillan Publishers Ltd: Nature Materials, copyright 2007 [41]). 
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3.6  Switching speed

Practically, the ON switching in memristor is much faster than the OFF switching, which is due to the

different drift and diffusion currents. The drift current is because of the drift of oxygen vacancies caused

by the internal electric potential and the diffusion current is due to the diffusion of oxygen vacancies from

TiO2-x to TiO2. When a positive voltage is applied across the device, these two currents are in opposite

directions,  but  by applying a negative voltage,  the drift  and diffusion currents are both in  the same

direction [58],[140]. 

3.7 Memristive systems

Five years after his first paper on memristor, Chua and his student, Kang published a paper and defined

a wider class of systems called memristive systems in 1976. [6] 

According to [6], the equation describing memristive systems are described by: 

v =M( w , i ) i  (39)

and

dw
d t

=f ( w, i ) , (40)

where  w is the state variable,  M and  f are functions of time, and  v and  i are the voltage and current,

respectively. Therefore, according to the fundamental memristive system theorem, every two-terminal

device that is driven by a dc or sinusoidal signal at any frequency, and has a pinched hysteresis loop in

their current-voltage characteristic is a memristive system. [36]
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4. MEMRISTOR MODELS

4.1 Introduction
Memristors  can  be  used  in  quite  extensive  range  of  applications.  In  each  application,  different

characteristics is expected from memristor. For example, in logic and memory applications, an element

that have the ability to compute, control and store the data after computation is needed. They need to

have fast read and write times. The reading mechanism shouldn't change the data while reading. The

difference between stored data should be large enough to avoid bad noise margins and have better

sensitivity. Also for storing Boolean data in a memristor, the ratio between Ron and Roff resistances should

be high enough. There are other characteristics that are important for memristor applications, such as

good scalability, low power consumption and compatibility with conventional CMOS. The main memristor

models that has been proposed and different window functions are discussed in this chapter.

4.2 Models
To be able to design, analyze and simulate memristor based circuits and applications, a proper model is

needed. Since May 2008, that HP Labs published their paper on memristor implementation, several

models have been proposed. In this report the major presented memristor models will be pointed out.

4.2.1 Linear Ion Drift model

In order for HP to understand what they have built, they presented this model based on the physical

structure of the device. It is assumed that the physical device of width D has two regions. One side has

oxygen vacancies or in other word, is doped with positive oxygen ions; and the other side is undoped.

Each region is modeled with a resistor. The doped region of width w (which acts as the state variable),

has lower resistance and hence more conductive. And the undoped region has high resistance. It is also

assumed ohmic conductance, and that the field is uniform, the ion drift is linear and the ions have equal

average ion mobility μv. Figure 36 shows the model of the memristor built by HP in 2008.
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Figure 36: Memristor model presented by HP (adapted and redrawn with permission from Macmillan
Publishers Ltd: Nature [25], copyright 2008).
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There is a linear relationship between the drift and the diffusion velocities and the electric field, if we

assume a uniform electric field across the device, the state equation can be written as (the according to

[46]): 

1
D

⋅ dw(t)
dt

=
RON
β ⋅ i (t)  (41)

Integrating (41) yields: 

w( t )
D

=
w( t 0)
D

+
RON
β ⋅q( t ) , (42)

where w(t0) is the initial length of w. The amount of charge needed to move the boundary from t0(w(t0))

to tD(w(tD)) is defined as QD= i× t . Hence, QD=
β
RON

, and (42) can be written as: 

w( t )
D

=
w( t 0)
D

+ q( t )
QD

 (43)

Substituting x (t )= w( t)
D

, yields: 

x (t )= x (t 0)+
q( t)
QD

, (44)

where 
q( t)
QD

 represents the amount of charge passing through the channel. 

As it is stated by Strukov et al. in [25], we have: 

v (t )= (RON
w( t)
D

+ROFF(1− w(t )
D

))⋅ i (t)  (45)

Or using x (t)= w( t)
D

, it will be: 

v (t )= (RON ⋅ x (t)+ROFF(1− x (t))) ⋅ i(t )  (46)

in which RON is the resistance when w(t)=D, and ROFF is the resistance when w(t)=0. 

As described before in chapter 3, the term in the parentheses is the memristance value or M(q). 

M (q)= RON
w (t)
D

+ROFF(1− w( t)
D

)  (47)

If we then assume r=
ROFF
RON

 and q (t 0)= 0 , so that w (t)= w (t0)≠ 0 , then we can rewrite (47) as: 

M 0= RON ( x( t0)+ r (1− x (t 0))) , (48)
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where M0 is the memristance value at t0. So, the memristance at time t will be: 

M (q)=M 0− Δ R( q (t)
Q0

) , (49)

where ΔR= ROFF – RON . Since ROFF≫ RON , we can estimate that ROFF≈ M 0 , which will be similar to

(48).

Now we know that v (t )= M (q)⋅ i (t)  and i(t )= dq( t)
dt

. Substituting (49) into that, yields: 

V ( t)= (M 0− Δ R( q( t)
Q0

)) dq (t)
dt

 (50)

Recalling from chapter 3, that M (q)= d φ(q)
dq

 for a charge-controlled memristor,  can be rewritten as: 

q (t)=
QDM 0

Δ R
⋅ (1± √1− 2Δ R

QDM 0
2⋅ φ(t))  (51)

Using the same assumption we made above, that Δ R≈ M 0≈ ROFF , we will have: 

q (t)= QD (1− √1− 2
QD ROFF

⋅ φ(t))  (52)

Therefore the internal state of the memristor based on (44), if QD=
D 2

μD RON
 is: 

x (t )= 1− √1−
2μD

r D2⋅ φ(t)  (53)

And the current-voltage relationship equation is: 

i(t )= v (t)

ROFF(1− √1−
2μD

r D2⋅ φ( t))
 (54)

Considering the above relationship we can conclude that smaller values of D (thinner devices) cause

much better memristance characteristics.  This shows why memristance is more visible in nanoscale

devices.

Figure 37 shows the current-voltage characteristic of the memristor for three different frequencies . It is

simulated in MATLAB with all the parameter values given in  [25], D=10 nm, RON=100Ω, ROFF=16 KΩ,

v0=1 v, μD=10-10 Cm2s-1v-1, η=-1.

The hysteresis loop always crosses the origin due to no phase shift between current and voltage. Since

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES



No Title Page

LITH-EX-11/4455 A Study of the Memristor Models and Applications 56 of 115

there  is  an  inverse  relation  between  flux  and  frequency,  at  very  high  frequencies  memristor  will

practically act like a resistor. Figure 38 show the hysteresis characteristics of the memristor which has a

varying resistance. This model assumes that the vacancies have freedom to move around the entire

length of the device. Hence, one of the advantages of this model is its closed form solution and ease of

use.

4.3 Window functions

The linear ion drift model can work only in the interval of [0,D]. To prevent the state variable from getting

out of the bound, and also to add more nonlinear behavior close to the bounds, the derivative of the state

variable is multiplied by a window function in order to force it to reach zero when the state variable is at
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Figure 37: The pinched hysteresis curve of a linear ion drift memristor for (a) sinusoidal waveform input in three
different frequencies and (b) rectangular waveform input. It is clear that by increasing the frequency, the

hysteresis shrinks (reprinted with permission from [48], copyright ©2013 IEEE).  

Figure 38: The memristance versus time, which shows the hysteresis characteristics of the
memristor. Depending on different parameters like RON and ROFF the memristance value

changes from a very low to a very high resistance (reprinted with permission from [46]).
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the bounds. A simple possible form is an ideal rectangular window function. In the following, some of the

window functions that have been proposed are introduced.

4.3.1 Strukov et al.

As discussed, the boundary value restrictions can be modeled using a windowing function. 

V D=
dw
dt

=
ημ D RON
D

I (t )⋅ F ( x) , (55)

where VD is the boundary drift velocity, and x= w /D  is the state variable that is normalized. F(x) should

reach its maximum in the center of the device,  x=0.5, and decrease toward boundaries in which it will

reach zero speed at the terminal states x=0 or x=1.  This was exactly what Strukov et al. Proposed as

their widow function: [25]

F (w)= w(1− w)
D2 , (56)

in which the boundary conditions are F(0)=0, F (D)= 1− D
D

≃ 0 .

This function supports the boundary conditions, but another problem arises at the terminal states.

w→ 0
w→ D

 → dw
dt

= 0 (57)

This means no external field can change the state and that is a big issue. There is also another problem

and that  is the fact that window function assumes that memristor  remembers the amount of charge

passing through the device, but as it can be understood, it remembers the position of the state boundary

between doped and undoped regions. 

4.3.2 Benderli 

In 2009, another window function was proposed by Benderli & Wey [50]. 

F (w)= w(D−W )
D2  (58)

And the boundary conditions were: 

w→ 0
w→ D

   ⇒     
F (w)→ 0
F (w)→ 0

(59)

This could meet both boundary conditions. As it can be seen, the above functions can approximate the

nonlinear behavior of the device while it is out of the defined functional states 0<w<D.
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4.3.3 Joglekar

Another interesting window function is proposed by Joglekar & Wolf in 2009 [51]. They added a control

parameter to control the nonlinearity (or linearity) of the function.  

F ( x)= 1− (2x− 1)2p , (60)

in which p is the control parameter and x=w/D. Both  p and x are positive integers. The function looks

similar  to  the  rectangular  window  function  when  the  value  of  p grows,  and  the  nonlinear  drift

phenomenon  decreases.  The  boundary  conditions  are  simple  as  F(0)=F(1)=0.  Figure  39 shows

Joglekar's  window function  which has its  maximum value at  the  center  and reaches to zero at  the

boundaries.  The state variable function will  approximate  the linear  drift  assumption  F (0< x< 1)≈ 1

when p≥4.

The modified state change equation can be obtained by replacing (60) into (55): 

dw
dt

=
ημD RON
D

I (t)[1− (2x− 1)2p ] . (61)

The major problem of this window function is at the boundaries. It was noticed that the state variable in

some sense, stuck at the boundary states, and it  is difficult  to be changed. To be more specific,  no

external stimulus at terminals can change the state variable. 

4.3.4 Biolek

Biolek et  al.  (2009)  [52] came up with a solution for  the modeling inaccuracy of  Joglekar's window

function. They presented another window function: 

F ( x)= 1(x− sgn (− i))2p , (62)

where i is an external parameter (memristor current).  sgn(− i)= 1  when i≥ 0  and sgn(− i)= 0  when
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Figure 39: Joglekar's nonlinear window function that meets the boundary condition, F (x)= 1− (2x− 1)2p

(reprinted with permission from [51]).
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i< 0 .  The  problem  with  Biolek's  window  function  is  that  there  is  no  continuity  condition  at  the

boundaries.

4.3.5 Prodromakis

Another  issue with the previous window functions is  the fact  that  they are not  scalable nor  can be

adjusted. It means that the maximum value of the function is only one and cannot be lower or higher

than that. This issue was resolved by the model presented by Prodromakis et al. [53]: 

f (w)= j(1−[(w−0.5)2+0.75 ]p) , (63)

where j is a control parameter that specifies the highest value of the function, which can be lower or

higher than one. The function is shown in Figure 41.  
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Figure 41: The window function introduced by Prodromakis, f (w)= j(1− [(w− 0.5)2+0.75]p). (a) varying p and (b)

varying j (reprinted with permission from [53], copyright © 2011 IEEE).

Figure 40: The nonlinear window function introduced by Biolek, F (x)= 1 (x− sgn (− i))2p  (reprinted with
permission from [52]).

 (a)    (b)
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4.4 Nonlinear Ion Drift model

In  the  nonlinear  ion  drift  model,  a  voltage-controlled  memristor  is  assumed  that  has  nonlinear

dependency between the voltage and the internal state derivative. This model also assumes asymmetric

switching behavior. The linear drift model produces the hysteresis characteristics at the memristor, but it

also have some limitations regarding basic electrodynamics. Studies and experiments have proved that

the behavior of the implemented memristors are quite nonlinear and the linear ion drift  model is not

accurate  enough.  For  some  applications  like  logic  circuits,  nonlinear  characteristics  is  needed.

Therefore, more suitable models are developed. 

Basically applying a small voltage across a thin film structure (e.g. 10 nm), will cause a very large electric

field (e.g. 106 V/cm), which can create considerable nonlinearities in ionic transport. Consequently, it

results in quick and significant reduction in energy barrier. These nonlinearities show themselves at the

two ends of the device, where the boundary between the two regions gradually stops. In other words,

when the memristor is set to ON or OFF state, no other external stimulus can switch back the state. This

is called the nonlinear dopant drift phenomenon and can be modeled using a window function (discussed

more in 4.3). 

It should be noted that the ion boundary will not move all the way to each side of the device (it moves

nonlinearly). If it does (e.g. undoped region occupies the whole device), it means that there will be no

physical oxygen vacancies in the device and the length of the doped region is zero, which doesn't make

sense. Similarly, the doped region cannot take up all the device length; since it will leave no undoped

region and the device will  not work. Therefore,  the state variable should be between the boundaries

0<wD<D or normalized within the interval [0.1].

Lehtonen et al.  [54] proposed a model based on the results of [55]. The current-voltage relationship of

this model is described by: 

i ( t )=w ( t )n βsinh (αv (t ))
⏟

1

+ χ [exp(γ v ( t ) )−1]
⏟

2

, (64)

in which α, β, γ, and χ are experimental fitting parameters, and n determines how the state variable can

effect the current. Here, the state variable  w is normalized within the interval [0,1]. The model shows

asymmetric switching behavior, in a way that during the ON state,  w is near one and the first term of

(64), (pointed by 1) is the dominant part of the current, which is a tunneling phenomenon. During the

OFF state,  w is near zero and the second term, (pointed by 2) has the dominant part of the current,

which is similar to an ideal diode equation. The state variable differential equation is written as: 

dw
dt

=a⋅ f (w)⋅v (t )m , (65)
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where a, m are constants, f(w) is the window function and m is an odd integer. And there is a nonlinear

dependency on voltage in (65). The current-voltage characteristic of a nonlinear ion drift memristor for

(a) sinusoidal and (b) rectangular inputs can be seen in Figure 42.

4.5 Simmons Tunnel Barrier model

The previous models were based on HP's physical representation of memristor [25], that there are two

doped and undoped oxide regions and each is modeled as a resistor. But Pickett et al. Proposed a more

accurate physical model of memristor in [56]. In this model, instead of two resistors in series, as in HP's

model, a resistor is in series with an electron tunnel barrier, shown in Figure 43.

The model exhibits nonlinear and asymmetric switching characteristics. The width of Simmons tunnel

barrier [57] is the state variable x. So, differentiating x can be described as oxygen vacancy drift velocity,

and can be written as: 

dx ( t)
dt

={C off sinh( i
ioff )exp[−exp( x−aoffwc

−|i|
b )− x

wc ], i>0

C onsinh( i
i on)exp[−exp( x−aon

wc
−|i|
b )− x

wc ], i<0 } , (66)

where Coff, Con, aoff, aon, ioff, ion, and b are fitting parameters. Con is an order of magnitude larger than Coff,

and they both have effect on the magnitude of the change of x. ion and ioff confine the current threshold in

an effective way. These current thresholds are useful in digital applications. aoff forces the upper bound

and aon forces the lower bound for x. Since within the defined range, the derivative of the state variable is

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES

Figure 42: Current-voltage characteristic of a nonlinear ion drift model with the fitting parameters of m=5, n=2, a=1
Vms-1, α=2 V-1, β=0.9 μA, γ=4 V-1, χ=10-4 μA. (a) sinusoidal input for three different frequencies and (b) rectangular

voltage input (reprinted with permission from [48], copyright ©2013 IEEE). 

(a)                                                                  (b)
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much smaller than the state variable itself, there is no need for a window function. This is one of the

advantages of the Simmons tunnel barrier model that it doesn't rely on window functions. 

Based on the Simmons tunneling model [56], the current-voltage relationship can be expressed as: 

i (t )= ~
A( x , v g)ϕ1(vg , x )exp(− B(vg , x )⋅ ϕ1(v g , x)

0.5)
− ~
A(x , vg)(ϕ1(vg , x )+e|v g|)exp(− B(vg , x )⋅ (ϕ1(vg , x )+e vg )

0.5)
 (67)

v g= v− i ( t)Rs  (68)

It has been claimed that Simmons tunnel barrier model is the most accurate physical model of memristor

so far, but it has some problems: 

• It is complicated.

• The relationship between current and voltage is not explicit.

• It is not general, which means that it is not applicable for all types of memristor and it only fits a

specific type of memristor.

A complicated SPICE model of Simmons tunnel barrier is proposed in  [59],  but it  is computationally

inefficient. So, an accurate model but with simpler expressions is required. 

4.6 ThrEshold Adaptive Memristor model (TEAM)

The TEAM model, presented by Kvatinsky et al.  [48] is a simple and general model. It represents the

same physical model (Simmons tunnel barrier model), but with much simpler expressions. There are a
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Figure 43: Physical memristor structure based on the Simmons tunnel barrier model. x is the tunneling barrier
width, Rs is the channel resistance, V is the applied voltage on the device, vg is the voltage in the oxide
region and v is the internal voltage of the device, which is not necessarily equal to the voltage on the

device (redrawn and reprinted by permission from Macmillan Publishers Ltd: Journal of Applied Physics
[56], copyright 2009). 
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couple of assumptions for analysis simplification and computational efficiency:

• Below a certain threshold the state variable does not change 

• Instead of  exponential  dependence,  there is  a polynomial  dependence involved between the

memristor current and the internal state drift derivative.

we can fit the TEAM model to any different memristor model (such as Simmons tunnel barrier model).

The dependence of the internal state derivative on current and the state variable itself can be modeled

by multiplying two independent functions: one is a function of current and the other is dependent on state

variable x. Therefore, the derivative of the state variable will be: 

dx ( t)
dt

={k off ⋅( i (t )ioff
−1)αoff

⋅ f off (x ) , 0<ioff <i

k on⋅( i (t )ion −1)αon

⋅ f on( x ) , i< ion<0

0, otherwise
} , (69)

Where koff , kon , αoff and αon are constants (koff>0 , kon<0). ioff , ion are current thresholds and x is the internal

state variable. foff(x), fon(x) act as the window function, constraining x to the bounds [xon , xoff] . These two

functions does not have to be equal; like the Simmons tunnel barrier model which the dependence on x

is asymmetric. 

If we assume that the current-voltage characteristics is similar to (45), the memristance changes linearly

in x and we will have: 

v (t )=[RON+
ROFF− RON
xoff − xon

(x− xon)]⋅ i (t) . (70)

But if we use Simmons tunnel barrier current-voltage relationship, any change in the tunnel barrier width,

will change the memristance exponentially.  

v ( t)= RON e
λ

xoff − xon (x− xon)⋅ i( t) , (71)

in which λ is a fitting parameter and Ron, Roff are effective resistances at the bounds, satisfying: 

Roff
Ron

= eλ
. (72)

According to [48] it is claimed that the TEAM model is accurate enough with a mean error of 0.2% and

can boost the simulation runtime by 47.5%. It also satisfies the convergence conditions, computational

efficiency  required  by  simulation  engines  and  also  the  requirements  of  a  memristive  system.  An

advantage of this model is that it can be fit to any of the existing memristor models, e.g. the linear ion

drift model. 
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4.7 Macro model

The general problem with all the window functions is that they are all depending on the state variable,

which  will  not  always  have  the  right  implication.  Being  aware  of  the  issues  regarding  the  window

functions, Kavehie et al. [46], decided not to use a window function in their model. They used the basic

definition of memristor presented by Chua in 1971 [5], and created a macro model. They modeled the

memristor using a two port memristor mutator and connected a nonlinear resistor across port two of the

mutator.  The same can  be  done  to  model  memcapacitors  and  meminductors  (described  in  [5])  by

connecting a nonlinear capacitor or a nonlinear inductor to the second port of an M-C or an M-L mutator

respectively. Mutators are nonlinear circuit elements (more described in [5]). The designed model based

on type I memristor mutator is shown in Figure 44:

The two right side resistors R1, R2 along with the switch S, represent the nonlinear resistor. The voltage

across port one,  V1 is integrated through the integrator block and is then fed to port two. At the other

side, I2 the current of the nonlinear resistor is sensed by the current controlled voltage source, CCVS and

is  differentiated.  The  resulting  voltage  is  converted  to  current  by voltage  controlled  current  source,

VCCS.

As it  can be seen in  Figure 45 (b), memristor characteristic is a monotonically increasing, piecewise

linear q-φ function. Figure 45 (a) shows the current-voltage characteristic of the memristor at the critical

flux φc= 2wb . And we have the change of the memristance and the slope of the diagram for φc≥ 2wb .

The critical flux can be changed by tweaking the turn on voltage of the switch. 
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Figure  44:  The SPICE macro model introduced by Kavehie et al.  [46]. The M-R mutator consists of a
differentiator, an integrator, a voltage-controlled current source (VCCS) and a current-controlled
voltage source (CCVS). In the schematic, G is the voltage-controlled current source (VCCS), H
is the current-controlled voltage source (CCVS), and S is a switch (VON=1.9V, VOFF=2V). The two
resistors,  R1, R2 and the switch make up the model for the nonlinear resistor (R1=R2=1KΩ and
Vc=-2V). Hence the resistance of branch between R1 and R2 is 1KΩ for V1<2 and 2KΩ for V1≥2
(adapted and redrawn with permission from [46]).
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More details  and information can be found in  [46],  [47] and  [61].  They also performed some other

simulations and discussed the interpretation of memristor in electromagnetic theory.

4.7.1 Model comparison

Kvatinsky et al. conducted a comparison between the existing memristor models and their characteristics

in  [48].  Table  2 compares  the  available  models  for  memristor.  Comparison  of  the  different  window

functions are listed in Table 3, and Table 4 lists the mathematical characteristics of different memristor

models.  In order to use the memristors in electrical circuits and design processes, there is a need to

integrate it into a CAD environment (e.g. SPICE). So, far, there have been several SPICE macromodels

developed for the memristor. Examples of the proposed SPICE models based on different memristor

models are by:

• Biolek et al. [52] and Benderli and Wey [62] based on the linear ion drift model.

• Lehtonen and Laiho [54] based on the nonlinear ion drift model.

• Abdalla  and  Pickett  [59] based  on  the  Simmons  tunneling  barrier  model,  but  yet  not

computationally efficient.

• Yakopcic  et  al.  [63] that  is  a  simplified  model  allowing  modeling  for  memristor-based

neuromorphic  systems.  It  has  an  implicit  memristance  related  through  a  hyperbolic  sinusoid

function. It is less general and more complicated than TEAM model.

• Kvatinsky et al.  [48] that similar to  [46] can be introduced with a SPICE macro model using a

capacitor  for  representing the internal state variable (VC)  and two diodes for  determining the

bounds of the state variable. 

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES

Figure 45: The memristor characteristics based on Kavehei model. (a) The hysteresis feature of the memristor
(with applying a ramp with slope of ±1Vs-1 as the input voltage). (b) the monotonically increasing
piecewise-linear q-φ curve (both axes are normalized to 1). (reprinted with permission from [61]).
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An extensive Verilog-A model is presented by Kvatinsky et al. [61], that by setting specific parameters it

can utilize different memristor models and window functions. The Verilog-A model delivers the same

amount of accuracy and also it  is more efficient in terms of computational time rather than a SPICE

macromodel.

 
Table 2 Comparison of different memristor models (adapted with permission from [48], copyright ©2013 IEEE).

Model Linear ion drift Nonlinear ion drift
Simmons tunneling

barrier
TEAM

State variable
0≤ w≤ D

Doped region
physical width

0≤ w≤ 1
Doped region 

normalized width

aoff ≤ x≤ aon
Undoped region width

xon≤ x≤ xoff
Undoped region

width

Control mechanism
Current-

controlled
voltage-controlled Current-controlled Current-controlled

Current-voltage 
relationship and 
memristance 
deduction

Explicit
I-V relationship: explicit

Memristance
deduction: ambiguous

Ambiguous Explicit

Matching memristive 
system definition

Yes No No Yes

Generic No No No Yes

Accuracy comparing 
practical memristors

Lowest accuracy Low accuracy Highest accuracy Sufficient accuracy

Threshold exists No No Practically exists Yes

Table 3 Comparison of the available window functions (adapted with permission from [48], copyright ©2013 IEEE)

Function Joglekar Biolek Prodromakis TEAM

f (x)
f (w) f (w)= 1− (2

w
D

− 1)
2p

f (w)= 1− ( w
D

− stp (− i))
2p

f (w)= j(1− [(w− 0.5)2+ 0.75]p ) f on , off= exp [− exp (∣ x− xon ,off ∣
wc

)]

Symmetric Yes Yes Yes Not necessarily

Resolve
boundary
conditions

No Discontinuities Practically yes Practically yes

Impose
nonlinear

drift
Partially Partially Partially Yes

Scalable
f max< 1

No No Yes No

Fits
memristor

model

Linear/nonlinear
ion drift/TEAM

Linear/nonlinear 
ion drift/TEAM

Linear/nonlinear 
ion drift/TEAM

TEAM for Simmons
tunneling barrier fitting
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Table 4 The mathematical equation used in each of the memristor models (adapted with permission from [48], 
copyright ©2013 IEEE).

Model Current-voltage relationship State variable derivative

Linear
ion drift

v (t )= (Ron
w(t )
D

+ Roff (1− w(t)
D

))i(t ) dw(t )
dt

= μv
RON
D

⋅ i(t )

Nonlinear
ion drift

i(t)= w (t )nβ sinh(α v(t ))+ χ[exp(γ v(t ))− 1 ]
dw(t )
dt

= a⋅ f (w)⋅ v (t )m

Simmons
tunneling

barrier

v (t )= [Ron+
ROFF− RON
xoff − xon

(x− xon)]i ( t)

or

v (t )= RON ⋅ e
λ

xoff− xon
(x− xon)

⋅ i (t)

Note that this is different than original 
Simmons tunneling barrier

dx (t )
dt

={Coff sinh( i
ioff )exp[−exp( x−aoff

wc
−|i |
b)− x

w c], i>0

Con sinh( i
ion)exp[−exp( x−aon

wc
− |i|
b)− x

w c], i<0}
TEAM

v (t )= [Ron+
ROFF− RON
xoff − xon

(x− xon)]i ( t)

or

v (t )= RON ⋅ e
λ

xoff− xon
(x− xon)

⋅ i (t)

dx (t )
dt

={koff ⋅( i ( t)ioff
−1)aoff

⋅ f off (x) , 0<ioff < i

k on ⋅( i ( t )ion −1)aon

⋅ f on(x ) , i<i on<0

0, otherwise
}
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5. MEMRISTOR IMPLEMENTATION

5.1 Introduction

A typical memristor or a resistive memory has a metal-insulator-metal (MIM) structure. The metals form

the top and bottom contacts and the insulator is usually a resistive switching material (transition metal

oxides). Currently, Nano-imprint Lithography (NIL) [70],[71] and Atomic Layer Deposition (ALD) [55],[72]

are the two main methods of implementing memristor structures. They are both rather complex and

expensive  methods  that  need  specific  equipment  and  contain  several  fabrication  steps  including

annealing and a forming step [55],[68],[69],[72]. Therefore, there is a necessity in finding cheaper and

relatively easier approaches for memristor fabrication [73].

5.2 Materials

There are many materials used in implementation of memristive devices and in general resistive random

access memories (ReRAM). According to Sekar  [65], a comparison between three emerging memory

technologies on a single cell at 45nm node is given in  Table 5. By a quick look, it  can be seen that

ReRAM can have all the features necessary for a promising memory technology, such as low switching

power,  high  speed,  simple  materials,  endurance  and  retention;  hence  the  reason  for  the  steadily

increasing interest of the researchers in the field of resistive switching memories. Despite the fact that

MRAMs exhibit  promising results,  their  sophisticated structure makes them an expensive approach.

PCMs on the other hand, have higher power consumption due to their higher switching time and WRITE

power. The only weakness of the ReRAMs comparing to other technologies is their endurance [60].

Table 5: A comparison between ReRAM and two other technologies (adapted from [65]).

Technology PCM STT-MRAM ReRAM

Materials TiN/GeSbTe/TiN Ta/PtMn/CoFe/Ru/CoFeB/MgO/CoFeB/Ta TiN/Ti/HfOx/TiN

WRITE power 300 μW 60 μW 50 μW

Switching time 100 ns 4 ns 5 ns

Endurance (cycles) 1012 >1014 1010

Retention (85°C) 10 years 10 years 10 years

Many materials have been used as the transition metal-oxide material in resistive switching memories

with varying thicknesses ranging from 2-130 nm. Some examples are Al2O3, NiO, TiO2, TiOx, TaOx, CuOx,

ZnO and ZnO2 [67]. In order to optimize the ReRAM switching, the top contact and the transition material
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should be optimized, as well as the SET current that must be controlled. The top electrode itself must

have some specifications such as oxidation resistance, high work-function and being easy to fabricate.

According to [67], Platinum (Pt) and Silver (Ag) meet these requirements and are widely used. A suitable

candidate for the transition metal-oxide material should have features like high ionic conductivity, simple

fabrication, high Schottky barrier height,  reliability at high temperatures and multiple stable oxidation

states. TiO2 is a very common material  for the transition material  [67],  [60].  Figure 46 illustrates the

possible candidates for top/bottom electrodes and the transition material of a memristor structure. 

5.3 TiO2-based memristors

Titanium dioxide based memristor was first introduced by HP Labs [25],[55] and its the most popular and

referred-to structure of the memristor. The same structure is also fabricated in other research groups

with some changes. For examples different materials were chosen for the electrodes. In the following

some of the more popular structures of this type will be discussed briefly. 

5.3.1 Pt/TiO2/Pt memristor

This type of memristor consists of a thin layer of titanium dioxide sandwiched between platinum contacts,

where one side of the TiO2 layer has oxygen deficiencies. Basically,  TiO2  in its pure state is a good
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Figure 46: The periodic table, showing the materials for the top and bottom electrodes as well as the transition
metal-oxide materials used in ReRAM structures. The elements in blue are the candidates for the
electrodes. The red and green elements are binary oxides and the ternary oxides (perovskite type)

respectively (reprinted with permission from [60]).  
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semiconductor (with 3.0/3.2 eV bandgap); but when heated, some of the oxygen atoms are driven out of

the structure causing oxygen vacancies to appear in the lattice. This leads to dramatic decrease in the

resistivity of the material. In other words, it behaves like a metal and becomes a very good conductor

(hence the reason it is being used in oxygen sensors). In principle, removing 3% of the oxygen from TiO2

doesn't affect its properties. One can also use other metal-oxides with deficiencies such as Silicon or

Silver.  

Therefore, to create the oxygen-deficient layer on one side of the transition material, a rutile TiO2 crystal

is annealed. Even if a merely 0.1% of the oxygen is taken from the structure (TiO2-x), enough conductivity

is created. In fact, oxygen vacancies act as n-type dopants or positively charged ions that can move the

charge [74]. By applying a voltage across the memristor, permanent changes occur in the oxide layer

(through electro-reduction) and conducting filaments are formed. This is called the forming step, after

which the memristor is ready to be used. 

As discussed in 4.4, the I-V characteristic of the memristor more of the tunneling factor during the ON-

state, and more of rectifying during the OFF-state [55]. If positive voltage is applied to the device, the

positively charged ions are pushed away, increasing the non-conductive TiO2 region. This causes the

memristor to turn to the OFF-state. Similarly, a negative bias on the device, turns it to the ON-state. The

ON/OFF ratio of this type of memristor is in the range of 103 [55],[75].
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Figure 47: The structure of TiO2-based memristor developed by HP Labs.

Figure 48: Rutile TiO2 lattice structure (adapted from [145],
public domain photo)
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Figure 49: Cross section view from fabrication steps of the TiO2 memristor array fabricated
by Kavehei et al. [60]. (a) SiO2/Si substrate preparation, (b) coating photoresist, (c)

after patterning, exposure and development the initial section of the array is formed,
(d) Pt deposition, (e) patterning of the Pt electrodes onto the substrate through a lift-
off process by rinsing it in acetone, (f) TiO2 deposition, (g) photolithography for TiO2

etching, (h) patterning of the photoresist, (i) TiO2 etching, (j) deposition of the top Pt
electrode and removing the unwanted sections by the same lift-off process done for

bottom electrodes (reprinted with permission from [60]). 
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Apart  from  the  memristor  manufactured  by  HP  Labs  [25],  Kavehei  et  al.  fabricated  an  array  of

memristors based on the TiO2 structure [60]. They used sputtering, Atomic Layer Deposition (ALD), and

spin-on sol-gel process for depositing the TiO2 layer. Each array contains 10x10 memristors with varying

contact  areas  between  20×20  μm2 to  100×100  μm2.  Figure  49 illustrates  the  cross  section  of  the

fabrication steps of their memristor array. 

5.3.2 Ag/TiO2/ITO memristor

Kavehei  et  al.  [60] Fabricated  another  memristor  using  different  materials  for  the  top  and  bottom

electrodes. They fabricated their devices on a glass substrate, percolated with indium thin oxide (ITO).

Instead of Platinum they chose silver (Ag) as the top electrode. This is because the work function and

electrode potential of Ag is less than Pt, which makes it a more fabrication-friendly material. The process

starts  with  chemical  wet  etching,  used  to  pattern  the ITO layer  on the glass  substrate.  Then after

cleaning the substrate with ultrasonic baths of soap, acetone, and isopropanol alcohol for 60 minutes,

two layers of TiO2 were deposited on the ITO layer with the thickness of 2 nm. After that, through an ALD

process, a TiO2-x layer is deposited on top of the other TiO2 with the thickness of 20 nm. At last, by means

of thermal evaporation, a 200 nm layer of Ag is deposited for the top electrode. 

5.3.3 Anodic titania memristor

TiO2 based memristors are usually fabricated by Atomic Layer Deposition (ALD), sputtering, or sol-gel

process.  Kyle  Miller  from Iowa State University fabricated a thin-film anodic  titania memristor  using

anodization which is an economic and cheap fabrication method  [73],[81]. In this process, a metal is

oxidized through the application of an electrolyte. The metal is considered as the working electrode and

the electrolyte as the other electrode. Applying a voltage across the two electrodes (while grounding the

metal electrode) starts an electrochemical reaction, oxidizing the metal electrode. The thickness of the

oxide can be easily controlled with the applied voltage. The reaction occurs only under a potential and by
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Figure 50: Cross section view of the memristor based on Ag and ITO electrodes fabricated by
Kavehei et al. [60]. ITO is deposited on the glass substrate as the bottom electrode and

Ag is the top electrode (reprinted with permission from [60]). 
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turning off the voltage, the oxidization stops. An advantage of this method that makes it easy and cheap

is making the electrolyte, which is simple and inexpensive. The memristive switching behavior of the

devices were not  dependent to annealing the samples after  oxidization, but  annealing creates more

oxygen  vacancies  adjacent  the  top  metal/oxide  electrode  resulting  in  symmetric  and  ohmic  I-V

characteristic. Miller also provided a mathematical model of the fabricated device.

5.4  Spin-based and magnetic memristive systems
These types are based the properties of electron spin. By changing the electron spin polarization through

moving a magnetic domain to separate the polarities, hysteresis characteristics are exhibited [84]. 

5.4.1 Spintronic memristors

In titanium-based memristors, by moving the oxygen vacancies between the two layers, the state of the

device is changed. The same occurs in spintronic memristors where using a magnetized domain or a

moving “wall”,  the spin direction of  the electrons changes and separates the device in  two different

sections with different spins. The relation of the dividing wall (controlled by magnetization) is how the

resistance  state  of  the  device  is  controlled.  Several  research  groups  are  working  on  this  type  of

technique, mostly Seagate [84]. 

5.4.2 Spin-transfer torque magneto-resistive RAM

Memristive switching properties have been reported for MRAM structures since two decades ago. Spin-

transfer  torque is  when the direction  of  a magnetic  film in  a  so called  spin  valve  (magnetic  tunnel

junction) is changed using a spin-polarized current.  Spin valve is the basic structure of a MRAM bit

responsible for change of the state. The spin-transfer torque controls the resistance and is dependent on

the difference in spin orientation of the two sections. These structures can both have ionic and magnetic

properties depending on what type of material is used to build the MRAM bits [84].   
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Figure 51: The anodic titania memristor sample made on a titanium film (reprinted with
permission from [73]).
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5.5 Other implementations

5.5.1 Pd/WO3/W analog memristor

Chang et al. [77] fabricated an analog memristor based on Tungsten. They used palladium and tungsten

for the top and bottom electrodes respectively and the transition material is tungsten oxide. They started

by sputtering tungsten on a silicon substrate that has been under thermal oxidization as the bottom

electrode. Then the tungsten layer is partly annealed to form a tungsten oxide (WO3) layer. At the end, by

means of e-beam lithography, a palladium nanowire is formed as the top electrode. The dimensions of

the whole device is 130 nm x 130nm. This process does not include the electro-forming step which is an

advantage in the fabrication process. Between the tungsten oxide and the bottom electrode, a Schottky

barrier is formed. Hence, by applying a positive voltage, the oxygen vacancies can move toward the

bottom electrode creating an ohmic contact [75]. According to [76] and [78], if we modulate the width and

length of one filament, we can achieve analog memristors. Note that Adam et al. [76] introduced the first

case of analog memristor with active area below 20 nm2 [75].

5.5.2 M/a-Si/p-Si memristor

This type of memristor, introduced by Jo and Lu [79] includes a metal film as the top electrode (such as

silver),  an active amorphous silicon layer  as the transition material,  and for  the bottom electrode,  a

crystalline  silicon  layer  which  is  heavily  p-doped  is  used.  Several  metals  were  tested  for  the  top

electrode,  where  all  cases  shown  memristive  characteristics.  Similar  to  the  analog  memristor,  this

approach does not  include the electro-forming step.  Requiring  only  the  CMOS standard process is
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Figure 52: Schematic of a spin valve/magnetic tunnel junction. The middle layer
(dark green) is the spacer layer in the spin valve, and insulating in magnetic

tunnel junctions. The blue region is the fixed layer and the light green region is
the free layer. (a) the high resistance state, (b) the low resistance state

(adapted and redrawn from [83], which is free to share under the Creative
Commons Attribution-Share Alike 3.0 Unported license). 

(a)                                                     (b)



No Title Page

LITH-EX-11/4455 A Study of the Memristor Models and Applications 75 of 115

another advantage of this approach, and hence no need for specific fabrication processes.  The two

fabrication method used here is plasma-enhanced chemical vapor deposition (PECVD) and low pressure

chemical vapor deposition (LPCVD). 

By applying a positive voltage across the device, metal filaments start to form, meaning that the metal

ions from the top electrode drift inside the amorphous Si active layer and build up towards the bottom

electrode,  which  will  explain  the  resistive  switching  phenomenon  in  this  structure.  The  size  of  the

conducting filaments are much smaller than the metal electrode size (50 nm x 50 nm) bound by the

standard lithography process. This shows that the resistive switching filaments are independent of the

electrode size and that it can be possible to scale down these devices using the nanoimprint lithography.

For example, when reducing the device area by 6 orders of magnitude, RON increases 2.5 times more. In

case of switching speed, the devices made by LPCVD technique were a lot faster that those made by

PECVD (the switching speeds were 5 ns and 150 ns respectively) [73],[75]. 

It is pointed in the paper that the switching behavior is not sensitive to how the amorphous Si layer is

fabricated, but the fabrication method has effect on the ON/OFF conductance ratio. Therefore, based on

the thickness of the a-Si layer and the fabrication process, the switching behavior may vary.  Figure 53

shows the device structure of the M/a-Si/p-Si memristor device and a schematic of how the filaments

form and retract in ON/OFF states [75], [79]. 

5.5.3 Rectifying memristor

According to [79], rectifying diode characteristics can be observed in M/a-Si/p-Si memristor structure in

certain conditions.  The rectifying characteristic  is  caused by the movement of  the silver  ions in  the

amorphous silicon active area [80]. A negative voltage applied to the device in the ON state, can results

in slight retraction of the conducting filament, and hence suppression of the device conductance. By

applying a positive voltage, the silver ions can move back toward the p-Si bottom electrode and form the
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Figure 53: Structure of the M/a-Si/p-Si device. (a) Cross section view of the SEM image of the structure. SiO2
layer is used to protect the regions outside the active area. (b) schematic view of the way a conductive

filament is formed from the top to bottom electrode in ON state and retracts back in OFF state (reprinted
with permission from [79]. Copyright 2008 American Chemical Society).
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conducting  filament.  But  the  actual  switching  happens  at  higher  bias  voltages.  The  current-voltage

characteristic of this model is shown in Figure 54. According to [80], the resistances corresponding the

two ON and OFF states are: RON=100MΩ and ROFF=10TΩ (resulting in a ratio of ROFF/RON=106).  The

threshold voltage for switching from OFF to ON state is 2 V, and from ON to OFF state is -2 V [75]. 

5.5.4 Organic memristor

In this method, done by Stewart et al. [82], the memristor structure includes platinum and titanium metal

contacts as the top and bottom electrodes respectively,  and an organic Langmuir-Blodgett molecular

monolayer as the transition switching material, sandwiched between the electrodes. The devices were

made on a Si substrate with a thermally deposited thick layer of SiO2 (200 nm) on it. The three materials

used as the LB monolayers were: 

• Eicosanoic acid C19H39COOH, deposited as the cadmium eicosanoate salt.

• Amphiphilic rotaxane R, including an interlocked dumbbell and ring component.

• The dumbbell-only component of  R (referred to as  DB),  similar to  R, except that it  lacks the

interlocked tetracationic cyclophane ring.

Because eicosanoic  acid is  an intrinsic  insulator,  forms highly ordered LB layers that  can be easily

characterized,  it  was chosen as the control  molecule for  all  the experiments.  Tests showed that  for

voltages between -2 V and 1V, an exponential I-V characteristic is observed. Increasing the voltage,

creates to a permanent change in the bipolar switching state, which is considered to be the forming step.

Multiple positive sweeps lead to the pinched hysteresis I-V curve, which proves that the device exhibits

some sort of memory effect [73],[82]. Figure 55 shows the layer structure of the fabricated device.
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Figure 54: I-V characteristic of the rectifying memristor model.
(reprinted by permission from Macmillan Publishers Ltd:

Applied Physics Letter, copyright 2010 [80]). 
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5.5.5 Flexible memristors

Gergel-Hackett et al.  [39] introduced a very interesting method for fabricating memristor on a flexible

polymer. Spin-on sol gel technique is used to obtain a thin amorphous layer (60 nm) of TiO2 by spinning

titanium peroxide solution onto the polymer substrate for 60 seconds and then dry it for an hour in air (no

need for annealing). Before the spin coating, an aluminum layer (80 nm) is deposited on the substrate as

the  bottom  contact.  A similar  layer  (80  nm  aluminum  film)  is  deposited  on  the  oxide  by  thermal

evaporation as the top contact. This structure yields a flexible memristor that the fabrication process is

cheap and relatively easy. It shows memory behavior, being nonvolatile for about 1.2x106 s even after

4000 flexes. It has ON/OFF ratio of 10000:1 and the voltages given to the device to operate it are below

10 V, which is an acceptable range in flexible electronics [39],[81]. Figure 56 shows the device sample

with a schematic of the structure at the corner.
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Figure 56: Flexible polymer sheet that includes 4 rewritable flexible TiO2

memory devices with cross-bar aluminum contacts. A small schematic
of the structure is illustrated in the corner (reprinted with permission

from [39] copyright ©2009 IEEE).

Figure 55: The schematic of the organic memristor developed by Stewart
et al. (redrawn and reprinted with permission from [82], Copyright

2004 American Chemical Society).
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6. APPLICATIONS

Since May 2008, when HP Labs published their paper in Nature, introducing the discovery of memristor,

a huge wave started in the research and engineering communities around the world to find applications

for this new device. Attempts were either for using the memristor in a circuit architecture and use its

features, or tweaking the old configurations by adding a memristor or utilizing the new properties of the

memristor  and  develop  a  new architecture.  As  a  result,  a  wide  range  of  articles  and  papers  were

published  in  the  last  three  to  four  years.  In  this  chapter,  some  of  the  more  common  or  potential

applications of the memristor is described.  

Two important characteristic of memristor that is more interesting for researchers are its nanometer scale

and the fact that it can have memory properties and latching capabilities. The nanometer dimensions

enables up to build high density memories with less power consumption. Moreover, fabricating devices in

nanometer  scale  is  cheaper  and easier  comparing to CMOS fabrication  process  [85].  And with  the

memristor memory properties, nanocomputing methods will be possible. 

Mazumder, Kang and Waser published an article in a special issue of the Proceedings of the IEEE about

memristor device, models and application. They presented a taxonomy of possible memristor application

that is shown in Figure 57.
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Figure 57: The taxonomy of memristor applications (redrawn and adapted with
permission from [142], copyright ©2012 IEEE).

Memristor Applications

Crossbar Array

Discrete

Analog

Digital

Analog

Digital

Neuromorphic networks

Field programmable Analog Array 

Content Addressable Memory

Non-volatile Memory

Logic Circuits

Chaos Circuits

Schmitt Trigger

Variable Gain Amplifier

Difference Comparator Cellular 

Neural Networks

Oscillators

Logic Operations

Digital Gates

Reconfigurable Logic Circuits



No Title Page

LITH-EX-11/4455 A Study of the Memristor Models and Applications 79 of 115

6.1 Non-volatile memory 

The first application of memristor that is more close to reality and will possibly be seen in widespread use

in near future is non-volatile memristor memories. The property of memristor that can retain its previous

state when it is in OFF mode (memory in a sense) is what makes memristor a good candidate for non-

volatile random access memories (NVRAMs). So far, there were several papers in the literature about

using the memristor in memory architectures (dense crossbar arrays). The technology for fabrication of 3

nm memristors is already available. HP Labs fabricated the crossbar latch memory which is still ten times

slower than DRAMs. 

6.1.1 Resistive RAM (ReRAM)

ReRAMs or Resistance Switching Memories (also referred to as memristor memories according to [86] is

the subject of research in many companies around the world. Companies such as HP, IMEC, Fujitsu,

Sharp and Unity Semiconductor has devoted some part of their research to develop different types of

memristive materials. The working concept of this type of memories is based on the two logical values,

“1” and “0” where they are corresponding to low resistance state (ON mode) and high  resistance state

(OFF mode) respectively [60].  

Several materials were used as transition metal oxides in such structures. The resistive switching was

discovered in NiO in 1964 [87]. Other materials were Titanium dioxide (TiO2), Strontium Titanate (SrTiO3),

Zirconia (ZrO2) and Hafnia (HfO2). As reported by Xie [88]. two switching mechanism were observed in

these  materials:  The  unipolar  and  bipolar  switching  mechanisms.  The  state  of  the  device  can  be

changed by applying a potential across the device. For bipolar switching devices, in order to switch back

to its previous state, a negative voltage should be applied. In case of unipolar switching, the switching

voltage should be higher than two threshold voltages to change the state of the device [46],[60],[89].
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Table 6: A comparison of performance parameters of different memory 
technologies (reprinted with permission from [60]) 
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According to ITRS2009 report (International Technology Roadmap for Semiconductors), the prediction

for 2019 is that 16 nm half-pitch DRAM cells will reach a capacity of  46 GB/cm2  (100% efficiency). In

contrast, memristors can offer promising higher capacities over 110 GB/cm2  and 460 GB/cm2  for 10 nm

and 5 nm half-pitch devices, respectively [90],[91]. Another advantage of memristors over DRAM is the

non-volatile  property  of  memristors  similar  to  flash  memories.  Therefore,  we  can  hope  that  with

ReRAMs, the Moore's law can still go on for another decade or so [60]. 

Table 6 lists a series of features and performance parameters of eight memory technologies [92],[93]. By

the time of year 2020, capacity prediction for memory structures is more than 1 TB, less than 100 ns

READ/WRITE access time, and endurance of about 1012 cycles or even more.  The disadvantages in

other  technologies  are:  Slow  WRITE/ERASE  times  and  low  endurance  for  Flash  memories,  poor

scalability for FeRAMs and MRAMs, need for large programming currents in WRITE cycle in the case of

PCMs  and  MRAMs  (more  current  causes  more  dissipation  per  bit).  Moreover,  voltage  scaling  in

memristors is more simpler than its rivals  [74],[94]. In spite of the mentioned issues, still  memristors

switching speed is much lower than DRAMs. The store-to-write time constant ratio in memristors is about

103 cycles [74], while in DRAM cells is 106 cycles [93].

6.2 Crossbar

The crossbar structure is one of the most promising nanostructures at the architectural level [96]. Due to

the large number of switches, the crossbar is intrinsically defect tolerant. It is also in nanoscale, and has

potentially cheaper and easier fabrication process. Other advantages are scalability,  flexibility and its

high density. Crossbar grids can be used to perform a large amount of computations. 

It consists of a grid of nanowires which at every crosspoint or intersection of the horizontal and vertical

wires, there is a memristor switch. The size of each junction is about 2-3 nm (comparing to the transistor

junctions in the 90 nm technology that is about 60 nm). The fabrication method for implementing the

nanowires  is  nanoimprint  lithography  (NIL),  which  is  a  simple,  low  cost  and  high  resolution

nanolithography process. The necessary pattern is formed by means of mechanical deformation of an

imprint resist (usually a polymer or monomer), where it will be cured using UV or heat in the imprinting

phase. 

As it is discussed in [90], in 3D stacked structures, extremely high capacity and ultra low power function

are main advantages of this structure (or generally ReRAM) over DRAM. The complexity of addressing

grows  logarithmically  as  the  capacity  grows.  Hence,  for  extremely  high  capacities,  the  overhead

addressing cost is less [90]. A schematic of the crossbar structure, showing a memristor switch in each

crosspoint is illustrated in Figure 58. An image of the crossbar nanowires made in HP Labs is shown in

Figure 59. 
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6.2.1 Hybrid chip

HP  used  crossbar  grids  in  a  hybrid  chip,  that  contained  a  combination  of  both  transistors  and

memristors. A single layer of CMOS transistors can actually drive several (maybe thousands) memristor

layers in an efficient way. The whole structure is more power efficient in terms of energy consumption

which results in less heat generation. There exists more logic gates per unit area of the chip due to the

higher  density  of  the  crossbars.  The  switches  can  be  switched  in  nanoseconds,  while  the  energy

necessary for a single switch is in the orders of pico joule. 

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES

Figure 59: Crossbar structure consisting of over-crossing nanowires,
with memristor switches in each crosspoint.

Figure 58: Schematic illustration of the connectivity of the crossbar structure (redrawn and adapted from
[91], Photo credit: Bryan Christie Design)

Figure 60: The first CMOS/Memristor reconfigurable hybrid chip made by Xia et al. [71] at HP Labs. (a)
Schematic illustration of the hybrid circuit with both CMOS and switching layers (b) The hybrid chip image
(the top layer is the memristor switching layer). On the top right side, there is an SEM image of a piece of

memristor crossbar array (reprinted with permission from [71], copyright 2009 American Chemical Society).
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Considering the memristor nanoscale and the high density of the crossbar grids, it is likely that in near

future there could be no need for scaling transistors anymore. Such structures allow for high functionality

and performance while keeping up with the Moore's law. 

6.2.2 Scaling potential

As  described  before,  essentially  it  is  possible  to  stack  thousands  of  crossbar  memories  made  of

memristors on top of each other and interface to effectively unlimited amount of layers with a limited

number  of  CMOS in  a  single  layer.  Therefore,  theoretically,  with  even one single  CMOS layer  it  is

possible to address about thousands of memristor layers. Strukov [97] introduced this architecture and

introduced a four dimensional address space for driving the multiple layers. Considering that stacking 8

layer seems very easy, and the fact that each crossbar memory layer can have a bit  density of 0.5

terabits per square centimeters, results in a huge amount of 4 terabits of memory per square centimeter.

This means that a memristor chip can have memory capacity of a petabit. That is about enough memory

to store all the books, images, video clips and audio recording in the library of congress. Therefore, with

this density and scaling potentials of memristors, practically, there will be no need for transistors that are

smaller than 30nm half pitch [36]. 

6.3 Memory and storage

HP Labs made 3 nm memristor in April 2010, that could switch in a nanosecond. They also found out

that they can stack memristor layers on top of each other, giving it a density of two to eight times more

than the flash memory (or  potentially 100 times more).  So, having a gigantic amount of capacity of

approximately 128 Tbytes/cm2 (1 Pbits/cm2) on a single chip can result in retiring hard disks. Imagine a

camera memory in the size of a normal thumb drive that can store all the images and videos in a year.

Memristor technology can lead to super-small memories that can have a vast amount of application. A

potential usage can be in Smart Dust Networks as a Memory Dust in a sense. Small sensors that need

nonvolatile memory units for storing their acquired data might be another possible application. 

6.3.1 Instant-on computers

The concept of non-volatility of memristors brings up the idea of instant-on computers, where memristor

memories can replace both the DRAM and the hard disk, and by removing the battery or unplugging the

computer from the outlet, nothing will be lost. All the memory remains in its last state, and as soon as

you replug and turn on the device, everything is the same as it was left before. Also since the memory is

not lost, the system can have a much faster boot up with no latency. This will provide a much higher

reliability and resiliency in cases of power failure, mostly in power interruption in data centers. 

6.4 Neuromorphic circuits (memristor minds)

“… I realized that synapses were memristors. The ion channel was the missing link that I was looking for
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and it  already existed in nature…”. This was what Leon Chua said about the analogy example of a

memristor that the function of memristor is quite similar to that of a synapse. He also described that

based on the Hudgin-Huxley neuron model that received the 1961 Nobel Prize in physiology, the sodium

and potassium ion channels that exist in an axon are actually time-varying conductance, which are an

example of memristive devices [36]. 

The neural network in the human mind has the ability to create strong or weak connections which is

described  by  the  neuro-plasticity.  Nonlinear  dependencies  caused  in  the  function  of  a  neuron  is

dependent on the action potentials that it receives. The only physical device that may be close enough to

mimic these nonlinearities is the memristor. This may be a path to a new era in artificial intelligence. Wei

Lu and his group of researchers at the University of Michigan [100] have done some work on a hybrid

chip  (including  both  CMOS  neurons  and  memristor  synapses).  They  showed  that  the  system  can

perform synaptic functions such as spike timing dependent plasticity [99].  

Inside each synapse,  a complex series of  signal processing is done and that  is what  neuromorphic

architectures (or brain simulating systems) are trying to achieve. A single square centimeter in current

microprocessors can have densities of about 109, while the human synapses are packed with 10 times

more density (1010 per cm2). In order to model a single synapse, it is necessary to know what happens

inside the synapse [99].  

6.4.1 On a computer

In a computer system, the information storage and computation process happens in different places. In

other words, the memory and processor are located with a physical distance in respect to each other. 

In order to model the functionality of an individual synapse, the following actions must happen in the

system: To change the state of a synapse which is somewhere in the main memory, the processor must

initiate a signal located from somewhere inside the processor. This signal must travel to the edge of the

processor, packaged to be transferred through the main bus (2-10 centimeter of physical distance) to
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Figure 61: The Hudgin-Huxley Neuron Model
(adapted and redrawn from [152])
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reach the memory, and get unpacked to have access to the required location in the memory. This is just

for a single transfer. To get a better idea, multiply this series of actions by the 8000 synapses that are

approximately in a single rat neuron. Now multiply it again by billions of neurons that exists in the brain

and you only get an entire millisecond of activity in the brain [99].  

6.4.2 In the brain

In our brain, both the information storage and computation is done at the same time and in the same

place. In order for a signal/impulse to be send from one neuron to another (calling them Neuron A and

B), the following actions occur: Neuron A sends the signal to Neuron B through the axon. The synapse of

Neuron B, having its own previous state stored, compares the strength of both impulses (the coming

signal from Neuron A to its previous state). Then, both the signal from Neuron A and the evaluation of the

Neuron B's synapse travel over the dendrites to the main part  of  Neuron B. During this information

transfer,  all  the computation is  done and a single value is  received by Neuron B.  This is the main

difference in the function of the biological brain and the reason that it can operate at about 100 millivolts

(while  CMOS  circuits  need  much  higher  voltages  in  the  range  of  one  volt).  If  the  most  advance

supercomputers try to reproduce the functionality of a brain, a power plant is needed to power up the

process. But our brain can work on a power budget as much as a 20 watt light bulb [99]. 

Since memory industry is the closest platform for the memristor technology to shine (due to its high

density  and  power  efficiency),  in  attempt  to  find  an  architecture  that  can  merge  the  storage  and

computation,  DARPA  launched  SyNAPSE  (Systems  of  Neuromorphic  Adaptive  Plastic  Scalable

Electronics)  in 2008.  The program was taken by HLR Laboratories,  HP and IBM. They managed to

develop  nanoscale  electronic  synaptic  component  that  could  perform  strength  adaptation  of  the
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Figure 62: A schematic of the main computer components involved in a fetch
and store operation. The operations that must be done in order to

model how an individual synapse work is described below (adapted and
redrawn with permission from [99], copyright © 2010 IEEE ). 
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connection between two neurons similar to the way is done on the brain (Hebbian earning). The launch

of this program coincided the discovery of the physical realization of the memristor by HP Labs [99]. 

A group of researchers at Boston University consisted of engineers, neuroscientists, psychologists and

computational modelers are working within CELEST (Center of Excellence for Learning in Education,

Science, and Technology) on a project called MoNETA (Modular Neural Exploring Traveling Agent). They

are working closely with HP Labs to develop biological algorithms that populates the hardware part of the

memristor technology. In other words, MoNETA is an application software that can recognize, reason and

learn. It is the first large scale model of a neural network made by memristor circuits and to run a virtual

and robotic agent. The attempts in developing a system that can process the information similar to the

human brain or even enabling it to learn will continue [99]. In general, conventional devices use the logic

of '0' and '1'. But with memristor, one can have access to other values in between as well (e.g. 0.3, 0.5,

0.7, 0.8). This will enable us to do analog computing and eventually mimicking brain functionality.

6.5 Learning circuits
It is possible to find several cases in the nature that exhibit learning potentials and can be described with

a memristive system. Recently, there has been some experiments using circuits comprised of an LC

network and memristors to model the behavior of single-cell organisms. It was observed and reported

that when applied a series of pulses, the circuit shows learning and can speculate the next coming pulse.

Below, two of the common cases are described briefly. 

6.5.1 Slime mold

Physarum Polycephalum, or better know as the slime mold is a unicell organism that looks like a large,

slimy mold is an example of a natural learning case. It is usually yellow in color and eats bacteria, fungal

spores and microbes. When eating, its mass of mucus swarms over and submerge and swallows the
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Figure 63: An illustration of two neurons and how an impulse travels
from one neuron to the other. (adapted and redrawn with

permission from [99], copyright © 2010 IEEE ).
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food. External temperature and moisture variations, changes the viscosity and causes it to slowly move. 

Hungarian and Japanese researchers did an experiment demonstrating that the slime mold can find its

way in a maze. The 3 cm2 maze was made by implementing the pattern of the maze over a surface of

Agar (AG). Then small pieces of the slime mold were placed in different parts of the maze. By providing

the right conditions, the slime mold starts to move around until it fills the whole maze. In the template of

the maze, there existed 4 exits in which at two of those, they put some food. After 8 hours, the slime

mold has sucked back its body from the paths that does not lead to food and remain only in the shortest

path between the two exits with food [101]. 
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Figure 65: The Agar maze used to experiment on the slime mold – with the two exits
providing the food. The final stage where the Physarum Polycephalum has
found the shortest path is shown (Reprinted by permission from Macmillan

Publishers Ltd: Nature [154], copyright 2000). 

Figure 64: A piece of Slime Mold or Physarum Polycephalum in the
nature (reprinted from [153] and is free to share under the

terms of the GNU Free Documentation License).
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It is believed that when it first reaches the food, it starts to contract more often. This contraction wave

propagates in the maze telling other parts to whether extend or contract. This continues until a thick layer

of the slime is remained in the shortest path. Therefore, even these single-cell amoeba-like organisms

show signs of intelligence and learning abilities [101]. 

Pershin and Di Ventra [103] reported a mathematical memristive modeling of an amoeba's learning that

has some similarities to the learning patterns of the slime mold. It is a good article in case the reader is

interested in the topic.

6.5.2 Sea Slug Aplysia

One kind of sea slug, known as Aplysia, has an interesting way of showing memory behavior. This sea

snail has a siphon that when given a weak electric shock, it activates a natural defensive system causing

it to retract its gill. This reflex is an indication that the creature has formed some sort of memory. After a

few shocks, the gill remains inside at a longer time. Hence, the longer it keeps the withdrawal reflex, the

stronger is the memory effect. This memory effect can be seen in the Aplysia's nervous system as well.

This creature has a very simple nervous system containing some of the biggest neurons in the world.

These few, but huge neurons makes it easier for the scientist to study this animal. David Glanzman and

his team at UCLA took a few neurons and created a mini neural circuit  to see what happens at the

cellular level when a memory is formed. The first thing that happens is the synapse between the two

neurons under study gets stronger (neurons send more chemicals forming stronger bonds). This will not

last for long and it  is associated with short time memory. But when the zapping repeats a couple of

times, the neurons physically start to grow more connections to remember for a longer time. This basic

phenomenon occurs in a much larger scale in our brain [104],[105]. 

Eric Kandel from Columbia University performed many experiments on the Aplysia showing both short

term and long term memory in the synapse. He eventually received the Nobel prize in physiology and

medicine  in  2000 for  his  groundbreaking  research in  memory storage  in  neurons  (with  the help  of

Aplysia) [106]. 
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Figure 66: Eric Kandel (left), The sea slug Aplysia (center), an illustration of the Aplysia and its gill (right)
(adapted from [106], Photo Credit: Eric Kandel ).
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6.6 Programmable logic and signal processing

It is proven that memristors can perform implication logic. Lehtonen and Laiho [108] reported that one

can utilize the memristor in both forms of a logic gate and a latch (stateful logic). They presented an

effective approach to compute all the Boolean functions with the minimum number of memristors. Later,

Lehtonen  et  al.  [107] Published  another  paper  in  Electronic  Letters,  where  they  used  a  recursive

conjunctive form and proved that to compute all the Boolean functions, you only need two memristors. 

Figure 67 Shows the basic circuit with two memristors that is used to perform implication logic (which is a

Boolean logic operation on two variables e.g.  p and  q so that p→q is equal to (NOT p)OR q)  [109].

According to [108], p and q are assumed to be the states of memristor m1 and m2 respectively. In order

for the result of p→q to be stored as the state of m2 , during the material implication operation, is that the

amount of R0 be quite larger than the resistances of both memristors in ON state and also Vcond<Vset.

Based on Figure 67, it is obvious that only when m1 is OFF, m2 will stay ON [108]. In all other cases, Vset

is high enough to turn the device to ON state.  

Borghetti et al. [109] at HP Labs also published a paper in Nature in April 2010, presenting the ability of

memristive switches to perform stateful logic through material implication. This means the memristive

device can operate as a 'logic' gate and 'memory' latch at the same time. HP also filed a patent on an

architecture for computing consisting of a nanoscale crossbar structure, for logic [109]. 

6.7 Other research areas

There  are  many more  research  done  on  different  memristor  applications  on  all  sorts  of  areas like

memristor circuit modeling, novel materials, circuit design, Spintronics, astrology, biology in the literature.
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Figure 67: material implication using the memristor
(adopted with permission from [108])
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A short list of some examples recently published in the literature are as follows:

• Applications  using the dynamic  behavior  of  the  memristor,  such as  memristor-based  chaotic

circuits, oscillators etc. [114],[115],[116],[117],[118],[119],[120],[121].

• Memristor-based systems in image encryption [122],[123].

• Fine resolution programmable resistor [124].

• Memristor-based opamp [125].

• Filter characteristics [126],[127],[128],[129].

• Memristor-based receiver for ultra wide band wireless systems [130],[131].

• I/O nonlinearity cancellation [132].

• Various physical information storage mechanisms in memristors [133],[134].

• Spintronics [135],[136],[137],[138],.

• Digital logic implication with memristor-based crossbar structures [109],[111].

• Flexible non-volatile memristor with a low budget approach [39].

• An electromagnetic transistor/memristor (EMTM) based on carbon nanotubes [139].
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7. SIMULATION RESULTS

7.1 Introduction
This chapter discusses the memristor modeling that has been done in this thesis work. The idea was to

pick a couple of models already published and based on them, design the schematics level model in

Cadence. As mentioned before, most of the available models in the literature were written in SPICE. But

a schematic  Cadence model  was not  reported anywhere,  which can be very useful  for  design and

simulation of memristor circuits. Another reason for choosing to design the model in Cadence is the fact

that the majority of the circuit design tasks and modelings in the electronic systems division is done in

Cadence.  So,  a Spectre schematic model of  the memristor  can be useful  for  our colleagues in  the

division who are interested in utilizing the memristor in their circuit simulations.  

The chosen models are based on the complexity of the model. Starting from a simple model to more

improved and effective models. We start with the simpler model, giving a short description of how they

did the modeling and then present what we designed along with the simulation results and diagrams.

Likewise, the other chosen models is discussed. It was also planned to write some veriloga and MATLAB

memristor models, that is included in the final segment of this chapter. There are also some Veriloga and

MATLAB models written that will be discussed in the next section of this chapter. The codes for Veriloga

and MATLAB models are given in the appendices. 

7.2 Memristor model I
The first paper that we looked into is by Mahvash and Parker entitled “A memristor SPICE model for

designing memristor  circuits”  [147].  They presented a simple model  based on the linear drift  model

proposed by Strukov et al. [25], and then used the memristor model in a low pass filter and an integrator

circuit configuration to show that the model is working as expected. This model is chosen because of its

simplicity. 

Recalling from 4.3.1, the nonlinear drift model formulation is given as (73): 

v ( t)= (Ron
w (t)
D

+ Roff (1− w(t )
D

)) i(t) , (73)

in which w(t) is written as:

w (t)= μv

Ron
D
q(t ) . (74)

The authors started by defining a linear resistor sub-circuit, as shown in Figure 68.
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Whereas the task of Vsense is just to sense the current, and in order for not having any effect on the

voltage, it is chosen to be 0.0 volts.  Vr is a dependent voltage source, creating the voltage across the

resistor based on the current that is passing through it, as stated in (75). 

V r= I.R , (75)

in which I is the sensed current at Vsense and R is the amount of resistance to be modeled (it is chosen as

100Ω in the paper). 

As it is known, in some sense, the memristor is a variable resistor. Hence, to change the first sub-circuit

to a variable resistor, the Vr source should be a function of the charge q based on (76). 

M (q)= Roff − (Roff− Ron)
μvRD
D2 q( t) , (76)

in which μv is the average ion mobility and D is the length of the memristor.  As shown in Figure 69, a

capacitor is also added to the model to sense the charge. To cancel the effect of the voltage across the

capacitor, Vc is subtracted from Vr  voltage as stated in (77). 
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Figure 68: The model of a linear resistor sub-circuit
(adapted with permission from [147],

copyright © 2010 IEEE)

Figure 69: The model of a nonlinear resistor, memristor
sub-circuit, (adapted with permission from [147],

copyright © 2010 IEEE)
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V r= I.M − V c , (77)

in which Vc is the voltage across the capacitor Csense.  Figure 70 shows the input voltage, current of the

memristor, and the i-v characteristic of the modeled memristor by [147].

It should be noted that this model is only valid as long as the system stays in the memristor regime. The

working regime is where the state variable w is defined between 0 and D as stated in (1). 

7.2.1 Spectre model

For designing the schematic of the memristor model based on [147], the circuit in Figure 71 was used.

Two voltage sources are used for Vr and Vsense, with the distinction that Vr is a current-controlled voltage

source, which its value is based on  (75) (Vref=Vsense  , hgain=M).  Vsense  is a dc voltage source with zero

voltage. Vcap is there to sample the voltage across the capacitor C. 

In order to calculate  (77), there is a need to  multiply two voltages. This is done by a two input port

polynomial voltage-controlled voltage source (PVCVS2). The general equation for a polynomial voltage-

controlled voltage source is: 

V out= P(0)+P(1)⋅ V in+⋯+P(n− 1)⋅ V in1
n-1+P(n)⋅ V in

n  , (78)

where P constants are coefficient parameters. In case of a polynomial voltage-controlled voltage source

with two input voltages (PVCVS2), we can write (78) as:

V out= P0+P1⋅ V in1 +P2⋅ V in2+P3⋅ V in1
2 +P4⋅ V in1∗ V in2+P5⋅ V in2

2 +⋯  , (79)

where P0, P1, P2, … are constant coefficients, and Vin1 and Vin2 are the two input voltages. To calculate
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Figure 70: (Left): The current (bottom) of the memristor when applied a sinusoid voltage (top). (Right): The
current-voltage characteristic of the modeled memristor (adapted with permission from [147], copyright ©

2010 IEEE)
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(77), we only need to specify C4= M  and C0= C1= C2= C3= C5= 0 . Having Vr and Vc as the inputs, it

means that the result will the memristor voltage equation. 
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Figure 71: The schematic model of the memristor based on [147].

Figure 72: The voltage (green) and current (red) waveforms of the modeled memristor.
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Figure 71shows the designed schematic circuit of the model based on [147]. As it can be seen, Emem is

the polynomial voltage-controlled voltage source and its fourth coefficient is set to: 

c4= M= Roff− (Roff− Ron)
(μvRon)
D2 (80)

Then, a sinusoid current source with  f=100Hz and  i=10µ is applied across the device. The resulting

voltage  and  current  waveforms  are  shown  in  Figure  72.  Figure  73 is  the  resulting  current-voltage

characteristic of this memristor model which is exactly what was expected. 

7.3  Memristor model II

The next model that was investigated is by Biolek et al.  [52] entitled “SPICE model of memristor with

nonlinear dopant drift”. Their model is based on HP's memristor model, where the sum of resistances of

both the doped and undoped regions of the device gives the total resistance, as shown in (81). 

RMEM ( x)= RON x+ ROFF (1− x) , (81)

where x is the state variable given by: 

x= w
D

∈ (0,1) . (82)

The fact that how fast does the boundary move between the two doped and undoped regions depends

on the current and the resistance of the ON state as it is described in (83):
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Figure 73: The I-V curve of the modeled memristor according to [147]. 
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dx
dt

= k i (t) f ( x) , (83)

in which k is a factor given by: 

k= μv

RON
D2 , (84)

where µv is called the dopant mobility. In nanodevices, large electric fields are caused by even very small

voltages,  which  as  a  result,  high  nonlinearities  in  the  ionic  transport  process  can  occur.  These

nonlinearities are mostly considerable at the very edges of the thin film, where the boundary migration

speed will decrease to zero. This phenomenon is called the nonlinear dopant drift and it can be modeled

using a proper window function [52]. Joglekar has proposed the following window function in [51] which

is  described more in  detail  in  4.3.3.  Biolek  et  al.  also  presented another  window function  which is

smoother at the boundaries and is described in 4.3.4.   

The structure of the SPICE model is shown in Figure 74. The voltage-current relationship of the modeled

memristor is based on the following equation which is a modification of (81).

RMEM ( x)= ROFF− xΔ R , Δ R= ROFF− RON  (85)

In this model, Emem is used to model the voltage across the memristor. The voltage V(x) of the capacitor

Cx is used to model the normalized width x of the doped layer. The capacitor acts as an integrator to the

k i(t) f(x) term in (83), to produce the x value. x0 is the initial voltage of the Cx capacitor which represents

the initial state of the doped region. This initial state is described in (86) using the initial resistance of the

memristor RINT. 

x0=
ROFF− R INIT
ROFF− RON

 (86)
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Figure 74: The schematic of the SPICE model used to model the memristor (redrawn and adapted
with permission from [52])
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7.3.1 Spectre model

For modeling the memristor according to [52], two schematic circuits with a slight difference is designed.

We started by modeling each part of the Biolek's schematic model based on their SPICE model shown in

Figure 74. The designed Cadence model is illustrated in Figure 75 and Figure 76. Here, we will describe

the way each section is modeled.

Starting from the input, the first stage is Emem, which according to Figure 74 should be: 

Emem= − I (Emem)⋅ V (x )⋅ (Roff− Ron) (87)

Emem in Figure 75 is again a polynomial voltage-controlled voltage source with two inputs (similar to the

previous model). A more extended equation of the PVCVS is given in (88): 

V out= C 0 + C 1V in1 + C2V in2 + C3V in1
2 + C 4V in1V in2 + C5V in2

2 + C6V in1
3 + C 7V in1

2 V in2 + C8V in1V in2
2

(88)

So, according to (88), the coefficients for modeling Emem is: C4= Ron− Roff  and C0= C1= C2= C3= C5= 0 ,

and as for the inputs:  V in1= IEmem  and  V in2= V (x) .  IEmem is again sampled using a current-controlled

voltage source as a sensing source.

Next  stage is to model the state variable  x.  This is where the difference between the two designed

models  is  manifested.  One  approach  is  to  use  a  polynomial  voltage  controlled  current  source  Gx.

According to Figure 74, Gx is defined as: 

Gx = I (Emem)⋅ μv⋅ (
Ron
D2 )⋅ f (V (x ), p) (89)

Simplifying the window function yields: 

f (x , p)= 1− (2x− 1)2 p= 1− (4 x2− 4 x+1)= 4 x− 4 x2 (90)

Now, by replacing the simplified window function equation, (89) can be written as: 

Gx = I (Emem)⋅ μv⋅ (
Ron
D2 )⋅ (4 x− 4 x2)

=4⋅ I (Emem)⋅ V (x )⋅μv⋅ (
Ron
D 2 )− 4⋅ μv⋅ (

Ron
D2 )⋅ V 2(x )⋅ I (Emem)

(91)

Once  again,  to  implement  this  equation,  the  coefficients  of  Gx should  be:  C4= 4μv Ron/D
2

,

C8= − 4μvRon /D
2

 and  C0= C1= C2= C3= C 5= C6= C7= 0 ,  and  as  for  the  inputs:  V in1= IEmem  and
V in2= V (x) . So, in some sense, the window function is implemented in the coefficients of Gx.

In  the  last  stage,  flux and charge functions  are  modeled using behavioral  integrators for  simplicity.

Moreover, the initial voltage of the capacitor is set to V C initial= (Roff− Rinit)/(Roff− Ron) .
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Figure 75: The designed memristor model based on [52]. First approach.
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In  the  other  approach,  shown  in  Figure  76,  instead  of  implementing  the  window  function  in  the

coefficients of Gv, the window function f(x) is modeled exactly from its equation in (92). The voltage x is

multiplied by two (through setting the gain of a voltage source), subtracted by one, and multiplied by

itself  (by  using  a  voltage-controlled  voltage  source,  while  setting  the  coefficient  to  '-1').  And  finally

subtract the result from one, to calculate the window function.  

f (x)= 1− (2 x− 1)2 p (92)

The simulation results from both approaches were identical. The i-v curve of the designed model can be

seen in Figure 77, which is the expected pinched hysteresis loop. 
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Figure 76: The designed memristor model based on [52]. Second approach

Figure 77: The current-voltage characteristic of the designed memristor model based on [52].
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7.4 Memristor model III
For the third model, we chose the memristor macro model developed by Kavehei et al. [46] entitled “The

fourth element: Characteristics, modeling and electromagnetic theory of the memristor”. As they have

discussed, there are three approaches to model the memristor.

1. SPICE macro-models

2. Hardware Description Languages (HDL)

3. C programming

Among all three, SPICE macro models are more suitable because of their user readability. As Chua

described in his paper  [5], a memristor can be realized by connecting a nonlinear resistor across the

second port of an M-R mutator. The same applies to M-L and M-C mutators when a nonlinear inductor or

capacitor is connected to their second port, respectively. The mutator itself is a nonlinear circuit elements

that can be defined by a SPICE macro-model. 

Kavehei et al. used a type 1 M-R memristor mutator to model the macro-model. The schematic of the

macro-model is shown in Figure 78. It includes a differentiator, an integrator, a voltage-controlled current

source (VCCS)  and a  current-controlled  voltage source (CCVS).  G is  the  voltage-controlled  current

source (VCCS), H is the current-controlled voltage source (CCVS), and S is a switch. The nonlinear

resistance is applied using a switch, and two R1 and R2 resistors. So, the branch resistance will be 1KΩ

for V1<2 and 2KΩ for V1≥2. More description is given in 4.7.

7.4.1 Spectre model

Figure 79 shows the macro model designed in Cadence. The integrator and differentiator are high-level

behavioral blocks, and as it can be seen, two nonlinear resistor modules are there. This is for testing the

model with two types of nonlinear resistors. The first block is the basic nonlinear resistor model given in

[46], utilizing two resistors and a switch. 

This document is released by Electronics Systems (ES), Dep't of E.E., Linköping University. Repository refers to ES

Figure 78: The schematic of the memristor SPICE model by Kavehei (redrawn and
adapted with permission from [46]). 
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Figure 79: The designed memristor model based on [46].
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It  was observed that  the most  dependency in  the memristance is  on the nonlinear  resistor.  So,  by

modeling a good degree of nonlinearity for the resistor  load, we may achieve better  characteristics.

Therefore, in the second block, we used a single voltage-controlled current source VCCS, that has the

following polynomial equation: 

V 0= c0+c1⋅ V +c2⋅ V
2+c3⋅ V

3+⋯ . (93)

By tweaking the c0, c1, c2 ,... coefficients, the VCCS can have a nonlinear behavior. The coefficients were

acquired by plotting a nonlinear function in MATLAB and extracting the corresponding coefficients using

the “polyfit” instruction. Different nonlinear diagrams were tested until a proper pinched hysteresis loop

was achieved.  Figure 80 shows the periodic ramp input voltage applied to the model, while a proper

hysteresis characteristic was observed in the i-v curve of the modeled memristor (shown in Figure 81)
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Figure 80: The voltage (red) and current (green) curves of the memristor model based on [46].

Figure 81: The current-voltage characteristic of the designed memristor model based on [46].



No Title Page

LITH-EX-11/4455 A Study of the Memristor Models and Applications
103 of
115

7.5 Behavioral-level models

7.5.1 Veriloga models

Two veriloga models were written for the memristor model I and II that is listed in the Appendix.

7.5.2 MATLAB models

A simple memristor MATLAB model is also written based on the HP's equations that is listed in the

Appendix. Figure 82 show the voltage and current of the modeled memristor, while Figure 83 shows the

i-v characteristic and the q-φ curve. 
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Figure 82: The applied voltage (left) and the current (right) of the simulated memristor MATLAB model.

       

Figure 83: The current-voltage characteristic (left) and the q-φ curve (right) of the simulated memristor MATLAB
model.
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8. CONCLUSIONS

Memristor and memristive systems research is a new and young field and there are a lot of opportunities

to do research in this area. According to the aim of this report which is mentioned in the section for work

specification  1.3,  a  detailed  and  wide  view of  the  memristor  is  presented.  This  report  includes  an

introduction to the topic and a history of memristor research; taking a look at around four decades ago

when other researchers started to witness peculiar properties of their specific materials and structures

(which turned out to be memristive behavior, and they didn’t know about it at the time), to the time Leon

Chua introduced the memristor as the missing circuit element. Giving a brief overview on the other three

basic circuit elements, we explained how Leon Chua came up with the idea that another passive circuit

element should exist. Then the properties of the device and its switching mechanism are discussed.

There is also one chapters discussing the applications of the memristor and the other about different

types of memristor and their physical implementation. Since one of the main focuses of this report was

modeling  the  device,  a  detailed  description  of  the  most  popular  memristor  models  is  given.  Three

memristor models were chosen and the schematic circuits in Cadence based on the model concept were

designed  and  simulated.  All  the  designed  circuits  showed  memristive  behavior  and  verified  the

functionality of the chosen models. Two Veriloga models and one MATLAB model of memristor were also

written and simulated. 

Regarding the literature study, there were no serious issues in collecting references except few cases

where access to some publications was not possible. Considering the number of sources gathered, that

was not a big problem. It was possible to get access to most of the articles at Linköping University. All

the references were organized and categorized into JabRef. The contents range from general web news,

to  completely  technical  and  academic  articles  published  in  various  journals  and  conferences.

Furthermore, master and PhD thesis reports added another level of complexity and detailed research

focus to the list. Basically, it can be easily said that the majority of the publications were in the advanced

scientific level. 

Nanotechnology is one of the emerging technologies that can automatically benefit from memristor or

memristive systems functionality. It is interesting to mention Stan Williams from HP Labs, who thinks that

memristors can revolutionize the 21st century very rapidly; the same way transistors revolutionized the

20th century. Leon Chua also believes that now, with introduction of memristor, it is time to rewrite almost

all of the electronic engineering books. [36]
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8.1 Future work

The initial phase in memristor and memristive systems research have been completed. Several physical

structures have been manufactured and tested and models are designed. Regarding the future impact

that the memristor can have during the next 10 years, it is said that it can replace the flash memories

which have a 10 billion dollar per year market. It is also a promising candidate for replacement of DRAM

and the magnetic hard disks, where both have 50 billion dollar markets. Moreover, we can build new

systems and circuits with unique features.  Even if  some of  the circuits are redesigned in a way by

including memristor, it is possible to gain the similar functionality, but with fewer components. This makes

the circuits less expensive and with a lower power consumption. 

There are lots of discussions around the Moore’s law that essentially say that it will end in 10 years. So,

in ten years, we can get around 10 times more computing capacity by scaling transistors. Luckily, we can

have another order of magnitude capacity increase by using memristor/transistor hybrid chips (which

was described in 6.2.1). As mentioned, memristors are a hot research topic and several research groups

are working on different interesting applications. 

In respect to the future work, one can spend more time on memristor modeling. Despite having several

models that are already presented for memristor and other mem-elements, still there are a lot of room

left to be discovered about modeling. There is a need for a very accurate and stable model for circuit

design and simulation. The schematic circuit of the third model (macro model) can be improved by using

a more suitable function for the nonlinear resistor. And regarding the implementation, different materials

can be tested to see if they exhibit memristive behavior or not. I also think that in near future, other mem-

elements  such  as  the  memcapacitor  and  meminductor  will  gain  more  attention.  They  both  show

hysteresis behavior in their two relative variables (charge-voltage for memcapacitor and current-flux for

the meminductor) and they are both lossless. This will soon give rise to lossless non-volatile devices or

perhaps other interesting applications. 

Through this literature study, I gathered and listed around one thousand references which is organized

and categorized in a neat way. Hopefully this can be a good starting point for those who are going to

continue research in this area. It was a pleasure to be able to do research in such an active research

environment and work with nice and helpful colleagues. It is even more satisfying to see future students

working on this topic and taking this research to whole another levels.  
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9. APPENDIX

9.1 Veriloga model

9.1.1 Memristor model I

// VerilogA for marbleMem, marbleMem_memristor, veriloga

 

`include "constants.vams"

`include "disciplines.vams"

module marbleMem_memristor(P,N);

inout     N,P;

electrical  N,P;

parameter real Ron    = 1   ;

parameter real Roff   = 160 ;

parameter real uv     = 10f ;

parameter real D      = 10n ;  

parameter real w_init = 5n  ;

real w;

analog begin

@(initial_step) begin

       w = w_init;

end

w = uv*Ron/D*idt(I(P,N) , w_init);

V(P,N) <+ (Ron*w/D + Roff*(1-w/D)) * I(P,N);

end

endmodule
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9.1.2 Memristor model II

// VerilogA for marbleMem, marbleMem_memristor, veriloga

 `include "constants.vams"
`include "disciplines.vams"

module marbleMem_memristor(P,N);

inout     N,P;
electrical  N,P;
parameter real Ron    = 1   ;   //resistance of the doped region
parameter real Roff   = 160 ;   //resistance of the undoped region
parameter real uv     = 10f ;   //mobility of oxygen vacancies
parameter real D      = 10n ;   //width of the thin film
parameter real p      = 10  ;   //Joglekar window function coefficient
parameter real w_init = 5u  ;   //initial value of the state variable
real w,f;

analog begin

       @(initial_step) begin
            w = w_init;
       end

// defining the Joglekar window function
f = 1 - pow((2*w/D-1),(2*p));
w = uv*Ron/(D*D)*idt(I(P,N)*f,w);
V(P,N) <+ (Ron*w/D + Roff*(1-w/D))*I(P,N);

end
endmodule
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