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1 Introduction

We briefly describe two different new contributions to the theory for high order
stable SBP-SAT finite difference schemes. The complete description of the weak
boundary procedures for convergence to steady state is given in [1] while the
development of dual consistence schemes is presented in [2],[3],[4]. The reader is
referred to articles mentioned above for potentially missing details.

2 Weak solid wall boundary conditions and steady state

The formulations of solid wall boundary conditions for the Navier-Stokes equa-
tions and the related slip condition for the Euler equations are well known.
Less well known is the relation between these two formulations with a weak
implementation. One of the more striking features is the fact that with a weak
implementation of the boundary condition, the velocity at the wall becomes zero
only for very fine meshes.

The main reason to use weak boundary procedures stems from the fact
that together with summation-by-parts operators they lead to provable stable
schemes. For application of this technique to finite difference methods, node-
centered finite volume methods, spectral domain methods and various hybrid
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methods see the references in the original article [1] In this section we will con-
sider a new effect of using weak boundary procedures, namely that it in many
cases (all that we tried) speeds up the convergence to steady-state.

Most of the work on convergence acceleration to steady-state is done for
the discrete problem. Techniques such as local time-stepping, multigrid, resid-
ual smoothing, etc are used to enhance the convergence to steady-state. In the
majority of the investigations, the discrete problem including boundary condi-
tions, is formulated first, and the numerical convergence acceleration technique
is more or less independently added on afterwards. We will not consider this type
of numerical convergence acceleration techniques but rather focus on more fun-
damental aspects related directly to the governing equations and the numerical
scheme.

We will consider the basic requirement for convergence to steady-state, namely
the position of the eigenvalues (the spectrum) of the Initial Boundary Value
Problem (IBVP). The eigenvalues of the corresponding semi-discrete Initial Value
Problem (IVP) problem obtained by using the method of lines are equally im-
portant and will also be discussed. We start by formulating the relevant IBVP
and the data requirements for the existence of a steady-state solution. Next we
make sure that we have a well posed procedure (such that it is possible to reach
the steady-state) and finally quantify the speed of convergence using the utmost
right lying eigenvalue in the spectrum. That is repeated with minor technical
modifications (such as replacing the concept well-posedness by stability, investi-
gating numerical eigenvalues, etc.) for the IVP.

Finally we apply the general theory to the specific case of solid wall boundary
conditions. Our basic theoretical tools will be the classical ones, namely the en-
ergy method, the Laplace transform technique and the matrix exponential. Our
basic computational tool is a node vertex edge based flow solver for unstructured
grids, the Edge code developed by FOI.

2.1 The formulation of the IBVP for steady-state calculations

Consider the following time-dependent one-dimensional model problem.

ut +Au = F (x, t), x ≥ 0, t ≥ 0
Lu = g(t), x = 0, t ≥ 0
u = f(x), x ≥ 0, t = 0,

(1)

where u(x, t) = (u1, u2, .., um)T is the solution vector with m components, and
A = A(∂/∂x) is the differential operator. The forcing function F , the boundary
data g and the initial function f are the data of the problem. For simplicity we
disregard the influence of the right boundary.

Assume now that we want to use (1) and compute a steady solution v that
satisfies

Av = F̃ (x), x ≥ 0
Lv = g̃, x = 0.

(2)
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The difference problem that describes the possible convergence to steady-state is
obtained by subtracting (2) from (1). The deviation e = u− v from steady-state
satisfies

et +Ae = dF (x, t), x ≥ 0, t ≥ 0
Le = dg(t), x = 0, t ≥ 0
e = df(x), x ≥ 0, t = 0,

(3)

where dF (x, t) = F − F̃ , dg(t) = g − g̃ and df(x) = f − v. Note that we have
used the fact that vt = 0 to arrive at (3).

For a steady-state solution to exist, no time-dependent data are allowed. This
means that dF and dg must vanish as t→∞. Furthermore, we cannot expect to
be able to guess the initial condition that makes df = 0. The task is therefore to
develop techniques for the IBVP (3) with zero forcing function, zero boundary
data and non-zero initial function such that e→ 0 as t→∞.

For later reference, the final version of the steady-state problem under inves-
tigation is

et +Ae = 0, x ≥ 0, t ≥ 0
Le = 0, x = 0, t ≥ 0
e = f, x ≥ 0, t = 0.

(4)

Our ambition is to reduce e from its initial value f and reach zero fast.

2.2 Convergence to steady-state of solutions to the IBVP

We discuss the requirements for obtaining steady-state solutions (e = 0) in (4).
In almost all practical cases, the spatial operator A is given. The speed at which
e→ 0, the convergence rate to steady-state, can therefore only be manipulated
by the boundary condition Le = 0. Different choices of the boundary operator
L leads to different convergence rates.

The Laplace-transform method for the convergence rate The conver-
gence rate will be obtained by using the so called Laplace-transform technique,
see the references in [1]. Assume that a suitable boundary operator L has been
determined. The Laplace transformed version of (4) is

(sI +A)ê = f, x ≥ 0
Lê = 0, x = 0,

(5)

where s = η + iξ is the dual variable to time and

ê(x, s) = Le =

∫ ∞
0

e(x, t) exp (−st)dt. (6)

The integral in (6) is well defined if the time-growth of the solution e in (4) is
bounded, i.e. if (4) is well posed and η is sufficiently large and positive.

To solve (5) we make the ansatz êh = ψ exp (κx) for the homogeneous solu-
tion. The particular solution êp which depends on the initial data f is assumed
known. That leads to a generalized eigenvalue problem for κ(s) of the form

(sI +A(κ))ψ = 0, |sI +A(κ)| = 0. (7)
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The first equation in (7) has a non-trivial solution ψ 6= 0 if and only if there are
κ such that the second relation is satisfied. A(κ) is a polynomial in κ with matrix
coefficients. As an example, A = A∂/∂x+B∂2/∂x2 leads to A(κ) = Aκ+Bκ2

where A and B are matrices. Note that ψ = ψ(κ(s), s).
The homogeneous solution in the absence of multiple generalized eigenvalues

κ, is

êh =
∑
i

σiψi exp (κix). = ΨX̄(x)σ, (8)

where X̄(x) = diag[eκ1x, eκ2x, ...], X̄(x) = diag[eκ1x, eκ2x, ...], Ψ = [ψ1, ψ2, ...]
and σ = [σ1, σ2, ...]

T . The coefficients σi will be determined by the boundary
conditions. The total solution is given by ê = êh + êp. The boundary conditions
in (5) lead to Lêh = ĝ where ĝ = −Lêp. By using (8), the final equation for the
coefficients σi becomes

E(s)σ = ĝ, E(s) = LΨX̄(0). (9)

E(s) is a matrix with the structure given by the boundary operator L, the
eigenvectors ψi and the generalized eigenvalues κi. The right-hand side ĝ is
known and depend on the particular solution and it’s gradients on the boundary.

A unique solution σ is obtained if E in (9) is non-singular. With s such that
η > η∗ where all the possible singularities (or eigenvalues) in E lies to the left
in the complex plane, we can solve for σ and formally transform back to time
domain by

e(x, t) = L−1ê = exp (η∗t)

(
1

2π

∫ +∞

−∞
ê(x, η∗ + iξ) exp (iξt)dξ

)
. (10)

Convergence to steady-state is obtained if η∗ < 0. The way to increase the
convergence rate (η∗) to steady-state is to choose the boundary operator L such
that η∗ lies as far as possible to the left in the complex plane. For later reference
we denote η∗ = the continuous decay rate.
Remark: With multiple roots κ to the first equation in (7), the ansatz êh =
ψ exp (κx) must be reformulated. Instead of a constant vector, ψ is now of the
form ψ = ψ0 +xψ1...+xnψn, where n+ 1 is the multiplicity of the root κ. That
complicates the derivation above technically, but in principle it remains the same.
Also the conclusion that we have convergence to steady-state for η∗ < 0 remains
the same.

The energy method for deriving boundary conditions In the discussion
above, the boundary operator was assumed given. To derive suitable boundary
operators L such that e → 0 fast as t → ∞ we use the energy method. By
choosing dissipative boundary operators L we hope to push the spectrum (the
utmost right lying eigenvalues) as far left as possible in the left half plane.
Multiply (4) with eT , add the transpose of the equation, and integrate over the
domain. That leads to

‖e‖2t = −
∫ ∞

0

eT (A+AT )edx = BT (e, ex)x=0 −
∫ ∞

0

R(e, ex)dx. (11)
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For (11) to be well posed, the right-hand side (RHS) in (11) must be bounded
by const.‖e‖2.
Remark: In (11) we have assumed that the operator A may include second
derivatives (integration-by-parts yield boundary and volume terms with first
derivatives). All important hyperbolic (Euler, Maxwells, wave equations) and
parabolic (heat, stress equations) as well as incompletely parabolic problems
(Navier-Stokes equations) are thereby included.

For fast energy decay, the RHS in (11) should be made as negative as possible.
In almost all practical cases, the spatial operator A is given and hence also the
original form of the RHS. There is no possibility to modify the volume term R
(which must be negative semi-definite). The rate at which the norm is decreasing
(or increasing) can only be manipulated by the boundary condition Le = 0.
Different choices of L leads to different sizes and signs of BT (e, ex)x=0 and
different convergence rates.
Remark: No direct method for constructing boundary conditions that lead to
fast convergence to steady-state exist. In this paper we assume that forcing the
energy to decay fast, will lead to fast (a negative η∗ with large magnitude)
convergence to steady-state.

2.3 The formulation of the IVP for steady-state calculations

We discretize the IBVP (4) in space and leave time continuous, i.e. use the
method of lines. The focus is on the matrix properties of the resulting system of
ordinary differential equations. The semi-discrete version of (4) can formally be
written

et + Āe = 0, t ≥ 0
e = f, t = 0.

(12)

where e = (e0, e1, .., eN )T , ej = (e1, e2, .., em)Tj is the discrete version of the

deviation e from steady-state. Ā = A−Σ is a modified version of A, where A is
the (N + 1)m × (N + 1)m discretization matrix approximating the operator A
and N + 1 is the number of grid points. When the scheme is adjusted to include
the numerical treatment of the boundary conditions (Σ) we obtain Ā.

There are two distinctly different ways to prescribe boundary conditions for
node vertex solvers where the unknowns are located on the boundary. One can
use a weak or a strong boundary procedure. In a weak boundary procedure, the
quantities at the boundaries, even though they are known, are updated in time.
The boundary value typically deviates slightly from the prescribed value but the
deviation is reduced as the grid is refined. With a strong boundary procedure,
on the other hand, the specified boundary value is injected into the dependent
variable on the boundary. The boundary quantity is no longer an unknown, and
there is hence no need for an update.

In the case of a weak boundary procedure we have Ā = A − Σ where the
matrix A correspond to the internal discretization (often on so called summation-
by-parts (SBP) form). The incorporation of the continuous boundary conditions
Le = 0 is done weakly by using the penalty term Σe. The form of the penalty



6

matrix Σ depend on the boundary operator L, i.e. Σ = Σ(L). Roughly speaking,
the penalty term must be accurate and lead to stability.

A strong implementation of the continuous boundary conditions is not clearly
separable from the internal discretization (as is the weak boundary procedure). It
essentially amounts to modifying the internal operator A directly in the bound-
ary region and turn it into Ā. To facilitate the comparison with weak boundary
conditions we reformulate the strong implementation such that it directly mimics
the weak one. That means that we add and subtract terms to obtain the matrix
relation Ā = A − Σ where A is the same for both weak and strong boundary
procedures.

2.4 Convergence to steady-state of solutions to the IVP

We discuss the requirements for obtaining steady-state solutions e = 0 in (12).
The sign and size of the real part of the eigenvalues to Ā is the crucial factor
and they depend on the discretization of the spatial operator as well as on the
boundary procedure. We will focus on the influence of the boundary procedure
and keep the discretization of the spatial operator fixed.

The matrix exponential method for obtaining the convergence rate
Once we have the IVP on the form (12) we can write down the solution as

e = exp (−Āt)f, t ≥ 0, (13)

using the definition of the matrix exponential. Next we assume that Ā is diago-
nalizable (the algebraic multiplicity of the eigenvalues λi is equal to the geometric
multiplicity) such that Ā = XΛX−1 where Λ = diag(λi). That leads to

e = X exp (−Λt)X−1f, t ≥ 0, (14)

and convergence to steady-state if all <(λi) > 0. The way to increase the conver-
gence rate (mini<(λi)) to steady-state is to choose a boundary procedure such
that mini<(λi) lies as far as possible to the right in the complex plane. The sign
convention is such that mini<(λi)→ −η∗ as the mesh is refined.

Remark: If there are multiple roots λi such that Ā is not diagonalizable (the
algebraic multiplicity of the eigenvalues λi is larger than the geometric multi-
plicity), then we can use the Jordan decomposition of Ā. The derivation above
remains almost the same and the conclusion that we have convergence to steady-
state for mini<(λi) > 0 remains exactly the same.

The energy method for deriving boundary procedures To derive a suit-
able discretization, i.e. a matrix Ā with eigenvalues such that e → 0 as t → ∞
as was discussed above, we use the energy method. Multiply (12) with eT P̄
from the left, where P̄ ≡ (P ⊗ Im). Im is the m × m identity matrix and the
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(N + 1)× (N + 1) matrix P is symmetric and positive definite. The same holds
for P̄ , which thus is a valid norm ‖e‖2

P̄
= eT P̄e. This leads to

(‖e‖2P̄ )t = −eT (P̄ Ā+ (P̄ Ā)T )e. (15)

Recall that Ā includes both the interior approximation and the boundary proce-
dure. For (15) to be energy stable, the right-hand side (RHS) must be bounded
by const.(‖e‖2

P̄
).

For a steady state to exist, we know from the previous section that the
eigenvalues of Ā must have strictly positive real parts. We also know that if
mini<(λi) is large, the convergence will be fast. To manipulate the eigenvalues
of Ā directly is almost impossible. However, by using the energy method, see
(15), we can modify the matrix (P̄ Ā)S = (P̄ Ā + (P̄ Ā)T )/2 in such a way that
it modifies Ā and most likely enhances the convergence rate.

In most cases, the internal part of the discretization (A) is given by the class
of method chosen. The choice of boundary approximation (Σ), on the other hand
is crucial and will be considered in detail. As was mentioned above (Σ = Σ(L))
and it is therefore highly dependent on the boundary conditions in (4) but also
on the specific numerical implementation technique. In this paper we focus on
the latter.

Let us assume that we have chosen a particular boundary approximation such
that (P̄ Ā)S is positive definite and leads to an energy decay in (15). Let λ and
x be an eigenvalue and eigenvector to Ā. By multiplying the relation Āx = λx
from the left with x∗P̄ and rearranging we get

λ = <(λ) + i=(λ), <(λ) =
x∗(P̄ Ā)Sx

x∗P̄ x
, =(λ) =

x∗(P̄ Ā)ASx

x∗P̄ x
, (16)

where (P̄ Ā)AS = (P̄ Ā−(P̄ Ā)T )/2. Consequently, we can guarantee convergence
to steady-state if we have an energy decay in (15). We can also see from (16) that
by making (P̄ Ā)S = (P̄ Ā+(P̄ Ā)T )/2 more positive definite, there is a possibility
that we can increase the convergence rate mini<(λi). For later reference we
denote mini<(λi) = the discrete decay rate.

The strategy in this paper for studying the influence of weak and strong
solid wall boundary procedures can be summarized as follows. First we make
sure that the continuous solid wall boundary conditions are well posed and lead
to convergence to steady-state (otherwise further investigation is meaningless).
Next we discretize and derive the different forms of Ā = A−Σ. The inner scheme
A is the same for all cases but Σ varies depending on the form of boundary
implementation we use. We will study three types, the weak, the strong and an
intermediate form of implementation. After that we use the energy method and
try to determine if the schemes are stable. Finally we compute the eigenvalues
of Ā and see which procedure yields the largest value of mini<(λi).

2.5 Numerical results using a fully nonlinear finite volume solver

The analysis of our model problem, see details in the full article [1], indicate that
the weak scheme lead to faster convergence to steady-state. To investigate if this
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result carries over to the fully nonlinear Navier-Stokes equations, we use the fi-
nite volume solver Edge, which is applicable on both structured and unstructured
grids. The governing equations are integrated explicitly with a multistage local
time-stepping Runge-Kutta scheme to steady-state and acceleration by FAS ag-
glomeration multigrid can be used. There are numerous boundary conditions in
Edge for walls, external boundaries and periodic boundaries. In all calculations
we have used the same boundary conditions on all boundaries that are not solid
walls. These boundary conditions are imposed weakly.

Remark: The eigenvalues must be located in the right-half plane also for local
time-stepping schemes. Consider an IVP on the form Vt+ĀV = F . Diagonalizing
the IVP yields a system of scalar equations of the form (wj)t + λjwj = f̃j . The
scalar equations all require eigenvalues λj with positive real part in order not to
grow. This requirement is independent of whether one uses a time-accurate or
local time-stepping scheme.

The flow conditions for the NACA0012 airfoil are as follows: Mach number
M = 0.8, Reynolds number Re = 500 and α = 0◦ as the angle of attack. These
parameters yield a subsonic, low Reynolds flow which is assumed laminar.
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Fig. 1. The convergence of the density residual. NACA0012 at Mach number M = 0.8,
Reynolds number Re = 500 and α = 0◦ as the angle of attack.

Figure 1 displays the convergence to steady-state using the density residual.
A 3-stage first order accurate Runge-Kutta time integrator with CFL=1.25 is
used in combination with local time steps. No artificial dissipation is used. The
weak solution converges faster than the solutions obtained by the other two
schemes. The difference is more pronounced for the coarsest grid, which is what
is expected from the linear results. Next we investigate the flow over a flat plate.
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For x < 0, where no plate exist, a symmetry condition is used, and for x ≥ 0
the no-slip solid wall condition is imposed. The flat plate is 7 m long and has
a Reynolds number of 10.5 × 106 based on that length. The flow is modelled
as fully turbulent with an Explicit Algebraic Reynolds Stress Model (EARSM)
formulation based on a two-equation κ− ω model.
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Fig. 2. The convergence of the density residual. Flat plate at Mach number M = 0.07
and Reynolds number Re = 10.5 · 106. Single grid calculation.

The convergence of the density residual is shown in Figure 2. The weak
scheme converges slightly faster than the mixed scheme, while the strong scheme
does not converge at all. This behavior is also consistent with the linear analysis
which shoved that the strong scheme had an eigenvalue passing zero for the
coarsest mesh.

Next we investigate the influence of solid wall boundary procedures on the
multigrid acceleration technique. We consider the same flow field (the flat plate)
again. Now neither the mixed nor the strong boundary procedure converges, see
Figure 3. This is probably due to the fact that eigenvalues close to or equal to
zero (for our analogous linear problem in the full article) gives a non-decaying
energy.

Remark: The differences in steady state convergence between the boundary
conditions are most evident without numerical dissipation. In other calculations
the differences are smaller but still in favour of the weak boundary conditions.
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Fig. 3. The convergence of the density residual. Flat plate, M = 0.07, Reynolds number
Re = 10.5 · 106. Multigrid with three grid levels.

3 Functionals and dual problems

The solution of the governing equations might not be the output of primary
interest in many CFD applications. Of equal, or even greater, importance is
the computation of functionals from the solution. In general, a functional is
defined as any map from a vector space V into the underlying scalar field K.
Every vector space has an associated vector space called its dual (or adjoint)
space. The dual space is denoted by V ∗ and is defined as the space of all linear
functionals V → K.

The adjoint, or dual, operator L∗ of a linear operator L is the (unique)
operator satisfying

(v, Lu)V = (L∗v, u)V , (17)

where (., .)V denotes the inner product on the space V . The study of linear
functionals and dual spaces is the topic of functional analysis and additional
preliminaries can be found in any functional analysis textbook.

In this section, we consider initial boundary value problems of the form

ut + L(u) = F, x ∈ Ω,
B(u) = gΓ , x ∈ Γ ⊆ ∂Ω,

u = f, t = 0.
(18)

For applications in CFD, a linear functional of interest usually represents the
lift or drag on a solid body in a fluid, which is computed in terms of an integral
of the solution of (18). The functional can be represented in terms of an integral
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inner product as

J(u) = (g, u) =

∫
Ω

gTudΩ, (19)

where g is a weight function. A main complication in CFD is that no physically
relevant solutions have compact support in the computational domain. The dual
operator is obtained through integration by parts which will introduce boundary
terms that must be removed. The dual PDE has thus to be supplied with dual
boundary conditions to close the system.

The associated dual problem has been extensively studied and used in the
context of error control and adaptive mesh refinement as well as within opti-
mization and control problems. In error control and mesh adaptation, the dual
problem is derived and treated as a variational problem. In optimization and
control problems, the dual problem is derived and treated as a sensitivity prob-
lem with respect to design parameters. In the end, the two different formulations
yield the same dual problem. A similarity for the different areas of applications
is that most of them are based on unstructured methods.

3.1 Quadrature accuracy

Only recently was the study of duality introduced to structured methods, such
as the SBP-SAT technique. Recall that the SBP operator was constructed to
satisfy

(vh, D1uh)h = uTh (EN − E0)vh − (D1vh, uh)h, (20)

which mimics an integration property, rather than a differentiation property.
While the differentiation properties of the SBP operator has been extensively
studied and used, the integration properties of the matrix P have been much less
explored. The integration properties of P was thoroughly investigated by Hicken
and Zingg [5]. It was shown that the requirements on P to obtain an accurate
SBP operator include, and extend, the Gregory formulas for quadrature rules
using equidistant points. Two main results were proven and are restated here for
convenience. The first theorem establishes the accuracy of P as an integration
operator;

Theorem 1. Let P be a full, restricted-full, or diagonal mass matrix from an
SBP first-derivative operator D1 = P−1Q, which is a 2p-order accurate approxi-
mation to the first derivative in the interior. Then the mass matrix P constitutes
a 2p-order accurate quadrature for integrands u ∈ C2p(Ω).

The second theorem extends the results to include discrete integrands computed
from an SBP differentiation;

Theorem 2. Let D1 = P−1Q be a an SBP first derivative operator with a
diagonal mass matrix P and 2p-order interior accuracy. Then (vh, D1uh)h is a
2p-order accurate approximation of (v, ux).

These theorems proved in summary that it is possible to retain the full order
of accuracy when computing integrals from an SBP discretization, even with a
diagonal P .
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3.2 Dual consistency

For initial boundary value problems (IBVPs), it is not sufficient to integrate the
solution obtained by an SBP-SAT discretization using P to obtain a functional
of 2p-order accuracy. It was shown in [6] that an additional property of the
discretization was required—the so called dual consistency property. The main
result in [6] extends the results in [5] to include SBP-SAT solutions to IBVPs.
Even though the solution uh to an IBVP using SBP-SAT is accurate of order
p + 1 when using a diagonal P , any linear functional of uh is accurate of order
2p when integrated using P , if the discretization is dual consistent.

As suggested by the name, dual consistency requires that the discretization
of the primal problem is also a consistent approximation of the dual problem. In
order to construct a dual consistent discretization, one first have to derive the
dual problem and work with both the primal and dual problems simultaneously.
To obtain the dual differential operator we consider the linear, or linearized,
Cauchy problem,

ut + Lu = f, x ∈ Ω,
u = 0, t = 0,

J(u) = (g, u)
(21)

where J(u) is a linear functional of interest. We seek a function θ, in some
appropriate function space, such that

T∫
0

J(u)dt =

T∫
0

(θ, f)dt. (22)

Using integration by parts, we can write

T∫
0

J(u)dt =
T∫
0

J(u)dt−
T∫
0

(θ, ut + Lu− f)dt

=
T∫
0

(θt − L∗θ + g, u)dt− [(θ, u)]t=T +
T∫
0

(θ, f)dt

(23)

and it is clear that θ = 0 at t = T is needed, and that θ has to satisfy the dual
equation −θt + L∗θ = g. The time transform τ = T − t is usually introduced,
and the dual Cauchy problem becomes

θτ + L∗θ = g, x ∈ Ω,
θ = 0, τ = 0.

(24)

The situation is more complicated for IBVPs. Since the primal equation does
not have compact support in general, the boundary terms resulting from the
integration by parts procedure has to be properly taken care of by the homo-
geneous primal boundary conditions. The dual boundary conditions are defined
as the minimal set of homogeneous conditions such that the boundary terms
vanish after the homogeneous primal boundary conditions have been applied.
Still, one needs to investigate the well-posedness of the dual equation with the
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resulting dual boundary conditions. A well-posed set of boundary conditions for
the primal problem does not necessary lead to a well-posed dual problem.

A discretization of a problem with a functional of interest can be written as

d
dtuh + Lhuh = f,

Jh(uh) = (g, uh)h,
(25)

where the entire spatial discretization, including the boundary conditions, has
been collected into the discrete operator Lh. Recall that the inner product is
defined as

(vh, uh)h = vTh Puh (26)

in an SBP-SAT framework. The discrete adjoint operator L∗h is defined, analo-
gously to (17), as the unique operator satisfying

(vh, Lhuh)h = (L∗hvh, uh)h. (27)

The discrete adjoint operator can hence be explicitly computed, using (26)
and (27), as

L∗h = P−1LThP. (28)

The discrete dual problem is obtained analogously to the continuous case by

finding θh such that
∫ T

0
Jh(uh)dt =

∫ T
0

(θh, f)dt. Integration by parts and (28)
gives

T∫
0

Jh(uh)dt =
T∫
0

(g, uh)hdt−
T∫
0

(θh,
d
dtuh + Lhuh − f)hdt

=
T∫
0

( ddtθh − L
∗
hθh + g, uh)hdt− [(θh, uh)h]t=T +

T∫
0

(θh, f)hdt

(29)

and hence the θh has to satisfy the discrete dual problem

d
dτ θh + L∗hθh = g,

θh = 0, τ = 0,
(30)

where τ = T − t. Dual consistency can now be defined in terms of L∗h and L∗;

Definition 1. A discretization is called dual consistent if L∗h is a consistent
approximation of L∗ and the continuous dual boundary conditions.

The above definition is not specific for SBP-SAT discretizations. Any discretiza-
tion which can be written in the form (25) is applicable. The SBP-SAT technique
is particularly well-suited for this framework because of the well-defined inner
product and operator form.

It is common, in optimization for example, that continuous and discrete ad-
joint methods are distinguished. This is because the discrete adjoint operator
does not approximate the continuous adjoint operator and boundary conditions
in general. In the SBP-SAT framework, the dual consistency property can al-
low for very efficient use of adjoint based techniques due to the unification of
the continuous and discrete adjoints. SBP-SAT is not the only method which
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offers consistency with the dual equations. It was shown that, for example, the
discontinuous Galerkin method can also exhibit this property.

The dual consistency property can be easily exemplified using the model
problem (31). Dual consistency does not depend on any data of the problem
but only the differential operator and the form of the boundary conditions. We
hence consider the inhomogeneous problem with homogeneous boundary and
initial conditions,

ut + ūux = f, 0 ≤ x ≤ 1
u(0, t) = 0,
u(x, 0) = 0,
J(u) = (g, u)

(31)

where J(u) is a linear functional of interest. We seek a function θ so that∫ T
0
J(u)dt =

∫ T
0

(θ, f)dt and integration by parts gives

T∫
0

J(u)dt =
T∫
0

J(u)dt−
T∫
0

(θ, ut + ūux − f)dt

=
T∫
0

(θt + ūθx + g, u)dt−
1∫
0

[θu]t=T dx−
T∫
0

[ūθu]x=1dt+
T∫
0

(θ, f)dt.

(32)

It is clear that θ has to satisfy the dual problem

θτ − ūθx = g, 0 ≤ x ≤ 1,
θ(1, τ) = 0,
θ(x, 0) = 0,

(33)

where we have introduced the time transform τ = T − t.
The model problem (31) can be discretized as

d
dtuh + ūD1uh = σP−1(eT0 uh − 0)e0 + f,

Jh(uh) = (g, uh)h,
(34)

and the parameter σ has to be determined so that the scheme is not only stable,
but also a consistent approximation of the dual problem (33). It is convenient
to rewrite (34) in operator form as

d

dt
uh + Lhuh = f, (35)

where the spatial discretization, including the boundary condition, is included
in the operator

Lh = ūD1 − σP−1E0. (36)

The discrete dual operator can be directly computed as

L∗h = P−1LThP = −ūD1 + ūP−1EN − (σ + ū)P−1E0, (37)

and it is seen that L∗h imposes a boundary condition at x = 0, due to the last
term in (37), unless σ = −ū. With σ = −ū, the discrete dual problem becomes

d

dτ
θh − ūD1θh = −ūP−1ENθh + g, (38)
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which is a consistent approximation of the dual problem (33). Since σ = −ū does
not contradict the stability condition (σ ≤ −ū/2), the scheme is both stable and
dual consistent. In Table 1 we show the convergence rates q for the solution and
the functionals, together with the functional error, using the dual inconsistent
and consistent schemes. As we can see from Table 1, the convergence rate for

Table 1. Convergence rates q, and functional errors for the dual inconsistent and
consistent schemes

5th-order (2p = 8)

σ = −1/2 σ = −1

N q(uh) q(Jh(uh)) Error q(uh) q(Jh(uh)) Error

96 4.58 4.51 1.87e-05 5.14 8.20 7.54e-09
128 4.87 4.80 3.02e-06 5.34 7.96 2.71e-10
160 4.97 4.91 7.58e-07 5.41 8.02 2.74e-11
192 5.02 4.97 2.53e-07 5.44 8.06 4.58e-12
224 5.05 5.01 1.02e-07 5.46 8.21 1.05e-12
256 5.06 5.04 4.72e-08 5.46 8.62 2.97e-13

the linear functional increases from p + 1 to 2p when using the dual consistent
discretization. Also notice that dual consistency is merely a choice of parameters.
The solution of the dual problem is never required and hence the increased rate
of convergence for linear functionals comes at no extra computational cost.

3.3 Boundary conditions

The theory of dual consistency is not only useful for deriving schemes with
superconvergent integral functionals. By simultaneously considering the primal
and dual equals, new boundary conditions can be derived. As an example, we
will consider the linearized and symmetrized compressible Navier–Stokes and
Euler equals in two space dimensions:

Ut +AUx +BUy = ε((C11Ux + C12Uy)x + (C21Ux + C22Uy)y). (39)

The Euler equations are obtained by setting ε = 0. This seemingly small change,
to have ε = 0 or not, have a huge impact on the boundary conditions. Lets
consider the unit square for simplicity.

A commonly used far-field boundary condition is of the form

HWU − ε(C11Ux + C12Uy) = 0, HEU + ε(C11Ux + C12Uy) = 0,
HSU − ε(C21Ux + C22Uy) = 0, HNU + ε(C21Ux + C22Uy) = 0,

(40)

where the matrices HW,E,S,N (W,E,S,N refers to the west, east, south, and north
boundaries, respectively) have to be construed for well-posedness. A well-known
problem is that for subsonic outflow boundaries, matrices that give a well-posed
problem for one of the equations, give an ill-posed problem for the other. One
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can hence not switch between the Navier–Stokes and Euler equations by simply
putting ε = 0 or not. When attempting to remedy this problem, one has to put
up general matrices with general coefficients and try to determine them to get
the properties one wants. In two dimensions, the matrices are 4×4, each with 16
undetermined coefficients, and the parameter space simply becomes too large.

More equations are needed to deal with the amount of undetermined pa-
rameters. By considering not only well-posedness of the primal equations, but
also of the dual equations, we get exactly what we need. To derive the dual
Navier–Stokes equations we consider (39) in the form

Ut + LU = F, (x, y) ∈ Ω,
BU = 0, (x, y) ∈ Γ ⊆ ∂Ω,
U = 0, t = 0,

J(U) = (G,U).

(41)

In (41), J(U) is a linear integral functional with a weight function G and B
implements the boundary conditions in (40). The right-hand side F may be
identically zero, but a symbol is needed to perform integration by parts when
deriving the dual problem. The differential operator L is given by

L = A
∂

∂x
+B

∂

∂y
−ε
((

C11
∂

∂x
+ C12

∂

∂y

)
∂

∂x
+

(
C21

∂

∂x
+ C22

∂

∂y

)
∂

∂y

)
. (42)

We seek a function Θ = [θ1, θ2, θ3, θ4]T such that
T∫
0

J(U)dt =
T∫
0

(Θ,F ), and we

get by the Gauss–Green formula

T∫
0

J(U)dt =
T∫
0

(G,U)−
T∫
0

(Θ,Ut + LU − F )dt

=
T∫
0

(Θ,F )dt+
T∫
0

(Θt − L∗Θ +G,U)dt

+
T∫
0

∫
W

ΘT (AU − ε(C11Ux + C12Uy)dydt+ ε
T∫
0

∫
W

(ΘTxC11 +ΘTy C12)Udydt

−
T∫
0

∫
E

ΘT (AU − ε(C11Ux + C12Uy)dydt− ε
T∫
0

∫
E

(ΘTxC11 +ΘTy C12)Udydt

+
T∫
0

∫
S

ΘT (BU − ε(C21Ux + C22Uy)dxdt+ ε
T∫
0

∫
S

(ΘTxC21 +ΘTy C22)Udxdt

−
T∫
0

∫
N

ΘT (BU − ε(C21Ux + C22Uy)dxdt− ε
T∫
0

∫
N

(ΘTxC21 +ΘTy C22)Udxdt

−
∫
Ω

[ΘTU ]t=T dΩ,

(43)
where

∫
W,E,S,N

denotes integration over the west, east, south, and north bound-
ary, respectively. The dual operator, L∗, is given by

L∗ = −A ∂

∂x
−B ∂

∂y
− ε

((
C11

∂

∂x
+ C12

∂

∂y

)
∂

∂x
+

(
C21

∂

∂x
+ C22

∂

∂y

)
∂

∂y

)
,

(44)
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and we obtain the dual boundary conditions by applying the homogeneous primal
boundary conditions to the boundary integral terms.

By using (40), we can write (43) as

T∫
0

J(U)dt =
T∫
0

(Θ,F )dt+
T∫
0

(Θt − L∗Θ +G,U)dt

+
T∫
0

∫
W

UT ((A−HT
W )Θ + ε(C11Θx + C12Θy))dydt

−
T∫
0

∫
E

UT ((A+HT
E )Θ + ε(C11Θx + C12Θy))dydt

+
T∫
0

∫
S

UT ((B −HT
S )Θ + ε(C21Θx + C22Θy))dxdt

−
T∫
0

∫
N

UT ((B +HT
N )Θ + ε(C21Θx + C22Θy))dxdt.

(45)

We introduce the dual time variable, τ = T −t, and the function Θ has to satisfy
the dual Navier–Stokes equations

Θτ −AΘx −BΘy = ε((C11Θx + C12Θy)x + (C21Θx + C22Θy)y) +G (46)

with the dual boundary conditions

(A−HT
W )Θ + ε(C11Θx + C12Θy) = 0, (A+HT

E )Θ + ε(C11Θx + C12Θy) = 0,
(B −HT

S )Θ + ε(C21Θx + C22Θy) = 0, (B +HT
N )Θ + ε(C21Θx + C22Θy) = 0,

(47)
together with a homogeneous initial condition at τ = 0.

An interesting property is that the primal equations (39) with the primal
boundary conditions (40), and the dual equations (46) with the dual boundary
conditions (47), share the same energy estimate. Let Φ be either the primal
variable U or the dual variable Θ. Then

||Φ||2t,τ + 2ε
∫
Ω

(∇ΦT )C(∇Φ)T dΩ =

−
∫
W

ΦT (−A+HW +HT
W )Φdy −

∫
E

ΦT (A+HE +HT
E )Φdy

−
∫
S

ΦT (−B +HS +HT
S )Φdx−

∫
N

ΦT (B +HN +HT
N )Φdx,

(48)

where C is a positive semi-definite matrix. It is clear that HW,E,S,N must be
chosen such that

−A+HW +HT
W ≥ 0, A+HE +HT

E ≥ 0,

−B +HS +HT
S ≥ 0, B +HN +HT

N ≥ 0,
(49)

in order to obtain a bounded energy growth and hence an energy estimate for
both the primal and dual Navier–Stokes and Euler equations. Energy estimates
are, however, not sufficient. It is also required that the correct number of bound-
ary conditions are imposed to get well-posed problems, see Table 2. An operator
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Table 2. Number of boundary conditions required for the primal and dual Navier–
Stokes and Euler equations under subsonic conditions with positive velocity compo-
nents

Number of b.c.

Boundary West East South North

Primal Navier–Stokes 4 3 4 3
Dual Navier–Stokes 3 4 3 4
Primal Euler 3 1 3 1
Dual Euler 1 3 1 3

which have an energy estimate with a minimal number of boundary conditions,
such that existence is guaranteed, is called maximally semi-bounded and leads
directly to well-posedness.

For subsonic outflow boundaries, we chose to construct HE such that the
pressure is specified for the primal Euler equations. In this case, HE has to
satisfy:

1. The top row of HE is zero
2. The top row of A+HT

E is non-zero
3. rank(HE) = 1
4. rank(A+HT

E ) = 3
5. A+HE +HT

E ≥ 0

Requirements (1) and (2) set the correct number of boundary conditions for
the primal and dual Navier-Stokes equations, requirements (3) and (4) set the
correct number of boundary conditions for the primal and dual Euler equa-
tions, and requirement (5) gives energy estimates of both the primal and dual
Navier-Stokes and Euler equations, respectively. The above requirements make
the matrix HE uniquely determined. From potentially 16 undetermined param-
eters, the requirements of primal and dual well-posedness gives unique solutions
to all parameters. The result is summarized in

Theorem 3. Let the matrix HE be given by

HE =
ū2 − c̄2

c̄
√
γ


0 0 0 0
1 0 0

√
γ − 1

0 0 0 0
0 0 0 0

 . (50)

Then the boundary conditions

HEΦ+ ε(C11Φx + C12Φy) = 0 (51)

are well-posed subsonic outflow conditions for the primal and dual Navier–Stokes
and, for ε = 0, the primal and dual Euler equations.

The details of the proof, and the remaining boundaries together with the dual
consistent SBP-SAT discretizations, can be found in [4].
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4 Multigrid for higher order accurate finite difference
schemes

Multigrid is well established for industrial second order accurate CFD codes
like Edge and other codes for structured grids [7]. For higher order accurate
finite difference CFD codes, however, multigrid has so far not been used for
convergence acceleration. We have taken the first steps towards using multigrid in
a higher order accurate finite difference solver. We have analyzed the eigenvalues
to the iteration matrix using multigrid for a model problem of the linearized
one-dimensional Navier-Stokes equations. The spatial operators considered are
exactly the operators based on the SBP-SAT technique.

The Navier-Stokes equations in one dimension can be written as

ut + Fx = 0; F = F I − εFV (52)

where superscripts I, V denotes the inviscid and viscous fluxes, respectively and u
is the vector of the three conservative variables. In order to study the eigenvalues
of the spectra we consider the non-dimensional and linearized Navier-Stokes
equations

wt +Awwx −Bwxx = 0 (53)

where w contains the primitive variables. Matrices Aw, B are constant matrices
and contain averaged values from which the linearization is made.

Multigrid is applied to accelerate the convergence to steady state of a linear
problem formulated as

wt + Lw = 0 (54)

where the spatial operator L contains the entire discretization in one space di-
mension x including boundary conditions,

L(w) = (ξx ⊗ I3) ((Dξ ⊗Aw)w + (Dξ ⊗ I3)(ξx ⊗ I3)(Dξ ⊗B)w − Pen) , (55)

where ξx is the metric operator, I3 is a 3× 3 identify matrix, Dξ = P−1Q is the
first difference SBP operator and Pen contains the boundary penalty terms.

In non-linear multigrid the same equations are solved and iterated on coarser
grids but with a forcing term on the right hand side. We assume Ngrid ≥ 1
multigrid levels and introduce index l to denote the current grid level and denote
l = 1 the finest level with the original grid and l = Ngrid the coarsest grid. Then
the following equations are solved on the different grid levels:

Level 1 : wlt + Llwl = 0
Level l, 1 < l ≤ Ngrid : wlt + Llwl = Fl = Llr

l
l−1wl−1 − rll−1Ll−1wl−1

(56)

where Fl is the forcing function and is constant when iterating on the coarse
grids. rll−1 is the restriction operator used to transfer information from fine to
coarse grid between levels l − 1, l. The coarse grid solution is iterated one time
level after which the solution difference is interpolated, or prolongated, back to
the finer level using a prolongation operator pl−1

l .
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The solution is iterated in time using a time integrator which is denoted a
smoother. Here we consider an explicit m-stage Runge-Kutta time integrator
which integrates (54) as

w0
l = wnl

w1
l = w0

l − α1∆t(Llw
0
l − Fl)

...
wml = w0

l − αm∆t(Llw
m−1
l − Fl)

wn+1
l = wml

(57)

where F1 = 0 and ∆t the time step. The smoother Sl can then be formulated as

wn+1
l = Slw

n
l + (I − Sl)L−1

l Fl (58)

where wnl , wn+1
l are the solution vectors at two consecutive time levels n, n+ 1

and where
Sl = I + β1∆tLl + β2∆t

2L2
l + +β3∆t

3L3
l + . . . (59)

and (β1, β2, β3, . . . ) = (αm, αmαm−1, αmαm−1αm−2, . . . ).
We want to compare the eigenvalues of the fine grid iteration matrix M1,

sometimes denoted amplification matrix, where

wn+1
1 = M1w

n
1 . (60)

Stability requires that all eigenvalues satisfy | M1 |≤ 1 . The iteration matrix
for multigrid can be written as

Level l, 1 ≤ l < Ngrid : Ml = Sν1l
(
I − pll+1(I −Ml+1)L−1

l+1r
l+1
l

)
Sν2l

Level Ngrid : MNgrid
= SNgrid

(61)

where ν1, ν2 are the number of pre- and post smoothing steps. A single smoothing
step is performed on the coarsest grid.

In the example below we apply wall boundary conditions at one end (x = 0)
and characteristic outflow conditions at the other end (x = 1) with corresponding
penalty terms with stable values of penalty parameters. We use a first order
accurate 3-stage Runge-Kutta time integrator with (α1, α2, α3) = (2/3, 2/3, 1),
and we choose inviscid flow conditions, ε = 0, at a low Mach number M∞ = 0.1.
The grid is stretched towards the wall reflected in the metric operator ξx in (55).

In Figures 4 and 5 the eigenvalues corresponding to a second and third or-
der (fourth order in the interior and second order on the boundaries) accurate
discretization are shown using 1 − 3 grid levels. The eigenvalues are within the
stability limits with both discretizations. The stability depends on the choice
of grid transfer operators (restriction and prolongation) though which requires
further analysis investigations.

5 Conclusions

Two completely new developments for increased performance of the high order
and stable SBP-SAT finite difference technique has been described. The use of
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(a) Ngrid = 1 (b) Ngrid = 2 (c) Ngrid = 3

Fig. 4. Eigenvalues of iteration matrix M1 using a second order SBP discretization

(a) Ngrid = 1 (b) Ngrid = 2 (c) Ngrid = 3

Fig. 5. Eigenvalues of iteration matrix M1 using a third order SBP discretization
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weak boundary conditions leads to increased convergence rate to steady state
both for single and multigrid calculations. Dual consistent schemes produces
superconvergent functionals such as lift and drag and increases accuracy. The
dual consistency comes at no extra cost.

The first steps have been taken to introduce multigrid in a higher order accu-
rate finite difference scheme by analyzing eigenvalues of a one-dimensional model
problem of the linearized Euler equations. The results look promising and there
is no indication that multigrid should not work as convergence accelerator in a
higher order accurate finite difference code, further investigations are required.

Finally we mention that the obvious benefits shown in this chapter of using
weak boundary procedures and dual consistent schemes are also valid for other
computational techniques techniques such discontinuous Galerkin, finite contin-
uous finite elements, spectral elements etc. Only technical implementation issues
differ, but not the fundamental gains that can be obtained.
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