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Abstract

We construct accurate central difference stencils for problems involving high
frequency waves or multi-frequency solutions over long time intervals with
a relatively coarse spatial mesh, and with an easily obtained bound on the
dispersion error. This is done by demonstrating that the problem of con-
structing central difference stencils that have minimal dispersion error in the
infinity norm can be recast into a problem of approximating a continuous
function from a finite dimensional subspace with a basis forming a Cheby-
shev set. In this new formulation, characterising and numerically obtaining
optimised schemes can be done using established theory.

Keywords: Dispersion relation; Wave propagation; Wavenumber
approximation; Finite differences; Approximation theory

1. Introduction and motivation

Consider an approximation of a first derivative ux of some function u(x, t)
at the point x = xi. Finite difference stencils have traditionally been con-
structed by optimising the approximation accuracy with respect to the band-
width of the scheme. For central stencils using p values of u on either side of
xi, this is normally done using Taylor expansions with the requirement that(

∂u

∂x

)
i

+O(∆x2p) =
1

∆x

p∑
k=1

c
(p)
k (ui+k − ui−k), (1)
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which uniquely determines the stencil coefficients c(p)
k . Here ∆x is the spatial

step size of the discretisation. We will throughout this paper refer to such
schemes as classical and quantities related to these schemes will be denoted
with a subscript c.

The philosophy behind the classical stencils is that the error in the approx-
imation is dominated by the truncation error of the corresponding Taylor
series. However, for problems involving the propagation of high frequency
waves over large intervals the error may instead be dominated by inexact
approximations of the dispersion relation. Such waves require small spatial
increments in order to be properly resolved, which puts restrictions on ∆x.

Problems of this type are common in computational fluid dynamics, aeroa-
coustics, electromagnetism, elasticity and seismology, see e.g. [1, 2, 3, 4, 5, 6].
Wave properties encoded within the dispersion relation include phase veloc-
ity, group velocity, anisotropy and dissipation. It is therefore of interest to
develop difference schemes that preserve the analytic dispersion relation of
the governing equations for a wide range of spatial increments. Such schemes
have received considerable attention during the past few decades. Among the
earliest comprehensive treatments are [7, 8]. For other approaches, see e.g.
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

In this paper we will construct new central difference stencils that approxi-
mate first derivatives. These schemes have suboptimal accuracy relative to
the bandwidth, leaving a set of free stencil parameters that will be used
to preserve the dispersion relation. We will minimise the dispersion error
uniformly, that is in the L∞-sense, which results in stencils with an easily
computable, guaranteed largest dispersion error for any wavenumber in some
finite range.

This paper is structured as follows: In Section 2 we give some preliminary
information regarding notation and relevant theoretical concepts. In Section
3 we discuss dispersion properties of the classical central difference stencils.
In Section 4 we formulate and solve the problem of constructing stencils with
uniformly minimised dispersion error. In Section 5 we give some details about
how such schemes are found numerically. We corroborate our findings with
numerical examples in Section 6. Finally, we finish with concluding remarks
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in Section 7.

2. Preliminaries

Before we proceed we introduce the notation and theoretical concepts that
we will require.

2.1. Notation
We will throughout this paper separate analytic quantities, quantities relat-
ing to classical central difference schemes (denoted with a subscript c), and
quantities relating to new, optimised schemes. Approximations are marked
with an overbar. In Table 1 we list those quantities where confusion may
occur:

Analytic Classical Optimised
Frequency ω ω̄c ω̄
Wavenumber κ κ̄c κ̄
Normalised Wavenumber ξ = κ∆x ξ̄c ξ̄
Phase speed vp v̄pc v̄p
Group speed vg v̄gc v̄g
Dispersion error Ec(ξ) = ξ−ξ̄c E(ξ, a) = ξ−ξ̄

Table 1: Notation

Functions will be denoted by lower case letters, e.g. u(x, t), unless otherwise
specified. If a function is approximated on a discrete grid we write the ap-
proximation as a vector, e.g. u = (u0, . . . uN)T . Here uj is the jth element
of the (N + 1)-dimensional vector u(t) approximating the function u(x, t) at
the point x = xj, 0 ≤ j ≤ N . Let ∆x = xj+1 − xj be the spatial step size.
Then xj = j∆x.

2.2. Analytic and Numerical dispersion relations
In this paper we consider the numerical dispersion relations of explicit cen-
tral difference stencils approximating a first derivative in space. We will
therefore study semi-discretisations with no concern for the role of the time
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dependence. As our starting point it is thus sufficient to consider a govern-
ing partial differential equation with a single first derivative in space. The
simplest example is the periodic advection equation,

ut + cux = 0, 0 ≤ t (2)

where we assume that c > 0. Assume further that the solution u(x, t)
has a uniformly convergent Fourier expansion. Then we may consider so-
lutions in the form of a general Fourier mode, u(x, t) = exp (i(κx− ωt)),
with wavenumber κ and angular frequency ω. Inserting u into (2) implies

ω = cκ. (3)

Phase speed vp, and group speed vg, are respectively defined as

vp =
ω

κ
= c, vg =

∂ω

∂κ
= c.

Thus (2) describes a wave travelling to the right at speed c. The relation (3)
is the analytic dispersion relation. The problem (2) is non-dispersive in the
sense that the phase speed is independent of the wavenumber, i.e. all waves
of any frequency propagate equally fast.

Let us discretise (2) with a classical spatial central difference operator D of
the form (1);

duj
dt

+ cDuj = 0,

where uj approximates u(xj, t). Again, inserting a general Fourier mode gives
the numerical dispersion relation

ω̄c = 2
c

∆x

p∑
k=1

c
(p)
k sin (k∆xκ) (4)

where c(p)
k , k = 1, . . . , p as before are the stencil coefficients of the 2pth order

classical scheme. Note that we have introduced an overbar to signify that
we are considering a numerical approximation of the analytic frequency. The
numerical phase and group speeds of the classical scheme are

v̄pc =
ω̄c
κ
, v̄gc =

∂ω̄c
∂κ

. (5)
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Note from (4) and (5) that the numerical phase speed is dependent on the
wavenumber. The approximation is thus inherently dispersive, which is what
gives rise to the dispersion error and subsequent errors in phase and group
velocity etc.

We let ξ = κ∆x be the normalised wavenumber and subsequently normalise
(4) with ∆x/c:

ξ̄c ≡ κ̄c∆x =
ω̄c∆x

c
= 2

p∑
k=1

c
(p)
k sin (kξ). (6)

Here we have simply defined κ̄c = ω̄c/c in analogy with (3).

Noting that the smallest wavelength the scheme can resolve is λmin = 2∆x,
we find that the largest resolvable wavenumber is κmax = 2π/λmin = π/∆x.
Thus we always have |ξ| ≤ π, though typically we will consider some smaller
range of wavenumbers, ξ ∈ [0, ξmax].

Equation (6) gives the (normalised) numerical wavenumber as a function of
the analytic wavenumber, ξ ∈ [0, π]. We define the dispersion error of the
classical stencil as Ec(ξ) = ξ − ξ̄c. Functions of this type will be the main
focus of this paper.

2.3. Approximation theory
Let g(x), θi(x), i = 1, . . . , n be continuous functions of x ∈ [xL, xR]. In this
paper we will face problems on the form

find argmin
a∈Rn

‖r(x, a)‖∞, (7)

where

r(x, a) = g(x)−
n∑
i=1

aiθi(x)

and a = (a1, . . . , an). We may without loss of generality assume that the set
{θi} is linearly independent (for otherwise we could consider some smaller
linearly independent subset), that is

∑
aiθi(x) = 0 if and only if a = 0.

Thus the functions θi form a basis for some n-dimensional vector space. The
problem (7) is therefore about approximating a continuous function from a
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subspace of finite dimension.

It is of course desirable to know if a solution to (7) exists and, if so, whether or
not it is unique. To answer these questions we need the following definitions
(see e.g. [20] for details):

Definition 1. The set of functions, {θi}, i = 1, . . . , n forms a Chebyshev
set on the interval [xL, xR] if any non-trivial linear combination has at most
(n− 1) zeros in in this interval.

Definition 2. LetM(a) denote the set of points {x1, x2, . . . } at which |r(x, a)| =
‖r(x, a)‖∞. Then r(x, a) is said to alternate n times on [0, ξmax] if M(a)
contains (n+ 1) points xL ≤ x1 < x2 < · · · < xn+1 ≤ xR such that

r(xi, a) = −r(xi+1, a), i = 1, . . . , n.

The set {xi} is referred to as an alternating set.

The following result due to Young [21] answers the questions of existence and
uniqueness of a solution to the problem (7):

Theorem 1. Let {θi}, i = 1, . . . , n be a Chebyshev set on [xL, xR]. Then
there exists a unique solution a to problem (7). For this solution, r(x, a) has
an alternating set of (n+ 1) points in [xL, xR].

For convenience we will also use the following definition:

Definition 3. If a vector a solves problem (7), then
∑
aiθi is called a best

approximation of g(x).

3. Classical central difference stencils

We begin with a discussion of why classical schemes are non-optimal for
wavenumber approximations. Recall that a subscript c denotes quantities
related to the classical stencils.

Consider again the (2p+ 1) point classical central difference stencil of order
O(∆x2p) in (1). As before, c(p)

k are the stencil coefficient of the 2pth order
classical scheme. A Taylor expansion reveals that in order to achieve desired
accuracy, c(p)

k must for all k satisfy
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1 2 . . . p
1 23 . . . p3

...
...

...
1 22p−1 . . . p2p−1



cp1
cp2
...
cpp

 =


1
2

0
...
0

 . (8)

The solution to this system of equations is known to be (see e.g. [22])

c
(p)
k = (−1)k−1

(
p
k

)
k
(
p+k
p

) = (−1)k−1 (p!)2

k(p− k)!(p+ k)!
. (9)

The following observation is useful. The proof is found in Appendix A.

Lemma 1. Consider the function

f (p)
c (x) = 1− 2

p∑
k=1

c
(p)
k kTk(x)

where Tk(x) is the kth order Chebyshev polynomial of the first kind, uniquely
defined through the relation Tk(cos (φ)) = cos (kφ). Then

f (p)
c (x) = dp(1− x)p, dp =

2p(
2p
p

) .
We are in position to show

Theorem 2. Classical central difference stencils underestimate the phase
and group speeds of propagating solutions.

Proof. From (6) we have that

ξ̄c = 2

p∑
k=1

c
(p)
k sin (kξ)

is the numerical wavenumber associated with a classical stencil. We define
the corresponding error function

Ec(ξ) := ξ − ξ̄c = ξ − 2

p∑
k=1

c
(p)
k sin (kξ).

Let x = cos (ξ). Then
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dEc
dξ

= 1− 2

p∑
k=1

c
(p)
k k cos (kξ) = 1− 2

p∑
k=1

c
(p)
k kTk(cos (ξ))

= dp(1− cos (ξ))p = f (p)
c (cos (ξ)).

Note that dEc
dξ = f

(p)
c (cos (ξ)) = 0 only when cos (ξ) = 1, i.e. Ec has extrema

only at ξ = 2πn, n = 0,±1, . . . . However, since ξ ∈ [0, ξmax] ⊆ [0, π] it is
clear that Ec(ξ) has an extreme point at ξ = 0 and no other extrema in the
domain of interest. Consequently Ec(ξ) is monotonic for ξ ∈ [0, π].

Note also that ∂Ec
∂ξ
≥ 0, indicating that Ec(ξ) is increasing. We thus have

ξ̄c ≤ ξ with equality only at ξ = 0. From (6) we therefore have ω̄c ≤ ω
where as before ω̄c is the numerical frequency. It follows from (5) that the
numerical wavespeed satisfies

v̄pc =
ω̄c
κ
≤ ω

κ
= vp

where equality holds only when ξ = 0.

Next note from the definitions of Ec and ξ that the analytic and numerical
group speeds are related by

0 ≤ ∂Ec
∂ξ

=
∆x

c

∂κ

∂ξ

∂

∂κ
(ω − ω̄c) =

1

c
(vg − v̄gc),

where in the first inequality we have used the fact that f (p)
c (cos (ξ)) ≥ 0. Since

c > 0 by assumption we have v̄gc ≤ vg with equality only when ξ = 0.

Remark 1. Since Ec(ξ) is monotonically increasing it is clear that the largest
error will occur at the highest wavenumber. It is therefore easy to write down
an expression for ‖Ec‖∞. We have

‖Ec‖∞ = Ec(ξmax) =

∫ ξmax

0

dEc
dξ

dξ

=

∫ ξmax

0

f (p)
c (cos (ξ))dξ =

2p(
2p
p

) ∫ ξmax

0

(1− cos (ξ))pdξ,

where we have used the fact that Ec(0) = 0. Note that for ξ > π/2 the
integrand, and thus the error, starts to grow rapidly with increasing p. Thus,
even very high order classical stencils fail for wavenumbers above this limit.
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The problem with the classical schemes lies in the monotonicity of the error
function. In the following sections we will remedy this by considering wider
stencils with reduced formal accuracy but with a set of free parameters that
we use to minimise the dispersion error.

4. Improved numerical dispersion relations

In view of the above analysis it is desirable to modify the stencil (6) in a
way that makes the numerical wavenumber an as good approximation of ξ as
possible. We will briefly discuss this optimisation problem in the L2-norm,
but our main focus will be on uniformly best schemes, i.e. optimised in the
L∞-norm.

4.1. L2-minimisation
A straight forward option introduced in [9] is to sacrifice the optimal order
of accuracy of the difference operator and use the resulting free parameter
to minimise the error function defined in the L2-norm as

EDRP :=

∫
Ω

|ξ − ξ̄|2dξ,

where the integral runs over some continuous spatial domain Ω. In [9] the
chosen domain is ξ ∈ [0, π/2]. These types of schemes are called "Disper-
sion Relation Preserving" (DRP). In Table 2 we list the coefficients of three
such central schemes, each using 2p+ 3 points with formal accuracy of order
O(∆x2p), i.e. two orders below optimal. The case p = 2 was presented in [9].
We will use the DRP schemes for comparison with the new stencils we shall
obtain later.

4.2. Uniform minimisation
We will henceforth consider approximations in the general domain ξ ∈ [0, ξmax]
where 0 < ξmax < π. Specifically, we will investigate the properties of
wavenumber approximations, ξ̄, that minimise

max
ξ∈[0,ξmax]

|ξ − ξ̄|.

This means that each wavenumber in the domain [0, ξmax] is approximated
with an error not exceeding some upper bound. For problems involving a
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p a1 a2 a3 a4

1 32−3π
−64+30π

32−9π
64−30π

2 496−15π
42(−128+45π)

5632−1725π
10752−3780π

272−85π
−1792+630π

3 263168−103845π
2754560−900900π

1389568−436695π
2754560−900900π

2180096−690165π
60(−137728+45045π)

128768−40845π
2754560−900900π

Table 2: Coefficients of 2p + 3-point central DRP schemes of accuracy
O(∆x2p).

range of wavenumbers, perhaps not all known, this is clearly convenient.

Let us now, like for DRP schemes, perturb the stencil (1) without increasing
the accuracy. However, whereas for the DRP schemes introduced in [9] a
single free parameter was added to the stencil, we assume the addition of
n ≥ 1 new coefficients. Thus, the scheme we consider has the form(

∂u

∂x

)
i

+O(∆x2p) =
1

∆x

p+n∑
k=1

ak(ui+k − ui−k). (10)

Such a scheme uses (p + n) points on either side of xi to approximate the
derivative, however the formal order of accuracy remains O(∆x2p). Here
ak, k = 1, . . . , p+ n are the coefficients of the new stencil.

In view of (6) the numerical wavenumber corresponding to (10) is

ξ̄ = 2

p+n∑
k=1

ak sin (kξ). (11)

Let ã = (a1, . . . , ap+n). Our goal may thus be formulated in terms of the
following problem:

Find argmin
ã∈Rp+n

‖E(ξ, ã)‖∞ ensuring formal accuracy O(∆x2p). (12)

Here E(ξ, ã) = ξ − ξ̄. Clearly this problem is similar to the problem (7).
Indeed we are approximating the continuous function ξ from a finite di-
mensional subspace spanned by the linearly independent set of functions
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{sin (kξ)}, k = 1, . . . , p + n. However, the accuracy requirement puts con-
straints on the choice of ã and it is not trivial to tell whether we are dealing
with a Chebyshev set or not. It is therefore of interest to reformulate prob-
lem (12).

The coefficients ak are subject to the same accuracy constraints as the clas-
sical stencils. We therefore have precisely n degrees of freedom and we will
without loss of generality let these be the n coefficients ap+1, ap+2, . . . , ap+n.
The coefficients must, as before, satisfy

1 2 . . . p . . . (p+ n)
1 23 . . . p3 . . . (p+ n)3

...
...

...
...

1 22p−1 . . . p2p−1 . . . (p+ n)2p−1




a1

a2
...
ap
...

ap+n


=


1
2

0
...
0

 .

Equivalently we may write
1 2 . . . p
1 23 . . . p3

...
...

...
1 22p−1 . . . p2p−1



a1

a2
...
ap



=


1
2

0
...
0

−


(p+ 1)
(p+ 1)3

...
(p+ 1)2p−1

 ap+1 − . . .−


(p+ n)
(p+ n)3

...
(p+ n)2p−1

 ap+n.

Clearly each ak, k = 1, . . . , p is linearly dependent on each ap+j, j = 1, . . . , n.
Note in particular that if ap+j = 0, ∀j ≥ 1, the solution reduces to ak =

c
(p)
k , k = 1, . . . , p. We may thus write

ak = c
(p)
k +

n∑
j=1

α
(j)
k ap+j (13)

where the parameters α(j)
k , k = 1, . . . , p are independent of ap+j, j = 1, . . . , n.
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Comparing terms multiplying ap+j we find that α(j)
k must satisfy

1 2 . . . p
1 23 . . . p3

...
...

...
1 22p−1 . . . p2p−1



α

(j)
1

α
(j)
2
...

α
(j)
p

 = −


(p+ j)
(p+ j)3

...
(p+ j)2p−1

 , j = 1, . . . , n. (14)

We summarise in the following proposition:

Proposition 1. The numerical wavenumber of the 2pth order central differ-
ence stencil (10), i.e.

ξ̄ = 2

p+n∑
k=1

ak sin (kξ),

can be equivalently written as

ξ̄ = ξ̄c + ψ(ξ, a)

where ξ̄c is the wavenumber approximation of the 2pth order classical central
difference stencil and

ψ(ξ, a) =
n∑
j=1

ap+jφj(ξ), φj(ξ) = 2 sin ((p+ j)ξ) + 2

p∑
k=1

α
(j)
k sin (kξ).

Here, a = (ap+1, . . . , ap+n) is a vector containing the free stencil parameters.
The coefficients α(j)

k solve (14) for all k = 1, . . . , p and j = 1, . . . , n.

Proof. Inserting (13) into (11) and collecting terms multiplying ap+j gives
the desired result.

Note that the set of functions {φj}, j = 1, . . . , n is linearly independent for
any n. Thus the φj form a basis for some n-dimensional vector space, which
we will denote by Ξn.

By Proposition 1 it is clear that the problem (12) may equivalently be written

Find argmin
a∈Rp+n

‖E(ξ, a)‖∞ = ‖Ec(ξ)− ψ(ξ, a)‖∞ (15)

where Ec(ξ) = ξ − ξ̄c is the dispersion error of the classical stencil and
ψ(ξ, a) ∈ Ξn.
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Problem (15) is precisely of the type (7) and thus a unique solution is guaran-
teed to exists and can be characterised if {φj}, j = 1, . . . , n forms a Cheby-
shev set. We can show

Theorem 3. The set {φj}, j = 1, . . . , n defined in Proposition 1 forms a
Chebyshev set on the semi-open interval (0, ξmax].

The proof is found in Appendix B. The exclusion of the point ξ = 0 causes
no issue. In fact, we have

Corollary 1. Let {φj(ξ)}, j = 1, . . . , n be defined as in Proposition 1. Then
a solves problem (15) if and only if there exists an alternating set of (n+ 1)
points in (0, ξmax].

Proof. Theorem 3 shows that for any δ satisfying 0 < δ < ξmax, {φj} is a
Chebyshev set on [δ, ξmax]. Thus Theorem 1 applies. Letting δ → 0 and
observing that at ξ = 0 the approximation is exact yields the desired result.

5. Remez multiple exchange algorithm

Conveniently, due to Remez [23, 24] there is an algorithm that solves problem
(7) and thus problems (15) and (12). The Remez multiple exchange algorithm
is an iterative procedure that utilises the characterisation theorem 1 to find
a best solution. Briefly the algorithm works as follows:

1. Choose a set X containing n + 1 points ξi such that 0 < ξ1 < ξ2 <
· · · < ξn+1 ≤ ξmax.

2. Solve the system

Ec(ξi)− ψ(ξi, a) = (−1)ie, i = 1, . . . , n+ 1

for a and e.
3. Adjust the set X to be the extreme points of the error curve, Ec − ψ.

Repeat steps 2 and 3.

It is known that the algorithm converges for any initial choice of X [25]. Fur-
ther, since the basis functions φj(ξ) are differentiable it can also be shown
that the convergence is quadratic [26]. Note that the algorithm finds not only
the coefficients a but also the error of the approximation, e, since |e| → ‖E‖∞
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ξ
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

E
×10

-12

-1.5

-1

-0.5

0

0.5

1

1.5

‖E‖∞ = 1.337520e− 12

Figure 1: Example of a central difference stencil whose coefficients are a
solution to problem (15). Here, p = 1 and n = 14, i.e. the stencil has formal
accuracy O(∆x2) and is 31 points wide.

as the algorithm converges.

Figure 1 shows an example of the error of a stencil optimised using the Remez
algorithm. The stencil is second order accurate (i.e. p = 1) and is 31 points
wide (n = 14). Here we have set ξmax = π/2. Thus, the dispersion error
for any numerical wavenumber 0 ≤ ξ ≤ π/2 is sharply bounded from above
by ‖E‖∞ ∼ O(10−12). Note that the error oscillates n + 1 = 15 times as
expected from Corollary 1.
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ξ
0 0.2 0.4 0.6 0.8 1 1.2

E
(ξ
)

×10
-3

-10

-8

-6

-4

-2

0

2

4

6

8

New

DRP

Classical

Figure 2: Wavenumber error for the new scheme, the classical 6th order
stencil, and a seven-point DRP scheme. For ξ ≤ ξmax = π/3 the dispersion
error of the new stencil is smaller than 10−3 but increases beyond this point.

6. Numerical examples

To illustrate the flexibility of the best wavenumber approximations we present
two numerical calculations of different character. The first is a narrow Gaus-
sian pulse solving the one-dimensional advection equation. The second is a
vortex solution to the two-dimensional compressible Euler equations.

6.1. Gaussian pulse
We consider a profoundly polychromatic solution to the advection equation
over the periodic domain 0 ≤ x < 6:

ut + ux = 0, 0 ≤ x ≤ 6, t ≥ 0

u(x, 0) = exp (−3200(x− 1/2)2).

This pulse is narrow and thus its Fourier transform is wide resulting in a
significant contribution from a broad range of wavenumbers. The dominat-
ing wavenumber is κ = 0. Contributions from larger wavenumbers decay
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x

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
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(x
,
t
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-4
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-2

-1

0

1

2

3

4

5

6

New
DRP
Classical
Exact

Figure 3: Exact and numerical solutions.

exponentially but slowly. It makes sense to use a scheme that accurately ap-
proximates the dispersion relation near ξ = κ∆x = 0 and for some suitably
chosen region of larger wavenumbers.

We consider a second order operator (i.e. p = 1) with two free parameters
(n = 2). If we choose ξmax = π/3 ≈ 1.047 and run the Remez algorithm
we find a scheme with a dispersion error of around 3 × 10−4. The obtained
stencil is

a1 = 0.7802838854173, a2 = −0.1758500965456, a3 = 0.0238054358913.

In Fig. 2 the dispersion error is shown. The errors of the 6th order clas-
sical central difference scheme and of the seven-point DRP scheme are also
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Figure 4: Error development in time.

included. As expected from Theorem 2 the classical stencil underestimates
the dispersion relation, seen by the positive sign of the error. For the shown
range of ξ it seems that the DRP scheme overestimates the dispersion rela-
tion whereas our new scheme stays within tight error bounds.

We set ∆x = 1/120 and integrate in time using the classical fourth order
Runge-Kutta scheme with time step ∆t = 10−3 so the contribution from
the temporal discretisation is small. The exact and numerical solutions are
shown in Fig. 3, where we have separated the four pulses vertically to aid
the visualisation.

All numerical solutions quickly disperse into a train of pulses of decaying
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amplitude trailing behind the main peak. As expected from Fig. 2, the DRP
scheme overestimates the speed of some pulses. Our new scheme does this
as well but to a much reduced extent.

The error development in time is plotted in Fig. 4. The error is here defined
as ‖u(x, t) − u(t)‖2. Clearly the new scheme outperforms the classical and
the DRP stencils, despite having the same bandwidth but lower formal order
of accuracy.

6.2. Euler vortex
The two-dimensional compressible Euler equations can be written in conser-
vative form as

Ut + Fx +Gy = 0, (16)

where

U =


ρ
ρu
ρv
ρe

 , F =


ρu

ρu2 + p
ρuv

u(e+ p)

 , G =


ρv
ρuv

ρv2 + p
v(e+ p)

 .

Here ρ is the density; u and v are the velocity components in the x- and
y-directions respectively; e is the total energy density; p is the pressure. The
pressure relates to the conservative flow variables in U through the equation
of state,

p = (γ − 1)

(
e− 1

2
ρ(u2 + v2)

)
,

where γ is the ratio of specific heats at constant pressure and volume respec-
tively.

We consider the propagation of a vortex along the x-axis. The vortex model
was introduced in [27] and solves the two-dimensional Euler equations under
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the assumption of isentropy. The solution can be written

u = 1− εy

2π
exp

(
f(x, y, t)

2

)
v =

ε((x− x0)− t)
2π

exp

(
f(x, y, t)

2

)
ρ =

(
1− ε2(γ − 1)M2

8π2
exp (f(x, y, t))

) 1
γ−1

p =
ργ

γM2

where f(x, y, t) = 1 − (((x − x0) − t)2 + y2); ε is the circulation; M is the
Mach number; x0 is the initial position of the vortex on the x-axis.

The analytic solution is used as initial condition for a vortex introduced at
x0 = 5 in a periodic domain, 0 ≤ x < 30, −15 ≤ y < 15. We set M = 0.5
and ε = 3 and use ∆x = ∆y = 1/60 and a time step ∆t = 1/200. The
solution is integrated a total of 2400 time steps to time t = 12.

We quantify the dispersion error as

Edisp = ‖(x, y)amin − (x, y)nmin‖2,

where (x, y)a,nmin are the locations of the points of minimum pressure of the
analytic vortex and numerical approximation respectively. An example is
included in Fig. 5. For the approximation, (x, y)nmin is found using the
following procedure:

1. Locate the grid point (x, y)m with minimal pressure.
2. Consider the 5×5-grid consisting of this point and its 24 nearest neigh-

bours, (x, y)m±1,2. Use bicubic interpolation to refine the resolution of
this sub-grid to 250× 250 points.

3. Locate the point of minimal pressure (x, y)nmin in the refined grid.
4. Repeat 1-3 for each time step.
5. Filter the resulting signal with a boxcar filter of length 200 to reduce

noise.

With this procedure the dispersion error becomes a function of wavespeed
only, i.e. no amplitude error is considered.
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Figure 5: Pressure profile of Euler vortex. The location of the vortex,
(x, y)a,nmin is defined as the point of minimum pressure.

It should be noted that applying central differences to (16) yields an unsta-
ble discretisation. Therefore a small amount of artificial dissipation must be
added. The dissipation introduces an error in the amplitude of the solution
but has no influence on the wave speed and thus does not affect the disper-
sion error.

We solve (16) using four different 4th order methods: The classical stencil;
the 7-point DRP scheme; a new stencil using Remez algorithm with p = 2
and n = 2; a new stencil using Remez algorithm with p = 2 and n = 4. Both
new stencils, as well as the DRP scheme, have been optimised for ξ ∈ [0, π/2].
The coefficients of the new stencils are

a1 = 0.850285836369971, a2 = −0.255561368616094,

a3 = 0.065675490535081, a4 = −0.009047392685756

for the case n = 2, and

a1 = 0.896607046646854, a2 = −0.320910877852970,

a3 = 0.119465303396051, a4 = −0.037162191039544,

a5 = 0.008242459236975, a6 = −0.000957455525961

for the case n = 4. The dispersion errors are shown in Fig. 6. Clearly the
new schemes are the better performers.
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Figure 6: Dispersion error development in time for the compressible Euler
equations.

7. Conclusion

In this paper we have discussed the characterisation and construction of uni-
formly best wavenumber approximations by central difference schemes. It
has been shown that optimising the accuracy of the stencil with respect to
the bandwidth (i.e. the classical approach) is not ideal for high-frequency
problems over large time intervals. Further it has been shown how this non-
optimality can be understood in terms of the monotonic behaviour of the
dispersion error of these classical stencils.

As a suggested remedy we have extended the width of the central difference
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schemes by introducing an arbitrary number of free parameters without in-
creasing the accuracy. We have seen that the problem of minimising the
dispersion error in the L∞-norm can be recast into a problem of approximat-
ing the continuous function Ec(ξ) by a linear combination of basis functions,
φj(ξ) from a finite dimensional vector space, Ξn. This new formulation opens
the door to using existing approximation theory, and we can immediately
state that a unique best solution exists and characterise it in terms of an
alternating set. The characterisation subsequently allows for the use of the
Remez algorithm to numerically obtain best stencils of desired accuracy and
width. As a bonus, the algorithm also provides a sharp error bound for all
wavenumbers in the domain of our liking.

Comparing three schemes of the same bandwidth; a classical 6th order scheme,
a 4th order DRP stencil and a new best 2nd order scheme we see that the
L∞-approach not only provides highly accurate wavenumber approximations,
but that the tool is versatile in that the construction of schemes are equally
simple for any wavenumber domain of our liking. This allows for accurate
approximations of problems of high frequency waves, or multi-frequency so-
lutions, with a relatively coarse spatial mesh.

As a more realistic application we have solved the two-dimensional compress-
ible Euler equations and shown that we can construct numerical stencils with
dispersion properties that outperform classical and DRP stencils.

In conclusion, this new method of constructing schemes of best wavenumber
approximation is a flexible technique with applications ranging form compu-
tational fluid dynamics and aeroacoustic to electromagnetism and seismology.
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Appendix A. Proof of Lemma 1

Proof. We need the following well known property of the Chebyshev polyno-
mials:

dmTk(x)

dxm
∣∣∣
x=1

=

{
1 if m = 0∏m−1

j=0
k2−j2
2j+1

if m = 1, 2, . . .

We thus have f (p)
c (1) = 1−2

∑p
k=1 c

(p)
k k = 0 by the first row of (8). Likewise,

dmf (p)
c (x)

dxm
∣∣∣
x=1

= −2

p∑
k=1

c
(p)
k k

m−1∏
j=0

k2 − j2

2j + 1

= O

(∑
k

c
(p)
k k2m+1

)
+O

(∑
k

c
(p)
k k2m−1

)
+ · · ·+O

(∑
k

c
(p)
k k3

)
.

Note that only odd powers of k remain due to the factor k2 when j = 0
and the k in front of the product. Observe that the right hand side is zero
whenever m ≤ p − 1, which follows from the remaining rows of (8). Conse-
quently f (p)

c (x) has a root of multiplicity p at x = 1. However, since f (p)
c is a

polynomial of degree p we may write f (p)
c (x) = dp(1− x)p for some constant

dp that depends only on p. We find dp by writing

p∑
k=1

c
(p)
k kTk(x) =

1

2
− dp

2
(1− x)p

and comparing coefficients in front of the xp term. On the left hand side the
xp term occurs only when k = p. From (9) we have

cpp =
(−1)p−1

p
(

2p
p

)
and the the leading coefficient of Tp(x) is 2p−1. It follows that

dp =
2p(
2p
p

)
and the lemma is proven.

23



Appendix B. Proof of Theorem 3

Proof. Recall the form of the basis functions,

φj(ξ) = 2 sin ((p+ j)ξ) + 2

p∑
k=1

α
(j)
k sin (kξ).

Note first that φj(ξ) is a trigonometric polynomial. Thus the number of ze-
ros of any non-trivial combination, ψ(ξ, a), of these functions is finite in any
continuous bounded interval.

Let x = cos (ξ) and consider the function

f (p)(x, a) = 1− 2

p+n∑
k=1

akkTk(x)

where Tk(x) is the kth Chebyshev polynomial, and the coefficients ak are
consistent with a central difference scheme of order O(∆x2p). As before we
let a = (ap+1, . . . , ap+n). Note that f (p) depends linearly on a.

By the same argument as in Lemma 1, f (p)(x, a) is a polynomial in x of
degree p+ n with a root of multiplicity p at x = 1. We may thus write

f (p)(x, a) = (1− x)pPn(x, a),

where Pn(x, a) is some polynomial of degree n that depends linearly on the
elements in a.

Just like in Theorem 2 the error function satisfies
∂E(ξ, a)

∂ξ
= f (p)(cos (ξ), a) = (1− cos (ξ))pPn(cos (ξ), a).

Thus, E(ξ, a) has an extreme point at ξ = 0 and at most n other extreme
points ξ1 ≤ ξ2 ≤ · · · ≤ ξn in [0, ξmax]. If ξ1 = 0 the stencil would be of higher
order than O(∆x2p) according to Theorem 2, so we may assume that 0 < ξ1.

Consider now another error function, E(ξ,b). Linearity gives

∂ (E(ξ, a)− E(ξ,b))

∂ξ
= (1− cos (ξ))p [Pn(cos (ξ), a)− Pn(cos (ξ),b)]

= (1− cos (ξ))pPn(cos (ξ), a− b).
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but also

∂ (E(ξ, a)− E(ξ,b))

∂ξ
=

∂

∂ξ
[(Ec(ξ)− ψ(ξ, a))− (Ec(ξ)− ψ(ξ,b))]

=
∂

∂ξ
ψ(ξ,b− a),

where, as before, ψ is a linear combination of the basis functions, {φj}, j =
1, . . . , n. The vectors a and b are completely general so we may write c =
b − a for any vector c ∈ Rn. Thus ψ(ξ, c) has at most n extrema in the
open interval (0, ξmax]. Obviously there is at most one zero in between any
two consecutive extreme points. Thus ψ(ξ, c) has at most (n − 1) zeros in
(0, ξmax]. This completes the proof.
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