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To Ingrid and Lars

”
A heart is not judged by how much you
love; but by how much you are loved
by others.

The Wizard of Oz, 1939





Abstract

This thesis investigates how to use optimization efficiently when com-
plex products are developed. Modelling and simulation are necessary
to enable optimization of products, but here it is assumed that verified
and validated models of the products and their subsystems are available
for the optimization. The focus is instead on how to use the models
properly for optimization.
Knowledge about several areas is needed to enable optimization of

a wide range of products. A few methods from each area are investi-
gated and compared. Some modifications to existing methods and new
methods are also proposed and compared to the previous methods.
These areas include

• Optimization algorithms to ensure that a suitable algorithm is used
to solve the problem
• Multi-Objective Optimization for products with conflicting objec-
tives
• Multi-Disciplinary Optimization when analyses from several
models and/or disciplines are needed
• Surrogate Models to enable optimization of computationally ex-
pensive models

Modern frameworks for optimization of complex products often in-
clude more than one of these areas and this is exemplified with the
industrial applications that are presented in this thesis, including the
design and optimization of industrial robots and aircraft systems.

Keywords: Optimization, Surrogate Models, Product Concept Opti-
mization, Multi-Objective Optimization, Multi-Disciplinary Optimiza-
tion
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1
Introduction

Modelling and simulation is used extensively in the development process
of complex products. It is often cheaper, faster and requires fewer re-
sources than constructing prototypes. It is therefore desirable to create
accurate models of the product and its subsystems. Accurate models
can not only be used to evaluate the performance of a suggested design.
They can also be used to investigate how robust and/or durable the
product is and to find a product with optimal properties.
This is important in the conceptual phase of the product development

process when it is desirable to know as much as possible about each pos-
sible concept. Optimizations of models of each concept can estimate the
maximum potential of each concept. This information can then be used
to aid selection of the promising concepts that are worth investigating
more thoroughly [1].
This means that knowledge about modelling, assessment of the ac-

curacy of a model and optimization is desirable for organizations and
individuals that develop complex products.
The modelling of a system is a tedious process that depends on which

property it should model. These properties can for example be per-
formance, durability and cost, and the models can range from simple
mathematical expressions to complex models that take weeks for a reg-
ular computer to evaluate once.
Models are usually undergoing a verification and validation process to

assess the credibilities of their results [2]-[4]. It is usually too expensive
to investigate exactly where the limits for the accuracy of the model
are, which is why models should only be verified and validated for their
intended purposes [5].
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The modelling, verification and validation phases are outside the scope
of this thesis. It is instead assumed that the accuracy of the models of
the product and its subsystems has been proven. It should, however, be
noted that it is important to know the assumptions that were used when
the model was created and under which circumstances it is valid. There
is otherwise a risk that the model is trusted to yield accurate results
even when it is used outside of the range that the modeller intended.
It is often required that several objectives be evaluated when a product

is optimized to ensure that a satisfactory design is obtained. These ob-
jectives might include cost, performance, durability, serviceability, man-
ufacturability, alongside many others. These often conflicting objectives
need to be handled in the optimization and this turns the problem into
a Multi-objective optimization (MOO) problem [6].
Different models may be required in order to calculate the different ob-

jectives in the MOO problem. This further complicates the optimization,
especially if information needs to be sent between the different models.
An optimization where several disciplines need to be considered each
time the objective function is evaluated is called a Multi-disciplinary
optimization (MDO) [7].
Optimizations of complex products are often both multi-objective and

multi-disciplinary, which makes them challenging for a computer to
solve. Computer capacity has increased tremendously in recent decades,
but this has partly led to models of higher fidelity. A simulation can
consequently consume almost as much wall-clock time as before even
though computational power has increased. This means that methods
that can reduce the wall-clock times of optimizations are still in demand.
One common remedy for too computationally expensive models is to

replace them with computationally efficient surrogate models [8]. These
can range from simple polynomials [9] to models with numerous parame-
ters that need to be tuned [10], but the models can be simulated in a few
milliseconds. Optimization of high-fidelity models of complex products
would be difficult to perform without surrogate model techniques.
Sóbester et al. [11] go as far as to claim that surrogate-based opti-

mization is one of the most significant advances in engineering design
technology. This emphases the importance of and the possibilities that
the combination of surrogate models and optimization opens up for de-
velopment of complex products.
Surrogate model techniques are recommended even more if probabilis-

tic optimizations are to be performed. These optimizations try to find
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Introduction

design solutions that are insensitive to variations and/or have as high
probability as possible of being successful. The statistical properties of
a design need to be estimated each time the objective function value is
to be calculated, which means that a probabilistic optimization is far
more demanding than a regular one [12].

1.1 Thesis scope
This thesis focuses on how optimization could be used in an efficient
manner to support the product development process. The increases in
computer capacity in recent decades has enabled optimization of models
and systems that were previously assumed to be too complex to simulate.
There are, however, still many issues that need to be solved to enable
optimization on an even greater scale.
The thesis has four main goals that need to be addressed.

1. Identify common methods and state-of-the-art of efficient opti-
mization based on surrogate modelling.

2. Compare the different methods against each other to evaluate their
strengths and weaknesses.

3. Modify promising methods to improve their performance.

4. Demonstrate the improvements by comparing the modified meth-
ods with their originals considering both mathematical test func-
tions and real world engineering applications.

The comparisons of the different methods will increase understand-
ing of their strengths and weaknesses. They will also indicate the most
promising methods for performing optimizations of the complex prod-
ucts that are to be optimized in the context of this thesis.
Improved versions of the most promising methods are desirable since

they would make optimization of complex products more feasible. The
performance of the modified methods needs to be demonstrated in order
to confirm that the modifications actually led to improvements.
The thesis is divided into three parts as follows:

• Part I - Frame of Reference. This part constitutes the scientific
base and describes the methods used in the thesis and briefly
presents other methods that could be used to achieve similar re-
sults.
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• Part II - Contributions. The results from the appended papers
are briefly presented in the contribution section and details can be
found in the papers themselves.

• Part III - Conclusions. This part contains a general discussion on
the methods and results in the thesis and also presents conclusions
and directions for future work.

4



Part I

Frame of Reference
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2
Optimization
Algorithms

An optimization algorithm is used to automatically search the design
space for an optimal solution to an optimization problem. The opti-
mization problem can be formulated as in equation (2.1), where the aim
is to minimize the objective function, f(x), while ensuring that the p
inequality constraints and the r equality constraints are fulfilled [6].

min f (x)
s.t.

gj (x) ≤ 0, j = 1, ..., p
hk (x) = 0, k = 1, ...r

(2.1)

Numerous different optimization algorithms exist that are suitable for
different types of problems. The user should typically choose an algo-
rithm depending on available computational budget, type of problem,
ease of use, availability and familiarity.
Many algorithms can handle constraints automatically, but not all.

Constrained optimization problems can still be solved for most algo-
rithms, but the constraints need to be managed by the user if the al-
gorithm does not handle it. One example is to add a penalty to the
objective function when a constraint is violated [6].
Optimization algorithms are divided into different classes depending

on the operations that they perform. The gradient-based algorithms
usually use gradients or Hessians to converge. These are deterministic

7
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in the sense that they always converge to the same solution if they are
run with the same settings and starting point. They usually converge
fast but are prone to end up in local optima.
Population-based algorithms have been used extensively in product

development in recent years and Particle Swarm Optimization (PSO)
[13] and Genetic Algorithms [14], [15] in particular. These algorithms are
stochastic and might therefore produce different solutions even though
the optimizations are run with the same settings. Common for these
methods are that they use tens of individuals that either move between
each iteration or are replaced by new individuals when a new generation
is created. They therefore require many objective function evaluations
to converge, but the upside is that they usually do not become stuck
in local optima due to their intelligence. The optimization time can be
reduced significantly if tens of computer cores are available since each
individual in each iteration/generation can be evaluated independently
of the others.
The two optimization algorithms that are used most in this thesis are

the Complex method and Genetic Algorithms. These are described in
more detail in the following sections.

2.1 Complex-RF
The Complex-RF optimization algorithm [16] is a modified version of the
Nelder-Mead Simplex optimization algorithm [17]. It begins by placing
k points randomly in the design space, as shown in the schematic work-
flow in figure 2.1. These points constitute the Complex. The objective
function values of the k points are evaluated and the worst point identi-
fied. The point is then reflected through the centroid of the other points,
to the other side of the complex. An evaluation of the objective function
value is then made and if the point is still worst, it is moved towards
the middle of the Complex. When it is no longer worst, the point that
was previously second worst is moved. This process continues until a
stop criteria is met or the maximum number of function evaluations is
reached.
The Complex can both move and contract and the algorithm has been

demonstrated to be effective in optimizing simulation models [18]-[20].
An increased number of points in the Complex increases its accuracy,
but this comes at the cost of more function evaluations. The standard
setting of k is therefore twice the number of variables in the case of more

8
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Create Initial Points

Evaluate Points
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End 
Optimization

Is the point
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Evaluate point
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True Model

Yes

Objective 
Function

Yes

Objective 
Function

No

No

Figure 2.1 Flowchart for the Complex-RF optimization algorithm

than one variable.
The R and F in Complex-RF stand for randomization and forgetting

factor, respectively. The first makes it harder for the algorithm to get
stuck by allowing a moved point to be placed more randomly. The
forgetting factor makes the latest point more important to the algorithm
by gradually worsening the objective function values of older points.
More details regarding Complex-RF can be found in [18] and a modified
version of the Complex algorithm is presented in paper [III].

2.2 Genetic Algorithms

A genetic algorithm mimics breeding or Darwin’s principle of the sur-
vival of the fittest [14]. It uses a population with a given size and

9
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simulates the evolution of the population during numerous generations.
A schematic workflow can be shown in figure 2.2.

Create initial population 

Start optimization 

Evaluate fitness values of 
each individual in the 

population 

Select parents for mating 

Create children, perform 
crossover and mutation 

Evaluate fitness values of 
all children 

Insert children into the 
population 

Stop 

criterion 

met? 

No 

Figure 2.2 Flowchart for a simple genetic algorithm

The objective function values of all individuals in the current genera-
tion are evaluated and the best individuals are selected for mating. The
next generation will therefore predominantly consist of individuals that
inherit properties of the best individuals from the previous generation.
It is common to allow the absolute best individuals survive to the next
generation to ensure that the best solution in the next generation is at
least as good as the best from the previous one.
It is desirable to prevent a premature contraction of the area that the

algorithm operates in. This is achieved by allowing some individuals to
undergo mutation. Most of the individuals will consequently explore the
area of the design space where the algorithm currently operates, while
a few individuals will explore other parts of the design space [15].

10



3
Multi-Objective

Optimization

It is important to be able to handle optimizations where several con-
flicting objectives are present. One example might be to maximize the
speed of an industrial robot while minimizing its cost. The optimization
problem then turns into a Multi-Objective optimization (MOO) prob-
lem.
The goal of an MOO is usually to find either one or many solutions

that is an optimal compromise between the different objectives. These
solutions are called Pareto optimal if they are not dominated by any
other solutions. This means that no other solution has better values for
every objective than a Pareto optimal point. This is exemplified for two
objectives in figure 3.1 where the circles represent Pareto optimal points.
The asterisk represents a solution that is not Pareto optimal since it is
dominated by six circles.
Many methods that solve these kinds of problems have been proposed

and they can be divided into a priori, a posteriori and interactive meth-
ods [6]. Their meanings and advantages and disadvantages are presented
in the following sections.
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Figure 3.1 Example of Pareto optimal points (represented by circles)
and a dominated point (represented by an asterisk).

3.1 A priori methods

Methods that belong to the a priori category need information from
the decision-maker before the optimization is begun. This might be
the relative importance of the objectives or their target values. This
information turns the MOO problem into one or several single objective
optimization (SOO) problems and is therefore comparatively easy to
solve. Examples of such methods are the utility function method [21],
the lexicographic method and the goal programming method [22].

A drawback with this method is that only one or a few solutions are
presented by the optimization. This means that it is important that the
information given before the optimization is started is accurate. But
there might be cases where a small worsening of one objective leads
to larger improvements for one or more of the other objectives. This
information is usually unavailable beforehand and it will probably not
be gained during the optimization [23].

12



Multi-Objective Optimization

3.2 A posteriori methods

A posteriori methods are methods that try to find as much of the Pareto
front as possible and then the decision-maker chooses solutions from the
revealed front. This means that the decision-maker has a better decision
support compared to a priori methods since he or she can see the trade-
offs between the different objectives. The main drawback is that it is
much more computationally demanding to find the whole Pareto front
compared to just a few solutions.
Two common a posteriori methods are the weighted sum method [6]

and the E-constraint method [24]. Both transform the MOO problem
into numerous SOO problems with different objective functions. The
weighted sum method creates a linear combination of the multiple objec-
tives and alternates the weightings for each objective. The E-constraint
method turns all objectives except one into constraints. Different solu-
tions may be obtained by alternating the constraint limits and which
objective to optimize for.
There also exist optimization algorithms that are tailored for MOO.

Population-based optimization methods, such as genetic algorithms, are
capable of identifying Pareto fronts in one single optimization run. This
might be achieved by ranking individuals based on Pareto dominance,
as for example in MOGA [25], NSGAII [26] and SPEA2 [27].

3.3 Interactive methods

Interactive methods have also been proposed, where the decision maker
can steer the optimization and explore the Pareto front interactively.
One example is Nimbus, that was proposed by Miettinen and Mäkelä
[28], [29]. It begins by finding a point on the Pareto front and the
decision maker can then decide in which direction the algorithm should
go to find additional Pareto optimal points. An early version of this
approach is the STEM method [30].

3.4 Interpreting the Pareto front

The a posteriori methods present as many points as possible on the
Pareto front since they do not know which part of the front the decision-
maker prefers. This means that the decision maker is recommended to

13
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Table 3.1 Methods that can be used to graphically interpret the Pareto
front.

No. of Objectives Methods

2 Regular plot of f1 versus f2
3 Bi-objective slices, Contour plot*
4-5 Animations/scrollbar, Matrix of decision maps*
6+ Heat map*, Parallel Coordinate Plot,

Scatterplot matrix

evaluate all the designs on the Pareto front in order to find the best
design according to his or her preferences.
It is also important to understand the Pareto front for the interactive

methods to direct the algorithms in the best directions. But it is difficult
to obtain a good overview of the Pareto front from a list. It is therefore
desirable to present the front graphically [31]. This is not a problem
in optimization problems with two objectives, but difficult when there
are more than four. Information about the design variable space is also
crucial and hard to understand and visualize. Even though the number
of objectives is low, the parameter space is typically high-dimensional
and hard to grasp.
Lotov and Miettinen [31] have given recommendations about different

graphical methods that can be used for different numbers of objectives.
This information is here compiled in table 3.1, with the methods pre-
ferred by the author of this thesis marked with an asterisk. It can be
noted that the author prefers graphs where as many designs and objec-
tives as possible are shown simultaneously.

14



4
Multi-Disciplinary

Optimization

Complex products often require analyses from different disciplines to en-
sure that the suggested design is appropriate. Examples of disciplines in
this context are solid mechanics (like FE-models), CAD models, System
dynamics models and cost models. This turns the optimization problem
into an MDO problem since it is desirable to take each discipline into
account in the optimization [32]. An individual optimization for each
discipline is not recommended since different disciplines and subsystems
usually require conflicting configurations if they are optimized without
any regard to other disciplines and subsystems [33]. They therefore often
yield sub-optimal solutions.
An MDO problem can be extremely demanding for a computer to solve

if there are numerous disciplines involved and especially if the models
are computationally expensive to solve in themselves. It is therefore
imperative to create effective frameworks when MDO problems need to
be solved.
The architectures can be divided into two broad categories - monolithic

and distributed architectures [7]. Monolithic architectures optimize the
whole problem as one optimization problem. Distributed architectures
instead divide the optimization problem into multiple sub-problems that
can be solved individually and yield the same results as if they would
have been solved as one large problem.
The choice of architecture should depend on the human and comput-

ing environment, the available algorithms and the problem that should
be solved [7]. A distributed architecture is preferred if the disciplines of
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the problem easily can be run in parallel and multiple computer cores are
available. This is common in the industry where different engineering
groups often are responsible for their own part of the products and/or
analysis, even if the companies do not perform any MDOs. Each engi-
neering group solve their problem on their own, using the methods that
they prefer, which require the groups to report to a central functional
that harmonize solutions from the different groups [34].
Every discipline is analysed the same number of times in a monolithic

architecture. This is normally not the case for distributed architectures
if they are built properly [7]. The fastest analyses would have to wait
for the slowest if each discipline is run in parallel, which would be a
waste of time. This extra time can instead be used to perform several
analyses of the fast disciplines while one analysis of the slowest analysis
is performed. Distributed architectures therefore typically require more
objective function evaluations to reach the optimum [35].
A general guideline when designing a framework is to try to place

a fast evaluated analysis as early as possible. This analysis can early
indicate whether the suggested design is good or not. There is no use
to perform a computationally demanding analysis if the design will be
inadequate anyway. The rest of the analyses can instead be omitted and
the suggested design given a penalty to its objective function value to
indicate to the optimization algorithm that the solution was inadequate.
It is also common to speed up the MDO process by replacing com-

putationally demanding models with efficient surrogate models, see for
example [36] and [37]. This will not change the MDO architecture since
the surrogate model just takes the place of the original model in the
framework [7].

4.1 Methods for Multidisciplinary Optimization
A recent survey regarding framework architectutes for MDO has been
made by Martins and Lambe [7]. They classify the methods and present
them together with diagrams and lists of advantages and disadvantages.
Some of the methods may also be referred to by other names, but this
chapter follows the notations by Martins and Lambe. The following
classifications are made by them:

• Early works by Shmit [32] and Haftka [38].

Monolithic architectures

16



Multi-Disciplinary Optimization

• The All-at-once problem statement (AAO) [39]

• Simultaneous Analysis and Design (SAND) [40]

• Individual Discipline Feasible (IDF) [39]

• Multidisciplinary Feasible (MDF) [39]

Distributed architectures

• Concurrent Subspace Optimization (CSSO) [41]

• Collaborative Optimization [42]

• Bi-level Integrated System Synthesis (BLISS) [43]

• Analytical Target Cascading (ATC) [44]

• Exact and Inexact Penalty Decomposition (EPD and IPD) [45]

• MDO of Independent Subspaces (MDOIS) [46]

• Quasiseparable Decomposition (QSD) [47]

• Asymmetric Subspace Optimization (ASO) [48]

Details regarding the frameworks can be found in the corresponding
paper. This chapter only describes two of them briefly. The two ar-
chitectures that are used in the papers in the thesis are MDF [39] and
BLISS [43]. MDF is used in paper [V] and BLISS in paper [I].

4.1.1 Multidisciplinary Feasible-MDF
The Multidisciplinary Feasible (MDF) [39] is an architecture that can
be used if all analyses or disciplines are used in series. It has also been
referred to as Fully Integrated Optimization [49] and Nested Analysis
and Design (NAND) [50].
A simplified schematic of an MDF with three analyses is shown in

figure 4.1. x represents the optimization variables and yi the outputs
from analysis i. The objective function handles the outputs from the
analyses and use them to evaluate the constraints gj (x) and the objective
function value f (x).
The benefit with MDF is that it is the simplest of the monolithic

architectures to create and solve since the analyses are performed se-
quentially. There is one major drawback however - the wall clock time.
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Figure 4.1 Simplified schematic of a Multidisciplinary Feasible archi-
tecture with three analyses.

Every analysis needs to be performed in sequence each time the objec-
tive function value of a suggested design should be calculated since no
parallelization is possible. This can however be remedied with surrogate
models and/or the placement of a fast analysis early to see if there is
any point in performing the expensive analyses. Additional advantages
and drawbacks are presented in [7].

4.1.2 Bi-level Integrated System Synthesis - BLISS

Paper [I] uses a slightly modified version of the Bi-level Integrated Sys-
tem Synthesis (BLISS) [43], but the original version is presented here.
BLISS decomposes the problem into different levels. A simplified

schematic of a BLISS architecture with two levels and three subsys-
tems is shown in figure 4.2. The optimization variables, x0 are sent to
the top level by the optimization algorithm. These values are then sent
as constants to the optimizer of each subsystem. Each subsystem, index
k, has its own local variables, xki, and an optimization of its variables
is performed by the optimizer to receive optimal properties. The out-
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Figure 4.2 Simplified schematic of a Bi-level Integrated System Syn-
thesis (BLISS) architecture with three analyses.

puts from each optimized subsystem, yki are sent to the top level where
they are handled to construct the objective function, f0 (x0). This cor-
responds to the Collaborative Optimization [42] if the subsystems are
decoupled. BLISS is distinguished from CO due to the coupled vari-
ables, ci, which means that information needs to be sent between the
subsystems.
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5
Surrogate Models

Surrogate models [8] are a common name for computationally efficient
mathematical models that are used to model how an entity varies when
the parameters that affect the entity are changed. The models can also
be referred to as metamodels [51], [52], but this name is also given to in-
formation about a model. Surrogate model is a more suitable name since
the models’ most common use is to replace computationally expensive
models.
Surrogate models can also be used to create models of the results of

experiments. One example is the Kriging surrogate model that has been
used to model how the ore grade in the ground varies with the location
[53]. These models are created from drill core samples that have been
collected from various locations in the landscape.
A surrogate model is usually adapted as accurately as possible to a

collection of data points or samples by either an optimization or estima-
tion of its parameters. The model can then be used to predict what the
outcome of an experiment with other settings would be.
An advantage with using surrogate models is that almost no assump-

tion or knowledge of the problem is needed. One surrogate model type
is naturally better suited than the others for a given problem, but the
chosen surrogate model will be adapted to the sample data regardless
of the mechanics behind the data. An optimization of the surrogate
model’s paramters using an optimization algorithm generally leads to
a more accurate surrogate model, but this requires more time than an
estimation.
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5.1 Surrogate Model Types

Numerous types of surrogate models have been proposed and some of
the most popular are presented in the following subsections. Several
comparisons of surrogate model types have been made [I], [54] but no
general conclusion can be drawn regarding which is generally best [51].
Both Simpson et al. [52] and Forrester et al. [8] have, however, given

recommendations regarding when to use which surrogate model type
and what their advantages and disadvantages are.

5.1.1 Polynomial Response Surfaces

One of the most intuitive surrogate models is the polynomial response
surface (PRS) [9]. A PRS tries to estimate the value of an entity as a
polynomial of arbitrary degree as shown in equation (5.1) for N variables
and a second order polynomial.

ŷ = β0 +
N∑

i=1
βixi +

N∑
i=1

N∑
j=1

βijxixj (5.1)

This can be written in matrix form according to equation (5.2)

ŷ = Xvβ (5.2)

where

Xv =
[
1 x1 x2 · · · xN x1x1 x1x2 · · · xNxN

]
,

β =
[
β0 β1 β2 · · · βN β11 β12 · · · βNN

]T
Here, xi stands for the value of the ith variable of the design point that

is being evaluated. The coefficients βi are the parameters that need to
be tuned to use this surrogate model. The fitting of the PRS to the data
means that the values of the coefficients, βi, are determined. This can
be done in a least square sense by solving the matrix system shown in
equation (5.3).

Xβ = y (5.3)
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where

X =


Xv (s1)
Xv (s2)

...
Xv (sm)

y =
[
y (s1) y (s2) · · · y (sm)

]T

Each row in this matrix system is a realization of equation (5.1) for
one of the m samples. The matrix system can be solved according to
equation (5.4).

β̂ =
(
XtX

)−1
Xty (5.4)

The benefit of a PRS is that the modeller can choose which degree of
the polynomial should be used. A higher order polynomial means that a
more advanced behaviour can be modelled. But the required number of
samples in order to fit the model increases significantly with the number
of variable squared. This can be seen in equation (5.5) where the number
of required samples, nreq, is shown for a second order polynomial with
N variables. This means that PRS is unsuitable for problems with many
varaables [55].
It is also recommended to oversample by 50% [56] or 100% [57], which

means that even more samples are needed.

nreq = 1 + 2N + (N − 1) N2 (5.5)

5.1.2 Kriging
Kriging is an interpolating surrogate model that also takes global trends
into account. It was proposed by Daniel Krige [53] as a method to use
in geostatistics and was introduced in engineering by Sachs et al. [58]
Isaaks and Srivastava [59] have written a book that introduces Kriging

from the geostatistical point of view and the interested reader is encour-
aged to read it. Here follows a short description of Kriging in its original
form.
Kriging can combine local deviations with a polynomial model of the

form shown in equation (5.6) [60].

ŷ =
k∑

i=1
βifi (x) + Z (x) (5.6)
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The first term is similar to a polynomial response surface and can be
chosen, whereas the second term (Z(x)) is a stochastic process with a
mean value of zero and a spatial correlation function of the form shown
in equation (5.7).

Cov [Z (xi) , Z (xj)] = σ2R (xi, xj) (5.7)

σ2 is the variance of the process and R(xi, xj) is a correlation function
between xi and xj . The parameters of the correlation function need
to be determined in order to fit the Kriging model and this is a time-
consuming process since an optimization is needed for good accuracy.
This can for example be resolved using maximum likelihood estimators
as Martin and Simpson describe [61].
One benefit of Kriging is that it is possible to estimate the uncertainty

in its estimations [8]. This uncertainty usually increases as the distance
to the closest sample that was used to create the surrogate model is
increased, which is to be expected.
It is important to know that the correlation matrix can be singular if

the samples that are used to fit the Kriging model are placed too closely
together [54]. This is especially true for sequential updating schemes,
such as the ones described in section 6, where new points are added to
the surrogate model automatically.
Anisotropic Kriging can handle global trends in different directions in

the design space [62]. It is also stationary in its original version, which
indicates that it is most suitable for modelling smooth functions where
the value does not vary too much in the design space. Non-stationary
Kriging methods have been proposed by for example Toal and Keane
[63].

5.1.3 Neural Networks

Neural Networks (NNs) were introduced by McCulloch and Pitts [10] and
mimics the human brain and its processing of information. Figure 5.1
has been adapted from Aspenberg [64] and shows an NN with an input
layer, an output layer and two hidden layers. Each circle is a neuron
and contains a rather simple transfer function. The process of fitting an
NN to samples strives to determine the shape of the transfer functions.
One commonly used transfer function is the sigmoid function that is

shown in equation (5.8).
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Figure 5.1 Schematics of a simple Neural Network.

f (a) = 1
1 + r−a

(5.8)

The layers and transfer functions make the NN extremely flexible,
which makes it suitable to reanimate non-linear behaviour. The draw-
back is that the fitting of the model may take time since an optimization
of its transfer functions needs to be performed.

5.1.4 Radial basis Functions

Radial Basis Functions (RBF) can be seen as a Neural Network with
certain settings [65] and was introduced by Broomhead and Lowe [66].
The value of a point is interpolated from the values of known points

as a function of the Euclidean distances to the points [67]. This is
exemplified in equation (5.9) for a case where n points are known.

f̂ (x) =
n∑

i=1
ωiφi (‖x− xi‖) +

m∑
j=1

βjfj (x) (5.9)
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The last term is a polynomial response surface when there are k vari-
ables, which means that RBF can handle global trends [68]. φi is a
function of the Euclidian distance between the point whose value should
be estimated and the known point with index i.
The creation of an RBF means that the distance function and the

weights, ωi, and the coefficients, βj , need to be determined. These
values need to be optimized to achieve as high accuracy as possible for
the RBF.

φ (r) = e− r2
s2 (5.10)

Numerous different distance functions that can be used exist and a
Gaussian function of the form shown in equation (5.10) is used in the
thesis. r is the Euclidian distance between the two points and s a pa-
rameter that needs to be determined when or before the RBF is created.
The reason for choosing the Gaussian distance function is that

Nakayama [69] presents an analytical expression that can be used
to approximate a value for s. This approximation is shown in equa-
tion (5.11), where dmax is the distance between the two points that are
furthest from each other, n is the number of known points and m is the
number of variables.

s = dmax (n ·m)− 1
m (5.11)

An optimization of the parameters of the RBF can be avoided thanks
to the fact that s can be estimated with equation (5.11). The weights,
ωi, and the coefficients, βj , can thereby be calculated by solving the
matrix system in equation (5.12) [68].[

φ P
P t 0

]{
ω
β

}
=
{
f
0

}
(5.12)

φ is a n x n-matrix that contains the distance function values for every
pair of sample points. The other matrices are shown in equation (5.13).

P =


1 x1
1 x2
...

...
1 xn

 , ω =


ω1
ω2
...
ωn

 , β =


β0
β1
β2
...
βm

 , f =


f (x1)
f (x2)

...
f (xn)

 (5.13)

26



Surrogate Models

The estimation of s from equation (5.11) ensures that the RBF can
be created by solving equation (5.12) since the φ-matrix includes no
unknown parameters. This can be done rather simply with a least square
estimation such as the one shown in equation 5.4. The accuracy will be
lower than if the parameters of the RBF had been optimized with an
optimization algorithm, but it is often convenient to speed up the process
by avoiding an optimization.

5.2 Design of Experiments
It is desirable to achieve a surrogate model with as high accuracy as
possible given a number of samples. It is therefore recommended that a
sampling be used that specifies which samples should be drawn and this
field is called Design of Experiments (DoE). Numerous DoEs [9] that can
be used with different criteria exist, but this thesis mainly uses Latin
Hypercube Sampling (LHS) [70]. LHS is also used as DoE for simulation
models by many other authors [12], [57], [68].

5.2.1 Latin Hypercube Sampling
LHS divides each variable range into n parts of equal size [70]. n samples
are then drawn with the requirement that only one sample should be
found in each part of each variable. This is demonstrated for three
samples and two variables in figure 5.2. It is shown that one sample (a
cross in the figure) is placed in each row and column, which means that
the requirements for LHS are fulfilled.
A diagonal sampling plan would fulfil the requirements of LHS, but it

is usually unsatisfactory since no information about the other parts of
the design space is gained by the samples. This can be avoided by setting
additional requirements for LHS as well. One example is the maximin
criterion, which maximizes the distance between the two samples that
are closest to each other. The n samples will consequently be evenly
spread around the design space.
A drawback with LHS is that it is difficult to add samples to an

existing sampling plan without violating its current properties [71]. It is
therefore recommended to double (or use another multiple) the number
of samples if the properties should be preserved.
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Figure 5.2 A Latin Hypercube sampling plan consisting of three sam-
ples for two variables.

5.3 Accuracy estimations
It is desirable to measure the accuracy of the surrogate model to esti-
mate the credibility of its results. This can be done in several ways,
for example by calculating how well the surrogate model is fitted to the
data that was used to create it. This is usually not recommended and
this is especially true for interpolating surrogate models since they will
have an accuracy of 100 % at those points [68].
It is instead recommended that the accuracy of the surrogate model

be assessed by comparing its predictions to another data set that was
not used to fit the surrogate model. Either new samples need to be
collected or the leave-k-out strategy can be used [72].

5.3.1 Leave-k-out strategy

The leave-k-out strategy removes k points from the dataset and fits a
surrogate model to the remaining sets. The removed points are then
used to assess the accuracy of the surrogate model. Different surrogate
models are received when different points are removed and the most
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promising surrogate model according to the accuracy measures can be
chosen.
Meckesheimer et al. [73] perform experiments with different values of

k for different types of surrogate models and present general guidelines
and recommendations for the size of k.

5.4 Accuracy measures

Below follow a few accuracy measures that can be used to measure how
well the predictions from the surrogate model agree with the original
model or experiments. yi is the value of the original model at point i,
whereas ŷi is the value predicted by the surrogate model. y is the mean
value and n is the number of points in the dataset that is used for the
comparison.
The measure that is used most in the thesis is the Normalized Root

Mean Squared Error (NRSME), presented in equation (5.14). It is in
the form of a percentage and should be as low as possible.

NRSME =

√√√√√ n∑
i=1

(
yi−ŷi

yi

)2

n
(5.14)

Another accuracy measure is the R square, which measures the overall
accuracy of the model [57]. It can be seen in equation (5.15) and should
be as close to one as possible [74].

R2 = 1−

n∑
i=1

(yi − ŷi)2

n∑
i=1

(yi − y)2
(5.15)

The relative average absolute error (RAAE) is also a metric for the
overall accuracy of the surrogate model [74]. Its equation is shown in
equation (5.16) and the accuracy is higher the closer the RAAE is to
zero.

RAAE =

n∑
i=1
|yi − ŷi|

n

√
1
n

n∑
i=1

(yi − y)2
(5.16)
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The equation for the Relative Maximum Absolute Error (RMAE) is
shown as equation (5.17) [74]. It indicates how large the largest error
between the estimated and true value is. This is a local measure and
should be as low as possible [57]. This metric can show a large local
error even though the other metrics display high accuracies, but the
other metrics are usually more important [54]. The RMAE is then just
a warning that large local errors might occur.

RMAE = max{|y1 − ŷ1|, |y2 − ŷ2|, . . . , |yn − ŷn|}√
1
n

n∑
i=1

(yi − y)2
(5.17)
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6
Surrogate Model

Assisted
Optimization

The combination of surrogate models and optimization is a powerful
tool when concepts of complex products are to be evaluated using mod-
elling and simulation [11]. The most widely used method that involves
surrogate models in the industry today is probably to create a surro-
gate model of a computationally demanding model and then perform
an optimization on the surrogate model. This unfortunately puts high
demands on the surrogate model since it needs to be accurate in the
whole design space due to the fact that the location of the optimum is
unknown before an optimization has been performed.
Recent methods instead focus on creating an initial surrogate model by

using part of the computational budget, and then gradually improving
the surrogate model during the optimization [8]. The benefit of these
methods is that most expensive simulations of the original model are
made in the parts of the design space where the optimization algorithm
actually operates. This minimizes the number of unnecessary simula-
tions and improves the accuracy of the surrogate model in the parts of
interest of the design space.
The problem with these methods is that the surrogate model and

thereby optimization can be misguided by particularly deceptive objec-
tive functions. This means that the initial surrogate model needs to
reflect the overall appearance of the original model quite well to avoid a
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misguided optimization.
These methods can be divided into two categories - Surrogate Model

Guided Optimization and Sequential Approximate Optimization.

6.1 Surrogate Model Guided Optimization
Optimization methods and algorithms that belong to this category per-
form one optimization with a surrogate model that is updated during
the optimization.
One example is the GA, proposed by Duvigneau and Praveen [67]. It

begins by evaluating the fitness of the original population by simulating
the original model and the 20% best individuals are selected for mating.
An RBF is also fitted to the individuals from the first generation. The
RBF is used to give an estimation of the fitness value of all new indi-
viduals that are created. The 30% most promising individuals in each
generation are then evaluated using the original model and the 20%
best individuals selected for mating. The RBF is also updated with the
simulations of the original model. Ideally, this means that the accuracy
of the GA is maintained, whereas the required number of simulations of
the original model is reduced by approximately 70%.
Safari [75] proposes a surrogate model guided particle swarm opti-

mization. The algorithm is called MGPSO (Meta-model guided particle
swarm optimization) and uses PCA-HDMR as surrogate model. This
is a surrogate model type that has been developed specifically to re-
animate problems with many variables [76]. The algorithm stores the
function evaluations that the PSO performs and iteratively creates sur-
rogate models from these samples. The minimum of the surrogate model
is then added to the velocity update function for PSO as an acceleration
term. The updating of a particle’s direction and velocity will conse-
quently depend on the the particle’s present velocity and direction, its
own memory, the swarm intelligence and the minimum of the surrogate
model. The algorithm will perform an equal amount of objective func-
tion evaluations as a regular PSO, but performs better thanks to the
surrogate model intelligence.
There also exist optimization algorithms that use surrogate models to

reduce the design space [75]. They either try to identify unpromising
regions or optimization variable ranges. These can then be discarded,
which reduces the design space. One example is the space exploration
and unimodal region elimination algorithm (SEUMRE) [77]. It begins
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by drawing samples in the design space and the algorithm then divides
the design space into several regions that are ranked after how likely it
is that the optimum is located in the region. Additional samples are
drawn in the most promising region and a surrogate model of the region
created. An optimization of the surrogate model is then performed to
find the optimal solution in the region. The process can then continue
with the second most promising region, and then the third, and so on
until the decision maker is satisfied with the results.

6.2 Sequential Approximate Optimization

Sequential Approximate Optimization (SAO) is one of the most efficient
methods to optimize computationally demanding models [8], [78]. A
schematic of its basic operations is shown in figure 6.1. It begins by
drawing samples according to a DoE and fits a surrogate model to the
samples. An optimization is then performed to find the optimum value
of the surrogate model. A simulation of the original model with param-
eter values according to the optimization is performed and the surrogate
model updated with this sample. An optimization is then performed to
find the optimum of the updated surrogate model. This process contin-
ues until a stop criterion is met.
This method is not suitable for problems that are extremely fast to

evaluate since an optimization is performed between each simulation of
the original model.
An optimization algorithm with high accuracy is recommended for op-

timizing the surrogate model, even if it requires many objective function
evaluations, since all of them are performed on the surrogate model.
The ratio between how many points should be used for the initial

model and the number of infill points has been investigated by for ex-
ample Reisenthel and Lesieutre [79].

6.2.1 Infill criteria

The surrogate model is generally improved as the SAO progresses. But
it can still be misguided by deceptive objective functions or badly placed
initial samples [78]. This can in some ways be remedied by updating the
surrogate model with points not only at its optimum but also at other
places to ensure that no important region is neglected.
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Figure 6.1 A flowchart for a simple sequential approximate optimiza-
tion method.

Both Jones [78] and Forrester et al. [8] demonstrate this for different
types of infill criteria and deceptive objective functions. Below follow
some proposed infill criteria that they present.

• Maximum distance from the closest known point

• Maximum uncertainty in the surrogate model

• Maximum estimated improvement of the value predicted by the
surrogate model [80]

The maximum distance from the closest known point is quite an in-
tuitive infill criterion since it is probable that the surrogate model has
a low accuracy in areas where not much is known. It is also quite easy
to implement and can be used with any type of surrogate model. The
two last criteria can be used with Kriging since it has the capability to
estimate both their uncertainty and expected improvement.
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7
Probabilistic
Optimization

Computer models are usually deterministic [52], but most processes and
systems in real life are prone to be affected by stochastic uncertain-
ties. Real life systems and products are affected by changing working
environments, material variations, tolerances and many more types of
variations and uncertainties. This means that methods are needed that
can estimate how the uncertainties and variations affect the products.
The methods that handle uncertainties in optimization are usually

divided into two categories depending on the goal of the optimization
[64]. Robust Design Optimization (RDO) tries to find an optimum so-
lution that is insensitive to uncertainties and variations [55], whereas
Reliability-Based Design Optimization (RBDO) tries to minimize the
probability of failure. This can be exemplified with figure 7.1, where
A is a deterministic optimum and B a more robust optimum. C is the
most reliable solution if the red line is the required performance to avoid
failure and the spread in variable x of a design that is as wide as the
grey field.
The objective function in RDO is usually a linear combination of the

mean value, µ, and the standard deviation, σ, of the desired system char-
acteristic [12]. This is exemplified in equation (7.1) where the weights,
w1 and w2, are used to balance expected performance versus robustness.

min f (x) = w1µ+ w2σ (7.1)

The randomness needs to be introduced into the analysis to enable
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Figure 7.1 A deterministic, A, robust, B, and reliable, C, optimum
when the function is to be minimized.

estimation of expected value, standard deviation and/or probability dis-
tributions of the desired system characteristic since the computer models
are deterministic.
This can be done by assigning probability distributions to the param-

eters of the model to represent the variation that occurs in the real phys-
ical system [55]. Different simulations of the model will show different
results when random parameter values are chosen for each simulation.
Multiple simulations are then run with model parameter values sam-
pled from the assigned distributions to estimate the distributions of the
system characteristics.
It is also possible to add random noise to the output of the model to

represent model uncertainty [81]. It is most common, however, to assign
the uncertainty as two bounds after the statistics from the model have
been calculated [82]. This creates a p-box, as exemplified in figure 7.2
[83]. The uncertainties and errors in the model mean that the possible
system characteristic values from the design lie between the two dashed
lines.
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Figure 7.2 An example of a p-box

7.1 Estimating Statistical Entities

It is necessary to estimate some statistical entities to enable probabilistic
optimization. The target is to either estimate the mean value and stan-
dard deviation in RDO or the probability distribution in RBDO. These
entities can be estimated by methods such as FORM (first-order reli-
ability methods) [84] or SORM (second-order reliability methods) [85],
[86] or Polynomial Chaos Expansion [87].
The most renowned and used methods are the sampling-based meth-

ods, where the Monte Carlo Simulation (MCS) is the most commonly
used. It resembles throwing a pair of dice numerous times to estimate
the probability of rolling a six. This will converge towards the true dis-
tribution according to the law of large numbers, but the required number
of samples is unrealistically large for MCS to be used in an optimization
process [88], [VI].
It is instead common to use LHS (presented in section 5.2.1) to draw

samples [71]. The probability distributions of the uncertainties are di-
vided into n intervals of equal probability. One sample is then drawn
from each interval.
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The mean value, µ, of the samples can be estimated according to
equation (7.2). yi is the value of sample i and the number of samples is
denoted n.

µ̂ = 1
n

n∑
i=1

yi (7.2)

The standard deviation, s, can be estimated with either equation (7.3)
or 7.4. The first can be used to estimate the standard deviation of the
samples, whereas the second estimates the standard deviation of the
phenomena that the samples were drawn from. This is akin to the
difference between estimating the standard deviation of a number of
individuals in a population and estimating the standard deviation of
the population that the individuals belong to.
The difference between the two estimations is negligible for large sam-

ples, but equation (7.4) is most commonly used in the context of RDO
since it is desirable to estimate the standard deviation of the system
characteristics for a certain design, and not the standard deviation of
the samples.

sn =

√√√√ 1
n

n∑
i=1

(yi − µ̂)2 (7.3)

s =

√√√√ 1
n− 1

n∑
i=1

(yi − µ̂)2 (7.4)
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8
Applications

The methods presented in this thesis have been used to optimize several
different mathematical functions and applications. The applications are
presented in this section and are represented by models of different levels
of detail. This means that some models are used for overall design of a
system, whereas some are used for detailed design.
The models are as follows:

1. A MATLAB Simulink [89] model of an electric motorcycle that is
used to optimize the gearbox.

2. An MDO framework that is used to optimize the overall design of
an industrial robot.

3. An MDO framework that is used to optimize a balancing mecha-
nism for an industrial robot.

4. A Dymola [90] model of a dynamic pressure regulator found in
aircraft.

The first and third are examples of an optimization of a component
where it is analysed together with the rest of the product to ensure that
the product receives optimal properties. The second represents overall
design of a product on a conceptual level and uses therefore low-fidelity
models. Detailed design of a component is represented in the last model,
where a high-fidelity model is used in the optimization.
The mathematical functions used in this thesis can be found in works

by for example Neculai [91]. Mathematical functions have the benefits
that they are fast to evaluate and can be chosen and tailored to test
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different properties of the methods [55]. It is for example often possible
to scale them to a desired number of dimensions/variables.

8.1 Electric motorcycle

A simple conceptual engineering problem is included in the form of a dy-
namic simulation of an electric motorcycle. Figure 8.1 shows a Simulink
block diagram of a model of an electric motorcycle. The model is based
on physical equations and consists of four main components: the bat-
tery, the electrical motor, the gearbox and the actual motorcycle. The
model can be used to simulate the velocity and operational range of the
motorcycle as a function of elapsed time. More details can be found in
paper [III].
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Figure 8.1 A Simulink model of an electric motorcycle

The model is used to find the optimum gear ratios of a gearbox with
two gears as described in papers [III] and [IV]. The gearbox also has
a velocity at which it automatically switches between first and second
gear. Different gear ratios are optimal depending on what properties
the motorcycle is desired to have. The mathematical formulation of the
optimization problem is shown in equation (8.1). The objective is to
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maximize the velocity of the motorcycle after five seconds when it is
accelerated from standstill, i.e. to obtain maximum acceleration.

min f (x) = −V5 (x)
s.t.

x = [u1 u2 vshift]
1 ≤ u1 ≤ 20
1 ≤ u2 ≤ 20
1 ≤ vshift ≤ 75

(8.1)

8.2 Overall design of an industrial robot
An MDO framework is used in paper [I] to optimize the overall design
of an industrial robot consisting of CAD models, a dynamic analysis,
a solid mechanics analysis based on Finite Element Models and a cost
analysis. The dynamic analysis calculates how the different links and
actuators move during a robot’s work cycle. It also calculates the forces
that are exerted on the robot components during the cycle. These forces
are sent to the solid mechanics analysis, which calculates the resulting
stresses in the components.
The objective is to minimize the weight of the robot’s links and the

variables are the thickness of the material in the links and which ac-
tuators should be used. The thickness is represented by continuous
variables whereas the choice of actuators are discrete variables. This
mixture of variable types makes the modelling and optimization of the
problem quite demanding. The CAD model needs to be both morpho-
logical and topological to enable the continuous and discrete parameters,
respectively, to be handled.
The finite element model imports the geometry from the CAD model

and an example of a robot link is shown in figure 8.2. The size of its
top and bottom geometries is decided by the choice of actuator whereas
the material thickness variable controls the cross-sectional area of the
rest of the link. This is the most time-consuming analysis and it is
therefore desirable to replace it with surrogate models. This is described
in section 9.
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Figure 8.2 Finite Element Models of two robot links.

8.3 Balancing mechanism for an industrial robot
Industrial robots that carry heavy loads usually have a balancing mech-
anism that reduces the torque exerted on the second axis, as shown in
figure 8.3.
The balancing mechanism is an example of a torque reduction. The

mechanism is a cylinder containing three concentric springs. The mount-
ing positions of the mechanism is shown in 8.4. One end is fixed while
the other is attached to the second axis. The position of the piston in-
side the cylinder will therefore change when the angular position of the
second axis changes. This means that the compression of the springs will
change and thereby the axial force in the piston, which in turn results
in a change in the balancing torque.
It is desirable that the balancing torque change with the position of

the robot since the position of the load carried determines the torque.
An example of such a torque curve is shown in figure 8.5.
It is possible to use different concepts for the balancing mechanism.

It can for example be electric or a balancing cylinder filled with gas or
a fluid attached to an accumulator.
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Figure 8.3 An ABB IRB6640 robot, courtesy of ABB.
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Figure 8.4 Schematic of mounting positions A and B for a pushing
cylinder.
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Figure 8.5 Example of a function of how the torque from the balancing
mechanism varies when the angle of the second axis is changed.
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8.4 Dynamic pressure regulator
The application studied in paper [IV] is from the aircraft field where the
Dynamic Pressure Regulator (DPR) is used to control the pressure in the
cockpit or in the pilot’s g-suit. It is important that the system is filled
fast enough and to the correct pressure level. The time it takes to fill
the ECS and the end pressure inside it are therefore the two objectives
of interest for this application.
Figure 8.6 shows a screenshot of a Dymola [90] model of the DPR.

Dymola is an object-oriented software that can be used to simulate dy-
namic behaviour of complex systems. This is comparable to MATLAB
Simulink that was used for the electrical motorcycle problem.

Figure 8.6 Two screenshots from Dymola showing the Dynamic Press-
ure Regulator.
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9
Accuracy of

Surrogate Models

As stated in section 5.1, different surrogate models are suitable for dif-
ferent types of problems. It is therefore important to investigate which
model should be chosen to model a certain entity. Such a comparison
is made in paper [I] to find the most suitable model to replace the ge-
ometrical model in the MDO framework. Additional details regarding
the comparison can be found there, but some of the results are also
presented here as well. The best surrogate model according to the com-
parison should also be a good candidate for surrogate model for the
other problems.
The test case is the geometrical model of a robot link and it is tested for

the continuous variable link thickness and the discrete variable actuator
choice. The outputs are the link’s mass, moment of inertia and centre
of gravity.
The surrogate models are fitted in modeFRONTIER [92] with the

same 50 samples for each surrogate model type, and their accuracies are
estimated on 20 additional samples. They are tested for the accuracy
measures NRSME, RAAE and RMAE. The resulting measures are com-
piled in table 9.1. The NRSME measures are also presented in figure 9.1,
where it is shown that Anisotropic Kriging, Neural Networks and Radial
Basis functions perform best.
The accuracies of these three surrogate models are also investigated

when they are fitted with 100 and 150 samples to see the impact of larger
samples. A comparison of this investigation is shown in figure 9.2. It is
shown that additional samples improve the accuracies of the surrogate
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Figure 9.1 Bar chart showing the NRSME of each surrogate model
type fitted with 50 samples.

Table 9.1 Accuracy measure for the different surrogate models.

Actuator Variation Thickness Variation
Surrogate Model (No. of samples) NRSME RAAE RMAE NRSME RAAE RMAE

Anisotropic Kriging (50) 0.611 1.223 1.986 0.346 0.095 0.346
Evolutionary Design (50) 1.449 2.590 3.966 0.989 0.249 0.989
Gaussian processes (50) 1.699 5.660 10.977 1.226 0.404 1.226
Kriging (50) 1.009 2.665 4.724 1.161 0.307 1.161
Neural Networks (50) 0.748 1.968 2.489 0.558 0.144 0.558
Polynomial SVD (50) 3.324 11.121 12.805 2.828 1.550 2.827
Radial Basis Functions (50) 0.644 2.230 4.626 0.501 0.176 0.501
Shepard K-nearest (50) 1.539 6.324 7.157 1.847 0.666 1.847
Anisotropic Kriging (100) 0.030 0.107 0.218 0.010 0.023 0.067
Neural Networks (100) 0.062 0.238 0.465 0.011 0.034 0.086
Radial Basis Functions (100) 0.076 0.196 0.410 0.028 0.025 0.065

models, which was expected to a certain extent. The most important
finding is that Anisotropic Kriging performs best and is therefore used
to model the geometrical properties in the framework that optimizes the
overall design of industrial robots.
Anisotropic Kriging is therefore also used in the other papers in the

thesis when the time it takes to update the surrogate model is not of im-
portance. PRS is instead chosen when it is important that the surrogate
model fitting and evaluation is fast and/or only a high local accuracy is
needed.
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Figure 9.2 Bar chart showing the NRSME of Kriging, Neural Networks
and Radial Basis Functions fitted with 50 and 100 samples.
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10
Improving the
Complex-RF

Method using
Surrogate Models

Paper [III] presents improvements of the Complex-RF optimization al-
gorithm by modifying it so that it uses Polynomial Response Surfaces
(PRSs, see 5.1.1) throughout the optimization.
The modified algorithm is called Compelx-RFM and a flowchart of the

operations performed by it is shown in figure 10.1. It operates similarly
to Complex-RF until enough function evaluations have been made to
enable a PRS to be created. Every estimation of the objective function
value is then carried out by calling the PRS. However, the PRS needs to
be updated to ensure that it is accurate in the parts of the design space
where the optimization algorithm is operating. A simulation of the true
objective function is therefore made occasionally to update the PRS.
This is handled by the ”SM check” activity that is shown in figure 10.1.
If the coefficients of the two latest PRSs are equal enough, it is believed
that the PRS is trustworthy and the ”SM check” activity omitted for a
number of iterations. How equal the two PRSs need to be, ς and the
number of omissions, ε, are two parameters that can be tuned to adjust
the performance of Complex-RFM.
The performance of Complex-RFM is compared with Complex-RF,

a Genetic Algorithm, a gradient-based method and an SAO for sev-
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Figure 10.1 Flowchart for the Complex-RFM optimization algorithm

eral mathematical functions and the electric motorcycle model. The
gradient-based method is fmincon that can be found in MATLAB [89].
The SAO use no other updating or infill criterion than the optimum of
the surrogate model. The conditions of the comparison are describes in
section 10.1.
The resulting performance indices are presented in table 10.1.

Complex-RFM outperforms Complex-RF for every problem, which
indicates that the modifications improved Complex-RF. There are two
columns for Complex-RFM - one is for the algorithm when its parame-
ters have been optimized for each problem and the other is for when it
is used with its standard parameter values. These values are shown in
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Table 10.1 Performance indices for the optimization algorithms and
problems.

Problem Complex-RF Complex-RFM Complex-RFM fmincon SAO
Optimized Standard

Peaks 0.620 0.883 0.835 0.758 0.996
Hartmann6 1 1 0.947 1 0.999
Engine timing 0.274 0.644 0.509 0.190 0.250
PID demonstration 0.322 0.549 0.380 0.213 0.436
Electric MC 0.465 0.822 0.784 0.218 0.804

Table 10.2 Optimal parameters for Complex-RFM for each problem.

Problem Rfak γ ε ς

Peaks 1 0.05 25 0.01
Hartmann6 0.2 0.05 2 0.002
Engine timing 0.86 0 1 0.005
PID demonstration 0.79 0.04 3 0.001
Electric MC 0.28 0.06 2 0.008
Suggested standard 0.50 0.20 4 0.004

table 10.2.
The parameters of the optimization algorithm can be tuned by per-

forming a meta-optimization [93], [94]. Such optimizations have been
performed for each of the mathematical functions and the results are
presented in table 10.2. The results have been used to give recommended
values for the parameters to use as standard values.
The chosen degree of the polynomial response surface is of the sec-

ond order. This is an adequate balance between precision and required
number of function evaluations to fit the surrogate model. The precision
needs to be good enough to reanimate the overall characteristics of the
objective function, to guide the optimization, but do not need excellent
accuracy over the whole design space.
The last surrogate model can also be used to estimate how the objec-

tive function behaves in the vicinity of the optimum. One example is
shown in figure 10.2, where the peaks function has been optimized using
Complex-RFM.
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Figure 10.2 Example of a PRS that reanimates the shape of the opti-
mum of the peaks function.

10.1 Performance metric for comparison of opti-
mization methods

The ensuing chapters will present comparisons and benchmarking of dif-
ferent methods that can be used to perform optimizations of complex
products. The conditions under which these occur are common to all of
them. Each method is used 1 000 times to optimize each test problem
and model in order to reduce the uncertainty due to statistical variation.
The entities that are calculated are the average number of required func-
tion evaluations, the probability of finding the optimum and the mean
value and standard deviation of the optimal objective function value.
Many different criteria can be used to determine whether the optimiza-

tion was successful or not. These comparisons use the same criterion as
Reisenthel and Leisutre [79], which means that an optimization is suc-
cessful if the objective function value found is among the lowest per mille
of all possible solutions. This number is found by performing 100,000
evenly spread simulations in the design space.

10.1.1 Performance Index
Several performance indices, η, for optimization have been proposed.
They usually calculate the convergence rate of the optimization [94], but
Krus and Ölvander [18], for example, use equation (10.1) instead. Popt is
the chance of finding the optimum by performing one optimization, also
denoted hit-rate, and nopt is the required number of function evaluations
for the optimization algorithm to converge.

η = Log2 (1− Popt)
nopt

(10.1)
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Another performance index, first presented in paper [VIII] is used in
these comparisons. It is based on the assumption that if Popt is the
chance of finding the optimum by performing an optimization, then the
probability of not finding the optimum is 1 − Popt. The probability
of not finding the optimum when n optimizations are performed can
be calculated with equation (10.2) and the probability of finding the
optimum is then 1− equation (10.2).

(1− Popt)n (10.2)

This is a biased performance index since it does not consider the fact
that different algorithms require different numbers of function evalua-
tions to converge. n should therefore be replaced with the number of
simulations that can be performed with a certain computational budget.
The budget is here set to 100 function evaluations to obtain a numerical
value for the performance index. The possible number of optimizations
is then 100/nopt, where nopt is the average number of function evalua-
tions for the chosen optimization algorithm. The performance index can
then be calculated with equation (10.3).

η = 1− (1− Popt)100/nopt (10.3)

The performance index can be interpreted as the probability of finding
the optimum if 100 simulations of the original model are performed.
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11
Methods for Robust

Design
Optimization

Papers [II] and [IV] investigate different ways to incorporate surrogate
models into RDO and more details can be found there. Complex-RF
is used as the optimization algorithm and Latin Hypercube Sampling is
used to estimate the statistics of each design. The first comparison inves-
tigates which entity the surrogate model should reanimate. A method
without surrogate models is also included to provide reference values.
The tested methods are therefore as follows:

1. A1 - Robust Design Optimization without any surrogate models.

2. A2 - Create a surrogate model of the original model before the op-
timization is begun and perform the RDO on the surrogate model.

3. A3 - Create a surrogate model of the original model during the
RDO and perform all function evaluations on the surrogate model
once it has been created.

4. A4 - Create a surrogate model of the mean value and standard
deviation during the RDO and perform all estimations of these
entities by calling the surrogate model once it has been created.

5. A5 - Create a surrogate model of the objective function during the
RDO and call the surrogate model during the rest of the RDO
once it has been created.
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6. A6 - Create a surrogate model of the original model during the
optimization. A deterministic evaluation of the original model is
performed when the objective function value of a design is to be
evaluated. The surrogate model is updated with this point and
the LHS calls the surrogate model to estimate the mean value and
standard deviation.

A6 is developed from the Complex algorithm in paper [II]. Paenke et
al. [95] has proposed a method referred to as Evolutionary Algorithm
for Robustness Optimization, here referred to as EARO, that is based
on a similar idea. They both perform a deterministic evaluation and up-
date the surrogate model before the surrogate model is used to estimate
the mean value and standard deviation of the suggested design. The
difference is that Paenke et al. use a genetic optimization algorithm and
polynomial response surfaces as surrogate models.
The comparison was made with the conditions presented in sec-

tion 10.1 and the results are presented in table 11.1. It is shown that it
is better to create a surrogate model of the original function or model
than to create a surrogate model of the mean value and standard devi-
ation or the whole robust objective function. The table also shows how
ineffective it is to perform an RDO without a surrogate model.
The methods denoted A1, A2 and A6 are tested again against two

other methods in paper [IV]. One of the other methods is EARO [95].
The other method is Robust Sequential Optimization (RSO), presented
for example by Wiebenga et al. [12] and Rehman et al. [96]
The performance indices for the methods for several problems are

presented in table 11.2. These results confirm that A6 is better than
A1 and A2. A6 is also better than EARO, which has a similar idea
behind its mechanisms. This means that the replacement of the genetic
algorithm as optimization algorithm with Complex-RF and replacing the
polynomial response surfaces with Kriging improved the performance.
It is also shown that sequential robust optimization outperforms the

other methods for all problems. This means that it is the recommended
choice for Robust Design Optimization.
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Table 11.1 Performance indices for six different methods for Robust
Design Optimization.

Methods
Problem A1 A2 A3 A4 A5 A6

Peaks 0.014 0.428 0.309 0.003 0.001 0.86
Aspenberg 0.410 0.227 0.212 0.053 0.062 0.99
DPR 0.070 0.762 0.719 0.452 0.404 0.942

Table 11.2 Performance indices for five methods for Robust Design
Optimization.

Methods
Problem A1 A2 A6 EARO RSO

Branke3 0.026 0.076 0.117 0.002 0.338
Hart6 1 0.010 0.712 0.010 0.861
Peaks 0.022 0.606 0.655 0.352 0.999
Rehman 0.019 0.714 0.706 0.023 0.998
Beam 0.010 0.014 0.036 0.009 0.215
Electric MC 0.005 0.110 0.044 0.015 0.503
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MDO of a
Balancing

Mechanism for
Industrial Robots

Paper [V] performs several MDOs of the balancing mechanism presented
in 8.3. A schematic of the proposed framework is shown in figure 12.1.
The framework is monolithic in its present form even though the dy-
namic simulation and the static and weight estimations could be run
in parallel. This is due to fact that the two latter can be evaluated in
less than a second each and the wall-clock time of one optimization is
then marginally longer when each analysis is done in a series instead of
parallel.
The framework can design either a mechanical, gas or hydro-

pneumatic balancing mechanism. It begins by calculating the position
of the piston inside the balancing cylinder as a function of the angle of
the second axis. These positions are then used to calculate the torques
from the balancing mechanism according to equation (12.1), (12.4) or
(12.6), depending on the chosen concept.
Equation (12.1) shows how the axial force in the piston can be calcu-

lated as a function of the spring stiffness, kspring, and the compression
of the springs.

F = kspring∆x (12.1)
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Figure 12.1 Schematic of the proposed framework with a focus on how
the information is passed between the optimization algorithm and the four
tools. These are the four squares with grey background.

The spring stiffness can be calculated according to equation (12.2) as a
function of the thread diameter, d, spring diameter, D, and the number
of turns, n.

kspring = Gd4

8nD3 (12.2)

The gas spring concept can calculate the axial force in the piston under
the assumption that the gas pressure changes according to a polytropic
expression as shown in equation (12.3).

C = pgasV
q

gas (12.3)

The axial force can then be calculated according to equation (12.4).

F = Apiston
C

(Apistonx)q
(12.4)

The hydro-pneumatic concept fills one chamber of the balancing cylin-
der with a fluid that is attached to an accumulator. The size of the
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accumulator can be calculated according to equation (12.5).

V0 =
∆V p1

p0

1−
(

p1
p2

) 1
n

(12.5)

The axial force in the piston can then be calculated according to equa-
tion (12.6) under the assumption that the liquid is incompressible com-
pared to the gas.

p1 = p0V
q

0
(V0 −Apistonx)q (12.6)

The torque function is sent to an input file for the dynamic simula-
tion, which simulates all properties of the industrial robot during a given
robot cycle. The input file also contains data on all links, actuators and
other components. The dynamic model includes the robot mechanism,
a path planner and the robot’s controller. It is both an advantage and
disadvantage that the dynamic simulation stops if the suggested balanc-
ing is inadequate and this needs to be handled by the optimization. The
output of interest from the dynamic simulation is the time it takes for
the robot to complete the cycle, CT , the energy consumption, EC, the
lifetimes of the gearboxes, LT , and the dynamic torque, T .
The static estimator uses the forces and pressure inside the balancing

cylinder to estimate the required cylinder wall thickness. This is then
used by the weight estimator to calculate the weight of the balancing
mechanism, CW .
The mathematical formulation of the optimization problem is shown

in equation (12.7). It is shown that there are numerous objectives that
should be optimized for. The optimization variables are the mounting
positions of the balancing mechanism and a few variables that determine
the relationship between piston position and force and are therefore
unique to each concept. More details can be found in paper [V].

minf (x) = {CT,EC, Tunbal, CW,CL, V 0}
s.t.

g1 (x) = LTmin − LT ≤ 0
xL

j ≤ xj ≤ xU
j

(12.7)

The problem is optimized with NSGA-II in modeFRONTIER [92],
which results in a Pareto front. The front is shown for two variables at a
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time in figures 12.2 and 12.3. The first does not give much information
except that the volume of the accumulator increases as the unbalanced
torque decreases. Figure 12.3, on the other hand, reveals that solutions
with lower cycle times than 0.972 result in significantly longer balancing
mechanisms.

Figure 12.2 The Pareto front plotted as the volume of the accumulator
versus the unbalanced static torque.

It is also of interest to investigate which parameter values contribute
to the Pareto front and this can be presented with a parallel coordinate
chart such as that shown in figure 12.4. Each line in the chart corre-
sponds to one Pareto optimal solution and it is shown that the solutions
for α1 and α2 are clustered around 0.4-0.5. This information can be
used to narrow the design space or to set these optimization variables
to fixed values, which turns them into constants.
One solution from each concept has been selected and their properties

are compiled in table 12.1. It is shown that the framework presents
solutions that are better than the reference solution that exists in real
life and with which they are compared. It should be noted that the
Hydro-Pneumatic solution also needs to add an accumulator, which is
roughly spherical and has a diameter of ten cm.
The hydro-pneumatic concept is promising according according to the
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Figure 12.3 The Pareto front plotted as the robot cycle time versus
the cylinder length.

Table 12.1 Percentage values of the balancing properties for three op-
timized concepts with respect to a reference balancing cylinder.

Property Ref Mech Gas HP

Cycle Time 100 96 98 98
Cylinder Length 100 110 115 79
Cylinder Weight 100 123 14 18
Energy Consumption 100 91 96 90
Lifetime Second Axis 100 187 135 190
Maximum Axial Force 100 139 129 119
Unbalanced Static Torque 100 92 91 88

results, even when the accumulator is added. It is important, however,
to remember that the concepts that involve gas come with risks such as
leakages, which means that a mechanical concept might be preferable
anyway in some situations.
The dynamic simulation can be seen as confirmation whether a sug-

gested design works or not since it returns an error if an infeasible design
is suggested. The results in table 12.1 also seem credible since they are
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Figure 12.4 A parallel coordinate chart showing the variable values of
all Pareto optimal designs.

close to the reference design. This means that this section proves that
it is possible to use this monolithic MDO framework to optimize the
balancing mechanism.
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13
Discussion

Most complex products, such as mechatronic systems, demand quite ad-
vanced models to estimate the performance, endurance and cost of each
concept. It is therefore important to use efficient methods to optimize
the concepts.
The methods presented in the Frame of Reference are some of the

most popular for their purposes. More methods exist, but the thesis
has been narrowed down to dealing with only the most referenced meth-
ods. The limitations must be drawn somewhere to avoid unrealistic long
implementation and benchmarking times. The methods described are
enough to give an idea of which methods exist and to benchmark new
and modified algorithms.
The knowledge about existing methods for performing design opti-

mization and their advantages and drawbacks provide good directions
as to where additional research could be of interest. This includes in-
creasing understanding of the methods and modifying them in the hope
of improving them.
The most noteworthy assumption in the thesis is that the models

that are optimized have computational burdens of the order of minutes.
There is no need to involve surrogate models in the design process if the
models are fast. The engineer can instead build the desired objective
function and optimize the models with an optimization algorithm with
high accuracy such as a genetic algorithm or a particle swarm optimiza-
tion. If the models are too computational expensive other techniques
might be better suited.
An additional assumption is that the models studied are considered

to be black box models where the derivatives of the objectives and con-
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straints could not be obtained analytically. Furthermore the problems
addressed in real life are typically not convex, hence the thesis has fo-
cused on non-gradient based optimization techniques.
Another assumption is that the models that are used in the thesis are

accurate reanimations of the real world. This means that the results
from them are considered credible and consistent. Models are usually
not very accurate for more than a small range of parameter values and
this might affect the results, but methods for model validation and ver-
ification is outside the scope of the thesis.
The methods are intended to be used in the industry and it is there-

fore imperative that they are evaluated for applications that are as close
to real products as possible. It is impossible to prove without doubt
that the methods work for every conceivable product. The comparisons
therefore strive to use several applications, with different model fidelity,
to demonstrate the performances of the methods under different condi-
tions. The models in the thesis are taken from the vehicle, aeronautical
and robotics domains and should therefore be representative for complex
products.
The results from the optimizations should ideally by confirmed with

physical experiments, but those are expensive, especially when a whole
complex product such as an industrial robot needs to be constructed.
The methods and suggested optimal designs are therefore compared with
models and simulations with parameter settings that represent existing
products. This is for example the case for the balancing mechanism in
paper [V] where the obtained solutions are compared with an existing
design.
The optimizations are carried out with a standard computer with 16

GB RAM-memory and a 3.1 GHz processor without consuming more
wall-clock time than a day or two. This, together with credible results
from the optimizations, suggest that the methods can be applied in
industry.
It should however be pointed out that it is only possible to anal-

yse the things that have been modelled for a specific design problem.
The unknown characteristics that have been neglected or omitted in the
computer analysis might affect the results in real life. This is another ra-
tionale for performing physical experiments to confirm the results from
the computer analyses.
The comparison of the surrogate model types in paper [I] only tested

the surrogate models for one problem. But it revealed that Kriging,
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Neural Networks and Radial Basis Functions are the most accurate sur-
rogate model types and this agrees with the findings and suggestions
by other authors. One of them should generally be used and which one
to use depends on personal preferences or availability. A comparison of
the surrogate models should however ideally be made for each model or
phenomena that is animated with a surrogate model to find the most
suitable model.
Furthermore, Complex-RFM outperforms Complex-RF for every

problem in the comparison. It should be possible to find mathematical
problems where Complex-RF outperforms Complex-RFM, but the latter
is generally better. It is therefore recommended to use Complex-RFM
instead of Complex-RF for objective functions with few variables that
consumes wall-clock times in the size of minutes.
It is no surprise that the results in the thesis confirm that surrogate

models are efficient when computationally demanding models are opti-
mized. But the results clearly show the potential of the, to most of the
industry, relatively unknown Sequential Approximate Optimization.
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Conclusions

The thesis presents methods that can be used to optimize complex prod-
ucts. Several of the methods in each step of the optimization process
have been compared with each other to evaluate their performances.
This increases the understanding of the methods and can aid the se-
lection of which methods to use. It also answers the research question
regarding identifying popular methods for design optimization of com-
plex products.
Some of the methods have been modified to improve their performanc

and the benchmarking confirms that the modified methods perform bet-
ter than the original methods. This answers the research question re-
garding whether it is possible to modify a method to improve its perfor-
mance.
The comparison of surrogate model types in paper [I] reveals that

Anisotropic Kriging, Neural Networks and Radial Basis Functions are
most accurate. The geometrical model that they reanimate has both
continuous and discrete variables and should therefore be an appropriate
test case. Anistropic Kriging has the highest accuracy and is therefore
used as surrogate model throughout the thesis, except when the fitting
time is of importance or only local estimations are needed. Complex-
RFM fulfils both these criteria and therefore uses Polynomial Response
Surfaces instead.
A modified version of Complex-RF, Complex-RFM, is presented in

the thesis. The modified algorithm outperforms its original for every
problem in the comparison that does not have a one hundred percent
hit-rate. This means that the new algorithm is better than Complex-RF
and is preferred when problems with few variables are optimized.
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Furthermore, the results indicate that a sequential approximate op-
timization is the best way to handle optimization of computationally
demanding models. This is also one of the most complicated methods
of the ones presented here since numerous optimizations are performed
and the surrogate models are updated iteratively. The effort seems to
be worth it, however, since it clearly performs better than the other
methods for all benchmarking problems.
The results also indicate that it is almost impossible to perform op-

timization, and especially probabilistic optimizations such as Robust
Design Optimization, of computationally demanding models without in-
volving surrogate models. Several thousand simulations of a demanding
model are clearly unrealistic.
One of the greatest challenges over the coming years is to increase

usage of the methods for surrogate model assisted optimization in in-
dustry. They are the ones that stand to benefit from better support for
modelling, simulation and optimization of complex methods.
The problem is that it requires more knowledge to include surrogate

models in the optimization compared to using the original models. It
is already challenging for many companies to set up MDO frameworks
that can be used to optimize their products. Methods must therefore be
easy to use and maintain if they should be used in industry.
An increasing number of tools for MDO are developed and some of

them are rather good. Further improvements are needed however. Se-
quential Approximate Optimization is for example not implemented in
any of the most popular tools as far as the author know.
Most of the methods that are presented in the frame of reference of

the thesis originate from the 20th century. Recent research have instead
focused on how the methods should be used and combined effectively.
This can be seen by the numerous papers regarding MDO frameworks
and surrogate model assisted optimization algorithms that have been
published recently.
The most desired breakthrough according to this author in the field

of efficient optimization of complex products would however be a new
surrogate model type that is accurate, fast to create and has easily
understood mathematics behind it.
Other areas for future work includes application of the proposed meth-

ods to more engineering problems and potentially also in real industrial
settings. Furthermore, even though the field of surrogate assisted op-
timization has been growing recently there are still improvements to
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be made in order to identify the optimal way in which to spend the
expensive and time consuming calls of the high fidelity models.
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