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Cooperative Localization in WSNs Using Gaussian
Mixture Modeling: Distributed ECM Algorithms

Feng Yin,Member, IEEE,Carsten Fritsche,Member, IEEE,Di Jin, Student Member, IEEE,
Fredrik Gustafsson,Fellow, IEEEand Abdelhak M. Zoubir,Fellow, IEEE

Abstract—We study cooperative sensor network localization
in a realistic scenario where (1) the underlying measurement
errors more probably follow a non-Gaussian distribution; (2) the
measurement error distribution is unknown without conducting
massive offline calibrations; and (3) non-line-of-sight identifica-
tion is not performed due to the complexity constraint and/or
storage limitation. The underlying measurement error distribu-
tion is approximated parametrically by a Gaussian mixture with
finite number of components, and the expectation–conditional
maximization (ECM) criterion is adopted to approximate the
maximum-likelihood estimator of the unknown sensor positions
and an extra set of Gaussian mixture model parameters. The
resulting centralized ECM algorithms lead to easier inference
tasks and meanwhile retain several convergence propertieswith
a proof of the “space filling” condition. To meet the scalability
requirement, we further develop two distributed ECM algori thms
where an average consensus algorithm plays an important role
for updating the Gaussian mixture model parameters locally.
The proposed algorithms are analyzed systematically in terms of
computational complexity and communication overhead. Various
computer based tests are also conducted with both simulation
and experimental data. The results pin down that the proposed
distributed algorithms can provide overall good performance
for the assumed scenario even under model mismatch, while
the existing competing algorithms either cannot work without
the prior knowledge of the measurement error statistics or
merely provide degraded localization performance when the
measurement error is clearly non-Gaussian.

Index Terms—Centralized and distributed algorithms, cooper-
ative localization, expectation–conditional maximization (ECM),
Gaussian mixture, wireless sensor network (WSN).

I. I NTRODUCTION

The use of wireless sensor networks (WSNs), consisting
of lightweight, low-cost, low-power, multi-functional sensors,
has driven a myriad of monitoring, tracking, and control
applications [1]. Often, the data collected by a sensor node
must be tied with the sensor position in order to be mean-
ingful. In WSNs, in general, only a few sensor nodes, called
“anchors” in the sequel, know their positionsa priori, while
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the remaining sensor nodes with unknown positions, called
“agents” in the sequel, need to be localized [2]. Cooperation is
an emerging paradigm for sensor network localization, which
exploits additionally the inter-agent measurements and asa
consequence enables more robust and accurate inference of
the unknown positions.

In the past decade, a plethora of cooperative localization
algorithms has been proposed based on different position
related signal metrics, such as received-signal-strength(RSS),
time-of-arrival (TOA), and round-trip TOA (RTOA). They
can be broadly categorized into non-Bayesian algorithms and
Bayesian algorithms. In the non-Bayesian algorithms, the
unknown positions are assumed to be deterministic. Classical
non-Bayesian algorithms (both centralized and distributed)
include: (1) least-squares (LS) estimation based algorithms
[3], [4], and [5, Algorithm 1]; (2) multi-dimensional scaling
(MDS) based algorithms [6], [8]; (3) programming based
algorithms [9], [10]; (4) iterative parallel projection method
(IPPM) based algorithms [11], [12]. In the Bayesian algo-
rithms, unknown positions are assumed to be random variables
with a certain prior distribution. Representative Bayesian al-
gorithms include the nonparametric belief propagation (NBP)
algorithm [13], the sum-product algorithm over a wireless
network, short for SPAWN algorithm [5] in the sequel, and
several new variations [14]–[17] built upon them, which
perform message passing by taking advantages of the belief
propagation algorithm [18] or the sum-product algorithm [19]
in different graphical models.

Restricted by the ad-hoc nature of a WSN, distributed
cooperative localization (also known as self-localization) al-
gorithms are highly sought for. This is owing to their advanta-
geous features of being scalable, independent of fusion center,
and less sensitive to sensor failure as compared to the central-
ized solutions [20]. In the distributed non-Bayesian algorithms,
wireless sensors exchange their position estimates mutually;
while in the conventional, distributed Bayesian algorithms,
they exchange local belief messages (distributions represented
by a set of particles) about their actual positions and thus con-
sume much more energy for communication. At the sacrifice of
localization accuracy, however, recent work demonstratedthat
the communication overhead can be significantly reduced by
using transmit- and receive censoring [17] and/or parametric
representation of the local belief messages [16], [21]. As
compared to non-Bayesian algorithms, Bayesian algorithms
for localization purposes may include prior information about
sensor positions, sensor movement, noise statistics and soon,
thus offering a greater flexibility such that robustness consid-
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erations can be accounted for. However, even though Bayesian
approaches might be superior to non-Bayesian ones, it is often
difficult to adequately choose the prior, and a wrongly chosen
prior may severely deteriorate the performance.

Unlike the assumption made in a majority of the existing
algorithms, the ranging measurement error was found to
deviate from a single Gaussian model in various measure-
ment campaigns, see for instance [5], [22]–[24] for both
cooperative and non-cooperative localization. In this paper,
we approximate the unknown underlying measurement error
distribution by a Gaussian mixture despite model mismatch.To
be realistic, we assume that the mixture model parameters are
unknown. Our goal is to approximate the maximum likelihood
estimator (MLE) of the unknown positions and the Gaussian
mixture parameters with lower computational complexity and
less communication overhead.

The original contributions of this paper are as follows. We
develop a series of centralized and distributed expectation–
conditional maximization (ECM) algorithms (non-Bayesianin
nature) based on distance measurements (may be converted
from TOA or RTOA measurements) to approximate the MLE
of the unknown parameters. The proposed algorithms are
evaluated in terms of computational complexity and communi-
cation overhead and further compared with several competing
algorithms comprehensively in terms of the localization accu-
racy. More emphasis is laid on the distributed ECM algorithms.
Lastly, we want to mention that this paper is built on our
previous work in [25], where a centralized algorithm was
proposed for cooperative localization. As will be explained
later, this algorithm is also an ECM algorithm but can be
numerically unstable as compared to two other examples
for very large-scale WSNs. Besides, decentralization of this
algorithm is infeasible.

The remainder of this paper is organized as follows. Sec-
tion II introduces the signal model and states the problem
at hand. Section III introduces a series of ECM algorithms
to approximate the MLE with less computational efforts.
Section IV elaborates on the computational complexity and
energy consumption of the proposed ECM algorithms. In
Section V, we perform Cramér-Rao bound (CRB) analysis and
show the best achievable localization accuracy, followed by a
comprehensive simulation in Section VI. Finally, Section VII
concludes the paper.

Notation: Throughout this paper, matrices are presented
with boldface uppercase letters and vectors with boldface
lowercase letters.Z denotes the set of integers. The operator
[·]T stands for vector/matrix transpose and tr[·] denotes the
trace of a square matrix.‖ · ‖ stands for the Euclidean
norm for a vector and| · | denotes the cardinality of a set.
X � Y means that the matrix differenceX − Y is positive
semidefinite. The operatorEp(x)(·) stands for the expectation
taken with respect to the probability density function (PDF)
p(x). Further, ∇θ = ∂/∂θ denotes the gradient operator
and∆θ

θ = ∇θ∇T
θ denotes the Laplace operator.N (v;µ, σ2)

denotes the Gaussian distribution of a random variableV with
meanµ and varianceσ2, and U [a, b) denotes the uniform
distribution on the interval[a, b) with a < b.

II. SIGNAL MODEL AND PROBLEM FORMULATION

A. Signal Model

We consider cooperative localization in a connected net-
work comprising a total number ofN wireless sensors in a
two-dimensional (2-D) space (although extension to the 3-D
case is straightforward). We let, without loss of generality,
Na = {1, 2, ..., Nu} be the set of indices of the agents, whose
positions {pi = [xi, yi]

T , i ∈ Na} are unknown, and let
Nb = {Nu + 1, Nu + 2, ..., N} be the set of indices of the
anchors with known positions.

In order to localize the agents, we adopt a two-stage
procedure. In the first stage, every sensor broadcasts its sensor
ID and listens for its neighboring sensors’ broadcasts. Then,
each agent obtains a set of distance measurements relative
to its neighboring sensors, which can be done, for instance,
by estimating the TOA of a received signal. Note that non-
line-of-sight (NLOS) identification can be done in the first
stage. However, we avoid it in this paper as low-complexity
and low-cost algorithms are sought for. In the second stage,
the unknown agent positions will be estimated concurrently
in a localization algorithm based on the obtained distance
measurements. There can be another initialization stage in
between, if no empirical knowledge about the agent positions
and the environment is available.

We consider a statistical measurement model

ri,j = d(pi,pj) + vi,j (1)

where ri,j is a distance measurement obtained at sensori
in communication with sensorj, d(pi,pj) = ||pi − pj || is
the true Euclidean distance between the two sensors, andvi,j
is an additive measurement error. The main sources of error
include thermal noise, multiple access interference, multi-path
effects, (TOA estimation) algorithm artifacts, and possibly also
the NLOS propagation. The measurement errors for different
sensor pairs are assumed to be independently and identically
distributed (i.i.d.) according topV (v), which is approximated
by a Gaussian mixture with finite number of components,
namely,

pV (v) ≈
C∑

l=1

αlN (v;µl, σ
2
l ) (2)

where C is the total number of mixture components,αl

is the mixing coefficient of thelth Gaussian component
N (v;µl, σ

2
l ). The mixture model parametersαl, µl, σ

2
l , l =

1, 2, ..., C, are assumed to be unknown. The motivations are
twofold. On the one hand, the underlying measurement error
statistics may vary with both the localization scenario dueto
the change of obstructions and time due to the dynamic nature
of the environment, and we cannot afford repetitive massive
offline calibrations; On the other hand, offline calibrationis
hard to conduct in inaccessible or unexplored environments,
even if the measurement error statistics can be quasi-static.

The model in (2) is popular for representing noise in various
signal processing applications. This is because any distribution
can be approximated as closely as desired inL1 norm by a
Gaussian mixture [26]. Even if (2) should deviate from the
underlying measurement error model for smallC in most
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cases, it is still capable of capturing some key features of
the measurement errors. The contaminated Gaussian model,
famous for its robustness against outliers from the robust
statistics [27], is a special case of (2) withC = 2 and
µ1 = µ2 = 0. Lastly, we note that the i.i.d. assumption on
the measurement errors may not always hold in practice but
allows for better mathematical tractability.

B. Problem Formulation

We propose to jointly estimate the unknown deterministic
positions{pi, i ∈ Na} and the mixture model parametersαl,
µl, σ2

l , l = 1, . . . , C, given the statistical measurement model
(1), a set of noisy distance measurements{ri,j}, and a few
known anchor positions{pi, i ∈ Nb}.

III. M AXIMUM L IKELIHOOD ESTIMATION

In Section III-A, we briefly comment on the difficulties
with the conventional maximum-likelihood implementation.
To approximate the MLE with less computational hurdles,
we develop a series of expectation–conditional maximization
(ECM) algorithms (cf. Section III-B for centralized solutions
and Section III-C for distributed solutions). Section III-D gives
a practical initialization strategy, and Section III-E introduces
a possible extension.

A. Maximum Likelihood Estimation

We start with the conventional implementation (centralized
in nature) of the maximum likelihood estimation. As we
know, in centralized algorithms all the measurements have to
be transmitted via multi-hop routing to a fusion center for
processing. In order to reduce the communication overhead
and computational complexity, like the two representative
algorithms [3], [8], we assumeri,j = rj,i and only one
of them (e.g., chooseri,j with j > i) will be routed to
the fusion center throughout this paper. This assumption
approximately holds when the sensors are equipped with an
omni-directional antenna and conduct the interrogation ina
pair of reciprocal channels. Besides, distance measurements
obtained between anchors are ignored when estimating the
agent positions because they are irrelevant. But they are
useful for the initialization of the Gaussian mixture model
parameters, as will be further elaborated in Section III-D.In
this way, only c.a. half of the measurements will be used
to make an inference in the fusion center. Before proceeding
further, we introduce the following notations:

• θ = [θT
m, θT

p ]
T is a vector of all unknown parameters,

whereθm = [α1, α2, ..., αC , µ1, σ
2
1 , µ2, σ

2
2 , ..., µC , σ

2
C ]

T

andθp = [pT
1 , ...,p

T
Nu

]T .
• Rc is the maximal communication range of a sensor. An

ideal model is adopted for determining the neighborhood
of each agent throughout this paper. In practice, the neigh-
borhood can be determined by comparing the received
signal strength with a certain threshold (for instance -
90 dBm [28]), beyond which data packages cannot be
demodulated.

• H(i) = {j : j ∈ {Na

⋃Nb} andd(pi,pj) < Rc} is the
set of all neighboring sensors of agenti, ∀i ∈ Na.

r12
r12 r13

r13

r16r16

r21 r24

r24
r25r25

r31

r34r34 r36

r36

r37r37r42
r43

r45

r45

r47
r47

r52

r54

r61

r63

r73

r74

(1, 2)
(1, 3)
(1, 6)

(2, 4)
(2, 5)

(3, 4)
(3, 6)
(3, 7)

(4, 5)
(4, 7)

H(1) = {2, 3, 6}

H(2) = {1, 4, 5}

H(3) = {1, 4, 6, 7}

H(4) = {2, 3, 5, 7}

H(5) = {2, 4}

H(6) = {1, 3}

H(7) = {3, 4}

1

2

3

4

5

6

7

Γ r

Fusion center

Fig. 1. An illustrating example of a connected wireless sensor network in
2-D space. In this example, there areN = 7 sensors in total withNu = 4
agents marked by◦’s; the rest are anchors and marked by△’s. In this network,
each sensor is only able to communicate with its one-hop neighbors. Each
sensor collects TOA measurements with all its neighbors. All measurements
that will be routed to a fusion center are stacked inr, which has the same
data structure as the set of feasible sensor pairs,Γ .

• Γ = {(i, j) : i ∈ Na, j ∈ H(i), j > i} is a set of all
sensor pairs that contribute distance measurements.

• r is a column vector of all distance measurements,ri,j ,
∀(i, j) ∈ Γ .

An illustrating example that better explains the above notations
is given in Fig. 1.

The log-likelihood function of our joint estimation problem1

is then expressed as follows:

L(θ; r) , ln(p(r; θ)) =

Nu∑

i=1

∑

j∈H(i),
j>i

ln p(ri,j ; θ)

=
∑

(i,j)∈Γ

ln

(
C∑

l=1

αlN (ri,j − d(pi,pj);µl, σ
2
l )

)

.

The centralized MLE is obtained through solving

maximize
θ

L(θ; r)

subject to 0 ≤ α1, ..., αC ≤ 1,

C∑

l=1

αl = 1,

σ2
l > 0, l = 1, 2, ..., C.

(3)

This optimization problem is cumbersome for two reasons.
Firstly, the cost function contains “the logarithm of the sum”,
which hinders the analytical evaluation of the parameters.
Secondly, when the number of agents,Nu, is large, the existing
numerical methods, e.g., Newton-type methods, would become
less stable [29].

B. Centralized ECM Algorithms

Instead of solving (3) directly, we approximate the MLE
using the ECM criterion, the idea behind which is to replace
the complicated M-step of the conventional EM criterion with

1When we are deriving the new algorithms, the approximated measurement
error model is assumed.
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a set of computationally simpler conditional maximization
(CM) steps in an attempt to split a difficult maximization
problem into many easier ones [29]. We first focus on the class
of centralized ECM algorithms for cooperative localization,
which lays a foundation for developing distributed algorithms.
The centralized ECM algorithms work with a complete data
set{r, z}, in whichz is a column vector enclosing|Γ | latent
variableszi,j indicating which mixture component gave rise to
ri,j . Given the previous parameter estimateθ(η), the work-flow
of the centralized ECM algorithm on the(η+1)th iteration is
as follows.

Expectation: We take conditional expectation of the com-
plete data log-likelihoodLC(θ; r, z) , ln(p(r, z; θ)) in terms
of z, givenr andθ(η). After some tedious steps (details can
be found in [30]), we obtain aQ-function

Q(θ; θ(η)) =

∑

(i,j)∈Γ

C∑

l=1

ln
(
αlN (ri,j − d(pi,pj);µl, σ

2
l )
)
P

(η)
l,i,j (4)

with P
(η)
l,i,j being a short-hand notation of the conditional

probability Pr
{
zi,j = l|ri,j ; θ(η)

}
. With the aid of Bayes’ rule,

we have immediately

P
(η)
l,i,j ∝ α

(η)
l N (ri,j − d(p

(η)
i ,p

(η)
j );µ

(η)
l , σ

2,(η)
l )

wherep(η)
j = pj if sensorj is an anchor.

Conditional Maximization : First, we need to find a proper
partition of the unknown parameters, i.e.,

θ = [ϑT
1 ,ϑ

T
2 , ...,ϑ

T
S ]

T

whereϑs is a sub-vector ofθ. Furthermore, we let

G = {gs(θ) : s = 1, 2, ..., S}
be a set ofS preselected vector functions ofθ defined by

gs(θ) , [ϑT
1 , ...,ϑ

T
s−1,ϑ

T
s+1, ...,ϑ

T
S ],

meaning thatgs(θ) is a vector that contains all the sub-vectors
of θ, exceptϑs. With the above partition ofθ, the sth CM
step of the(η +1)th ECM iteration solvesθ(η+s/S) from the
following optimization problem:

argmax
θ

Q(θ; θ(η))

subject to gs(θ) = gs(θ
(η+(s−1)/S))

. (5)

Simply speaking, when the ECM algorithm updates a sub-
set of the parameters in a specific CM step, the rest of the
parameters are fixed to their latest ECM estimate. For clarity,
we give the general routine for designing a centralized ECM
algorithm inAlgorithm 1 .

Different partitions ofθ lead to different ECM algorithms.
To elaborate on this, three examples are shown below with
the same partition of the mixture model parametersϑ1 =
[α1, α2, ..., αC ]

T , ϑ2l = µl, ϑ2l+1 = σ2
l , l = 1, 2, ..., C, but

with different partitions of the position parameters as follows:

• Example 1: ϑ2C+1+i = pi, i = 1, 2, ..., Nu, henceS =
Nu + 2C + 1.

Algorithm 1 Centralized ECM Algorithm for Cooperative
Localization (General Routine)
Initialization: Set a convergence tolerance∆c and the maximum
number of iterations toNE

itr; Choose an initial guessθ(η=0).
Expectation–Conditional Maximization:
On the(η + 1)th iteration (η ∈ Z, η ≥ 0), do:

1) Perform conditional expectation and obtainQ(θ;θ(η)), cf.(4).
2) Find a proper partition ofθ = [ϑT

1 , ...,ϑ
T
S ]

T . See for instance
the three examples given below.

3) Find θ(η+s/S) that solves (5) fors = 1, 2, ..., S.
Convergence Check:
If L(θ(η+1); r) − L(θ(η); r) ≤ ∆c or the maximum number of
iterationsNE

itr has been reached, then stop; otherwise resetη ← η+1
and return to the ECM stage.

• Example 2: ϑ2C+2i = xi and ϑ2C+2i+1 = yi, i =
1, 2, ..., Nu, henceS = 2Nu + 2C + 1.

• Example 3: ϑ2C+2 = θp = [pT
1 , ...,p

T
Nu

]T , henceS =
2C + 2.

Applying the above partition of the Gaussian mixture model
parameters and following the steps shown in [25] to update
α
(η+1)
l , µ(η+1)

l , σ2,(η+1)
l , for everyl = 1, 2, ..., C, yields

α
(η+1)
l =

1

|Γ |
∑

(i,j)∈Γ

P
(η)
l,i,j , (6)

µ
(η+1)
l =

∑

(i,j)∈Γ

(ri,j − d(p
(η)
i ,p

(η)
j ))P

(η)
l,i,j

|Γ |α(η+1)
l

, (7)

σ
2,(η+1)
l =

∑

(i,j)∈Γ

(ri,j − d(p
(η)
i ,p

(η)
j ))2P

(η)
l,i,j

|Γ |α(η+1)
l

− (µ
(η+1)
l )2.

(8)
It is easy to verify that for anys = 1, 2, ..., 2C + 1,

Q(θ(η+s/S); θ(η)) ≥ Q(θ; θ(η))

holds for anyθ ∈ Θs(θ
(η+(s−1)/S)) , {θ ∈ Θ : gs(θ) =

gs(θ
(η+(s−1)/S))}. In other words,θ(η+s/S) is the global

maximizer in the given subspace ofΘ.
The position updates can be evaluated only numerically. For

the first example, it can be shown that

p
(η+1)
i = argmin

pi

∑

j∈H(i)

C∑

l=1

(ri,j − d(pi,p
(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

,

(9)
for i = 1, 2, ..., Nu. The neat formulation of the cost func-
tion in (9) is due to the assumptionri,j = rj,i. In (9),
p
(η̃)
j = p

(η+1)
j if sensorj is an agent with its position updated

prior to sensori, or p(η̃)
j = p

(η)
j otherwise; orp(η̃)

j = pj if
sensorj is an anchor. Herein, we adopt a two-dimensional (2-
D) Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton
(QN) method [31] to solvep(η+1)

i , because it ensures

Q(θ(η+(2C+1+i)/S); θ(η)) ≥ Q(θ(η+(2C+i)/S); θ(η)),

for i = 1, 2, ..., Nu. We stress that the positions need not to
be updated in any specified order of the sensor indices.
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In the second example, the position update[x
(η+1)
i , y

(η+1)
i ]

of each agent is found by applying one-dimensional (1-D) grid
search (GS), respectively, to

x
(η+1)
i =

argmin
xi

∑

j∈H(i)

C∑

l=1

(ri,j − d([xi, y
(η)
i ]T ,p

(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

,

(10)

y
(η+1)
i =

argmin
yi

∑

j∈H(i)

C∑

l=1

(ri,j − d([x
(η+1)
i , yi]

T ,p
(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

.

(11)

With carefully selected search intervals together with a fine
grid resolution, global maximizer of (5) is reachable in the
given subspace for each CM step. As a trade-off, in total
2Nu trials 1-D grid searches need to be performed for each
iteration, which consumes more computational resources than
the 2-D BFGS-QN based ECM algorithm derived for the first
example.

Essentially, the third example corresponds to our previous
work in [25], which can also be regarded as an ECM algorithm
with the partition given beforehand. We note that [25] is more
suitable to use for small or moderateNu, because intuitively
it should converge much faster. A good example was given
in [32], where only one (Nu = 1) mobile station is to
be located in a non-cooperative framework. The first and
second ECM algorithms are, however, favorable for a large
Nu, since they should be numerically more stable [29]. In
the remainder of this paper, we only focus on the first two
examples because they allow for easier decentralization aswill
be seen in Section III-C.

Remark 1: For the special case whenC = 1 in (2), the
Gaussian mixture model degenerates to the single Gaussian
model. It is easy to verify that in this caseL(θ; r) =

Q(θ; θ(η)) holds with C = 1, α1 = 1, and P
(η)
1,i,j = 1 in

(4). It is also easy to show that the parameter estimates can
be updated by settingl = C = 1, P (η)

1,i,j = 1, andα(η+1)
1 = 1

in (7), (8), and (9) for the 2-D BFGS-QN based algorithm, or
in (10) and (11) for the 1-D GS based algorithm. In contrast
to the other cases whereC > 1, only an initial guess of the
agent positions is required for the ECM algorithms to start
computingµ(1)

l andσ2,(0)
1 simply becauseP (η)

1,i,j is a constant.2

Remark 2: The centralized ECM algorithms enumerated in
the examples above ensure that

Q(θ(η+1); θ(η)) ≥ Q(θ(η+(S−1)/S); θ(η))

≥ Q(θ(η+(S−2)/S); θ(η))

...

≥ Q(θ(η); θ(η)), (12)

2When derivingµ(η+1)
l from (5), σ2,(η)

1 can in fact take any real value
that is larger than zero, since it will be canceled out duringthe calculation.

which is equivalently to saying thatL(θ(η+1); r) ≥
L(θ(η); r). Hence, they also belong to the class of generalized
EM (GEM) algorithms [33].

Theorem 1: When the position updates found either by 2-
D BFGS-QN search (9) or 1-D grid search (10) and (11) are
global maximizers, the proposed centralized ECM algorithms
ensure that the sequence of incomplete-data log-likelihood
values{L(θ(η); r)}, when bounded above, converges mono-
tonically to some stationary pointL∗, satisfying thatL∗ =
L(θ∗; r) and∂L(θ; r)/∂θ = 0 at θ∗.3

Proof: See Appendix A.

Remark 3: The proposed centralized ECM algorithms may
converge to different stationary points ifL(θ; r) is multi-
modal. The reason is that different partitions ofθ lead to
different mappingsθ(η+1) = M(θ(η)) in the conditional
maximization. For the special case thatL(θ; r) is unimodal,
they will reach a unique global maximum.

C. Distributed ECM Algorithms

Distributed self-localization algorithms are scalable ingen-
eral and have the potential to largely reduce the communi-
cation overhead, making them highly demanded for large-
scale sensor networks [20]. The aim of this subsection is to
approximate the centralized ECM algorithms in a distributed
manner. Essentially, the above centralized ECM algorithms
can be understood as an iterative process consisting of the
following two steps on each iteration: (1) updating the mixture
model parametersθm with the position parametersθp held
fixed to its previous estimate; and (2) updating the position
parametersθp with the Gaussian mixture model parameters
θm held fixed to its latest estimate. We decentralize these two
steps in the sequel.

We start with decentralizing the first step. The results in
(6)–(8) can be re-expressed, after some simple manipulations,
as:

α
(η+1)
l =

Nu

|Γ |
1

Nu

Nu∑

i=1

wi,l ∝
1

Nu

Nu∑

i=1

wi,l, (13)

µ
(η+1)
l =

1
Nu

Nu∑

i=1

ai,l

1
Nu

Nu∑

i=1

wi,l

, (14)

σ
2,(η+1)
l =

1
Nu

Nu∑

i=1

bi,l

1
Nu

Nu∑

i=1

wi,l

− (µ
(η+1)
l )2, (15)

3In this paper, a stationary point can be a saddle point, a local optimum or
a global optimum.
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where

wi,l=
∑

j∈H(i),
j>i

P
(η)
l,i,j , (16)

ai,l=
∑

j∈H(i),
j>i

P
(η)
l,i,j(ri,j − d(p

(η)
i ,p

(η)
j )), (17)

bi,l=
∑

j∈H(i),
j>i

P
(η)
l,i,j(ri,j − d(p

(η)
i ,p

(η)
j ))2. (18)

It is clear from (13)–(15) that averaging is the main operation
in common for updating the Gaussian mixture model param-
eters. This allows us to use the class of average consensus
algorithms [34], because it does not rely on a prescribed route,
like Hamiltonian path in [35], [36] or some tree structure in
[14], and thus is more robust against sensor malfunction and
link failure. Here, we assume for simplicity that the sensors
are time synchronized and adapt the synchronous average
consensus algorithm [37] to our problem inAlgorithm 2 . Our
motivations are in order. On the one hand, it is easier to imple-
ment and an efficient protocol [38] exists. On the other hand,
its synchronous nature facilitates our subsequent analyses on
the computational complexity and communication overhead.
However, we note thatAlgorithm 2 can be reformulated
asynchronously (known as the “pair-wise gossip algorithm”
[39]) or replaced with other consensus based methods [40]
or diffusion based methods [41]. Lastly, we note that in the
distributed algorithmsP (η)

l,i,j in (16)–(18) has to be replaced by

P̃
(η)
l,i,j ∝ α

(η)
i,l N (ri,j − d(p

(η)
i ,p

(η)
j );µ

(η)
i,l , σ

2,(η)
i,l ), (19)

which can be computed locally at each agenti.

Algorithm 2 Synchronous Average Consensus Algorithm (for
Agent i on the(η + 1)th ECM Iteration)

1. Repeat 1.a. and 1.b. forNG
itr iterations:

1.a. Choose a neighboring agentj uniformly at random fromH(i).
Send{w(c)

i,l , a
(c)
i,l , b

(c)
i,l } to and receive{w(c)

j,l , a
(c)
j,l , b

(c)
j,l } from

agentj.
1.b. Agentsi and j update

χ
(n)
i,l = χ

(n)
j,l =

χ
(c)
i,l + χ

(c)
j,l

2
,

and re-setχ(c)
i,l = χ

(n)
i,l , whereχ ∈ {w, a, b}.

Note that{w(c)
i,l , a

(c)
i,l , b

(c)
i,l } is initialized by{wi,l, ai,l, bi,l} computed

by (16)–(18) but withP (η)
l,i,j replaced byP̃ (η)

l,i,j therein.
2. Update the local estimate of the Gaussian mixture model param-
eters by

α
(η+1)
i,l ∝ w

(c)
i,l , µ

(η+1)
i,l =

a
(c)
i,l

w
(c)
i,l

, σ
2,(η+1)
i,l =

b
(c)
i,l

w
(c)
i,l

− (µ
(η+1)
i,l )2.

Note thatα(η+1)
i,l , l = 1, 2, ..., C need to be scaled to sum up to one.

The position update procedures in the centralized ECM
algorithms are readily in decentralized form because the
evaluation of (9) or (10)–(11) only requires that each agent
solves for its own position, given the local measurements, the

updated Gaussian mixture model parameters, and the neigh-
boring sensor positions. Only two modifications are needed.
First, the global estimatesµ(η+1)

l andσ2,(η+1)
l in (9) or (10)–

(11) have to be replaced with the local estimatesµ
(η+1)
i,l and

σ
2,(η+1)
i,l for each i. Second, a synchronous position update

scheme, in which all agents are able to update their positions
simultaneously, requiresp(η̃)

j to be substituted withp(η)
j .

Algorithm 3 summarizes the key steps of the two distributed
ECM algorithms.

Algorithm 3 Distributed ECM Algorithms (for Agenti on the
(η + 1)th ECM Iteration)

Initialization: Find initial guessesθ(0)
m , p(0)

i , andp(0)
j , ∀j ∈ H(i).

Set the maximum number of iterationsNE
itr.

Expectation–Conditional Maximization:
On the(η + 1)th iteration (η ∈ Z, η ≥ 0), agenti does:

1) ComputeP̃ (η)
l,i,j , ∀l = 1, 2, ..., C and∀j ∈ H(i) according to

(19), andχ(c)
i,l , ∀l = 1, 2, ..., C and∀χ ∈ {w, a, b} according

to (16)–(18) withP (η)
l,i,j replaced byP̃ (η)

l,i,j therein.

2) Run Algorithm 2 to computeα(η+1)
i,l , µ(η+1)

i,l , andσ
2,(η+1)
i,l ,

l = 1, 2, ..., C.
3) Solvep(η+1)

i = [x
(η+1)
i , y

(η+1)
i ]T using

• either the2-D BFGS-QN methodaccording to (9);
• or the1-D GS methodaccording to (10) and (11).

Note that we need to replaceP (η)
l,i,j by P̃

(η)
l,i,j , µ

(η+1)
l by µ

(η+1)
i,l ,

σ
2,(η+1)
l by σ

2,(η+1)
i,l , andp

(η̃)
j by p

(η)
j in (9) or in (10) and

(11).
4) Broadcastp(η+1)

i to its neighbors.
Convergence Check:
If NE

itr has been reached, then terminate; otherwise resetη ← η+1
and return to the ECM stage.

The position estimatep(η+1)
i in the 2-D BFGS-QN based

distributed ECM algorithm can be imagined as a weighted
least-squares (WLS) solution for a conventional infrastructure
based localization problem, in which a total number of|H(i)|
virtual anchors with positionsp(η)

j , j ∈ H(i) surround agent
i and each virtual anchor (say thejth) has a number of
C distance measurementsri,j − µ

(η+1)
i,l corrupted by errors

with zero mean and variancesσ2,(η+1)
i,l /P̃

(η)
l,i,j . For problems

of this kind, many existing linearization strategies, see for
instance [42, Chapter 2], can be used to further reduce the
computational complexity.

D. Initialization Strategy

We provide a practical solution for initializing the dis-
tributed ECM algorithms. First, an initial guess of the Gaussian
mixture model parameters is determined by carrying out the
conventional Gaussian mixture learning between two com-
municating anchors. This can be done prior to collecting
distance measurements among all sensors. Alternatively, we
could also empirically choose one in order to save some
communication cost. However, this might incur performance
degradation. An initial guess of the unknown agent positions is
determined in a simple algorithm, for instance, the distributed
least-squares algorithm [5, Algorithm 1] with a starting point
randomly selected from the deployed area. An initial guess



7

for the centralized ECM algorithms can be determined more
easily, since the fusion center usually has all the necessary
information (e.g., measurements and prior knowledge) and
sufficient computation resources.

E. Possible Extension

In Section III-B, the centralized ECM algorithms were
developed based on the assumption thatri,j = rj,i so as
to reduce c.a. half of the communication energy for multi-
hop routing of data. If this assumption does not hold, all
the measurements should be used to give better estimation
performance. In order to adapt the above introduced ECM al-
gorithms, we need to re-defineΓ = {(i, j) : i ∈ Na

⋃Nb, j ∈
H(i)} and re-express theQ-function in (4) as

Q(θ; θ(η)) =
N∑

i=1

∑

j∈H(i)

C∑

l=1

ln
(
αlN (ri,j − d(pi,pj);µl, σ

2
l )
)
P

(η)
l,i,j .

The centralized (global) parameter estimates can be found
using the same strategy shown in Section III-B and the
explicit expressions are given in Appendix B. The distributed
ECM algorithms aim to approximate the performance of their
centralized counterparts and can be obtained using the same
technique demonstrated in Section III-C except that: (1) all the
sensors (both the agents and anchors) will be involved in the
average consensus algorithm; (2) when agenti updates its own
position, both{ri,j , P (η)

l,i,j} and {rj,i, P (η)
l,j,i} for all j ∈ H(i)

are required. Clearly, this will introduce extra cost for wireless
communication; and (3) the computational complexity is also
doubled.

Lastly, we want to mention that in the centralized ECM
algorithms (see Section III-B) some sensor nodes would
transmit more data packages to the fusion center than the
others, and this would lead to an uneven communication load.
Actually, this problem yet exists in the modified centralized
ECM algorithms (see Section III-E), because in general differ-
ent sensors have different number of neighbors,|H(i)|, thus
different number of measurements to transmit. Nevertheless,
the distributed ECM algorithms are totally free of uneven com-
munication load, irrespective of the assumption (ri,j = rj,i or
ri,j 6= rj,i) based on which they have been developed. In
the simulations, we only test the centralized ECM algorithms
proposed in Section III-B and the distributed ECM algorithms
in Section III-C.

IV. COMPUTATIONAL COMPLEXITY AND

COMMUNICATION OVERHEAD

Computational complexity, communication overhead (or
energy consumption for communication), and localization ac-
curacy are key aspects of a cooperative localization algorithm.
This section covers the first two aspects but lays more empha-
sis on the distributed algorithms.

A. Computational Complexity

For simplicity the complexity analysis is conducted for a
single agent (say theith) to run one single iteration. We start

with the 2-D BFGS-QN based distributed ECM algorithm,
cf. Algorithm 3 , and focus on the expectation–conditional
maximization stage. In the first step, the computation ofP̃

(η)
l,i,j ,

∀j ∈ H(i) according to (19) andχ(c)
i,l , ∀χ ∈ {w, a, b}

according to (16)–(18) for alll = 1, 2, ..., C is in the
order O(C|H(i)|). In the second step, local estimates of
the Gaussian mixture model parameters are computed in
an average consensus algorithm, cf.Algorithm 2 , whose
complexity scales asO(NG

itrC). In the last step, position
updatep(η+1)

i is found numerically via a Newton-type method
(iterative in nature). Similar to [32], it can be shown that
the complexity scales asO(Nnu

itrC|H(i)|), where Nnu
itr is

defined to be the total number of Newton iterations. Therefore,
the complexity for theith agent to run one iteration is
O(C|H(i)|(Nnu

itr +NG
itr/|H(i)|)), which can be approximated

by O(C|H(i)|Nnu
itr ) whenNG

itr is small. The complexity of
the corresponding centralized ECM algorithm is easy to obtain
as O(NuN

nu
itrC|Have|), where |Have| , 1/Nu

∑Nu

i=1 |H(i)|
is the average number of neighbors computed among all
agents. Assuming that the sensors are uniformly distributed
in a 2-D area with|H(i)| ≈ |Have|, ∀i = 1, 2, ..., Nu,
the computational power required by the centralized ECM
algorithm is nearly evenly distributed to every agent. Similar
conclusion can be drawn for the 1-D GS based algorithms,
as it is easy to verify that the complexity of the distributed
algorithm scales asO(C|H(i)|Rgrid) and the corresponding
centralized algorithmO(NuRgridC|Have|), whereRgrid is
defined to be the number of grid points used in the 1-D search
of xi or yi.

Next, we compare the complexity of various different dis-
tributed algorithms. The results are given in Table I. Therein,
for brevity, “2-D BFGS-QN D(C)-ECM” denotes the dis-
tributed (centralized) ECM algorithm using 2-D BFGS-QN
search of the positions and “1-D GS D(C)-ECM” denotes the
distributed (centralized) ECM algorithm using 1-D GS of the
positions. It is noteworthy thatRint denotes the number of
particles used to represent the internal messages (distributions)
for both the sample-based and parametric SPAWN algorithms.
With the help of the typical value of the design parameters
given in Table I, we can conclude the following. Firstly, the
distributed least-squares (LS) algorithm and the distributed
weighted MDS (dwMDS) algorithm have the lowest compu-
tational complexity, as they do not require iterations within
an iteration as compared to the distributed ECM algorithms
or particle representation of the messages as compared to
the SPAWN algorithms. Secondly, the complexity of the 2-
D BFGS-QN D-ECM algorithm is expected to be lower than
that of the SPAWN algorithms. This is becauseNnu

itrC should
be, in general, smaller thanRint and negligible as compared to
R2

int. While the complexity of the 1-D GS D-ECM algorithm
should be comparable with that of the parametric SPAWN
algorithms but much lower than that of the conventional
SPAWN algorithm.

B. Communication Overhead

Generally speaking, a centralized, cooperative localization
algorithm spends most of the energy on the wireless routing of
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TABLE I
COMPUTATIONAL COMPLEXITY FOR AN AGENT (SAY THE iTH) TO RUN

ONE ITERATION OF DIFFERENTDISTRIBUTED ALGORITHMS

Distributed Algorithm Complexity Typical Value
Least-Squares [5] O(|H(i)|)
Weighted MDS [8] O(|H(i)|)
Parametric SPAWN [15], [16] O(Rint|H(i)|) Rint : 102 −103

Classical SPAWN [5] O(R2
int|H(i)|) R2

int : 104 −106

2-D BFGS-QN D-ECM O(Nnu
itrC|H(i)|) C : 100 − 101

Nnu
itr : 101−102

1-D GS D-ECM O(RgridC|H(i)|) C : 100 − 101

Rgrid : 10
2−103

the collected measurements via multi-hops to a fusion center.
While a distributed self-localization algorithm spends most of
the energy on the wireless transmission of refined point esti-
mates (for non-Bayesian algorithms) or particles (for Bayesian
algorithms) among neighboring sensor pairs. This is due to
the fact that the energy consumed for transmitting one bit far
outweighs that consumed for executing a single instructionon
board [43]. We follow the methodology proposed in [36], [44]
to quantitatively analyze the total energy consumption. Some
assumptions are made as follows:

(A1) All sensors are uniformly distributed over a 2-D unit
square.

(A2) A multi-hop communication model is considered, and
the threshold of one-hop distance isRc = O(N

−1/2
u ).

(A3) A real value is represented in double-precision floating-
point format (64-bit precision).

The total energy consumed for communication by any coop-
erative localization algorithm can be written as

E(Nu) = b(Nu)× h(Nu)× e(Nu)

whereb(Nu) is the total number of transmitted bits,h(Nu) is
the average number of hops required for transmitting one bit
to the destination, ande(Nu) is the average amount of energy
required for transmitting one bit over one hop.

In the sequel, we first calculate the total energy consumed by
all agents to run one single ECM iteration. In the centralized
ECM algorithms, the number of real values to be transmitted
to the fusion center is

|Γ | ≈
Nu∑

i=1

|H(i)|
2

= Nu|Have|. (20)

The approximation in (20) is due to the assumptions that only
one of ri,j and rj,i is used andNu ≈ N . Since a real value
is represented in 64-bit precision, we have

bcen(Nu) = O(Nu|Have|) bits. (21)

The average number of hops from an agent to a fusion center is
hcen(Nu) = O(N

1/2
u ) according to the first assumption. The

total energy consumption for the centralized ECM algorithms
is therefore

Ecen(Nu) = O(|Have|N3/2
u )× e(Nu).

In the two distributed ECM algorithms given inAlgo-
rithm 3 , the total number of real values exchanged among
neighboring sensors on one iteration is approximately equal

TABLE II
ENERGY CONSUMED BY ALL SENSORS TORUN ONE ITERATION OF

DIFFERENTDISTRIBUTED ALGORITHMS

Distributed Algorithm Energy Cost Typical Value
Least-Squares [5] O(Nu)
Weighted MDS [8] O(Nu)
Parametric SPAWN [15], [16] O(CbelNu) Cbel : 10

0 − 101

Classical SPAWN [5] O(RbelNu) Rbel : 10
2 − 103

D-ECMs O(CNG
itrNu) C : 100 − 101

NG
itr : 100 − 101

to 6NuN
G
itrC. Note that much less energy is consumed for

updating the position estimate than for updating the mixture
model parameter estimate viaAlgorithm 2 . Therefore,

bdis(Nu) = O(NuN
G
itrC) bits. (22)

Since all the data are communicated between one-hop neigh-
boring sensors, we havehdis(Nu) = 1. Therefore, the energy
consumed by the distributed ECM algorithms for one iteration
is given by

Edis(Nu) = O(NuN
G
itrC)× e(Nu).

For comparison purposes, the energy consumption of differ-
ent distributed algorithms are listed in Table II, where thecom-
mon factore(Nu) has been omitted. The parameterRbel in the
classical SPAWN algorithm [5] denotes the number of particles
required to represent each local belief message. In general,
Rbel is large. In order to reduce the energy consumption, some
new fashioned SPAWN algorithms, e.g., [15] and [16], resort
to fit the local belief messages with parametric models and
exchange merely a few parametric model parameters between
sensors. Here,Cbel denotes the total number of parameters
used in a parametric model, which should be much less than
Rbel. Gathering the above analysis and the results shown
in Table II, it is easy to conclude the following. When the
number of agents,Nu tends to infinity, while the other design
parameters are held constant, all the distributed algorithms
scale asO(Nu) in the end and the centralized ECM algorithms
consume the largest amount of energy. But for a fixedNu,
the scale of the other design parameters would also influence
the actual communication cost. Given the typical values in
Table II, we can pin down that: 1) the distributed LS algorithm
and the dwMDS algorithm consume the smallest amount of
energy for one single iteration; 2) the energy consumed by the
distributed ECM algorithms should be comparable with that
of the parametric SPAWN variations whereas less than that of
the classical SPAWN.

C. Concluding Remark

In the previous subsections, all the selected distributed
algorithms are iterative in nature. For clarity, the analyses were
carried out only for one single iteration. However, it is note-
worthy that the total computational time and communication
overhead required to fully run a distributed algorithm alsorely
on the total number of iterations,Nitr, which will be further
elaborated in Section VI.
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V. FUNDAMENTAL L IMITS OF LOCALIZATION ACCURACY

This section aims to derive the best achievable localization
accuracy as a function of the Cramér-Rao bound (CRB), which
is given as the inverse of the Fisher information matrix (FIM).
Often, it is more convenient to express the FIM as

F(θp) =

∫
(
∇θp

ln p(r; θp)∇T
θ ln p(r; θp)

)
p(r; θp)dr.

(23)
As we are considering a localization problem, position estima-
tion performance is of utmost interest. Hence, we assume that
the actual measurement error distributionpV (v) is precisely
known when deriving the performance bound. The entries in
θp are reordered asθp = [x1, x2, ..., xNu

, y1, y2, ..., yNu
]T for

convenience.
Combining the steps given in [31] and [3], the FIM ofθp

given the truepV (v) is easy to obtain as

F(θp) =

(
Fxx Fxy

F
T
xy Fyy

)

whereFxx, Fxy andFyy are all square matrices of dimen-
sionNu ×Nu and

[Fmn]i,i′ =







Iv ·
∑

∀j∈H(i)

(mi−mj)(ni−nj)
‖pi−pj‖2 , i = i′

−Iv · δi,i′ · (mi−mi′ )(ni−ni′ )
‖pi−pi′‖

2 , i 6= i′
, (24)

for m,n ∈ {x,y}. Here,δi,i′ is Kronecker’s delta defined by

δi,i′ =

{
1, if i′ ∈ H(i)
0, if i′ /∈ H(i)

,

and

Iv =

∫
[∇vpV (v)]

2

pV (v)
dv.

The scalar factorIv is known as the intrinsic accuracy [45]
and often approximated via Monte Carlo integration as

Iv ≈ 1

NM

NM∑

n=1

[
∇vpV (v

(n))
]2

p2V (v
(n))

(25)

wherev(n), n = 1, 2, ..., NM are i.i.d. samples generated from
pV (v). In fact, (25) works for any distribution of known form
that fulfills the regularity conditions listed in [45]. For the
special casepV (v) = N (v;µv, σ

2
v), we haveIv = σ−2

v in
closed form and the result in (24) coincides with the one
derived for a single Gaussian model in [3]. Finally, the CRB
is given by CRB(θp) , F

−1(θp).
In the simulations, the localization accuracy is evaluated

in terms of the overall localization root-mean-square-error
(RMSE), which is defined by

RMSE,

(

1

Nu

Nu∑

i=1

E
[
(x̂i − xi)

2 + (ŷi − yi)
2
]

)1/2

. (26)

Assuming that[x̂i, ŷi] is any unbiased estimator of the true
position [xi, yi], The lower bound ofRMSE is given by

CRBpos(θp) ,

√
1

Nu
tr[CRB(θp)].

VI. RESULTS

Throughout the simulations, we setNitr = NE
itr = 75

ECM iterations,NG
itr = 10 iterations within every single ECM

iteration, and∆c = 0.01 as the convergence tolerance for the
centralized algorithms. The measurements are generated such
that ri,j = rj,i. For comparison purposes, we choose various
competing algorithms, including the distributed LS algorithm
[5, Algorithm 1] and the classical SPAWN algorithm [5] as
well as two parametric variations [15] and [16]. It is well
known that the distributed LS algorithm does not require any
knowledge about the measurement error statistics. Throughout
this section, we assume that all the SPAWN algorithms know
the actual mixture model parameters and the underlying chan-
nel state (LOS or NLOS state) for every communication link.
However, we note that these two assumptions can rarely hold
in reality.

Details about the implementation of these competitors are
as follows. A distributed LS estimate is found by following
the routine given in [5] with the initial guess selected ran-
domly and uniformly from the deployed area. The number
of iterations is set toNitr = NL

itr = 500 iterations. The
classical SPAWN algorithm setsRint = Rbel = 500 samples.
The first parametric SPAWN algorithm [15] uses a three-mode
Gaussian mixture to represent the belief messages and a ten-
mode Gaussian mixture to represent the internal messages.
A second parametric SPAWN algorithm modifies [16] by
adopting three circular distributions to represent the internal
messages while a three-mode Gaussian mixture to model
the belief messages. All SPAWN algorithms terminate after
Nitr = NSP

itr = 10 iterations. All the simulations considered
afterwards are performed in MATLABTMenvironment on a PC
equipped with IntelR©CoreTM i5-760 processor (2.80GHz) and
8GB RAM.

A. Simulation Results: Influence of Network Size

We consider three stationary networks withN sensors
uniformly arranged into

√
N rows and

√
N columns in a 40-

meter (m) by 40-m square area, like in [2, Fig. 6]. In the
sequel, the total number of agents,Nu, takes 45, 96, 192,
respectively. The anchors are located in the four corners of
the square area. The actual distance measurement error is
assumed to follow a two-mode Gaussian mixture distribution
with parametersα1 = 0.8, µ1 = −0.3m, σ1 = 0.2m,
α2 = 0.2, µ2 = 4.4m, σ2 = 3.2m for a mixed LOS/NLOS
environment. The actual mean and variance of each mixture
component are set according to an indoor campaign results
given in [23]. We further assume a quasi-static environment
where the measurement error statistics stays unaltered during
the localization process. Throughout this subsection, we do
not assume model mismatch between the actual measurement
error distribution and the parametric model withC = 2 in
(2). We aim to study how the network size would influence
different algorithms in terms of (1) overall localization RMSE
(cf. (26)) and (2) computational time (in seconds) and (3)
communication overhead (in megabytes). To simplify our
comparisons, all the three networks are assumed to be fully
connected in the sequel.
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We perform a Monte Carlo experiment with 100 indepen-
dent trials for each sensor network. An initial guess of the
distributed ECM algorithms is determined according to the
strategy given in Section III-D. More precisely, we determine
θ
(0)
m by conducting conventional Gaussian mixture learning

upon 50 measurement error samples collected between two
anchors. Afterθ(0)

m is obtained, it will be dispersed via a
series of broadcasts to all sensors. An initial guess of the
agent positions is determined by running the distributed LS
algorithm [5, Algorithm 1]. After each agent obtained a local
estimate of its own position,p(0)

i , it is also broadcast to
the neighboring sensorsj, j ∈ H(i). For fair comparisons,
the centralized ECM algorithms use the same initial guess,
although better strategies might exist.

We start to evaluate the overall localization RMSE versus
the network size,N , which takes 49, 100, and 196 sensors,
respectively. The results are shown along with the performance
lower boundCRBpos(θp) in Fig. 2. It is observed that all
the RMSE curves decrease monotonically asN increases.
This can be explained from a Fisher information theoretic
point of view. Since the sensor networks are assumed to be
fully connected, more sensor pairs conduct measurements as
N increases, leading to more information about the relative
positions.

The RMSE curves of the distributed ECM algorithms are
close to those of the centralized counterparts. This is because
the local estimates of the Gaussian mixture model parame-
ters calculated through the average consensus algorithm are
close to the corresponding global estimate for every single
ECM iteration. The results obtained here have shown that a
centralized ECM algorithm slightly outperforms its distributed
approximation in terms of the overall localization RMSE.
However, this is not guaranteed for all cases. For instance,
we have observed under other settings (cf. Section VI-C) that
a distributed ECM algorithm can generate even lower RMSE.
One possible reason is that a distributed ECM estimator is
biased in essence due to the approximations introduced therein.
Besides, the corresponding centralized ECM estimator might
be biased as well due to convergence to local optimum or
insufficient number of iterations. Generally speaking, the1-D
GS based ECM algorithms are inferior to the 2-D BFGS-QN
based algorithms due to the discretization of the solution space
by a finite number of grids, for instanceRgrid = 150 used
here. EnlargingRgrid can effectively alleviate this problem,
however, at the cost of higher computational cost.

In Fig. 2, it is observed that the ECM algorithms per-
form closely to the classical SPAWN algorithm configured
with perfect environmental knowledge and outperform the
distributed LS algorithm by far.4 It is also remarkable that the
ECM algorithms clearly outperform the parametric SPAWN
algorithm [16] whenN ≥ 100. For smallerN , for instance
49 considered here, the localization RMSE of the ECM
algorithms can deviate from the performance lower bound.
Possible reasons are as follows. Firstly, more ECM iterations

4Due to the high computational complexity, the classical SPAWN algorithm
has been tested only for smaller network sizes,N = 49 andN = 100 herein,
on the Lichtenberg-high performance computer of TU Darmstadt, Germany.

are needed to converge. Secondly, the ECM algorithm more
often get stuck at local optimum. Thirdly, the total number of
measurements are still insufficient for the ECM algorithms to
demonstrate the asymptotic properties. As a conclusion, the
proposed ECM algorithms are less suitable to use for the
networks of rather small size, which is similar to applying
the conventional EM algorithm for Gaussian mixture learning
with only insufficient number of measurements.

As a complement of the theoretical computational com-
plexity analysis given in Section IV-A, we next evaluate the
average computational time for a single agent to run one
complete trial of different distributed algorithms. Here,we
also take into account the influence of the number of iterations
Nitr. The corresponding design parameters for this experiment
are Nitr = NL

itr = 500 for the distributed LS algorithm,
Rbel = 500 samples andNitr = NSP

itr = 10 for the classical
SPAWN algorithm,Rint = 500 samples andNitr = NSP

itr =
10 for the modified parametric SPAWN algorithm [16],C = 2,
Nitr = NE

itr = 75, NG
itr = 10, Nnu

itr ∼ 101 − 102, and
Rgrid = 150 for the distributed ECM algorithms. The results
are shown as a function of the network size,N , in the top sub-
figure of Fig. 3. The results show that the distributed ECM
algorithms are inferior to the distributed LS algorithm but
outperform the parametric SPAWN algorithm by far in terms
of the average computational time. It is noteworthy that the
computational time stays nearly unaltered rather than increases
linearly in terms ofN for the distributed LS algorithm. The
reason is that in the distributed LS algorithm we adopt a simple
censoring strategy to make the number of neighboring sensors,
|H(i)|, always equal to a small fixed number rather thanN−1
for the assumed fully connected networks. In this way, the
distributed LS algorithm is less complex to use for initializing
the proposed ECM algorithms.

Next, communication overhead is further evaluated in terms
of the amount of megabytes (MB) consumed (for broadcast) by
all sensors to run one complete trial of different distributed al-
gorithms. The total number of MB consumed by the distributed
ECM algorithms is6NE

itrNuN
G
itrC/217 ≈ 0.07Nu MB. The

total number of MB consumed by the classical SPAWN algo-
rithm is 3RbelN

SP
itr Nu/2

17 ≈ 0.12NuMB, where the constant
factor 3 comes from the fact that each particle contains two
real values representing a candidate position in 2-D space and
has a real weighting factor. The total number of MB consumed
by the modified parametric SPAWN algorithm [16] is equally
reduced toCbelN

SP
itr Nu/2

17 ≈ 0.001Nu MB due to the use
of a parametric model. Note thatCbel is equal to 17 in the
above expression, denoting the total number of real values
broadcast by each agent for one iteration. This is because a
three mode Gaussian mixture is used to represent the belief
message, and each agent needs to broadcast two real values for
the mixing coefficients, 6 real values for the mean vectors, and
9 real values for the symmetric covariance matrices. The total
number of MB that the distributed LS algorithm consumed
is 2NL

itrNu/2
17 ≈ 0.008Nu MB. This is because each agent

needs to broadcast only two real values of its own position
estimate on each iteration in the distributed LS algorithm.
The above theoretical results are depicted as a function of
Nu in the bottom sub-figure of Fig. 3. It is quite obvious
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Fig. 2. Mean overall localization RMSE of different cooperative localization
algorithms as a function of the network size,N .
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Fig. 3. Top sub-figure: Average computational time of different distributed
algorithms as a function of the network size,N . Bottom sub-figure: Total
communication cost of different distributed algorithms asa function of the
number of agents,Nu.

that the classical SPAWN algorithm needs the largest amount
of energy for wireless communications, followed by the dis-
tributed LS algorithm, the parametric SPAWN algorithm, and
the distributed ECM algorithms. Part of the results obtained
here contradict those in Section IV-B but are not surprising,
because the influence ofNitr has been taken into account.
More precisely,NSP

itr is set very small as compared toNL
itr

andNE
itr, hence the parametric SPAWN algorithm is superior

to the distributed LS algorithm and ECM algorithms in the
above experiment.5

B. Simulation Results: Varying Measurement Error Statistics

In this subsection, we re-evaluate the overall localization
RMSE for the distributed ECM algorithms using different
network topologies and varying measurement error statistics.
Each network consists of 105 sensors, among which 100

5Herein, the SPAWN algorithms are not ensured to converge butcan achieve
reasonably good result after a few (usually less than 20) iterations.
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Fig. 4. Mean overall localization RMSE of two distributed ECM algorithms
for different sensor network topologies and measurement error distributions.
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Fig. 5. Actual measurement error distributions for different network
topologies. Overlap of the Gaussian mixture components is assumed.

agents and 5 anchors. The agent positions are now generated
uniformly from a 15 m× 15 m square area. The five anchors
are placed in the four corners and the center of the deployed
area. The communication rangeRc is set to 10 meter. In
total ten different sensor networks are generated for test,
and for each network the measurement error is assumed to
follow a two-mode Gaussian mixture but with randomized
parameters. More precisely,α1 is uniformly generated from
U [0.6, 0.8), µ1 from U [−0.5, 0.5), σ1 from U [0.1, 0.5), µ2

from U [0.8, 1.8), and σ2 from U [0.8, 1.2). The mean and
standard deviation are measured in meters. Contrary to the
measurement error distribution used in Section VI-A, the two
Gaussian mixture components are now partly overlapping.
The two distributed ECM algorithms assumeC = 2 in
the parametric measurement error model and use the same
initialization strategy as introduced before. In order to provide
better localization performance, the 1-D GS D-ECM algorithm
adoptsRgrid = 400.

The RMSE curves are shown together with the performance
bound for each sensor network in Fig. 4. In Fig. 5, we further
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show the actual measurement error distribution respectively for
the 3rd, 6th, 8th, and 10th sensor network, with which more
obvious performance degradation can be observed. Although
the results do not demonstrate clear performance drop, we note
that the overlap of Gaussian mixture components may result in
degraded performance. The reasons are the following. Firstly,
an initial guess of the Gaussian mixture model parameters
might be erroneously determined due to the misclassification
of some measurements (especially those generated from the
overlapping area), which will make the ECM algorithms
converge to some unwanted result, like saddle point. Secondly,
the ECM algorithms might wrongly converge to some position
estimate such that the residuals can be very well classified into
C clusters. Thirdly, convergence speed of the ECM algorithms
might become slower.

C. Experimental Results

Lastly, we adopt the real sensor network and TOA measure-
ments described at the beginning of [3, Section IV]. The setup
is shortly reviewed as follows. The measurement environment
is a typical office area located at the Motorola facility in the
USA. The network consists of 44 sensors in total, among
which 40 agents and4 anchors. The measurement system
uses a wideband direct-sequence spread-spectrum (DS-SS)
transmitter and receiver (Sigtek model ST-515). High SNR
was maintained throughout the measurement campaign.

The distance measurement error after bias remedy (µ =
10.9 ns× c ≈ 3.26m) was justified via Kolmogorov-Smirnov
(KS) test to well fit a Gaussian distribution with zero mean
and standard deviationσ = 6.1 ns× c ≈ 1.83m, although the
histogram manifests slightly skewed and heavy tailed profile
as will be seen later. In practice, however, bias remedy can
hardly be done as in [3] for lack of the actual agent positions.
To be as realistic as possible, the proposed ECM algorithms
use the original distance measurements (without bias remedy)
and further assume unknown knowledge of the underlying
measurement error distribution. But their competitors alluse
the bias remedied data. Moreover, the SPAWN algorithms
assume a single Gaussian error model with precisely known
mean and variance.

Since unknown knowledge of the measurement error dis-
tribution is assumed, we test the ECM algorithms with two
different C values, namelyC = 1 (model mismatch free)
and C = 3 (model mismatch). For the caseC = 1, the
distributed ECM algorithms only need an initial guess of
the agent positions, which can be computed via the dis-
tributed LS algorithm. Herein, the distributed LS algorithm
is applied to the original data. As will be seen later in
Table III, the existence of a bias term in the original data
can largely degrade the distributed LS algorithm. For the
caseC = 3, the distributed ECM algorithms need also an
initial guess of the Gaussian mixture model parameters. As
opposed to the previous subsections whereθ

(0)
m was deter-

mined by two communicating anchors, we only coarsely set
α
(0)
1 = 0.1, µ

(0)
1 = 0m, σ

(0)
1 =

√
3m, α

(0)
2 = 0.8, µ

(0)
2 =

3.5m, σ
(0)
2 =

√
2m, α

(0)
3 = 0.1, µ

(0)
3 = 7m, σ

(0)
3 =

√
3m

herein.6 Similarly, the centralized ECM algorithms use the
same initial guess for comparison purposes.

The overall localization RMSE is evaluated for different
distributed algorithms in a fully connected network. The
results are shown in Table III with an extra column indicating
which data set is used by a specific algorithm. For better
visualization, the estimated agent positions obtained from the
two distributed ECM algorithms are depicted for the case
C = 3 in Fig. 6 along with the true sensor positions. Similar
results are also obtained for the caseC = 1 but not shown
here due to space constraints. In order to shed some light on
how tolerant the distributed ECM algorithms are to the initial
guess, we depict in Fig. 7 the agent positions estimated by
the distributed LS algorithm using the original (bias retained)
data set.

TABLE III
LOCALIZATION PERFORMANCE OFDIFFERENTALGORITHMS

Cooperative Localization Algorithms RMSE Data Set
Distributed LS [5] 1.614 m bias remedied
Distributed LS [5] 5.160 m bias retained
Classical SPAWN [5] 1.146 m bias remedied
Parametric SPAWN [15] 1.163 m bias remedied
Parametric SPAWN [16] 1.260 m bias remedied
2-D BFGS-QN C-ECM (C = 1) 1.387 m bias retained
1-D GS C-ECM (C = 1) 1.399 m bias retained
2-D BFGS-QN D-ECM (C = 1) 1.393 m bias retained
1-D GS D-ECM (C = 1) 1.390 m bias retained
2-D BFGS-QN C-ECM (C = 3) 1.402 m bias retained
1-D GS C-ECM (C = 3) 1.411 m bias retained
2-D BFGS-QN D-ECM (C = 3) 1.405 m bias retained
1-D GS D-ECM (C = 3) 1.461 m bias retained

Although only one set of measurement data is available,
the results obtained above reveal the following. Firstly, an
unknown bias term in the measurement data can degrade the
distributed LS algorithm, or broadly speaking any LS estima-
tion based algorithm. Secondly, it is not surprising to see that
the SPAWN algorithms provide the best performance because
they have all the necessary information about the measurement
error statistics and the assumed uniform prior distribution (for
the unknown agent positions) is apparently a good choice.
Thirdly, the centralized ECM algorithms withC = 1 are
superior to those withC = 3, because the former are free
of model mismatch. In contrast to the SPAWN algorithms,
however, they need to estimate one extra set of mean and
variance parameters jointly with the unknown positions. And
in contrast to the distributed LS algorithm, they tend to find
a better parameter estimate in the sense of maximizing the
log-likelihood functionL(θ; r) rather than converge to some
suboptimal solution, for instance the actual agent positions
and the calibrated mean and variance [3]. An additional
comparison between the estimated Gaussian distribution and
the calibrated Gaussian distribution [3] is shown in Fig. 8.
Therein, a diffusion based kernel density estimate (KDE) [46]

6The reasons for empirically selecting the initial guess arethe following.
Firstly, the measurement data are close to Gaussian as shownin Fig. 8 of
the old manuscript. Therefore, it is hard to get an initial guess of a three-
mode Gaussian mixture merely from the data collected between the anchors.
Secondly, the number of the measurements collected by the anchors might be
insufficient for Gaussian mixture learning.
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Fig. 6. Estimated agent positions versus the true positionsin 2-D plane.
Herein, black×’s denote the anchor positions; red◦’s denote the true agent
positions; cyan♦’s denote the agent positions estimated by the 2-D BFGS-QN
D-ECM algorithm (withC = 3 and RMSE = 1.405 m); green�’s denote the
agent positions estimated from the 1-D GS D-ECM algorithm (with C = 3
and RMSE = 1.461 m); black−’s represent the localization errors between
the true positions and the positions estimated by the 2-D BFGS-QN D-ECM
algorithm.

of the actual measurement error distribution is also depicted,
which serves as the ground truth. Fourthly, the centralized
ECM algorithms withC = 3 degraded only slightly, as the
final PDF estimate (essentially a three mode Gaussian mixture)
degenerated upon convergence almost to the Gaussian PDF
estimate obtained for the caseC = 1. This can be seen clearly
from Fig. 8. Therein, it is also observed that the modes of
these two PDF estimates are very close to that of the KDE.
This is critical for an unbiased estimator to be found by the
proposed centralized algorithms. Fifthly, the distributed ECM
algorithms perform closely to their centralized counterparts,
and the explanations have been given before. Sixthly, the ECM
algorithms show good tolerance to an initial guess.

The main purposes of this section are twofold. On the one
hand, the ECM algorithms were tested with and without model
mismatch. On the other hand, different cooperative localization
algorithms were tested with one set of real measurement data.
We also stress that the comparison of different algorithms is
not our focus here, since particularly only one set of data is
available.

VII. C ONCLUSION

In this paper, we have proposed a series of expectation–
conditional maximization (ECM) algorithms for cooperative
localization in non-Gaussian measurement errors approxi-
mated by finite-mode Gaussian mixture. The centralized ECM
algorithms have been proven under some conditions to be able
to increase the incomplete data log-likelihood monotonically
towards a stationary value. Distributed ECM algorithms have
also been developed to resolve the scalability problem for
large-scale sensor networks. Systematical analyses have shown
that the proposed distributed algorithms perform analogously
to the parametric SPAWN algorithms in terms of both compu-
tational complexity and communication overhead. Simulation-
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Fig. 7. Estimated agent positions versus the true positionsin 2-D plane.
Herein, black×’s denote the anchor positions; red◦’s denote the true agent
positions; magenta⊲’s denote the agent positions estimated by the distributed
LS algorithm; black−’s represent the localization errors between the true
positions and the estimated positions. Note that, the distributed LS algorithm
uses the original (bias retained) data set.
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Fig. 8. Top sub-figure: histogram of the actual measurement error residuals
vi,j , ∀(i, j) ∈ Γ for Rc = ∞ meter. Bottom sub-figure: different
distributive profiles (including the offline calibrated Gaussian PDF [3], two
PDF estimates obtained forC = 1 (with µ̂1 = 2.404 and σ̂2

1 = 2.123) and
C = 3 (with α̂1 = 0.181, µ̂1 = 1.319, σ̂2

1 = 2.661 and α̂2 = 0.796,
µ̂2 = 2.619, σ̂2

2 = 1.447 and α̂3 = 0.024, µ̂3 = 5.422, σ̂2
3 = 1.691)

respectively from the 2-D BFGS-QN C-ECM algorithm) versus adiffusion
based kernel density estimate [46], which serves as the underlying distribution
for lack of ground truth.

and experimental results have demonstrated that: (1) the pro-
posed ECM algorithms nearly attain the performance lower
bound when the data size is much larger than the number
of unknowns and free of model mismatch; (2) the proposed
algorithms can work properly but sub-optimality under model
mismatch. The proposed ECM algorithms are non-Bayesian
in nature. They are more robust against outliers than the
conventional LS algorithms. In contrast to some Bayesian
algorithms, for instance the SPAWN algorithms, they require
neither precise measurement error statistics nor complicated
NLOS identification. Therefore, they are suitable for a wider
range of WSN applications. Nevertheless, many research chal-
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lenges need to be met in our future work, including (1)
reduction of computational complexity and communication
overhead; (2) consideration of lossy wireless transmission and
quantized messages.

APPENDIX A
PROOF OFTHEOREM 1

The result given in Remark 2 reveals that the proposed
centralized ECM algorithms can converge monotonically to
some valueL∗ of the incomplete-data log-likelihood function
L(θ; r) when bounded above. ForL∗ to be a stationary point,
however, we need to further prove, according to [29], that:
(1) gs(θ) is differentiable; (2) the corresponding gradient
∇θgs(θ) is of full rank at θ(η) ∈ Θ, for all η; and (3) the
“space filling” condition holds as

S⋂

s=1

Gs(θ
(η)) = {0}, for all η, (27)

whereGs(θ) is the column space of the matrix∇θgs(θ). Due
to space limitations, we only give the proof for the 1-D GS
C-ECM algorithm. Similar methodology applies to the 2-D
BFGS-QN C-ECM algorithm.

In the 1-D GS C-ECM algorithm, we havedim(θ) = 3C+
2Nu andS = 2Nu + 2C + 1. It is easy to show that

∇θgs(θ
(η)) =







[eC+1, ..., edim(θ)], s = 1

[e1, ..., eC+s−2, eC+s, ..., edim(θ)], s = 2, ..., S − 1

[e1, ..., e3C+2Nu−1], s = S

is differentiable and irrespective ofθ(η) because

ej , [ 0, ..., 0
︸ ︷︷ ︸

j−1 copies

, 1, 0, ..., 0
︸ ︷︷ ︸

dim(θ)−j copies

]T , ∀j ∈ {1, 2, ..., dim(θ)}.

(28)
It is clear that∇θg1(θ

(η)) is of dimensiondim(θ)×(dim(θ)−
C); and ∇θgs(θ

(η)), s = 2, ..., S, are all of dimension
dim(θ) × (dim(θ) − 1). Since ej and ej′ are mutually
orthogonal forj 6= j′, ∇θgs(θ

(η)) owns a full column rank
for any s. So far, the first two conditions have been proven.
In the sequel, we omit the ECM iteration indexη for brevity.

The proof of the third condition starts with the definition
of column space, that is,Gs(θ) is a linear combination of the
columns of the matrix∇θgs(θ), i.e.,

Gs(θ) =







∑

j={C+1,...,dim(θ)}

cjej , s = 1

∑

j={1,...,dim(θ)}\{C+s−1}

cjej , s = 2, ..., S

wherecj is any real non-zero scalar coefficient. SinceGs(θ)
is a subspace ofRdim(θ), (27) can be reformulated as

S⋂

s=1

Gs(θ) =

S⋂

s=0

Gs(θ)

= GS(θ)
⋂

GS−1(θ)
⋂

· · ·
⋂

G1(θ)
⋂

G0(θ)

(29)

where G0(θ) is the whole space ofRdim(θ), spanned by
∑

j={1,...,dim(θ)} cjej . The right-hand-side of the second
equation in (29) can be performed sequentially in the order
s = 1, 2, ..., S, more precisely,

G̃s(θ) = Gs(θ)
⋂

G̃s−1(θ)

where

G̃s−1(θ) , Gs−1(θ)
⋂

Gs−2(θ)
⋂

· · ·
⋂

G1(θ)
⋂

G0(θ)

for s > 1 while G̃s−1(θ) = G0(θ) for s = 1. Starting from
s = 1, we obtain, owing to the dimension formula [47], that

dim(G̃1(θ))

= dim(G1(θ)
⋂

G0(θ))

= dim(G1(θ)) + dim(G0(θ))− dim(G1(θ) +G0(θ)).

It is easy to see thatdim(G1(θ)) = dim(θ)−C andG0(θ) =
dim(θ). The dimension of the sum of the two column spaces,
dim(G1(θ) +G0(θ)), is equal to the rank of the augmented
matrix [eC+1, ..., edim(θ)|e1, e2, ..., edim(θ)], namelydim(θ).
As a consequence, we obtaindim(G̃1(θ)) = dim(θ) − C.
The basis vectors required to spanG̃1(θ) are just the column
vectors thatG1(θ) andG0(θ) have in common, namely,

G̃1(θ) = G1(θ)
⋂

G0(θ) =
∑

j∈{C+1,...,dim(θ)}

cjej .

Similarly for s > 1, we have

dim(G̃s(θ))

= dim(Gs(θ)
⋂

G̃s−1(θ))

= (dim(θ)− 1) + (dim(θ)− C − (s− 2))− dim(θ)

= dim(θ)− C − s+ 1, (30)

and

G̃s(θ) = Gs(θ)
⋂

G̃s−1(θ) =
∑

j∈{C+s,...,dim(θ)}

cjej.

Note that the result derived in (30) is due to the fact that
the dimension ofGs(θ) is always equal todim(θ) − 1 for
s > 1 and the dimension of the sum of the column spaces,
dim(Gs(θ) + G̃s−1(θ)), is always equal todim(θ). Finally,
after theSth intersection, we have

G̃S(θ) = GS(θ)
⋂

G̃S−1(θ) = {0}.

APPENDIX B
CENTRALIZED PARAMETER ESTIMATES COMPUTED BY

ASSUMING ri,j 6= rj,i AND USING ALL MEASUREMENTS

We re-consider the two partitions ofθ shown inExample
1 and Example 2 of Section III-B. The centralized (global)
estimate ofαl, µl, andσ2

l on the(η + 1)th iteration can be
easily found to be

α
(η+1)
l =

1

|Γ |
N∑

i=1

∑

j∈H(i)

P
(η)
l,i,j ,
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µ
(η+1)
l =

N∑

i=1

∑

j∈H(i)

(ri,j − d(p
(η)
i ,p

(η)
j ))P

(η)
l,i,j

|Γ |α(η+1)
l

,

σ
2,(η+1)
l =

N∑

i=1

∑

j∈H(i)

(ri,j − d(p
(η)
i ,p

(η)
j ))2P

(η)
l,i,j

|Γ |α(η+1)
l

− (µ
(η+1)
l )2.

For the 2-D BFGS-QN D-ECM algorithm (corresponds to
the partition ofθ in Example 1), the position estimate of agent
i is updated through

p
(η+1)
i = argmin

pi

∑

j∈H(i)

C∑

l=1

(ri,j − d(pi,p
(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

+
(rj,i − d(pi,p

(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,j,i

.

While for the 1-D GS D-ECM algorithm (corresponds to the
partition ofθ in Example 2), the position estimate of agenti
is updated through

x
(η+1)
i =

argmin
xi

∑

j∈H(i)

C∑

l=1

(ri,j − d([xi, y
(η)
i ]T ,p

(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

+
(rj,i − d([xi, y

(η)
i ]T ,p

(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,j,i

,

y
(η+1)
i =

argmin
yi

∑

j∈H(i)

C∑

l=1

(ri,j − d([x
(η+1)
i , yi]

T ,p
(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,i,j

+
(rj,i − d([x

(η+1)
i , yi]

T ,p
(η̃)
j )− µ

(η+1)
l )2

σ
2,(η+1)
l /P

(η)
l,j,i

.
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