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Abstract

There is a growing interest in the analysis of multi-way data. In some studies the
inference about the dependencies in three-way data is done using the third order tensor
normal model, where the focus is on the estimation of the variance-covariance matrix which
has a Kronecker product structure. Little attention is paid to the structure of the mean,
though, there is a potential to improve the analysis by assuming a structured mean. In
this paper, we introduce a 2-fold growth curve model by assuming a trilinear structure for
the mean in the tensor normal model and propose an algorithm for estimating parameters.
Also, some direct generalizations are presented.

Keywords: growth curve model, Kronecker product structure, maximum likelihood
estimators, multi-way data, tensor normal model, trilinear regression

1 Introduction

The analysis of multi-way data (or tensor data or array data) have become popular in various
fields such as chemometrics [1, 2, 3], psychometrics [4, 5], signal processing [6, 7, 8], imaging [9],
and many others. The multi-way data consist of measurements indexed by multiple categorical
factors. For example, the 3-dimensional data may be obtained when a single response is
sampled in 3-D space or in 2-D space and time, or when multiple responses are recorded in
2-D space or in 1-D space and time.
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Several methodologies for the analysis of multi-way data have been adopted with a pre-
dominance of the tensor decomposition approach [10]. Since multi-way data generally present
correlations both within and among dimensions, the tensor normal model [11, 12, 13] is often
chosen as a model for variation among entries of the data tensor. Thus, the variance-covariance
structure is modeled as a Kronecker product which reduces the number of parameters with
considerable gain in inference tasks. This paper focuses on the third order tensor normal model
or the trilinear normal model.

The trilinear normal model has been studied by several authors. For example, the prob-
lem of estimating the Kronecker structured covariance matrix, the so called double separable
covariance matrix, has been considered in [14]. The algorithm presented in [14] can be seen
as a direct generalization of the algorithm presented in [15] for the estimation of the separable
covariance matrix in the matrix normal model. In [16] the so called MLE-3D algorithm was
studied as an extension of the MLE-2D algorithm presented in [17].

Most studies on the tensor normal model focused on the estimation of the variance-
covariance matrix. Little attention has been paid to the structure of the mean, however,
there is a potential to improve the analysis by assuming a structured mean. In this paper, we
formally introduce a 2-fold growth curve model by assuming a trilinear structure for the mean
in the tensor normal model and propose an algorithm for estimating parameters. Some direct
extensions are also explored.

2 The tensor normal distribution with a structured mean

Let X = (xijk) : p× q × r be a random tensor of order three; see Figure 1 for illustration.
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x11k . . . x1qk
...

. . .
...

xp1k . . . xpqk


X =

Figure 1: Visualization of a third order tensor.

We define a vectorization of X as

vecX =

p∑

i=1

q∑

j=1

r∑

k=1

xijke
3
k ⊗ e2j ⊗ e1i ,

where e1i , e
2
j and e3k are the unit basis vectors of size p, q and r respectively and ⊗ denotes

the Kronecker product. A matricization or unfolding or flattening of a tensor is the process of
reordering its elements into a matrix [10]. This can be done in several ways and in this paper
we will use the so called mode-n matricization and the notation X(n) will be used to denote
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n-mode matrix from the tensor X . For some details about matricization and decomposition
of tensors refer to [10].

A random tensor X : p×q×r is normally distributed with mean tensor M = (µijk) : p×q×r
and covariance matrices Σ : p × p, Ψ : q × q, Ω : r × r, here assumed to be positive definite,
if vecX is distributed as a multivariate normal distribution with mean vecM and covariance
matrix Ω⊗Ψ⊗Σ. We write

X ∼ Np,q,r(M ,Σ,Ψ,Ω) if vecX ∼ Npqr(vecM ,Ω⊗Ψ⊗Σ). (1)

We refer to the model (1) as the third order tensor normal model or the trilinear normal model.
The aim of this paper is to introduce a trilinear structure for the mean of the form

µijk =
s∑

ℓ=1

t∑

m=1

u∑

n=1

bℓmnaiℓcjmdkn, i = 1, . . . , p, j = 1, . . . , q, k = 1, . . . , r,

that is

M = B × {A,C,D}, (2)

where B = (bℓmn) : s× t×u is the parameter given as a tensor of order three, A = (aiℓ) : p×s,
C = (cjm) : q× t and D = (dkn) : r× u are known design matrices, and × denotes the Tucker
product, see [10], and it is defined by the identity

vec(B × {A,C,D}) = (D ⊗C ⊗A)vecB.

This structure is shown in Figure 2.
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Figure 2: Trilinear structure for the mean. B : s× t× u is the parameter given as a tensor of
order three and A : p× s, C : q × t and D : r × u are known design matrices.

The model (1) with the mean structure (2) can be written in matrix form using three
different modes as

X(1) ∼ Np,qr(AB(1)(D ⊗C)′,Σ,Ω⊗Ψ),

X(2) ∼ Nq,pr(CB(2)(D ⊗A)′,Ψ,Ω⊗Σ),

X(3) ∼ Nr,pq(DB(3)(C ⊗A)′,Ω,Ψ⊗Σ).

The following artificial example illustrates how the model with the mean structure (2) may
arise.
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Example 2.1 Assume that one has measured pH in r lakes from u regions at q levels of depth
and for p time points. The aim is to investigate how pH varies with depth and/or time and
how pH differs across regions. Thus, we have spatio-temporal measurements. Data form a
random tensor X : p× q× r, where r = r1 + r2 + · · ·+ ru and rn is the number of lakes in the
nth region. It is assumed that measurements of each lake (a frontal slice in the tensor X ) is
distributed as a matrix normal distribution with covariance matrices Σ : p× p, and Ψ : q× q,
and that the measurements of different lakes are independent, that is, Ω = Ir. If the first r1
frontal slices of X represent region one, the next r2 frontal slices represent region two, and
so on, we get the between-individuals design matrix D′ = blockdiag(1′r1 , . . . ,1

′
ru
). It is also

assumed that the expected trend in time is a polynomial of order s− 1 and that the expected
trend in depth is a polynomial of order t − 1. Thus, we have two within-individuals design
matrices

A =




1 t1 · · · ts−1
1

1 t2 · · · ts−1
2

...
...

. . .
...

1 tp · · · ts−1
p


 and C =




1 d1 · · · dt−1
1

1 d2 · · · dt−1
2

...
...

. . .
...

1 dq · · · dt−1
q


 .

Hence, the model for the data tensor X is

X = B × {A,C,D}+ E , (3)

where E ∼ Np,q,r(O,Σ,Ψ, Ir), and O is a tensor of zeros.

The model (3) may be thought as a generalization of the classical growth curve model
by [18] in the sense that it considers growth curves in two directions whereas the classical
growth curve model considers one direction. In the classical growth curve model we have two
design matrices; one models the within-individuals structure whereas the other one models
the between-individuals structure. In our extension we have an additional within-individuals
design matrix. We may refer to the model (3) as a 2-fold Growth Curve Model and refer to the
classical growth curve model as a 1-fold Growth Curve Model. Also, it is worth mentioning
that the model (3) generalizes the model studied by [19] which corresponds to u = 1.

In the rest of this paper, for brevity, we assume that the matrices A, C and D are full
column rank, that is r(A) = s, r(C) = t and r(D) = u.

3 Maximum likelihood estimation

3.1 Estimation of parameters in the 2-fold Growth Curve Model

The model (3) can be written in matrix form using three different modes as

X(1) ∼ Np,qr(AB(1)(D ⊗C)′,Σ, Ir ⊗Ψ), (4)

X(2) ∼ Nq,pr(CB(2)(D ⊗A)′,Ψ, Ir ⊗Σ), (5)

X(3) ∼ Nr,pq(DB(3)(C ⊗A)′, Ir,Ψ⊗Σ). (6)

Theorem 3.1 The models (4)-(6) give the same likelihood function.
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Proof. The likelihood function corresponding to (4)-(6) are respectively given by

L1 = c|Σ|−
qr

2 |Ψ|−
pr

2 e−
1
2
tr{Σ−1(X(1)−AB(1)(D⊗C)′)(Ir⊗Ψ

−1)(X(1)−AB(1)(D⊗C)′)′},

L2 = c|Σ|−
qr

2 |Ψ|−
pr

2 e−
1
2
tr{Ψ−1(X(2)−AB(2)(D⊗C)′)(Ir⊗Σ

−1)(X(2)−AB(2)(D⊗C)′)′},

L3 = c|Σ|−
qr

2 |Ψ|−
pr

2 e−
1
2
tr{(X(3)−AB(3)(D⊗C)′)(Ψ−1⊗Σ

−1)(X(3)−AB(3)(D⊗C)′)′},

where c is a proportionality constant and tr stands for the trace of a matrix.
To prove that the models (4)-(6) give the same likelihood function, it is enough to show

that t1 = t2 = t3, where

t1 = tr{Σ−1(X(1) −AB(1)(D ⊗C)′)(Ir ⊗Ψ−1)(X(1) −AB(1)(D ⊗C)′)′},

t2 = tr{Ψ−1(X(2) −CB(2)(D ⊗A)′)(Ir ⊗Σ−1)(X(2) −CB(2)(D ⊗A)′)′},

t3 = tr{(X(3) −DB(3)(C ⊗A)′)(Ψ−1 ⊗Σ−1)(X(3) −DB(3)(C ⊗A)′)′}.

First, we observe that

vecX(1) = (Ir ⊗Kq,p)vecX(2) = Kr,pqvecX(3),

vecB(1) = (Iu ⊗Kt,s)vecB(2) = Ku,stvecB(2).

where Kp,q : pq × pq is the commutation matrix.
Next calculations are based on properties about the vec-operator, the trace, the commu-

tation matrix and the Kronecker product. We have

vec(X(1) −AB(1)(D ⊗C)′) = (Ir ⊗Kq,p)vec(X(2) −CB(2)(D ⊗A)′)

= Kr,pqvec(X(3) −DB(3)(C ⊗A)′).

and

tr{Σ−1(X(1) −AB(1)(D ⊗C)′)(Ir ⊗Ψ−1)(X(1) −AB(1)(D ⊗C)′)′}

= vec′(X(1) −AB(1)(D ⊗C)′)(Ir ⊗Ψ−1 ⊗Σ−1)vec(X(1) −AB(1)(D ⊗C)′)

= vec′(X(2) −CB(2)(D ⊗A)′)(Ir ⊗Kp,q(Ψ
−1 ⊗Σ−1)Kq,p)

× vec(X(2) −CB(2)(D ⊗A)′)

= vec′(X(2) −CB(2)(D ⊗A)′)(Ir ⊗Σ−1 ⊗Ψ−1)vec(X(2) −CB(2)(D ⊗A)′)

= tr{Ψ−1(X(2) −CB(2)(D ⊗A)′)(Ir ⊗Σ−1)(X(2) −CB(2)(D ⊗A)′)′}.

This proves that t1 = t2. Similar calculations lead to t1 = t3 and the proof is complete.
We are going to apply the maximum likelihood approach to find estimators for B, Σ and

Ψ. First, we notice that the parameters Ψ and Σ are defined up to a positive multiplicative
constant because, for example, Ir ⊗ cΨ ⊗ c−1Σ = Ir ⊗ Ψ ⊗ Σ with c > 0. This issue
has been discussed by some authors. In [17] and in [16] the point have been discussed in
terms of stability of the MLE-2D and the MLE-3D algorithms. The algorithm presented
in [15] addressed the issue of uniqueness of estimators in the estimation of the separable
covariance with an additional restriction and the result has been generalized in [14] for the
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double separable covariance matrix in the third order tensor normal model. In this paper we
do not impose such restrictions.

To find estimating equations for parameters we first fix Ψ in (4) and find estimating
equations for Σ and B(1). Secondly, we fix Σ in (5) and find estimating equation for Ψ. This
procedure is justified by the fact that the models in (4)-(6) give the same likelihood function as
shown in Theorem 3.1. The idea is to transform the models (4) and (5) to the classical growth
curve model given in [18] and use results in [20] to get estimators of non-fixed parameters and
then replace the fixed parameters by their maximum likelihood estimators to get estimating
equations. For example, the next theorem gives the estimators of B(1) and Σ for fixed Ψ.

Theorem 3.2 For fixed positive definite Ψ, the maximum likelihood estimators of B(1) and
Σ in the model (4) are given by

B̂(1) = (A′S−1
1 A)−1A′S−1

1 X(1)(D(D′D)−1 ⊗Ψ−1C(C ′Ψ−1C)−1),

S1 = X(1)(Ir ⊗Ψ−1 −D(D′D)−D′ ⊗Ψ−1C(C ′Ψ−1C)−1C ′Ψ−1)X ′
(1),

qrΣ̂ = (X(1) −AB̂(1)(D ⊗C)′)(Ir ⊗Ψ−1)(X(1) −AB̂(1)(D ⊗C)′)′,

where S1 is assumed to be positive definite.

Proof. Consider the model

X(1) ∼ Np,qr(AB(1)(D ⊗C)′,Σ, Ir ⊗Ψ).

As Ψ is positive definite, we transform the data by letting Y = X(1)(Ir ⊗ Ψ)−
1
2 . Since

(D ⊗C)′(Ir ⊗Ψ)−
1
2 = D′ ⊗ (C ′Ψ− 1

2 ), the model for the new data is

Y ∼ Np,qr(AB(1)H,Σ, Iqr), (7)

where H = D′ ⊗ (C ′Ψ− 1
2 ).

The model (7) is the classical growth curve model. From results in [20], the estimators of
parameters are

B̂(1) = (A′S−1
1 A)−1A′S−1

1 Y H ′(HH ′)−1

S1 = Y (Iqr −H ′(HH ′)−1H)Y ′,

qrΣ̂ = (Y −AB̂(1)H)(Y −AB̂(1)H)′.

Coming back to the original data, we get the desired result.
Replacing Ψ with its maximum likelihood estimator Ψ̂ in the above results, we get the

estimating equations for B(1) and Σ:

B̂(1) = (A′S−1
1 A)−1A′S−1

1 X(1)(D(D′D)−1 ⊗ Ψ̂
−1

C(C ′Ψ̂
−1

C)−1), (8)

S1 = X(1)(Ir ⊗ Ψ̂
−1

−D(D′D)−D′ ⊗ Ψ̂
−1

C(C ′Ψ̂
−1

C)−1C ′Ψ̂
−1

)X ′
(1),

qrΣ̂ = (X(1) −AB̂(1)(D ⊗C)′)(Ir ⊗ Ψ̂
−1

)(X(1) −AB̂(1)(D ⊗C)′)′, (9)
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where S1 is assumed to be positive definite.
Replacing Σ and B(2) with Σ̂ and B̂(2) (obtained from B̂(1) by a proper rearrangement of

elements) in (5), we write the likelihood function as

L = c|Σ̂|−
qr

2 |Ψ|−
pr

2 e−
1
2
tr{Ψ−1(X(2)−CB̂(2)(D⊗A)′)(I⊗Σ̂

−1
)(X(2)−CB̂(2)(D⊗A)′)′}.

Maximizing with respect to Ψ, we get the estimating equation

prΨ̂ = (X(2) −CB̂(2)(D ⊗A)′)(Ir ⊗ Σ̂
−1

)(X(2) −CB̂(2)(D ⊗A)′)′. (10)

Theorem 3.3 The estimator B̂(1) given in (8) is uniquely determined regardless of the parametriza-
tion of the covariance parameters.

Proof. It is straightforward to see that when Ψ̂ is replaced with cΨ̂ for some c > 0, the
expression (8) does not change.

The estimating equations for parameters are nested and cannot be solved explicitly. To
obtain maximum likelihood estimates of Σ, Ψ and B in the 2-fold growth curve model we
propose the following iterative algorithm.

Algorithm 3.4 1. Choose initial solution Ψ̂ = Ψ̂0;

2. Compute B̂(1) using (8);

3. Compute Σ̂ using (9);

4. Compute Ψ̂ using (10);

5. Repeat steps 2–4 until the convergence criterion is met.

Usually, there is no prior information that may guide to choose the initial solution. Very
often the identity matrix would be enough to get the solutions. The convergence criterion may
be based on the rate of change in Ψ̂⊗Σ̂ and not separately on Ψ̂ and Σ̂. As mentioned earlier
the covariance matrices Σ̂ and Ψ̂ are defined up to a scale factor. Only, the Kronecker product
Ψ̂⊗ Σ̂ is uniquely defined. This does not affect B̂ which is uniquely defined, see Theorem 3.3.
In Section 4 we will carry out empirical studies on the performance of the Algorithm 3.4 with
respect to the choice of initial solution and the sample size.

3.2 Estimation of parameters in the 2-fold Growth Curve Model when Σ

has a uniform structure

Now, we assume that Σ in (4)-(6) has a uniform structure, that is

Σ = σ2[(1− ρ)Ip + ρ1p1
′
p],

where σ > 0 and −1/(p− 1) < ρ < 1 are unknown.
To find estimating equations forB(1), σ

2, ρ andΨ, we use similar reasoning as in Subsection
3.1. We first fix Ψ in (4) and find estimating equations for B(1), σ

2 and ρ. Then we plug in

B̂(2) and Σ̂ = σ̂2[(1− ρ̂)Ip + ρ̂1p1
′
p] into (5) and find the estimating equation for Ψ.
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Let Ψ be fixed in the model X(1) ∼ Np,qr(AB(1)(D ⊗C)′,Σ, Ir ⊗Ψ) and transform the

data as Y = X(1)(Ir ⊗Ψ)−
1
2 . Then, the model for the new data is

Y ∼ Np,qr(AB(1)H,Σ, Iqr), (11)

where H = D′ ⊗ (C ′Ψ− 1
2 ).

Model (11) is the classical growth curve model with a uniform covariance structure. Sup-
pose that the constant term is included in the growth function and the design matrix A is
of the form A = (1p,A1). Then, the uniform covariance structure is a special case of Rao’s
simple structure (RSS) [21, 22] and we can use results in [23] to get the maximum likelihood
estimators of B(1), σ

2 and ρ:

B̂(1) = (A′A)−1A′Y H ′(HH ′)−1,

σ̂2 = trS/pqr,

ρ̂ = (1′pS1p − trS)/((p− 1)trS),

where

S = S1 + (Ip −A(A′A)−1A′)Y H ′(HH ′)−1HY ′(Ip −A(A′A)−1A′),

S1 = Y (Iqr −H ′(HH ′)−H)Y ′.

In the original data the estimating equations become

B̂(1) = (A′A)−1A′X(1)(D(D′D)−1 ⊗ Ψ̂
−1

C(C ′Ψ̂
−1

C)−1), (12)

σ̂2 = trS/pqr, (13)

ρ̂ = (1′pS1p − trS)/((p− 1)trS), (14)

where

S = S1 + S2,

S1 = X(1)(Ir ⊗ Ψ̂
−1

−D(D′D)−D′ ⊗ Ψ̂
−1

C(C ′Ψ̂
−1

C)−1C ′Ψ̂
−1

)X ′
(1),

S2 = (Ip −A(A′A)−1A′)×

X(1)(D(D′D)−D′ ⊗ Ψ̂
−1

C(C ′Ψ̂
−1

C)−1C ′Ψ̂
−1

)X ′
(1)(Ip −A(A′A)−1A′),

in which Ψ has been replaced with its maximum likelihood estimator Ψ̂ and S is assumed to
be positive definite.

Finally, it is clear that the estimating equation for Ψ is given by (10) in which

Σ̂ = σ̂2[(1− ρ̂)Ip + ρ̂1p1
′
p]. (15)

As in Subsection 3.1, the maximum likelihood estimators of Σ, Ψ and B are obtained
using an iterative algorithm.

Algorithm 3.5 1. Choose initial solution Ψ̂ = Ψ̂0;
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2. Compute B̂(1) using (12);

3. Compute Σ̂ using (15), (13) and (14);

4. Compute Ψ̂ using (10);

5. Repeat steps 2–4 until the convergence criterion is met.

The choice of the initial solution and the convergence criterion is the same as in Subsection
3.1.

3.3 Estimation of B, Σ, Ψ and Ω: General case

Consider the model

X ∼ Np,q,r(B × {A,C,D},Σ,Ψ,Ω), (16)

where B = (bℓmn) : s× t×u is the parameter given as a tensor of order three, and A = (aiℓ) :
p× s, C = (cjm) : q × t and D = (dkn) : r × u are known design matrices.

To find estimators of the parameters in model (16) a sample of N i.i.d. observation tensors

Xi ∼ Np,q,r(B × {A,C,D},Σ,Ψ,Ω), i = 1, 2, . . . , N,

is needed. We stack the observation tensors into matrices as follows:

X(1) = (X1(1), . . . ,XN(1)) : p× qrN,

X(2) = (X1(2), . . . ,XN(2)) : q × prN,

X(3) = (X1(3), . . . ,XN(3)) : r × pqN.

The distribution of these data matrices are

X(1) ∼ Np,qrN (AB(1)(1N ⊗D ⊗C)′,Σ, IN ⊗Ω⊗Ψ), (17)

X(2) ∼ Nq,prN (CB(2)(1N ⊗D ⊗A)′,Ψ, IN ⊗Ω⊗Σ), (18)

X(3) ∼ Nr,pqN (DB(3)(1N ⊗C ⊗A)′,Ω, IN ⊗Ψ⊗Σ). (19)

Similar as in Theorem 3.1 one can show that the models in (17)-(19) give the same likelihood
function. To find estimating equations for parameters we use similar reasoning as in Subsection
3.1. We first fix Ψ and Ω in (17) and find estimating equations for Σ and B(1). Secondly,
we fix Σ and Ω in (18) and find estimating equations for Ψ. At last, we fix Ψ and Σ in (19)
and find estimating equations for Ω. To do so, transform the models (17)-(19) to the classical
growth curve model and use results in [20] to get estimators as in Theorem 3.2, from which
we replace the fixed parameters by their maximum likelihood estimators to get estimating
equations. For example, letting Z1 = X(1)(IN ⊗Ω⊗Ψ)−

1
2 . The model (17) becomes

Z1 ∼ Np,qrN (AB(1)H1,Σ, IqrN ),

9



where H1 = 1N ⊗D′Ω− 1
2 ⊗C ′Ψ− 1

2 . This is the classical growth curve model from which we
get the estimating equations for Σ and B(1):

NB̂(1) = (A′S−1
1 A)−1A′S−1

1 X(1)((1N ⊗ Ω̂
−1

D ⊗ Ψ̂
−1

C)(D′Ω̂
−1

D ⊗C ′Ψ̂
−1

C)−1), (20)

NqrΣ̂ = (X(1) −AB̂(1)(1N ⊗D ⊗C)′)(IN ⊗ Ω̂⊗ Ψ̂)−1(X(1) −AB̂(1)(1N ⊗D ⊗C)′)′, (21)

where

S1 = X(1)((IN ⊗ Ω̂⊗ Ψ̂)−1 − P 1)(X
(1))′,

P 1 =
1

N
(1N ⊗ Ω̂

−1
D ⊗ Ψ̂

−1
C)(D′Ω̂

−1
D ⊗C ′Ψ̂

−1
C)−1(1N ⊗ Ω̂

−1
D ⊗ Ψ̂

−1
C)′

=
1

N
1N1′N ⊗ Ω̂

−1
D(D′Ω̂

−1
D)−1D′Ω̂

−1
⊗ Ψ̂

−1
C(C ′Ψ̂

−1
C)−1C ′Ψ̂

−1
,

and S1 is assumed to be positive definite.
Similarly, using (18), the estimating equations for Ψ is given by

NprΨ̂ = (X(2) −CB̂(2)(1N ⊗D ⊗A)′)(IN ⊗ Ω̂⊗ Σ̂)−1(X(2) −CB̂(2)(1N ⊗D ⊗A)′)′. (22)

Finally, using (19), we get the estimating equations for Ω,

NpqΩ̂ = (X(3) −DB̂(3)(1N ⊗C ⊗A)′)(IN ⊗ Ψ̂⊗ Σ̂)−1(X(3) −DB̂(3)(1N ⊗C ⊗A)′)′. (23)

Again, the estimating equations cannot be solved explicitly and the following iterative
algorithm is proposed to calculate the maximum likelihood estimators of Σ, Ψ, Ω and B in
the model (16).

Algorithm 3.6 1. Choose initial solutions Ψ̂ = Ψ̂0 and Ω̂ = Ω̂0;

2. Compute B̂(1) using (20);

3. Compute Σ̂ using (21);

4. Compute Ψ̂ using (22);

5. Compute Ω̂ using (23);

6. Repeat steps 2–5 until the convergence criterion is met.

Here the identity matrices may be chosen to be initial solutions and the convergence criterion
may be based on the rate of change in Ω̂⊗ Ψ̂⊗ Σ̂.

4 Simulation study

The aim of this section is to study through simulations the performance of the procedures
proposed in this paper, where we restrict ourselves on the algorithm proposed in Subsection
3.1. In the first place the objective is to study the effect of the choice of initial solutions on the
performance of the algorithm. In the second place the objective is to investigate empirically
the bias and the dispersion of the estimators with respect to the sample size.

10



4.1 Procedures

To study the effect of the choice of initial solutions on the performance of the algorithm,
we considered two extreme cases of initial solution, the identity matrix (Ψ̂0 = Iq) and the

true parameter (Ψ̂0 = Ψ). The average number (rounded to next integer) of iterations
required to achieve a nominal absolute rate of change of order ε = 10−12, ||(Ψ̂ ⊗ Σ̂)old −
(Ψ̂⊗ Σ̂)new||F < ε, was calculated over 1000 simulation runs for each sample size considered
r ∈ {20, 30, 40, 50, 100, 200, 500, 1000}. Here, || · ||F stands for the Frobenius norm, defined as
‖A‖F = ‖vecA‖2 and ‖ · ‖2 is the usual L2−vector norm. At the same time, the empirical bias
and empirical dispersion of the estimators were calculated.

The standardized empirical bias for Ψ̂⊗ Σ̂ was calculated as

||Ψ̂⊗ Σ̂−Ψ⊗Σ||F
||Ψ⊗Σ||F

,

where the bar indicates that the quantity has been averaged over 1000 simulation runs, and
the standardized measure of dispersion was calculated as

||Ψ̂⊗ Σ̂−Ψ⊗Σ||F
||Ψ⊗Σ||F

.

Similarly, the standardized empirical bias for B̂ was calculated as

||B̂ − B||F
||B||F

,

and the standardized measure of dispersion was calculated as

||B̂ − B||F
||B||F

.

In all cases, data was generated randomly from the distribution

X ∼ N4,3,r(B × {A,C,D},Σ,Ψ, Ir),

with design matrices

A′ =

(
1 1 1 1
2 3 4 5

)
; C ′ =

(
1 1 1
0.5 5.5 10.5

)
; D′ = blockdiag(1′r1 ,1

′
r2
), r1 = r2 = r/2;

and parameters

B(1) =

(
1 1 3 2
1 2 4 5

)
; Σ =




2 1 0.5 2
1 3 −2 0.4
0.5 −2 4 −1
2 0.4 −1 5


 ; Ψ =




3 0.5 0.6
0.5 2 0.4
0.6 0.4 1


 .

Calculations were performed using MATLAB R2015a, tensor manipulation were done using
the Tensor Toolbox [24, 25].
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Table 1: Average number of iterations (ITER), rounded to the next integer, required to achieve
a nominal absolute rate of change of order ε = 10−12 in the Kronecker product estimates, the
standardized empirical bias and the standardized measure of dispersion of estimators as a
function of sample size (r). The upper and lower blocks correspond to the initial solutions
taken as identity matrix and true parameter matrix, respectively.

r ITER ||B̂−B||F
||B||F

||B̂−B||F
||B||F

||Ψ̂⊗Σ̂−Ψ⊗Σ||F
||Ψ⊗Σ||F

||Ψ̂⊗Σ̂−Ψ⊗Σ||2
||Ψ⊗Σ||F

20 101 0.0071 0.1552 0.0371 0.3108
30 80 0.0096 0.1214 0.0258 0.2493
40 72 0.0063 0.1057 0.0162 0.2117
50 69 0.0052 0.0948 0.0121 0.1923
100 66 0.0011 0.0669 0.0091 0.1327
200 64 0.0016 0.0471 0.0041 0.0932
500 63 0.0009 0.0295 0.0026 0.0589
1000 63 0.0001 0.0209 0.0011 0.0420

20 100 0.0025 0.1495 0.0352 0.3107
30 72 0.0051 0.1196 0.0199 0.2491
40 65 0.0056 0.1085 0.0186 0.2161
50 63 0.0015 0.0955 0.0126 0.1920
100 58 0.0020 0.0658 0.0074 0.1346
200 56 0.0033 0.0465 0.0036 0.0937
500 54 0.0011 0.0299 0.0030 0.0592
1000 53 0.0006 0.0214 0.0012 0.0416

4.2 Results

With no surprise, the number of iterations required to attained a nominal convergence criterion
decreased as the sample size increased (see, Table 1) whether the initial solution was the
identity matrix or the true parameter matrix. The choice of the true parameter matrix slightly
decreased the number of iterations required to meet the convergence criterion.

Regarding, the standardized empirical bias and the standardized measure of dispersion for
both B̂ and Ψ̂⊗ Σ̂, there was no remarkable difference between the use of the true parameter
matrix as initial solution and the use of the identity matrix. The standardized empirical bias
for B̂ or Ψ̂ ⊗ Σ̂ was small for all sample sizes considered and the standardized measures
of dispersion for both B̂ and Ψ̂ ⊗ Σ̂ exhibited a clear pattern of decrease towards zero as
the sample size increased. These results are in agreement with properties of the maximum
likelihood estimators and the conclusion is that our estimators are consistent.
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Indian Journal of Statistics, vol. 71-A, pp. 137–163, 2009.

[20] T. Kollo and D. von Rosen, Advanced Multivariate Statistics with Matrices. Dordrecht,
The Netherlands: Springer, 2005.

[21] J. C. Lee and S. Geisser, “Growth curve prediction,” Sankhyā: The Indian Journal of
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