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Abstract

This thesis investigates the structural and electronic properties of graphene, poly-
aromatic hydrocarbon (PAH) molecules, and other carbon-based materials, when
interacting with metallic surfaces, as well as under the influence of different types
of perturbations. Density functional theory, incorporating van der Waals interac-
tions, has been employed.

PAH molecules can, with gradual accuracy, be considered as approximations
to an infinite graphene layer. A method to estimate the contributions to the
binding energies and net charge transfers from different types of carbon atoms
and CH groups in graphene- and PAH-metal systems has been generalized. In
this extended method, the number and the nature of the functional groups is
determined using a first-principles approach, rather than intuitively or through
empirical considerations. Relationships between charge transfers, interface dipole
moments and work functions in such systems are explored.

Although the electronic structure of physisorbed graphene keeps most of the
features of freestanding graphene, the use of large supercells in calculations makes
it difficult to resolve the changes introduced in the band structures of such ma-
terials. In this thesis, this was the initial motivation for the development of a
method to perform the Brillouin zone unfolding of band structures. This method,
as initially developed, is shown to be of general use for any periodic structure,
and is even further generalized – through the introduction of the unfolding density
operator – to tackle the unfolding of the eigenvalues of any arbitrary operator,
with both scalar as well as spinor eigenstates.

A combined experimental and theoretical investigation of the self-assembly of a
binary mixture of 4,9-diaminoperylene-quinone-3,10-diimine (DPDI) and 3,4,9,10-
perylene-tetracarboxylic acid dianhydride (PTCDA) molecules on Ag(111) is pre-
sented. The DFT calculations performed here allow for the investigation of the
interplay between molecule-molecule and molecule-surface interactions in the net-
work.

Besides the main results mentioned above, this thesis also incorporates a study
of silicon-metal nanostructures, as well as an investigation of the use of hybrid
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graphene-graphane structures as prototypes for atomically precise design in nano-
electronics.



Populärvetenskaplig sammanfattning

I denna avhandling undersöks strukturella och elektroniska egenskaper hos grafen,
polycykliska aromatiska kolväten (PAH) och andra kolbaserade material, i situa-
tioner då dessa växelverkar med metallytor eller utsätts för olika slags störningar.
Undersökningarna är baserade på s.k. täthetsfunktionalteori (DFT) och tar hänsyn
till van der Waals-interaktioner.

Polycykliska aromatiska kolväten kan, med gradvis noggrannhet, anses rep-
resentera grafen med oändlig utsträckning. I avhandlingen har en metod för att
uppskatta bidragen till bindningsenergier och laddningsöverföringar från olika kol-
atomer hos grafen- och PAH-metallsystem generaliserats på ett sådant sätt att
antalet och karaktären av de olika typerna av atomer kan bestämmas teoretiskt
snarare än empiriskt. Vidare har sambanden mellan laddningsöverföringar, dipol-
moment mellan olika gränsskikt, och s.k. arbetsfunktioner utforskats.

Även om grafen till stor del behåller sin inneboende elektronstruktur när det
växelverkar med en metallisk yta, så är det p.g.a. de stora enhetscellerna svårt
att visualisera en teoretiskt beskriven förändring av bandstrukturen i en sådan
situation. Detta problem var i denna avhandling den ursprungliga motiveringen
till utvecklingen av en metod för att urskilja och karakterisera bandstruktur i
Brillouin-zonen för ett materials primitiva enhetscell. I avhandlingen visas vidare
att denna metod är tillämpbar på alla periodiska system, och kan generaliseras –
genom införandet av den s.k. unfolding density-operatorn – till att handskas med
egenvärdena för varje godtycklig skalär- eller spinoperator.

Avhandlingen inkluderar även en kombinerad experimentell och teoretisk studie
av självorganisationen (self-assembly) i en binär blandning av 4,9-diaminoperylene-
quinone-3,10-diimine (DPDI) och 3,4,9,10-perylene-tetracarboxylic acid dianhy-
dride (PTCDA) molekyler på silverytan Ag(111). Underliggande DFT-beräkningar
möjliggör utforskandet av samspelet mellan molekyl-molekyl och molekyl-yt inter-
aktioner i nätverket. Speciellt visar beräkningarna hur silverytan påverkar väte-
bindningarna mellan molekylerna.

Förutom ovan beskrivna huvudresultat inkluderar avhandlingen även resultat
erhållna i samarbete med andra teoretiska forskningsgrupper: en studie av kisel-
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metall nanostrukturer, samt en studie av användandet av grafen-grafan-hybridstrukturer
som prototyper för nanoelektronisk design med atomär precision.
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CHAPTER 1
Surfaces and interfaces

1.1 Overview
The term interface designates a region of space that separates two different mate-
rials or phases in close contact. In such a definition, the word “close” is understood
to represent a situation where the average distance between the boundaries of the
materials is considerably smaller than their lateral dimensions. The concept of
a surface, from a Condensed Matter Physics standpoint, emerges from the de-
generate case of an interface between a material and the vacuum.1,2 While the
mathematical notion of a surface in a three-dimensional space implies the defini-
tion of a two-dimensional object, a physical surface is typically composed of a few
two-dimensional atomic layers such that, in their vicinity, the physical properties
of the material differ from those observed in the bulk region.

Most of what we see around us is a direct result of the reflection of light at sur-
faces. In fact, surfaces and interfaces are present everywhere, and at every scale.
Physical contact between macroscopic objects occurs between their surfaces. We
feel our skin wet when we swim in the sea because molecules of water adhere to
the surface of our skin. The very fact that there are no infinite crystalline struc-
tures in nature underlines the importance of surfaces and interfaces for all sorts of
phenomena. They are important even for our survival: A human small intestine
is estimated to have an impressive 30 m2 of surface area on average3 – larger than
some studio apartments, allowing our body to absorb nutrients efficiently.

Not surprisingly, the list of technological applications that rely on surface and
interface effects is ever-growing. From catalytic converters – installed in nearly
every car to reduce the amount of pollutants they release into the environment
– to the development of the metal-oxide-silicon (MOS) design for transistors –
proposed in 1964 by Ihantola and Moll4 and still adopted in the vast majority
of the microchips manufactured today,5 the ability to harness the physical and
chemical processes occurring at interfaces to increase efficiency is a major practical
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4 Surfaces and interfaces

requirement.
The field of surface science enjoyed a rapid development starting from the

1960s, fueled by the commercial availability of ultra high vacuum (UHV) systemsa

and high-quality samples.6 Another milestone of that time was the understand-
ing that the elastic emission or scattering of electrons by solids is a surface phe-
nomenon, which allowed a precise interpretation of experimental data produced
by low-energy electron diffraction (LEED).6,7 Nowadays, LEED and other exper-
imental techniques such as x-ray diffraction8,9 and scanning tunneling microscopy
(STM)10,11 are commonly employed for both the quantitative and qualitative char-
acterization and structural determination of surfaces.7

A complete understanding of the physics and the chemistry of surfaces and in-
terfaces, however, requires a theoretical framework with which the experimentally
observed phenomena can be reliably explained. Moreover, any successful theory
should be able to anticipate the results of the experiments, and, in many cases,
even provide clues on properties that cannot – or are too difficult to – be assessed
in a laboratory. Although solving the Schrödinger equation is certainly a valid
strategy for that purpose, the difficulty with such a direct approach is that the
many-body problems are just too difficult to be solved.

This task was enormously simplified with the advent of the density functional
theory (DFT)12 (discussed in chapter 3), which has very successfully bridged the
fields of Condensed Matter Physics and Quantum Chemistry. Nowadays, with
highly reliable density functionals, efficient numerical algorithms and powerful
computers, DFT is the number one method of choice for modeling the electronic
structures of realistic solids, surfaces and interfaces. Indeed, DFT simulations are
not rarely used as prototypical virtual experiments, especially when the desired
experimental conditions are difficult to set up or reproduce.7,13 The DFT modeling
of the adsorption of atoms and molecules on surfaces of metals and on graphene
is an important component of the work developed in the thesis. In the next
subsections, we discuss some key concepts used.

1.2 Adsorption
Just as important as the characterization and structural determination of a surface
is the understanding of how they interact with atoms and molecules. The process
by which atoms and molecules attach to a surface is called adsorption. Common
examples of processes where adsorption has a key role are heterogeneous catalysis
and crystal growth. Controlled adsorption of atoms, molecules or two-dimensional
materials at the surfaces of solids can also be employed, for instance, as a means
to tailor their mechanical and electronic properties for technological applications.

Adsorption processes are categorized, according to the nature of the chemical
interactions between adsorbent and adsorbate, as physisorption or chemisorption.14
When chemical bonds are formed between the adsorbate and the surface of the
substrate, then the interaction is said to occur through chemisorption. Physisorp-
tion, on the other hand, is the type of adsorption that occurs without the for-

aUHV is necessary for the stability of the surfaces in the time scale of the experiments.6



1.3 Surface dipoles 5

mation of chemical bonds between substrate and adsorbate. The dominant forms
of interaction in this case are the very weak attractive van der Waals (vdW)
forces (section 3.4),14 and static Coulomb interactions.15 The system reaches equi-
librium when the attractive forces are counterbalanced by Pauli repulsion.2,16,17
While typical chemisorption energies are of the order of 1 eV/atom,14 physisorption
binding energies are much smaller (about 100 meV atom for some metal-organic
systems18,19).

1.3 Surface dipoles
Suppose that two crystal fragments are created by splitting an infinite crystal into
two parts, and consider only one of the semi-infinite structures thereby formed.
Assume that the atomic positions remain unchanged, and that the half crystal
has a zero net charge. Far from the created surface and into the bulk region, the
local environment experienced by the atoms is very similar to the one they were
embedded in before the crystal was split. As one gets closer and closer to the
surface, however, the local environment deviates more and more from the one of
the bulk. The electronic charge density will thus differ more and more from that
of the ideal crystal as one approaches the newly obtained surface.b

Figure 1.1 shows an example of such an effect for the case of an Au(111) surface.
This new distribution of the charge density generally gives rise to an electric dipole
moment at the surface region,20 referred to as a surface dipole. When two surfaces
interact, a new dipole layer is often formed at the interface. The causes are related
to factors such as charge transfer, the formation of chemical bonds, and the induced
redistribution of the electronic charge densities of each surface.21 This new dipole
layer gives rise to a so-called interface dipole.

The assumption that the atomic positions remain unchanged after creating a
surface is, of course, not so realistic. In fact, the spatial distribution of surface
atoms generally differs from what would be found in the ideal crystal, giving
rise to interesting surface phenomena such as relaxations and reconstructions.14
Such effects both influence and are influenced by the charge rearrangement and
formation of surface dipoles, which makes the pure theoretical determination of
the structure of surfaces a very difficult task.14,20 The fact that surface dipoles
are sensitive to such features imply that inequivalent surfaces of a crystal have
generally different surface dipoles.

1.4 Work function
The work function is the minimum energy required to remove an electron from a
solid and take it to a position that is far away in the atomic scale, but close if

bStrictly speaking, the charge density will rearrange itself completely, not only near the sur-
face, as breaking the translational symmetry affects the crystal potential as a whole. The changes
in the density, however, become more and more negligible as one gets farther and farther away
from the surface, so that, in practice, one can think of it as being identical to the one of the ideal
crystal after a given spacial threshold.
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Figure 1.1. An example of the increasing difference between the charge densities for an
Au(111) surface and its associate infinite crystal as one approaches the surface. The green
and blue curves represent, respectively, the xy-plane integrated valence charge density
for the bulk and surface systems, and the red curve is the difference between them.
Although the blue and green curves seem to coincide until the limit at the surface, the
amplitude of the oscillations of the red curve clearly goes from zero, in the bulk region,
to a maximum at the surface. The black lines around the atomic structure denote the
limits of the supercell used. The other black horizontal line locates the zero of the density
scale, while the vertical black line marks the point where the bulk charge density has
been truncated. The absolute values of the densities are not relevant, and the curves are
represented in the same scale. For simplicity, the positions of the atoms in the bulk and
surface calculations are kept the same.

compared to the lateral dimensions of the surface from which the electron is to be
removed.14,20 Such a specific requirement on the distance is introduced to account
for the fact that, if a crystal has inequivalent surfaces, they may accumulate small
residual charges,20 which, in turn, create electric fields outside the crystal.c The
work performed by these electric fields on the removed electron will be negligible
as long as the electron remains within the specified range of distances.20

The work function of a surface S thus corresponds to the amount of energy
required to break the bond between the electron and the crystal (the negative of
the Fermi energy, εF ), plus the work WS required to move it through the electric
field in the surface double layerd to a region just outside it:20

φS = WS − εF . (1.1)

In DFT calculations, the convergence of the work function with the number of
atomic layers in the slabe used to simulate a surface system can be rather slow if
Eq. (1.1) is used directly. Fall, Binggeli, and Baldereschi,23 however, have shown

cThis happens even if the crystal has a zero net electronic charge, in which case the sum of
the accumulated residual charges vanishes.

dThe distribution of charge at surfaces can often be modeled by means of a density of surface
dipoles,20 which is composed of two layers of charges with same magnitude and opposite sign.22
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that a much faster convergence can be attained by combining the Fermi energy
of the infinite crystal with a macroscopic average of the potential step across the
surface, and this is the approach adopted in this thesis. We refer to the work in
reference [23] for more details.

eThe term “slab” refers to a finite number of atomic layers used to represent a surface system.
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CHAPTER 2
Nanostructured materials

2.1 Overview
Nanostructured materials (NSMs) are a class of materials that owe their physical
properties to particular features resolved at the nanoscale. To be categorized as
“nano”, a given structure should not exceed a length of 100 nm along at least
one direction.24,25 Molecules are probably the most well known representatives
of such a class, which also comprises structures such as crystal fragments, nan-
oclusters, aggregates and even artificially created nanometric templates,a among
others. The low dimensionality of such nanostructures provides an open door for
the observation of many interesting – and often unusual – properties that emerge
in the length scale between that of individual atoms and macroscopic matter.

The emergence of peculiar features in NSMs can be understood, for instance, by
noticing that the typical dimensions of a nanostructure are comparable to many of
the characteristic lengths that describe quantum phenomena, such as the typical
mean free paths of electrons and phonons.26 Local quantum effects, combined
together in structures of macroscopic scale, thus give rise to many effects that
frequently are difficult to explain by either pure quantum or classical frameworks.

Even if a NSM is not macroscopic, its low dimensionality alone might be re-
sponsible for considerable differences in its behavior if compared to similar systems
of higher dimensionality. A very interesting example of this is provided by the Ising
model.27 While there is no phase transition in the one-dimensional Ising model at
finite temperatures,27 they do occur in two or more dimensions.28,29 Moreover, the
exact solution of the three-dimensional Ising model is still unknown, and it has
been argued that it may never be found.30,31 This illustrates how the characteris-
tics of a system can be drastically modified by changes in its dimensionality, and
how this may imply the introduction of a number of fundamental challenges to
the theoretical modeling of NSMs.

aBy nanolithography, for instance.

9



10 Nanostructured materials

Structural imperfections in solids are also examples of nanostructures. The
presence of point, line, planar and bulk defects, such as vacancies, lattice disloca-
tions, grain boundaries and voids, normally modify the properties observed in the
corresponding homogeneous crystals,b and, in higher concentrations, can trigger
the appearance of new features. In fact, the introduction of such defects generally
impact on the overall configuration of the energy levels of the crystal, and may
therefore have effects on the material’s absorption spectra, conductivity, magnetic
properties, among other characteristics.32 It is well known, for instance, that alloys
can be formed at grain boundaries between solids composed of constituents that
are immiscible at temperatures below and/or above their melting points.26

A particularly interesting type of NSMs are self-assembled monolayers (SAMs).
SAMs are formed when molecules, adsorbed on the surface of a given substrate,
interact between themselves and with the surface in a way such that, without
any direct external intervention, they are driven into a regular two-dimensional
arrangement.33 The high interest in SAMs comes from the fact that they offer
a promising route towards the engineering of NSMs in large scale and with low
cost.24,33 The use of SAMs might thus be a viable alternative to direct methods for
the positioning of the molecular building blocks – such as the use of STM probe
tips,34,35 for instance, because direct approaches frequently involve procedures that
are too complicated or too inefficient to be used for industrial production.35 The
two strategies, however, can also be combined, e.g. by promoting the growth of
SAMs on top of templates patterned by using lithography techniques.24

Technological developments based on the use of NSMs are the subject of the
very interdisciplinary field of nanotechnology. Much to the surprise of the general
public, nanotechnology is everywhere, and, to a certain extent, our current lifestyle
depends on it. It is in our computers, TVs, tablets and cellphones.36 It is in our
sunscreens.37 It is even in our food.38 The list goes on, and there is plenty of room
for improvements and new applications.

Much of this thesis is devoted to the theoretical investigation of the electronic
properties of interfacesc and NSMs. Emphasis is given to the study of interfaces
between metals and carbon-based nanostructured materials (CBNMs), systems
with increasing importance in electronics39–41 and nanotechnology in general.42
A comprehensive account of the very rich physics and chemistry of CBNMs42 is
beyond the scope of this thesis. We present, in section 2.2, a brief perspective on
the topic within the context of this work.

bOf course, even a perfectly crystalline solid is ultimately a NSM, as its properties are com-
pletely determined by specifying its primitive cell, i.e. a minimal atomic basis plus a set lattice
vectors with nanometric dimensions. We employ the expression “corresponding homogeneous
crystal” to refer to the perfectly crystalline solid from which a defective structure is derived.

cSurfaces and interfaces are also special cases of NSMs. As discussed in chapter 1, a surface
can be seen as a particular case of an interface between a material and the vacuum, and typically
comprises a few atomic layers. It is clear, however, that explicit references to surfaces and
interfaces are indeed appropriate, given the immense importance they have for many areas of
science and technology, and in this work, in particular.
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2.2 Carbon-based nanostructures
Carbon has a remarkable capacity to form structures with all sorts of properties.
Graphite and diamond are certainly the most well known allotropes of carbon, and
illustrate quite well the incredible potential that C atoms have to combine together
and create forms of matter that have little or no resemblance to each other.43 The
discovery of fullerenes44 in 1985 jump-started the research on carbon-based nano-
structures (CBNSs) and CBNMs, and further impulse was added by the discovery
of carbon nanotubes (1991)45 and graphene (2004).46 These notable carbon-based
materials are illustrated in Fig. 2.1. There are, however, many more allotropes of
carbon still awaiting discovery,43 such as graphyne47 and graphdiyne.48

Figure 2.1. Some allotropes of carbon. Reprinted by permission from Macmillan Pub-
lishers Ltd: A. Hirsch, Nat. Mater. 9, 868 (2010), copyright (2010).

The academic and technological interest in CBNSs and CBNMs is motivated
by the flexibility that they allow in the modification of their often already inter-
esting intrinsic properties, as well as in their combination with other materials.42
Fullerene derivatives, for instance, have for many years now been successfully com-
bined with conjugated polymers to increase the efficiency of organic solar cells,42,49
while carbon nanotubes have found applications as diverse as biotechnology, mi-
croelectronics, coating and energy storage.50

We can safely affirm that one of the main paradigms of the ongoing technolog-
ical revolution is the production of devices with as compact as possible processing
units and with more and more processing power. This, however, implies the need
to be able to control the properties of matter at smaller and smaller scales, and,
as far the widely adopted silicon-based technology is concerned, the critical limit
seems to be closer than ever.51 This is one more scenario where CBNMs, such as
graphene, have the potential to thrive, and many of these materials are already

http://dx.doi.org/10.1038/nmat2885
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being used in devices such as organic light emitting diodes (OLEDs)40 and or-
ganic field effect transistors (OFETs).41 The design of functional CBNMs derived
from graphitic networks, for instance, can be achieved with atomic precision by
using irradiation techniques,35 and the effectiveness of such methods is partially
linked to the remarkable ability of these carbon-based structures to self-assemble
or reconstruct after structural defects are introduced.35,52

2.2.1 Graphene
Graphene46 is probably the CBNM that attracts most attention nowadays, due to
its unparalleled combination of remarkable mechanical and electronic properties,
such as high elastic modulus,53,54 exceptionally high charge carrier mobility,53,55
among others.55,56 Its atoms are arranged in a two-dimensional honeycomb lattice,
as illustrated in Fig. 2.1. The sp2 hybridization of the atomic orbitals gives rise
to a σ bond between the atoms, which keeps the planar structure stable. There
is thus one electron left in the pz orbital of each atom, which then bind to form
a π band. Graphene is a zero-gap semiconductor, and its electrons behave like
massless Dirac fermions.55,56 Interestingly, before the discovery of graphene by
Novoselov and coworkers46 in 2004, there was a strong consensus in the scientific
community that two-dimensional materials were too unstable thermodynamically
to exist as individual entities.55,57,58

A large fraction of current graphene research is dedicated to finding ways to
be able to control its properties. In particular, in order to be able to use graphene
in electronics, one has to learn how to give it a non-vanishing band gap. Com-
monly adopted strategies to modify the electronic properties of graphene involve,
for instance, the adsorption of foreign atoms59–62 and molecules,63–65 as well as
doping52,53,66 and the introduction of structural defects.52,66,67

In this thesis, the changes in graphene’s electronic structure when it interacts
with metal surfaces (Articles I and V), as well as under the influence of intrinsic and
extrinsic perturbations (Article III), are investigated. We also study the properties
of hybrid graphane–graphene nanostructuresd (Article IV), which may serve as
prototypes for applications in nanoelectronics.

dGraphane is the fully hydrogenated variant of graphene (1:1 proportion of C and H atoms).
See reference [59].
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CHAPTER 3
Density functional theory

A stationary system of many fermions in a non-relativistic regime can be charac-
terized by a Hamiltonian of the form:68

H = T̂ + V̂ + Ŵ , (3.1)

where T̂ , V̂ and Ŵ represent, respectively, the total kinetic energy, the external
potential the system is subjected to, and the interaction between the particles
themselves.a All the information about the system is contained in its wavefunc-
tion, Ψ , which satisfies the Schrödinger equation:

HΨ = (T̂ + V̂ + Ŵ )Ψ = EΨ. (3.2)

Once the eigenvalue problem defined in Eq. (3.2) is solved, then, in principle,
any observable property of the system can be determined. In practice, however,
solving Eq. (3.2) for the Hamiltonian in Eq. (3.1) is an extremely complex task. In
systems composed of many electrons, the term Ŵ is the Coulomb potential. Since
Ŵ couples the coordinates of the particles in this case, the traditional method
of separation of variables is no longer a viable choice. Exact analytical solutions
exist for some very specific cases, and numerical methods to solve the eigenvalue
problem directly are often computationally very expensive.

An alternative approach for the ground state problem is given by the den-
sity functional theory (DFT), introduced in 1964 by Hohenberg and Kohn.12 In
DFT, the main quantity characterizing the system is no longer the multi-variable
wavefunction Ψ(x1, x2, ..., xN ), but rather the total particle density of the system,

n(r) = N
∑
α

∫
dx2...

∫
dxN |Ψ(rα, x2, ..., xN )|2 , (3.3)

aThe Born-Oppenheimer approximation (Appendix A) was used in the calculations presented
in this thesis, so that, in Eq. (3.1), we have T̂ = T̂e, Ŵ = Ŵee and V̂ = ŴeN . The statement,
nevertheless, is true even without using this approximation, as one can always write T̂ = T̂e+T̂N ,
Ŵ = Ŵee + Ŵee + ŴNN , and take V̂ to be null or some external potential.

15
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where N is the number of particles in the system, α represents the spin coordinate,
and xi = riαi. DFT is not an approximation, but rather a reformulation of
the many-body problem defined by Eq. (3.2). In the following sections we will
discuss some of the main aspects of the theory, closely following the approach by
Dreizler and Gross.68 For simplicity, we neglect the spin degrees of freedom. For a
generalization to spin-polarized systems, as well as many other important points
and interesting discussions, we refer to reference [68].

3.1 Hohenberg-Kohn theorems
Since the expressions for the kinetic energy and interaction potential are generally
known, we expect the external potential V̂ to determine all properties of the
system. The first theorem of Hohenberg and Kohn12 establishes that the properties
can also be unambiguously determined by the exact ground state density n(r).

Theorem 3.1 (Hohenberg–Kohn) The ground state expectation value of any
observable Ô is a unique functional of the exact ground state particle density n:

O = O[n] =
〈
Ψ [n]

∣∣∣ Ô ∣∣∣ Ψ [n]
〉
. (3.4)

A proof of the Hohenberg–Kohn (HK) theorem is given in reference [68] and will
be omitted here. Some essential points to notice will be discussed below.

Suppose that a many-particle system described by Eq. (3.2) is subject to the
action of different external one-particle local potentials V̂i. Each potential V̂i will
thus be associated with a non-degenerate ground state Ψ [V̂i]. Let Ṽ be the set of
all V̂i and Ψ̃ be the set of all Ψ [V̂i]. A surjective map of Ṽ onto Ψ̃ is thus defined:

C : Ṽ → Ψ̃ . (3.5)

Also, by defining Ñ as the set of all particle densities n(r) obtained using Eq. (3.3)
with each Ψ ∈ Ψ̃ , we create another surjective map:

D : Ψ̃ → Ñ . (3.6)

The strategy to prove the theorem68 is then to show that the map (3.5) is injective,
and thus bijective and invertible. One then uses this result to show that the map
(3.6) is also bijective, thus completing the proof.

This means that we can also define the inverse maps

C−1 : Ψ [n] 7→ v(r) (3.7)

D−1 : n(r) 7→ Ψ [n]. (3.8)

An important corollary of the HK theorem is that the particle density deter-
mines the external potential the system is submitted to. This follows from the
fact that maps (3.5) to (3.8) allow us to define the composed maps

CD : Ṽ → Ñ . (3.9)
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(CD)−1 : n(r) 7→ v(r). (3.10)

Since the kinetic energy and the inter-particle interaction potential are generally
known, this means that the ground state particle density n(r) determines the
entire Hamiltonian of the system. We thus conclude that n(r) also determines the
excited state properties of the system.

Consider now that the system is under the influence of the external potential
V̂0. The expectation value of the energy if the system has particle density n is
then

Ev0 [n] =
〈
Ψ [n]

∣∣∣ T̂ + V̂0 + Ŵ
∣∣∣ Ψ [n]

〉
, (3.11)

where the eigenstates Ψ [n] are generated by applying map (3.8) to the densities
n ∈ Ñ . Maps (3.9) and (3.10) guarantee the existence of a ground state density
n0, with energy E0, uniquely associated with V̂0. Determining n0 is the object of
the second HK theorem.

Theorem 3.2 (Variational Principle) The exact ground state density of the
system is the one that minimizes Eq. (3.11):

E0 = min
n∈Ñ

Ev0 [n]. (3.12)

This result follows immediately from the use of the Rayleigh-Ritz principle.
As a final remark, we observe that, by defining the functional

FHK [n] ≡
〈
Ψ [n]

∣∣∣ T̂ + Ŵ
∣∣∣ Ψ [n]

〉
, (3.13)

one can write Eq. (3.11) as:

Ev0 [n] = FHK [n] +
〈
Ψ [n]

∣∣∣ V̂0

∣∣∣ Ψ [n]
〉
. (3.14)

The functional FHK [n] bears no dependence on the external potential V̂0, being
exactly the same for atoms, molecules and solids. For this reason, FHK [n] is said
to be a universal functional.

3.2 Kohn-Sham equations
The HK theorems tell us that we can use a system’s ground state particle den-
sity n(r), instead of the system’s wavefunction Ψ(x1, x2, ..., xN ), to describe all
of the intricacies of the underlying many-particle problem, and they provide us
with a method to determine such a density. Solving the problem by direct ac-
cessing n(r),68–73 however, frequently leads to equations that, albeit conceptually
important, are not convenient for computational purposes.

A very popular indirect approach to the minimization of Eq. (3.11) is given
by the Kohn–Sham (KS) ansatz.74 In this scheme, one supposes that the original
many-particle problem can be mapped onto an auxiliary one, involving the same
number of independent particles subjected to an effective local potential υs(r).
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The effective potential is chosen so that its corresponding ground state particle
density ns(r) [see map (3.9)] is identically equal to original system’s ground state
density n(r). Assuming that υs(r) exists, the auxiliary problem is written as:[

− ~
2

2m∇
2 + υs(r)

]
ϕi(r) = εiϕi(r); ε1 6 ε2.... 6 εN (3.15)

n(r) =
N∑
i=1
|ϕi(r)|2 . (3.16)

The question is now: How can υs(r) be determined?
To answer this question, we notice that, by adding and subtracting to Eq. (3.14)

the kinetic energy
〈
Ψ [n]

∣∣∣ T̂s ∣∣∣ Ψ [n]
〉

of the particles in the auxiliary system, as
well as the Hartree term

J [n] ≡ 1
2

"
drdr′n(r)w(r− r′)n(r′), (3.17)

which represents the Coulomb interaction of the n(r) with itself, we obtain:

Ev0 [n] =
〈
Ψ [n]

∣∣∣ T̂s + V̂0

∣∣∣ Ψ [n]
〉

+ J [n] + Exc[n], (3.18)

where the exchange-correlation (XC) energy functional Exc[n] is defined as

Exc[n] ≡ FHK [n]−
〈
Ψ [n]

∣∣∣ T̂s ∣∣∣ Ψ [n]
〉
− J [n]. (3.19)

By directly applying Eq. (3.12) to the ground state energy of the original system
as expressed in Eq. (3.18), one finds that:68

υs(r) = υ0(r) + δJ [n]
δn(r) + υxc ([n]; r) , (3.20)

where υxc([n]; r) is the XC potential:

υxc ([n], r) ≡ δExc[n]
δn(r) . (3.21)

Equations (3.15), (3.16) and (3.20) compose the classical KS scheme.74 Since
υxc([n], r) depends on n(r), which is unknown until the problem is solved, the
solution of the KS equations has to be found self-consistently. This process, rep-
resented in the flowchart in Fig. 3.1, is known as the self-consistent field (SCF)
method.

3.3 Exchange and correlation functionals
In the KS scheme, all many-body quantum effects inherent to the interacting
system are encapsulated in the XC functional, Exc[n], defined in Eq. (3.19). It
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Start: Initial guess for n(r)

υs(r) = υ0(r) + δJ[n]
δn(r) + υxc ([n]; r)

[
− ~

2

2m∇
2 + υs(r)

]
ϕi(r) = εiϕi(r)

n(r) =
∑N
i=1 |ϕi(r)|2

Converged? Done.
No Yes

Figure 3.1. General flowchart of the SCF method.

contains the non-classical part of the electrostatic interactions, as well as the dif-
ference between the kinetic energies of the interacting and auxiliary systems, as
seen by taking Eq. (3.13) into Eq. (3.19), and can be interpreted as the energy
associated with the interaction between an electron and the XC hole that it creates
around itself (Appendix B). The exact form of Exc[n], however, is only known for
a very small number of prototypical model systems, and approximations to it have
to be made to tackle more general problems. In this section, we discuss, from a
qualitative perspective, some of these approximations.

3.3.1 Local density approximation

In the local density approximation (LDA),b one writes Exc[n] as:

ELDAxc [n] =
∫
n(r)εxc(n)d3r, (3.22)

where εxc(n) is the XC energy per particle of an uniform electron gas with density
n.75 Thus, the XC potential is, according to Eq. (3.21),

υLDAxc (r) = εxc(n(r)) + n(r)∂εxc(n)
∂n

. (3.23)

bThe description presented here refers to the Kohn–Sham LDA (KS-LDA). The KS-LDA is
by far the most commonly employed approximation of its kind. Following the convention widely
adopted in the literature, we use the acronym LDA as a synonym of KS-LDA.
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The function εxc(n) is split into two terms: Exchange, εx(n), and correlation,
εc(n). While the form of the exchange term is known exactly,75

εx(n) = −3
4

(
3
π

) 1
3

n(r) 1
3 , (3.24)

there is no analytical expression for εc(n), except for the high and low density
limits.75

3.3.2 Gradient expansion approximations
For most problems involving realistic physical systems, the electronic densities
display a high degree of inhomogeneity, and the use of the LDA is, at best, ques-
tionable. Naturally, the most immediate solution, already discussed in the original
KS paper,74 is to complement the LDA by adding to it new terms involving powers
of
∣∣∣~∇n∣∣∣ and ∇2n, constituting what is known as gradient expansion approxima-

tions (GEA). Besides the complexity introduced by the inclusion of nonlinear
corrections,76 the GEA were frequently shown to be outperformed by the LDA
itself – or even to fail altogether, due to conceptual inadequacies.77,78

3.3.3 Generalized gradient approximations
A successful approach that overcomes the difficulties presented by the GEA is the
use of generalized gradient approximations (GGA).79–84 In GGA, the XC func-
tional is written as a functional of both n and ~∇n:

EGGAxc [n] =
∫
f (n(r),∇n(r)) d3r. (3.25)

The parametrization of f (n(r),∇n(r)) can be performed in several different ways,
which do not necessarily involve gradient expansions. In this thesis, we adopted
the parametrization proposed by Perdew, Burke and Ernzerhof.85

3.4 Including van der Waals interactions in DFT
Van der Waals (vdW) forcesc are very weak electrostatic forces that result from
the interaction between fluctuating dipolesd in an atomic system. By considering
two non-overlapping electronic densities ρ1(r) and ρ2(r), and regarding the total
Coulomb potential as a small perturbation, one can use second-order perturbation
theory to show that leading term E

(2)
vdW of the vdW component of the electrostatic

interaction between ρ1(r) and ρ2(r) has the form20,86

E
(2)
vdW = −C6

R6 , (3.26)

cIn order to follow the terminology currently employed in most articles in the field, we are here
adopting the term “vdW forces” to actually refer to London dispersion forces. In general terms,
vdW forces results from any kind of non-covalent or non-ionic interactions, not only between
fluctuating dipoles.

dThe fluctuating dipoles should average to zero in time.
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where R represents the distance between the centers of chargee and C6 is a non-
negative constant. The vdW forces are thus long-range attractive forces that decay
algebraically with the distance.

The most commonly adopted approximations to the XC functional in DFT fail
to describe vdW forces, as such approximations are intrinsically local or semilocal,
lacking thus, by construction, the ability to describe long-range interactions. This
is often not a critical issue when modeling ionic and covalent crystals, as the
permanent dipoles and covalent bonds contribute much more to the total binding
energy than the second-order vdW term. Dispersion forces, however, play a crucial
role in the cohesion of weakly bound systems – in particular, metal-organic and
graphene-based materials, being frequently the main force driving the structural
formation of such structures. The term “dispersion forces” is employed here to
describe the components of the vdW interactions that are not associated to any
form of permanent dipoles.86 A review of various methods currently in use to
calculate dispersion forces is given by Dobson and Gould,86 and a more specific
one on the vdW corrections to DFT is presented by Grimme.87

In the following sections, we summarize the main aspects of the two methods
employed throughout this work to include vdW interactions in DFT: The empir-
ical DFT-D2 method of Grimme,88 and the vdW density functional (vdW-DF)
method,89–92 based on ab initio approximations to the correlation energy.

3.4.1 DFT-D2
The DFT-D2 method88 is part of a family of methods known as dispersion-
corrected DFT,93–95 which propose the inclusion of vdW interactions through the
explicit addition of an extra term, Edisp, to the total energy EDFT calculated
using DFT. The corrected total energy EDFT−D in such methods is thus written
as

EDFT−D = EDFT + Edisp, (3.27)

where Edisp is an empirical pairwise dispersion correction. In DFT-D2, the cor-
rection has the form

Edisp = −s6

N−1∑
i=1

N∑
j=i+1

Cij6
R6
ij

fdmp(Rij), (3.28)

where N is the number of atoms in the system, s6 is a global scaling factor, Cij6
and Rij are, respectively, the dispersion coefficient and distance between atoms i
and j, and fdmp(Rij) is a damping function, expressed as

fdmp(Rij) = 1
1 + e−d(Rij/Rr−1) (3.29)

and employed to circumvent eventual numerical problems caused by having small
values of Rij . In Eq. (3.29), d is an adjustable parameter and Rr is the sum of

eR is assumed to be much larger than typical atomic dimensions.
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the vdW radii of atoms i and j. For details on how the fitting of the s6, C6 and d
parameters is performed, we refer the reader to Ref. [88].

The DFT-D2 method is very efficient computationally. With tabulated values
for the parameters s6, C6, d and Rr, the costs for computing the summation in
Eq. (3.28) after the convergence of an electronic self-consistent cycle are typically
negligible compared to the time spent in the SCF calculation itself. The Edisp
term introduces corrections to the potential energy gradients, thus influencing the
calculation of the forces and stress tensors used in structural optimizations.96 The
DFT-D energy term, however, does not introduce corrections to the charge density,
other than indirectly through altered geometries.

3.4.2 Van der Waals density functional
The vdW-DFmethod90 adopts the non-perturbative adiabatic connection–fluctuation-
dissipation (ACFD) approach to the XC energy. In the ACFD approach, one em-
ploys the fluctuation-dissipation theorem58,97 to write the term 〈δn̂(r)δn̂(r′)〉Ψ̃λ in
Eq. (B.10) as:98

〈δn̂(r)δn̂(r′)〉Ψ̃λ = − ~
π

∞∫
0

χλ(r, r′, iu)du, (3.30)

where χλ(r, r′, iu) is the density-density response function.98 Along with Eqs. (B.9)
and (B.10), this leads to the following expression for the exact XC functional:98

Exc[n] = 1
2

1∫
0

dλ

"
drdr′w(r− r′)

×

− ~
π

∞∫
0

χλ(r, r′, iu)du− δ(r− r′)n(r)

 .
(3.31)

The exact exchange in DFT can be obtained by using the density-density response
function χλ=0(r, r′, iu) of the KS auxiliary system in Eq. (3.31):

Ex[n] = − ~2π

"
drdr′w(r− r′)

 ∞∫
0

χ0(r, r′, iu)du− δ(r− r′)n(r)

 . (3.32)

The correlation part of Exc[n] is thus:

Ec[n] = − ~2π

1∫
0

dλ

"
drdr′w(r− r′)

∞∫
0

[χλ(r, r′, iu)− χ0(r, r′, iu)] du. (3.33)

The vdW-DF method uses Eq. (3.33) to derive a non-local correction Enl
c to

the local LDA correlation ELDA
c . A detailed examination of the approximations
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involved in the derivation of the method is provided by Dobson and Gould.86 The
vdW-DF XC energy is thus written as:89–92

EvdW−DF
xc = EGGA

x + ELDA
c + Enl

c , (3.34)

where the term EGGA
x indicates that the GGA exchange energy is used in practice

instead of the exact exchange. In this work, EGGA
x was treated using the optB86b

functional of Klimeš, Bowler, and Michaelides,92 which has been shown to give an
accurate description of the adsorption height of molecules99,100 and graphene101
on metal surfaces. It should be noted that, since the formulation of the vdW-DF
for general geometries was presented,90 several adaptations of the method have
been proposed.102,103
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CHAPTER 4

The projector augmented-wave method

The discussion in chapter 3 tacitly assumed that all electrons in a many-particle
system are equivalent. One can, however, think of the electrons in an atom as
belonging to two distinct categories: Core and valence. The core electrons are
those that are so strongly bound to the atomic nucleus that they can often be
considered to be almost insensitive to changes in their neighborhood, keeping
their configurations unchanged, no matter whether their host atoms are free or
part of complex structures such as molecules and solids. The valence electrons, on
the other hand, are very likely to rearrange to accommodate to new equilibrium
states after changes are introduced to their environment. Indeed, a large number
of physical and chemical properties of multi-atomic systems can be accurately
determined by considering the changes in the valence electronic states only, with
the core orbitals considered to remain unchanged104 – the so-called frozen-core
approximation.

Irrespective of the use of the frozen-core approximation, however, electronic
wavefunctions are continuous throughout the entire space, and valence electron
wavefunctions thus have tails that extend to the core region. Since the eigenstates
of H form an orthogonal set, the valence wavefunctions display a strong oscillatory
behavior as it enters the core region; otherwise, the orthogonality requirement
would not be satisfied for the highly localized core states. Such rapid oscillations
mean that a very large number of basis functions is needed for the for the expansion
of the Kohn-Sham orbitals using delocalized basis-sets, such as plane-waves. The
concept of separability of an atom into core and valence regions has motivated the
development of several methods to overcome such difficulty. This chapter describes
qualitatively the projector augmented-wave (PAW) method,105 employed in the
DFT calculations presented in this thesis.

25
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4.1 The PAW method
The PAW method, developed by P. E. Blöchl,105 defines a smooth pseudo (PS)
wavefunction

∣∣ψ̃〉 that relates to the all-electron (AE) valence wavefunction |ψ〉 by
means of a linear transformation T :

|ψ〉 = T
∣∣ψ̃〉 . (4.1)

The wavefunctions
∣∣ψ̃〉 and |ψ〉 are identical outside augmentation spheres ΩA

enclosing every atom A. Inside ΩA,
∣∣ψ̃〉 can be expanded into PS partial waves∣∣φ̃i〉 that form a complete set of linearly independent functions within ΩA:∣∣ψ̃〉 =

∑
i

ci
∣∣φ̃i〉 , inside ΩA. (4.2)

The index i represents the atomic site RA, the angular momentum quantum num-
bers l and m, and an additional index k to label partial waves with the same RA,
l and m, but with different energies. Defining now the AE partial waves |φi〉 as

|φi〉 = T
∣∣φ̃i〉 , (4.3)

and combining this definition with Eqs. (4.1) and (4.2), we obtain:

|ψ〉 =
∑
i

ci |φi〉 , inside ΩA. (4.4)

By choosing
∣∣φ̃i〉 = |φi〉 inside ΩA, we can thus write:

|ψ〉 =
[
1+

∑
i

(
|φi〉 −

∣∣φ̃i〉) 〈p̃i|] ∣∣ψ̃〉 , (4.5)

defining, therefore,
T = 1+

∑
i

(
|φi〉 −

∣∣φ̃i〉) 〈p̃i| , (4.6)

where the coefficients ci have been written as
ci ≡

〈
p̃
∣∣ ψ̃〉 , (4.7)

with a fixed projector function, 〈p̃|, for each
∣∣φ̃i〉 (or |φi〉), as the linearity of T

requires the ci to be linear functionals of
∣∣ψ̃〉. Equations (4.2) and (4.7) lead to:∑

i

∣∣φ̃i〉 〈p̃i| = 1, inside ΩA, (4.8)

which implies that
〈
p̃i
∣∣ φ̃j〉 = δij .

The set {|φi〉} of AE partial waves can be chosen to be any complete set of
functions defined inside ΩA. Methods to determine the 〈p̃| are described in refer-
ences [105, 106], and descriptions of how to determine

∣∣φ̃i〉 are given in references
[105, 107]. The PAW-DFT calculations presented in this thesis were performed
using the VASP code,107,108 which adopts the frozen-core approximation to treat
the core states. Details of this implementation of the PAW method can be found
in reference [107]. Finally, a transformation Â→ T †ÂT of all operators allow the
use of

∣∣ψ̃〉 as the variational quantity in DFT calculations.105



CHAPTER 5
Periodic systems

Observable properties of a periodic physical system feature the same periodicity as
the system itself. In particular, the potential U(r) to which electrons in a perfect
crystal are subjected, as well as any one-electron eigenstate ψk(r) = 〈r | ψk〉 in
such a system, should satisfy the conditions

U(r + R) = U(r) (5.1)

|ψk(r + R)|2 = |ψk(r)|2 , (5.2)
where R is a vector of the crystal’s Bravais lattice and k is a wavevector associated
with each eigenstate. The wavefunction |ψk〉, however, is not an observable, and
there are thus no physical reasons to argue that it should be periodic. In fact, the
behavior of |ψk〉 under translations is described by the Bloch theorem:

〈r + R | ψk〉 = eik·R 〈r | ψk〉 . (5.3)

A proof of the Bloch theorem is presented in Appendix D. The function

uk(r) ≡ e−ik·r 〈r | ψk〉 , (5.4)

satisfies
uk(r + R) = uk(r) (5.5)

for any translation vector R of the Bravais lattice. A Bloch function can thus be
written in the form of a plane wave modulated by a function with the periodicity
of the lattice:

〈r | ψk〉 = eik·ruk(r). (5.6)
By substituting Eq. (5.6) into the one-electron Schrödinger equation for 〈r | ψk〉

(with eigenvalue ε(k)), one finds:[
1

2me
(−i~∇+ ~k)2 + U(r)

]
uk(r) = ε(k)uk(r). (5.7)

27
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Given the boundary condition in Eq. (5.5), the Hermitian eigenvalue problem
in Eq. (5.7) can be confined to a single primitive unit cell (PC). Such periodic
boundary conditions (PBC) thus imply that, instead of a solution with a single
eigenvalue, Eq. (5.7) has, for each wave vector k, a spectrum of solutions with
discrete eigenvalues εm(k) associated with eigenfunctions umk(r) satisfying:109

〈umk | um′k〉PC = δmm′ΩPC, (5.8)

where ΩPC is the volume of a PC, and the subscript in the bracket indicates that
the spatial integration is performed inside ΩPC.a Equations (5.5) and (5.6) can
thus be rewritten as:

〈r | ψmk〉 = 1√
Ω
eik·rumk(r) (5.9)

umk(r + R) = umk(r), (5.10)

where Ω ≡ NPCΩPC is the total volume of the crystal, in the sense of Born–von
Karman boundary conditions20 with a number NPC of PCs. The new label m is
called a band index.

If follows from Eqs. (5.9) and (5.10) that:

〈ψmk | ψm′k′〉 =
∫
ψ∗mk(r)ψm′k′(r)dr

=
∑
R

∫
ΩPC

ψ∗mk(r−R)ψm′k′(r−R)dr

= 1
Ω
∑
R

∫
ΩPC

ei(k′−k)·(r−R)u∗mk(r−R)um′k′(r−R)dr

= 1
Ω
∑
R

ei(k−k′)·R
∫

ΩPC

ei(k′−k)·ru∗mk(r−R)um′k′(r−R)dr

=
[

1
NPC

∑
R

ei(k−k′)·R

]
1

ΩPC

∫
ΩPC

ei(k′−k)·ru∗mk(r)um′k′(r)dr

= δkk′
1

ΩPC

∫
ΩPC

ei(k′−k)·ru∗mk(r)um′k′(r)dr

= δkk′
1

ΩPC

∫
ΩPC

u∗mk(r)um′k′(r)dr

= δkk′
〈umk | um′k〉PC

ΩPC
.

(5.11)

aThe inner product is defined here as 〈f | g〉 ≡
∫
f∗(r)g(r)dr. The eigenfunctions umk(r)

can always be normalized to any value.
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Combined with Eq. (5.8), this leads to:b

〈ψmk | ψm′k′〉 = δmm′δkk′ . (5.12)

Therefore, Bloch states with different band indexes and/or calculated at different
wave vectors are orthogonal.

5.1 Plane wave basis-set
According to Eq. (5.10), we can always write:20

1√
Ω
umk(r) =

∑
g∈RL

Cmk(g)eig·r; Cmk(g) ∈ C, (5.13)

where RL stands for “reciprocal lattice”, and the factor 1/
√

Ω has been added
just for convenience. It thus follows that a Bloch state is represented in a plane
wave basis-set as:

〈r|ψmk〉 =
∑

g∈RL
Cmk(g)ei(k+g)·r. (5.14)

An infinite number of plane waves is required in Eq. (5.14) in order for the expan-
sion to be exact. In practice, however, the summation is truncated by introducing
an energy cutoff Ecut so that the only reciprocal lattice g-vectors to enter Eq. (5.14)
are those that satisfy

~2

2m |k + g|2 ≤ Ecut. (5.15)

5.2 The supercell method
A supercell (SC) is a special type of unit cell that is commonly employed to
introduce PBC110 to systems where the translational symmetry along at least one
direction is broken.2,111 The SC method replaces the original problem by another
one involving a perfectly crystalline structure with the periodicity of the SC. It
allows systems such as molecules, solids with defects and/or impurities, as well as
surfaces and interfaces to be studied with techniques that rely on the applicability
of Bloch theorem. Figure 5.1 shows a schematic representation of some common
types of SCs.

An SC is often chosen to be commensurate with some reference PC, in which
case the lattice vectors Ai of the SC are related to the vectors aj of the PC as:

Ai =
3∑
j=1

Nijaj ; Nij ∈ Z. (5.16)

bIn the limit of an infinite crystal, the orthogonality relation holds with the substitution
δkk′ → δ(k − k′). Since Born–von Karman boundary conditions are used in most practical
calculations, we adopt the discrete variant, appropriate for a discrete k-space.
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(a) Molecules (b) Surfaces and interfaces (c) Point defects

Figure 5.1. Some types of non-perfect supercells. The repeating units are the ones
enclosed by the dotted lines. The atomic basis in the case of molecules, surfaces and
interfaces is surrounded by a vacuum region. Reprinted with permission from M. C.
Payne et al., Rev. Mod. Phys. 64, 1045 (1992). Copyright (1992) by the American
Physical Society.

A perfect SC is an exact repetition of the reference PC, so that the positions of
the atoms in the SC crystal basis are perfectly mapped to the PC. Convergence
of the calculated physical properties can be investigated by increasing the size of
the SC2,111 in non-perfect cases. SCs used for the simulation of atoms, molecules,
surfaces and interfaces are constructed by introducing a “vacuum” region along
the direction(s) with broken translational symmetry, as depicted in Fig. 5.1.

Consider a system described by using either an SC or a commensurate PC,
and define

Ñ ≡ [Nij ] (5.17)

ã ≡ [aij ] = [ai · êj ] (5.18)

Ã ≡ [Aij ] = [Ai · êj ], (5.19)

where êj are the cartesian unit vectors. Equation (5.16) can thus be written as:

Ã = Ñã. (5.20)

Let bi and Bi represent, respectively, the vectors of the PC reciprocal lattice
(PCRL) and SC reciprocal lattice (SCRL), and, in analogy to Eqs. (5.18) and (5.19),
define

b̃ ≡ [bij ] = [bi · êj ] (5.21)

B̃ ≡ [Bij ] = [Bi · êj ]. (5.22)

By construction,
ãb̃ᵀ = b̃ᵀã = 2π1 (5.23)

ÃB̃ᵀ = B̃ᵀÃ = 2π1, (5.24)

and, therefore,
ã−1 = 1

2π b̃ᵀ (5.25)

http://dx.doi.org/10.1103/RevModPhys.64.1045
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Ã−1 = 1
2π B̃ᵀ. (5.26)

Combined with Eq. (5.20), this leads to:

b̃ = ÑᵀB̃, (5.27)

which yields:
N ≡ det (Ñ) = ΩSC

Ωpc
= Ωpcbz

ΩSCBZ
∈ Z+, (5.28)

where Ωpc, ΩSC, Ωpcbz and ΩSCBZ are the volumes of the PC, SC, PC Brillouin
zone (PCBZ) and SC Brillouin zone (SCBZ), respectively. Figure 5.2 shows some
SCs and a commensurate PC that can be employed to simulate a graphene sheet,
along with the corresponding Brillouin zones.

(a) Real space (b) Reciprocal space

Figure 5.2. PC and some SCs used to simulate a graphene sheet, along with the
corresponding Brillouin zones. The PC and PCBZ are drawn in black.

5.3 Brillouin zone folding and unfolding
Consider a general k-sensitive observable ϕ̂, and let ϕPC(k) and ϕSC(K) denote
its expectation values in the PC and SC representations, respectively. We thus
have:

ϕPC(k + g) =
〈
ψPC

k+g
∣∣ ϕ̂ ∣∣ ψPC

k+g
〉

=
〈
ψPC

k
∣∣ ϕ̂ ∣∣ ψPC

k
〉

= ϕPC(k) (5.29)
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ϕSC(K + G) =
〈
ψSC

K+G
∣∣ ϕ̂ ∣∣ ψSC

K+G
〉

=
〈
ψSC

K
∣∣ ϕ̂ ∣∣ ψSC

K
〉

= ϕSC(K), (5.30)

where g ∈ PCRL and G ∈ SCRL. It follows from Eq. (5.27) that any translation
of the PCBZ is also a valid translation of the SCBZ. Therefore, we can also write:

ϕSC(K + g) = ϕSC(K); g ∈ PCRL. (5.31)

Equations (5.29) and (5.31) express the fact that both ϕPC(k) and ϕSC(K) are pe-
riodic in the PCRL, as expected. Equation (5.30), however, exposes the additional
periodicity introduced by the SC method: unless the PC and SC have identical
volumes, ϕSC(K), contrary to ϕPC(k), also features the periodicity of the SCRL.
The function ϕSC(K) thus oscillates faster than ϕPC(k) due to the folding of the
PCBZ into the smaller SCBZ. This is illustrated in Fig. 5.3 for a case when ϕ̂
represents the Hamiltonian in a DFT simulation of a graphene sheet.67

Figure 5.3. Band structure for a 4 × 4 SC of graphene, before (blue lines) and af-
ter (× marks) unfolding, along the high-symmetry directions of graphene’s PCBZ. The
unfolded bands reproduce the band structure that would have been obtained if the cal-
culation was performed using a PC. Reprinted with permission from P. V. C. Medeiros,
S. Stafström, and J. Björk, Phys. Rev. B 89, 041407(R) (2014). Copyright (2014) by
the American Physical Society.

The Brillouin zone folding is doubtless an inconvenience of the SC method, as
one is often interested in the representation of the k-space properties with respect
to the PCBZ. This is especially true when comparing calculated k-space-dependent
properties with experimental data, such as electronic dispersion curves measured
by angle-resolved photoemission spectroscopy, normally represented along the high-
symmetry directions of the sample’s PCBZ. It can potentially lead to major dif-
ficulties when analyzing data obtained using imperfect SCs, as the simulated sys-
tems cannot be reduced to smaller PCs even though, in many cases, a description
in terms of the PCBZs might still be physically reasonable.67,112 The folding, how-
ever, occurs even for perfect SCs, for which the calculated properties are entirely

http://dx.doi.org/10.1103/PhysRevB.89.041407
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equivalent to the ones obtained using PCs.c
Unfolding techniques are methods to recover the PC Bloch character hidden in

eigenfunctions and eigenvalues of observable calculated using SCs. Several meth-
ods have been developed and successfully applied to the unfolding of eigenfunctions
and electronic band structures.67,112–121 In this section, we present the common
ground of all these methods, and we discuss the contributions of this thesis to the
field.67,112

5.3.1 Basic definitions
Equations (5.20) and (5.28) imply that the SC can be generated from the PC
by applying N ≡ det (Ñ) distinct PC translations to each point of the PC. Let
{rPC→SC} denote the set of such PC translation vectors. Analogously, Eqs. (5.27)
and (5.28) imply that there are also N distinct translation vectors Gi of the
SCRL that, when applied to each point of the SCBZ, generate the entire PCBZ.
We denote the set of such vectors as {Gpcbz←SCBZ}. There are, thus, N wave
vectors ki of the PCBZ related to each wave vector K of the SCBZ by means of
the geometric unfolding relations

ki = K + Gki←K; Gki←K ∈ {Gpcbz←SCBZ}, (5.32)

and K is said to unfold onto ki with unfolding vector Gi. Conversely, a wave
vector k of the PCBZ is said to fold into a wave vector K of the SCBZ when they
are related through the geometric folding relation

K = k−Gk→K (5.33)

for some Gk→K ∈ {Gpcbz←SCBZ}.d
In the following, we employ lower-case letters to refer to quantities related to

the PC, while upper-case letters are used for references to SC-related quantities.
PC bands will be labeled with an n, and the letter m will be used to represent
SC bands. Eventual exceptions will be noted unless they are made clear by the
specific context.

5.3.2 Spectral weights
A very straightforward way to approach the unfolding problem is by using the
unfolding theorem:120

Theorem 5.1 (Unfolding) Any function ΨSC
K (r) that satisfies the Bloch theo-

rem for the SC has a unique decomposition into a sum of N partial functions

ψki(r) ≡ P̂ (K→ ki)ΨK(r), (5.34)
cThe word “equivalent”, in this context, means that the calculation of any intensive property

of the material should yield the same value, regardless of using a SC or a PC, and that the
calculated values of any extensive property should only scale by a factor of N .

dAlthough a SCBZ wave vector K unfolds unto N wave vectors ki of the PCBZ through
Eq. (5.32), the wave vectors k in Eq. (5.33) fold into one, and only one wave vector K.
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where ki = K + Gki←K and

P̂ (K→ ki) = 1
N

∑
rj∈{rPC→SC}

e−iki·rj T̂ (rj), (5.35)

with T̂ representing a translation operator. There is exactly one partial function
for each Gki←K ∈ {Gpcbz←SCBZ}, and they satisfy the Bloch theorem for the PC
with the corresponding PCBZ wave vector ki.

The proof of the theorem is given in reference [120]. P̂ (K → ki) is a projector,
satisfying:120

P̂ 2(K→ ki) = P̂ (K→ ki) (5.36)∑
ki

P̂ (K→ ki) = 1K (5.37)

Therefore, assuming that ΨK(r) is normalized, one can think of the norm of
the partial function ψki(r) as a spectral weight that measures the amount of PC
Bloch character ki contained in ΨK(r). Let {

∣∣ψSC
mK
〉
} represent a complete basis

of normalized Bloch states in the SC representation. The spectral weight of a PC
wave vector ki in the SC eigenstate can thus be calculated as:

WmK(ki) ≡
〈
ψSC
mK

∣∣∣ P̂ (K→ ki)
∣∣∣ ψSC

mK

〉
, (5.38)

where we have used Eq. (5.36). Let now {
∣∣ψPC
nk
〉
} represent a complete set of

normalized PC Bloch states in the k space. Since the partial functions P̂ (K →
ki)
∣∣ψSC
mK
〉
belong to the subspace spanned by the Bloch states

∣∣ψPC
nki

〉
, we can

write:
P̂ (K→ ki) =

∑
n

∣∣ψPC
nki
〉 〈
ψPC
nki

∣∣ . (5.39)

Combined with Eq. (5.38), Eq. (5.39) recovers another expression commonly em-
ployed to define the spectral weights:114,119

WmK(ki) ≡
∑
n

∣∣〈ψSC
mK

∣∣ ψPC
nki
〉∣∣2 . (5.40)

Relation between SC and PC Bloch states

Combining Eqs. (5.37) and (5.39) yields:∑
n
ki

∣∣ψPC
nki
〉 〈
ψPC
nki

∣∣ = 1K, (5.41)

which allows us to write:∣∣ψSC
mK
〉

=
∑
n
ki

∣∣ψPC
nki
〉 〈
ψPC
nki

∣∣ ψSC
mK
〉
. (5.42)
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The completeness relation for {
∣∣ψSC
mK
〉
} reads:∑

m

∣∣ψSC
mK
〉 〈
ψSC
mK
∣∣ = 1K. (5.43)

The orthogonality of Bloch functions [Eq. (5.12)], along with Eqs. (5.41) and (5.43),
suggest that we can also write:∑

m

∣∣ψSC
mK
〉 〈
ψSC
mK
∣∣ = 1{K+G}, (5.44)

where {K + G} denotes the subspace containing all Bloch functions labeled with
k = K + G, with G ∈ SCRL.120 Equation (5.44) finally leads to:∣∣ψPC

nki
〉

=
∑
m

∣∣ψSC
mK
〉 〈
ψSC
mK

∣∣ ψPC
nki
〉
. (5.45)

5.3.3 Unfolding band structures
Our approach to unfold electronic band structures67 (Article III) starts out with a
modification of the scheme proposed by T. B. Boykin et al.116 and later on adopted
by Popescu and Zunger.119 Although the spectral function (SF)118,119,122

A(k; ε) =
∑
m

WmK(k)δ
(
ε− εSC

m (K)
)

(5.46)

has delta function peaks at the unfolded PC energies, and can, in principle, be
directly used to search for unfolded PC bands, T. B. Boykin et al.116 proposed a
strategy based on the use of a cumulative probability function:116,119

Sk(ε) ≡
ε∫

−∞

A(k; ε′)dε′, (5.47)

which increases by steps that occur whenever an unfolded PC band is crossed.116
The steps have a sharp form when perfect SCs are used, and their magnitudes give
the degeneracy of the crossed PC bands.116

When non-perfect SCs are employed, the peaks of the SFs become broadened,
and, as a consequence, the steps of Sk(ε) are no longer perfectly sharp.116,119 In
such circumstances, the use of Sk(ε) instead of A(k; ε) to recover a PC represen-
tation of the electronic dispersion might simplify the task, since, as noted by T. B.
Boykin et al.,116 searching for steps in a function is simpler than implementing
peak-finding algorithms. Indeed, we have tested both approaches, and we found
the one adopted by T. B. Boykin et al.116 to be more efficient.

The unfolded bands in the case of non-perfect SCs yield effective band struc-
tures, as they cannot be rigorously associated with the band structure of a real
crystal. A PC picture of the band structure, however, is still physically relevant
in many cases, especially when the concentration of perturbing agents is small.
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Although the introduction of the cumulative probability function Sk(ε) simpli-
fies the detection of the PC bands, we also noticed that the method gets increas-
ingly difficult to apply as Sk(ε) becomes less and less step-like. To overcome this
inconvenience, we do not directly work with Sk(ε), but rather with its differential
form:67

dSk(ε) = A(k; ε)dε. (5.48)

We observe that dSk(ε) gives the number of PC bands crossing the energy interval
(ε, ε + dε) at the PC wave vector k. Our approach is then to map a selected
subdomain of the (k; ε) space onto a (k; εj) grid. The grid may be non-uniform
(or even continuous) in k,e and it has bins of size δε in the energy scale. Finally,
we assign a weight

δN (k; ε) ≡
ε+δε/2∫
ε−δε/2

dSk(ε′) =
∑
m

WmK(k)
ε+δε/2∫
ε−δε/2

δ (ε′ − εm(K)) dε′ (5.49)

to each grid point. The weight δN (k; εj) thus corresponds to the number of
unfolded PC bands crossing the grid point (k; εj). Since the size of the energy in-
tervals can be made arbitrarily small, we can apply the limit δε→ 0+ to Eq. (5.49),
which yields:

N(k; ε) ≡ lim
δε→0+

δN(k; ε) =
∑
m

WmK(k) lim
δε→0+

ε+δε/2∫
ε−δε/2

δ (ε′ − εm(K)) dε′. (5.50)

N(k; ε) is thus a continuous function that gives the number of unfolded PC bands
at the point (k; ε).

The method presented in this thesis, therefore, completely eliminates the need
for step location or peak search algorithms. Moreover, the computational effort
is always the same, regardless of whether the SCs are perfect or not. N(k; ε)
takes on non-negative integer values for perfect SCs, and has non-negative real
values if imperfect SCs are employed. The positions of the band centers, as well as
the associated k-dependent smearing widths, can be accurately determined from
δN (k; ε).67 The details are presented in the supplemental material of Article III.
The method discussed here has been implemented by us in our freely available
code BandUP (Band Unfolding code for Plane-wave based calculations).67,112,123

5.3.4 Extension to spinor eigenstates
The unfolding methodologies proposed so far have been focused on the unfolding
of band structures obtained from scalar eigenstates. We have shown, in Article VI,
that such methodologies can easily be extended to tackle spinor eigenstates. This
allows the use of unfolding methods for the study of systems featuring noncollinear

eThis depends only on the choice of the k-vectors at which the unfolded bands are to be
calculated.

http://www.ifm.liu.se/theomod/compphys/band-unfolding
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magnetism or strong spin-orbit coupling,124–126 as the eigenstates in such cases are
two-component spinors.

The eigenvalue problem with two-component spinors is formulated, for a crystal
Hamiltonian H, as:

H
∣∣ψSC
mK
〉

= εm(K)
∣∣ψSC
mK
〉
, (5.51)

with two-component spinor eigenstates expressed as:∣∣ψSC
mK
〉

= |α〉
∣∣∣ψSC,α
mK

〉
+ |β〉

∣∣∣ψSC,β
mK

〉
, (5.52)

where |α〉 and |β〉 (ket spinors) are the eigenvectors of the Pauli spin matrix σ̂z:

|α〉 =
(

1
0

)
, |β〉 =

(
0
1

)
. (5.53)

The eigenspinors are assumed to be normalized to unity with respect to the inner
product

〈� | �〉 ≡ �†� =
(
Fα∗F β∗

)( Gα

Gβ

)
= Fα∗Gα + F β∗Gβ , (5.54)

and form a complete basis of orthonormal eigenfunctions of H. By noticing that
the projectors P̂ (K → ki) do not mix the spinor components of

∣∣ψSC
mK
〉
, we have

shown112 that it is always possible to decompose the spectral weights WmK(ki)
as:

WmK(ki) = Wα
mK(ki) +W β

mK(ki), (5.55)

with partial spectral weights Wµ
mK(ki) calculated as:

Wµ
mK(ki) ≡

〈
ψSC,µ
mK

∣∣∣ P̂ 2(K→ ki)
∣∣∣ ψSC,µ

mK

〉
; µ = α, β. (5.56)

This means that the spinor components can always be treated independently when
performing unfolding, regardless of how much they might be coupled by H. We
highlight that this result is completely basis set independent. Taking Eqs. (5.55)
and (5.56) into Eq. (5.50) thus gives:

N(k; ε) =
∑
m

∑
µ=α,β

Wµ
mK(k) lim

δε→0+

ε+δε/2∫
ε−δε/2

δ (ε′ − εm(K)) dε′. (5.57)

5.3.5 Beyond εn(k): The unfolding-density operator
As pointed out in the introductory part of this section, the eigenvalues of any
k-sensitive observable ϕ̂ are subjected to Brillouin zone effects, the folding of band
structures representing a particular case when ϕ̂ = H. The unfolding of expec-
tation values of general observables, however, has been a surprisingly overlooked
topic over the years. The problem can be formulated as follows: Suppose that the
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eigenstates
∣∣ψSC
mK
〉
of a perfect SC are known, while the PC eigenstates

∣∣ψPC
nK
〉
are

not. Assuming N(k; ε) , 0, how do we calculate the expectation value

ϕpc(k; ε) ≡ 1
N(k; ε)

∑
n

εn(k)=ε

〈
ψpc
nk
∣∣ ϕ̂ ∣∣ ψpc

nk
〉

(5.58)

using only {
∣∣ψSC
mK
〉
}?

In Article VI, we define an operator Λ̂ε such that

Λ̂ε |ψ〉 = λε,εψ |ψ〉 (5.59)

for any eigenstate |ψ〉 of H. Here, εψ ≡ 〈H〉ψ, and

λε,εψ = lim
δε→0+

ε+δε/2∫
ε−δε/2

δ (ε′ − εψ) dε′. (5.60)

The operator Λ̂ε thus checks whether εψ equals ε or not. We then use Λ̂ε to
construct another operator,

ρ̂K(k; ε) ≡ Λ̂εP̂ (K→ k)Λ̂ε
N(k; ε) , (5.61)

which allows us to write the solution to the proposed problem as:112

ϕpc(k; ε) = Tr (ρ̂K(k; ε) ϕ̂) . (5.62)

Finally, we show that ρ̂K(k; ε) has the properties of a mixed state density matrix,127
and we name it the unfolding-density operator.



CHAPTER 6
Work function shifts and interface dipoles

A large part of this thesis is concerned with the study of the adsorption of organic
molecules and graphene on metal surfaces. This chapter briefly discusses some
concepts that were used here for the modeling of such systems. Again, we do not
attempt to present a thorough account of the subject. Indeed, topics of general
interest for the study of organic-metal interfaces, such as energy level alignment
and the induced density of interface states (IDIS) model128 are not addressed, as
they were not directly brought up in the studies presented in this work. A very
comprehensive perspective on these and other relevant topics is given, for instance,
in references [21, 129–131].

6.1 Relation between ∆φ and ∆µ
As discussed in sections 1.3 and 1.4, the work function φS of a surface S is directly
affected by the surface dipole layer. When an adsorbate layer (Ads) is deposited
onto a metal surfacea, the work function φAds/S of the interacting Ads/S system
is given by:

φAds/S = φS + ∆φ, (6.1)

where the work function shift ∆φ relates to the induced interface dipole ∆µz as:132

∆φ = − e

ε0

∆µz
S

. (6.2)

In Eq. (6.2), S is the surface area of the metal slab,b and ∆µ is defined in a similar
way as ∆φ.

aAssumed to belong to the xy-plane.
bThe quantities ∆µz and S are always finite in practical slab calculations. If one wants to

assume that the surface extends indefinitely along the xy-plane, then a more appropriate choice
would be to replace the term ∆µz/S by a density σ of surface dipoles.

39
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6.2 Contributions to the induced interface dipole
Two important quantities are the xy-plane-integrated charge density difference,

∆ρ(z) ≡ ρAds/S(z)− ρS′(z)− ρAds′(z), (6.3)

and the function132–134

∆µz,∆ρ(z; z0) ≡
z∫

−∞

(z′ − z0)∆ρ(z′)dz′, (6.4)

which provides a measure of the accumulated changes in the induced interface
dipole, between the bulk and the plane z′ = z,19 due to charge redistribution.
The prime signs in Eq. (6.3) indicate that the corresponding charge densities are
calculated keeping the isolated components (Ads and S) at the geometry they
have in the interacting Ads/S system. In Eq. (6.4), z0 is the z-coordinate of an
arbitrary reference point, and “−∞” represents the bulk region. An example of
the shapes of ∆ρ(z) and ∆µz,∆ρ(z; z0) for the systems studied in Articles I and V
is given in Fig. 6.1.

Figure 6.1. xy-plane-integrated charge density difference [∆ρ(z)] and accumulated
dipole moment [∆µz,∆ρ(z, z0)] for C96H24 adsorbed on gold. Reprinted from P. V. C.
Medeiros, G. K. Gueorguiev, and S. Stafström, Carbon 81, 620 (2015), Copyright (2015),
with permission from Elsevier.

Charge redistribution thus contributes with an amount

µz,∆ρ ≡ lim
z→+∞

∆µz,∆ρ(z; z0) (6.5)

to the total induced interface dipole.c In this thesis, the adsorbed layers studied
have null net intrinsic dipole moment along the z-direction. We can thus write

cWe assume charge neutrality. Therefore, µz,∆ρ does not depend on z0.

http://dx.doi.org/10.1016/j.carbon.2014.09.096
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∆µz as:19,132
∆µz = µz,Ads′ + (µz,S′ − µz,S) + ∆µz,∆ρ, (6.6)

where µz,Ads′ is the dipole moment acquired by the adsorbate due to distortions
in its geometry, and µz,S and µz,S′ represent the surface dipoles of the substrate
before and after adsorption, respectively.

6.3 Relation between ∆Q and ∆µz,∆ρ
The amount of charge involved in the formation of ∆µz,∆ρ is:d

∆Q =
+∞∫
z0

∆ρ(z)dz =
z0∫
−∞

∆ρ(z)dz. (6.7)

In Article V, we show that, for charge density differences similar to the one depicted
in Fig. 6.1, ∆Q and ∆µz,∆ρ are related as:

∆µz,∆ρ = d∆Q ·∆Q, (6.8)

where d∆Q ≡ zq+ − zq− is the distance between well-defined centers of charge for
electron accumulation (zq+) and depletion (zq−):

zq ≡
∫
z
z∆ρ(z)dz∫
z

∆ρ(z)dz
;
{
−∞ < z < z0 for q = q−

z0 ≤ z <∞ for q = q+
(6.9)

The positions of the centers of charge for a polyaromatic hydrocarbon (PAH)-
Au(111) system is illustrated in Fig. 6.1. Although expressions like Eq. (6.8) are
commonly employed to define the effective distance d∆Q, the simple derivation
presented here sheds light on what it actually means.

dAgain, assuming charge neutrality.
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CHAPTER 7
Brief theoretical perspective on STM and PES

7.1 Scanning tunneling microscopy
Scanning tunneling microscopy (STM)10,11 is a technique that allows the atomic
scale characterization and manipulation of surface structures and molecules. The
experimental setup is schematically represented in Fig. 7.1. A tunneling (bias)

Figure 7.1. Schematic representation of the setup of an STM experiment. In this
particular setup, the tip is grounded, and the bias voltage is applied to the sample. Figure
by Michael Schmid, TU Wien. Distributed under the Creative Commons Attribution
ShareAlike 2.0 Austria License.

voltage VB is applied between the sample and a sharp metallic tip. When the
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distance between the tip and the sample becomes sufficiently small, a tunneling
current I is established. This current is then amplified and transmitted to a com-
puter, which analyzes it and produces the images. We adopt here the convention
that the bias voltage is always referred to a grounded tip. Therefore, if VB < 0,
then electrons tunnel from the sample to the tip. The inverse occurs if VB > 0.

In a constant height regime, the height of the tip is kept fixed as it scans over
the sample, and the structural map of the surface is obtained by monitoring the
changes in the tunneling current. If a constant current regime is adopted, on the
other hand, then the tunneling current is the kept fixed by adjusting the distance
between the tip and the sample. The latter approach is the most used in practice,
as keeping a constant height might, for instance, cause damages to the tip should
it collide with protrusions in the sample.

STM measurements can yield images with a vertical resolution as good as
0.01 Å in some cases.135 This can be understood by noticing that, for a square
potential barrier, the tunneling current has the form

I(z) ∝ e−kz
√

2φ, (7.1)

where k is a constant and φ is the work function of the two surfaces,135 thus
decaying very quickly with the tip-sample distance z. Also, the apex of an STM
tip is generally composed of only a few atoms, and these atoms channel most of
the tunneling current. This allows STM measurements to be performed with a
lateral resolution better than 1 Å.135 This technique thus allows for a very precise
characterization of surfaces. Gerd Binnig and Heinrich Rohrer10,11 were awarded
the Nobel Prize in Physics in 1986 for the invention of STM.

Many different methods exist for the theoretical understanding and modeling
of STM images.135 In this thesis, we have employed the simple, and yet very
successful approximation of Tersoff and Hamann,136 as implemented by Lorente
and Persson.137 In the Tersoff–Hamann approach, the tunneling current I at a bias
voltage VB is related to the local density of states (LDOS) ρL(r, ε) of the sample
as:135,136

I(r0) ∝
εF+eVB∫
εF

ρL(r0, ε)dε, (7.2)

where r0 is the position of the tip and εF is the Fermi energy.a The LDOS is
represented in an one-electron basis set as:

ρL(r, ε) ≡
∑
mk

|ψmk(r)|2 δ(ε− εm(k)). (7.3)

Equation (7.2) is valid in the limit of low temperatures and low VB .135,136 The
good agreement between theory and experiment is illustrated in Fig. 7.2.

aMind the convention adopted here for the bias voltage: If VB < 0, then the occupied states
of the sample are probed.
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(a) Experiment (b) Theory

Figure 7.2. Experimental and simulated STM images of a mixed DPDI+PTCDA layer
adsorbed on Ag(111). The calculation was performed by us (Article VII) using the
Tersoff–Hamann approach. The bias voltage is −0.8 V .

7.2 PES, core-level binding energies and shifts
The binding energy EB(k) > 0 of an electronic orbital k is the amount of energy
required to remove an electron from that level. They can be investigated by using
photoelectron spectroscopy (PES) techniques, which measure the kinetic energy
distribution of the photoelectrons emitted when a sample material is subjected to
the incidence of electromagnetic radiation. Valence electronic levels are generally
studied by ultraviolet PES (UPS), while core-levels can be assessed using X-ray
PES (XPS).

The kinetic energy Ekin of a photoelectron is related to the work function φ of
the sample and the angular frequency ω of the electromagnetic radiation as:138

Ekin = ~ω − φ− EB(k), (7.4)

where EB(k) is measured relative to the Fermi level.b If orbital k has its occu-
pation ηk reduced from ηk = n to ηk = n− 1 in the photoemission process, then,
by energy conservation,

E(ηk = n) + ~ω = E(ηk = n− 1) + Ekin + φ, (7.5)
bWhen EB(k) is measured with respect to the vacuum level, then φ should not appear in

Eq. (7.4). This is the convention adopted, for instance, for atoms and molecules.138 The kinetic
energy is measured relative to the vacuum level in all cases.
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where E(ηk = n) and E(ηk = n− 1) are the total energies in the initial and final
states, respectively. Equations (7.4) and (7.5) thus yield:

EB(k) = E(ηk = n− 1)− E(ηk = n), (7.6)

which can also be used as an exact definition of the electron binding energies
measured by PES.138 When k denotes a core level, EB(k) is called a core-level
binding energy (CLE). CLEs are very sensitive to the environment in which the
ionized atom is embedded, and, therefore, CLE shifts (CLSs) provide valuable
information for the characterization and investigation of the electronic properties
of atoms, molecules, solids and materials in general.139

When a core electron is removed from an atom, the remaining electrons rear-
range to accommodate to the new potential energy landscape. The configuration
of the electronic levels is thus modified, and the core-hole left behind by the excited
electron is therefore screened by the other valence and core electrons. Generally,
a change in the electrostatic potential in the core region causes a shift in the en-
ergy of the core levels. This is referred to as an initial-state effect.139 The term
final-state effects, on the other hand, is employed to describe all effects related
to the screening of the core-hole.139 There are several methods to calculate the
CLS ∆EA,BB (k) of an electronic level k due to a change from environment A to
environment B.138–141 Some of them are discussed in the following subsections.

7.2.1 Calculating core-level shifts with DFT
Initial state approximation

The initial-state approximation assumes that final-state effects can be neglected.
CLSs are thus calculated directly from the eigenvalues εk associated with state k
in the respective chemical environments:

∆EA,BB (k) = εBk − εAk . (7.7)

This approach is generally computationally inexpensive in KS-DFT implementa-
tions. A conceptual difficulty is, of course, the fact that Koopmans’ theorem does
not hold in DFT, and the KS eigenvalues are not the actual excitation energies
of the system.142 Also, since core-hole screening represents an important effect in
many cases, the initial-state approximation often leads to poor results, although
there are strategies to assess the reliability of this model in some cases with little
added computational cost.141

Slater–Janak transition state model

This approach makes use of Janak’s theorem,143 which extends the KS problem
by rewriting Eq. (3.16) as

n(r) =
N∑
i=1

ηi |ϕi(r)|2 , (7.8)



7.2 PES, core-level binding energies and shifts 47

where the quantities ηi are real-valued occupation numbers in the interval [0, 1],
and modifying the expression for the kinetic energy T̂s in a similar way.143 This
leads to the definition of a new energy functional Ẽ that satisfies143

∂Ẽ

∂ηi
= εi (7.9)

and is numerically equal to the KS energy functional in Eq. (3.18) when the Fermi-
Dirac distribution is adopted for ηi. Integrating Eq. (7.9), assuming an approxi-
mately linear dependence between εi and ηi,144 and using Eq. (7.6), one obtains:c

EB(k) ≈ −εk(ηk = η
(i)
k − 1/2), (7.10)

where η(i)
k is the initial occupation of electronic level k. The state for which

ηk = η
(i)
k − 1/2 is known as the Slater–Janak transition state. A CLS in the

Slater–Janak transition state model is thus calculated as:

∆EA,BB (k) = εAk (ηk = η
(i)
k − 1/2)− εBk (ηk = η

(i)
k − 1/2). (7.11)

Despite of the similarity with Eq. (7.7), Eq. (7.11) does include final-state effects,
as Eq. (7.10) is equivalent to calculating the difference between the total energies of
the initial and final states. The CLSs calculated using this method generally agree
well with the ones measured experimentally for equivalent systems,140,141,144 as
well as with CLSs obtained through direct calculations of total energy differences.141,144

Total energy approaches

Equation (7.6) provides a direct method to calculate CLSs:

∆EA,BB (k) ≡ EBB(k)− EAB (k) = (EBT,F − EAT,F )− (EBT,I − EAT,I), (7.12)

where we have used the subscripts I and F to represent the initial (ηk = n)
and final (ηk = n − 1) states, respectively. Although comparing total energies
calculated for different chemical environments is generally not recommended in
practice, the errors are typically very similar for the differences involving the initial
and final states, leading to CLSs calculated with accuracy compared to the one of
experiments.141

A frequently used approximation to obtain the energies of the final states is
the equivalent-core approximation, also known as the Z + 1 method. It consists
in replacing a core-ionized atom with atomic number Z by another atom with
atomic number Z + 1, under the assumption that the core-hole appears as a lo-
calized state in the core region,138 so that the screening of the charge introduced
by the extra proton is similar to the screening of the actual core-hole. Other com-
mon approaches involve the direct promotion of a core electron to the valence or
conduction bands. The implementation adopted for the calculation of the CLSs

cEquation (7.10) is formally valid only for the highest occupied electronic state, but it has
successfully been used for the calculation of CLSs.140–144
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reported in this thesis promotes a core electron to the valence band, allowing the
valence electrons to relax while the core electronic states remain unchanged.145 The
method, thus, incorporates most of the final-state effects, as the core electrons are
more strongly bound to the nucleus and are not expected to change much due to
the presence of the core-hole. Despite of the fact that physical systems containing
core-ionized atoms are incompatible with the HK theorem, this approach has suc-
cessfully been combined with DFT calculations, and CLSs calculated using DFT
energy differences have been found to agree with benchmark experimental data
with an accuracy between 25 and 100 meV.141,145
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CHAPTER 8
Summary and conclusions

Surfaces, interfaces and nanostructured materials (NSMs) are everywhere. They
have a tremendous impact in our everyday lives, being indispensable in most
branches of industry. Understanding more and more about the particular proper-
ties of such systems is the key to keeping up with the rapid technological devel-
opments and increasing demands. Interfaces between metal surfaces and carbon-
based nanostructured materials (CBNMs) are of particular interest, due to their
potential to serve as a basis for the technology that might, perhaps in a near
future, replace the current silicon paradigm.

Density functional theory (DFT) provides a very robust and efficient theoretical
framework for investigating the physics and chemistry of such types of interfaces.
The currently available density functionals provide a reliable characterization of
metallic-organic systems, for which an accurate description of the weak van der
Waals (vdW) forces is indispensable. This, along with the very efficient numerical
algorithms and powerful computers also available, has made possible the use of
DFT to study each time more relevant and realistic model systems.

This thesis focused on the investigation of the structural and electronic proper-
ties of complex interfaces and nanostructures, with particular emphasis on systems
based on graphene and organic molecules interacting with metal surfaces. DFT,
incorporating vdW interactions, was employed. The polyaromatic hydrocarbon
(PAH) molecules were used here to approximate, with gradual accuracy, an in-
finite graphene layer. Articles I and V describe how such an approach can be
employed to quantify the contributions that different types of atom groups give to
total charge transfers and binding energies. Article V also discusses the general re-
lationship between charge transfers, interface dipole moments and work functions
in such systems.

Graphene is certainly the most studied allotrope of carbon today, due to its
ever-growing list of remarkable structural and electronic properties. Most of the
graphene-related research, however, is dedicated to devising systematic ways to
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modify its properties – in particular, to give it a non-zero band-gap. Article IV
discusses the use of hybrid graphene-graphane structures for accomplishing this
task. As increasingly precise nanolithography techniques are developed, the sys-
tems studied in Article IV might represent real possibilities for atomically precise
design in nanoelectronics.

A major difficulty when modeling the interaction between graphene and other
periodic materials is that, in most cases, they are not commensurate with each
other. A common strategy to circumvent this problem is to use supercells (SCs).
The SC method, however, comes with the inconvenience of introducing an artificial
periodicity in k-space, due to the Brillouin zone folding. This extra periodicity
makes it difficult to analyze the behavior of the k-dependent properties of systems
– such as the band structures. SCs are also commonly used to study the influence
of defects and other types of perturbations to the properties of a crystal. In
many cases, a description of the properties of the material with respect to its ideal
primitive unit cell (PC) is still meaningful, even though one cannot use the ideal
PC for the calculations. Articles III and VI discuss the methods developed in this
thesis to perform the unfolding of the band structures, as well as of the eigenvalues
of any k-sensitive operator, for both scalar and spinor eigenstates. The methods
discussed in Articles III and VI have been implemented in the freely available
BandUP code.

The engineering of organic-based electronic devices requires the ability to con-
trol, with nanometric precision, the position of organic molecules and other types
of CBNMs on top of metallic surfaces. While techniques for the direct manipu-
lation of individual molecules and atoms still present many technical difficulties,
approaches based on the self-assembly of the molecular building blocks are be-
coming increasingly popular, due to their consistency in producing high-quality
materials at relatively low costs. The processes of self-assembly are driven by
directional intermolecular forces, such as hydrogen bonding (H-bonding). Ar-
ticle VII presents a combined theoretical and experimental study of the self-
assembly of a binary mixture of 4,9-diaminoperylene-quinone-3,10-diimine (DPDI)
and 3,4,9,10-perylene-tetracarboxylic acid dianhydride (PTCDA) molecules on
Ag(111). The two molecules intermix to form a long-range ordered network stabi-
lized by H-bonding. The DFT calculations presented in Article VII give an under-
standing of the different interactions responsible for the formation of the molecu-
lar network, shedding light on the subtle interplay between molecule-molecule and
molecule-surface interactions. The study represents a prototypical example of how
the deposition of molecules tailored with pre-programmed H-bonding functional
groups can be used to chemically engineer metal-organic interfaces with long-range
order.

Other interesting candidates for building blocks in the design of nanodevices are
aggregates and clusters. While structures such as metal-encapsulating Si clusters
have been synthesized for many years now, the precise characterization of the
structures obtained is still a challenge. Article II discusses some of the optical
and magnetic properties of silicon-metal nanostructures, and provides fingerprint
data for identification of gas-phase metal-Si12 and metal-Si10 clusters by optical
absorption spectroscopy.

http://www.ifm.liu.se/theomod/compphys/band-unfolding
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The methods and applied studies developed in this thesis contribute to a bet-
ter understanding of the physics of solids, surfaces, interfaces and NSMs not only
through the answers they provided, but also by prompting many subsequent ques-
tions. The systems discussed in Articles II and IV remain largely in the conceptual
stage. Therefore, the question remains as to whether they (or any of them) will
eventually be synthesized or not. The discussion in Article VII, on the other
hand, brings up many challenges from a theoretical point of view. These include
the quantification of the different types of molecule-molecule and molecule-surface
interactions, as well as the extrapolation of the behavior observed in this particular
case to patterns that could be used to understand similar systems.

A natural continuation of the work developed in Articles I and V would be an
investigation of the validity of the method developed when applied to systems other
than graphene or PAH molecules. A relevant question is also whether such a model
holds for chemisorption systems as well. Another point of the methodological
developments presented here that certainly deserves some consideration is the
fact that the unfolding methods discussed in Articles III and VI were derived
under the assumption of a perfect SC. They were, nevertheless, used also for
imperfect/defective systems, and this was justified by assuming that the deviations
from the ideal case were small enough to render a description in terms of the ideal
PC still reasonable. Although the results presented in Articles III and VI show
that such an assumption is indeed valid for many cases of interest, a legitimate
question is, naturally, up to which point it remains so. Consequently, a particularly
interesting way to elaborate further on the formalism developed in Article VI
would be to investigate the possibility to define, by adopting an approach based
on perturbation theory, an object similar to the unfolding-density operator.

It is my hope that the questions and answers provided in this thesis will mo-
tivate and engage others to ask even more thought-provoking questions and find
even more interesting answers.
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APPENDIX A
The Born–Oppenheimer approximation

The time-independent Schrödinger equation for an atomic system reads:

HTotΨn(r̃, R̃) = EnΨn(r̃, R̃), (A.1)

where R̃ and r̃ represent the set of all coordinates of the nuclei and electrons,
respectively. The Hamiltonian can be written as:

HTot = T̂N + T̂e + ŴNN + Ŵee + ŴeN , (A.2)

where T̂N and T̂e are the total kinetic energies of the nuclei (N) and electrons
(e), ŴNN and Ŵee represent the Coulomb repulsion between nucleus-nucleus and
electron-electron pairs, and ŴeN is the attractive Coulomb interaction between
electrons and nuclei. By gathering the terms involving only the positions and
momenta of the nuclei in a single term,

HN ≡ T̂N + ŴNN , (A.3)

and, analogously, defining also an electron-only Hamiltonian,

He = T̂e + Ŵee, (A.4)

the total Hamiltonian can be written as:

HTot = HN +He + ŴeN . (A.5)

Given the large ratio between proton and electron masses (mp/me ≈ 1836),
the electronic cloud responds very quickly to changes in the spatial distribution of
the nuclei as they oscillate around their equilibrium positions. It is thus generally
reasonable to assume that the electronic states are, to a good approximation,
always stationary, adapting practically instantaneously to each new set of positions
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of the nuclei.146 With this first approximation, we can then solve the electronic
Schrödinger equation[

He(r̃) + ŴeN ;R̃(r̃)
]
ψm;R̃(r̃) = εm;R̃ψm;R̃(r̃) (A.6)

as if R̃ were fixed parameters.146 For each set of fixed coordinates R̃, the solutions
of Eq. (A.6) form a complete set of orthogonal functions. The total wavefunction
Ψn(r̃, R̃) can thus be expressed as:

Ψn(r̃, R̃) =
∑
m

Φnm(R̃)ψm;R̃(r̃); Φnm(R̃) ∈ C. (A.7)

Taking Eq. (A.7) into Eq. (A.1), multiplying the resulting equation by ψ∗
m;R̃(r̃)

and integrating both sides over dr̃ yields:146[
T̂N (R̃) + ŴNN (R̃) + εk;R̃

]
Φnk(R̃)

+
∑
m

Φnm(R̃) 〈ψk| T̂N (R̃) |ψm〉

= EnΦnk(R̃).

(A.8)

The Born-Oppenheimer approximation147 simplifies Eq. (A.8) by neglecting the
off-diagonal elements of the 〈ψk| T̂N (R̃) |ψm〉 matrix,146,148 thus leading to:[

HN (R̃) + V̂N (R̃)
]

Φnk(R̃) = EnΦnk(R̃), (A.9)

where
V̂N (R̃) ≡ εk;R̃ +

〈
ψk

∣∣∣ T̂N (R̃)
∣∣∣ ψk〉 . (A.10)

The electronic [Eq. (A.6)] and ionic [Eq. (A.9)] problems are thus separated, and
they are both presented as Schrödinger equations for the respective degrees of
freedom.



APPENDIX B
The adiabatic connection method

The adiabatic connection method149,150 establishes a link between the original
many-electron problem, described by the Hamiltonian in Eq. (3.1), and its cor-
responding KS auxiliary system. This can be done150 by introducing a family of
parameterized Hamiltonians

H̃λ ≡ Hλ + V̂λ, (B.1)

where λ ∈ [0, 1] and

Hλ ≡ T̂ + V̂ + λŴ . (B.2)

The terms T̂ , V̂ and Ŵ retain the meaning they had in Eq. (3.1), and V̂λ is a
local potential operator introduced so that the systems represented by H̃λ have
the same ground state particle density n(r) as the physical system represented by
the Hamiltonian H in Eq. (3.1).a By construction, V̂λ=1 is thus identically null,
and V̂λ=0 + V̂ recovers the effective potential of the auxiliary, non-interacting, KS
system. Let Ẽ(λ) be the ground state energy of H̃λ. We thus have:150

Ẽ(0) = Ts[n] +
∫

[v(r) + Vλ=0(n; r)]n(r)dr. (B.3)

Let now
∣∣Ψ̃λ[n]

〉
represent an eigenstate of H̃λ with energy Ẽ(λ). We can use

the integral form of the Hellmann-Feynman theorem (Appendix C) to write the

aThe existence of V̂λ is guaranteed by the first Hohenberg-Kohn theorem.
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energy Ev[n] = Ẽ(1) as:

Ev[n] = Ẽ(0) +
1∫

0

〈
∂H̃λ
∂λ

〉
Ψ̃λ

dλ

= Ẽ(0) +
1∫

0

〈
∂V̂λ
∂λ

〉
Ψ̃λ

dλ+
1∫

0

〈
Ŵ
〉
Ψ̃λ
dλ

= Ẽ(0)−
∫
Vλ=0(n; r)n(r)dr +

1∫
0

〈
Ŵ
〉
Ψ̃λ
dλ

= Ts[n] +
∫
v(r)n(r)dr +

1∫
0

〈
Ŵ
〉
Ψ̃λ
dλ.

(B.4)

Combined with Eq. (3.18), Eq. (B.4) yields:

Exc[n] =
1∫

0

〈
Ŵ
〉
Ψ̃λ
dλ− J [n]. (B.5)

It can be shown151 that the expectation value 〈ϕ̂〉Ψ of any spin-independent two-
particle potential ϕ(r− r′) can be expressed as

〈ϕ̂〉Ψ = 1
2

"
drdr′ϕ(r− r′)n2Ψ (r, r′), (B.6)

where n2Ψ (r, r′) is the pair density function:98

n2Ψ (r, r′) = 〈δn̂(r)δn̂(r′)〉Ψ + 〈n̂(r)〉Ψ 〈n̂(r′)〉Ψ − δ(r− r′) 〈n̂(r)〉Ψ , (B.7)

and δn̂(r) is the density fluctuation operator:

δn̂(r) ≡ n̂(r)− 〈n̂(r)〉Ψ . (B.8)

Combining now Eqs. (B.5) to (B.7) and (3.17), and recalling that, by construction,
〈n̂(r)〉Ψ̃λ = n(r) ∀ Ψ̃λ, one finally obtains:150

Exc[n] = 1
2

"
drdr′n(r)w(r− r′)nxc(r, r′), (B.9)

where

nxc(r, r′) ≡
1∫

0

dλ
〈δn̂(r)δn̂(r′)〉Ψ̃λ

n(r) − δ(r− r′). (B.10)

Equation (B.9) leads to the interpretation of the XC energy as the interaction
between an electron and the XC hole of density nxc(r, r′) created around it due
to its own presence.



APPENDIX C
The Hellmann–Feynman theorem

Calculating the net forces acting upon atomic nuclei is an essential task when per-
forming simulations of physical systems using ab initio approaches. Indeed, when
searching for a system’s lowest-energy conformation, the accurate determination
of the forces acting upon the atoms is crucial. In this section, we discuss how this
can be done, and we present the Hellmann–Feynman theorem.

To start, consider a physical system containing N atoms distributed in a sta-
tionary configuration. In particular, consider a nucleus α with position vector rα.
In order to calculate the magnitude of the force component fαx acting upon the
nucleus along direction x̂, one might, for instance, notice that the virtual work152
δW done in order to provoke a virtual displacement δxα of the nucleus along that
direction is

δW = fαx δx
α. (C.1)

As the system is subjected to time-independent constraints only, the virtual and
actual displacements coincide,152 and, therefore, Eq. (C.1) can be written as

fαx dx
α = − ∂E

∂xα
dxα, (C.2)

which allows us to calculate the force when the system has energy E as:

fαx = − ∂E

∂xα
. (C.3)

Naturally, this result holds for any direction and for any nucleus. We can thus
replace the identifiers xα and α in Eq. (C.3) by a single arbitrary parameter λ,
which can represent any coordinate of any nucleus:

fλ = −∂E
∂λ

. (C.4)

If the parameter λ0 indicates the atomic configuration one wants to calculate
the forces for, then Eq. (C.4) provides a straightforward way to do so, namely, by
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calculating the partial derivative of E(λ) at λ = λ0. In practice, however, such
a procedure has a serious inconvenience: To be able to calculate the derivatives,
one would need to sample E(λ) in the vicinity of λ0, which means that one would
need to perform several total energy calculations in order to calculate one single
force component. This is obviously very costly, especially for systems with a large
number of positional degrees of freedom. Fortunately, there is a much more efficient
– and elegant – way of calculating forces in a system with Hamiltonian H,153 and
this is the subject of what follows.

Theorem C.1 (Hellmann–Feynman) Let Φ̂ be an arbitrary Hermitian oper-
ator dependent on a parameter λ, and let ψ be a normalized eigenfunction of Φ̂
with eigenvalue ϕ. One thus has that

∂ϕ

∂λ
=
∫
ψ∗
∂Φ̂
∂λ

ψdr. (C.5)

Proof:
By construction, we have:

ϕ =
∫
ψ∗Φ̂ψdr. (C.6)

Thus,

∂ϕ

∂λ
= ∂

∂λ

∫
ψ∗Φ̂ψdr =

∫
∂

∂λ

(
ψ∗Φ̂ψ

)
dr

=
∫

∂ψ∗

∂λ
Φ̂ψdr +

∫
ψ∗
∂Φ̂
∂λ

ψdr +
∫
ψ∗Φ̂∂ψ

∂λ
dr (C.7)

Since Φ̂ is self-adjoint, ∫
ψ∗Φ̂∂ψ

∂λ
dr =

∫
∂ψ

∂λ
Φ̂ψ∗dr. (C.8)

Moreover,
Φ̂ψ = ϕψ ⇐⇒ Φ̂ψ∗ = ϕψ∗, (C.9)

so that Eq. (C.7) becomes:

∂ϕ

∂λ
= ϕ

∫
∂ψ∗

∂λ
ψdr +

∫
ψ∗
∂Φ̂
∂λ

ψdr + ϕ

∫
ψ∗
∂ψ

∂λ
dr

=
∫
ψ∗
∂Φ̂
∂λ

ψdr + ϕ
∂

∂λ

∫
ψ∗ψdr

=
∫
ψ∗
∂Φ̂
∂λ

ψdr + ϕ
∂1
∂λ
, (C.10)

which means that
∂ϕ

∂λ
=
∫
ψ∗
∂Φ̂
∂λ

ψdr. (C.11)

�

The Hellmann–Feynman theorem has been proved for an arbitrary Hermitian
operator dependent on an arbitrary parameter λ. If Φ̂ represents the Hamiltonian
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of an atomic system under steady-state conditions, λ denotes one of the position
coordinates of a given nucleus, and if we consider the discussion present in the
beginning of this section, we can then combine Eqs. (C.4) and (C.5) to obtain

fλ = −
∫
ψ∗
∂H
∂λ

ψdr. (C.12)

Eq. (C.12) is the basis of what most standard electronic structure programs actu-
ally implement nowadays. By using Eq. (C.12), one can obtain the forces without
the need for any extra total energy calculation, reducing the overall computational
costs by orders of magnitude.
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APPENDIX D
Bloch’s theorem

The Bloch theorem is stated and proven here adopting, with only minor modifi-
cations, the approach of Ashcroft and Mermin.20

Theorem D.1 (Bloch’s theorem) The eigenstates ψ(r) of the one-electron Hamil-
tonian H = ~2

2m∇
2 +U(r), where U(r+R) = U(r) for any R in the Bravais lattice,

can be chosen as to satisfy

ψk(r + R) = eik·Rψk(r), (D.1)

where k is a wavevector associated with each eigenstate.

Proof:
Let TR be the translation operator associated with the Bravais lattice vector R, so

that
TRf(r) = f(r + R), (D.2)

for any function f(r) defined in both r and r + R. We have that

TRHψ = TR(Hψ)(r) = (Hψ)(r + R) = H(r + R)ψ(r + R) = H(r)ψ(r + R), (D.3)

as H is, by construction, periodic. Using Eqs. (D.2) and (D.3), we can write:

TRHψ(r) = HTRψ(r), (D.4)

which leads to
TRH = HTR. (D.5)

Eq. (D.5) tells us that H and TR form a complete set of commutable observables, which
allows us to write

Hψ = εψ ⇔ TRψ = λ(R)ψ;λ(R) ∈ C. (D.6)
Also, it follows from using Eq. (D.2) multiple times that

λ(R + R′) = λ(R)λ(R′). (D.7)
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Let ai, i = 1, 2, 3 now be the primitive vectors of the Bravais lattice. We can thus write

R =
3∑
i=1

niai; ni ∈ Z, i = 1, 2, 3. (D.8)

Combining Eqs. (D.7) and (D.8), we get:

λ(R) = λ(a1)n1λ(a2)n2λ(a3)n3 . (D.9)

Given that the constants λ(ai) are complex numbers and thata λ(R)λ∗(R) = 1, we can
write

λ(ai) = e2πixi ;xi ∈ R, (D.10)
which, combined with Eq. (D.9), leads to:

λ(R) = e
2πi
∑3

i=1
nixi . (D.11)

However, by defining

k ≡
3∑
i=1

xibi, (D.12)

where bi, i = 1, 2, 3 are the vectors of the crystal’s reciprocal lattice, Eq. (D.11) can be
rewritten as:

λ(R) = e2πik·R. (D.13)
Finally, combining Eqs. (D.2), (D.6) and (D.13), we find that

ψk(r + R) = eik·Rψk(r). (D.14)

�

aThe condition λ(R)λ∗(R) = 1 follows from Eqs. (D.6) and (5.2).
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