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Kurzfassung 

Besonders in städtischen Gebieten treten durch die stetige Zunahme des Straßenverkehrs 

vermehrt Staus auf. Um Echtzeitinformationen für Verkehrsteilnehmer und 

Verkehrsmanager zur Verfügung stellen zu können, gewinnen präzise Computermodelle an 

Relevanz. Eine Software namens Mobile Millennium Stockholm (MMS) wurde entwickelt um 

Reisezeiten präzise abzuschätzen und vorherzusagen. In einem 7km langen Testabschnitt 

nördlich von Stockholm wird diese Software implementiert. Das Herzstück ist das „Cell 

Transmission Model (CTM)“, welches ein makroskopisches Verkehrsflussmodell darstellt 

und auf aggregierten Geschwindigkeitsmessungen basiert. 

Diese Arbeit konzentriert sich auf verschiedene Kalibrierungstechniken des so genannten 

Fundamentaldiagramms als wichtigen Inputfaktor für das CTM. Das Diagramm beschreibt 

den mathematischen Zusammenhang zwischen dem Verkehrsfluss, der Verkehrsdichte und 

der Geschwindigkeit auf einem Straßenabschnitt. Die Kalibrierung wird in verschiedenen 

Szenarien ausgeführt, welche auf Methoden der kleinsten Quadrate beruhen. Weiteres 

werden die Quellen des Verkehrs (sources), welche die Verkehrsnachfrage definieren, und 

die Kapazitäten der Ziele (sink capacities), welche die Umgebung des modellierten 

Netzwerks simulieren, mit dynamischen Parametern implementiert um das unterschiedliche 

Verkehrsaufkommen über einen Tag darzustellen. Ein Parameter im CTM, der die 

Routenwahl der Fahrer repräsentiert, ist das Teilungsverhältnis (split ratio) und muss 

ebenfalls berechnet werden.  

Für den Rahmen dieser Arbeit wir die MMS Software in einem reinem Vorhersagemodus 

genutzt. Dazu werden für das CTM ausschließlich die angegebenen Parameter verwendet. 

Für jedes Kalibrierungsszenario wird ein unabhängiges Modell durchgeführt und die 

Evaluierungen finden auf Basis der Modellergebnisse statt. Die Resultate werden mit, für 

den Testabschnitt existierenden, Messungen der Reisezeiten verglichen und eine 

durchschnittliche prozentuelle Abweichung wird errechnet (mean average percentage error 

MAPE). Daraus wird die passendste Kalibrierungsmethode festgestellt – die orthogonale 

Regression. 

Schlagwörter: Cell Transmission Model (CTM), Fundamentaldiagramm, Kalibrierung, 

Dynamische Verkehrsquelle, Dynamische Zielkapazität, Teilungsverhältnis  
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Abstract 

Road traffic increases constantly and the negative consequences in the form of traffic jams 

can be realized especially in urban areas. In order to provide real time traffic information to 

road users and traffic managers, accurate computer models gain relevance. A software 

called Mobile Millennium Stockholm (MMS) was developed to estimate and predict travel 

times and has been implemented on a 7km test stretch in the north of Stockholm. The core 

of the software is the cell transmission model (CTM) which is a macroscopic traffic flow model 

based on aggregated speed observations.  

This thesis focuses on different calibration techniques of the so called fundamental diagram 

as an important input factor to the CTM. The diagrams illustrate the mathematical function 

which defines the relation between traffic flow, density and speed. The calibration is 

performed in different scenarios based on the least square (LS) and total least square (TLS) 

error minimization. Furthermore, sources, representing the traffic demand, and sinks, 

representing the surrounding of the modeled network, are implemented as dynamic 

parameters to model the change in traffic behavior throughout the day. Split ratios, as a 

representation of the drivers‘ route choice in the CTM are estimated and implemented as 

well. 

For the framework of this work, the MMS software is run in a pure prediction mode. The CTM 

is based on the source, sink, split and fundamental diagram parameters only and run forward 

in time. For each fundamental diagram calibration scenario an independent model run is 

performed. The evaluation of the scenarios is based on the output of the model. The results 

are compared to existing Bluetooth travel time measurements for the test stretch, which are 

used as ground truth observations, and a mean average percentage error (MAPE) is 

calculated. This leads to a most reasonable technique for the fundamental diagram 

calibration – the total least square error minimization. 

Keywords: Cell transmission model (CTM), Fundamental diagrams, Calibration, Dynamic 

sources, Dynamic sinks, Split ratios 



 

   5 

Acknowledgements 

I am truly honored to be part of the Mobile Millennium Stockholm project at the Linköping 

University. I want to express my gratefulness to my supervisors, David Gundlegård and 

Oliver Roider, and my examiner, Joakim Ekström, who were extremely patient and 

supportive. The high degree of freedom and trust I received from them made my time in the 

project an unforgettable experience. 

Furthermore, my gratitude goes to Alex Bayen, Joe Butler and Anthony D. Patire from the 

PATH team at UC Berkeley for giving me the opportunity to be part of their team. Even 

though the internship did not influence this work directly, many aspects I learned during the 

time in California were used in the finalization steps. 

Finally, I would like to thank my family for their great support throughout the whole project. 



 

   6 

Table of Contents 

 

1 Introduction ......................................................................................................... 8 

1.1 Aim ..................................................................................................................... 8 

1.2 Goal .................................................................................................................... 8 

1.3 Methodology ....................................................................................................... 9 

1.4 Limitations .........................................................................................................10 

2 Macroscopic Traffic Models ...............................................................................11 

2.1 Traffic flow theory ..............................................................................................11 

2.1.1 Variables ...........................................................................................................12 

2.1.2 Fundamental diagram ........................................................................................15 

2.1.3 Space-time diagram ...........................................................................................21 

2.2 The cell transmission model ..............................................................................22 

2.2.1 LWR ..................................................................................................................24 

2.2.2 CTM – k .............................................................................................................27 

2.2.3 CTM – u .............................................................................................................29 

3 Calibration of Fundamental Diagrams ................................................................31 

3.1 Normalization .....................................................................................................31 

3.2 Least square error .............................................................................................32 

3.3 Total least square error ......................................................................................34 

3.4 Calibration process ............................................................................................35 

3.4.1 Data definition ....................................................................................................36 

3.4.2 Function selection ..............................................................................................36 

3.4.3 Algorithm selection ............................................................................................37 

3.4.4 Scenario definition .............................................................................................38 

3.4.5 Calibration implementation ................................................................................39 

4 Experimental Setup ...........................................................................................42 

4.1 System description ............................................................................................42 

4.2 Test site description and sensors .......................................................................44 

4.3 Implementation of dynamic sources ...................................................................46 

4.4 Implementation of dynamic sink capacities ........................................................48 

4.5 Determination of split ratios ...............................................................................51 



 

   7 

4.6 Technological implementation............................................................................52 

5 Results ..............................................................................................................54 

5.1 Local calibration .................................................................................................54 

5.2 Travel time evaluation and validation .................................................................55 

6 Discussion .........................................................................................................61 

6.1 Dynamic source and sink implementation ..........................................................61 

6.2 Split ratio measurements ...................................................................................61 

6.3 Fundamental diagram calibration .......................................................................61 

6.4 Environmental and social aspects ......................................................................63 

7 Conclusion .........................................................................................................64 

Bibliography ......................................................................................................................65 

 

 

 



 

   8 

1 Introduction 

The growing demand of mobility results in the problem of congested roads, especially in 

urban areas. This increases the need to estimate and predict traffic states and travel times. 

In 2008, a project called “Mobile Millennium” was launched in Berkeley, California, which has 

the aim to monitor traffic in real time by the use of a traffic model. Meanwhile this project was 

brought to Sweden (Mobile Millennium Stockholm “MMS”) and is being constantly adapted 

and improved. The involved parties are Linköping University (LiU) UC Berkeley, Royal 

Institute of Technology (KTH), Sweco and Trafikverket (Allström, et al., 2011). 

The gathered and processed information can be used for authorities as well as a direct 

information system for drivers. Road network planners can rely on this data in order to 

improve the road network and individuals can plan their journeys according to congestion 

patterns. 

The traffic model used within MMS uses a number of parameters, which have to be adapted 

due to infrastructural and behavioral characteristics. Whereas some parameters can be 

measured, others have to be calibrated. The project makes use of a great amount of 

historical data which was gathered in the greater Stockholm area via radar sensors. The 

thesis focuses on a test stretch which is located in the north of Stockholm on the E4 highway.  

In order to understand the procedure of calibration, the theoretical background of traffic 

models will be explained in the beginning of this thesis. The main aim of this work is to single 

out the effects of specific parameters which are based on the so called fundamental diagram. 

Different calibration methods and scenarios will be executed to find a most appropriate 

calibration process. 

 

1.1 Aim 

The aim of this thesis is the evaluation of methods for the calibration of fundamental 

diagrams. They can be used in macroscopic traffic models for the estimation and prediction 

of traffic states. 

 
1.2 Goal 

Based on empirical data, which is collected by traffic sensors, the input parameters for the 

traffic model used within the MMS project will be defined. Whereas a number of parameters 

can be directly measured, the main focus will be on the calibration of the fundamental 

diagram parameters. Therefore, different approaches of local calibrations will be investigated 

and implemented. The outputs of the traffic model and ground truth measurements are used 

to evaluate the calibration results. 
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1.3 Methodology 

The Stockholm highway network is equipped with a great number of traffic sensors, 

gathering traffic data. The measurements of speed and traffic flow (number of cars per time 

unit) are aggregated to one minute time stamps and stored in a database. The data sets are 

the basis for all calculations and calibrations within this thesis. 

The main part of this work will focus on different calibration methods of the so called 

fundamental diagrams, which indicate certain dependencies of the main traffic flow 

variables. Each calibration method will be placed in a scenario matrix to keep track of the 

process throughout the work.  

The scenarios can be distinguished on different levels. The question about the necessity of 

different fundamental diagrams along a road will be dealt with on a top level. Besides the 

possibility of characterizing the road stretch in a general valid diagram, different properties 

for small road sections can be calibrated and implemented individually. 

The second level investigates different types of calibration techniques. This work will focus 

on least square and total least square fit. In a first approach, all parameters defining the 

fundamental diagram will be calibrated freely. In a second group of scenarios the parameters 

will be calibrated again but one value based on a study about the freeway capacities in 

Stockholm will be predefined (Strömgren, 2011). 

Following the calibration procedure, parameters representing the traffic demand, the 

capacities in the surrounding of the network and the route choice of the drivers will be 

computed based on actual measurements. Due to certain dependencies, the fundamental 

diagrams have to be calibrated in advance. The implementation of dynamic source flows 

and dynamic sink capacities aims to represent more realistic properties for the traffic demand 

and the surrounding network than the currently implemented static values. The route choice 

is modeled as split ratio parameters and indicate the split of traffic flow at a junction. This 

can either be an intersection or, more likely on highways, off-ramps.  

The traffic model used within the MMS project is the so called cell transmission model (CTM). 

It divides the road stretch into cells and uses the traffic flow theory to propagate traffic 

throughout them. The original model is based on traffic densities (number of vehicles per 

space unit). Due to the lack of such measurements the model was adapted to a so called 

CTM-v model which uses the speed measurements as basic data. 

In order to evaluate the different scenarios, the model will be run to estimate the current 

traffic state, based only on the calibrated fundamental diagrams and the parameters 

explained above. Actual measurements from the road section are not used for any updates 

of the estimation. This step will show how well the model can reproduce the traffic states. 

The output will be a space-time-diagram on the one hand, and travel times for the specific 

road stretch on the other hand. 

For the designated road stretch, Bluetooth sensors are available to measure ground truth 

travel times. The model’s output will be evaluated against Bluetooth measurements and will 
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result in a mean average percentage error (MAPE). The evaluation of the calibration 

procedures for the fundamental diagrams are based on the MAPE results. 

 

1.4 Limitations 

A specific test stretch in the north of Stockholm on the E4 southbound was chosen as area 

of observation. This segment has the advantage of installed Bluetooth sensors which deliver 

ground truth measurements of travel times. This fact simplifies the evaluation of the 

performance. Regardless of the test stretch, the result of a suitable calibration technique for 

the fundamental diagrams is expected to be valid on other roads as well. 

Furthermore, the data of March 21st, 2013 is the basis for the calibrations in this work. The 

performance is evaluated for March 25th, 2013. These two days are known for their normal 

traffic conditions. Neither an incident nor any specific weather conditions influenced the road 

infrastructure or the driver behaviors. This implies that the achieved fundamental diagram 

results are only valid for similar conditions. However, the calibration process itself can be 

used for any kind of weather condition. 

The model does not distinguish between different kinds of vehicles, as trucks, cars or 

motorcycles. They are summarized to one type, which will simply be referred to as vehicles. 

Another simplification is the fact that the model considers all lanes on the highway as similar. 

More closely, the traffic states at a specific point of the road are assumed to be the same on 

all lanes at this position. 

In the calibration process, three different approaches based on least square and total least 

square have been evaluated. Other alternative approaches have not been considered. 
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2 Macroscopic Traffic Models 

Traffic models are used to reproduce and simulate traffic situations. Such simulations raise 

the possibility of understanding traffic dynamics for all interested parties. Outputs from traffic 

models can be used for the calculation of fuel consumption, CO2 emission and total vehicle 

hours traveled. Furthermore, adaptions to the road network and implementations on the 

network can be tested before they are introduced to analyze effects and pursue 

stakeholders. 

Traffic models can be applied on different levels of aggregation. There exist microscopic 

traffic models to model detailed procedures as single movements of vehicles. An approach 

with slightly less details will lead to the mesoscopic traffic models. They are characterized 

by the fact that the behavior of vehicle groups is simulated, but without the detailed 

interactions between the single vehicles within a group. The traffic models that deal with 

aggregated parameters in terms of traffic flow only are macroscopic models. They can be 

subdivided into models of first and second order. Drivers in first order models adjust their 

speed instantaneously and acceleration and deceleration is not considered. This can lead to 

an abrupt change in density which affects the model in an unrealistic way. Such a first order 

model is the Lighthill, Whitham and Richards (LWR) type. The LWR assumes that the 

velocity can be described as a function of the density. A challenge represents the fact that 

the first order partial differential equation (PDE) of the LWR model does not lead to a unique 

solution in its simple form. The cell transmission model is based on the LWR PDE model 

and resolves that issue by carefully selecting the size of each cell.  

Second order models, as the Payne model, use a second partial differential equation to 

model the dynamics of velocity. In the case of the Payne model it is derived from the car 

following behavior. The introduction of the second equation increases the demand of input 

factors to the model and results in a higher complexity but more realistic solution. 

(Hoogendoorn & Bovy, 2001) (Seibold & Shimao, 2013) 

 

For the MMS project the CTM was chosen to be the most adequate traffic model. A detailed 

description will be given in chapter 2.2. In order to understand all steps of the CTM, the 

following chapter will present the fundamental traffic flow theory behind the model. It will 

consider commonly used variables, the relation of them to each other in terms of traffic 

engineering and a way of illustrating the simulation’s results. 

 

2.1 Traffic flow theory 

Historically, the investigation of traffic flow in a mathematical and statistical way began in the 

1950s. In the literature, John Glen Wardrop is mentioned as the first one who described 

traffic flow in a scientific way (Wardrop, 1952). Before that, any behavior on roads was more 

defined as a rule of thumb.  
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The first mathematical descriptions considered single vehicle in a very detailed way and 

described each behavior separately. Typical variables for this kind of approach are vehicle 

length, acceleration, velocity of each vehicle and the distance between each vehicle. In other 

words, early modeling approaches were used back then. 

The MMS project makes use of the CTM which is a macroscopic traffic model. The traffic 

state variables considered are traffic flow, mean speed and density. These variables can be 

expressed in relation to each other, which is illustrated in the so called fundamental diagram 

and these relationships will play a major role in macroscopic traffic models. 

 
2.1.1 Variables 

This section presents the basic variables of the traffic flow theory. Besides the general 

description of their characteristics, the possibilities and challenges of observing the data for 

these parameters will be presented. 

 

Traffic flow 

The traffic flow q is indicated by the number of vehicles n which pass a certain point in a 

certain amount of time t. Thus, flow is a temporal measurement. The unit is usually vehicles 

per hour [veh/h] (Maerivoet & De Moor, 2008). 圏 = 券∆建 Eq. 2.1 

For multi-lane roads the number of cars is usually summed up which results in the flow for 

all lanes. 

 

 

 

  

Figure 1: Traffic flow measurement 
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Mean speed 

The mean speed u is defined as the distance traveled x per time unit t. The unit is usually 

kilometers per hour [km/h] or meters per second [m/s]. 憲 = 捲∆建 Eq. 2.2 

Compared to the flow measurement there are two possibilities to observe the mean speed. 

  Time mean speed: Average of speeds of vehicles i = 1..n at a certain location. 

Gathering this data requires only measurements at one position of the road over a 

certain time period. 憲 = な券 ∑ 憲沈津
沈=怠  

Eq. 2.3 

 

 

 

 

The drawback of a time mean speed measurement is the overestimation of fast 

vehicles. Depending on the starting position and the speed, each vehicle reaches the 

measurement point at a specific time. Assuming two vehicles starting at the same 

location but with different speeds, the faster vehicle will pass the sensor at an earlier 

point of time. Given the case that the time of observation is over before the slow 

vehicle is at the sensor position, the mean speed will only be the measurement of 

the fast vehicle. In summary, it can be said that the area of observation is larger for 

fast vehicles which leads to their overestimation (Knoop, et al., 2009). 

 

 

  

Figure 2: Time mean speed measurement 

Measurement 
Point 
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 Space mean speed: Average of speeds of all vehicles in a segment at a certain time. 

In order to make these measurements possible, a direct data collection of each vehicle 

has to be given. 

 

 

 

As this is difficult to realize, space mean speed is usually approximated from time 

mean speed measurements. However the approximations are only valid under the 

assumption of stationary conditions. That means that vehicles must not change their 

speed during the observation time. Furthermore, this approach for gathering the 

space mean speed requires the presence of the single time mean speed 

measurements. They are taken at one single position but the harmonic mean is taken 

into account. This results is the equation for the space mean speed approximation 

(Knoop, et al., 2009): 憲暢 = 怠迭韮  ∑  迭祢日韮日=迭 . Eq. 2.4 

 

 
  

Figure 3: Space mean speed measurement 
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Density 

The variable k is defined as the amount of vehicles per specified segment. Typical units are 

vehicles per kilometer [veh/km] or vehicles per meter [veh/m]. In order to measure density, 

the number of vehicles in a specified segment has to be known. This amount can be 

measured by two sensors, one counting entering vehicles and one exiting vehicles to and 

from the observation area. Furthermore, a density value can be determined by a photo 

detection tool. The number of vehicles divided by the segment length results in the density. 

If there exits more than one lane it has to be identified if the density should be observed per 

lane or for all lanes. 倦 = 券∆捲 Eq. 2.5 

 

 

For the measurement of the density, one position of sensors is not enough. Since flow and 

speed, require only one measurement point, the observation area has to be extended for 

density observations. However, there is a trivial relation between speed, flow and density 

which simplifies the process of gathering density measurements. The traffic flow divided by 

the space mean speed results in the related density (Board, 2000). 

倦 [懸結ℎ倦兼] = 圏 [懸結ℎℎ ]憲 [倦兼ℎ ] Eq. 2.6 

 

 

2.1.2 Fundamental diagram 

In the previous chapter, the three basic variables flow q, speed u and density k were 

explained. Respecting the properties of a road segment, the variables can be brought into a 

specific relation to each other. The fundamental diagram is a mathematical model of the 

relationship between these variables and consist of three separate functions. Speed – 

density relation, speed-flow relation and the flow-density relation. Due to connection lines 

each point on the diagram can be displayed on all pictures. 

Figure 4: Density measurement 
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Besides the parameters of speed, flow and density, several important thresholds can be 

determined from this diagram.  

 
Free flow speed  

In theory, the free flow speed 憲捗 should be the speed limit. However, in reality it is often 

greater as people tend to drive faster than allowed. The free flow speed can only be reached 

under the so called free flow condition. This condition is defined as a small number of 

vehicles on the road, which do not influence each other’s driving behavior. 
 

Maximum density / Jam density  

In reality, roads are physically limited in its size. Even though it might be possible to stack 

cars on each other on the paper, the threshold of the maximum density 倦陳銚掴 or jam density 倦珍銚陳 has to be kept. The physical boundary is the amount of vehicles that can be on a road 

segment bumper to bumper. However in real life this threshold will never be reached and 

there will always be a certain safety distance in between the vehicles. As this happens in 

traffic jams where all cars reached a full stop it is also called jam density. 

In mathematical terms this threshold can be calculated as the length of the road segment x, 

divided by the average length of a vehicle l plus the average safety distance between each 

vehicle d. 倦陳銚掴 = 倦珍銚陳 = ∆捲健 + 穴 Eq. 2.7 

 

Figure 5: Linear fundamental diagram 
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Maximum flow / Maximum capacity 

Maximum flow 圏陳銚掴  indicates the highest possible flow and is called maximum capacity in 

terms of traffic flow theory. During periods of high traffic demand, the state of maximum flow 

is the goal to be achieved.  

 

Critical speed and critical density 

If a road segment operates at its maximum capacity, the actual speed of the vehicles is 

below free flow speed. The actual speed at the maximum flow is the critical speed 憲頂�. The 

same is true for the density value and results in the critical density 倦頂�. For high traffic 

demand the critical speed and critical density are the target values to achieve the highest 

possible flow. 

  

Shockwave speed 

If the traffic condition on a road changes, it will usually not take place at the same time on 

the whole road stretch. Considering the event of an accident with one closed lane, there will 

be traffic jam in front of this area. However, some hundred meters or kilometers backwards 

the traffic flow might still not be influenced. The change of traffic condition in this case will 

propagate backwards to the driving direction. As soon as the lane closure is removed, 

another propagation wave will appear. This time the change from the congested state to an 

uncongested flow condition will appear. These propagation waves are called shockwaves 

and its speed ω can be calculated (Hoogendoorn & Knoop, 2013). 拳 = 圏態 − 圏怠倦態 − 倦怠 Eq. 2.8 

 
The fundamental diagram in Figure 5 indicates only a very basic model of the relation 

between the three variables. This model is the linear fundamental diagram or Greenshields 

diagram (Greenshields, 1935) as the relation between speed and density is linear.  

Furthermore, the fundamental diagram is only a theoretical description of dependencies 

between the variables. In reality the relationships are not as smooth. The following figure 

shows some example measurements of speed and flow (density computed by Eq. 2.6), 

plotted in the fundamental diagram. For any practical use, the theoretical model has to be 

modified to fit the measurements. As one can see, the Greenshields model will hardly ever 

fit in a reasonable way. For example, the linear relation between density and speed is not 

given by the measurements. This leads to the fact that other models were developed. 
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Figure 6: Measurements plotted in the fundamental diagram 

One model which has a different relation of the variables is the Daganzo-Newell diagram 

(Work, et al., 2010). The third model of fundamental diagrams that will be discussed here is 

a combination of the Greenshields and Daganzo-Newell diagram. It has a linear trend for the 

high speed section and a hyperbolic curve for the lower speeds of the speed-density relation.  

In the graphic below, all three mentioned models of fundamental diagrams are illustrated. 

The first row of diagrams shows the speed-density relation whereas the flow-density relation 

is indicated beneath. 

 

Figure 7: 1) Greenshields 2) Daganzo-Newell 3) Hyperbolic-linear fundamental diagram 
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Even though the shapes of the fundamental diagrams show differences, their similarities 

cannot be disregarded. The previously stated relation between speed, flow and density (Eq. 

2.6) always holds. Moreover, all diagrams can be clustered into sections with different traffic 

states. Commonly used are: 

 free flow, 

 synchronized flow and 

 congestion. 

 

Figure 8: Traffic states in the fundamental diagram 

 

Greenshields (Greenshields, 1935) 

As the name already says, it was invented by Bruce Greenshields. A direct dependency 

between speed and density is shown, which results in the linearity of this model. In 

mathematical terms, the velocity is defined as a linear function of the density (Greenshields, 

1935): 憲岫倦岻 =  憲陳銚掴 ∗ 岾な − 賃賃尿��峇. Eq. 2.9 

 

Daganzo-Newell (Daganzo, 1994) 

Carlos F. Daganzo invented this fundamental diagram and used a diverted line. In free flow 

conditions the relation between speed and density is static. This results in the fact that the 

free flow speed equals the critical speed (as illustrated in Figure 7). Due to the triangular 

shape of the flow-density relation, the model differentiates between uncongested and 

congested states in a great manner.  
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The definition in mathematical terms is expressed as (Daganzo, 1994): 

憲岫倦岻 =  { 憲陳銚掴 ,              �血 倦 判 倦頂�−拳捗 岾賃尿��賃 峇 , 剣建ℎ結堅拳�嫌結 . 
 

Eq. 2.10 

 

The fact that the mathematical expression for the free flow condition is static makes an invert 

of the equation impossible. For the purpose of this thesis, invertibility is a prerequisite which 

leads to the fact that the Daganzo-Newell model is not adequate. In section 2.2 this 

requirement will be explained in detail.  

 

Hyperbolic-Linear (Work, et al., 2010) 

This model is a combination of the Greenshields and the Daganzo-Newell model. In 

mathematical terms it is defined as: 

 

憲岫倦岻 =  { 憲捗 岾な − 賃賃尿��峇 , �血 倦 判 倦頂�−拳捗 岾な − 賃尿��賃 峇 , 剣建ℎ結堅拳�嫌結 . Eq. 2.11 

 

The model fulfills the prerequisite of invertibility which makes it a preferred model to be used 

for this work. 

倦岫憲岻 =  
{  
  倦陳銚掴 峭な − 憲憲捗嶌 , �血 憲 半 憲頂�
倦陳銚掴 蛮 なな + 憲拳捗) , 剣建ℎ結堅拳�嫌結 

 Eq. 2.12 

 

In order to guarantee continuity, the equation for the parameters has to be found. By 

equalizing the two inverted functions of the hyperbolic-linear model at the critical speed 憲頂�, 
the continuity constraint is (Work, et al., 2010) →  憲 = 憲捗 −拳捗. Eq. 2.13 

 

For completeness, the continuity constrained for Eq. 2.11 is defined as (Work, et al., 2010): 賃��賃尿�� = 栂�通� . Eq. 2.14 

 

Respecting the continuity equations, the parameters of maximal density, free flow speed and 

critical speed have to be given to define a hyperbolic-linear fundamental diagram.  
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2.1.3 Space-time diagram 

Traffic data measurements, as well as traffic model simulation’s results, might be more 

interesting as a whole. The space-time diagram is the most commonly used tool to present 

results. On one axis (commonly the x-axis) the time is shown, whereas the other one 

indicates the space. The whole diagram or matrix can be filled with different kind of data, 

depending on the needs. If the two dimensions are used as matrix, speed, flow or density 

values can fill the cells. Whereas speed and density give a unique result, a matrix filled with 

flow data cannot be interpreted easily due to its ambiguousness (as illustrated in Figure 5). 

Color codes according to the values simplify the analysis and lead to so called contour maps. 

An example is shown in Figure 9. The illustrated data is just an example space-time diagram 

without any closer relevance of the shown data. The color bar on the right side represents 

the legend for the used colors. Green to light yellow indicates free flow or light traffic 

condition, depending on the speed limits. Dark yellow/orange to red indicates heavy traffic 

or congestion with low speeds. The driving direction in this diagram is from “the bottom” to 
“the top”. The two main congestion patterns indicate the morning and afternoon peak traffic.  

 

 

Figure 9: Space-time diagram example, speed is shown by color indication 

The graph above can only be set up if data for each time step and each position is available. 

This is almost impossible to realize by considering measurements only. As already 

mentioned, traffic data on the Stockholm highway is gathered via static sensors. This results 

in a picture which can only present speeds for specific positions but mostly continuous in 

time. The graph below illustrates the space-time diagram with observed speeds only. 
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Figure 10: Space-time diagram example, observed data only 

The fact that the actual observations are point speed measurements results in infinitely small 

segments of known speeds. For the purpose of this illustration the road stretch is divided 

into sections of similar length and the traffic states within a segment are assumed to be 

similar. This leads to point speed measurements which are true for a whole section. The 

speeds and related traffic states for the areas without observations, indicated in black, can 

only be estimated. The following section introduces a method for estimating the state in these 

areas. 

 

2.2 The cell transmission model 

The cell transmission model (CTM) is a first-order macroscopic model of traffic flow in a road 

network (Godunov, 1959). It deals with the transmission of traffic over several cells 

(Daganzo, 1994). In a first step, the term cell has to be defined. Each road stretch is divided 

into several segments of same size, called cells. The length of each cell is carefully chosen 

and set to the distance traveled in one simulation time step during times with little traffic 

volume. In other words, the length of the cell is the speed of a typical car during light traffic, 

multiplied with the simulation time step. This results in the assumption that all vehicles of 

one cell move exactly to the next cell within one simulation step. The exact location of a 

vehicle within a cell is irrelevant and is not considered. The described assumption holds 

under light traffic conditions only and is defined as 

 券珍+怠岫建 + な岻 = 券珍岫建岻, Eq. 2.15 

 

where n indicates the number of vehicles in cell j at time t. 
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In order to be able to deal with other traffic conditions than light traffic, certain constraints 

have to be introduced. Variables used in that context are:  

 �賃岫建岻: the maximum number of vehicles possible in cell j at time t (maximum density 

times length of the cell) 

 �賃岫建岻: the maximum number of vehicles that can flow into cell j at the time shift t  

t1 (maximum flow / capacity) 

 �珍岫建岻 − 券珍岫建岻: empty spaces in cell j at time t (to ensure that the maximum density is 

not exceeded) 

 

The number of vehicles in a cell at time t+1 equals the amount of vehicles in that cell at time 

t plus the number of incoming vehicles yj minus the number of outgoing vehicles yj+1 at time 

t. 券珍岫建 + な岻 = 券珍岫建岻 + 検珍岫建岻 − 検珍+怠岫建岻 Eq. 2.16 

 

The flows in and out are defined as: 検珍岫建岻 = 兼�券{券珍−怠岫建岻, �珍岫建岻, �珍岫建岻 − 券珍岫建岻}. Eq. 2.17 

 

Figure 11 illustrates the basic idea of the cell transmission model. Q indicates the flow within 

a cell whereas Qup and Qdown are defined as the ingoing and outgoing flows to, and 

respectively from, a cell. The outgoing flow of a cell Qj
down must equal the ingoing flow of the 

following cell Qj+1
up. A closer look on the conditions will be taken in the end of section 2.2.2. 

 

 

Figure 11: Basic description of the cell transmission model (CTM) 

Due to the described boundary conditions, the first and last cell in the network need some 

reference cells for incoming respectively outgoing flow. They are called sinks and sources. 

A sink is modeled with an additional cell j+n+1 (j+n indicates the last regularly modeled cell) 

with an infinite size of �珍+津+怠 =  ∞. The inflow capacity of this cell should be set to a suitable, 

if necessary time-varying capacity to model activities outside the network. For the simulation 

of sources, two additional cells have to be modeled. The first one, with the indication 00, 

consists of an infinite number of vehicles 券待待岫ど岻 = ∞, comparable with an infinitely loaded 

parking lot. The second cell, modeled with the index 0, has a size of �待 =  ∞ whereas the 

inflow capacity to this cell equals the desired inflow Q* at the next time step. �待岫建岻 = �怠∗岫建 + な岻 Eq. 2.18 
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A very important property of the CTM is the fact that the result of the simulation is completely 

independent of the order the cells are considered within each simulation step. This fact arises 

as the updated state of a cell at t+1 is only dependent of the states of the direct neighboring 

cells at time t. 

 

2.2.1 LWR 

The developments of Lighthill, Whitham and Richards are the basis for the following detailed 

presentation of two CTM models. In their works in 1955 and 1956 they define an extension 

of the continuity equation. Flow and velocity are a function of the density only (Lighthill & 

Whitham, 1955) (Richards, 1956). �岫捲, 建岻 = �勅(倦岫捲, 建岻匪            �岫捲, 建岻 = �勅(倦岫捲, 建岻匪 Eq. 2.19 

 

The equations hold in all traffic states and x indicates the cell position and t the time. The 

possible functions of the densities are the fundamental diagrams, which were defined in 

section 2.1.2 already. The model within this project is the hyperbolic-linear function. 

The basic equation of the relation between flow, speed and density is not influenced and 

remains valid as stated in Eq. 2.6. �岫捲, 建岻 =  倦岫捲, 建岻 ∗ �岫捲, 建岻 Eq. 2.20 

 

If there is more than one lane, the values of flow and density can either be used as sum over 

all lanes or as an average per lane. The number of lanes is indicated as I. 倦岫捲, 建岻 = 賃禰任禰岫掴,痛岻�岫掴岻    Q岫捲, 建岻 = �禰任禰岫掴,痛岻�岫掴岻  Eq. 2.21 

 

In a first step, a road stretch with the length Δx without any on or off-ramps and with a 

constant number of lanes is assumed. The size Δx can be seen as the length of a cell, 

described as large enough to ensure a sufficient number of cars and small enough in order 

to assume constant density and flow. This leads to the approximation of the number of 

vehicles n at time t (Treiber & Kesting, 2013). 

券岫建岻 = ∫ 倦痛墜痛岫捲′, 建岻穴捲′ ≈ 倦痛墜痛岫捲, 建岻 ∗掴+∆掴
掴 ∆捲 Eq. 2.22 

 

The time derivative of this equation gives: 鳥津鳥痛 ≈ ��痛 岫倦痛墜痛 ∗ ∆捲岻 = ∆捲 ∗ �賃禰任禰�痛 . Eq. 2.23 
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Due to the fact of a road without ramps, the number of vehicles can only be influenced by 

the inflow and outflow.  穴券穴建 = �沈津岫建岻 − �墜通痛岫建岻 = �痛墜痛岫捲, 建岻 − �痛墜痛岫捲 + ∆捲, 建岻 Eq. 2.24 

 

For a better understanding, the equations are illustrated in Figure 12. 

 

Figure 12: CTM for a homogeneous road stretch 

The two time derivatives of Eq. 2.23 and Eq. 2.24 can be equalized. 

�捲 ∗ �倦痛墜痛岫捲, 建岻�建 = 穴券穴建 = −�痛墜痛岫捲 + ∆捲, 建岻 + �痛墜痛岫捲, 建岻 Eq. 2.25 

 

After rewriting the previous equation, the right hand side can be summarized to the difference 

between the flows at position 捲 + ∆捲 and 捲. 

 �倦痛墜痛岫捲, 建岻�建 = な∆捲 ∗ 穴券穴建 = −�痛墜痛岫捲 + ∆捲, 建岻 − �痛墜痛岫捲, 建岻∆捲 ≈ −��痛墜痛岫捲, 建岻�捲  
Eq. 2.26 

 

Summarizing Eq. 2.26 results in the following which is called the continuity equation. 

 �倦�建 + �岫�岻�捲 = ど Eq. 2.27 

 

Respecting the achievements of Lighthill, Whitham and Richards (LWR) stated in Eq. 2.19 

the continuity equation results in the LWR-model. 

 �倦�建 + �岫�岫倦岻岻�倦 �倦�捲 = ど Eq. 2.28 
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In reality, road stretches without ramps are very rare and not representative. Therefore the 

next part will deal with the fact of additional on and off flows via ramps (Figure 13). The 

basics are still the same, however, the differences start with the adaption of equation Eq. 

2.24. If there is an on-ramp located, an additional flow will be added, for an off-ramp the flow 

will be subtracted. The ramp flow is indicated by Qramp(t). 穴券穴建 = �沈津岫建岻 − �墜通痛岫建岻 ± ��銚陳椎岫建岻 Eq. 2.29 

 

 

Figure 13: CTM on- and off-ramp 

The flow on the ramp indicates the total flow of all lanes, independent on the number of lanes 

on the ramp. The density on the ramp is assumed to be equal on the whole ramp stretch. 

The length of the ramp is indicated by Lramp. The result is the effective ramp density ��銚陳椎 

multiplied with the number of lanes I on the main stretch. As the flow, respectively density, 

has to be equally distributed on all lanes of the main stretch the term I has to be included. 穴��銚陳椎穴捲 = ��銚陳椎��銚陳椎 = � ∗ ��銚陳椎 Eq. 2.30 

 

The term of the effective source density is only used in merging or diverging areas. Based 

on the average lane density, the constraint in mathematical terms is defined as: ��銚陳椎岫捲, 建岻 = ���尿妊�∗挑��尿妊   �血 捲 �嫌 �券 欠 兼結堅訣�券訣 剣堅 穴�懸結堅訣�券訣 欠堅結欠. Eq. 2.31 

 

As a result, the new continuity equation for road sections with on or off-ramps is: �賃�痛 + �岫�岻�掴 = ��銚陳椎. Eq. 2.32 

 

The LWR model yields to: �賃�痛 + �岫�岫賃岻岻�賃 �賃�掴 = ��銚陳椎. Eq. 2.33 
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The third case that can occur is a reduction or extension in number of lanes on a road stretch. 

A lane reduction does not only occur due to infrastructural limitations which are independent 

in time. The case of a temporal lane closure, caused by an accident or a very slow vehicle, 

is a type of lane reduction as well. 

 

Figure 14: CTM reduction of lanes 

As no flow is added or removed, the total density remains the same. However, the traffic 

states change due to a lower capacity in case of a lower number of lanes. The definition of 

ktot and Qtot remain the same as stated in Eq. 2.21. 倦岫捲, 建岻 = 賃禰任禰岫掴,痛岻�岫掴岻    Q岫捲, 建岻 = �禰任禰岫掴,痛岻�岫掴岻  
 

The new continuity equation, including ramps and changes in the number of lanes is: �岫�∗賃岻�痛 + �岫�∗�岻�掴 = � ∗ ��銚陳椎,  � �賃�痛 + � ���掴 + � ���掴 = � ∗ ��銚陳椎,  

  �賃�痛 + ���掴 = − �� ���掴 + ��銚陳椎. Eq. 2.34 

 

The LWR-model, including ramps and lane changes results in: �賃�痛 + ��岫賃岻�賃 �賃�掴 = − �岫賃岻� ���掴 + ��銚陳椎. Eq. 2.35 

 

 

2.2.2 CTM – k 

Solving the LWR partial differential equation, the road sections are divided into cells of the 

length Δxj and the discrete versions of Eq. 2.28, Eq. 2.33 and Eq. 2.35 apply. The density of 

the cell j in the next time step t + Δt is based on the density of the current time step t and 

considering the flow in and out. 倦珍岫建 + ∆建岻 = 倦珍岫建岻 + な∆捲珍 岫�珍通椎 − �珍鳥墜栂津岻∆建 Eq. 2.36 

 

Qup and Qdown are the in- and outflows of a cell and are defined by the predecessor 

respectively successor. A detailed look on these conditions will be made in the end of this 

section. 
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In order to use the on and off-ramp model in a network based on cells, the ramps have to be 

modeled. This can be done with an additional cell and a source or sink up- or downstream 

of the merging or diverging cell. The equation for the cells influenced by the ramp is: 倦珍岫建 + ∆建岻 = 倦珍岫建岻 + 怠∆掴乳 岫�珍通椎 − �珍鳥墜栂津 + �乳,��尿妊� 岻∆建. Eq. 2.37 

 

 
The last equation for the cell update includes all described circumstances. The parameters 

Iup and Idown indicate the number of lanes at the start, respectively at the end, of the cell. 倦珍岫建 + ∆建岻 = 倦珍岫建岻 + な∆捲珍 岫�珍通椎 − �珍鳥墜栂津 + �珍,�銚陳椎�鳥墜栂津 + �通椎 − �鳥墜栂津�鳥墜栂津 �珍通椎岻∆建 Eq. 2.38 

 

Finally, the boundary conditions will be discussed in this chapter. So far they were stated 

with the variables Qin, Qout, Qup, or Qdown. From now on they will be defined as supply S and 

demand D of a cell. Whereas the supply indicates the amount of vehicles a cell j+1 can 

handle from cell j, the demand is the possible outflow from cell j to j+1, or in other words, the 

number of cars cell j would like to move to the next cell j+1.  

In case of free flow traffic in both cells, the supply and demand equals the capacity C of the 

concerning cell. Otherwise, which is defined by the critical density kcrit
tot, the actual flow is an 

indication for the supply and demand. �珍+怠痛墜痛岫建岻 = { �珍+怠岫建岻痛墜痛 , �血 倦珍+怠痛墜痛岫建岻 > 倦頂�痛墜痛系賃+怠痛墜痛,               結健嫌結                                      Eq. 2.39 

 経珍痛墜痛岫建岻 = { �珍岫建岻痛墜痛, �血 倦珍痛墜痛岫建岻 > 倦頂�痛墜痛系珍痛墜痛 ,               結健嫌結                                 Eq. 2.40 

 

So far only supply S and demand D of a cell shift j to j+1 is defined. In a next step the actual 

flows have to be identified by the mechanism of supply must equal demand. At the end of a 

cell j, the demand Dk has to meet the supply of the following cell Sj+1. At this stage we can 

go back a step and reintroduce Qup and Qdown.  �珍鳥墜栂津 = �珍+怠通椎 = 兼�券{�珍+怠痛墜痛, 経珍痛墜痛} Eq. 2.41 �賃通椎 = �珍−怠鳥墜栂津 = 兼�券{�珍痛墜痛, 経珍−怠痛墜痛} Eq. 2.42 
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The boundary conditions can be stated in a general valid function for �珍通椎 and �珍鳥墜栂津 (Work, 

et al., 2010). 

�珍通椎 = �珍−怠鳥墜栂津 = �(倦珍−怠, 倦珍匪 = {  
  �(倦珍匪,                                       �血 倦頂� 判 倦珍 判 倦珍−怠             �岫倦頂�岻,                                   �血 倦珍 判 倦頂� 判 倦珍−怠             �(倦珍−怠匪,                                   �血 倦珍 判 倦珍−怠 判 倦頂�              min 岾�(倦珍−怠匪, �(倦珍匪峇 , �血 倦珍−怠 判 倦珍                              Eq. 2.43 

 

�珍鳥墜栂津 = �珍+怠通椎 = �(倦珍 , 倦珍+怠匪 = {  
  �(倦珍+怠匪,                                   �血 倦頂� 判 倦珍+怠 判 倦珍              �岫倦頂�岻,                                   �血 倦珍+怠 判 倦頂� 判 倦珍              �(倦珍匪,                                       �血 倦珍+怠 判 倦珍 判 倦頂�              min 岾�(倦珍匪, �(倦珍+怠匪峇 , �血 倦珍 判 倦珍+怠                             Eq. 2.44 

 

 

Finally, everything is defined and the actual update of the cells can be processed. Depending 

on the physical properties of the specific cell, Eq. 2.36, Eq. 2.37 or Eq. 2.38 has to be used.  

 

2.2.3 CTM – u 

Due to the fact that the measurement of density implies a greater effort than a single speed 

measurement a CTM based on speed data was derived (Work, et al., 2010). The equations 

defined in the general CTM and the CTM-k description remain valid. The calculation model 

used for the MMS project is based on the CTM – u model. This fact explains the prerequisite 

of an invertible fundamental diagram function. For a better overview the general function Eq. 

2.11 and its inversion is stated again. 

 

u岫k岻 = U = { 
 vmax (な − kkmax) , if k 判 kcr−wf (な − kmaxk ) , otherwise  

 

 

k岫憲岻 = U−怠 = {  
  kmax (な − uuf) , if u 半 ucrkmax嵜 なな + uwf崟 , otherwise 
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The basic equation for the prediction of the upcoming time step t + Δt for the CTM – u model 

is stated in Eq. 2.36. The inverted function is defined as U-1 and �̃ is the corresponding 

transformed flow function, based on speed values. 

 憲珍岫建 + ∆建岻 =  �岫�−怠 岾憲珍岫建岻峇 + な∆捲珍 [�̃ 岾憲珍−怠岫建岻, 憲珍岫建岻峇 − �̃ 岾憲珍岫建岻, 憲珍+怠岫建岻峇] ∆建 Eq. 2.45 

 

The new boundary conditions based on the velocity data are defined as: 

 

�̃(憲珍, 憲珍+怠匪 = {  
  �̃(憲珍+怠匪,                                    �血 憲頂�沈痛 半 憲珍+怠 半 憲珍             �̃岫憲頂�沈痛岻,                                    �血 憲珍+怠 半 憲頂�沈痛 半 憲珍             �̃(憲珍匪,                                        �血 憲珍+怠 半 憲珍 半 憲頂�沈痛              min 岾�̃(憲珍匪, �̃(憲珍+怠匪峇 ,         �血 憲珍 半 憲珍+怠                            . Eq. 2.46 

 

To be aware of the final boundary inputs to the model, the general terms in Eq. 2.46 are 

replaced with the precise terms of the inverted function of the hyperbolic-linear model. 

 

�̃(憲珍 , 憲珍+怠匪 =
{   
  
   憲珍+怠 ∗ 倦max 嵜 なな + u珍+怠wf 崟 ,                             �血 憲頂� 半 憲珍+怠 半 憲珍                 憲頂�沈痛 ∗ ρmax (な − u頂�沈痛umax) ,                              �血 憲珍+怠 半 憲頂�沈痛 半 憲珍              憲珍 ∗ kmax (な − u珍umax) ,                                  �血 憲珍+怠 半 憲珍 半 憲頂�                 min(�−怠(憲珍匪 ∗ 憲珍 , �−怠(憲珍+怠匪 ∗ 憲珍+怠匪 ,    �血 憲珍 半 憲珍+怠                            

 Eq. 2.47 
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3 Calibration of Fundamental Diagrams 

The introduction of the cell transmission model emphasizes the importance of fundamental 

diagrams. A reasonable calibration of the diagram parameters is essential for a meaningful 

CTM output.  

One possible calibration procedure is the evaluation of the model’s output against ground 

truth measurements. The simulation’s results can be used to calculate travel times which are 

compared with existing Bluetooth travel time measurements. The drawback of this method 

is the necessity of running the whole model for each calibration step. The fact that every 

simulation demands a great amount of time excludes this method from the possible 

calibration procedures in this work. 

A more reasonable way of calibration for this work is against local measurements. The 

estimation of the fundamental diagram parameters is based on the observed values of speed 

and flow and takes place before they will be used in the boundary conditions of the CTM. 

The ground truth Bluetooth measurements are not part of the calibration process. 

 

In a first step, the normalization procedure of data will be presented. It is a prerequisite to 

avoid undesired weighting of variables. Following, the theoretical background of the least 

square (LS) and total least square (TLS) error minimization will be emphasized. Finally, the 

challenges of deploying the defined methods to real measurement data and the approaches 

are presented. 

 

3.1 Normalization 

Calibrations of variables with different units face the problem of undesired weighting. Data 

normalization is therefore introduced to equalize the variables. This is done by transforming 

the parameters to a common range as [0,..,1] or [-1,..,1]. The method used is called “min-

max” normalization and is stated in Eq. 3.1. Whereas a is the single value that has to be 

normalized to a’, A represents the whole set of values of the corresponding unit (Han, et al., 

2011). 

 欠′ = 欠 −min 岫�岻max岫�岻 − min 岫�岻 Eq. 3.1 

 

After the normalization is processed for the whole data set A, the new set of values are 

referred to as A’.  With the normalized values, the calibration process can be explained 

without respecting any units.  
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In the following section the normalization process of sample speed and sample flow 

measurements is presented. 

 t0 t1 t2 t3 t4 t5 t6 … tn-2 tn-1 tn 

Speed [m/s] 20 15 17 19 18 5 18 … 1 5 10 

Flow [veh/s] 0.01 0.3 0.2 0.05 0.4 0.2 0.2 … 0.01 0.15 0.3 

Table 1: Sample measurements 

Based on the Eq. 3.1, 欠′ = 欠 −min 岫�岻max岫�岻 − min 岫�岻  

the minimum and maximum values have to be determined. The variable A corresponds to 

the vector speed and flow after each other. 

 min max 

Speed [m/s] 1 20 

Flow [veh/s] 0.01 0.4 

Table 2: Minimum and maximum values of the sample data 

After applying the equation to all values, the normalized values for speed and flow are the 

following: 

Table 3: Normalized sample values 

 

 

3.2 Least square error 

The least square (LS) error approach is a commonly used tool for fitting a function to 

measurements. The goal of the LS is the minimization of the squared error sum, whereby 

the error is defined as the distance of a data set point to the corresponding point in x- or y- 

direction of the function. The reason for squaring each error is the property of errors being 

positive and negative. The negative factor has to be eliminated which can be done easily by 

squaring the values. Compared to other methods as the least absolute deviation, which 

eliminates the negative algebraic signs as well, the least square error minimization strictly 

results in a unique solution. The function parameters with the lowest error sum is the optimal 

solution. 

The objective LS function is called loss function and can be defined in mathematical terms 

as stated in Eq. 3.2 and Eq. 3.3. The variable E donates the sum of the squared errors, either 

in y- or in x- direction. Each error is indicated by r, which is defined as the distance of the 

  t0 t1 t2 t3 t4 t5 t6 … tn-2 tn-1 tn 

Speed’ [m/s] 1.00 0.74 0.84 0.95 0.89 0.21 0.89 … 0.00 0.21 0.47 

Flow’ [veh/s] 0.00 0.74 0.49 0.10 1.00 0.49 0.49 … 0.00 0.36 0.74 
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data point yi to the estimation based on the function of the corresponding x or y value. (Miller, 

2006) 継槻 = ∑堅槻態津
沈=怠 =∑岫検沈  − 血岫捲沈岻岻態津

沈=怠  
Eq. 3.2 

 継掴 = ∑堅掴態津
沈=怠 =∑岫捲沈  − 血岫検沈岻岻態津

沈=怠  
Eq. 3.3 

 

The results of Ex
 and Ey are not equal. Depending on the kind of data set and the purpose of 

the data, either the error in x or in y can be of interest. For instance if the x axis of a data set 

is defined as a time axis, a calculation of the error in x direction will not be reasonable.  

The following two illustrations point out the idea of LS and indicate the difference of the 

results between minimizing Ex or Ey.  

 

     

Figure 15: Least square (LS) error 

For the method of LS it is not of any importance if the function has linear properties. The 

error can always be calculated by the same procedure. 

In practice, the independent errors of x or y are often not reasonable at its own. A 

combination of both errors can be used or a different way of calculating errors may be 

applied. One such method is the total least square error minimization which will be explained 

in the following section. 
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3.3 Total least square error 

The difference between LS and TLS is the definition of the error term. Whereas the error in 

LS is the distance from a data point to the regression line in either the x or the y direction, 

the error in TLS is the shortest squared distance to any point on the regression line. For a 

linear regression model, the shortest distance is always perpendicular to the line. Figure 16 

presents the error of the TLS as well as the regression lines which resulted from the LS 

procedure (Markovsky & Van Huffel, 2005). 

 

 

Figure 16: Least square error and total least square error minimization 

The TLS method combines both errors in the x and y direction. The slope of the resulting 

regression line is between the two previously calculated LS parameters (Nievergelt, 1994). 

The mathematical definition of total least squares is not as obvious as the LS definition. We 

assume a certain point given with the coordinates (xi,yi) and the straight line defined as:  欠捲 + 決検 − 潔 = ど. Eq. 3.4 

The formula for the shortest distance between a point and a line, called error, is known as: 堅態 = 銚掴日+長槻日−頂銚鉄+長鉄 . Eq. 3.5  
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The last step is to sum up all squared errors for each point (xi,yi), which results in the loss 

function for TLS: 継脹挑聴 = ∑ 堅津態津沈=怠 . Eq. 3.6 

The TLS method cannot be used directly for nonlinear functions. A possibility to get the 

closest distance for nonlinear functions is the generation of a great amount of points along 

the function. For each point of the data set the minimum distance to one of the generated 

points (X,Y) can then be calculated (Estépar, et al., 2004). 堅態 = min [岫捲沈 − 隙岻態 + 岫検沈 − 桁岻態] Eq. 3.7 

The illustration below indicates the regression of a nonlinear function to the data points. 

 

Figure 17: Total least square error minimization for nonlinear regression 

3.4 Calibration process 

The deployment of the LS and TLS method to calibrate fundamental diagram parameters for 

real data involves certain challenges. The amount of data points is in the range of thousands, 

depending on the observation duration and the number of sensors providing data for one 

diagram. Furthermore, the parameters of the hyperbolic-linear fundamental diagram have to 

be calibrated together.  

The steps to be accomplished for the process of the calibration are presented in the 

following. 
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3.4.1 Data definition 

First, the exact dataset used for each fundamental diagram needs to be defined. Depending 

on the available data, different numbers of fundamental diagrams can be calibrated. On the 

one hand side, it is possible to aggregate the data of a whole road and calibrate one general 

fundamental diagram. The only distinction to be made is for different speed limits. Another 

approach is the division of the road into sections which are called links. For each section 

equipped with sensors, a different fundamental diagram can be calibrated. This approach 

enables the possibility to model local characteristics if they can be represented by a 

fundamental diagram. Such a property can be a local bottleneck due to a sharp curve or a 

steep ascent. 

Furthermore, sensor data can either be provided per lane or aggregated over all lanes at a 

specific position. To analyze and compare fundamental diagrams, a presentation of the data 

per lane or as an average per lane is reasonable, as the number of lanes may vary. 

 

Figure 18 presents the measurements for two different road segments in the basic diagrams 

speed-density, flow-speed and flow-density. When the road is divided into sections, each 

link is defined with a number. The two data sets are chosen arbitrary. As the gathered data 

of the sensors is only speed u and flow q, the density is calculated with the fundamental 

equation as stated in Eq. 2.6. 

 

 

Figure 18: Measurements for links 9160 and 14136 

3.4.2 Function selection 

The non-linear function was already stated in section 2.1.2 in the subchapter “Hyperbolic-

Linear” in equation Eq. 2.12. 

The parameters to be calibrated are the maximum density kmax, the free flow speed uf and 

the critical speed ucr. The shockwave speed wf is the difference between the critical speed 

and the free flow speed. 
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3.4.3 Algorithm selection 

In order to achieve a reasonable performance, the so called compass search algorithm will 

be used to adapt the parameters, whereas the LS respectively TLS error delivers the loss 

function which has to be minimized. The basic idea of this specific method is a successive 

adaption of each parameter. Starting the calibration process with a predefined set of 

variables, they are changed consecutively by a value delta. As long as an improvement of 

the loss function is achieved, delta remains at its value. If a change of the parameters by 

delta does not result in a better solution anymore, its value will be reduced and the process 

starts over. The algorithm is limited by a number of iterations as well as a minimum value of 

delta (Kolda, et al., 2003). 

Summarizing, the parameters that have to be predefined for the compass search algorithm 

are listed. 

 Starting point 

 Delta 

 Delta reduction factor 

 Limitation factors: 

o Minimum delta 

o Maximum Iterations 

 

For the purpose of finding an appropriate starting point for each calibration, defined default 

values are used. The initial parameters for the free flow speed and the critical speed are 

dependent on the existing speed limit.  

The maximum density (jam density) is based on video and photo analysis carried out by 

Strömgren (Strömgren, 2011). The publication solves the problem of not existing 

measurements during periods with maximum densities. This traffic state is defined by fully 

stopped vehicles which result in a speed and flow measurement of zero. Subsequently, the 

calculated density values are zero as well. Strömgren’s study concludes on a value of 134.5 

vehicles per kilometer on Swedish freeway facilities.  

The shockwave speed is, based on the continuity Eq. 2.13, a result of the free flow speed 

and the critical speed. 

 

Speed limit 70 km/h (19 m/s) 90 km/h (25 m/s) 

   Free flow speed 19 m/s 25 m/s 

   Critical speed 17 m/s 23 m/s 

   Maximum density 0.1345 veh/m 0.1345 veh/m 

   (Shockwave speed) (-2 m/s) (-2 m/s) 

Table 4: Default values for the fundamental diagram 

The value delta, which defines the change of the parameters in each iteration, is set to 5. It 

was determined to be great enough to cover a wide range of possible solutions on the one 
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hand side, and small enough for a reasonable performance to avoid long runs on the other 

hand side. This is true for the two speed parameters, but due to the different unit and 

magnitude, not correct for the maximum density. This issue is solved by weighting delta with 

0.02 when it serves to adopt the maximum density value. This results in a weighted initial 

delta of 0.1 for the density value.  

The delta reduction factor is used after a complete iteration without any improvement of the 

loss function. In this context, an iteration is the process of adapting each parameter by the 

same delta twice. One time adding delta to the current value and one time subtracting it. The 

greater the reduction factor, the faster the calibration runs. However, a high value tends to 

lead to a local optimum due to the rapidly decreasing searching bandwidth. The 

determination of the value was performed experimentally and resulted in 5%. 

In order to avoid the calibration process to run endless in time, two limitation factors are 

defined. If one of them is reached, the process stops and returns a result. One factor is a 

minimum delta value. It is set to 10-4 which guarantees an accuracy of four decimal places 

for the speed values which have to be calibrated. The corresponding accuracy for the density 

is 2*10-6.  

The second threshold is a limited number of iterations. The determination of this value was 

done in a two-step process. First, the minimum number of runs to be able to reach the 

minimum delta had to be evaluated. In optimal conditions, if the initial guess is already the 

optimal solution, the compass search algorithm needs 223 iterations. The second approach 

for the determination was a series of experiments which showed that 1000 iterations are 

sufficient. 

To sum up the described parameters they are stated in bullet points. 

 Starting point: default values 

 Delta: 5 

 Delta reduction factor: 5% 

 Limitation factors: 

o Minimum delta: 10-4 (10-6) 

o Maximum iterations: 1000 

 

3.4.4 Scenario definition 

For the purpose of structuring the different calibration procedures, scenarios will be created.  

During low speeds, traffic sensors provide a very limited amount of data only. The reason is 

the limited capability of sensors to gather low speed states. Fully stopped traffic does not 

result in any data at all. At this point Strömgren’s detailed analysis about the maximum 

density value gains importance (Strömgren, 2011). The calibration will be performed in two 

modes, whereby the maximum density will be fixed to 134.5 vehicles per kilometer in mode 

one, mode two will calibrate it freely. For mode two, the value of 134.5 vehicles per kilometer 

is only used as an initial value. 
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Furthermore, the calibration based on the LS error minimization can be implemented in 

different modes as well. The error to be minimized can either be speed, flow, or the sum of 

speed and flow.  

Table 5 presents all possible scenarios based on the described approaches. The columns 

“per link” and “general” indicate the dataset used. The former calibrates a fundamental 

diagram for each section of the road and uses the corresponding sensor data only. The latter 

defines a single fundamental diagram per speed limit. 

The running numbers in the table are used to identify each scenario explicitly. 

 

Calibration Method per link general 

non (default values) 1 

Least Square (LS)     

Speed 2 3 

Flow 4 5 

Speed + Flow 6 7 

Least Square (LS), fixed max density     

Speed 8 9 

Flow 10 11 

Speed + Flow 12 13 

Total Least Square (TLS)     

Speed & Flow 14 15 

Total Least Square (TLS), fixed max density     

Speed & Flow 16 17 

Table 5: Calibration scenarios 

3.4.5 Calibration implementation  

Based on the scenario table, the actual calibration of fundamental diagrams is performed. 

The number of fundamental diagrams depend on the amount of sections in case of the “per 
link” calibration. For the “general mode” the number of different speed limits is the indicator. 

 

Least square error - speed 

This one dimensional best fit approximation focuses on speed measurements only. Based 

on the compass search algorithm, the two or three parameters respectively of the 

fundamental diagram are changed successively. For each of these iterations, the points of 

the fundamental diagram function are recalculated to ensure a reference value for each 

measurement. The parameters of the iteration with the smallest squared speed error are 

used as result. According to the scenario table, the scenarios 3, 4, 8 and 9 have to be 

accomplished.  
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Figure 19 illustrates the results for the previously presented dataset.   

 

Figure 19: Calibrated fundamental diagram for links 9160,14136 (Least square speed) 

Least square error – flow 

The approach for the LS error minimization regarding the second observed variable, flow, is 

similar to the previously described LS error method. For each speed observation the 

theoretical flow, based on the fundamental diagram function, is calculated and compared to 

the measured flow value. The parameters with the smallest error deliver the result for the 

fundamental diagrams. This approach is used for the scenarios 4, 5, 10 and 11. 

Figure 20 illustrates the results for two fundamental diagrams. The dataset of the 

measurements is the same as in Figure 18 and Figure 19. 

 

 

Figure 20: Calibrated fundamental diagram for links 9160,14136 (Least square flow) 

Least square error – flow + speed 

Due to the fact of existing observations for flow and speed, it is reasonable to include both 

parameters to the calibration process. In terms of LS error, this can be achieved by adding 

the two error values of flow and speed to each other. The fact of significant unit divergence 

brings up the necessity of normalization as presented in chapter 3.1. The scenarios are 6, 
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7, 12 and 13. Figure 21 presents the results of the LS calibration for flow and speed for the 

same dataset as before. 

 

 

Figure 21: Calibrated fundamental diagram for links 9160,14136 (Least square speed+flow) 

Total least square error - speed & flow 

Similar to the LS error for speed and flow, both measured values are considered here. 

Instead the sum of both errors, the sum of the shortest squared distances to the function is 

the error value. The necessity of the normalization process is given again. The scenarios are 

14, 15, 16 and 17 depending on the two data sets “per link” and “general” and the different 

modes of the maximum density. Figure 22 illustrates two results. 

 

 

Figure 22: Calibrated fundamental diagram for links 9160,14136 (Total least square speed&flow) 

To simplify the calibration steps a MATLAB code was developed. The data points are loaded 

from the database, the calibration process is executed for all scenarios and in the end the 

results are stored directly into the database. 
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4 Experimental Setup 

The framework for evaluating the calibration of the fundamental diagrams will be described 

in this section. The experiment aims to filter out the effects of the fundamental diagrams in 

the CTM. Besides a brief introduction to the system used in the MMS project and the 

presentation of the test stretch in Stockholm, specific parameters and their implementation 

will be described. These are the dynamic sources, the dynamic sink capacities and the split 

ratios. Sources define the traffic demand and sinks are used to define the capacities of the 

surrounding network. Their dynamic properties indicate the variability of traffic over time. 

Split ratios are used to model the flow proportion of two outgoing links. Sinks and splits are 

dependent on the fundamental diagram parameters, which requires the latter to be calibrated 

first. This was performed in chapter 3.  

Due to the availability of a large set of historical data, a specific day, March 21st, 2013, was 

chosen. This day was as a normal day without accidents or other remarkable incidents on 

the selected test stretch. The observed data of this day is the basis for all parameter 

definitions concerning the fundamental diagram. For the validation of the model a second 

date, March 25th, 2013, is used. This should guarantee that the calibrated parameters are 

valid for different days. 

 

4.1 System description 

This part presents the operational system and its main components within in the Mobile 

Millennium Stockholm project. A detailed description of the system would exceed the limits 

of this work, but can be found in (Bayen, 2011). 

For traffic state estimation in the MMS project there are three core components. The 

database, the CTM-v and the filter. The following flow chart illustrates the relation between 

them. 

 

Figure 23: Flow chart of MMS components for traffic state estimations (Bernhardsson & Ringdahl, 

2014) 
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The database provides information to the filter and the CTM. The general data of the network 

with all connected links, nodes, sources and sinks is linked to a network ID number (NID). 

Data which is likely to be changed more often is linked to a configuration ID (CID). The 

fundamental diagram parameters, source flows, sink capacities and split ratios are all CID 

specific. These two IDs give the possibility of creating scenarios on the same network without 

duplicating it. Furthermore, the CID simplifies the identification of the model’s outputs. 

Besides providing information to the model, the database stores the gathered measurements 

from the radar sensors. After the CTM has estimated the velocities for each cell, the results 

and the radar measurements are processed in a filter (ensemble Kalman filter). The CTM 

estimation results and the radar data are compared and weighted with noise parameters. 

This process results in the final estimation for this time step t and is the new input factor of 

the CTM for time step t+1. Depending on a predefined value for the stored output rate, the 

intermediate results are written to the database as well.  

For cell positions and time stamps without available radar measurements, the filter relies on 

CTM results only. This property enables another feature of the MMS project namely traffic 

prediction. Traffic estimation without real measurements results in traffic prediction. Two 

ways of prediction can be achieved. One is a pure prediction without the use of any 

measurements at all, whereas the second approach uses an initial state, based on a current 

estimate. 

However, the prediction concerns the traffic states of the modeled cells only. Especially the 

source flow data is of great impact for the CTM results. A prediction of them is not part of the 

CTM which results in a critical limitation of this model. A separate source flow prediction 

model will be of great advantage and is under way in parallel to this work. In the meantime, 

as this thesis is based on historical data, source flow measurements are used as they can 

be foreseen.  

For the purpose of this work, the effects of the fundamental diagrams have to be filtered out. 

The best way to achieve this, is to run the model without updating the results with radar 

measurements. Based on Figure 23 the flow chart is presented again in order to illustrate 

the process of running the model without measurement updates. Even though the filter is 

still included it is not active if no measurements from the database are included. Thus, it 

does not affect the results.  
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Figure 24: Flow chart of MMS, estimation without measurement update 

The result is a pure prediction model. The measured radar sensor data will only be used for 

the calibration of the fundamental diagrams and the calculation of the source flows, sink 

capacities and split ratios. 

 

4.2 Test site description and sensors 

The test stretch is located in the north of Stockholm, driving direction south on the highway 

E4 (Figure 25). This area was chosen due to the availability of Bluetooth measurements 

which are used to estimate ground truth travel times. They are used to evaluate the model’s 

results. 

The segment has a length of 7.2 km and consists of three on-ramps and three off-ramps. 

The beginning of the stretch (north) is at the intersection with E18 “Kymlingelänken” and it 

ends right after the tunnel “Eugeniatunneln”. 
On the main stretch 22 radar sensors are located whereas only four ramps out of six are 

equipped with measurement devices. The sensors gather speed and flow which are 

aggregated over one minute periods. At each position, the number of unique sensors 

depends on the number of lanes. With the exception of the last off-ramp, which rather 

represents a split of the highway, all ramps consist of one lane. 

The gathered values per position are stored in a vector. Its length depends on the number 

of lanes. The values used in the CTM are an average of speed and flow per position. The 

state of single lanes is not modeled.  
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Figure 25: Test site map and links with sensors (links are not in correct scale) 

(Christensson, 2009) (Google, 2014) 

The sensor positions are identified by two different ID-numbers. One is a combination of the 

road name with an indicator of the driving direction and the distance, for example “E4Z 
65,815” stands for highway E4 driving direction south at kilometer 65.815. The second 

indication is a running integer number as “248” for the stated position.  
The previously mentioned ground truth Bluetooth measurements are gathered by eight 

Bluetooth sensors on the test site. This results in seven routes of measured travel times.  

The road is divided into ten links which are of different length and have a different number 

of radar and Bluetooth sensors. Three of the links are not equipped with radar sensors at all. 

The on and off-ramps are modeled with either one or two links in series. The links are 

indicated with a four or five digit integer number. (see Appendix A) 
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For each on-ramp and the first link in the model (link ID 11269) sources have to be modeled. 

Traffic flow is added to the network at these positions. The sections where traffic leaves the 

model are sinks and have to be implemented with a certain capacity. These are the off-

ramps and the last link (link ID 9198). 

In Figure 25 the left side presents the links the road stretch is divided into. 

 

The very specific properties of the last off-ramp (link 64063 and sink 24270) will challenge 

the abilities of the model. This ramp consists of three lanes whereas only two of them are 

supplied with traffic from the test stretch. The third lane on this modeled off-ramp link is 

supplied by traffic from an arterial road. The sensor location (sensor 228) on the ramp consist 

of the two lanes from the highway only. Furthermore, in the end of the ramp a split appears 

and one lane is merged with the local road network. The remaining two lanes lead to the 

northern part of Stockholm and end up in a major intersection with traffic lights. During peak 

hours this signalized intersection causes major traffic spill back. Section 4.4 deals with sink 

capacities and will present the measurements for the stated challenge. Figure 26 presents 

the described properties. 

 

Figure 26: Road properties at the position of the last off-ramp 

 

4.3 Implementation of dynamic sources  

Traffic flow changes over time and has to be implemented like that. The current model uses 

static values which do not represent reality as it assumes a constant traffic demand 

throughout the day. The modeled sources have to be fed with dynamic source flow data that 

has to be prepared for the implementation. 

For sources with a sensor placed on the on-ramp, observations are directly adopted to 

dynamic inputs.  
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The following graphic shows an example of an observation on an on-ramp (link 6249, sensor 

237). The time between 6 and 22 is plotted on the x-axis and values on the y-axis represent 

the flow extrapolated to vehicles per hour. 

 

Figure 27: Flow over time for sensor 237 

The single measurements, which are provided each minute, have a high variance. This fact 

is most likely to be caused by the short aggregation interval of the observations. In order to 

achieve a reasonable flow for the model to be used, an aggregation period of 15 minutes is 

chosen. The time steps represent the average flow of the upcoming 15 minutes. This 

aggregation results in a vector with 64 flow values (four values per hour, 16 hours). 

In the same way the values for the main sources in the beginning of the network (10681, 

61030) are gathered. Due to the fact of an on-ramp right before the test stretch begins, the 

network is modeled with two sources in that part. The model’s input source flow has to be 

defined as a sum over all lanes. This circumstance is often irrelevant as on-ramps appear 

with only one lane most of the time. 

 

One on-ramp (link 1375) is not equipped with a radar sensor. In order to approximate this 

source flow, the difference of the flow on the main line (flow downstream – flow upstream) 

has to be calculated. For this ramp in particular, sensor 244 before, and 243 after the on-

ramp are used for the calculation. (Appendix A) Figure 28 represents the single observations 

of the two sensors with the corresponding aggregation to 15 minute time stamps. The right 

part of the figure shows the difference which represents the input parameters for dynamic 

sources.  
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Figure 28: Flow over time for sensors 244 & 243 and difference 

During congested periods, especially when speeds are extremely low, the difference method 

can lead to faulty results. As an example, the assumption of stop and go traffic is made. A 

sensor, located at a position where the traffic has come to a full stop, will output a traffic flow 

of zero. Assuming this sensor is located downstream of an on-ramp on the main stretch. If 

the upstream sensor gathers a value greater than zero, the difference will be a negative flow. 

As traffic cannot be removed from a road stretch without an off-ramp, an error is indicated. 

Therefore, a proposed negative source flow value will be set to zero before used as an input 

to the model.  

 
4.4 Implementation of dynamic sink capacities 

Sink capacities have the important role to model external traffic conditions which influence 

the modeled network. Such are any kinds of traffic spill back from the arterial roads. 

Therefore, capacities for sinks have to be dynamic.  

In difference to the dynamic sources, the capacities of the sinks cannot be set to the actually 

flow during all periods. This would lead to the fact that speeds and densities are estimated 

as critical at all times. In free flow conditions this circumstance would cause faulty 

estimations.  

In order to get the right capacities, speed measurements have to be used to filter out free 

flow conditions. As long as the observed speed on the ramp is above the critical speed, the 

maximum infrastructural capacity is of relevance only. If the actual speed drops below the 

threshold of the critical speed, the capacity is limited by the actual flow. The fact that the 

critical speed and the maximum capacity are part of the fundamental diagram, dynamic 

sources can only be determined after their calibration.  

In Figure 27 the flow on an off-ramp and the corresponding speed is illustrated. Time is the 

indication on the x-axis and flow, respectively speed, on the y-axis. The graphic on the left 

side presents the actual flow and the 15 minute aggregation at the sensor 234, which is 

located on link 46133. In order to determine the dynamic capacities, the speed 
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measurements have to be included. On the right side of Figure 29, the speed observations 

with the according 15 minute aggregations and a sample critical speed threshold are 

presented. 

 

    

Figure 29: Flow over time and speed over time for sensor 234 

The combination of the two data sets result in the dynamic sink capacities. During the 

morning and afternoon peak, when low speeds appear, the capacity equals the actual flow. 

During the rest of the day the capacity is at its maximum.  

Figure 30 indicates the final result of the dynamic sink parameters as they are implemented 

in the model. 

 

Figure 30: Flow over time for sensors 234 and dynamic sink capacity 
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The fact that the maximum capacity is a calibrated value allows the possibility that single 

flow measurements are greater than this parameter. In Figure 30 even the 15 minute 

aggregation, marked in red, exceeds the threshold, in green, several times. As the sink 

capacity value will only be of relevance if it is set to a lower value than the maximum flow, 

the implemented capacities are limited by this value. 

In section 4.1 the challenging properties of the last off-ramp (link 64063) were described. 

Figure 31 illustrates the measurements as sum of both lanes as well as each lane separately. 

For an easier comparison the single lane values are doubled to assume similar 

measurements on both lanes. Furthermore the flow calculated with the difference method, 

as described for the source flows, is presented as well. 

Whereas the flow on the very right lane performs reasonable (lane 4) compared to other off-

ramps (see Figure 30), the left lane (lane 3) indicates a drastic drop during peak hours. Due 

to this behavior, which seems to be a result of the complicated properties, an exception in 

the determination of the sink capacity is introduced. The average of the off-ramp 

measurements and the flow calculations by the difference method are used to achieve a 

more reasonable sink flow. However, the necessary speed flow observations are from the 

ramp sensor only. 

 

Figure 31: Different flows on the off-ramp 64063 

Sink flow capacities for off-ramps without a sensor cannot be determined. Even though it is 

possible to calculate the actual flow with the use of the difference method, the mandatory 

speed observations cannot be replaced. Furthermore, the lack of measurements leads to 

missing fundamental diagrams which result in a not existing maximum capacity value. 

On the test site one off-ramp, link 64481, is affected only. The capacity is set to the maximum 

flow resulting from the default fundamental diagram.  
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4.5 Determination of split ratios 

The term split ratio defines the ratio at a node with more than one outgoing link. On a road 

network, this parameter is needed for intersections and road divisions. An off-ramp on a 

highway represents such a location where the proportion of flow continuing on different 

outgoing links is defined by the split ratio. Logically, the sum of the two or more values has 

to be 100% (or value of 1).  

Similar to sources and sinks, splits have dynamic properties. However, the determination of 

these properties brings up certain challenges. During periods with free flow conditions the 

splits can be determined without drawbacks. As soon as either the off-ramp or the main 

stretch changes to a congested state, the split ratio determination gets challenging. The flow 

observations, which is actually only a vehicle count per time unit, result in a higher value for 

uncongested states than congested ones. For the extreme situation of stopped traffic, on the 

ramp or on the main stretch, the flow equals zero. If one of the measurements results in a 

greater observation than zero, the ratio will be 100% for either the ramp or the main stretch. 

This value is questionable and therefore static split ratios are accepted for the current stage 

of the model. 

However, the static value has to be observed and calculated as well. The fact that the split 

ratios during congested periods raise challenges, they will not be included. This is done by 

investigating the speed observations on both effected links and combining them with the 

critical speeds. During periods with high speeds on both links the observed splits are 

considered, whereas all other periods are filtered out. Figure 6 represent the observed split 

ratios for the off-ramp (link 46133) at node 8260 on the left side. On the right side the speed 

measurements with the concerned critical speeds are illustrated.  

The plot of variable split ratios indicates the problem of the measurements during congested 

periods. Especially the afternoon peak represents the drastic split change. 

 

         

Figure 32: Observed dynamic split ratios (left) and speeds (right) for sensor 235 & 234 

In the next step the congested periods are filtered out and excluded from the split ratio 

calculation. The mean value of the remaining split ratios are used as split ratio value for the 
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model. In Figure 33 the split ratios during uncongested periods are marked in solid green. In 

these time periods neither a speed measurement on the off-ramp nor a measurement on the 

link on the main stretch is below the concerned critical speed. The light and dotted green 

line represents the average of the split ratios during the identified periods with high speeds. 

 

Figure 33: Split ratios during uncongested periods 

Besides the advantage of ignoring the uncertainty of the split ratio measurements during 

congested periods, changes in the route choices due to congestion is not considered as well. 

This fact results in an inaccuracy which has to be accepted within the framework of this 

thesis. 

 

For off-ramps which are not equipped with radar sensors, the off-ramp flow is calculated with 

the difference method. Based on this flow the dynamic split ratios can be calculated. 

However, the speed measurements of the ramp and the corresponding traffic state cannot 

be determined. This fact is solved by the assumption that the off-ramp is not congested if 

neither the link upstream nor the link downstream of the node are congested.   

 

4.6 Technological implementation 

Finally, after all necessary input factors are defined and generated, the model can be run. A 

MATLAB tool has been developed to implement the source, sink and split parameters. 

Besides loading the measurements from the database, it processes all of them according to 

the described rules. The results are automatically saved to the database in the correct 

format. 

The CTM-u itself loads all parameters directly from the database and stores the results there 

as well. It outputs the traffic states for each time step as well as the travel times. Based on 
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these values, space-time and travel time diagrams can be plotted. Based on the ground truth 

Bluetooth measurements of travel times, the model’s results can be evaluated. The absolute 

differences between the two travel time values are converted to percent values and used for 

validation. MAPE (mean average percentage error) values are used to compare different 

calibrations of the fundamental diagrams.  



 

   54 

5 Results 

This chapter presents the evaluation of the local fundamental diagram calibration as well as 

the final model’s results. March 21st, 2013 was chosen for the evaluation whereas March 

25th, 2013 is the validation day. 

 

5.1 Local calibration 

The ability of the calibration process to generate meaningful fundamental diagrams was 

already shown in the figures in section 3.4.5. In order to simplify the comparison of the 

different parameters, the maximum capacity is calculated for each fundamental diagram. 

The calculation of the maximal flow uses all parameters calibrated for the fundamental 

diagram and is stated in Eq. 5.1.   圏陳銚掴 = 拳捗 ∗ 懸捗 ∗ 倦陳銚掴懸頂�  Eq. 5.1 

Table 6 presents the calibration results (summarized as the maximum flow) of all 17 

scenarios defined in Table 5. The first part of the table recalls the different scenarios, 

followed by the maximum capacities on the main stretch. The links are ordered as they 

appear in the network from north to south. The second and third part represent the calculated 

maximum flow value of the on and off-ramps. The numbers in front of the links indicate the 

position of the ramp along the main stretch (1st on-ramp, 2nd on-ramp…). Two ramps are 

modeled with two links, which results in the explicit statement of two capacities. 

 

Table 6: Fundamental diagram calibration results (maximum capacity) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

default LS LS LS LS LS LS LS LS LS LS LS LS TLS TLS TLS TLS

speed speed flow flow

speed

+

flow

speed

+

flow

speed speed flow flow

speed

+

flow

speed

+

flow

speed

&

flow

speed

&

flow

speed

&

flow

speed

&

flow

fixed

kmax

fixed

kmax

fixed

kmax

fixed

kmax

fixed

kmax

fixed

kmax

fixed

kmax

fixed

kmax

per

l ink
general

per

l ink
general

per

l ink
general

per

l ink
general

per

l ink
general

per

l ink
general

per

l ink
general

per

l ink
general

N 11269 891 1703 1581 1673 1551 1684 1561 1746 1597 1780 1595 1766 1593 1775 1640 1832 1669

14136 891 1713 1581 1709 1551 1709 1561 1722 1597 1722 1595 1721 1593 1735 1640 1745 1669

6189 891 1426 1581 1378 1551 1392 1561 1438 1597 1486 1595 1480 1593 1595 1640 1594 1669

8568 869 1205 1422 1189 1394 1192 1395 1245 1436 1294 1457 1288 1451 1429 1593 1381 1573

15256 869 1205 1422 1189 1394 1192 1395 1245 1436 1294 1457 1288 1451 1429 1593 1381 1573

9150 869 1175 1422 1130 1394 1144 1395 1180 1436 1183 1457 1181 1451 1404 1593 1371 1573

38698 869 1109 1422 1116 1394 1113 1395 1137 1436 1162 1457 1153 1451 1260 1593 1215 1573

9160 869 1109 1422 1116 1394 1113 1395 1137 1436 1162 1457 1153 1451 1260 1593 1215 1573

71687 869 1109 1422 1116 1394 1113 1395 1137 1436 1162 1457 1153 1451 1260 1593 1215 1573

S 9198 869 1541 1422 1578 1394 1566 1395 1595 1436 1662 1457 1646 1451 1605 1593 1655 1573

1. 1375 869 869 1674 869 1643 869 1664 869 1669 869 1663 869 1666 869 1779 869 1775

2. 6249 869 1788 1674 1747 1643 1758 1664 1776 1669 1758 1663 1762 1666 1980 1779 1967 1775

3. 46130 869 1332 1674 2286 1643 1417 1664 1295 1669 1506 1663 1487 1666 1375 1779 1409 1775

3. 46131 869 1332 1674 2286 1643 1417 1664 1295 1669 1506 1663 1487 1666 1375 1779 1409 1775

1. 64481 869 869 1019 869 1209 869 1121 869 1050 869 1359 869 1193 869 1342 869 1324

2. 46133 869 1176 1019 1301 1209 1264 1121 1239 1050 1394 1359 1330 1193 1395 1342 1352 1324

2. 46134 869 1176 1019 1301 1209 1264 1121 1239 1050 1394 1359 1330 1193 1395 1342 1352 1324

3. 64063 869 864 1019 832 1209 855 1121 820 1050 815 1359 816 1193 930 1342 879 1324

Scenarios

C
a

li
b

ra
ti

o
n

P
a

ra
m

e
te

rs

max. Capacity [veh/h]

On ramps

Off ramps

Links
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Red colors in the table indicate a low capacity, whereas green represents a high capacity. 

According to the different scenarios, a typical pattern can be identified.  

Scenario 1 uses default values, which are defined by a low maximum capacity. All scenarios 

with an even running number calibrate the fundamental diagrams individually per link. A 

significant drop in capacity towards south can be identified. The only exception is the last 

link. The fact that this part of the road consists of a tunnel section is very likely to be the 

cause for this characteristic. 

The remaining scenarios are defined by the fact that the diagrams are calibrated according 

to speed limits. Even though the drop in capacity can still be identified, the limited number of 

fundamental diagrams cannot represent the continuity as for single calibrated links. 

If measurements for ramps were available, the fundamental diagrams were calibrated as 

well, otherwise default values were used. 

 

The single calibrated parameters are of limited significance and in terms of travel times they 

cannot be evaluated isolated. In fact, the fundamental diagrams gain its relevance only in 

the use of the CTM. Therefore, the parameters will be evaluated with the MAPE values of 

the model’s outputs. 

 

5.2 Travel time evaluation and validation 

In the following, a few model’s results are presented as representatives of the multitude of 

scenarios. The selection represents the results for the day of evaluation. Furthermore, the 

maximum density value is fixed and therefore not calibrated in the shown scenarios. In the 

end of this chapter in Table 7 all scenario results are summarized. 

 

Based on system description in Figure 24, the model ran without any measurement updates. 

The output is a pure prediction based on the following input parameters which are based on 

the actual observations: 

 Dynamic Sources 

 Dynamic Sink Capacities 

 Static Split Ratios 

 Fundamental Diagrams 

 

Besides the visualization of the outputs in the space-time diagrams, the travel times are 

compared to the ground truth measurements. The speed contour plots are only used for 

illustration purposes. Figure 34 represents the observed speeds at the sensor locations. The 

reality for the test stretch for March 21st, 2013 is illustrated, and therefore the goal to be 

reproduced and completed. 
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Figure 34: Space-time diagram with measurements only 

The first result that is presented is scenario 8. The fundamental diagrams for each link were 

calibrated with the least square method and only speed observations were considered for 

the approximation. The parameter for the maximum density was fixed, therefore only the 

free flow speeds and the critical speeds were calibrated.  

The speed contour plot is shown in Figure 35 on the left hand side. The morning and the 

afternoon peak are represented. However, a bottleneck can be identified which is not 

represented in the actual measurements (see Figure 34). The fact that an off-ramp and a 

reduction of lanes are located in this road section seems to influence the CTM in a negative 

way. As the following scenarios will show, this circumstance is not a particular problem of 

this calibration method, it appears throughout all simulations. 

The travel times are illustrated on the right hand side. Blue indicates the ground truth 

Bluetooth measurements whereas green represents the travel times calculated based on 

the CTM output. In the top left corner the MAPE value is stated. This scenario 8 has a value 

of 0.34 which indicates a mean average percentage error of 34%.  

 

Figure 35: Space-time diagram and travel time for scenario 8 
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Scenario 10 represents the calibration of the fundamental diagrams based on flow 

measurements only. As before, the value for the maximum density was predefined and is 

therefore not part of the calibration process. 

The result in the contour plot can hardly be distinguished from Figure 35. Even the calculated 

travel times show an indentical solution with a MAPE value of 34%. 

 

Figure 36: Space time diagram and travel time for scenario 10 

The calibration process for scenario 12 uses both (speed and flow) measurements. The sum 

of the normalized error values is used as loss function.  

Whereas the morning peak in the contour plot illustrates a very similar result to the previously 

described ones, the occurrence of the afternoon peak is slightly minor. Especially the 

congestion in the late afternoon is significantly less. This is also represented in the results of 

the travel time calculation.  

Compared to the real conditions on March 21st, 2013, the simulation of this scenario results 

in a MAPE value of 36%.  

 

Figure 37: Space-time diagram and travel time for scenario 12 

The results of the simulation based on the total least square error minimization as defined in 

section 3.3 indicate a significant difference to the previous results. To be consistent, the 

maximum density value remains predefined and only free flow speed and critical speed were 

calibrated. 

The severity of the morning peak decreased, however, the bottleneck at the road section 

with the lane reduction and the off-ramp is still present. The travel time calculation for this 
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time period in the morning shows a similar property to the ground truth measurement. Even 

though the travel time increases slightly earlier in the simulation than in reality, the discharge 

of the congestion can be seen as perfectly modeled. 

In comparison to the morning peak, the simulation’s results of the afternoon peak 

represented in the contour plot is by far not as representative. However, the building up of 

the congestion happens at the same time as the real data indicates this event. Whereas the 

queue discharge is a slow process in reality, the simulation generates a very fast and 

unrealistic shockwave. The travel time calculation represents the described characteristics 

and a MAPE value of 19% can be calculated.  

 

Figure 38: Space-time diagram and travel time for scenario 16 
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Table 7 states the results for the simulation runs of all scenarios. The values presented are 

the MAPE values. Green color indication represents good values whereas white background 

indicates not representative results. Most of the results are between 20% and 30% error. 

The MAPE values for TLS with a fixed maximum density value are by far the best for both 

days, the calibration day March 21st, 2013 and the validation day March 25th, 2013. This fact 

makes the TLS calibration and the predefinition of the maximum density value to the most 

suitable way of the fundamental diagram calibration of all examined calibration methods 

within the framework of this work. 

 

 

Table 7: MAPE results based on travel times of the different calibration methods 

The best model result achieved with the TLS method has an error of 19% for March 21st and 

18% for the validation day March 25th. The fundamental diagrams are identical for both days 

as they were calibrated only against the measurements of March 21st.  The single capacities 

for each link were already presented in Table 6.  

  

general general

(per speed 

limit)

(per speed 

limit)

non (default values)

Least Square (LS)

speed 0.39 0.26 0.29 0.29

flow 0.62 0.26 0.42 0.29

speed + flow 0.52 0.27 0.38 0.28

Least Square (LS), fixed rho

speed 0.34 0.28 0.26 0.25

flow 0.34 0.23 0.25 0.33

speed + flow 0.36 0.27 0.25 0.28

Total Least Square (TLS)

speed & flow 0.26 0.29 0.31 0.37

Total Least Square (TLS), fixed rho

speed & flow 0.19 0.38 0.18 0.34

Calibration Method

3/21/2013 3/25/2013

per link per link

0.5 3.24
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In Figure 39 the single parameters of the fundamental diagrams are stated. 

 

Figure 39: Fundamental diagram parameters for scenario 16 
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6 Discussion 

This section presents a critical analysis of the implemented processes and parameters. 

Besides the questioning of the different approaches and methods, the ethical reasonability 

of a project like MMS will be discussed.  

 

6.1 Dynamic source and sink implementation 

Due to the implementation of dynamic sources, the possibility of pure prediction arose. As 

the model’s outputs are not updated with any real measurements, the simulations are purely 

based on the traffic generated by sources. The previous static source implementation 

generated an equally distributed traffic demand throughout the day. The pure prediction will 

result in unchanged traffic states throughout the day. A critical issue is the implementation 

of the dynamic source flow prediction. At the moment the actual flows, measured for the 

simulation time, are used as input. These can be seen as perfect predictions of the source 

flow. The importance of a source prediction model is known and under development. 

A similar issue is given with the dynamic sink capacities. However, the importance is not that 

significant as the capacity is only a limiting factor if the traffic flow reaches the capacity 

threshold. The dynamic part of the sink capacity was introduced to model possible spillbacks 

from arterial roads to the test stretch on the highway. Hence small networks can be modeled 

without disregarding external effects. Whereas sink capacities are only a major factor due to 

the very limited simulation area, dynamic sources will remain a critical part. 

  

6.2 Split ratio measurements 

In comparison to source and sink values, split ratio parameters are implemented as static 

values. Hence the proportion of the off-ramp flow and the main stream flow is modeled as a 

constant over time. Moreover, the evaluation of split ratios during congested periods is 

problematic. A further step in the MMS project has be the implementation of dynamic split 

ratios. The simulation’s results are expected to improve significantly if dynamic splits are 

implemented, even though the determination of correct split ratios during congested periods 

will remain a parameter of uncertainty.  

 

6.3 Fundamental diagram calibration 

The main part of this work, the fundamental diagram calibration, showed significant impact 

to the CTM performance. The calibration based on 17 different scenarios generated very 

different results and pointed out the importance of reasonable methods to estimate 

fundamental diagrams.  

Without exception, all scenarios with a predefined maximum density value resulted in a 

better MAPE value than its corresponding scenario with a freely calibrated parameter. 

Besides the improved results, the calibration process is reduced from three dimensions to 
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only two dimensions of freedom if the maximum density parameter is fixed. This results in 

an increased performance of the calibration process. In a further approach, the predefinition 

of the free flow speed or the critical speed should be considered. It is a matter of fact that no 

calibration process was able to estimate a better performing maximum density than the 

predefined one. The same might be true for one of the calibrated speed values. One 

approach where the free flow speed is determined in an independent calibration is the work 

of (Dervisoglu, et al., 2009). All speeds above a certain threshold are considered and the 

calibration is based on the linear relationship between flow and density for high speeds. The 

critical part of this calibration method will be the determination of the measurements to be 

considered. 

The approach of evaluating local calibration techniques by running a model has to be 

challenged in general. A reasonable local calibration result does not necessarily lead to 

meaningful model’s outputs. However, the local calibration results represent the physical 

properties of the road. Another calibration approach would disregard these properties and 

calibrate the fundamental diagram parameters directly against the MAPE values without 

considering the radar measurements. This implies that the model has to be run in every 

iteration and all fundamental diagrams for all links have to be included. The fact that model 

runs are extremely time consuming does not allow this approach with the current resources. 

Even if results were generated, their reasonability is questionable. The representation of the 

physical properties might be completely lost and the parameters will most likely compensate 

for other model issues. Furthermore, this approach can only be used for stretches with the 

availability of ground truth measurements.  

A further implementation that has to be questioned is the data aggregation within one link. 

In order to calibrate the fundamental diagram parameters of a link, currently all 

measurements within the specific link are gathered and used together for the calibration. 

This process does not distinguish if the link is equipped with sensors at one or several 

positions. The characteristics of a link, represented by the fundamental diagram, are 

assumed to be the same within the whole section. In reality a bottleneck, appearing as a 

sharp curve or a slope, can be located on the link. If several measurements are available, 

the calibration algorithm is looking for the best common fit. This might result in a fundamental 

diagram, which does not represent the physical properties of any part of the link. This might 

be the reason for the high capacity of the last link. The outlier section of the continuous 

capacity drop consists of a tunnel with several radar sensors. People tend to slow down 

especially when entering a tunnel. The aggregation of all measurements is most likely not 

the most reasonable way. Therefore, the fundamental diagrams should be calibrated 

individually for each sensor position and compared to other positions within the same link. 

For links with striking deviations an appropriate implementation has to be found. A possible 

solution can be the determination and consideration of the most restrictive sensor in terms 

of capacity only.  

Finally, the applicability of the calibrated fundamental diagrams will be discussed. The date 

used for the calibration is known to be a day with good overall conditions. No incidents and 
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no special weather issues are reported for March 21st, 2013. Whereas incidents are not 

supposed to influence the shape of a fundamental diagram, different weather conditions 

certainly do. Heavy rain, fog, or even snow changes the behavior of drivers significantly. In 

order to be able to apply the traffic model for different conditions, the fundamental diagram 

calibration should be performed with traffic data sets during commonly appearing weather 

conditions. 

 

6.4 Environmental and social aspects 

Besides the discussed technical parts of the MMS project no focus was put to the ethical 

aspects so far. Traffic in general has a major impact on society and environment, and is a 

common topic to be discussed. The MMS project targets to improve traffic conditions on 

several levels. On a first level the information about traffic conditions and traffic patterns is 

brought to road users. According to this information they can plan and change their daily 

behavior to avoid delay. The second level is an improvement of the system. This information 

targets to traffic managers and points out the possibilities and weaknesses of the network. 

Changes in speed limits and adaptions of the physical properties can be simulated and 

evaluated before they are implemented. The improvement of traffic conditions reduces travel 

times, increases traffic safety and reduces pollution. Rapidly changing traffic states, as they 

appear during congestion, increase the danger of accidents. Furthermore, fuel consumption 

is significant higher in interrupted traffic flow with many speed changes. Whereas the value 

of reduced pollution can be estimated, increased road safety can hardly be evaluated but is 

of great interest for the society.  

A factor of uncertainty is the possible increase of traffic demand due to improved traffic 

conditions. Especially public transport is used as an alternative to cars and the daily delays 

due to traffic jams. If road traffic conditions in terms of delay are improved significantly, the 

demand of road traffic might increase subsequently. In the long run, this fact can lead to 

traffic conditions as they were originally. However, a project like MMS does not lose its effect 

in such a case. Referring to the levels of improvement, regardless of the actual traffic 

situation, the road users will be provided with accurate information. Moreover, traffic 

conditions can be evaluated constantly and further improvements of the road network can 

be evaluated. 
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7 Conclusion 

The aim of the work was the calibration of the fundamental diagrams for the travel time 

estimation and prediction. The used calibration techniques result in parameters which 

produce reasonable traffic state predictions when evaluated in the CTM-u. In order to single 

out the effects of the calibration process, the cell transmission model was run in a pure 

prediction mode. Therefore no real measurements were used to filter the model’s outputs 

towards the observations. The produced results represent meaningful travel times with an 

error of less than 20%. If the model ran in the estimation mode, and the filter was used with 

real measurements to update the model’s output with observations, the error can be 

expected to be in the low single digit range. 

The fact that the model’s results, in terms of the MAPE values, vary in such a large range 

indicates the influence of the fundamental diagrams; Hence the high importance of the local 

calibration method choice. Additionally, the dimension of the calibration process turned out 

to be of high significance. The predefinition of the maximum density value, based on the 

photo and video analysis, improved the model’s outputs. 

Besides the fundamental diagrams, the implementation of dynamic sources, dynamic sink 

capacities and split ratios were a necessity for the model runs and contributed to the good 

results. The fact that the approaches of the sink and split ratio implementations are 

dependent on the fundamental diagram calibration, make them an integral part of this thesis. 

However, this fact indicates the challenge of singling out the effects of the fundamental 

diagrams only. A major requirement of the prediction mode is the availability of dynamic 

source flows. They represent the changing traffic demand over time. The current 

implementation faces the issue of measured flows for the simulation time. For the use of the 

model in practice, a source flow prediction model has to be implemented. 

The space-time diagrams visualize the successful calibration and implementation of the 

source, sink and split ratio parameters in the MMS software. Especially the beginning of the 

test stretch is represented in good manner. In the last section of the network two issues 

arose which influenced the model result negatively. The challenging implementation of the 

sink capacity on the last exit of the stretch is one factor of uncertainty. The second factor is 

the unusual high capacity of the last link. The latter factor is most likely a result of the great 

number of aggregated sensors along this link. A partition into two or three separate links will 

improve the output in all likelihood. Another alternative is the consideration of the most 

restrictive sensor only. The expected reduced capacity and the bottleneck could then be 

modeled. Furthermore, the recommended future implementation of dynamic split ratios will 

show significant improvements of the model’s results. 

As soon as the presented issues are solved, the model can be used to generate traffic 

prediction results. The process is a combination of the traffic state estimation and the pure 

prediction. Whereas the initial state is calculated in the estimation mode of the model, the 

pure prediction follows and runs the model forward.  
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