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Abstract

The field of robotics is in continuous development. Driving forces for the develop-
ment are higher demands on robot accuracy and being more cost e↵ective in the
development process. To reduce costs, product development is moving towards
virtual prototyping to enable early analysis and testing. This process demands
realistic models and modelling is therefore of utmost importance.

In the process of modelling high fidelity robot dynamics many di↵erent physical
aspects have to be taken into account. Phenomena studied in this thesis stretch
from where to introduce flexibilities, mechanical and dynamical coupling e↵ects,
and how to describe friction. By using a bottom up approach the e↵ects are anal-
ysed individually to evaluate their contribution both to accuracy and computa-
tional complexity.

A strategy for how to model a flexible parallel linkage manipulator by introduc-
ing some crucial simplifications is presented. The elastic parameters are identi-
fied using a frequency domain identification algorithm developed in [Wernholt,
2007] and shows that the presented method works well up to a certain level of
fidelity.

Friction is modelled using empirically derived static and dynamic models. Evalu-
ation of accuracy is conducted through identification of friction models for a real
manipulator and it is seen that to capture all existing phenomena in low veloci-
ties a dynamic model is needed. It is also seen that friction characteristics vary
with temperature and a Kalman filter is suggested to adaptively estimate friction
parameters.

Finally an implementation of a flexible manipulator model using the software
MapleSim is presented. The tool severely simplifies the process of modelling
manipulators and enables for export to other environment such as simulation,
optimization and control.
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Sammanfattning

Robotik är ett område i ständig utveckling. Drivkrafterna för utvecklingen är
bland annat högre krav på robotars noggrannhet och lägre kostnader för kon-
struktion och utveckling. För att sänka kostnaderna flyttas utvecklingen i allt
större grad till virtuella miljöer för att möjliggöra för enkla förändringar och tes-
ter. Detta ställer stora krav på att realistiska robotmodeller finns att tillgå.

Vid modellering av robotar behöver flertalet olika fysikaliska fenomen studeras.
I denna studie har fenomen som vekheter, mekaniska och dynamiska kopplingar,
och friktion beaktats. Genom att använda en “bottom up”-strategi har e↵ekterna
en och en studerats för att dra slutsatser om hur de påverkar modellnoggrannhe-
ten och vilken beräkningskomplexitet de introducerar.

Genom förenklingar har en strategi för modellering av en vek parallellstags-robot
tagits fram. Vekhetsparametrarna identifieras genom användning av en frekvens-
baserad identifieringsalgoritm utvecklad i [Wernholt, 2007] och visar att den pre-
senterade metoden möjliggör för noggrann modellering av roboten.

I studien modelleras friktion med empiriskt framtagna statiska och dynamiska
modeller. Utvärderingen av noggrannheten i dessa är utförd genom att modeller-
na har identifieras mot en riktig robot. I studien syns det tydligt att det krävs en
dynamisk modell för att fånga alla existerande fenomen vid låga hastigheter. Det
syns också att friktionsparametrar är beroende av temperatur. På grund av detta
har ett Kalmanfilter tagits fram för att adaptivt skatta parametrarna.

Slutligen har en vek robotmodell implementerats i programvaranMapleSim.Maple-
Sim förenklar robotmodelleringen avsevärt och gör det möjligt att exportera mo-
dellen för användning i andra miljöer såsom simulering, optimering och regle-
ring.
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Notation

Robotics Notation

Notation Meaning

qa Joint angles for actuated links
qna Joint angles for non-actuated links such as flexibilities
ql qa and qna stacked in a column-vector
qm Motor angles
⌧a Torque acting on actuated links
⌧na Torque acting on non-actuated links
⌧m Motor torque
⌧f Friction torque
u Torque input signal
⌘ Gear ratio matrix
M Mass matrix
C Centrifugal and Coriolis terms
g Gravitational terms
K Sti↵ness matrix
D Damping matrix
� Position constraint equations
 Velocity constraint Jacobian
� Lagrangian multiplier
↵ Constraint violation stabilization parameter
� Constraint violation stabilization parameter
r Gear ratio for individual gears
E Young’s modulus
⌫ Possion’s ratio

xi



xii Notation

Friction Notation

Notation Meaning

⌧f Friction torque
⌧̂f , ˆ̂⌧f Estimated friction torque
⌧̂f ,i |i�1 Predicted friction torque in time step i given i � 1
⌧IN Input torque from controller
⌧DM A dynamic models output torque

z(t), zi (t) Friction model state (number i)
Fc Columb friction constant
Fs Stiction friction constant
⌫s Stribeck velocity
↵2 Linear viscous Friction
↵3 Quadratic viscous friction

�0, �0,i Friction sti↵ness constant (of element i)
�1, �1,i Friction damping constant (of element i)

✓ Vector of friction parameters
✓̂ Vector of friction parameter estimates
V Cost function for optimization
Wi Weight function for optimization (data sample i).

RB(q,q̇,q̈) Inverse rigid body model
DM(q,q̇,q̈) Inverse dynamic model

✏RB Rigid body model error
✏DM Dynamic model error
!z Friction state noise
!p Parameter state noise
v⌧f Friction measurement noise
Qz Covariance matrix for friction states z
Qp Parameter covariance matrix
R Measurement noise covariance
Ts Sample time
x Kalman filter state vector

P, Pk State covariance
F, Fk Jacobian of fx (evaluated in qk and xk)
H,Hk Jacobian of h (evaluated in qk and xk)
h Friction model output function
fx Dynamic friction equation (discrete)

⌦(z, p, q̇) Dynamic friction equation (continuous)



Notation xiii

Symbols and Operators

Notation Meaning

N The set of natural numbers
R The set of real numbers

F (x), G(y) Arbitrary functions of the arbitrary input variables
x, y

ẋ Time derivative d(x)
dt of arbitrary variable x(t)

sgn(x) sgn(x) = x
|x| with sgn(0) = 0

• Element-wise multiplication
M[x,y] Element x,y of the arbitrary matrix M
N (µ, �) Normal distribution with mean µ and variance �

Abbrevations

Notation Meaning

ABB ASEA Brown Boweri
COG Center of Gravity
CVS Constraint Violation Stabilization
DAE Di↵erential Algebraic Equation
DOF Degree of Freedom
EKF Extended Kalman Filter
FEM Finite Element Method
FFW Feed Forward
FRF Frequency Response Function
GMS Generalized Maxwell Slip
GWN Gaussian White Noise
IRB Industrial Robot, used in names for ABB robots
LMS Least Mean Square
ODE Ordinary Di↵erential Equation
PID Proportional, Integral, Di↵erential (controller)
PL Parallel Linkage
TCP Tool Center Point





1
Introduction

This thesis deals with identifying and modelling what is important for a high-
fidelity robot model. The study includes both a comprehensive theoretical part
of robot modelling of di↵erent important dynamic phenomena and a part where
the theory is applied to ABB industrial robots.

This first chapter gives a brief background to the project and motivates why it is
an important subject in Section 1.1. Section 1.2 states the main objective of the
thesis, the limitations of the thesis are stated in Section 1.3, and Section 1.4 gives
an overview and outline of the thesis.

1.1 Motivation

Robotics is a field of research in continuous development. Robots get higher
and higher demands on performance and at the same time tough requirements
on cost reduction, lower power consumption and improved safety. This leads
to more lightweight manipulators resulting in lower mechanical sti↵ness of the
robots. Many of the problems with accuracy, previously solved by having sti↵
arms, leads to a demand for sophisticated software used to compensate for lighter
and weaker structures. As the software’s used for control, optimization and sim-
ulation utilizes a model of a manipulator, modelling is a very important field in
robotics research. Di↵erent applications also have various requirements on the
model such as simulation time, fidelity of the model and the possibility to calcu-
late inverse dynamics.

An example of an application in which models are used is simulation. There is
a variety of uses for simulations, some of these are software and hardware devel-
opment, troubleshooting and visual representation. But most important of all is

1



2 1 Introduction

that simulations give the possibility to eliminate many of the costly tests done in
the lab, on a real manipulator. This has the potential to decrease the time of the
product development cycle and prolong the time to when the first prototype is
needed. Such an application demands a model with very high fidelity to reflect
as much as possible of the dynamics of a real robot. Generally, simulation models
have a higher focus on fidelity of the dynamics and less focus in computational
time. Although it is often desirable that simulations can be run on a regular
desktop computer and in a reasonable timespan.

Another example of usage is on-line in a feed-forward controller. In most cases
these models have to be able to run in real-time and thus need to have lower
computational complexity which also leads to lower fidelity of the dynamics. In
the feed-forward controller it is also necessary to calculate the inverse dynamics
of the system which is not trivial or even possible for all systems. It is therefore
important how the system is modelled, if there exists an algebraic solution to the
inverse dynamics problem or if the only solution is a numerical approximation.
These kind of features put di↵erent requirements on a model.

For the development of robot performance to continue, it is of great interest
to investigate how robots should be modelled. This thesis seeks to answer this
question through development and validation of high-fidelity models including
non-linearities, elasticities, friction, and other phenomena that the real system
exhibits.

1.2 Goals and Approach

The main objective of the thesis can be formulated as to:

Model high-fidelity robot dynamics including flexible joints, gears
and friction models. The models should be easily exported and inte-
grated with other software used for control, optimization, simulation,
and system identification.

1.3 Limitations

This thesis is subjected to various limitations; in time, resources and what fields
to be included in the study. The time budget is 1600 hours spread over a 20 week
period conducted by two persons. This has resulted in that the scope of the thesis
has been set to only study the robot as a mechanical system although a robot in
reality also includes electrical systems, such as actuator dynamics. The scope is
also narrowed to only study serial elbow manipulators, including manipulators
with parallel linkage. Worth mentioning is that many of the phenomena seen in
an elbow robot are also present in other types of robots. The results can therefore
to some extent also be applied to other mechanical systems as well.

An important part of modelling is the identification process, where model param-
eters are estimated. The time budget in this thesis has resulted in that the model



1.4 Thesis Outline 3

identification process is limited to friction models and an elastic parallel linkage
manipulator.

Most numerical values and parameters presented in this thesis are modified or
normalized in such way that the real robot data is no longer distinguishable.

As for the resources available, the two most important software products used
are Maple and MapleSim, other software used are MATLAB with Simulink .

1.4 Thesis Outline

Chapter 2: Theoretical Background
To realistically model an industrial robot, many di↵erent physical phenomena
have to be described. The first part of this chapter contains an overview in the
field of robotics to introduce the unfamiliar reader to the di↵erent concepts. The
second part, a result of a comprehensive literature study in the field, contains
theory about more complex concepts crucial for modelling high fidelity robot
dynamics.

Chapter 3: Coupling E↵ects
Amanipulator is a complex systemwhich often exhibits dynamic andmechanical
coupling e↵ects. In this chapter two case studies are presented to evaluate two dif-
ferent coupling e↵ects of their importance in high-fidelity robot modelling. The
analysed coupling e↵ects are the dynamic coupling betweenmotors and links but
also mechanical coupling that the gearbox introduces between the wrist links.

Chapter 4: Elastic Model Identification
This chapter presents the identification process of structural parameters (sti↵-
ness, damping) in a parallel linkage manipulator. The identification method is
a multivariable frequency-domain identification. In short, frequency responses
produced by a model are fitted to frequency responses obtained from measure-
ments. The identification was carried out with di↵erent models trying to find the
most correct way of modelling the observed dynamics.

Chapter 5: Friction Identification
Empirically derived friction models contain parameters without any physical
meaning and system identification is therefore necessary. In this chapter parame-
ters for friction models are identified. Lastly, a study of how parameters depend
on temperature is conducted and a strategy for adaptive estimation is presented.

Chapter 6: MapleSim Implementation
Theory discussed in this thesis are implemented in a simulation model using the
graphical modelling tool MapleSim. Here a case study is conducted to empha-
size the simplicity of how complex robot models can be derived. The model is ex-
ported to the simulation environment Simulink and compared to measurements
from a real industrial manipulator.
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Chapter 7: Conclusions and Discussion
This chapter summarizes the di↵erent modelling aspects discussed in the thesis
and interesting topics for future research are presented.



2
Theoretical Background

Robotics involves many di↵erent technical fields, some of these are: motion con-
trol, modelling, sensor technologies, human machine interaction, and mechani-
cal design. This chapter aims to introduce the reader to robot modelling which
is the most important field for this study. In Section 2.1, the reader is introduced
to general robotics and Section 2.2 gives a more thorough theoretical background
on dynamic phenomena important in high-fidelity robot modelling.

2.1 Basics of Industrial Robots

Robots have from the introduction of the word in the 19’s included a lot of dif-
ferent types of machines. Some of these are teleoperated, underwater vehicles or
autonomous land rovers (for example the Curiosity Mars rover by [NASA, 2015]).
One thing they all have in common is that they are operating under some degree
of autonomy and are reprogrammable to do di↵erent types of tasks. In this thesis
the term robots will have the same definition as used in [Spong et al., 2005], “A
computer controlled industrial manipulator .. essentially a mechanical arm operating

under computer control.” An example of such a manipulator can be seen in Figure
2.1. Robots like these are mostly designed to do some kind of repetitive work like
spot welding, polishing or painting. The tool that the robot is equipped with is
called end e↵ector and is often designed for a specific assignment, but can also
be of a more universal type like a gripper.

5



6 2 Theoretical Background

Figure 2.1: IRB6, ABB’s first robot delivered in 1974 to a Swedish company
(ABB Robotics, 2015).

A robot is composed of links that are connected by joints into either an open
chain or a closed chain (more on this in Section 2.1.1). There are many types of
joints stretching from allowing motion in one to three degrees of freedom (DOF).
The two most common actuated joints are the revolute joint, which allows for a
rotational motion, or the prismatic joint, which allows for a linear motion. The
links together with the combination and number of joints decides which reach-
able workspace the manipulator has, where reachable workspace is the set of
points the end e↵ector can reach. Robots analysed in this text will be composed
of revolute joints only, although there are many examples of robots with pris-
matic joints only or a combination of prismatic and revolute joints (such as the
Scara robot). The number of joints determines the total DOF of the manipulator.
Typically, a robot possess six DOF to be able to have arbitrary orientation in the
workspace. This is of course not true for all points of the reachable workspace
and the subset of points in which the manipulator can have arbitrary orientation
is called dexterous workspace.

A typical structure of a six DOF robots with all revolute joints can be seen in
Figure 2.2. The notation used throughout the thesis are as follows. Each new
joint introduces a new coordinate system denoted XiYiZi for the i-th joint. All
coordinate systems are oriented in the same way as the fix base coordinate system
X0Y0Z0. As shown in the figure, X-axis is pointing to the right, Y-axis pointing
inwards the paper, and Z-axis upwards. The first joint angle is denoted qa,1 with
subscript a to denote actuated-angle (the revolute joints that are actuated) and
defines the rotation around Z1-axis, the second joint angle is denoted qa,2 and
defines the rotation around Y2-axis. The following joints follow the same pattern
and define rotation around Y3, X4, Y5, X6 in the same order. Themotors actuating
each joint are denoted qmm,i with i = 1..6 and has the subscript m for motor and
superscript m for "seen from" the motor side of the transmission.
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Figure 2.2: Structure of a six DOF robot with all revolute joints. Arrows
mark actuated joints.

2.1.1 Types of Manipulators

There are many types and configurations of manipulators which all have their
advantages and disadvantages. An important di↵erence between robots is if it has
a parallel structure, called parallel manipulators, or serial structure, called serial
manipulators. These two types also have a lot of di↵erent configurations and just
a few examples will be presented in this thesis. In Figure 2.3 from left: IRB360
which is a sixDOF parallel manipulator, IRB4400 which is an elbowmanipulator
with a parallel linkage and IRB4600 which is a purely serial manipulator. The
major di↵erence between the serial IRB4600 and IRB4400 is that the parallel
linkage allows the motor for joint three to be located at joint two instead. This
gives advantages in form of that mass is moved closer to the base which also
decreases the inertia and lowers the stress in the joints and links. A manipulator
structured in this way can therefore have a higher payload or be equipped with a
less powerful motor to save energy and a cheaper drive-line.

As these three di↵erent kinds of configurations have di↵erent kinematics and dy-
namics, it is important to separate them. When robot manipulator is mentioned
in the text it is the regular serial manipulator that is spoken of unless something
else is mentioned.
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Figure 2.3: Examples of the three main types of robots produced by ABB.
The parallel manipulator IRB360 to the left, the parallel linkagemanipulator
IRB4400 in the middle and the serial manipulator IRB4600 to the right (ABB
Robotics, 2015).

2.1.2 Kinematics

The kinematic model describes the manipulator from its geometric properties
and does not regard forces that cause the motions. The kinematics of a robot ma-
nipulator can be divided into two di↵erent sub-problems, the forward kinematics
and the inverse kinematics. The forward kinematics describes the transformation
from given joint angles to position and orientation of the tool frame, which is
attached to the end e↵ector and positioned in the tool center point (TCP). The
expression for the forward kinematics is formulated as,

X = �(qa)

X =
"

p
�

#

.
(2.1)

In which X is the tool frame position p and orientation �, and �( · ) is a non-
linear function in qa. The inverse kinematics describes the transformation from
a position and orientation of the tool frame to joint angles qa. The expression for
the inverse kinematics is formulated as

qa = ��1(X). (2.2)
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Some features for the inverse kinematics and ��1( · ):

• A solution might not exist if the position or orientation is not included in
the defined workspace for the manipulator.

• A solution exists but it may not be unique. This happens when there are
more than one way to reach the position and orientation. One example of
this is the elbow up and elbow down configuration for a two link manipu-
lator shown in Figure 2.4. For manipulators having more than six DOF it
is possible to get an infinite number of solutions to the inverse kinematics
problem. These robots are called kinematic redundant manipulators and
need specific methods for selecting an appropriate solution.

• The solution to ��1( · ) is often not possible to get in closed-form and numer-
ical iterative solutions are used.

Figure 2.4: A two link manipulator with two solutions to the inverse kine-
matic problem, the elbow up and the elbow down solution.

2.1.3 Jacobians

From the kinematics, the relation between Cartesian space into joint space was
defined as

X = �(qa). (2.3)

To get the relation between Cartesian velocity and joint space velocity the equa-
tion is simply di↵erentiated with respect to time and the chain rule is applied
as1

Ẋ =
d�(qa)
dt

=
@�(qa)
@qa

dqa
dt

= J(qa)q̇a. (2.4)

1The equation shows how the analytic Jacobian is derived. Worth mentioning is that the analytic
Jacobian does not directly describe the rotational velocity of the end-e↵ector which the geometric
Jacobian does. For further reading on the derivation and di↵erences between analytic and geometric
Jacobians the reader is referred to [Chiaverini et al., 2008].
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The Jacobian is then defined as J(qa) =
@�(qa)
@qa

2 RNxN . In the same way higher
derivatives can be found by di↵erentiating the relationship further as

Ẍ = J(qa)q̈a + J̇(qa)q̇a. (2.5)

The Jacobian is important in many aspects in robotics. One example is in trans-
formations of forces acting on the end e↵ector into joint space torques. The ex-
pression is derived using the principle of virtual work, see Spong et al. [2005] p.
241-243, and results in

⌧ext = JT (qa)F, (2.6)

where F 2 R6 denotes the end e↵ector forces and ⌧ext 2 RN the corresponding
joint torques.

2.1.4 Dynamics

The dynamic model of a robot manipulator describes the motion of the robot and
what forces that cause it. Dynamic models can be derived with several di↵erent
methods. The most common methods are the Lagrange-formulation as described
in [Spong et al., 2005], Newton-Euler formulation as described in Craig [2004]
or Kane’s method as described in [Kane and Levinson, 1985]. All three methods
produce the same result but uses di↵erent approaches. The dynamic model for a
rigid body manipulator with N links derived with any of the three methods men-
tioned above results in a system of second order ordinary di↵erential equations
(ODE) as,

M(qa)q̈a + C(qa, q̇a) + g(qa) = ⌧a. (2.7)

The vector of joint angles are denoted qa 2 RN (note that the time dependency

is omitted) and its time derivatives denoted dqa
dt = q̇a 2 RN and dq2a

d2t
= q̈a 2 RN ,

⌧a 2 RN is the actuator torque vector acting on the joints. M(qa) 2 RNxN is the
inertia matrix, C(qa, q̇a) 2 RN contains the quadratic terms in q̇a in which q̇2a,i are
the centrifugal terms and q̇a,i q̇a,j (where i , j) are the Coriolis terms, g(qa) 2 RN

contains the gravitational forces.

In the rigid body model described above a lot of important dynamic e↵ects have
been omitted. Friction is for example not included which can have a significant
impact for some manipulators. Another important dynamic e↵ect omitted is that
the links are not truly rigid. There aremany sources for flexibilities such as elastic
bearings, drive train shaft and deflection in the links itself. Figure 2.5 shows a
graphical representation on how drive-line flexibilities can be introduced in the
system.
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Figure 2.5: Flexibilities introduced in the three first joints. The flexibilities
are positioned in the drive shaft between the motors(including gearbox) and
joints.

To model elastic joints and friction, (2.7) has to be extended with torque and
angles from the motors. The relation between motor torque ⌧m 2 RN and motor
angles qm 2 RN , to link torque and link angles, ⌧a, qa, is

⌧a = K(qm � qa) + D(q̇m � q̇a) (2.8a)
⌧m � ⌧a = Mmq̈m. (2.8b)

Note that ⌧m denotes the motor torque seen from the link side and follows the
equation ⌧m = ⌧am = ⌘T ⌧mm where ⌘ is the gear ratio matrix (possibly not diagonal).
The same convention is also used for the inertia matrix Mm = Ma

m = ⌘TMm
m⌘ 2

RNxN and angles qm = qam = ⌘�1qmm. K 2 RNxN is the sti↵ness matrix and D 2
RNxN is the damping matrix. To include the friction torque, ⌧f = f (q̇m) is simply
added to (2.8b) which results in,

⌧m � ⌧a = Mmq̈m + ⌧f . (2.9)

Here ⌧f also follows the convention of describing variables on link side as ⌧f =
⌧af = ⌘T ⌧mf . A simple model for friction can be of type f (q̇m) = sgn(q̇m)Fc where
Fc is the Columb friction. To get the full system of ODEs to describe the new
model, called flexible joint model, ⌧a in (2.9) and (2.7) is substituted with (2.8a)
to get the final results in,
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M(qa)q̈a + C(qa, q̇a) + K(qa � qm) + D(q̇a � q̇m) + g(qa) = 0
Mmq̈m + K(qm � qa) + D(q̇m � q̇a) + ⌧f = ⌧m.

(2.10)

Worth mentioning is that these equations are describing the manipulator in free
motion where the end e↵ector is not in contact with any objects in the workspace.
This is true for many tasks such as spot welding and materials transport. How-
ever, other tasks such as grinding and polishing involves extensive contacts with
the environment. To include external forces in the dynamic model the results in
Section 2.1.3 are used and added to (2.10) yielding the expression,

M(qa)q̈a + C(qa, q̇a) + K(qa � qm) + D(q̇a � q̇m) + g(qa) = JT (qa)F
Mmq̈m + K(qm � qa) + D(q̇m � q̇a) + ⌧f = ⌧m.

(2.11)

Although contact is a very important subject in robot modelling it is outside of
the scope for this text and free motion is assumed hereafter, further reading on
contact modelling can be found in [Villani and Schutter, 2008], [Kao et al., 2008]
or [Spong et al., 2005].

2.2 Extended Robot Models

Depending on the application for the derived model, for example on-line calcula-
tions or simulations, di↵erent properties are needed. In this chapter the flexible
joint model discussed in Section 2.1.4 will be extended to include many other
dynamic e↵ects to more accurately describe a real system. The model and phe-
nomena discussed in this chapter is thus primarily for a simulation model, but
can of course be used in other applications if the criteria are met.

There has been a lot of research in the field of robot modelling and many sug-
gestions on how to model a six DOF robot exists. Some of the most comprehen-
sive literature on the subject are [Spong et al., 2005], [Craig, 2004] or [Siciliano
and Khatib, 2008]. There are also some interesting articles such as [Luca and
Lanari, 1995] and [Nicosia and Tomei, 1988] who analyse the coupling between
motor placement and links, [Moberg, 2013] who extends the flexible joint model
suggested in [Spong et al., 2005] with springs in additional directions (called Ex-
tended flexible joint model). [Indri and Lazzero, 2013] and [Bittencourt, 2014]
analyses friction in industrial robots and concludes it is a very complex factor
and needs to be taken into account.
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2.2.1 Extended Flexible Joints

In the model, derived in (2.10) only elastic deformation in the actuated rota-
tional directions qa are considered. This gives a relative compact model but to
realistically model a manipulator it is necessary to introduce flexibilities in the
non-actuated directions as shown in [Moberg, 2013]. These extra flexibilities are
caused by bending and torsion of the links, but also by compression/tension in
bearings and in the robot foundation. To achieve this, it is necessary to introduce
two new non actuatedDOFs qna in each joint giving a total of threeDOFs in each
joint. This results in a total of 3N DOFs and consequently 3N spring-damper
pairs for the entire manipulator where N is the total number of joints for the
manipulator (normally N = 6), see Figure 2.6.

Figure 2.6: The elastic joint model extended with two non-actuated spring-
damper pairs in between the ground and the first joint, and the second and
third. Resulting in a total of 7 elastic DOFs.

The notations ql = [qa qna]T and ⌧l = [⌧a ⌧na]T are introduced for each joint
yielding the extended model

Ml (ql )q̈l + C(ql , q̇l ) + g(ql ) = ⌧l
⌧a = Ka(qa � qm) + Da(q̇a � q̇m)
⌧na = �Knaqna � Dnaq̇na

⌧m � ⌧a = Mmq̈m + ⌧f ,

(2.12)

where {⌧l , g, ql , C} 2 R3N , Ml 2 R(3N )x(3N ) and Ka, Kna, Da, Dna are sti↵ness-
and damping matrices for the actuated (a) and non-actuated (na) directions.
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A consequence of the introduced flexibilities is of course increased complexity
both for numerical integration in a simulation environment and for control pur-
poses where the inverse dynamics are of interest.

Non-Linear Flexibilities

The extended flexible joint model (2.12), currently describes the deformation sti↵-
ness as a linear relationship i.e ⌧spring = k�q, where �q = qa � qm and �q = qna
for the actuated and for the non-actuated DOFs respectively. This may be a too
rough approximation since the sti↵ness, in at least the actuated direction, shows
a typical sti↵ening behaviour. Hence ⌧spring = F (�) where F is a general, not
necessarily linear, function. Figure 2.7 shows the typical behaviour for a modern
compact gearbox used by industrial robots [Moberg, 2013]. Further, the continu-
ity of the sti↵ness function may also be discussed. The mechanical coupling be-
tweenmotor and joint always su↵ers from backlash giving F a dead-band around
�q = 0. Modern compact gearboxes are designed for a very low backlash due to
low error tolerances. Gravity also helps to reduce backlash e↵ects on the axis, if
the axis are non-coaxial with the gravity vector. These two aspects could make
the continuous function an attractive alternative and therefore the e↵ect of back-
lash is often neglected.
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Figure 2.7: Typical sti↵ness characteristics for manipulator gearboxes.

The actuated joint spring sti↵ness can often be approximated by a general third
order polynomial as

⌧spring (�) = a0� + a1�
2 + a2�

3. (2.13)

The spring model is linear in its parameters and can be obtained by a simple least
mean square (LMS) fitting of collected measurements of � and ⌧spring .
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2.2.2 Friction

As described in [Bittencourt, 2014] it is well known that friction a↵ects the dy-
namics of a manipulator where precise motion is crucial. Friction especially
causes problems for low, varying velocities where the e↵ects could be very abrupt
and unpredictable. Friction models could be categorized into two di↵erent types
namely static and dynamic. A static, memoryless model will not su�ce to fully
model friction since it can not capture dynamic e↵ects. Static models however
contains less parameters and are therefore easier to identify. As always, there
will be a trade-o↵ between complexity and precision. The characteristics of fric-
tion are also dependent on the current payload and temperature. None of the
models mentioned in this chapter captures these e↵ects and to do so the model
either need to depend on temperature or the parameters need to be adapted over
time.

For a long time friction modelling has been a hard and intimidating task to per-
form [Al-Bender and Swevers, 2008]. Friction is a complex phenomenon and due
to this most friction models are empirical, i.e. based on numerous observations
rather than physical laws. Friction can be divided into two regimes namely “pre-
sliding” and “grossliding”. During pre-sliding the objects in contact have not
yet started to move and friction is mainly a function of the objects relative dis-
placement. Think of this as springs connected between the objects modelling the
contact of the rough surfaces deforming elastoplastically, see Figure 2.8.

Figure 2.8: Theoretical micro scale model for friction during the pre-sliding
regime. The contact surfaces deforms elastoplastically.

When the displacement increases, junctions connecting the surfaces will start to
break which will eventually cause grossliding. During this phase the friction
force is predominantly a function of the relative velocity ⌧f = f (q̇). The transi-
tion phase between these two regimes are also of most interest since it contains
various friction phenomena.

For the purpose of this work only empirical motivated models are studied with-
out going into too much detail about the underlying physics. These models will



16 2 Theoretical Background

either have the structure of a static relationship ⌧f = f (q̇) or as a non linear state
space model

8

>

>

<

>

>

:

ż(q̇) = F (z, q, q̇)
⌧f (q̇) = G(z, q, q̇). (2.14)

F and G are arbitrary, non-linear functions, z 2 RN the N dimensional internal
state vector, q the rotational angle, and ⌧f the friction torque. Many di↵erent
alternatives to model friction exist and the following sections will mention a few
common options.

Static Columb Friction

The simplest possible model of frictional behaviour is to assume a constant fric-
tion force ⌧f which magnitude is independent of the amplitude of the rotational
velocity q̇ as

⌧f (q̇) = Fc sgn(q̇). (2.15)

The friction force is then equal to the constant ±Fc (column friction) according
to the rotational direction. This model does only describe friction force during
gross-sliding and therefore misses the pre-sliding behaviour such as stip-slick,
pre-displacement and hysteresis. Note that even though this model is naively
simple it is still not smooth and continuous for all q̇. This characteristic is re-
curring for most friction models and severely impacts performance of numerical
integration.

The Dahl Model

A generalized version of the static Columb law is the Dahl model [Åström and
Wit, 2008]. Dahl introduces a dynamic component to be able to capture charac-
teristics in the pre-sliding regime. The model

8

>

>

<

>

>

:

ż(q̇) = q̇ � �0
Fc
|q̇| z(t)

⌧f (q̇) = �0z(t),
(2.16)

contains one new parameter �0 that describes the time constant for the dynamic
behaviour. In steady state, i.e ż = 0 followed by trivial manipulations of the
equation, the friction force is given by ⌧f ,ss(q̇) = Fc sgn(q̇) which is the Columb
friction model described in (2.15).

Even though we introduce memory in the Dahl model, capturing pre-sliding
phenomena, it still converges to the the velocity independent Columb model at
steady state. This is not very realistic as friction is knowingly velocity dependent
[Olsson et al., 1998]. Experiments show forces above the Columb friction for low
velocities and an increasing friction force , ⌧f / q̇, for high velocities.

Tustins Model

To capture the velocity dependence of the friction force the constant relation de-
scribed in (2.15) will not su�ce. Going from pre-sliding to a gross-sliding ini-
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tially requires a higher force than described by Fc, called “stiction force” or Fs.
Measuring friction force for di↵erent constant velocities results in a characteris-
tic shape called the Streibeck curve, seen in Figure 2.9. The curve is divided into
two areas, namely velocity weakening for 0 < q̇ < ⌫s and velocity strengthening
for q � ⌫s.
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Figure 2.9: The characteristic Stribeck curve. Velocity weakening area (light
shaded) and velocity strengthing (dark shaded).

Tustins model,
8

>

>

<

>

>

:

g(q̇) = Fc + (Fs � Fc)e�(
q̇
⌫s
)2

⌧f (q̇) = sgn(q̇)g(q̇) + ↵2q̇
(2.17)

tries to describe this velocity dependency [Åström and Wit, 2008]. The constant
Fs models the previously mentioned stiction force, Fc is the Columb friction. For
high velocities the force is assumed to be proportional to the velocity where ↵2 is
the proportional constant. ⌫s is the Stribeck velocity and descries how fast g(q̇)
reaches its minimum.

If the specific application shows that friction does not behave linearly for high
velocities the viscous term ↵2q̇ can be replaced by any general function h(q̇) fitted
to the measured data.

The LuGre Model

Describing the velocity dependence, Tustins model is a more realistic approxima-
tion of the frictional behaviour in steady state than the Dahl model. Per defini-
tion (2.17) is memoryless and thus can not model dynamic e↵ects. To extend this
model, as previously done with the Columb model, it can be complemented with
a dynamic state z.
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The extended version is expressed on state space form as
8

>

>

>

>

>

<

>

>

>

>

>

:

ż(q̇) = q̇ � �0 |q̇|g(q̇) z(t)

g(q̇) = Fc + (Fs � Fc)e�(
q̇
⌫s
)2

⌧f (q̇, z, ż) = �0z + �1 ż + ↵2q̇.

(2.18)

The dynamic model introduces two new constants �0, �1 compared to its static al-
ternative. This model reproduces spring-like behaviour for small displacements
where �0 is the sti↵ness and �1 the damping [Åström and Wit, 2008]. As for the
Dahl model, that converges to Columb friction at steady state, the LuGre model
converges to the Tustin model. As a result of its dynamic and static properties
this model is capable of capturing somehow realistic friction phenomena in both
the pre- and gross-sliding regime.

Generalized Maxwell-Slip

As a further extension of the LuGre model, a more general formulation can be
used, namely “The Generalized Maxwell-Slip” (GMS) model. This model di↵ers
from the previous mentioned models due to the fact that it is multi-state i.e z 2
RN . Each state represents the displacement of a massless element i = 1 . . . N
where all elements can slip or stick independently of each other. N is the number
of states and can be chosen arbitrary, typically N  4 which gives a proper trade-
o↵ between model complexity and performance [Boegli et al., 2014].

The GMS model can be described as follows. Element i sticks,

żi (q̇) = q̇ (2.19)

until zi = sgn(q̇)zS+i (q̇) and then it starts to slip

żi (q̇) = Ci

✓

sgn(q̇) � zi

zS+i (q̇)

◆

(2.20)

until q̇ passes through zero. zS+i (q̇) = ⌫i
�0,i

g(q̇) represent a steady-state deflection of
element i normalized with a fraction ⌫i (with

P

8i
⌫i = 1) and the element sti↵ness

�0,i . Ci is the gain that determines how fast |zi � zS+i |! 0. The combined friction
force of all elements can then be calculated according to the sum of sti↵ness
forces �0,i z, micro-viscous forces �1,i ż plus a global viscous term ↵2q̇ as

⌧f (q̇, z, ż) =
N
X

i=1

✓

�0,i zi + �1,i żi

◆

+ ↵2q̇. (2.21)

This is the most complex model described in this thesis but also the most capable
of describing the friction phenomena. [Boegli et al., 2014] suggests that the GMS-
model captures all essential friction characteristics such as arbitrary hysteresis
shapes, the non-local memory e↵ect, rate-independent hysteresis, and frictional
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lag. However, the model is also the most complex, introducing events for ele-
ments sticking/slipping and 4N parameters that needs to be identified excluding
the usual static parameters Fc, Fs, ⌫s and ↵2. A common reduction of the model is
therefore to introduce Ci =

⌫i
�0,i

C resulting in 3N + 1 parameters to be estimated.
[Boegli et al., 2014] also suggests a slightly di↵erent formulation of the model to
remove the need of events for integration.

2.2.3 Coupling with Motors

So far the presented models have not taken into account the actuators location
on the manipulator. The dynamic e↵ects of the location results in an inertial
coupling between links and motors. Since the actuators are rotating in a coordi-
nate system fixed on a link that rotates, Coriolis forces are also present. How big
these e↵ects are depends on the actuator inertia Jm 2 R3x3, the gear ratio ⌘ and of
course the configuration of the manipulator. In [Spong et al., 2005] it is assumed
that due to high gear ratio these e↵ects are negligible but it is also stated that
“for high speed motion, or for manipulators without gear reduction at the joints, the

coupling non-linearities have much larger e↵ects on the performance of the system”.
In [Book and Luca, 2008], it is shown how the model including coupling e↵ects,
called complete model hereafter, is derived. [Nicosia and Tomei, 1988] shows
that if the extra terms are neglected and the feedback linearisation is carried out
with the reduced model (coupling e↵ects excluded) significant error may arise de-
pending on the configuration. [Luca and Lanari, 1995] continues and proves that
the complete model can always be transformed into a linear, controllable, input-
output decoupled system through the use of non-linear dynamic state feedback.
It is therefore very interesting to model the coupling e↵ects and study the con-
tributions in torque in di↵erent configurations. It is also interesting to include
coupling e↵ects in simulation models to be able to study control concepts, utiliz-
ing either the complete or the reduced model and analyse di↵erences.

The flexible joint model presented in Section 2.1.4 extended with the coupling
e↵ects yields the complete flexible joint model

"

M(qa) S(qa)
ST (qa) Mm

# "

q̈a
q̈m

#

+
"

C(qa, q̇a) + C1(qa, q̇a, q̇m) + D(q̇a � q̇m)
C2(qa, q̇a) + D(q̇m � q̇a)

#

+
"

K(qa � qm) + g(qa)
K(qm � qa)

#

=
"

0
⌧m � ⌧f

#

.
(2.22)

Here the new matrix S(qa) 2 RNxN describing the inertia coupling is introduced
and is a strictly upper triangular matrix. The structure of S depends on how
actuators are positioned and oriented relative to the joints. C1 and C2 2 RN are
vectors containing the new quadratic terms in q̇.
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2.2.4 Coupled Gearboxes

Coupled gearboxes is an e↵ect that occurs when the gear ratio ⌘ is a non-diagonal
matrix. Mechanically this comes from when the robot is equipped with planetary
gears or similar. This means that an actuator with rotation qmm,i can influence an-
other joint angle qa,j where i , j . All according by the definition qa = qm = ⌘�1qmm.
Such a coupling with no flexibilities is an e↵ect which is easy to compensate for
by just using the inverse gear ratio matrix.

With actuated flexibilities, the gearbox modelling becomes more di�cult. First
it depends on where the flexibilities are introduced. In reality the flexibility has
a continuous distribution in the gearbox shafts, gears and possibly also in the
link. Although it is often assumed that the flexibility acts on a discrete point or
lumped along the gearbox and link. The two most obvious alternatives for where
flexibilities can be introduced (which are often used) are before or after the plan-
etary gears. If the coupling is with three links or more, a third alternative, which
is flexibility inbetween the planetary gears, is also possible. All these di↵erent
options will result in di↵erent structures for the sti↵ness matrix (defined as seen
from the link-side). The easiest way is to assume that most of the flexibilities
are located after the gearbox and this way the sti↵ness matrix will remain diag-
onal. If flexibilities are introduced before the gearbox on the other hand, the
sti↵ness matrix will not keep its diagonal structure but get non-diagonal terms
that couple sti↵ness for di↵erent links. The third alternative which is also the
most di�cult, is when flexibilities are introduced somewhere inbetween plane-
tary gears. In that case the mechanical structure of the gearbox and gear ratio
for each gear step has to be analysed (instead of using the gear ratio matrix). To
display how the sti↵ness matrix transforms when flexibilities are introduced be-
fore the planetary gears, an example with a two linked coupled wrist is presented
below.

m
mq 5,

m
mq 6,

5,aq

6,aq

5,a

5,b 5,c

6,a

6,b

6,c

Figure 2.10: Schematics over a coupled gearbox between last two links in the
wrist.
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Figure 2.10 shows a schematics over how a coupled gearbox between the last two
links in a robot could look like. The coupling is modelled as a planetary gear and
is a possible configuration on a real manipulator wrist. The gear ratio matrix for
the two links would be

⌘ =
"

n5 0
n56 n6

#

. (2.23)

Depending on the mechanical properties of the gearbox, the flexibilities are dis-
tributed over 5,a-5,c, and 6,a-6,c. If most of the flexibilities are assumed to be
in the region 5,a-5,b and 6,a-6,b a diagonal sti↵ness matrix, acting on and seen
from the motor side, can be formed as

Km
m =

"

km,5 0
0 km,6

#

. (2.24)

To transform the sti↵ness matrix to link side so that the variables qam, qaa and ⌧am
can be used is then done as follows. For simplicity a static case without gravity is
analysed (the superscript is added to indicate from where the variable is "seen").
First recapitulate the introduced transformations:

qmm = ⌘qam (2.25a)
qma = ⌘qaa (2.25b)

⌧ma = ⌘�T ⌧aa . (2.25c)

Define the flexibilities on motor side

Km
m (qmm � qma ) = ⌧ma . (2.26)

Use the transformations to get the equations defined on the link side

Km
m (⌘qam � ⌘qaa) = ⌘�T ⌧aa (2.27)

or expressed as

⌘T Km
m ⌘(qam � qaa) = ⌧aa . (2.28)
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Now the new sti↵ness matrix is defined as Ka
m = ⌘T Km

m ⌘ and results in the expres-
sion

Ka
m =

"

km,5n
2
5 + km,6n

2
56 km,6n56n66

km,6n56n66 km,6n
2
66

#

. (2.29)

Here it is seen that Ka
m is no longer diagonal and results in a coupling e↵ect be-

tween the flexibilities introduced in the transmission.

The same reasoning also applies to the damping matrix and the motor inertia ma-
trix. In the latter case the inertial contributions from the motor and transmission
steps have to be investigated. With the transmission inertia assumed to be on the
motor side, the dynamic ODE equations becomes

M(qa)q̈a + C(qa, q̇a) + ⌘T Km
m ⌘(qa � qm) + ⌘T Dm

m⌘(q̇a � q̇m) + g(qa) = 0

⌘TMm
m⌘ q̈m + ⌘T Km

m ⌘(qm � qa) + ⌘T Dm
m⌘(q̇m � q̇a) + ⌧f = ⌧m,

(2.30)

where Mm includes both motor and transmission inertia.

2.2.5 Mechanical Gravitational Compensator

Industrial robots designed to carry heavy workloads must be built with large,
high-weight arms to still be able to perform and not to exceed any constrains
such as stress restrictions. The extra load due to gravity increases the torque
g(qa) required just to hold the links still. This of course causes problems since the
motor torque is limited by some upper bound |⌧m|  ⌧m,max resulting in limited
acceleration and control performance. This can be motivated by rewriting (2.10)
as

M(qa)q̈a + . . . = ⌧m � g(qa), where ⌧m  ⌧m,max. (2.31)

Ideally we would like to completely compensate the term g(qa) so that all motors
could use their full working range around ⌧m = 0.

Tominimize the e↵ect of gravity every joint could be compensated by introducing
springs in the joint directions with resistive torque ⌧g (q) non-linearly depending
on the current configuration ⌧g = F (qa), where F is a vector-valued function.
To completely compensate the term g(q) the spring torque should be selected as
⌧g (q) = g(q). Extending the first row in (2.10) by introducing gravity compensa-
tion on the right hand side yields

M(qa)q̈a + . . . + g(qa) = ⌧g (qa). (2.32)

In practice however, joint one is not a↵ected by gravity and it is close to impossi-
ble to compensate for gravity in joints three to six. This is due to the fact that the
gravity torque in these joints are dependent on the configuration of all previous
joints and it is therefore hard to attach a physical spring corresponding to this
non-linearity. The second link is an exception. Since the gravity vector is always
pointing in the same direction, with respect to the joint angle, it is possible to
compensate for gravity. g2(qa) is calculated for di↵erent joint angles qa,2 (and a
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specific manipulator configuration) to create a map F2(qa,2). A spring with the
non-linear spring characteristics corresponding to F2(qa,2) can then be attached
to the manipulator to reduce the e↵ect of gravity. An example of a gravitation
compensating mechanical spring can be seen in Figure 2.11.

Figure 2.11: An example of how a gravitational compensator can look like,
marked with the circle on robot IRB6700.

2.2.6 Parallel Linkage Manipulator

Parallel linkage (PL) manipulators are a special case of the serial elbowmanipula-
tor. The dynamic equations for a rigid body PL-manipulator result in a minimal
formulation very similar to the serial manipulator. There are of course some
di↵erences in the definition of the generalized coordinates and the inertial and
active forces caused by the di↵erent rigid bodies. The dynamics can still be ex-
pressed as a system of ODEs and exhibits the same properties as the serial el-
bow manipulator. As with the serial manipulator, the PL-manipulator can be ex-
tended to a flexible joint model with spring-damper pairs in the actuated joints
sustaining the same properties. If spring-damper pairs on the other hand are in-
troduced in a non-actuated direction within the kinematic loop, see Figure 2.12,
the possibility of a minimal formulation is lost and thus also the ability to ex-
press the system as ODEs. Instead the dynamics must be expressed as a system
of dynamic algebraic equations (DAE) with the algebraic equations, �(qa) = 0,
describing position constraints. To show the di↵erence, an example with a rigid
body model of a PL-manipulator is presented below. The PL-manipulator can
be expressed as either a system of DAEs where N is introduced to transform ⌧a
to the correct rows,  (q) is the velocity constraint Jacobian, � is the Lagrangian
multipliers representing the constraint reactions, and ql includes both actuated
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and non-actuated joint angles,

M(ql )q̈l + C(ql , q̇l ) + g(ql ) = N⌧a � (q)T�
�(ql ) = 0

ql =
"

qa
qna

#

(2.33)

or as a minimal formulation of ODEs

M(qa)q̈a + C(qa, q̇a) + g(qa) = ⌧a (2.34)

only in terms of the actuated joint angles.

Figure 2.12: Elasticities introduced in the kinematic loop for the PL-
manipulator. Note that the two joints in the kinematic loop are marked out
as they now need extra DOFs to allow for the motions caused by the elastic-
ities.

Since the DAE formulation is the only way to describe an extended flexible joint
PL-manipulator, it is interesting to study the simplified model (which exhibits
the same DAE properties). To convert the DAEs into ODEs, position constraints
are di↵erentiated twice, in other words the position constraints are replaced with
acceleration constraints. The real position constraints are thus the double in-
tegration of the acceleration constraints. To keep the numerical stability and
not accumulate large errors that are introduced with double integration, [Baum-
garte, 1972] proposed a method to combine position, velocity and acceleration
constraints into a single equation as

�̈(q, q̇) + ↵�̇(q, q̇) + ��(q) = 0. (2.35)
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In the combined constraint equation, velocity and acceleration constraint are de-
fined as

�̇(q, q̇) =  (q)q̇,

�̈(q, q̇) =  (q)q̈ +  ̇(q, q̇)q̇.
(2.36)

↵ and � are parameters to stabilize the constraint at a position level. This way the
position constraints are not fixed as �(q) = 0 but rather stabilized through a feed-
back loop much like a PID-controller and is called constraint violation stabiliza-
tion (CVS). The equation rewritten as a linear equation in terms of acceleration
becomes

 (q)q̈ = � ̇(q, q̇)q̇ � ↵ (q)q̇ � ��(q) (2.37)

With the use of Baumgarte’s method theDAE presented in (2.33) can be combined
with (2.37) to form a dynamic system only consisting of ODEs

M(q)q̈ + C(q, q̇)q̇ + g(q) = N⌧a � (q)T�

 (q)q̈ = � ̇(q, q̇)q̇ � ↵ (q)q̇ � ��(q)

q =
"

qa
qna

#

(2.38)

By defining the right hand side of the CVS equation as

�(q, q̇) ⌘ � ̇(q, q̇)q̇ � ↵ (q)q̇ � ��(q), (2.39)

the system can be represented in the following matrix form:
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. (2.40)

Since ↵ and � might alter the dynamics of the system if not chosen carefully, it is
sometimes of interest to study the original problem without the CVS. This is eas-
ily done by just setting ↵ = � = 0 and is useful in situations such as model iden-
tification. If the model is to be used for simulation there are a number of ways
to choose the CVS parameters. Some of these are ↵ = � > 0 and the parameters
selected from experiments proposed by [Baumgarte, 1972]; ↵ 2 [1, 20], � = ↵2

4
explained in [Blajer, 2011]; or in a more analytical way proposed in [Flores et al.,
2009].

Further reading on the subject and on other iterative and non-parametric meth-
ods for constrained multibody systems can be found in [Braun and Goldfarb,
2009].





3
Coupling Effects

In this chapter two case studies of di↵erent types of coupling e↵ects are pre-
sented. The coupling e↵ects are analysed and evaluated of their importance for
a high-fidelity dynamic model. Both case studies utilizes mechanical data for
a real industrial manipulator manufactured by ABB. The first case study deals
with the dynamic coupling e↵ects between motors and links, introduced to the
reader in Section 2.2.3. In the second case study, mechanical coupling e↵ects in
the gearbox are investigated, introduced to the reader in Section 2.2.4.

3.1 Coupling with Motors

In this case study coupling e↵ects between motors and links are investigated.
The coupling e↵ects are analysed for a serial six axis robot to evaluate if they are
of importance to include in a high-fidelity dynamic model, i.e. if the complete
model described in Section 2.2.3 adds any important information.

The complete flexible model,
"

M(qa) S(qa)
ST (qa) Mm

# "

q̈a
q̈m

#

+
"

C(qa, q̇a) + C1(qa, q̇a, q̇m) + D(q̇a � q̇m)
C2(qa, q̇a) + D(q̇m � q̇a)

#

+
"

K(qa � qm) + g(qa)
K(qm � qa)

#

=
"

0
⌧m � ⌧f

#

,
(3.1)

adds two new types of terms compared to the regular flexible model, namely
the inertial coupling S and the Coriolis terms C1 and C2. Due to their nature,
S(qa)q̈, is only depending on acceleration (and configuration), and C1(qa, q̇a, q̇m),
C2(qa, q̇a), are only depending on the velocity (and configuration), S and C-terms
can be analysed independently from each other.

27
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3.1.1 Inertial Coupling

To analyse what forces the inertial coupling S(qa)q̈ adds to the dynamic equations,
each element in the matrix is evaluated independently. For the manipulator used
in the case study S(qa) is only configuration dependent on two joint angles. This
drastically decreases the number of configurations needed for the analysis. Also
the structure of S(qa),

S(qa) =
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, (3.2)

makes the evaluation fairly simple.

Neglecting all other terms than the inertial terms in (3.1) results in a simplified
equation suitable for the study. With superscript added to indicate where vari-
ables are defined, the equation becomes

"

M(qa)a S(qa)m

ST (qa)m Mm
m

# "

q̈aa
q̈mm

#

+
"

Ka(qaa � ⌘�1qmm)
Ka(⌘�1qmm � qaa)

#

=
"

0
⌧mm

#

. (3.3)

To simplify it further all variables defined on the motor-side are transformed to
the link-side. The expression with all parameters defined on the link-side be-
comes

"

M(qa)a S(qa)m⌘
⌘T ST (qa)m ⌘TMm

m⌘

# "

q̈aa
q̈am

#

+
"

Ka(qaa � qam)
⌘T Km(qam � qaa)

#

=
"

0
⌧am

#

. (3.4)

The magnitude of the S-matrix can now be calculated by evaluating the expres-
sion for di↵erent configurations. The configurations needed, to with su�cient
confidence, draw any conclusions on the importance of the inertial couplings are
those causing large terms in S(qa)m⌘ and small terms in the diagonal of M(qa)a.
Such configurations are

qa,Config.1 =
h

0 0 �⇡
2 0 0 0

i

and

qa,Config.2 =
h

0 0 ⇡
2 0 0 0

i

.

In the first configuration the torque S(qa)m⌘ q̈a adds to joint 1 is as large as pos-
sible and M(qa)[1,1] close to minimal. In the second, M(qa)[2,2] and M(qa)[3,3] is
close to minimal. The torque S(qa)m⌘ q̈a adds to joint two and three are indepen-
dent of the configuration.

A fair approximation is that [qam,4, q
a
m,5, q

a
m,6] defined on link-side are assumed

to be in the same order as motor speeds for the first three links [qam,1, q
a
m,2, q

a
m,3].

Normalization of S(qa)m⌘ with the diagonal elements of M(qa)a is thus valid and
facilitates the evaluation. In the following equations, rows of the normalized S-
matrix are presented for the selected configurations,
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S(qa,Config.1)[1,1..6]
M(qa,Config.1)[1,1]

=
h

0.0099 0.0 0.0 0.0017 0.0019 0.0015
i

,

S(qa,Config.2)[2,1..6]
M(qa,Config.2)[2,2]

=
h

0.0 0.0 0.0065 0.0 0.0 0.0
i

,

S(qa,Config.2)[3,1..6]
M(qa,Config.2)[3,3]

=
h

0.0 0.0 0.0040 0.0 0.0 0.0
i

.

(3.5)

It is obvious that the e↵ects of the S-matrix are fairly small compared to the mass
matrix. In the most extreme situation it might account for ⇡ 1% of the torque
originated from angle accelerations, in a normal working cycle it would result in
an even lower percentage.

3.1.2 Coriolis Effects

The evaluation of Coriolis e↵ects is more di�cult. The expressions are very large
and both configuration and velocity dependent, which makes the e↵ects hard to
evaluate algebraically. The e↵ects are instead analysed with the use of a simu-
lated manipulator model including the Coriolis e↵ects. To reduce the complexity,
the simulation model is simplified to a rigid body model of the manipulator. By
using a rigid body model, simulation time decreases drastically without loosing
any of the e↵ects of the Coriolis terms 1. The trajectory used in the simulation is
especially designed to "activate" the Coriolis terms with high velocities. To fully
capture the magnitude of the e↵ects in high velocities, acceleration constraints
and structural stress constraints are neglected when generating the trajectory.
The simulation is therefore an extreme case that most likely overestimates the
magnitude of the Coriolis e↵ects.

The reference signal is a trajectory composed of sinusoids with di↵erent frequen-
cies for each joint. The measured torques, originating from the Coriolis e↵ects,
are normalized with the maximal torque acting on the joint. In Figure 3.1 the
results for the second joint are presented, which includes the total torque act-
ing on the joint and the torque originated from the Coriolis e↵ects. The order
of magnitude seen in the figure is reoccurring for all other joints and in other
configurations as well, but it does not exceed ⇡ 0.1% in the simulations.

1Deflection velocities for qna have too high frequencies to add any value in this analysis.
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Figure 3.1: A ten seconds long data sequence of the simulation. In the upper
plot, torque for both the second joint and the Coriolis torque acting on the
joint are presented, both normalized with the maximum torque. To better
show the magnitude of the Coriolis torque it is also presented in the lower
plot with a scaled y-axis.

3.1.3 Conclusions

Due to the small magnitude of torque the extra terms add to the dynamic equa-
tions, the significance of the coupling e↵ects between motors and links are very
low. Even in a high-fidelity dynamic model these e↵ects do not add much value
compared to the computational operations it also introduces. The conclusion is
therefore that the e↵ects can be neglected without loosing any dynamic phenom-
ena interesting in a simulation model, at least for the manipulator used in this
case study.

By studying the analytic expression for the S-matrix S(qa)m⌘ and comparing it
with the mass matrix for the motors ⌘TMm

m⌘, a more general conclusion can also
be drawn. As S(qa) is a linear function in motor inertia the ratio between S(qa)m⌘
and ⌘TMm

m⌘ will always be around ⌘�T . Coupling e↵ects are therefore very small
compared to mass matrices and most probably negligible as long as high gear
ratios are used and accelerations between di↵erent joints are not too di↵erent.
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3.2 Coupled Gearbox

In this section a case study of an industrial robot with a coupled gearbox between
the three wrist joints

h

qa,4 qa,5 qa,6
i

is presented. The case study focuses on
how a coupled elastic gearbox should be modelled and how it a↵ects the sti↵ness
matrix.

3.2.1 Gearbox Modelling

The manipulator in the case study is constructed such that the three wrist joints
are coupled and a schematics over the mechanical structure of the wrist can be
seen in Figure 3.2. The mechanical parts that introduce the coupling e↵ects are
three planetary gears in between drive shaft four to five, four to six and five to six
respectively. The coupling e↵ects results in that the gear ratio matrix for the last
three joints becomes lower triangular as

⌘ =

2
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n4 0 0
n45 n5 0
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5

. (3.6)
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Figure 3.2: Schematics for the gearbox in the analysed manipulator.



32 3 Coupling E↵ects

The transmission can also be further characterized with the gear ratio for each
step in the transmission. The gear ratios for the planetary gears are defined as
rpg =

zp
zs

where zp and zs are the number of teeth for the planetary and sun gear.
The gear ratio equation is defined as wc = wa(1 + rpg ) � wprpg , and each step in
the transmission can be used to describe the gear ratio n. For example:

n4 =
1
r4
,

n45 =
1 + r45
r4r5,2

,

n5 =
1

r45r5,1r5,2
.

(3.7)

Assuming that the flexibilities in the gears are negligible compared to flexibilities
in the drive shafts, springs can be introduced on discrete points along the drive
shafts2. Figure 3.3 shows how the discrete flexibilities are introduced in between
the gear steps. By also introducing masses and inertia for each gear the complete
gearbox can be described as a system of ODE’s,

Mgear q̈ + Kq = ⌧. (3.8)

Mgear is the mass matrix for all gears, K is the sti↵ness matrix including all elas-
tic parameters introduced and ⌧ is the vector corresponding to input and output
torques from the gearbox. Modelling the gearbox this way would yield a system
of ODE’s which theoretically would be very accurate, but it would also intro-
duce a lot of variables corresponding to angles along the three drive shafts. The
complexity would therefore increase tremendously and also the mechanical data
needed for each gear-step. Problems also arise from the fact that data for the
elastic parameters are needed either from the mechanical data or from system
identification. Neither of these alternatives are suitable since spring constants
calculated from mechanical data would be very hard to get with su�cient ac-
curacy, identification of all spring constants would instead su↵er from identifia-
bility problems. There exists a need for a more simple gearbox model without
loosing the ability to accurate model the coupling e↵ects. The method proposed
in this thesis is to evaluate the lumped flexibilities approximately, and select the
most important and neglect the rest. The inertia is also simplified to the motor
side, since internal oscillations in the gearbox have frequencies outside the inter-
esting frequency range.

2A fair approximation for modern gearboxes with low backlash due to low error tolerances.
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Figure 3.3: Schematics over a coupled gearbox between last three links in
the studied manipulator.

3.2.2 Proposed Method

The method for selecting the most important springs is as follows. Each spring
constant is calculated approximately with the use of geometric and mechanical
data. Assuming all shafts are circular the elastic constants are calculated as

K =
E

2(1 + ⌫)
⇡(D4 � d4)

32L
, (3.9)

where E is the materials Young’s modulus, ⌫ is Poisson’s ratio, D and d are the
outer and inner diameter of the shafts respectively, and L the length of the shaft.

To find the most dominant flexibility the contribution to the total deflection is
calculated and transformed to either the motor or link-side. In this step coupling
e↵ects are neglected since the interesting information is each flexibility rather
than the complete gearbox flexibility. If flexibilities are transformed to the motor-
side each elastic constant has to be divided with the square of the total gear ratio
from the position of the flexibility to the link side.
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The transformation is calculated according to,

Ka
i,j =

Ki,j
 

Q

k
rk

!2 , (3.10)

where k is the index for the gear ratios from the flexibility’s position to the link
side. Ka

6,5 would, for example, be calculated as

Ka
6,5 =

K6,5

(r6,1r46r6,2r56)2
. (3.11)

The contribution from each lumped elasticity can then be calculated as

�i,j =
Ka
i,j

P

l
Ka
i,l

, forj = 1 . . . 5, i = 4 . . . 6. (3.12)

For the manipulator in this case study the distribution, calculated as explained
above, is presented in Table 3.1. The results point to that there clearly exist elas-
tic coupling e↵ects that need to be taken into account, i.e. there exist flexibilities
on the motor-side of the gearbox. The methods for choosing which elasticities to
introduce are of course a compromise between fidelity, complexity and identifia-
bility. More parameters introduced in the model also mean that it is possible to
achieve a higher fidelity but on the other hand the introduced parameters might
not be identifiable with enough accuracy. One method for choosing where to
place the elasticities, without increasing complexity of the model, would be to
use the information on maximum contribution and select those springs. This
way the number of parameters to identify stays the same, but the most dominant
coupling flexibilities are captured.

Table 3.1: Contribution from the flexibility in each gear step to the total
flexibility in each drive shaft.

i Ki,1 Ki,2 Ki,3 Ki,4 Ki,5
4 : 1.00 0.00 � � �
5 : 0.013 0.602 0.251 0.134 �
6 : 0.0021 0.259 0.011 0.086 0.642
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3.2.3 Result

With use of the proposed method for choosing where to place the flexibilities, the
resulting sti↵ness matrix for the last three joints would become a symmetric and
non-diagonal matrix,
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. (3.13)

Note that k4 and k5 are defined on the motor-side and are therefore n2:th order
smaller than k6 which is defined on the link-side.

3.2.4 Conclusions

More analysis of the elastic coupling e↵ects is needed before any definite conclu-
sion can be drawn. There definitely exist e↵ects which normally are neglected but
more information is needed on the impact of the e↵ects. Especially interesting
would be a comparison between a model identified with a non-diagonal sti↵ness
matrix as in (3.13) to a model identified with a diagonal sti↵ness matrix. Such a
comparison could be done in the time plan in a simulation environment to study
di↵erences in absolute accuracy. It would also be interesting to do a comparison
in the frequency domain to study if the coupling e↵ects add any information in
the interesting frequency range.





4
Elastic Model Identification

In the process of deriving accurate, high-fidelity manipulator models there will
always be many undefined parameters. Since most models derived in this thesis
are on grey-box form1 many of these values can be obtained from mechanical
specifications for the manipulator at hand. Examples of such parameters are arm
lengths (Lx,y,z), arm center of gravity (Lcog ), fixed inertias (Jm,t), arm masses m,
and gear ratios ⌘.

On the other hand when it comes to structural sti↵ness K and damping D param-
eters they can not be directly interpreted as given constants. The reason for this
being that the real system has been simplified to fit into the limitations of the
model. Flexible, continuous bodies have been described as rigid bodies concate-
nated with spring-damper pairs that jointly model flexibilities in arms, gearboxes,
and bearings at discrete points in the mechanical chain.

This chapter describes how these parameters are identified for a PL-manipulator
manufactured by ABB.

4.1 Identification Algorithm

The identification algorithm used for identifying the gray box model utilizes
multi-variable frequency-domain identification. The algorithm is briefly explained
in this text and for a more detailed description see [Wernholt, 2007] who pro-
poses the algorithm for robot identification and [Moberg, 2013] who develops it
further.

1Model parameters have an actual physical meaning.
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The main idea behind frequency-domain identification is to study what proper-
ties a model exhibit in the frequency-domain rather than in the time-domain.
In this identification algorithm a non-parametric frequency response function
(FRF) obtained from experimental data, Ĝk(!), is compared to a parametric FRF
calculated from a grey-box model, Gk(!, ✓), where ✓ are the unknown elastic
parameters. Six inputs as torques and six outputs as motor accelerations yields
k 2 1..36 forming a total of 36 FRFs. To fit the elastic gray-box model to the exper-
imental FRFs,MATLAB ’s optimization toolbox and the function fminunc is used.
fminunc is a general function that minimizes unconstrained and non-linear cost
functions.

Since the grey-box model is non-linear in q and q̇, it is first linearised into state-
space form to enable the FRF to be calculated. Identification with the proposed
algorithm of the extended flexible joint model from Section 2.2.1 recapitulated
here,

Ml (ql )q̈l + C(ql , q̇l ) + g(ql ) = ⌧l
⌧a = Ka(qa � qm) + Da(q̇a � q̇m)
⌧na = �Knaqna � Dnaq̇na

⌧m � ⌧a = Mmq̈m + ⌧f

ql =
h

qa qna
iT

⌧l =
h

⌧a ⌧na
iT

,

(4.1)

would be as follows. The equations are first rewritten in matrix form
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(4.2)

Here f contains the gravitational, centrifugal and Coriolis terms. M is the com-
plete mass matrix for both manipulator and motors, D̃ and K̃ contain the elastic
parameters and finally U corresponds to the torque input matrix. Using the de-
fined matrices and D̃, K̃ 2 ✓, the system of ODEs can be rewritten in a more
compact form as

E(x)ẋ = Fx + Gu + F (x)
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(4.3)

The simplifications used in the linearisation is F (xi ) ⇡ 0 and @M(x)
@x

�

�

�

xi
⇡ 0. These
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simplifications hold well since the gravitational terms do not a↵ect the interest-
ing frequency range and can therefore be neglected, shown in Section 4.3. The
Coriolis and centrifugal terms disappear since they both depend on quadratic
terms in velocity and the linearisation is around zero velocity. Finally, the move-
ment in x is very small and the mass-matrix does not change rapidly, which
makes @M(x)

@x

�

�

�

xi
⇡ 0 a good approximation. The result, if the model is linearised

in a certain manipulator configuration xi i 2 1..N , becomes

ẋ = E(xi )�1F(✓)x + E(xi )�1Gu

y = Cx + Du
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(4.4)

The FRF for a specific configuration can thus be calculated as

G(i)(!, ✓) = C
⇣

I · i! � E(xi )�1F(✓)
⌘�1

E(xi )�1G + D. (4.5)

The non-linear model, linearised in a certain configuration xi , is called a local
model. To capture more of the dynamic e↵ects and make all parameters identi-
fiable, experiments and linearisation has to be obtained in a number of di↵erent
configurations. Resulting in N non-parametric FRFs Ĝ(i)(!), i 2 1..N , and N
local models G(i)(!, ✓), i 2 1..N that are weighted together and identified at the
same time to form a global model.

The error between the non-parametric FRFs and the local models FRFs, forms
the cost function and can be calculated as the weighted logarithmic least squares
(LLS),

✏ik(!, ✓) = log(|G(i)(!, ✓)|) � log(|Ĝ(i)(!)|)

V LLS (✓) =
N
X

i=1

36
X

k=1

X

!

W
(i)
k • ✏ik(!, ✓)✏ik(!, ✓)T .

(4.6)

The minimization problem is formulated as

✓̂ = argmin
✓

V LLS (✓). (4.7)

Since the estimated parameters not always are in the same order of magnitude
they are normalised as

8

>

>

>

<

>

>

>

:

ˆ̃✓ = argV
✓̃

LLS (✓initial • e✓̃)

✓̂ = ✓initial • e
ˆ̃✓ .

(4.8)
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4.2 Elastic Model

The performance of the identified model relies heavily on what elastic DOFs
exists and if they are defined in such a way that the real dynamics is correctly
modelled. Since modelling a manipulator with lumped elasticities is an approx-
imation, it will always contain some errors. The important thing is to capture
the most dominant flexibilities in the structure that also cause the major part
of the resonances and anti-resonances in the specified frequency range of the
FRF. There are a number of ways to analyse what elastic DOFs to include in
the model. The top-down approach would be to start o↵ with an FEM-model
(Finite-Elements-Method) and start decreasing the elements until a good balance
of complexity, performance and identifiability is achieved. Another way would
be to use the bottom-up approach in which the model, starting from a rigid body
model, is extended with elastic DOFs until good a trade-o↵ between model com-
plexity and accuracy is achieved. In this text the bottom-up approach is used
and the introduced elasticDOFs are chosen after a careful study of the frequency
response, the cost function, and knowledge of the real structural flexibilities in
the manipulator.

There are two main ideas behind studying the frequency response for deciding
what elastic DOFs to introduce. Firstly, the local models must have enough elas-
tic DOFs to model the most dominant resonance and anti-resonance peaks. Sec-
ondly, the local models must converge to a global model so that the most domi-
nant resonance and anti-resonance peaks can be modelled in all configurations.
It is therefore possible just by analysing and compare the frequency responses to
get a rough idea of how good the model is and if more elastic DOFs need to be
introduced.

The cost function is also a very useful tool to investigate how good amodel is. It is
easy to compare two di↵erent global models cost functions. It is also useful since
very small improvements can be detected compared to only visually studying
the frequency responses, which is of importance when non-linear springs are
introduced and evaluated.

For the regular serial manipulator there has been some research presented in
[Moberg, 2013] on what elastic DOFs to introduce. It might be assumed that the
same elastic DOFs can be used for the both the serial and the PL-manipulator. It
is shown in this text that this might not be the case, since the same elasticities can
not be implemented without also loosing the ability to model the PL-manipulator
without constraint equations. If position constraints are included new di�culties
with linearisation and CVS emerges.
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There are mainly two di↵erent approaches for how to tackle the problem of iden-
tifying the model parameters in a PL-manipulator. One alternative is to utilize
the minimal formulation of the dynamic equations and try to approximate the
elastic modes in the parallel linkage by introducing extra, possibly non-linear,
elasticDOFs. Another alternative is to model the PL-manipulator in a more phys-
ically correct way but also introducing the constraint equations, forming a DAE.

4.2.1 Modelling with Position Constraints

For the more physically correct model of the PL-manipulator, the results from
Section 2.2.6 are used. The dynamic equation (2.40) recapitulated here,
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are used in the identification. With flexibilities introduced in the parallel linkage,
non-linear elastic terms need to be added to the equations. For a complete model
with elasticities both in the regular structure D̃1, K̃1 and in the kinematic loop
D̃2, K̃2, see Figure 4.1 for an example of positioning of the spring-damper pairs,
the dynamic equation becomes
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The approach to linearise the new model is a bit di↵erent than previously ex-
plained in Section 4.1. Here the four new non-linear terms, D̃2(q)q̇, K̃2(q)q, �(q, q̇),
and  (q) need to be taken into account. Using the same notation as in (4.3) the
equation can be rewritten as

E(x)ẋ = Fx + F (x)
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and the linearisation can be done as follows. �(q, q̇) always contains quadratic
terms in velocity and ends up as zero in the linearisation (with the CVS parame-
ters set to zero). D̃2(q)q̇ and K̃2(q)q end up as linear terms after the linearisation
and f (q, q̇) is neglected, as in the previous case for the serial manipulator. This
yields that F (x) contains the non-linear sti↵ness expressions. E(q), with the new
term  (q), is still invertible described in [Blajer, 2011]. A problem that occurs
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Figure 4.1: Elasticities introduced both in regular structure and in the kine-
matic loop. Note that the introduced elasticities are marked with R for
rotational- and T for translational motion.

is that the linearisation should be performed on the terms E(xi )�1F (x). Because
of computational reasons, it is not possible to invert the matrix E(x) symbolically
and do the linearisation correctly. The approximation

@
⇣

E(x)�1F (x)
⌘

@x

�

�

�

xi
⇡ E(xi )�1

@F (x)
@x

�

�

�

xi
(4.12)

therefore has to be used instead. The implications of using the simplification
@ (x)
@x

�

�

�

xi
⇡ 0 need to be investigated further. A high derivative of the velocity

constraint Jacobian, @ (q)
@q , could result in that the linearisation will give very

poor performance but such analysis is outside of the scope for this thesis.

This method for identifying a manipulator would be the most physically correct
way but would also result in a model where the linearisation is more complex
and with constraints that need to be stabilized. As discussed in Section 2.2.6 CVS
might not always be trivial if the original dynamics must remain untouched. It
is therefore interesting if modelling the manipulator using the minimal formu-
lation results in good enough accuracy. This way the problems with stabilizing
acceleration constraints would be removed and also most of the linearisation com-
plexity.
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Figure 4.2: The main spring-damper pairs that needs to be approximated
outside the loop if minimal formulation modelling is used.

4.2.2 Minimal Formulation

By the use of the minimal formulation method for modelling the PL-manipulator,
the identification algorithm can be used in the exact same way as proposed in
Section 4.1. The challenge would instead be tomodel the elastic modes physically
appearing in the kinematic loop, shown i Figure 4.2, outside of the kinematic
loop.

The method proposed in this thesis is to re-arrange the elastic DOFs and move
them outside of the kinematic loop. Figure 4.3 shows how the spring-damper
pairs are re-located outside of the loop. To model the counter-weight, located in
the parallel linkage, a mass is connected to the second link via a spring-damper
pair around the Z3-axis. This is a simplification of the real system which is non-
linear, as it is also connected to the parallel-linkage that acts as a constraint force
on the weight. Some of the coupling e↵ects between the weight and other elas-
ticities are thus also lost. Since the deflection in the spring-damper pair is very
small, the non-linearities and coupling e↵ects are most likely negligible. The er-
rors introduced with the approximated counter-weight would therefore be very
small. The translational spring damper pair in the parallel-linkage is replaced
with a non-linear and configuration dependent spring-damper pair around Y3
axis located just after third joint. If the non-linearities are calculated correctly
the neglected e↵ects from the non-linear geometric deflection are also most likely
minimal and the simplification holds well. The two spring-damper pairs around
Z2 and X2 axes originally located in the second link are modelled as a combina-
tion of spring-damper pairs around X1, Z1, and X3, Z3 located just before the
second joint and after the third joint respectively. This is where the neglected
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Figure 4.3: One way to approximate the elasticities inside the kinematic
loop is with a combination of an pseudo-weight connected via a spring-
damper pair and a 3-DOF spring-damper pair including an non-linear,
configuration-dependent spring (around the Y3-axis).

phenomena are the largest and some known configuration dependent elastic ef-
fects are not modelled. The e↵ects that the simplification neglects is that the
elastic DOFs should be around the X2 and Z2 axes and their motions thereafter,
some configuration dependent resonances in the frequency response are possibly
missed and model errors are introduced.

Other e↵ects needed to be accounted for are the sti↵ening spring behaviour seen
in the the actuated joints explained in Section 2.2.1 under Non-Linear Flexibil-
ities. The actuated spring-damper pairs are approximated with a third order
polynomial as

⌧spring = K1,i (ql,i � qm,i ) + K2,i (ql,i � qm,i )3. (4.13)

Since the new spring is non-linear it has to be linearised around a certain deflec-
tion �. To get the deflection (4.13) is solved for �with known sti↵ness parameters
and the torque caused by gravity. The steady state torque induced by gravity can
be extracted from Figure 4.4 which shows the distribution of the input torque
from experimental data. The distribution is presented in three di↵erent configu-
rations, i.e. linearisation points used in the identification process, and for all six
joints. Here it is seen how the mean value of the distribution is shifted for di↵er-
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ent configurations according to the gravity acting on the joint. The mean value is
then used to calculate the deflection and also to decide where on the non-linear
spring curve the linearisation should be performed. The final equation imple-
mented in the linearised local models is the linearised third order polynomial,

Ki = (K1,i + 3K2,i�
2). (4.14)
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Figure 4.4: Distribution of input torque for the experiment data captured in
three di↵erent configurations. Diamonds show the mean values.
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4.3 Results

This section presents the results from the identification process and it includes:
motivation for why the simplifications work, motivations for why extra elastic
DOFs are introduced in the model, and also an example of the frequency re-
sponse the final model produces.

To motivate the simplifications to neglect the gravitational terms are valid, Fig-
ure 4.5 shows a comparison between a model with and without the gravitational
terms along with the experimental frequency response. It is clear that the grav-
itational terms do not add any information in the frequencies of interests in the
frequency response. This behaviour is also seen in all other configurations and
joints.
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Figure 4.5: A frequency response for a joint a↵ected by gravity in one con-
figuration. The frequency response illustrates the di↵erences of two models
with and without gravitational terms in the linearisation along with the ex-
perimental frequency response. The two models are plotted for a larger span
of frequencies and also with a logarithmic x-axis to more clearly show what
e↵ects the simplification have.
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In Figure 4.6 the frequency response for a diagonal element for two local mod-
els are compared to the experimental data. Model a with too few elastic DOFs is
compared with model b that has more elastic DOFs introduced. The comparison
clearly shows that model a is not able to capture the high frequency resonances.
Model b is able to capture these resonances but estimates too high damping pa-
rameters which seems to be a general problem in the identification process. This
is probably due to a compromise in the optimization since the model always con-
tains errors and the experimental data are noisy.

In Figure 4.7 two globally identified models are compared to the experimental
data. Model b (same as in Figure 4.6) clearly has to make compromises between
the di↵erent configurations and misses to capture some of the resonances. Model

c, on the other hand, is equipped with even more elastic DOFs and the compro-
mises are much smaller resulting in a better curve fit.
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Figure 4.6: Two models locally identified compared. It is clear that model

a does not have enough elastic DOFs to model the local frequency response
but model b does. The gray area marks the 95% confidence interval for the
estimated frequency response.
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Figure 4.7: Two models globally identified. The figure shows how model b

does not have enough elastic DOFs to model the FRF in all configurations
but rather results in an compromise. Model c is the same asmodel b but with
two more elastic DOFs and the result is that the compromise is much better.
The gray area marks the 95% confidence interval for the estimated frequency
response.
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The resulting model with the use of the proposed method for selecting elastic
DOFs yields a model that fits the experimental frequency response very well. A
comparison with all 36 elements for a selected configuration can be seen in Figure
4.8.
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Figure 4.8: All 36 elements of the frequency response in one configuration.
Experiment data is visualised with dashed lines and the linearised model is
visualised with solid lines. The gray area marks the 95% confidence interval
for the estimated frequency response.



50 4 Elastic Model Identification

4.4 Conclusions

Modelling a PL-manipulator, without accounting for elastic behaviour in the kine-
matic loop, works up to a certain level of fidelity. It is always an approximation
of reality and some configuration dependent phenomena are hard or even impos-
sible to model this way. Especially some minor frequency resonances for joint
1 � 3 are hard to model correctly. The frequency responses show that flexibili-
ties physically appearing in the second link are, as expected, modelled with with
a combination of springs located in the first and third link. The result is that
too high damping constants are estimated to reduce the configuration dependent
errors in the global model, but in contrast also induce other errors. Especially ac-
curacy in modelling flexibilities physically appearing in the first and third links
su↵er from this trade-o↵.

Errors also arise from the approximation of the actuated springs as a third or-
der polynomial. The sti↵ening spring behaviour is modelled correctly but errors
arise from the linearisation around a given deflection. By studying the distribu-
tion for motor torque and also analysing the standard deviation, conclusions can
be drawn that the standard linearisation is not enough. As seen in Figure 4.9 the
regular linearisation does not seem to su�ce since the deflections vary a lot for
configurations with high standard deviations. Another method for linearisation
is needed, and in [Wernholt, 2007] it is suggested that a statistical linearisation
should be used instead. Such an approach could be to fit a linear curve to the
third order polynomial and use the torque distribution as weights. The example
in Figure 4.9 clearly shows the di↵erences. It is especially important for joint 1
where it is impossible to capture the e↵ects of sti↵ening springs since it is unaf-
fected by gravity and the linearisation is always performed around zero deflec-
tion. The phenomena also exists in other joints in configurations where gravity
induced stress is large. In the frequency response it results in that too low sti↵-
ness parameters are estimated and resonances are shifted to a lower frequency,
around 0.1 - 0.5Hz.
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Figure 4.9: A comparison between di↵erent linearisation methods. The X
marks around what deflection the linearisation is performed.
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Friction Identification

The presented friction models in Section 2.2.2 are empirically derived and con-
tain parameters without any true physical meaning emphasizing the need for sys-
tem identification. This chapter will describe the process of identifying friction
parameters for a serial manipulator.

It is a known phenomenon that friction characteristics vary with temperature and
the current payload. The models that are derived in this thesis are for a robot in
a steady-state temperature, i.e a cold robot that have been idle before each test or
a warm robot that have been performing intense work for a long period of time
before each experiment. Lastly in this chapter a strategy for adaptive estimation
using an extended Kalman filter (EKF) is presented. This enables adaption for
varying temperature. Friction is of course present in all joints but for the scope
of this thesis only friction in joint three have been examined.

5.1 Static Friction Model

A relatively straightforward start is to identify a static friction model. The choice
here was Tustins model described in (2.17) as it is relatively simple yet modelling
velocity dependence. The model contains four parameters Fc, Fs, ⌫s and ↵2
which need to be identified. The resulting parameters from the identification are
also used as a foundation for identification of the dynamic model discussed later.
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Equation (2.17) is due to the sgn-function discontinuous. To avoid discontinuities
this can be modified by replacing sgn(q̇) with the approximation

sgn(q̇) ⇡ tanh(kq̇) if k >> 1. (5.1)

Since d
dx tanh(kx)|x=0 = k, k needs to be su�ciently large to give a small error.

Substituting (5.1) into (2.17) yields the new smooth model as

⌧̂f (q̇) = tanh(kq̇)


Fc + (Fs � Fc)e�(
q̇
⌫s
)2
�

+ ↵2q̇ (5.2)

which is identical to the one proposed in (2.17) except it introduces a small error
around q̇ = 0 caused by the approximation.

A schematic layout of the identification process can be seen in Figure 5.1. Due to
gravity the robot is unstable in open loop and therefore identification has to be
carried out in closed loop. The measured signals in the experiment are the input
torque ⌧IN given by the controller and the output angular velocity of the motor
q̇. The system is excited by various constant velocity references in the entire
working range of the motor, reaching from zero to maximum velocity, giving
corresponding torque measurements ⌧IN .

Figure 5.1: Identification layout for the static friction model.

A problem with this type of identification is that the actual friction force ⌧f is not
directly measured. Instead it is indirectly calculated by the required input torque
⌧IN . Assuming perfect control of the motor current and that the real dynamics
are described according to

M(q, q̇)q̈ + C(q, q̇) + g(q) + ⌧f (q̇) = ⌧IN (5.3)

the input torque can be used to calculate a friction torque estimate. Moving
with constant velocity the acceleration term M(q, q̇)q̈ can be neglected. Also the
Coriolis and centrifugal terms in C(q, q̇) can be neglected by only moving one
arm at a time. This results in the friction torque ⌧f ⇡ ⌧IN � g(q).
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A convenient way to isolate ⌧f from g is to repeat the same motion twice but with
reversed speed i.e collecting ⌧+IN and ⌧�IN . Since ⌧f (q,�q̇) ⇡ �⌧f (q, q̇) the friction
torque is given by

⌧+IN = ⌧f (q, q̇) + g(q)

⌧�IN = ⌧f (q,�q̇) + g(q)
(5.4)

=) ⌧f (q, q̇) =
⌧+IN � ⌧�IN

2
.

For the identification 48 runs are used with varying constant motor velocities
between zero and maximum. For each constant speed the input torque ⌧IN is
recorded giving a data batch q̇ and ⌧f (q̇) containing N = 48 samples that are
used to fit the model in (5.2). The fitting process is carried out in MATLAB by
minimizing the cost function

V (✓) =
N
X

i=1

Wi✏
2
i =

N
X

i=1

Wi (⌧f ,i � ⌧̂f (q̇i , ✓))2 (5.5)

where Wi is a weight function used to prioritize data points, ✏i the model error,
and ✓ a vector containing all model parameters.

Fitting the collected data to (5.2) yields a parameter vector ✓̂ resulting in the
Stribeck curve in Figure 5.2. The fitted model does not describe the measured
data very well and as an attempt to improve this the weight functionWi = 1

i4
, i =

1 . . . N is used giving a better fit for low velocities. The data for higher velocities
however show a degressive tendency which can not be modeled by the linear
viscous term ↵2q̇ in (5.2).
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Figure 5.2: Static model fit to measured data. Optimization using no weight
(solid), optimization with higher weights on lower velocities (dashed).
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To be able to better describe the measured data an extra quadratic term is intro-
duced in the model according to

⌧̂f (q̇) = tanh(kq̇)


Fc + (Fs � Fc)e�(
q̇
⌫s
)2 + ↵3q̇

2
�

+ ↵2q̇. (5.6)

With this extension, as can be seen in Figure 5.3, the newmodel fits the measured
data better with the same weight for all data points i.e Wi = 1, 8i. The quadratic
parameter ↵3 gets a negative value resulting in the degressive shape. Note how-
ever, this model can not directly be extrapolated to higher velocities since it is
very unlikely that the friction torque should start to drastically decrease as the
model would suggest. For this specific case however, data are collected for the
maximum reachable velocity guaranteeing model validity in the entire working
range.
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Figure 5.3: Extended static model fit tomeasured data using the sameweight
for all data points.

5.2 Dynamic Friction Model

To further increase the fidelity of the model identified in Section 5.1, the static
model can be extended with its dynamic alternative, called the LuGre model.
This model converges to the static model at steady state but introduces a dynamic
state z and two new parameters �0, �1 to describe the dynamics as

8

>

>

>

>

>

<

>

>

>

>

>

:

ż(q̇) = q̇ � �0 |q̇|g(q̇) z(t)

g(q̇) = Fc + (Fs � Fc)e�(
q̇
⌫s
)2

⌧f (q̇, z, ż) = �0z + �1 ż + ↵2q̇.

(5.7)
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Extending the model with a quadratic viscous term ↵3sgn(q̇)q̇2 and replacing all
discontinuities (|q̇|, sgn(q̇)) by continuous approximations results in the complete
estimation model as

8

>

>

>

>

>

<

>

>

>

>

>

:

ż(q̇) = q̇ � �0 tanh(kq̇)q̇
g(q̇) z(t)

g(q̇) = Fc + (Fs � Fc)e�(
q̇
⌫s
)2

⌧f (q̇, z, ż) = �0z + �1 ż + ↵2q̇ + tanh(kq̇)↵3q̇
2

. (5.8)

Instead of exciting the closed system with a variety of constant speed references
the reference is now a varying frequency sinusoidal (chirp) signal as

q̇ref (t) = Acos(2⇡f (t)t). (5.9)

A is a constant used to obtain a su�ciently large amplitude of themovement. The
frequency f (t) ⇡ 0.5 is kept low giving as low velocities as possible and several
zero crossings to reveal the friction dynamics.

In practice however the reference is not a perfect sinusoidal. The signal contain
glitches as can be seen in Figure 5.4. The exact shape of the signal is not crucial
as long as it varies slowly around zero.
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Figure 5.4: Sample of measured input velocity compared to the reference
signal.
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In this experiment the friction torque ⌧f can not be isolated from the input torque
⌧IN using the same strategy of compensating for gravity g(q) as for the static
model. The reason for this being that the arm no longer moves with constant
speeds introducing acceleration torque. Even if it was possible to compensate
for the full rigid body model (RB) this is not correct. The true system is a flexible
continuous bodywhich would introduce an error ✏RB in the frictionmeasurement
according to,

⌧IN = ⌧f + RB(q, q̇, q̈) + ✏RB (5.10)

corresponding to the di↵erence of the real system and the RB-model. For the
identification of the static model it is assumed that this error was very small
during constant velocity but for more general movements this will not hold.

To better compensate for acceleration and gravity a more realistic dynamic model
(DM) is needed . This model still contain errors ✏DM but ✏DM < ✏RB giving a
better measurement of the friction torque ⌧f . To compensate for the dynamic
model, calculations of the inverse dynamics ⌧DM = DM(q, q̇, q̈) have to be carried
out. The friction measurement is then obtained from

⌧IN = ⌧f + DM(q, q̇, q̈) + ✏DM =)
⌧̂f ⇡ ⌧IN � ⌧DM

(5.11)

where ⌧̂f is the estimated friction torque.

Under these assumptions the identification process requires three measurements
to be able to fully identify the friction model. The layout for identification very
much resembles the layout used in the case of the static model, see Figure 5.5. The
needed measurements are motor angular velocity q̇, the dynamic model torque
⌧DM and the input torque ⌧IN given by the controller.

Figure 5.5: Layout of the dynamic identification experiment.
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The identification utilizesMATLAB ’s system identification toolbox and theNon-
linear grey-box model for optimization. The optimization minimizes the squared
prediction error ✏ using a Trust-Region Reflective Newton method with the cost
function

V (✓) =
N
X

i=1

✏2i =
N
X

i=1

(⌧̂f ,i � ⌧f ,i |i�1(q̇i�1, ✓))2. (5.12)

Data are collected for several minutes and split into multiple sets. These sets
can be used separately to identify �0 and �1 and the initial parameters for the
optimizations should be randomly generated to see convergence patterns and to
detect local minima. In the optimization the only free parameters were �0 and �1.
The other parameters are considered constant and equal to the values obtained
from the static identification in Section 5.1.

The results from 30 optimizations for eight data batches with varying random
initial values can be seen in the scatter plot in Figure 5.6.
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Figure 5.6: Parameter estimates of �0 and �1 for 30 random initial values
iterations for eight collected data batches. The values are normalized.

The figure shows that the results are not a↵ected by local minima since the initial
random guess of parameters did not a↵ect the end result. The di↵erent data
batches gives slightly di↵erent parameters. The value of �0 seems to be harder
to identify since this parameter had the largest spread. �1 has a much more
consistent result over all estimations.

Further analysis of the optimization problem showed that the cost function V =
f (�0, �1) is very flat around the obtained optima, especially in the �0 direction.
Even with very low tolerances the same optimization results are obtained.

To finally choose one parameter set (�0, �1) a mean value of all estimates is used.
The resulting simulated friction model compared to the measured data can be
seen in Figure 5.7.
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Figure 5.7: Comparison between measured (dashed) and simulated (solid)
friction torque for a sinusoidal velocity input with low amplitude.

5.3 Temperature Dependence of Parameters

As mentioned in Section 2.2.2 friction characteristics are known to depend on
temperature. All identification so far is described for cold robots, i.e robots that
have been idle for a long time before each experiment is conducted. To study
how friction parameters change with increased temperature the experiments in
Section 5.1 and 5.2 can be repeated for a warm robot.

5.3.1 Static Parameters

Repeating the process in Section 5.1 for a warm robot with data collected directly
after one hour of constant intense motion gives the estimated model in Figure
5.8. The figure shows that the overall friction torque is lowered compared to
the cold robot. One exception is the stiction torque at zero velocity which have
increased. For high velocities the friction torque now has a very linear behaviour
in contrast to the degressive tendency for the cold case. The Stribeck velocity
has increased for the warm robot and the columb friction drifts slightly but stays
approximately the same for both cases.

The friction characteristics have completely changed over the timespan of one
hour. This indicates that all parameters are temperature dependent but the pa-
rameters that are critically dependent are the viscous parameters ↵2, ↵3 and
the stiction torque Fs. With fixed parameters for on-line friction compensation
would give larges errors at certain temperatures and to over come this an adap-
tive estimation is needed.
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Figure 5.8: Comparison of friction torque between a cold robot (solid) and a
warm robot after one hour of intense motion (dashed).

To quantify how dependent the so far assumed non-critical parameters ⌫ and Fc
are of temperature, one could study the joint optimization problem of identifying
two models for a cold and warm robot with the restriction that both models share
these parameters. If it is still possible to accurately model both scenarios ⌫ and
Fc can be accepted as non-critically dependent of temperature. A side objective
with this optimization is to obtain values of ⌫ and Fc that are valid compromises
for both cases.

To formulate such problem a joint cost function

✓̂ =argmin
✓

N
X

i=1

Wi,warm✏
2
i,warm +Wi,cold✏

2
i,cold =

=
N
X

i=1

Wi,warm(⌧warm
f ,i � ⌧̂warm

f ,i (q̇i , [✓warm Fc ⌫]))2+

M
X

i=1

Wi,cold (⌧coldf ,i � ⌧̂coldf (q̇i , [✓cold Fc ⌫]))2

(5.13)

is introduced. The parameter vector becomes ✓ = [✓warm ✓cold Fc ⌫]T where
✓i = [Fs,i ↵2,i ↵3,i ]T i = {warm, cold} and contains eight parameters, three for
each model and two shared. The data batches needed for optimization are

n

q̇i , ⌧
warm
f ,i , i = 1 . . . N

o

and (5.14)
n

q̇i , ⌧
cold
f ,i , i = 1 . . . M

o

(5.15)

that should be collected from a warm and cold robot respectively.
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The resulting models for such experiment can be seen in Figure 5.9. They very
much resembles the originals although the shared parameters Fc and ⌫ forces
both models to overestimate the friction torque at the Stribeck velocity while
underestimating the stiction torque Fs.
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Figure 5.9: Comparison of the shared parameters models (solid/dashed) and
optimal model (diamond) for a cold andwarm robot respectively. The shared
parameter models contain small errors around the Stribeck velocity and zero
velocity but generally fit the measurements well.

All parameters are shown to depend on temperature. If needed, however, two
parameters Fc and ⌫ can be estimated as compromised constants without intro-
ducing too much error. This approximation makes the model less accurate for the
edge cases but leaving only three parameters (Fs, ↵2, ↵3) that need to be time de-
pendent. This knowledge is useful for adaptive estimation discussed later.

5.3.2 Dynamic Parameters

The process of identifying dynamic parameters in Section 5.1 can also be repeated
for a warm robot with data collected directly after one hour of constant intense
motion. The resulting dynamic parameters �0 and �1 can be seen in the scatter
plot in Figure 5.10. Both parameters seem to decrease for increased temperature.

�0 still has a quite large variance but �1 converges to almost the same value inde-
pendently of which data batch that is used. As mention earlier the optimization
problem shows that the cost function V = f (�0, �1) is very flat in the region were
all estimates converges to. A notable source of error is that the measurements
contain too much of other dynamic phenomena from the gearbox and robot link
which the model tries to fit. In Figure 5.7 it is shown that the measurements con-
tained a lot of oscillations and asymmetries that would not fit into the friction
models.
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Figure 5.10: Dynamic friction parameters (�0, �1) for a warm robot com-
pared to the cold robot identified in Section 5.1.

5.4 Adaptive Friction Model Using an EKF

Modelling friction for steady-state temperatures and constant payloads are inter-
esting to observe friction phenomena. The obtained constant models however are
only valid for a short period of time when the robot is cold or for a very specific
steady-state temperature. On-line implementations require friction models that
are valid for the entire warm-up process, di↵erent payloads and robust against
variations in each individual.

One fairly easy way of overcoming this issue is to identify models for worst case
scenarios of temperature and payload and to always use the model that gives the
worst possible outcome for the performance of the manipulator. This method,
although quite simple, will severely under and over estimate the friction torque
at times giving poor fidelity. These errors can often be handled by the control
system but to get high accuracy, more precise methods have to be used. Here
one alternative is presented using an extended Kalman filter (EKF) that uses a
friction model combined with velocity measurements q̇ and an approximative
measurement of the friction torque ˆ̂⌧f = ⌧IN � ⌧DM .

As with the identification processes in Sections 5.1 and 5.2 this chapter will focus
on the LuGre Model with the same motivation: “it is fairly simple yet modelling

most friction phenomena”. The same techniques however are easily transfered to
other friction models if so desired. The LuGre model used here is the smoothed
version described in Section 5.1, presented again here as,
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ż = q̇ � �0
tanh(kq̇)q̇

Fc + (Fs � Fc)e�(
q̇
⌫s
)2
z(t) ⌘ ⌦(z, ✓, q̇) (5.16)

⌧f = �0z + �1 ż + ↵2q̇ + tanh(kq̇)↵3q̇
2 ⌘ h(z, ✓, q̇). (5.17)

The idea of adaptive estimation is to jointly estimate the friction torque ⌧f and
the model parameters ✓ = [Fc Fs⌫ ↵2 ↵3 �0 �1] assuming the complete model as

ż = ⌦(z, ✓, q̇) + !z , !z ⇠ N (0,Qz)

✓̇ = 0 + !✓ , !✓ ⇠ N (0,Q✓) (5.18)
⌧f = h(z, ✓, q̇) + v⌧f , v⌧f ⇠ N (0,R).

The first row describes the right hand side of the LuGre model where z 2 R1 and
⌦ is the LuGre model from (5.16) , !z is the model uncertainty assumed to be
Gaussian White Noise (GWN) with variance Qz . The second row models the pa-
rameter dynamics, the parameters ✓ 2 R7 are assumed to be constant and driven
byGWN !✓ with the covariance matrix Q✓ . The measured output torque ⌧f 2 R1

is described by the output function h plus measurement noise represented by ⌫⌧f
which is also assumed to be GWN with variance R.

This model is continuous and is therefore not suitable for direct implementation
with discrete measured data. The model could be discretized using the Euler
forward approximation ż ⇡ (zk+1 � zk)/Ts where Ts is the sample time and indices
k + 1 and k represent discrete points in time such that zk = z(kTs). Replacing all
derivatives in (5.18) with this approximation results in the di↵erence equations,

zk+1 = zk + Ts⌦(z, ✓, q̇) + !zk ⌘ f (zk, ✓k , q̇k) (5.19)

✓k+1 = ✓k + !✓k

giving the new discrete model as

zk+1 = f (zk, ✓k , q̇k) + !zk !zk ⇠ N (0,Qzk ) (5.20)

✓k+1 = ✓k + !✓k
!✓k
⇠ N (0,Q✓k

) (5.21)

⌧f ,k = h(zk, ✓k , q̇k) + vk vk ⇠ N (0,Rk). (5.22)

By introducing a common state vector x = [zk ✓k]T 2 R8⇥1 this equation can be
written in the compact form

8

>

>

<

>

>

:

xk+1 = fx(zk, ✓k , q̇k) + !k

⌧f = h(xk, q̇k) + vk,
(5.23)
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where

fx =
"

f (zk, ✓k , q̇k)
✓k

#

!k =
"

!z,k 0
0 !✓,k

#

⇠ N
✓

"

0
0

#

,

"

Qz,k 0
0 Q✓,k

#

◆

. (5.24)

In EKF theory the non-linear model is linearized in every time step around the
current state estimate xk . To do so the model Jacobians F 2 R8⇥8, H 2 R1⇥8 are
needed. These Jacobians are defined as

F =
h

@fx
@z

@fx
@✓

i

, H =
h

@h
@z

@h
@✓

i

, where (5.25)

@( · )
@✓

=
h

@( · )
@Fc

@( · )
@Fs

@( · )
@⌫

@( · )
@↵2

@( · )
@↵3

@( · )
@�0

@( · )
@�1

i

.

The state estimation is carried out with a synchronized prediction and measure-
ment updates for each sample of data. Superscript �, + combined with the sub-
script k for the states x and covariance matrix P are used to represent the variable
after prediction and measurement update respectively. Fk and Hk denote the Ja-
cobian matrices evaluated in the current state xk and velocity q̇k . In each iteration
the prediction update is

x�k = fx(x+k�1, q̇k�1) (5.26)

P�k = Fk�1P
+
k�1F

T
k�1 + Qk�1

followed by a measurement update as

Kk = P�k H
T
k (HkP

�
k H

T
k + Rk)�1

x+k = x�k + Kk( ˆ̂⌧f ,k � h(x�k , q̇k)) (5.27)

P+
k = (I � KkHk)P�k .

To collect data for the friction estimation a general repeated motion of the ma-
nipulator’s TCP was carried out moving all joints simultaneously. The motion
is supposed to resemble a possibly real application with a large fast movement
followed by smaller movements at low velocities. A sketch of the trajectory can
be seen in Figure 5.11. This motion were repeated for one hour collecting five
minutes data batches every 15 minutes.



64 5 Friction Identification

Figure 5.11: Sketch of the motion carried out when identifying friction pa-
rameters for the third joint. The cycle can be describes as: Firstly, the robot
makes a large movement with high velocity. Secondly, the reversed motion
in medium velocity. Lastly the robot moves its TCP to create three small
holes with low velocity. After 5 seconds these three steps are repeated again.

In practice one friction model for each joint should be estimated but for the scope
of this thesis only friction characteristics for the third joint are studied. The mea-
sured velocity q̇ and the friction estimate ˆ̂⌧f can be seen in Figure 5.12.
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Figure 5.12: One cycle of velocity and friction measurement while moving
the robot arm for five minutes. The velocity peaked close to maximum but
the majority of data is collected for low to medium velocities.
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A topology of how the filter is implemented can be seen in Figure 5.13. The
measured signals are the motor velocity q̇ and the indirect friction measurement
ˆ̂⌧f = ⌧IN � ⌧DM . The EKF outputs an estimated parameter vector ✓̂ and a better
friction torque estimate ⌧̂f consistent with the friction model.

Figure 5.13: Topology of EKF implementation.

The filter is tuned with the two covariance matrices Qk and R for convergence
in 4 � 5 minutes. The temperature dynamics have a large time constant and the
model should not be too fast and adapt to robot model errors present in the poor
friction estimation ˆ̂⌧f , such as structural resonances. The initial states of the
EKF are assumed to be the parameters obtained for warm robot in Section 5.3
hoping to see that the model adapts to the data collected for a cold robot. The
experiments is carried out with a five minute data batches collected for a cold
newly started robot.

Before running the EKF using the measured velocity v and friction torque ˆ̂⌧f the
filter is validated on pure data generated from a friction model. The measured
velocity v is still used as input to generate a pure fictitious friction measurement
⌧f ,pure from a friction model. Two of these simulated experiments are presented
below followed by an experiment on real measured data.

5.4.1 Estimation of One Parameter (Simulated Data)

As a start, only one model parameter, namely the stiction force Fs, is estimated
for the measured velocity q̇ and simulated friction measurement ⌧f ,pure. This pa-
rameter should be visible in the frictionmeasurements for very low velocities and
decay in importance as the velocity increases. To estimate this single parameter
the EKF-definition has to be reduced with the new Jacobians F1 = F[1,3] 2 R2⇥2

and H1 = H[1,3] 2 R1⇥2.

The adaption process can be seen in Figure 5.14. Fs is initially set to a large value
and the EKF starts to decrease the parameter slowly until it converge in about
five minutes.
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Figure 5.14: Parameter Estimates ✓̂ = [Fc Fs(t) ⌫ ↵2 ↵3 �0 �1] and friction
output ⌧̂f compared to the simulated friction estimation ⌧f ,pure with one free
parameter in the EKF.
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5.4.2 Estimation of Three Parameters (Simulated Data)

After successfully identifying one free parameter for simulated data the Jacobians
can be extended to contain all parameters that are critically dependent to tem-
perature i.e ✓̂ = [Fc Fs(t) ⌫ ↵2(t) ↵3(t) �0 �1] and F2 = F[1,3,5,6] 2 R4⇥4 and
H2 = H[1,3,5,6] 2 R1⇥4. Running the estimation again for simulated data the re-
sulting parameter estimates can be seen in Figure 5.15. The filter correctly deter-
mines all three parameters in about five minutes.
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Figure 5.15: Parameter Estimates ✓̂ = [Fc Fs(t) ⌫ ↵2(t) ↵3(t) �0 �1] and
friction output ⌧̂f compared to the simulated friction estimation ⌧f ,pure with
three free parameters in the EKF.
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5.4.3 Estimation of Three Parameters (Measured Data)

Lastly the critically temperature dependent parameters are estimated for the real
data replacing the simulated friction data with real measurements. The adaption
process can be seen in Figure 5.14. The estimate of Fc stabilizes but at a too low
value giving too low friction estimate for low velocities. The viscous parameters
however starts to drift in opposite directions. This is clearly visible in the high
velocity region where the EKF starts to underestimate the friction torque. The
parameters ↵2 and ↵3 still manage to model the medium velocity region together
due to the fact that they drift in di↵erent directions.
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Figure 5.16: Parameter Estimates ✓̂ = [Fc Fs(t) ⌫ ↵2(t) ↵3(t) �0 �1] and
friction output ⌧̂f compared to the raw friction measurement ⌧̂f with three
free parameters in the EKF.
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The adoption gives the same bias and drifting results regardless of how many pa-
rameters that are jointly estimated. The low velocity parameters Fc, ⌫s, Fs always
get biased while the viscous parameters starts to drift. The friction and velocity
measurements contained a lot of flaws and oscillations for low and high veloci-
ties probably making it harder to find the true parameters. For high velocities the
estimated friction torque measurements drastically overestimated the friction to
levels far above what the friction model could describe. The main problem in
the adaptive processes seems to be the frictions measurement which needs to be
improved to get better results.

5.5 Conclusions

Friction modelling and friction as phenomena still remain very complex, espe-
cially when trying to increase the fidelity from the simplest alternatives such as
the Columb model. To fully model the characteristics of friction one has to use
the most advanced models such as LuGre or GMS. These models are capable of
capturing relevant aspects but severely increases the complexity. Even after a
successful identification of such model problems with parameters varying with
temperature and payload remains. To make complex, high fidelity friction mod-
els truly useful some sort of on-line adaptation is absolutely needed.

The static model studied in this thesis is relatively straightforward to identify
with specially designed experiments. In the case of industrial robots the friction
shows a very obvious velocity dependence. This e↵ect causes frictions torques
greater than the Columb friction FC , especially for high velocities. With this said
most of the real applications work in speed ranges from low to medium speeds
making the Columb model a valid and very simple approximation. The step in
complexity from a Columbmodel to the more sophisticated static Tustin model is
not large, and for the purpose of control and simulation this model is absolutely
recommended.

By introducing dynamics into the friction models the identification process di-
rectly becomesmore cumbersome. To even detect dynamic phenomena themotor
has to be running at extremely low speeds, maybe even lower than speeds used
in a normal process cycle. The most obvious observed e↵ect that these models
are capable of modelling is the friction lag seen around zero. Another aspect is
that for high velocities these types of models become very hard to integrate since
the gain from velocity to friction torque is velocity dependent. This impacts both
simulation time and on-line computational performance. Despite the complexity
of the dynamic phenomena they are still present and to model friction with high
precision a dynamic model is required. Although it can be argued if the extra
fidelity is worth the complexity. For applications with extremely low precision
tolerances these types of models could be motivated for industrial robots. For
the more general use case however, a static model would probably su�ce. Fig-
ure 5.17 shows a comparison of the largest di↵erence in friction output from the
static and dynamic model during the cycle presented in Section 5.4.
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Figure 5.17: Comparison of a static and a dynamic friction model. Note the
time scale, the dynamic model only di↵ers during fractions of seconds.

The perhaps most di�cult aspect of friction modelling is still the dependence on
temperature and payload. To overcome this issue an EKF for adaptive estimation
has been implemented using the LuGre model and an indirect friction measure-
ments from the input torque and a dynamic model. This friction estimate often
resembles the friction model but for certain edge cases it is obvious that the mea-
surements contain large errors from the dynamic robot model. These errors cause
problems for the EKF that tries to adapt the friction model to something that it
simply can not. When running the EKF with simulated friction data the filter cor-
rectly estimates the parameters indicating that the problem lies in the indirect
measurements of friction.

The implemented filter uses one measurement to identify up to five static param-
eters for the friction model. This could cause problems with identifiability but a
closer analysis of the output Jacobian H shows that these parameters contribute
to the output torque in separated velocity intervals. The exception may be the
parameters ⌫s and Fc which overlap around the Stribeck velocity, see Figure 5.18.
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6
MapleSim Implementation

In this chapter an example is presented on how the model for the identified PL-
manipulator is implemented in MapleSim. The model is derived for identifica-
tion and simulation purposes and an example of the model simulated in MAT-
LAB ’s simulation environment Simulink is also presented. In the simulation, the
model is compared to measurements of a real manipulator.

6.1 Introduction

The PL-manipulator is modelled based on mechanical data taken from an ABB
robot. The manipulator is modelled with lumped flexibilities and sti↵ness pa-
rameters according to the final results in Chapter 4.

Friction is modelled with the Tustin friction model acting on the motor side of
the gearboxes. Since a complete identification for friction models has not been
conducted for the manipulator, data used in the simulation are therefore a good
guess of the non-physical friction parameters. The simulation example should
therefore not be seen as a benchmark of TCP accuracy but instead as an example
of implementation and computational performance.
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6.2 MapleSim Model

The model implemented in MapleSim utilizes a custom library created by the
authors for the purpose of modelling manipulators. The custom library includes
components such as electrical motors, gearboxes, links, and friction models. The
complete model implemented in MapleSim’s graphical interface can bee seen in
Figure 6.1. The model is divided into (A) 1D-components, (B) parameter blocks
and (C/D/E) multibody components.

Figure 6.1: The complete manipulator model implemented inMapleSim. In-
puts: motor torque. Outputs: motor angles, motor speed, constraint forces,
and TCP. (A) Models the 1D-components such as motors, transmissions, and
friction. (B) Parameter blocks for each joint. (C) Includes all multibody dy-
namics. (D) An example of how a link is modelled with flexibilities. (E)
Models the parallel linkage.
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6.2.1 1D Components (A)

The 1D-components describe the system from the input torque signals to the con-
nection with each manipulator link. Included in this system are electric motors,
measurements, friction models, and gearboxes. How these components are con-
nected can be seen in Figure 6.2.

The electric motors are composed of an inertia component and a motor modelled
as a static relation from input signal to mechanical torque. This is a simplifica-
tion of the real system which typically shows low-pass characteristic with a very
high bandwidth. Compared to the manipulator dynamics the bandwidth is a lot
higher and the simplification therefore has very little impact on the final results.
Neglecting the electrical dynamics also has benefits in reducing the sti↵ness of
the resulting system of equations.

The gearbox-component is modelled with an ideal gear, inertia component, spring-
damper pair, and a friction component. Friction is modelled with the Tustin
model with the Stribeck curve implemented mathematically in a custom compo-
nent. The component is connected to the motor side of the transmission, as for
the identification of friction parameters in Chapter 5.

Figure 6.2: All 1D-components implemented in MapleSim. (1) Electrical
motors. (2) Gearboxes. (a) Input: motor torque. (b) Output: motor angles
and motor speed. (c) Connection to links.

6.2.2 Parameters (B)

The parameter blocks define algebraic parameters for export and numerical pa-
rameters for simulation inMapleSim. In the implementation each driveline-joint-
link pair is defined with a block resulting in a total of 6 parameter blocks.
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6.2.3 Multibody Components (C/D/E)

(C) shows the complete multibody system implemented in MapleSim. It is a
system consisting of six actuated revolute joint connected via links modelled as
rigid bodies and non-actuated joints (flexibilities). Force sensors are added to
each actuated joint to allow for measurements of constraint forces. (D) marks the
extent of one joint including two possible placement of non-actuated joints. (E)
shows how the parallel linkage is modelled. It is a combination of a "normal"
link and a block including the parallel linkage. A more detailed view of (D) and
(E) can be seen in Figures 6.3 and 6.4. In Figure 6.5 the parallel linkage block is
expanded to show what components are used and how they are connected.

The multibody system can, with the use of MapleSim’s Dynamic/Kinematic Ex-
ports, be used to export all multibody equations to Maple. In Maple the mass
matrix, Coriolis and centrifugal terms, and gravitational terms can then be stud-
ied independently from each other or analysed on the ODE form as

M(q)q̇ + C(q, q̇) + g(q) = ⌧. (6.1)

Dynamic/Kinematic Exports can also be used when PL-manipulators are mod-
elled in the physically correct way to analyse constraint equations such as the
velocity constraint Jacobian.

Figure 6.3: The sixth link implemented in MapleSim. (1) The sixth actuated
joint.(2) Possible placement for non-actuated elasticDOFs.(3) Linkmodelled
as a rigid body. (4) Tool. (a) Input connected to a gearbox. (b) Connection
with the previous link. (c) Constraint forces (forces and torques). (d) TCP as
output.
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Figure 6.4: The parallel linkage implemented inMapleSim. (1) Block includ-
ing the parallel linkage. (2) Possible locations for non-actuated flexibilities.
(3) The second joint. (4) Manipulator links. (a) Connection to gearboxes.
(b) Connection to the first and fourth link. (c) Connections in between the
second and third joints. (c) Constraint forces (forces and torques).

Figure 6.5: The parallel linkage block expanded to show what components
are used. Note that the same notation for connections is used as in Figure 6.4.
(1) Parallel linkagemodelled as a rigid body with rotation fixed to joint three.
(2) The rotation for the third joint connected to the third link but translation
connected to the second link. (a) Connection to gearbox. (b) Connection to
the third link. (c) Connection to the second joint and link. (d) Constraint
forces (forces and torque).
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6.3 Simulation

The model can either be simulated directly in MapleSim or exported to other en-
vironments. For the results presented in this section the model has been exported
as an S-function toMATLAB ’s simulation environment Simulink . The simulated
trajectory is a test path especially programmed for performance evaluation of in-
dustrial robots described in [ISO, 1998]. The same controller is used for both
the measured manipulator and the simulated model. The real manipulators TCP-
position is measured with equipment from Leica Geosystems [Lei] with a very
high accuracy and can be regarded as the true position.

Due to the fact that friction parameters are qualified guesses and not identified
the simulations should not be seen as an evaluation of absolute position. The
example should instead be seen as a guideline on what order of magnitude the
simulation errors lies within. The example is also a validation that high-fidelity
simulation models can be used in practice, a measurement of the computational
complexity, and to study the impact of di↵erent phenomena at high and low ve-
locities.

The simulatedmodel can be seen in Figures 6.8 and 6.9, the computational time is
presented in Table 6.2 and the hardware specifications for the computer running
the simulations is presented in Table 6.1.

Table 6.1: Hardware specifications for the computer running the simula-
tions.

CPU Intel(R) Core(TM) i7-2720QM @ 2.20GHz
RAM 8 GB
OS Windows 7 Enterprise 64-bit

Table 6.2: Simulation time for repeated runs of the same simulation. The
simulated real time is 15 s.

Run Simulation time [s] % of real time
1 44.2 295
2 45.1 301
3 46.4 309
4 44.5 297
5 45.2 301

Avg. 44.9 299
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Figure 6.6: Low velocity simulation of the test trajectory.
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Figure 6.7: A close-up view of the details in the low velocity simulation.
Note that the circle is not perfectly circular, this is most probably due to
friction and/or backlash.
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Figure 6.8: High velocity simulation of the test trajectory.
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Figure 6.9: A close-up view of the details in the high velocity simulation.
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6.4 Conclusions

Implementing the model in MapleSim’s graphical environment reduces the com-
plexity of manipulator modelling tremendously compared to analytically derive
the dynamic equations. By using MapleSim dynamic equations can be derived
and exported to Maple without much knowledge of Lagrange-formulations or
other similar methods. As shown, the models can also be exported to Simulink
or as C-code for implementations in other environments.

The simulation time suggests that simulations with the derived models might not
be suitable for real-time implementations and methods for optimizing computa-
tions would be needed in that case. One approach to reduce the computational
operations could be to simplify the model with "small-deflections" for the non-
actuated joints. Neglect Coriolis and centrifugal terms depending on qna, and
reduce the number of operations by simplifying sin(qna) ⇡ qna and cos(qna) ⇡ 1.
An analysis of performance would of course be needed to confirm that accuracy
is not a↵ected and if the computational complexity is lowered with any signifi-
cance.

Because friction is more predictable for high velocities it is likely that most errors
seen in the high velocity simulation arise from model errors in the extended flex-
ible joint model. As also mentioned under Chapter 4 the derived model with the
identified parameters do show some errors in the frequency response and this
is most probably also seen here. The accuracy achieved here could therefore be
improved further. The maximum absolute error of ⇡ 1.5mm seen at this stage
are within the tolerances for many simulation applications but might need to be
reduced further for high-accuracy applications, such as controller testing.

The model errors seen in the low velocity simulations is most probably due error
in friction models since resonances are not triggered for low velocities and are
therefore not likely cause any errors. Because the friction parameters have not
been identified it is di�cult to draw any definite conclusions. Conclusions that
can be drawn from the low velocity simulation are that non-linear friction phe-
nomena are seen in the measured manipulator, especially around circles where
joint velocities changes sign. By modelling friction with the Tustin model the sim-
ulation shows the same characteristic as the measured signal but it is also obvious
that there exists errors in the parameters.





7
Closing Remarks

In this chapter conclusions on high-fidelity robot modelling are presented. In
Section 7.2 interesting topics for future research identified during the work are
suggested.

7.1 Conclusions

Modelling a manipulator with high-fidelity is not an easy task. Many aspects
have to be accounted for, not only the fidelity itself. It would be great to model
all links as continuous flexible beams or as FEM-models, friction with the GMS-
model, and to include all known coupling e↵ects. In reality it is always a compro-
mise between complexity, identifiability of parameters and fidelity. It is therefore
very important to study each phenomenon individually and evaluate its impor-
tance for the fidelity compared to what complexity it also introduces.

The thesis has introduced the reader to an overview of the most important phe-
nomena in robot modelling in Chapter 2. Some of the e↵ects have undergone a
deeper analysis in Chapter 3. Resulting in conclusions that coupling e↵ects be-
tween motors and links might not add enough value to the model to be included.
For the mechanical coupling e↵ects in gearboxes it is shown that a flexible cou-
pled gearbox can be simplified into a model that can be used in the identification
process. But a more thorough analysis is needed before any conclusion can be
drawn on what e↵ects a non-diagonal sti↵ness matrix have compared to the diag-
onal alternative.

Identifiability of an extended flexible joint model of a parallel linkage manipula-
tor has been analysed in Chapter 4. The results are that it is possible to model
an elastic PL-manipulator up to a certain level of fidelity without introducing
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constraint equations. Some minor modelling errors can be seen in the frequency
response and most probably flexibilities needs to be introduced in the kinematic
loop to reduce the errors further. Also a di↵erent algorithm for linearising non-
linear springs would improve the accuracy. Suggested in this thesis is the use of
statistical methods as also suggested in [Wernholt, 2007].

Friction, which is a very important and complex phenomena, has been analysed
in Chapter 5. Identification processes for both static and dynamic friction mod-
els have been presented and carried out. Static models are easily identified but
by introducing dynamics the process becomes more cumbersome. To completely
describe the friction phenomenon a dynamic model is necessary. The complexity
of such models however, both for simulation and identification, makes the static
alternatives very much of interest. The dynamic models only di↵ers for small
fractions of seconds and it could be argued if the dynamic alternatives are worth
it. To make the friction models truly useful outside simulations adaptivity to
temperature and payload is needed. The presented EKF are capable of estimat-
ing friction parameters given pure friction measurements from simulations but
su↵ers from a drift when using approximative measurements from the real robot.
The EKF are also very sensitive to tuning and should be tuned with a very high
time constant not to start modelling friction measurement errors (robot model
errors).

Finally an example of a high-fidelity model implemented in MapleSim has been
presented in Chapter 6. This model has been exported to optimized C-code and
a S-function for the purpose of simulation in other environments. The results
show that high-fidelity manipulator models are usable in practice even tough
simulation time might be too high for real-time applications. It would therefore
be interesting to analyse how computational operations can be reduced without
also lowering the fidelity. The method proposed in this thesis is to approximate
non-actuated flexibilities as small deflections.

The thesis objective was formulated as to:

Model high-fidelity robot dynamics including flexible joints, gears
and dynamic friction models. The models should be easily exported
and integrated with other software used for control, optimization,
simulation, and system identification.

Altough a complete industrial robot manipulator have not been derived, identi-
fied, and simulated, a guide to high-fidelity robot modelling have been presented
by evaluating the important dynamic phenomena individually. By implementing
an example model in MapleSim it is also shown that the models can be used in
practice. High-fidelity robot modelling is a very broad field and a master thesis
does neither have the time budget nor the financial backup to completely cover
the subject. We, the authors, would therefore like to point out the importance
of continuing the work laid out here to be able to fully understand how robot
manipulators should be modelled with both high-fidelity and computational e�-
ciency.
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7.2 Future Work

Many interesting research areas have been identified while working on this thesis.
Selected topics that would be interesting for future work are presented below.

• Continue the work done on coupled gearboxes. Introduce flexibilities ac-
cording to the result obtained and identify a new robot model with the
non-diagonal sti↵ness matrix.

• Investigate how linearisation of the velocity constraint Jacobian a↵ects the
frequency response. If it is a good approximation, conduct an identifica-
tion experiment with flexibilities introduced in the kinematic loop. Also
constraint violation stabilization without altering the dynamics would be
an important topic to study further if such model is identified.

• Other algorithms for non-linear spring linearisation. How information about
torque distribution can be utilized to get a better approximation.

• A comparison in absolute position between a high-fidelity model, including
the modelling strategies presented in this thesis, with data obtained from
experiments with a real manipulator.

• Adaptive friction estimates with an EKF introduces a lot of new problems
that would be interesting to study further. Some of these are:

– Robustness analysis.

– How EKF performance is a↵ected by di↵erent friction models.

– Obtaining better indirect friction measurements.

– Using information on estimated friction parameters for diagnosis and
fault detection.

• Optimization of computational operations for a simulation model. How in-
troduction of "small deflections" for non-actuated flexibilities, i.e. neglect-
ing C(qa, qa, qna)-terms and simplify other dependencies on qna, a↵ects the
overall performance and computational complexity.
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