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1
Introduction

Validation is performed by comparing the model to the real system or other already
validated models. System validation is critical to make sure that a simulation
model’s full potential is reached with regards to the model’s intended use. To solve
the need of a reliable and validated model, a research project between Linköping
University, SAAB Aeronautics and Statens väg- och transportforskningsinstitut
(VTI) has been launched [Vinnova, 2014]. This master thesis, which aims to
further automate the validation process of the P-ECS Dymola model, is a part of
this cooperation and also a part of the development of the new Gripen E.

1.1 Gripen fighter jet
The main purpose of this thesis revolves around the development of the next
generation Gripen fighter jet, henceforth “Gripen E”. Gripen E is a multipurpose
fighter developed and built by SAAB in Linköping, Sweden. It has a single jet
engine configuration capable of accelerating the fighter to Mach 2.0. The aircraft
can reach supersonic speeds at all altitudes within the flight envelope [Saab AB,
2014]. The aircraft extends 14.1m from tip to tail and has an 8.4m wingspan. The
previous versions, Gripen C/D, are currently in use by the Swedish, Hungarian,
Czech, South African, and Thai air forces.

1.1.1 Environmental control system
A simulation model of the Environmental Control System (ECS) of Gripen E is
under development at SAAB Aeronautics. The physical modeling is performed in
the Modelica based tool Dymola and the control system is developed in Matlab
Simulink. With automatic code generation both development tools are able to
simulate the closed loop system. Validation efforts of these models are currently
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2 1 Introduction

ongoing. One major challenge is to visualize the results of the validation. The
models are dependent on more than two input and output signals, and visualizing
the results in an easy and comprehensive way is therefore a challenge. The valid-
ity of the model is delimited by several input signals, altitude and Mach speed
being the most critical. Other major input signals include ambient temperature,
humidity and power level of the engine. The power level of the engine is quantified
by the power level angle (PLA) which is the position of the throttle lever. These
input signals are denoted by A (altitude), M (Mach), β (power level angle), T
(ambient temperature), and H (absolute humidity) when used in equations in this
report.

The environmental control system in Gripen E is divided into a primary and a
secondary part, called P-ECS and S-ECS, respectively. S-ECS is a new system
that is not present in previous aircraft generations. The secondary system is
designed to provide cooling for demanding avionics such as different radars and
jamming equipment. In comparison to the P-ECS, the S-ECS contains a liquid
cooling system; otherwise the systems are similar in both functionality and design.

The P-ECS, which is the focus of this thesis, is a cooling and pressurising system
that has several purposes, to control temperature and pressure in the cockpit, to
provide dry and cool air to the avionics, to ventilate the pilot suit, to aid the
On-Board Oxygen Generating System (OBOGS), to pressurize the anti-G suit, to
defrost and defog the windshield, and to pressurize other components such as fuel
tanks, the canopy seal, and gearboxes [Saab AB, 2006]. A layout of the P-ECS is
depicted in Figure 1.1.

The P-ECS maintains all of these functions by drawing by-pass air from the jet
engine through a series of pipes, heat exchangers and control valves. There is
also a compressor, a turbine and a water separator to lower the pressure and
temperature and to dry the air. The control of the P-ECS is located in the General
systems Electrical Control Unit (GECU) which monitors and controls pressures,
temperatures, and mass flows throughout the system. In some operating points,
the P-ECS is restricted from extracting bleed-air from the engine as it reduces the
performance of the engine. Within these operating points an Auxiliary Power Unit
(APU) supplies the airflow to the P-ECS. The APU also maintains the airflow to
the P-ECS when the operating conditions do not provide a good enough airflow.
If the airplane is stationary on the ground and neither engine nor APU are active,
the airflow is supplied by connecting ground power and air supply to the airplane.

1.2 Objectives
The main objectives of this master thesis are to develop an automated method to
validate results from model simulation in comparison to measurement data from
actual flight tests, and to develop a method to visualize the model’s validation
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Figure 1.1: A layout diagram of the environmental control system in
Gripen E.

results. As the quality of the model varies throughout the flight envelope, multidi-
mensional visualization techniques will be considered. Included in the objectives
is also the development of a metric that describes how much of the flight envelope
that has been validated.

1.3 Limitations
The work presented in this thesis is limited to the validation of the Gripen E P-
ECS model. Other versions could have different signal names and measurements of
different units and sample interval. The static domain of interest is approximated
to have a possible power level angle value between 0 and 125 in all static operating
points. The true static domain of interest is smaller since it is impossible to have
zero throttle and still maintain altitude and airspeed in all operating points.

1.4 Validation
The quality and usefulness of a model is determined with respect to the purpose
of its use. Testing multiple models and determining what model gives the best
representation is of interest, but the crucial question is whether the best model is
accurate enough for the intended purpose. Ljung [1999a] has formalized this to
three aspects of the question:
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1. Does the model agree sufficiently well with the observed data?

2. Is the model good enough for my purpose?

3. Does the model describe the “true system”?

Ljung [1999a] claims that the solution to the first question is to feed the model
with as much information about the actual system as possible during development.
This is achieved by designing the model with experiment data, prior knowledge
about the system, and experience of using the model. The first question is also
what current validation methods tend to focus on. The third question is of a
rather philosophical nature and has no answer in a non-ideal world. The second
question is properly answered first when the problem that the model was designed
to answer has been solved. A model almost always has an intended purpose, such
as designing control systems, simulations or predictions. Some models’ intended
purpose is impossible to validate. Ljung and Glad [2004] describe an example of
failure in a nuclear reactor, a working point outside the measurable domain but
not the domain of interest. Instead of claiming that the model is valid for these
conditions we should speak of the model’s credibility [Carlsson et al., p. 3]. Ex-
trapolating a model’s scope to unknown working points should only be executed
if the model is intuitive and its trustworthiness within the measurable domain is
high [Ljung and Glad, 2004].

Model validation often has to occur before the problem at hand can be solved; it is
for example inefficient to design a control system based upon an incorrect model.
Bottom-up validation of complex models is therefore often valuable. Bottom-up
is a technique where each component is validated, thereafter each sub-model is
validated and finally the complete model is validated. Due to interaction effects
between components it is not uncommon to be forced to calibrate parameters on
component level during the total system validation, even though component level
validations provide adequate results [Lind, 2013].

To gain confidence in a model, both static and dynamic scenarios should be vali-
dated. Static and dynamic validations have their respective quality measures. To
separate dynamic operation from static operation a definition of static operation
has to be established. The definition of static operation differs between different
systems, but generally static operation is when the variables are constant or vary-
ing within a small interval during a specified time. As there is a large set of possible
dynamic events the goal of validating all of them is rather ambitious. Instead, dy-
namic events that contain either transient behaviour or safety/performance critical
behaviour should be validated [Hällqvist, 2013a].

1.5 Prior work and results
As this thesis builds upon prior validation work performed at Saab, a presenta-
tion of these results is appropriate. The input signals are known, through a priori
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knowledge from experts at Saab, as Mach, altitude, ambient temperature, power
level angle, and humidity. A formal sensitivity analysis of the relative impact of
the input signals upon the model performance has not been performed at Saab.
The work in this thesis was performed under the assumption that these signals
are the system dependencies, i.e. the only signals determining the model’s perfor-
mance.

In previous validations [Hällqvist, 2013b] both the static and dynamic performance
of the model have been investigated. The simulations were performed on flight
missions, which are measurements from test flights. All flight missions are not
suitable to use for validation; some flight missions are too short and some do not
have measurements that span the entire flight from take off to landing. When
a flight mission with the required measurement signals was identified, Dymola
simulations were performed using equivalent boundary conditions as those present
during the flight mission. A total of five missions were identified as having the
required measurement signals. Two of these flight missions were used to calibrate
the detailed closed loop Dymola model of the P-ECS and the remaining three were
used to validate the model.

Previous validation investigations identified 8 important output signals to validate
during static and dynamic operation and 8 additional dynamic output signals. The
names applied to these signals and a short description are available in Tables 1.1
and 1.2.

Table 1.1: Output signals used for both static and dynamic validation.

Name Description
CabPress Cabin pressure
CabTemp Cabin temperature
PackPress Cooling pack pressure
PackTemp Cooling pack temperature
CabFlo Cabin mass airflow
AvioFlow Avionics mass airflow
T78HA Temperature downstream APU
p37HA Pressure downstream APU

1.5.1 Static points
Static points are defined in Hällqvist [2013b] as events where the standard devia-
tions of altitude (A), Mach (M), and PLA (β) are less than a threshold value for
more than 40 consecutive seconds. No constraints are placed on the other inputs
signals or output signals in Table 1.1. The threshold values are specified as

σ(A) ≤ 10 [m],
σ(M) ≤ 0.009 [−], and (1.1)
σ(β) ≤ 1.5 [deg].
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Table 1.2: Additional output signals for dynamic validation.

Name Description
v14HA Valve position
v15HA Valve position
v16HA Valve position
v18HA Valve position
v20HA Valve position
v22HA Valve position
PBLEED555 Pressure downstream APU
p_ecs OBOGS pressure

In Hällqvist [2013b] the standard deviation was calculated for the 40 second time-
frame using a sequential update approach. Searching the five previously mentioned
missions, using the threshold values above, yielded a total of 16 time-intervals,
which are referenced to as validated static points or static points. Each static
point has a coordinate in the five dimensional space spanned by the input signals
Mach, altitude, ambient temperature, PLA, and absolute humidity. Each static
point also has eight measurement and a simulated output signal values used to
validate the performance of the model. The values used are defined as the average
of the output signals during the time-interval where the three input signals in (1.1)
were below their threshold values.

Static quality measures

There are several quality measures to consider when validating a model. These
quality measures quantify how well the model compares to the real system. Some
quantities are better suited to describe a static operation rather than highlighting
properties of the dynamic behaviour.

The residual is the discrepancy between the measurement and the simulated signal
value and can be expressed as εA = ŷ − y, where ŷ is the simulated signal and
y is the measured signal. The relative error is a quality quantity related to the
residual that can be described mathematically as

εR = ŷ − y
y

, y , 0. (1.2)

The relative error quantity has benefits when signals of different magnitudes are
compared to each other, but is not as suitable when signal values approach zero.

Variance is a statistical descriptor of how far numbers are spread out in a data set
containing realizations of a stochastic variable. A small variance indicates that the
numbers in the data set are near each other and adjacent to the mean or expected
value. Zero variance denotes that all values are identical. The variance of the
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components of the vector X are the diagonal elements of the covariance matrix

Σ = E
[
(X − E[X]) (X − E[X])T

]
, (1.3)

where E[X] is the expected value of X. The standard deviation of a component
of the vector X is the square root of the variance. Variance and standard devia-
tion can be used to provide insight of both static and dynamic operations. When
validating the static operation, X is a vector that contain some static validation
measure, e.g. residual of cabin temperature, computed for all static points. Dur-
ing dynamic validation, X is a vector that contain samples of input signal, output
signal or some validation quantity such as the residual.

1.6 Thesis outline
The work presented in this thesis can be divided in three major areas, coverage,
static validation, and dynamic validation. Chapter 1 presents the background
and motivation for this thesis together with some notations that will be used in
this report. The three following chapters describe the work performed on each
of the major areas. These three chapters include presentation of the work that
this thesis builds upon and also the techniques developed to validate the P-ECS
model. The work presented in Chapters 2-4 was developed from flight missions
that have already been used to validate the model, so it is known that the model
performance for these flight missions is good. In Chapter 5 a new flight mission,
flown by a different aircraft, is examined to investigate if the model can be validated
of invalidated using the techniques developed in Chapters 2-4. In Chapter 6 the
discussion is expanded and conclusions are presented. At the end of Chapter 6,
ideas for future work are presented.





2
Coverage

Simulation models are usually not developed to account for static and dynamic be-
haviour beyond the operational domain of the modelled system. Instead they have
physical boundaries that the system operates within, called the domain of interest.
The purpose of determining the coverage is to quantify how much of the domain
of interest that has been validated. The domain of interest is an n-dimensional
bounded set in a metric space where n is the number of input signals of the sys-
tem. These variables are quantities with a clear physical meaning. For instance,
an aircraft’s flight envelope might have a spanning set of altitude and Mach. The
domain of validation is also an n-dimensional bounded set, which could be thought
of as a convex hull that includes all validation data points. This convex hull of
validated data points is called the convex hull of validation.

2.1 Convex hulls and coverage metrics
As the reader might not be familiar with convex hulls and its terminology the
following paragraphs serve as a short introduction. A convex hull is the smallest
convex set that contains a collection of points and, if the set is bounded, may be
visualized as a rubber band stretched around the set. A convex hull consists of
simplices which are triangles generalized to an arbitrary number of dimensions; e.g.
the simplex of the convex hull of points A and B is the line segment between A
and B. Each n-dimensional simplex consists of faces which are simplices of lower
dimensionality. The one-dimensional line segment has a 1-face, the line segment,
and two 0-faces, points A and B. 0-faces are called vertices and 1-faces are called
edges. An n-simplex is comprised of a total of 2n+1 − 1 faces. A 3-simplex or
tetrahedron is shown in Figure 2.1. Tetrahedrons are the simplices of a four di-

9
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mensional convex hull, but depicting such a convex hull is left to the imagination
of the reader.

Vertex or 0-face

Edge or 1-face

2-face

Figure 2.1: 3-simplex (tetrahedron) with notation of faces.

Egeberg et al. [2013] present different methods to determine the level of which
the domain of validation covers the domain of interest. They also introduce a
definition of an ideal coverage metric, which is summarized as four criteria:

1. Adding new experimental data, at untested settings within the domain,
should increase the coverage.

2. Experiments spread throughout the domain should result in better coverage
than clustered experiments.

3. The metric should distinguish between interpolation and extrapolation.

4. Coverage should be an objective measure.

An intuitive coverage metric used by Hemez et al. [2010] is to determine the ratio
between the volumes of the convex hulls of the validation points and the domain
of interest,

ηvol = V (ΩV )
V (ΩI)

, (2.1)

where V (x) is a function that calculates the volume of the n-dimensional convex
hull x. ΩV is the convex hull spanned by validation data points and ΩI is the
convex hull of the domain of interest. The coverage metric ηvol is depicted in a
two-dimensional example in Figure 2.2. As noted by Hemez et al. [2010] ηvol, does
not increase the coverage when adding validation points inside ΩV , thus does not
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satisfy Criterion 1 and 2. Even though not satisfying all criteria, the method is
easy to implement and fast to compute, a fact not to be disregarded when applied
to large sets of multidimensional data.
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Figure 2.2: The coverage metric is the ratio between the areas of the two
domains.

A different metric proposed by Egeberg et al. [2013] is a modified nearest neighbour
metric. This method uses a sensitivity-adjusted grid, where all input signals are
normalized between 0 and 1, to represent the domain of interest. From each grid
point two distances are computed, the distance to the closest validation point and
the distance to the convex hull of the validated points. If the grid point is within
the convex hull of validation then the second distance is zero. The second distance
can be seen as a measure of the degree of extrapolation within the domain of
interest. To calculate the metric, the distances of each grid point are summed and
normalized by the total number of grid points. The metric can be expressed as

ηc = 1
[I[

|I|∑
i=1

min(dE,i) + dZI,i (2.2)

where ηc is coverage and |I| the number of grid points in the domain of interest.
The distance min(dE,i) is the Euclidean distance from grid point i to the closest
validation point. dZI,i is the distance from grid point i to the convex hull of vali-
dation. The two distances are seen in Figure 2.3.
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Figure 2.3: Distances needed to compute the nearest-neighbour metric. Each
grid point is not shown but they are the crossings of the grid lines. The blue
line represent the convex hull of validation.

2.2 Defining the domain of interest for the P-ECS

To use the coverage metrics it is necessary to define the domain of interest. The
domain of interest for the P-ECS is defined as the convex hull that confines the
most extreme operation points of the system. The spanning set of the domain
of interest has five dimensions, altitude, Mach, PLA, temperature, and absolute
humidity (A,M, β, T,H). The flight envelope used to limit the variables altitude
and Mach within the domain of interest is an envelope summarized by Järlestål
[2005] and describes Gripen’s flight envelope during combat. A presentation of
this flight envelope is not available in the public version of this report.

Since the actual operating limits of the P-ECS is a well-kept corporate secret of
Saab AB we define the domain of interest to cover three climate zones formulated
by Hällqvist and Järlestål [2013] from specifications by the NATO Standardisation
Agency [2006]. The profiles chosen are A1 (extreme hot dry), B3 (humid hot costal
desert) and KNMA (cold nordic climate profile). The climate profiles are imple-
mented as look-up tables where the ambient temperature is given as a function of
altitude. Absolute humidity is a function of relative humidity, temperature, and
altitude for climate profiles A1 and KNMA. The absolute humidity is computed
according to [Hällqvist and Järlestål, 2013]
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H =
18
19
HR
100Pvap(T )

Pamb(A)− HR
100Pvap(T )

(2.3)

where HR is the relative humidity and Pamb is the International Standard Atmo-
sphere (ISA) pressure at a particular altitude. Pvap is calculated through

Pvap(T ) = e21.2115− 2866.9
T −80 . (2.4)

The absolute humidity for climate profile B3 is given in a look-up table as a func-
tion of altitude.

Since all PLA are acceptable at all operating points (in accordance with the limita-
tions from Section 1.3) the boundaries of the still undefined variable β are trivial
to define as 0 ≤ β ≤ 125. When β greater than 100 the afterburner is active.

2.3 Adapting the definition of the domain of interest
To use the coverage metric (2.2) a grid of points within the domain of interest is re-
quired. This grid is produced by gridding a hypercube of points which encapsulate
the entire domain of interest. A grid point in the hypercube is denoted pd where
pd ∈ D and D is the set of all grid points in the hypercube. The points that define
the boundary of the domain of interest are used to construct a convex hull of the
domain of interest. An algorithm to determine if a particular grid point is inside
or outside the convex hull was applied. The Matlab script inhull.m developed by
John D’Errico [2014], available at Matlab Central File Exchange, follow the steps
below to test if grid point pd is inside the convex hull of interest:

1. Find the set of all simplices, s ∈ S, of the convex hull.

2. Calculate the inwards pointing unit normal vector (Ns) of the simplex s.

3. Find an arbitrary point, ps, in the plane of the simplex s.

4. If (pd − ps)TNs ≤ 0 for all simplices s ∈ S then pd is inside the hull.

The function inhull.m also has a tolerance argument to handle numerical errors.
If pd is inside the convex hull of the boundary, pd is added to the set I, which
is the set of grid points inside the domain of interest. When the algorithm has
been applied to all grid points in the set D a complete set of grid points inside
the domain of interest has been found. Figure 2.4 shows the grid of the domain of
interest and the convex hull of validation in three dimensions.

Calculating the set of grid points inside the domain of interest (I) in three dimen-
sions is elementary when applying the algorithm above. But when the method is
applied on the operational envelope in five dimensions some degenerate simplices
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are found. A simplex is considered degenerate if the normal vector of the simplex
(Ns) is neither unique or defined. The algorithm requires that no simplices are
degenerate. The normal vector of a simplex is calculated as

Ns = null(As) = null


a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...

...
. . .

...
an−1,1 an−1,2 · · · an−1,n

 , (2.5)

where each row in As is a vector in the simplex s, and each column is the vector com-
ponent of each input signal. The number of rows in As is m = n−1 where the con-
vex hull is in Rn. The normal vector is unique if Ns is 1-dimensional or, the nullity
of As is 1. The rank-nullity theorem states that rank(As)+nullity(As) = n. Since
rank(As) ≤ min(n,m) we conclude that As needs to have full rank rank(As) = m
to satisfy nullity(As) = 1. All rows in As are linearly independent if As is of full
rank. Linearly dependent rows are found when examining As of the degenerate
simplices, resulting in a nullity(As) ≥ 1.

Since the dimension PLA only assumes two values, 0 and 125 along the boundary,
it is easy to conclude that some linear dependencies arise as a result. Gridding
the domain of interest excluding PLA eliminated almost all degenerate simplices.
Adding PLA to the grid later on is easy as PLA varies between 0 and 125 in
all operating points. After removing PLA some simplices were still degenerate.
Inspection of the remaining degenerate simplices showed that the matrices did
not have full rank because the altitude was identical in all vertices of the simplex.
Filtering out the degenerate simplices and adding approximately 1% to the altitude
of one vertex resulted in an As matrix of full rank and all normal vectors could be
calculated. The addition of 1% to the altitude of some grid points is considered
negligible as the uncertainty of the altitude is much greater.

2.4 Finding dZI,i exactly

To use the modified nearest neighbour metric, two distances (shown in Figure 2.3)
need to be computed for each grid point. The distance from a grid point pi to the
closest validation point (dE,i) is computed as the Euclidian distance between the
points. Secondly, the distance between the grid point pi and the convex hull is
needed (dZI,i).

Calculation of the distance dZI,i is a quadratic programming problem where the
faces of the convex hull are linear inequalities. The objective function to minimize
is the Euclidean distance between a grid point, pi, and the convex hull of the
validated points. Let pi have the coordinates

pTi =
[
pi,1 pi,2 . . . pi,n

]
(2.6)
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Figure 2.4: Visualization of the domain of interest in the dimensions PLA,
altitude and Mach. The red volume is the convex hull of previously validated
points.

and let

xTi =
[
xi,1 xi,2 . . . xi,n

]
(2.7)

be a point on the convex hull of validation. Then the objective function can be
written as

dZI,i = min
xi

√
(xi,1 − pi,1)2 + (xi,2 − pi,2)2 + . . .+ (xi,n − pi,n)2

= min
xi

√√√√ n∑
j=1

x2
i,j − 2xi,jpi,j + p2

i,j

=

√√√√√min
xi

 n∑
j=1

x2
i,j − 2xi,jpi,j

+
n∑
j=1

p2
i,j . (2.8)

If we rewrite
n∑
j=1

x2
i,j − 2xi,jpi,j on the vector form 1

2y
THy + fT y we get

dZI,i =
√

min
xi

xTi xi − 2pTi xi + pTi pi, (2.9)

The Matlab script vert2lcon.m developed by Matt J. [2014] finds the linear con-
straints A,Aeq, b, and beq that define the convex hull of the validated points. The
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optimization problem can now be expressed as

min
xi

xTi xi − 2pTi xi

s.t. Axi ≤ b (2.10)
Aeqxi = beq.

As the optimization problem is quadratic with linear constraints we use the Matlab
[2012] function quadprog.m to compute the optimum point on the convex hull, x∗i ,
which is then used to compute

dZI,i =
√
x∗

T

i x∗i − 2pTi x∗i + pTi pi, (2.11)

This method provides an exact distance dZI,i. The problem with this method is
the large number of grid points outside the convex hull of validation, which makes
this method computationally intensive.

2.5 Alternative solutions for dZI,i
The present convex hull of validated static points is small when compared to the
entire domain of interest of the P-ECS. A small convex hull of validated points leads
to many grid points of the operational domain being outside the hull of validated
points. As the distance dZI,i of each grid point pi outside the validated hull is
required to compute ηc, an approximate solution, which is quicker to compute,
might be more fitting to our application. Two different approaches to find the
orthogonal distance to the convex hull are examined.

2.5.1 Method 1: Orthogonal vector projection

Let Ui,s be a vector between grid point pi and an arbitrary point on the simplex s
of the convex hull of validation. The normal vector of the non-degenerate simplex
s can be expressed as,

Ns = null(As) = null


a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...

...
. . .

...
an−1,1 an−1,2 · · · an−1,n

 , (2.12)

where each row in As is a vector in the hyperplane of the simplex s. We can now
use the vector

Wi,s = pi − pp, (2.13)

where pp is the point in the plane that contain the simplex s and is closest to pi
(see Figure 2.5). Using the vector projection formula we can express Wi,s as

Wi,s = Ui,sNs
‖Ns‖2

Ns
‖Ns‖2

. (2.14)
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If we repeat the calculation ofWi,s for all s ∈ S, where S is the set of all (n−1) sim-
plices in the convex hull of validation, the Euclidean distance min

s∈S
‖Wi,s‖2 = ‖W ∗i ‖2

is the shortest distance between all planes tangent to the convex hull of validation
and pi.

Orthogonal vector projection has the benefit of providing an exact solution, just
as the quadratic optimization approach and this method is applicable on planes.
As faces are area segments with the same normal vector as a plane, ‖W ∗i ‖2 is
the distance from the plane to the grid point. If the grid point pi is outside the
shadow of the face, projected by an ambient source in the orthogonal direction,
then ‖W ∗i ‖ , dZI,i, see Figure 2.5. In this case the distance dZI,i is not from a
grid point to the surface of the simplex but instead to a vertex or edge of the
simplex. Setting conditions to handle these cases is possible by using control flow
statements. These control flow algorithms are however impractical and difficult
to validate for errors in higher dimensions, which is why this approach was only
implemented for 3 dimensions.

Domain of validation
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Figure 2.5: Difference between projecting Ui,s on Ns and the distance dZI,i
for grid points outside the shadow of a 2-face.

2.5.2 Method 2: Grid the domain of validation
When gridding the domain of interest we have a set I of points pi, which is the set
of all grid points inside the domain of interest. The set I was found by applying
the inhull.m algorithm [John D’Errico, 2014] to a set of grid points pd ∈ D, which
are grid points that encapsulate the domain of interest (see Section 2.3). A grid
of the domain of validation can be found in an analogous manner. Construct a
convex hull of validation from the validated static points. Apply the algorithm to
all points in the set I with the convex hull of validation as a new boundary. The
result of the algorithm is a new set V of points, pv, which are all grid points in I
that are inside the convex hull of validated points. The set of grid points V can
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be used to compute dZI,i, and if the cardinality of V , denoted (|V |), is large we
have

dZI,i ≈ min
v∈V
‖pi − pv‖2 (2.15)

where pv is a grid point inside the domain of validation. For the sets I and V the
approximate method reduced the computational time of the coverage metric by a
factor of 7.5 compared to the optimization method.

This method has the drawback that it only approximates the distance dZI,i. The
accuracy of the approximation depends on the cardinality of grid points within
the convex hull of validation. As |V | ∝ |I| it was soon discovered that |I| had
to be unpractically large to compute an accurate coverage measure. So instead
of letting V ⊂ I, a finer grid encapsulating the convex hull of validation, F , was
generated. The same method was then applied to the set of points F as previously
performed on the domain of interest. Now |V | is no longer proportional to |I|, but
instead to |F | and we can manipulate the number of points inside the hull without
having unnecessarily many grid points in the domain of interest. The difference
in the cardinality of V is visible in Figure 2.6.

Determining the cardinality of grid points in the domain of validation

It was previously stated that the coverage metric would converge towards a limit
if the cardinality of V is large enough. To determine the number of grid points
needed for the coverage metric to converge a convergence test is performed. The
test generates multiple sets V of different cardinality and compares the coverage
metric computed with the exact one. Scaling the cardinality of the grid is accom-
plished by setting the number of grid points along each dimension of the hypercube
used to grid the convex hull of validation. The number of grid points in each di-
mension is proportional to a scaling factor.

The relative error between the approximate computation and the exact solution
(obtained using quadratic optimization) of the nearest neighbour metric ηc is
shown in Figure 2.7. On the x-axis is the scaling factor; a higher scaling fac-
tor equals a higher cardinality of F . With a scaling factor equal to 7 the relative
error between the approximate and exact solution of ηc is approximately 0% and
|V | = 3403 points. Larger scaling factors have a negative relative error. This is
a result of the tolerance argument in the inhull.m algorithm used to determine
which points of the set F that are inside the hull of validation. The tolerance
used was 1×10−6. When the coverage metric is computed with fine grids some grid
points are computed by the inhull.m algorithm as inside the hull of validation
even though they are not. The inclusion of points outside the hull causes the
approximate method to underestimate the distance dZI,i and compute a smaller
ηc than the optimization method.

One reason to use the modified nearest neighbour coverage metric is its ability to



2.5 Alternative solutions for dZI,i 19

 

 

 

 

V
F

Domain of Validation

I

V

Domain of Validation

I

With fine grid in the domain of validation

V
ar
ia
b
le
2

Variable 1

Without fine grid in the domain of validation

V
ar
ia
b
le
2

Variable 1

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

Figure 2.6: Computing the grid points in the domain of validation, V , without
and with the finer grid F .

detect if new validated points are added inside the domain of validated points. If
a new point inside the validated domain is added, the change of the approximate
calculation of ηc would not differ from the change of the optimized method i.e.
no distances dZI,i change as the convex hull does not change. However, if a new
point is added outside the domain of validation the approximate computation will
differ from the optimized computation as the points of the set V become more
dispersed. Instead of using the scaling factor as a measurement of the dispersion
between points inside V we can generalize the scaling factor to points per unit
volume. Depicted in Figure 2.8 are the relative errors from two convergence tests.
Further convergence tests using convex hulls of different shapes and sizes should
ideally be done. The available computational resources was the limiting factor and
as such only two convergence tests where performed. The green line represents
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Figure 2.7: Convergence test of using a scaling factor to scale the cardinality
of F .

the previously used convex hull of static validated points. The blue line has an
additional point added at the maximum coordinate value of all validated static
points. At approximately 8 points per unit volume both relative errors are 0
compared to the exact solution. 8 points per unit volume is consequently used as
a minimum when computing the points of the set V .
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Figure 2.8: Convergence test of using points per unit volume to scale the
cardinality of F .
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2.6 Nearest neighbour coverage as a validation
quantity

A metric that could present both coverage and quality of the P-ECS model is
useful. Inspiration to develop such a metric was found in Egeberg et al. [2013]
who further developed the nearest neighbour coverage metric (2.2) to account for
experimental uncertainty by letting

ηc,U = 1
|I|

|I|∑
i=1

min((1 + UE)dE,i) + dZI,i, (2.16)

where UE is the experimental uncertainty of the validation point and |I| is the
number of grid points in the domain of interest. Experimental uncertainty is a
quantity that describes the validation point’s measurement accuracy, simplifica-
tions during the experiment, and other uncontrollable changes to the environment.
ηc,U reduces the influence of validation points with large uncertainty.

The idea of letting the validation points’ quality quantities influence the coverage
metric opens the possibility of using an adaptation of ηc as a validation quantity.
The proposed validation quantity ηc,V is

ηc,V = 1
|I|

|I|∑
i=1

min(dE,i)(1 + VE) + dZI,i, (2.17)

where VE is the validation quantity of the validation point. The motivation behind
not using (2.16) is that we want the the grid points in the set I to be influenced by
the closest validation point. Replacing UE with VE in (2.16) points with a large
VE would be disregarded even though they are most representative in that part of
the domain of interest.

When performing static validation there are 8 signals of interest (Table 1.1). A
weighted average of the relative error of all 8 signals is proposed as the validation
quantity VE . The weighted average should punish large relative errors and reduce
the influence of small relative errors. The weighted average is expressed as

VE = 1
K

K∑
k=1

q(εR,k, αk) + εR,k, (2.18)

where k denotes a specific output signal, K is the number of output signals and q
is a weighting function of the relative errors εR,k and design parameter αk. The
idea behind the weighting function was that it should act as a high-pass filter on
the relative errors. Small relative errors are given less weight because a relative
error below a certain point is considered acceptable. Larger relative errors should
be amplified. The amplification of the relative error should be exponential up to
εR,k = αk. Relative errors larger than αk are amplified following a linear equation.
The proposed weighting function q is depicted in Figure 2.9 and can be described



22 2 Coverage

as

q(εR,k, αk) =


e40(|εR,k|−αk+0.2

1490 |εR,k| ≤ αk

e8

1490 + 20(|εR,k| − 0.2) |εR,k| > αk

, (2.19)

where |εR,k| is the absolute value of the relative error. The weighting function
q is designed to be approximately 2 when εR,k = αk. This allows the user to
customize q to take into account the desired accuracy of the model by altering αk.
It is however important to establish a suitable αk and only compare ηc,V computed
using the same αk.
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Figure 2.9: The weighting function with αk = 0.2. Relative errors close to
zero have a negligible impact on VE . Large relative errors have an amplified
impact.

2.7 Discussion
In this chapter two different methods to define the coverage of the validated domain
inside the domain of interest are presented. The modified nearest-neighbour metric
is more revealing than the volumetric coverage quantity and it is able to distinguish
between inter- and extrapolation. The volumetric coverage has the benefit of being
more intuitive and less computationally intensive. Both metrics has benefits and
disadvantages but the author recommends using the modified nearest neighbour
coverage metric as the standard for quantifying the coverage.

The nearest-neighbour coverage can be computed using different methods. The
choice of method is governed by required accuracy and available computational
resources. A general guideline when choosing between either a grid of the domain
of validation or the optimized solution is that the additional computation time
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for the optimization method decreases with a larger domain of validation. The
computation time of the approximate grid based method will increase with an
expanding domain of validation. Therefore the optimized method will be faster
than the approximate method when the domain of validation is large enough. This
is a result of that the computation time of the optimized method depends on the
number of grid points in the the domain of interest that are outside of the domain of
validation. The computation time of the approximate method both depends on the
number of points inside and outside the domain of validation. Since the points per
unit volume is 8 times larger inside the domain of validation the computation time
increases with an expanding domain of validation. Computing when the optimized
method has the shorter computation time is unfortunately difficult. Instead the
computation times occasionally has to be compared as the domain of validation
expands.

Finally, we have developed the nearest-neighbour coverage metric to account for
relative errors between measurements and simulations, which can be used to quan-
tify the current validation status of the model. The developed metric can be seen
as a total validation quantity of the model, with some limitations. The total
validation quantity described here is not an objective validation quantity as the
weighting function VE contains multiple design parameters. Further analysis of
the weighting function could reduce the subjectivity of the total validation quan-
tity and enable a presentation of the validation status of the P-ECS model with a
single number.





3
Static validation

The need to represent information in a comprehensive and intuitive way has ex-
isted for centuries. From ancient star maps to modern PET-scans the purpose is to
convey information and gain insights about the data. Modern computer graphics
has revolutionized the possibilities of data visualization. Data visualization is a
part of our lives and we rely on the communicative properties of common visual-
ization methods to relay stock prices, weather reports and soccer line-ups.

Perhaps the most common visualization technique is the line graph where a func-
tion of a single variable is portrayed. Visualization of data with two variable
dependencies is also possible with, for example, a surface plot. Over the years
many different one- and two-variable visualization techniques have been developed,
but a presentation of these lies outside the scope of this report. An interesting
problem arises when the number of variables is greater than two. The number
of space-dimensions are exhausted. To present data with more than two variable
dependencies other methods than the intuitive line or surface graphs have to be
utilized. There are different techniques suitable for different types of data. Multi-
ple visualization techniques are tested and evaluated for the static points (Section
1.5.1) in this chapter, and more in-depth studies of multidimensional visualization
techniques are available in Marghescu [2007, 2008] and Kocherlakota and Healey
[2009].

3.1 Parallel coordinates
Multivariate data sets can be represented using a technique called parallel coor-
dinates. When visualizing the static points using a parallel coordinates plot it is

25
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possible to select different dimensions to visualize. Depicted in Figure 3.1 are the
relative errors of the static points. Each static point is shown as a graph where
output signals are on the x-axis and the relative errors are on the y-axis. The vi-
sualization was created with the Matlab [2012] function parallelcoords. Using
parallel coordinates it is easy to draw conclusions such as that the maximum rela-
tive error is never larger than a value α. Such a conclusion quantifies the quality
of the model.

Parallel coordinates visualize several important facts about the data other than
just the values of the variables. There is also the possibility to identify correlation
among the dimensions. Looking at the relative error of the cabin temperature and
cabin pressure in Figure 3.1 there is a strong correlation between them for most
static points. Another example of information possible to extract from the parallel
coordinates plot is identification of outliers. As can be seen in Figure 3.1 there is
a static point found in flight mission id4430 that has a relative error of the cabin
temperature that deviates from the trend set by the other static points. These
relationships between variables are more evident if the designer of the visualization
has chosen the order of the output signals in the most favourable way [Marghescu,
2007].
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Figure 3.1: Parallel coordinates plot of all relative errors of the static points.
The color of the graphs represent the flight mission.

The parallel coordinates plot provides information about the validity of the model
in a simple and intuitive way. It can also be utilized to visualize where the validated
static points are within the domain of interest. In Figure 3.2 the vertical lines
represent the input signals. The value of each input signal is normalized between
0 and 1 with regards to the maximum and minimum values in the domain of
interest. As with the relative errors it is easy to interpret the values of the input
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signals in the validated static points. It is also possible to identify where the static
behaviour of the model has not been validated in the domain of interest. The
plot also renders a sense of the coverage of the validated domain. Quantifying the
coverage from the parallel coordinates plot is however not recommended. To have
a complete coverage, according to the nearest-neighbour definition of coverage,
the polygonal paths would have to include all possible combinations, i.e, the plot
would have to include all grid points of the domain of interest. As it is not trivial
to identify the combinations of polygonal paths not present in the visualization
the parallel coordinates plot should not be used to quantify the coverage. Instead
it should be used as a tool to identify operating conditions that would increase the
coverage of the validation or present already validated operating conditions.
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Figure 3.2: Parallel coordinates plot of the input signals of the static points.
The color of the graphs represent the flight mission.

3.2 Principal component analysis
The main purpose of principal component analysis (PCA) is to reduce the di-
mensionality without reducing variance in the data set. This is accomplished by
transforming the original variables to new principal components, where the first
few principal components explain most of the variance in the original variables.
The principal components are uncorrelated, linear combinations of the original
variables. PCA can result in a number of principal components (m) no greater
than the amount of original variables (p). If m ≤ 2, visualizations using intuitive
2D or 3D techniques are easy to produce. How to derive principal components
and more in depth information is presented in Jolliffe [2002].

Matlab Statistical Toolbox [Matlab, 2012] includes a number of functions to per-
form and visualize principal component analyses. An analysis was performed on
the validated static points with the relative error of the cabin temperature. De-
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picted in Figure 3.3 is a bi-plot of the first three principal components of this
analysis where component 1 is depicted on the x-axis, component 2 on the y-axis,
and component 3 on the z-axis. The red dots are the coordinates, or scores, of
the validated points in the new principal component basis. The blue vectors de-
pict the loadings or coefficients of the original variables in the three first principal
components. The loadings are also presented in Table 3.1

As we saw in Figure 3.1 there is a static point from flight id4430 with a relative
cabin temperature error that deviates from the trend. The outlying static point
is still identifiable in the bi-plot at coordinate (−0.16,0.59,0.26). The row that
describes the relative cabin temperature error in Table 3.1 has the majority of the
weight on the second principal component. In the scores from the PCA there is a
validation point (po) that has the score -0.2408, 0.6909, and 0.0191, a PC2 score
more than twice as large as the second largest PC2 score. As the second principal
component has a strong correlation with the relative error of the cabin tempera-
ture one would suspect that po is the outlier. When the order of the static points
is examined the point po indeed has the relative error that deviates from the trend.
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Figure 3.3: PCA-biplot of validated points and the relative error of the cabin
temperature based on the three first principal components.

In Table 3.1 we also see that the relative error has almost all loading on a single
principal component, the second principal component. Having a variable loading
almost exclusive to a single principal component signifies that the corresponding
variable is in general uncorrelated with the other variables. In our case exclusive
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Table 3.1: Loadings from the PCA of input signals and the relative error of
CabTemp.

Variable PC1 PC2 PC3
Mach 0.4738 0.0024 0.5802
Altitude 0.5047 0.0806 -0.5172
Temperature -0.4453 -0.0517 0.4991
PLA 0.3821 0.0990 0.2724
Humidity -0.4075 0.0048 -0.2662
CabTemp εR -0.1017 0.9905 0.0408

variable loading translates to that the variance in the relative error cannot be
explained by variance in the input signals. The variance in the relative error
must instead stem from noise and random disturbances. The conclusion to be
drawn from this knowledge is that the model’s accuracy of estimating the cabin
temperature within the domain of validation is uncorrelated with the operating
conditions.

3.3 Scatter plot matrix
A scatter-plot is a visualization technique where a dot or other marker represents x
and y data. A scatter-plot matrix is multiple scatter-plots where each scatter-plot
is a new pair of variable combination. As we want to view each input signal versus
each out signal the scatter plot matrix consists of 40 subplots (5 input signals and 8
output signals) in our case. The scatter plot matrix of all static points is presented
in Figure 3.4. The scatter plot matrix is generated by the Matlab [2012] function
gplotmatrix from the statistics toolbox. As the number of subplots increases
the comprehensibility of the visualization diminishes. Figure 3.4 shows that the
number of variable combinations is too large to be applicable in this application.
It is difficult to identify individual static points and the visualization is convoluted.

However, within Figure 3.4 an observation, which serves as a validation of the
conclusion from the principal component analysis, can be seen. The x-axis present
the relative errors of the static points and if the relative errors are correlated with
the input signals the markers should cluster at the same y value. All observations
within the scatter-plots are spread out over the x-axis. This is an indication of the
error in the static points being uncorrelated with the operating conditions, thus
affirming the conclusion drawn from the principal component analysis.

3.4 Glyph visualization
Glyph plots are depictions in 2 or 3 dimensions where additional dimensions are
represented by overlaid glyphs. An example of glyph visualization is a wind map
where the glyph is an arrow. The direction of the arrow coincides with the wind
direction and the length is proportional to the wind speed. This allows multiple
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Figure 3.4: Scatter plot matrix of validated static points. The relative errors
of the output signals are shown on the x-axis. Input signals are shown on the
y-axis.

dimensions to be depicted in 2- or 3-dimensional space. The glyph visualization
developed to suit the static points was inspired by both weather maps and Sawant
and Healey [2007].

The purpose of the glyph visualization is to depict the input signals Mach, altitude,
ambient temperature, power level angle, absolute humidity and also a validation
quantity. The visualization should be able to portray all of these six variables for
all of the static points within one plot. The developed glyph visualization depicts
each static point as a cuboid. The centre of each cuboid marks the input signals
Mach, altitude, and temperature on the x, y, and z -axes. Power level angle is
depicted by a scaled Euler angle of the cuboid; 90◦ (in relation to the x-axis)
equals a PLA value of 100. When the PLA is greater than 100 the afterburner
is active. Information about the state of the afterburner would be beneficial to
relay through the visualization. Here, a scaled Euler angle is used since it is easier
to identify if the angle is greater than 90◦ than if the angle is greater than 100◦.
The absolute humidity in the static point is proportional to the length of the
cuboid. The validation quantity is mapped to a customizable colormap with the
scale presented by a colorbar. A more formal presentation of the mapping is

V (Ψ (M,A, T, β,H, ϑ)) = V (x, y, z,Θ, l,∆}, (3.1)

where V is the needle plot that shows the visual features Ψ that represent the
attributes of the static points. The input signals,M,A, T, β, and H, and validation
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quantity ϑ are the attributes of the static points we want to present.

The visual features designed to suit our application can be expressed as

Ψ =


x
y
z
Θ

l
∆

 =



M
A
T

90 · β
100

0.4 · H
MH

MM + 0.15
g(ϑ)

 (3.2)

MM and MH are the maximum value of Mach and humidity of all static points.
MM is used so that the length of the box depends on the values of the x−axis of
the needle plot. g(ϑ) is a function that calculates an RGB colour value from the
value ϑ. The mapping of the variables is developed to suit the data set of static
points as an effective mapping “produces images that support rapid, accurate, and
effortless exploration and analysis” [Sawant and Healey, 2007]. In Figure 3.5, the
validated static points and the relative error of the cabin temperature are depicted
with the developed mapping.

When a large set of static points at varying operating conditions has been validated
the glyph plot will be filled with glyps of different sizes and rotations at different
positions. Ideally all glyphs will have the same color and the colorbar will indicate
an acceptable value of the validation metric. The current set of static points is
comprised of only sixteen points and distinguishing trends and patterns within the
domain of validation is more practical using other visualization techniques such
as the parallel coordinates plot. Exploring correlation between input signals and
validation metrics will be easier as the glyph visualization becomes denser. Other
visualization techniques, such as scatter plot matrices, become more indistinct
when the number of data points increases and having a technique that handles
large sets of data is beneficial. Other limitations of the glyph visualization are the
inability to visualize the exact value of the attributes and to identify the static
points flight mission id-entities. These limitations are circumvented by a graphical
user interface, which provides the functionality to present the exact values and
flight mission id-entities of the static points.

3.5 Boxplot
The boxplot is a glyph visualization technique to depict statistical metrics. In
Figure 3.6, are the relative errors of the static points are visualized using the
boxplot technique. The boxes’ edges mark the 25th percentile and 75th percentile
of the data (interquartile range), which translates to that 50% of the data points
are localized within the box. Data points with values larger than q3 + (q3 − q1) or
less than q1−(q3−q1), where q3 and q1 are 75th and 25th percentile, are considered
outliers and marked with an asterisk. The lines extending from the box are called
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whiskers and mark the largest and smallest data value not considered an outlier.
Marked by the red line is the median of the data set. The boxplot is an effective
tool to visualize many statistical characteristics in a concise and intuitive manner.
There are different variations of boxplots with additional statistical quantities and
definitions of the glyphs. This, rather simple, appearance was chosen as it depicts
the statistical measures that are relevant to describe the data set of static points.

The most interesting data to visualize using the boxplot are the validation metrics
when validating the P-ECS model. Ideally the boxes and whiskers should be small
and centered around zero, at least for relative errors. A boxplot of the input signals
would give an indication of the coverage, just as the parallel coordinates technique,
but it is also difficult to interpret and is therefore not used.

3.6 Discussion
When validating the static performance of the P-ECS model, the main challenge
is presenting the validation result in a concise and informative manner. This
chapter presents multiple visualization techniques that can be utilized to describe
static validation results. A conclusion is that no single visualization technique
presented here is able to convey all interesting validation measures; thus multiple
visualizations are required to render the important data. The glyph and parallel
coordinates plots are considered most beneficial when presenting validation results.
Presenting them side-by-side gives a joint picture of one validation quantity for all
output signals and the operating conditions for all input signals. The validation
quantity can, for example, be the relative error for the output signal.
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Figure 3.5: Glyph visualization of cabin temperature validation using rel-
ative errors in static operating points. All variable values except PLA are
normalized between 0 and 1.

Figure 3.6: Box plot of the relative errors of static points.





4
Dynamic validation

Validating dynamic operation of the P-ECS has previously been performed man-
ually by experts [Hällqvist and Järlestål, 2013]. This validation was based on
a comparison of metrics commonly used during design of control systems such as
overshoots, rise times, and time constants between measured and simulated signals.
To provide a more stringent validation procedure we will look into automating the
computation of the control design quality quantities. A frequency-domain valida-
tion technique that will be examined and tested using an example system is model
error modelling.

4.1 Time-domain validation
Some characteristics for the dynamic response of a system evaluated for control
design can also be used for model validation. Comparing the values of these charac-
teristics of measured signals against simulated signals can provide insight into the
model’s representation of the physical system. These measures are specifications
of how the system behaves during a step response. Overshoot is a measure that is
commonly used during the development of control systems and it is defined as

Mo =
ypeak − yf

yf
(4.1)

where ypeak and yf are the peak and final value of the step response, respectively,
and the overshoot, Mo, is often given as a percentage. The rise time of a system,
commonly denoted Tr, is the time span when the value of the output signal is
between 10% and 90% of the final value of the step response. Ts denotes the settling
time of a system and is defined as the smallest t where yf − p ≤ y(t) ≤ yf + p for
all t larger than Ts. The value of p is often a fraction of the final value. A system’s
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time constant, τ , is the amount of time from the start of the step until the signal
reaches 63.2% of its final value. All these measures are depicted in Figure 4.1.
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Figure 4.1: Step response with overshoot Mo, peak value ypeak, final value
yf , rise time Tr, time constant τ , and settling time Ts.

Automatic identification of interesting dynamics

Previous dynamic validation of the P-ECS model [Hällqvist and Järlestål, 2013]
compared measured and simulated signals during interesting dynamic events. Iden-
tifying time-intervals that include interesting dynamic events was left to the user.
These dynamic events consist of: change in altitude, Mach, and events producing
transients, such as the APU switch after take-off.

To automate the visual inspection used by Hällqvist and Järlestål [2013], functions
to identify interesting time-intervals are created. Three functions are implemented:
identification of rise, fall, and static operation. The algorithm to identify a rise
accepts three arguments, the minimum required change of the signal per second,
∆a, the shortest duration to consider an ascent, ta [s], and the minimum time
between ascents, tm [s], and performs the following operations.

1. Compute the change in of the signal of each sample, ∆s = s(k) − s(k − 1),
where s(k) is the value at sample k.

2. Find all time-intervals, T1, T2, . . . , Tn, where ∆s ≥ ∆a for more than ta con-
secutive seconds.

3. If the difference between the end time of Ti and the start time of Ti+1 is less
than tm, merge Ti and Ti+1 into one time-interval for i ∈ 1, 2, . . . , n− 1.

4. Return 0 if no time-interval has been found.
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5. Let the user select which time-interval to analyze if more than one time-
interval has been found.

Identification of a fall in a signal is performed in an analogous manner but with
∆s ≤ −∆a as the condition of Step 2. An example of identification of an ascent
with arguments ta and tm is depicted in Figure 4.2.
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Figure 4.2: Example of an identified ascent time-interval (red). The figure
shows that an ascent does not have to be a continuous ascent to be found by
the algorithm. Short plateaus and descents are ignored.

It might also be of interest to examine the signals during the static time-interval
and a function to identify static time-intervals has therefore been developed. The
function to identify static operation uses (1.1) to find time-intervals of static opera-
tion. The static validation techniques (Chapter 3 and Section 2.6) use the average
of the signal during the static time-interval.

4.2 Frequency-domain validation
To validate the model for different frequencies, techniques other than visual inspec-
tion have to be investigated. A method proposed by Ljung [1999b] is model error
modelling where a model of the error is estimated. Reinelt et al. [1999] present
the general idea behind model error modelling. The idea is to model the residual

ε(t) = y(t)− ŷ(t), (4.2)

where ŷ(t) is the prediction of the output, as a model error model

A(q)ε(t) = B(q)
F (q)u(t) + C(q)

D(q)v(t) (4.3)
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and plot the model error model (A,B,C,D, F ) with its confidence region in a Bode-
plot. The estimated model is validated for frequencies where the error model with
confidence interval includes a zero gain.

For a system with nu inputs and ny outputs we want to look at the transfer
functions,

E(eiω) = G(eiω)U(eiω), (4.4)

Ei(eiω) =
nu∑
j=1

Gij(eiω)Uj(eiω), i ∈ {1, . . . , ny}, (4.5)

from input to error as they describe the effect of different inputs to the error. It
is the gain of the error, |Gij(eiω)|, that is particularly interesting. A large gain
from u to the error means that small variations of u causes large discrepancies
between the measurements and the model. The P-ECS model contains 5 input
signals and 16 output signals and checking all of these 80 magnitude plots is not
practical. Two solutions to this problem will be examined. The first one will only
present magnitude plots where the error gain is above a certain threshold. The
second solution is to look into singular value decomposition. These solutions will
be examined using an example system with a known error.

4.2.1 How to estimate the error model from data

To find the transfer function of the error, common model structures such as ARX,
non-linear ARX, and Box-Jenkins can be used. We are only interested in frequency
dependencies and not error model simulation, which is why a non-parametric
model will suffice. Non-parametric models, such as the empirical transfer func-
tion estimate (ETFE) only takes one input, the size of the Hamming window,
which may be tuned beforehand to match the desired frequency resolution. A
mathematical description of ETFE without a Hamming window is [Ljung, 1999a]

ĜN (eiω) = YN (eiω)
UN (eiω) , (4.6)

where YN (eiω) and UN (eiω) are the discrete time Fourier transforms,

XN (eiω) = F{x(t)} = 1√
N

N∑
t=1

x(t)e−iωt (4.7)

of the output and input at time t = 1, 2, . . . , N obtained at ω = 2πk/N , k =
1, 2, . . . , N , respectively. Using periodic convolution,

F{x(t)h(t)} = 1
2π

π∫
−π

X
(
eiϑ
)
H(ei(ω−ϑ))dϑ, (4.8)
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and we may write (4.7) with a Hamming window as

ĜNH(eiω) = 1
2π

π∫
−π

ĜN

(
eiϑ
)
Hγ(ei(ω−ϑ))dϑ (4.9)

where Hγ is the Fourier transform of the Hamming window

hγ(τ) = 1
2

(
1 + cos πτ

γ

)
0 ≤ |τ | ≤ γ. (4.10)

Here, γ is the design parameter of the Hamming window and determines the width
of the window. The γ parameter is related to the frequency resolution and variance
of the EFTE [Ljung, 1999a].

4.2.2 Example

A small and simple example of model error modelling will serve as an illustration
of what we are trying to accomplish. The system, which is a Multi-Input Multi-
Output (MIMO) system with 2 inputs and 2 outputs, is a model of a heat exchanger
borrowed from Ljung and Glad [2003, p. 45 & 48]. The inputs to the system are
hot and cold water temperatures at the inlet and the outputs are hot and cold
water temperatures at the outlet. The transfer matrix of the system can be written
as

G0(s) = 0.01
(s+ 0.01)(s+ 0.41)

(
s+ 0.21 0.2

0.2 s+ 0.21

)
, (4.11)

which is the nominal model. To the nominal model we add an error in the form
of transfer function matrix, which can be expressed as

EHP (s) =

 74.27s2+15.62s+0.82
s4+1.27s3+2.64s2+2.71s+0.82

200.1
s2+3.06s+10.36

74.27s2+15.62s+0.82
s4+1.27s3+2.64s2+2.71s+0.82

5867
s2+4.04s+376.4 .

 (4.12)

When the nominal model Y (s) = G0(s)U(s) +W (s), where W (s) is the measure-
ment noise, and the model Ŷ (s) = (G0(s) + EHP (s))U(s) have been established,
we simulate both models and compute the residual ε(t) = ŷ(t) − y(t). u(t) and
w(t) were set to independent white noises sampled at 8 Hz for 500 seconds using
the Matlab [2012] command wgn with power 2 dBW and 5 dBW, respectively.
Computing an ETFE with Matlab [2012] is accomplished with the command etfe
supplied with the data and an argument to tailor the width of the Hamming win-
dow, M . Matlab manipulates the supplied argument M so that the γ used to
calculate the Hamming window yields a frequency resolution of π/M [rad/s] [Mat-
lab, 2012]. The error model is estimated withM = 125. The error model estimate
with the nominal error can be seen in Figure 4.3.

4.2.3 Solution 1: Selective presentation based on thresholding

In Figure 4.3 we see that the error model accurately estimates the frequency re-
sponse of the error. The heat exchanger system used has 2 input and 2 outputs
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Figure 4.3: Estimated error model and true error magnitude plots. Even
though the peaks are flatter and some cross-coupling is visible the error model
captures the behaviour of the error.

resulting in only 4 magnitude plots. Keeping in mind that the technique shall be
used for the P-ECS and this system has 80 input output combinations a reduction
of plots presented is required. One solution to this problem is to only present plots
where the magnitude is above a threshold value. If we apply this technique to the
heat exchanger example we generate Figure 4.4. The threshold value is set to 40
dB and that removes the the plots from input 2.

4.2.4 Solution 2: Singular value decomposition
Instead of plotting the gain for each input output combination the total gain could
be shown. A scalar gain concept for multivariable systems can be defined based
on the possible directions for the input and output vectors. It would however
be infeasible to analyze every possible combination of directions. We know that
[Ljung and Glad, 2003]

σ(G(iω)) ≤ |E(iω)|
|U(iω)| ≤ σ(G(iω)) (4.13)

where σ and σ denote the smallest and greatest singular values, respectively. The
singular values, σi, of the matrix A are defined as σi =

√
λi where λi are the



4.2 Frequency-domain validation 41

10−1 100 101 102
−90
−60
−30

0
30
60

Frequency (rad/s)

M
ag
ni
tu
de

(d
B)

To
:
O
ut
(1
)

EHP

Error model

−90
−60
−30

0
30
60

M
ag
ni
tu
de

(d
B)

To
:
O
ut
(1
)

From: In(1)

Figure 4.4: Gain of the error model and actual error for the heat exchanger
system. Only plots where the error model has an gain over 40 dB are shown.

eigenvalues of A†A (A† denotes the complex conjugate transpose of A).

Singular values are seldom numerically calculated using eigenvalues, instead the
singular value decomposition or SVD,

A = UΣV † (4.14)

is used. The notation in (4.14) is the common notation of an SVD.However, U is
often used to denote the input vector of dynamic systems. In the following para-
graphs U denotes the matrix from the SVD and U(iω) denotes an input vector to
a dynamic system. If A is an n-by-m matrix then U is an n-by-n unitary matrix
and V is an m-by-m unitary matrix. The columns of U are the eigenvectors of
AA† and the columns of V are the eigenvectors of A†A. The eigenvectors within
both U and V are sorted to correspond with the singular values, which are the
diagonal elements of Σ. The actual gain of the system depends on the direction
of the input vector U(iω). If this vector is parallel with the eigenvector in V cor-
responding to the largest singular value then the gain of the system is the largest
singular value. A similar argument can be made for the eigenvectors in U , which
describe the mode of the outputs. A more detailed explanation of the SVD is
available in Ljung and Glad [2003, p. 75].



42 4 Dynamic validation

Example

An example using singular values of the ETFE of the heat exchanger system is
shown in Figure 4.5. It is the same heat exchanger system and error, EHP , as
used previously. The figure shows that using singular values we get an indication
of where, with regards to frequency, the error gain is large and small. The singular
values provide a boundary of how much the error is amplified from the input signals.
Notice though that the singular values do not describe the direction for the input
vector. The direction can be assessed by looking at the associated singular vectors.
We are able to reduce the number of plots to one compared to the threshold
example which had two plots. Figure 4.5 also provides more information than
Figure 4.4 as all resonance peaks are shown.
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Figure 4.5: Singular values of the actual error and the error model. Compared
to Figure 4.4 we get information about all peaks of the error gain.

4.3 Discussion
Validation of the dynamic operation of the P-ECS is divided into time-domain and
frequency-domain validation. Time-domain validation builds on previous work
performed by Hällqvist and Järlestål [2013] where the measured and simulated
outputs are compared visually. A more stringent approach is to automatically
compute interesting quantities to compare. Combined with functions to identify
interesting time-intervals where dynamic events occur in the flight mission, time-
domain validation has been improved significantly. It is now much easier to extract
information and present the results. However, the time-domain methodology does
not provide any new information compared to previous validations. Even if the
validation procedure is more stringent it is the same quantities that are compared.
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The frequency-domain method of model error modelling provides information
about the model’s performance with regards to frequency. Using ETFE to an-
alyze the model error some assumptions should be fulfilled by the model. First
of all the system should be linear, an assumption that the P-ECS model does not
fulfil and it is not believed that the error does either. We are therefore forced to
approximate the function from input to error as linear. Furthermore, if the input
signal is not periodic the variance of the EFTE does not decrease as the number
of samples increases [Ljung, 1999a, p. 178]. If the input signal is periodic the
estimation at frequencies present in the input would improve with larger data sets.
In our case the frequency content of the input cannot be controlled since it is de-
termined by the actual operating conditions of the aircraft which are not periodic.
Using only the ETFE the variance would therefore be equal to the signal-to-noise
ratio. Since we include the Hamming window the variance of the estimated error
model will be [Ljung, 1999a, p. 184]

1
N
W (γ)Φv(ω)

Φu(ω) + o(W (γ)/N) (4.15)

where W ≈ 0.75γ, Φx(ω) is the spectrum of x and o(x) is small ordo x. We see
that the variance is dependant on γ and N . So the variance will decrease with
larger data sets when using the Hamming window, even though no further infor-
mation about the system at ω has been added. The improved variance is therefore
a compromise, tunable with γ, between variance and bias of the estimation. Addi-
tional information and techniques for selecting a suitable γ are presented in Ljung
[1999a].

The result of an error model is usually presented using amplitude plots as done
by Reinelt et al. [2002]. In the heat exchanger example this approach is useful
as the number of input output combinations is quite small. When we will try
to apply the approach to the P-ECS the number of input output combinations
will make the technique impractical. Only selecting plots where the error gain is
above a certain threshold is a possible solution. The problem with this solution
is selecting the threshold. The threshold could be chosen based on the accuracy
requirements for the model. Different thresholds could be used for different input
output combinations with different accuracy requirements.

In the example using singular values it is shown that all peaks of the error with
regards to frequency can be shown in a single plot. For the heat exchanger example
the singular values proved to be a good technique to show the properties of the
error. To use the singular value decomposition as a validation method for the
P-ECS, a physical interpretation is desired. The eigenvectors of a dynamic system
describe the direction of the input signals [Bodén et al., 2001].

For example, if the input signals oscillate with the same amplitude relationship
as the eigenvector of V that corresponds to the largest singular value, the P-ECS
model’s performance is worse than if the input signals would oscillate with the
same amplitude relationship as the eigenvector that corresponds to the smallest
singular value. Different signs between the components in the eigenvector indicate
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that the inputs are out of phase. For the P-ECS validation this might provide
information about how the airplane flew when the error gain is largest.



5
Case study

Validating the P-ECS model is not an easy undertaking. There are many different
properties, related to both static and dynamic operation, that should be exam-
ined and validated. This case study is done to provide some general guidelines
when validating the P-ECS model. This chapter shall also examine if the devel-
oped techniques can validate the P-ECS model. To answer the question of model
validity, the techniques should be able to correctly compute the total validation
quantity and coverage metrics and present validation quantities of the output sig-
nals (Tables 1.1 and 1.2). The presented approach to answering these questions
is to first examine the validation quantities that require the least interpretation.
The case study will therefore start with the total validation quantity and coverage.
If these quantities indicate an invalid model, we will examine the visualization
techniques. Validating the dynamic properties of the P-ECS model is a separate
procedure and will start by examining the time-domain properties followed by
frequency-domain properties.

5.1 Description
The techniques developed and presented in Chapters 2-4 were tested on already
validated simulations. The validation of these simulations is presented in Hällqvist
and Järlestål [2013]. To test if the techniques are able to invalidate the model, a
new flight mission (id1275) is simulated. The data available is equivalent to the
data of the previous flight missions. There are measurement and simulation data
of input and output signals sampled at 1Hz. The new flight mission was flown
with test aircraft 39-6 and the previous flight missions were flown with aircraft
39-7. It is expected that the individual differences between the systems installed
in the aircraft would affect the model performance. The simulation model could be

45
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tuned to better fit the new aircraft but in the simulation used here it is not. The
reason behind not tuning the model is two-fold. It will be interesting to see if the
techniques can identify an, expected to be, less accurate simulation of the flight
mission. It will also be interesting to see how much of an impact the individual
differences of the physical systems have on the simulation.

The static validation techniques are based on comparing the new simulation with
old simulations that have already been validated. The set of already validated
static points is denoted SO. The set of static points in flight mission id1275 is
denoted SA and the new set of all static points is denoted SN .

5.2 Checking for the overall validity and coverage
The first step in validating the static performance of the P-ECS model is to exam-
ine the coverage (Chapter 2) and the total validation quantity (Section 2.6). The
coverage computations in Table 5.1 show that static points at previously untested
settings are identified in SA (recall that ηc decreases with improved coverage).
These static points alter the convex hull of validation used to compute the near-
est neighbour coverage metric. The change in the shape of the convex hull can
be used to validate the approximate computation of the nearest neighbour metric
(see Section 2.5.2). The error between the approximate and exact method is small,
for both sets of static points, further increasing the confidence in the approximate
solution.

Table 5.1: Computation of the coverage metrics using the sets SO and SN .

Set: Approximate ηc Exact ηc Error Volumetric (ηvol)
SO 0.84325 0.84382 0.068% 0.00024325
SN 0.76328 0.76308 -0.026% 0.00073951

The flight mission id1275 was flown with a different aircraft than what the model
is optimized to simulate. Control software and individual system characteristics
differ between aircraft, which would explain if the errors of SA are larger than the
errors of the static points SO. The values from computing the total validation
quantity ηc,V , described in Section 2.6, are shown in Table 5.2. A characteristic of
ηc,V is that ηc,V (S), for any set of validated static points S, is always larger than
ηc(S) except if all relative errors of S are zero, then ηc,V (S) = ηc(S). The results
from Table 5.1 and Table 5.2 show that ηc,V (SO) − ηc(SO) ≤ ηc,V (SN ) − ηc(SN )
indicating that SN contains larger relative errors than SO. As SO∪SN−SO∩SN =
SA, the set SA probably contains large relative errors and we should continue trying
to find the source of the relative errors.

5.3 Finding erroneous signals
Depicted in Figure 5.1 are the relative errors the static points in SN . The visual-
ization shows that most relative errors of the static points in SA are larger than
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Table 5.2: The total validation quantity for the static points SO and SN .

Set: Validation quantity ηc,V
SO 0.85787
SN 1.0878

the relative errors from the set SO, particularly the relative errors of the cabin
temperature. It appears as if the cabin temperature is the root cause of the poor
total validation quantity.
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Figure 5.1: Relative errors of the cabin temperature in the set of static points
SN . The relative errors of the static points from the set SA are depicted as
yellow lines.

Figure 5.2 indicates that the relative error of the cabin temperature is still uncor-
related with the operating conditions, as for the set SO (Figure 3.3). The large
relative errors of the cabin temperature can be identified as the points with large
negative Component 2 values.

The indication that the operating conditions are uncorrelated with the relative
error of cabin temperature is also visible in the glyph plot, Figure 5.3. Three
boxes, one dark red, one yellow, and one light blue are visible in the figure. These
colors represent large relative errors as shown by the color bar. These three boxes
represent the largest relative errors of cabin temperature and these static points
are all found at different parts of the envelope. The red box represents a static
point at high altitude, high Mach, low humidity, low temperature, and average
PLA. The yellow box represents a low altitude, low Mach, high humidity, high
temperature, and low PLA. The light blue box shows operating conditions in the
middle of the envelope. So, the three worst relative errors are all found at different
parts of the flight envelope indicating that the relative errors are uncorrelated with
the operating conditions.
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Figure 5.2: PCA of the set of static points SN using the input signals and rela-
tive error of cabin temperature. The outliers with large negative Component 2
values are the points from SA with large relative errors.

Figure 5.3: Glyph plot for the relative error of the cabin temperature of the
set for static points SN . The three worst relative errors are shown as a red
box, a yellow box, and a light blue box. These three boxes are found at
different parts of the flight envelope.
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5.4 Dynamics
Validating the performance of the P-ECS model during dynamic operation is not
based on on a comparison of two sets of data. To perform dynamic validation
only data from the flight mission that shall be validated are required. The data
are measured and simulated output signals as specified by Table 1.1 and Table
1.2. The input signals, altitude, Mach, temperature, humidity, and PLA, are also
required. These input and output signals are all sampled at 1Hz. Before the
measurement and simulation data can be used for validation some pre-processing
is required. The pre-processing is comprised of syncing the measurements and
simulations. Some events, such as taxing on the ground, are not simulated and
these measurements are therefore removed in the pre-processing.

5.4.1 Time-domain validation
Time-domain validation is based on both visual inspection of output signals and a
comparison of common control design quantities. When utilizing the time-domain
validation techniques one output signal is validated. Shown in Figure 5.4 is the
simulated and measured cabin temperature during flight mission id1275. Table 5.3
presents the computed step response characteristics for the time interval 900 to
1660 seconds that is plotted with red dots in Figure 5.4.

Figure 5.4: The measured and simulated cabin temperature output signal
during flight mission id1275. The values on the y-axis are left out due to
company confidentiality. Red markers indicate the time-interval 900 to 1660
seconds for which the control design quantities in Table 5.3 are computed.

In Figure 5.4 we can see that the model can be used to simulate the overall
characteristics of the cabin temperature during the flight mission. After the rise
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Table 5.3: Common control design quantities computed for cabin tempera-
ture in the time-interval 900 to 1660 seconds of flight mission id1275. Some
quantities, such as peak response, are not presented due to company confi-
dentiality.

Quantity Measured Simulated
Rise Time 21.63 19.58
Settling Time 759 759
Overshoot 13.18 49.13

of the cabin temperature at 1100 seconds into the flight there is an oscillation that
is not modelled correctly, neither with regards to frequency or amplitude. The
oscillation is also simulated to be sooner after the rise than the measurements
show. Other than that the simulation matches the measurements well. The large
static relative errors and the poor total validation quantity in Table 5.2 cannot be
explained by the erroneously simulated oscillations. They are instead explained
by the cabin temperature approaching 0◦C, something not visible in Figure 5.4 as
the y-labels had to be removed. The cabin temperature approaching zero will be
further discussed in Section 5.5.

5.4.2 Frequency-domain validation

Frequency-domain validation of the P-ECS system is based on model error mod-
elling. To utilize model error modelling and SVD, the input and output signals
were normalized between 0 and 1. This was to make sure the gain of the model
error model did not only portray the gain from a single input. When the data
has been pre-processed, the residual of the output signals can be computed. The
residual

εA = y − ŷ, (5.1)

is computed for each sample and each output signal in the data set. When the
residual has been computed, the empirical transfer function is computed using the
command etfe in Matlab [2012] with M = 200.

Different methods to present the result of the model error modelling was proposed
in Section 4.2. The first was to plot the gain from the inputs to the outputs of
the error model. This was shown in Figure 4.3. The P-ECS is however a large
system with five inputs and 16 outputs, for dynamic validation, and presenting
all of these gain plots in a report would be difficult. One proposed solution is to
only present a selection of plots. These plots would be selected to present data
where the gain is larger than a threshold value. The gain from altitude to the
error of cabin temperature is shown in Figure 5.5. This plot was chosen to be
presented here as it shows an increase in error gain at higher frequencies. The
other combinations of errors and altitude showed a similar behaviour but are not
shown in this report. Plots with other inputs showed a more constant behaviour
with low amplification and are therefore not shown.
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Figure 5.5: The gain of the error of cabin temperature from altitude input
signal. Both input and output signals are normalized between 0 and 1. The
light blue region show the confidence region for 1 standard deviation.

Plotting the singular values of the error model is a more compact visualization of
the gain-interval of the errors. The grey area in Figure 5.6 provides an interval
of the amplification from input signals to output errors. In Figure 5.6 it can be
seen that for flight mission id1275 the model’s performance is worse at higher
frequencies.

5.5 Discussion
This case study chapter provides a guide for how to validate the P-ECS model.
The techniques presented in this chapter are a suggestion of which to use during
validation. Other simulations of flight missions might show different characteristics
where other techniques are more suitable. An example of this are flight missions
with a specific purpose, such as flight missions where only the APU switch is tested.
Only dynamic validation would be relevant for such flight missions.

Coverage and total validation quantity

The flight mission id1275 was chosen to validate since it was flown by a different
aircraft than the one previously validated. It was also chosen on the merit that it
might contain static points at previously untested extreme settings, i.e. settings
close to the boundary of the domain of interest. The small change in coverage
(Table 5.1) shows that no static points at extreme operating conditions are identi-
fied, which is confirmed by Figure 5.3 as no boxes indicate an extreme operating
condition. Points outside the previously validated domain (SO) are however iden-
tified as ηvol is improved when the points in set SA are added to the validated
domain. This is also confirmed by Figure 5.7 where the static points of SO and
SN are shown for the input signals altitude, Mach, and PLA. ηvol would not show
any change in coverage if all points in the set SA would be inside the convex hull
of the set SO. This is the largest benefit of the nearest neighbor coverage. ηc is
improved when more points are added, even if they are added inside an already
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Figure 5.6: Largest and smallest singular values for the error model of flight
mission id1275. The gain from the input signals to the residual of the output
signals is within the interval of the grey region.

validated domain.

The total validation quantity ηc,V (Table 5.2) is worse for the set SN compared to
the set SO, even though the coverage, ηc is better for the set SN . If the change in
ηc and ηc,V between the sets SN and SO would be similar then the relative errors
of the static points in SA would be as large as the relative errors of the static
points in the set SO. That would mean that the P-ECS model estimated the new
flight mission just as good as the previous flight missions and the static validation
could stop here.

Static validation

Since the total validation quantity indicated large relative errors in the set SA the
suggested continuation is to plot the static points using the techniques described in
Chapter 3. Figure 5.1 showed that the cabin temperature contained large relative
errors for the set SA. The effort should therefore be focused on the cabin temper-
ature. In Figure 3.3 (PCA of SO) the relative error of the cabin temperature had
the majority of its weight on a single principal component. Holding the majority
of the weight of a principal component indicates that the variance of the validation
quantity cannot be explained by the input signals, i.e. the validation quantity is
uncorrelated with the operating conditions within the domain of validation. When
the weight of the validation quantity on one principal component is close to one,
no visualization is needed to show that the validation quantity is uncorrelated with
the input signals; only the coefficients of the validation quantity are needed. The
relative error of the cabin temperature of the set SN does not have the majority
of its weight on a single principal component. The vector of the relative error is
instead orthogonal to a plane spanned by the input signals, as shown in Figure 5.2.
If the validation quantity has large weights on more than one principal component,
but the vector of the validation quantity is orthogonal to the input signal vectors,
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Figure 5.7: Comparison between the operating conditions of (M,A, β) for
the set SN (above) and the set SO (below). Static points at new operating
conditions are present in the set SA but these points are close to the points
in set SO.
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the validation quantity is still uncorrelated with the input signals in the domain
of validation. Showing that the vector of the validation quantity is orthogonal to
the input signal vectors is most easily accomplished by visualizing the vectors.

Figure 5.3 also indicates that the relative errors of cabin temperature are uncorre-
lated with the operating conditions as the three largest relative errors of the set
SN are all found at different parts of the envelope.

What caused the large relative errors of cabin temperature was not found until
checking the levels of the output signals. Then it was found that the cabin tem-
perature had approached 0◦ C during the flight mission id1275. Large relative
errors are shown in the set SA since the relative error uses the measured value
as a denominator. The low cabin temperature was caused by the pilot selecting
the coldest temperature setting, something that had never happened in the static
points of the set SO. This discovery provides an important lesson to remember
when validating the P-ECS model. Relative errors are useful to visualize in the
same plot as the relative errors of all output signals often have the same order of
magnitude. However, if some output signals approach zero, the relative error will
become very large. Following the steps presented here will not show that signal
values are close to zero. It is therefore recommended to check the output signal
values after comparing the total validation quantity and coverage.

Since the large relative errors of cabin temperature can be explained by signal
values approaching zero and other output signals showed similar performance as
for the previously validated static points, the model is concluded to be validated
for static operation of flight mission id1275.

Dynamic validation

Visually inspecting the measured and simulated output signals (an example is
shown in Figure 5.4) showed that the model adequately explained the measured
outputs. When the system started to oscillate, the model’s representation was
poorer. This can be seen in Figure 5.5 where the amplification from the input to
the error is larger for higher frequencies. Confidence intervals are important to
asses the accuracy of the error model. For instance you can notice in Figure 5.5
that many of the notches were estimated with low accuracy. More importantly here
is that peaks, particularly at frequencies above 0.5 rad/s are estimated well. For
low frequencies, Figure 5.5 shows that the error is not as large, which is expected
as the static performance of the P-ECS model is validated. For flight mission
id1275, all gains from altitude to errors were larger for frequencies above 0.5 rad/s.
None of the other inputs showed a similar behaviour but were instead more or less
constant. Presenting only plots where gains are above a certain threshold would,
for flight mission id1275, show all amplitude Bode plots for the input altitude.
This would result in 16 plots, which is a considerable reduction from the 80 plots
(5 inputs, 16 outputs) when plotting all input output combinations. This is a
good technique to use when validating the P-ECS model but not as suitable when
presenting the validation results, as 16 plots is still a large number of plots.

Using singular values can reduce the number of plots to one. The information
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about poorer high frequency performance for the simulation of flight mission id1275
is still visible in Figure 5.6. Compared to the singular values of the model error
model for a previously validated flight mission id2789 (Figure 5.8) the lower and
upper boundaries of the error model gain are higher for flight mission id1275 for
almost all frequencies.
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Figure 5.8: Minimum and maximum singular values of the error model from
flight id1275 and id2789. The dark blue region is where the singular values
overlap between the two flight missions. The gain of the error model is larger
for flight mission id1275.

To gain a physical understanding of the models’ accuracy it is desirable to be able
to determine the aircraft state when the error at frequency ω occurred. As the
eigenvector describes the direction of the input signals it is possible to describe
how the airplane moved through space. When examining the input eigenvectors
for the singular values of the error model for flight mission id1275 it was found
that the eigenvectors described non-physical behaviours for the upper bound. The
input eigenvectors described flight operations where the altitude, temperature,
and humidity were in-phase for more than half of the frequencies where the upper
bound was computed. The upper bound is therefore a pessimistic estimation of
the upper error model gain. This, in itself, adds to the validity of the method,
as the model intuitively should be less accurate at input directions which it was
not designed to operate with. The dynamic domain of interest consists of the
static domain of interest and also constraints on how the airplane can move in the
domain. The difference between the largest and smallest gains should therefore be
smaller as it is only interesting to validate the model within the dynamic domain
of interest. The dynamic domain is specified by constraints in the time domain
and translating these to the frequency domain is not trivial and beyond the scope
of this thesis.

Deciding whether the dynamic operation of the P-ECS model is validated cannot
be concluded. It depends on what the purpose of the model is. The model can
be considered to be validated if the purpose is low-frequency dynamics. Both
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the time-domain and frequency-domain validation show good agreement between
measured and simulated output signals when the system does not oscillate at a high
frequency. The poor high-frequency performance of the model when simulating
flight mission id1275 however does not admit a validated status for the model. The
model would have to be tuned to the specific system used during flight mission
id1275 and show improved performance during high-frequency system oscillations
in order to be able to pass the validation.



6
Discussion

Validating the P-ECS model is not a trivial undertaking. Multiple signals and
quantities are of interest and describing the accuracy of the model predictions
in a concise and informative manner is a challenge. This report describes the
development and examination of an assortment of possible solutions to the problem
at hand. The decision to divide the problem into two parts, dynamic and static
validation, was made in the beginning of the thesis. Before long, quantifying the
model coverage was included in the objectives as it is an important descriptor of
the model’s total validation status.

6.1 Coverage
The coverage of the static domain of interest can be quantified by different metrics.
Two metrics, volumetric coverage and nearest neighbour metric, were examined
more closely. The volumetric coverage is less computationally intensive and easier
to understand, but does not improve when points are added inside the already val-
idated domain. An example of this shortcoming is that if all extreme points in the
domain of interest are validated, the volumetric coverage is perfect. The nearest
neighbour metric does not only consider how large the domain of validation is in
relation to the domain of interest, but is also influenced by how many validation
points are inside the domain of validation and where they are located. To com-
pute the nearest neighbour coverage different methods were examined. Deciding
on which method to use is in general difficult, since it depends on how much of the
domain of interest is covered by the domain of validation, the accuracy required,
and the amount of time and computational resources available. To the problem at
hand with present domains the preferred method is the approximate solution since
it is accurate enough and approximately 10 times faster than the exact solution.

57
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A more in-depth look into more efficient optimization solvers might reduce the
computational time and change the preferred method.

The nearest neighbour coverage metric was also developed to account for valida-
tion quantities. During static validation there are eight signals of interest and
the values of these are combined into a total validation quantity by computing a
weighted average. A study of the relative importance of the different validation
quantities would reduce the subjectivity, but currently all relative errors are consid-
ered equally important. The weighting function is designed to use relative errors
as the validation quantity. Relative errors are not reflective of the model perfor-
mance when signal values approach zero. As seen in Figure 5.1 the relative errors
indicate a large error but the absolute error is only a couple of degrees. Computing
the relative errors with a set point value instead of the measured signal value as
the denominator could be a solution.

6.2 Static validation
Improvement of the static validation focused on developing visualizations to de-
pict the validation quantities associated with static points. Five multidimensional
visualization techniques were examined: parallel coordinates, PCA, scatter plot
matrix, glyph plot, and the box plot, with four of them showing promise to solve
the problem at hand.

The scatter plot matrix is the technique that shows most of the relevant infor-
mation, as it is able to portray the input signal values and a selected validation
quantity of all output signals. If the markers in the scatter plot matrix are unique
to each static point it is possible to distinguish each static point. The visualization
in this report (Figure 3.4) only separates static points of different flight missions.
The idea behind the scatter plot matrix is easy to understand but the final result
is not effortless to interpret as the number of plots when applied to the P-ECS val-
idation is 40. This is the reason to why the technique is not recommended to use
when validating the P-ECS system. The number of elements in the visualization
is too large to be interpreted with ease.

The parallel coordinates visualization depict either a selected validation quantity
of all output signals or all input signals of each static point. When utilized to
validate the model the output signals should be visualized, as the input signal
parallel coordinates plot depicts information more related to coverage. A parallel
coordinates plot of the validation quantities is well suited to use in a validation
report, as the visualization is two-dimensional and depicts much of the relevant
results from a validation. Perhaps the parallel coordinates visualization is not as
intuitive as the scatter plot matrix but once the technique has been understood it
is a useful tool in the validation process.

As with all other visualization techniques examined the glyph plot is not able
to depict all information from the validation. The glyph plot depicts the input
signal values and one validation quantity of one output signal. As the visualization
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depicts glyphs in three dimensions it can be difficult to select a viewing angle to
use in a printed report. Hence, the glyph plot is better suited to utilize during
static validation than for presenting the results. Of course the glyph plot could
be developed further to shown additional dimensions, such as multiple validation
quantities, but adding more information reduces the clarity of the visualization.

The principal component analysis is not a visualization technique but a dimen-
sionality reduction technique. The input signals and one output signal has so far
been possible to reduce to three dimensions, while still retaining a majority of the
variance in the data set. One conclusion from the PCA is that the model captures
the input signals’ influence on the physical system. If a supposed input signal was
in fact not a input signal, e.g. if the power level angle did not influence either the
physical system or the model, the vector of PLA in the PCA would be orthogonal
to the validation quantity’s vector. Similarly, if the model captures all influence of
a input signal the vector of the input signal would be orthogonal to the validation
quantity’s vector. The PCA is unable to separate these two cases. From prior
experience it has been established that the input signals of the physical system at
least are Mach, altitude, PLA, humidity, and temperature, which means that the
model, during static operation and within the domain of validation, captures the
influence of these input signals to a large extent.

6.3 Dynamic validation

The system dynamics had previously been validated using visual inspection. An
objective of this thesis was to develop a more automated method to validate the
dynamic performance of the model. With the large number of output signals com-
mon validation techniques do not reduce the effort compared to visual inspection.
An attempt to use model error modelling to validate the model was made. Using
the singular values for the error model it is possible to identify where the model
performs best and worst in the frequency domain. Interpreting the singular values
in this application proved to be a challenge. The eigenvectors corresponding to
the largest singular values describe input directions that are non-physical at all
examined frequencies. If it is possible to limit the eigenvectors to the dynamic
domain of interest the information from the method would be more applicable.
The P-ECS is a non-linear system but has to be approximated as linear with the
model structure that was chosen. Further examination of other model structures
is a possible approach to turn the method into an applicable solution.

Improving the process of visually inspecting the validation results showed more
promise. The final product was a Matlab Graphical User Interface that facilitates
the visual inspection with creation of plots, identification of dynamic events, and
compilation of validation quantities. The validation process still requires a signifi-
cant amount of user interaction and system knowledge but the amount of work to
produce validation material has been reduced.
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6.4 Future work
The aim of this thesis was to develop an automated validation process for the
P-ECS model. The result from this thesis is a step in the right direction but there
are many potential areas of improvement. The most obvious is developing the
dynamic validation process. At present, the validation process is limited to the
time domain with no adequate frequency domain method. Adding tools and scripts
to analyze the frequency domain properties of the physical system and model is
possible. The frequency domain tool could be implemented in the same manner
as the time domain method; investigate a frequency span and compare amplitude
and frequency of the signals. Other time-range identification algorithms would add
to the automation of the validation process. These identification functions could
be used to find time-ranges with transients, accelerations, or other interesting
dynamic events.

The dynamic domain of interest is difficult to grasp when considering a complex
system such as the P-ECS. A definition of the dynamic domain of interest would
ease the development of a possible total dynamic validation quantity and the dy-
namic coverage. Scaling down the dimensionality of the dynamic domain, perhaps
into descents, ascents, accelerations, and so on, would be advantageous to under-
standing the dynamic domain of interest [Hällqvist and Järlestål, 2013].

The meaning of the total static validation quantity, ηc,V , could be greatly improved
if the weighting function was formulated in a less subjective manner. It is possible
to customize the proposed weighting function to relate to an acceptable relative
error of each output signal. Establishing the sensitivity of the weighting function
requires further analysis of the system but would help reducing the subjectivity of
ηc,V .

The most pressing matter of automating both the dynamic and static validation
process is the ever-changing signal names. Without a consistent naming convention
of the signals required to validate the P-ECS model the handling of the data
remains a manual process. Steps have been taken to handle different aircraft
signal names but more work needs to be done. Ensuring that the required signals
are available for the entirety of the flight mission would also reduce the user input
to a minimum [Hällqvist and Järlestål, 2013].
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