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Abstract

A new vorticity-divergence formulation of the two-dimensional shallow water

equations including boundary conditions is derived. The new formulation

is necessary since the conventional one does not lead to a well-posed initial

boundary value problem for limited-area modelling.

The new vorticity-divergence formulation includes four dependent vari-

ables instead of three and requires more equations and boundary conditions

than the conventional formulation. On the other hand, it forms a hyper-

bolic set of equations with well-defined boundary conditions that leads to a

well-posed problem with bounded energy.
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1. Introduction1

The vorticity-divergence form of the shallow water equations (SWE) are2

regularly used in global spectral modelling (e.g., Kantha and Clayson (2000);3

Krishnamurti et al. (2006); Miller (2007); Durran (2010); Satoh (2014)).4

Oceanic applications using the vorticity-divergence form of the SWE are5

given in Frisius et al. (2009); Pearce and Esler (2010); Rajpoot et al. (2012);6

Wang and Shi (2008). The SWE in a non-rotating frame are used in envi-7

ronmental and civil engineering applications (e.g., Sanders and Katopodes8

(2000); Sanders (2001); Sanders et al. (2008, 2010)).9

It has been demonstrated that using the vorticity and divergence as prog-10

nostic variables leads to advantages such as easy implementation of potential11

vorticity and potential enstrophy conservation principles and control of grav-12

ity waves via divergence damping. In addition, the vorticity and divergence13

are scalar variables in all coordinate systems (e.g., Haltiner and Williams14

(1980); Randall (1994); Kantha and Clayson (2000); Miller (2007); Durran15

(2010); Ehrendorfer (2012)).16

Nevertheless, excluding the spectral method, the vorticity and divergence17

variables are seldom employed in computational algorithms developed for18

global and limited-area models. The main reasons are i) the difficulty in19

solving elliptic equations for the horizontal velocity components from the20

vorticity and divergence relations and ii) the lack of suitable boundary con-21

ditions to close the system for limited-area domains. Efficient numerical al-22

gorithms such as the well-known multigrid technique (e.g., Trottenberg et al.23

(2001)) or modern algorithms developed for solutions of linear systems (e.g.,24

Boyd et al. (2013)) can potentially be used to overcome the first drawback.25
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In this paper we focus on the second drawback.26

Well-posed boundary conditions for the SWE in terms of horizontal ve-27

locity components have been investigated by many researchers. For the28

one-dimensional SWE, well-posed boundary conditions have been derived by29

transforming them into a set of decoupled scalar equations (Durran (2010);30

Miller (2007)). Oliger and Sundström (1978) derived well-posed boundary31

conditions for several sets of partial differential equations including the SWE32

by using the energy method. Ghader and Nordström (2014) derived a gen-33

eral form of well-posed open boundary conditions using similar techniques.34

The derivation of boundary conditions and well-posedness of the equations35

for ocean simulation models was the main subject of research in Palma and36

Matano (1998); Marchesiello et al. (2001); Treguier et al. (2001); Blayo and37

Debreu (2005).38

In this paper we derive a new vorticity-divergence formulation for the39

two-dimensional SWE including boundary conditions. The motivation for40

this is the realization that the conventional one does not lead to a well-41

posed initial boundary value problem for limited-area modelling. The core42

mathematical tool that we use is the energy method where one bounds the43

energy of the solution by choosing a minimal number of suitable boundary44

conditions (Gustafsson et al. (1995); Nordström and Svärd (2005); Nordström45

(2007); Gustafsson (2008)). In the initial stage of the analysis we also employ46

Fourier analysis.47

The remainder of this paper is organized as follows. The three different48

forms of the SWE that will be discussed are given in section 2. As an intro-49

duction to the limited-area problem, we briefly discuss the Cauchy problem50
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in section 3. In section 4 we define well-posedness and show that the standard51

SWE in vorticity-divergence form does not lead to a well posed problem. The52

core content of the paper is given in section 5 where we derive energy esti-53

mates and boundary conditions for the new SWE formulation, and show that54

it is well-posed. Finally, conclusions and future work are given in section 6.55

2. The shallow water equations56

The inviscid single-layer shallow water equations (SWE), including the57

Coriolis term, are (Pedlosky (1987); Haidvogel and Beckmann (1999); Miller58

(2007); Vallis (2006))59

ũt + ũũx + ṽũy − fṽ + gh̃x = 0 (1)

ṽt + ũṽx + ṽṽy + fũ+ gh̃y = 0 (2)

h̃t + ũh̃x + ṽh̃y + h̃(ũx + ṽy) = 0, (3)

where ũ and ṽ are the velocity components in the x and y directions re-60

spectively. Furthermore, h̃ represents the surface height, f is the Coriolis61

parameter, and g is the acceleration due to gravity.62

Remark 1. The analysis in this paper is also valid for a varying Coriolis63

parameter since the skew-symmetry of the zero order terms are preserved. A64

change of coordinate system does not change the principle of the analysis,65

and an extension to spherical geometry is straightforward.66

2.1. The linearized SWE in terms of velocities and height67

The vector form of the two-dimensional SWE linearized around a constant68

basic state can be written69

ũt + Ãũx + B̃ũy + C̃ũ = 0 (4)
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where ũ = (u, v, h)T and the subscripts t,x,y denote the derivatives with70

respect to time and space respectively. The matrices Ã, B̃ and C̃ are71

Ã =


U 0 g

0 U 0

H 0 U

 , B̃ =


V 0 0

0 V g

0 H V

 , C̃ =


0 −f 0

f 0 0

0 0 0

 .

Here, u and v are the perturbation velocity components and h is the pertur-72

bation height. In addition, U , V and H represent the constant mean fluid73

velocity components and height.74

2.2. The SWE in terms of vorticity-divergence and height75

The perturbation vorticity ζ̃ = ṽx − ũy and perturbation divergence δ̃ =76

ũx + ṽy in Cartesian coordinates (x, y) can be used as prognostic variables77

instead of the two components of the velocity. By differentiating equations78

(1) and (2) and combining them, the SWE in terms of vorticity, divergence79

and height become80

ζ̃t + ũζ̃x + ṽζ̃y + (ζ̃ + f)δ̃ = 0 (5)

δ̃t + ũδ̃x + ṽδ̃y + g(h̃xx + h̃yy)− f ζ̃ − 2J(ũ, ṽ) + δ̃2 = 0 (6)

h̃t + ũh̃x + ṽh̃y + h̃δ̃ = 0 (7)

where J(ũ, ṽ) = ũxṽy − ũyṽx.81

The vector form of the two-dimensional SWE (5)-(7) linearized around a82

constant basic state can be written83

ūt + Āūx + B̄ūy + C̄ū + D̄ūxx + Ēūyy = 0 (8)
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where ū = (ζ, δ, h)T are the perturbation vorticity, divergence and height84

respectively. The matrices Ā, B̄, C̄, D̄ and Ē in (8) are85

Ā =


U 0 0

0 U 0

0 0 U

 , B̄ =


V 0 0

0 V 0

0 0 V

 , C̄ =


0 f 0

−f 0 0

0 H 0


86

D̄ =


0 0 0

0 0 g

0 0 0

 , Ē =


0 0 0

0 0 g

0 0 0

 .

Remark 2. The differentiation of equations (1) and (2) introduce the Lapla-87

cian of the height (as well as the divergence and vorticity as zero order terms).88

This removes the clean hyperbolic character of the formulation, which as we89

will show below, leads to significant stability problems.90

2.3. The SWE in terms of vorticity-divergence and gradients of height91

For reasons that will be explained in detail below, we introduce yet an-92

other form of the SWE, where we use the gradients of height as new variables.93

By differentiating also the height equation (3) with respect to x and y and94

combining the equations for the new variables h̃x, h̃y with (5) and (6), we95

obtain the new extended system96

ζ̃t + ũζ̃x + ṽζ̃y + (ζ̃ + f)δ̃ = 0 (9)

δ̃t + ũδ̃x + ṽδ̃y + g((h̃x)x + (h̃y)y)− f ζ̃ − 2J(ũ, ṽ) + ζ̃2 = 0 (10)

(h̃x)t + ũ(h̃x)x + ṽ(h̃x)y + h̃δ̃x + (h̃x)ũx + (h̃y)ṽx + (h̃x)δ̃ = 0 (11)

(h̃y)t + ũ(h̃y)x + ṽ(h̃y)y + h̃δ̃y + (h̃x)ũy + (h̃y)ṽy + (h̃y)δ̃ = 0. (12)

The four variables ζ̃ , δ̃, h̃x, h̃y are determined by the four equations (9)-(12).97
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Just as in the formulations above, we linearize equations (9)-(12) around98

a constant state and obtain the vector form99

ut + Aux + Buy + Cu = 0 (13)

where u = (ζ, δ, hx, hy)
T are the perturbation variables and A, B and C are100

A =


U 0 0 0

0 U g 0

0 H U 0

0 0 0 U

 , B =


V 0 0 0

0 V 0 g

0 0 V 0

0 H 0 V

 , C =


0 f 0 0

−f 0 0 0

0 0 0 0

0 0 0 0

 .

Remark 3. By introducing the gradients of the height (h̃x, h̃y) as dependent101

variables, we remove the Laplacian in (6) (h̃xx + h̃yy → (h̃x)x + (h̃y)y), and102

reintroduce the hyperbolic character of the governing system. This will be103

shown below to restabilize the SWE which was destabilized by going from the104

velocity-height form to the vorticity-divergence-height form.105

Remark 4. The linearization around a constant state performed above, is106

the most common and straightforward one. Linearization around variable107

states are more general, but often leads to excessive algebra and inconclusive108

results (since the sign of the gradients in the additional coefficient matrices109

are unknown). This is the case also for the formulations considered above.110

For more details on these matters, see section 4.1 below.111

The standard formulation (4) in terms of velocities and height of the112

shallow water equations is well established, and energy estimates as well as a113

general set of boundary conditions for the initial boundary value problem can114

be found, see for example Ghader and Nordström (2014). For that reason,115
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we will in this paper focus on the formulation (8) and (13). We will point out116

the significant problems with the standard formulation (8) and show how to117

correct them by using (13).118

3. The Cauchy problem119

To set the stage for the well-posedness study of the initial boundary value120

problems we start with a few observations.121

3.1. Observation 1: symmetry properties122

A necessary requirement for the symmetrization of a matrix is that lin-123

early independent eigenvectors can be found, see Abarbanel and Gottlieb124

(1981) for more details. This basic requirement is satisfied for all matrices125

in (4),(8) and (13) except for D̄ and Ē in (8). Consequently, (4) and (13)126

are possibly symmetrizable, but (8) is not. This exposes a first potential127

weakness with the SWE formulation (8) compared to (4) and (13).128

Remark 5. With a slight abuse of notation, we say that a system of equa-129

tions is symmetric, even if the zero order terms are multiplied with a skew-130

symmetric matrix (since these terms vanish when applying the energy-method).131

3.2. Observation 2: eigenvalues in Fourier-space132

By Fourier-transformation of the formulations (4),(8) and (13) in x, y we133

obtain three initial value problems of the general form134

ŵt + Hŵ = 0. (14)
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For the SWE in terms of velocities and height, the Fourier coefficients ŵ and135

matrix H are136

ŵ =


û

v̂

ĥ

 , H =


iW̃ −f iωxg

f iW̃ iωyg

iωxH iωyH iW̃

 . (15)

In (15) we have slightly abused standard notation by indicating the Fourier137

coefficients related to u, v, h with û, v̂, ĥ. This convenient notation is used in138

a similar way below. We have also used W̃ = ωxU + ωyV where ωx, ωy are139

the wave numbers in the x and y directions respectively.140

For the SWE in terms of vorticity-divergence and height, and vorticity-141

divergence and gradients of height, we have, respectively,142

ŵ =


ζ̂

δ̂

ĥ

 , H =


iW̃ f 0

−f iW̃ −(ω2
x + ω2

x)g

0 H iW̃

 , (16)

143

ŵ =


ζ̂

δ̂

ĥx

ĥy

 , H =


iW̃ f 0 0

−f iW̃ iωxg iωyg

0 iωxH iW̃ 0

0 iωyH 0 iW̃

 . (17)

It is straightforward to compute the eigenvalues of the H matrices above.144

One finds that145

λ1 = iW̃ , λ2,3 = i(W̃ ±
√
f 2 + gH(ω2

x + ω2
y)), (18)

where λj, j = 1, 2, 3 are the eigenvalues of H in (15) and (16). For the new146

formulation (17) we get one more eigenvalue λ4 = iW̃ , which corresponds147
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to the larger system. Note that all eigenvalues are imaginary (and similar)148

which indicates zero time-growth for all three formulations.149

3.3. Observation 3: energy growth in Fourier-space150

By multiplying (14) from the left with ŵ∗ we arrive at the energy-growth151

rate for the Fourier coefficients152

|ŵ|2t + ŵ∗(H + H∗)ŵ = 0, (19)

where the star superscript indicates a conjugated transposed vector or ma-153

trix. For both the Fourier-transformed versions of (4) and (13), the term154

ŵ∗(H + H∗)ŵ is identically zero. This guarantees zero energy growth. How-155

ever, for the Fourier-transformed version of (8), a mixed term with undeter-156

mined sign remains, so zero energy growth is not guaranteed. This exposes a157

second potential weakness of the vorticity-divergence and height formulation.158

Remark 6. The weakness of formulation (8) in the energy-growth sense159

above is not really problematic for the Cauchy problem since the eigenvalues160

are purely imaginary. However, it will show up as a definite weakness for the161

related initial boundary value problem.162

4. The initial boundary value problem163

As mentioned above, well-posedness for the SWE (4) in terms of horizon-164

tal velocities is already known and is therefore excluded in the following. We165

focus on the vorticity-divergence formulations (8) and (13).166
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4.1. Preliminaries167

Roughly speaking, an initial boundary value problem is well-posed if a168

unique solution that depends continuously on the initial and boundary data169

exists. We will define these concepts more precisely below. Consider the170

following general initial boundary value problem171

∂q

∂t
+ Pq = F, x ∈ Ω, t ≥ 0

Lq = g, x ∈ ∂Ω, t ≥ 0 (20)

q = f , x ∈ Ω, t = 0

where q is the solution, P is the spatial differential operator and L is the172

boundary operator. In this paper, P and L are linear operators, F is a forcing173

function, and g and f are boundary and initial functions, respectively. F, g174

and f are the known data of the problem.175

Definition 1. The initial boundary value problem (20) with F = g = 0 is176

well-posed if for every f ∈ C∞ that vanishes in a neighborhood of ∂Ω, a177

unique smooth solution exists that satisfies the estimate178

‖q(·, t)‖2
Ω ≤ K1(t)‖f‖2

Ω (21)

where the function K1(t) is bounded independently of f .179

Remark 7. Well-posedness of (20) requires that an appropriate number of180

boundary conditions (number of linearly independent rows in L) with the181

correct form of L (the rows in L have appropriate elements) is used. Too182

many boundary conditions means that no existence is possible, and too few183

that neither the estimate (21) nor uniqueness can be obtained.184
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Definition 2. The initial boundary value problem (20) is strongly well-

posed, if it is well-posed and

‖q‖2
Ω ≤ K2(t)

(
‖f‖2

Ω +

∫ t

0

(‖F(·, τ)‖2
Ω + ‖g(τ)‖2

∂Ω)dτ

)
(22)

holds, where the function K2(t) is bounded independently of f ,F and g.185

Remark 8. The norms in Definition 1 and 2 can be quite general but in186

this paper we use ‖w‖2
Ω = ‖w‖2 =

∫
Ω

wTwdxdy and ‖w‖2
∂Ω =

∮
∂Ω

wTwds.187

Also, the boundary and initial data in (20) must be compatible for a smooth188

solution. More details on the definitions above are given in Gustafsson et al.189

(1995).190

In this paper we analyse the linearized constant coefficient problem. The191

linearization and localization principles (see Kreiss and Lorenz (1989) and192

Strang (1964)) can be used to show that if the constant coefficient and lin-193

earized form of an initial boundary value system is well-posed, then the194

associated smooth nonlinear problem is also well-posed.195

4.2. Energy estimates for the standard SWE in vorticity-divergence form196

As mentioned above, the standard form (8) of the vorticity, divergence197

and height formulation cannot be symmetrized. Hence, we treat each equa-198

tion separately, multiply with the dependent variable and integrate over the199

domain Ω with boundary ∂Ω and outward pointing normal n.200

The first two rows in (8) must be weighted equally when added to cancel201

the skew-symmetric terms. We find202

(‖ζ‖2 +‖δ‖2)t+

∮
∂Ω

[W (ζ2 +δ2)+2gδ(∇h ·n)]ds = 2g

∫
Ω

(∇h ·∇δ)dxdy, (23)
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where we have introduced the outward pointing velocity W = (U, V ) · n.203

The energy method applied to the evolution equation for the height gives204

‖h‖2
t +

∮
∂Ω

Wh2ds+ 2H

∫
Ω

hδdxdy = 0. (24)

By inspection, it is immediately clear that no linear combination of (23)205

and (24) can lead to an energy estimate due to the differing characters of206

the remaining volume terms, and in particular the existence of the nonlinear207

gradient term on the right hand side of (23). Hence, boundary conditions208

that could potentially bound the line integrals are not of interest.209

A close look at the volume-integrated terms in (23) and (24) reveals that210

the terms in (24) appear differentiated in (23). This suggests that it might211

be worthwhile to differentiate the height equation to see if an estimate can212

be obtained. This observation leads to the new formulation (13), which is213

the main topic of this paper and what will be considered next.214

5. The new SWE in vorticity-divergence form215

As mentioned above, the formulation (13) can be symmetrized. We mul-216

tiply each term with a diagonal symmetrizing matrix S to obtain217

vt + Asvx + Bsvy + Csv = 0, (25)

where v = Su, As = SAS−1, Bs = SBS−1 and Cs = SCS−1. The specific218

choice S = diag(1, 1,
√
g/H,

√
g/H) leads to219

As =


U 0 0 0

0 U C 0

0 C U 0

0 0 0 U

 , Bs =


V 0 0 0

0 V 0 C

0 0 V 0

0 C 0 V

 , Cs =


0 f 0 0

−f 0 0 0

0 0 0 0

0 0 0 0

 ,
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where the gravity wave speed C =
√
gH is introduced. The system (25) is220

now symmetric, and the energy method is applicable.221

5.1. The energy method222

We multiply (25) by vT and integrate over the domain Ω with boundary223

∂Ω and outward pointing normal n = (α, β). This yields224

‖v‖2
t +

∮
∂Ω

vT (αAs + βBs)v ds = 0. (26)

The symmetric boundary matrix Q = αAs+βBs has the eigen-decomposition225

Q = XΛXT where Λ = diag(W−C,W,W,W+C), W = (U, V )·n = αU+βV226

and227

Q =


W 0 0 0

0 W αC βC

0 αC W 0

0 βC 0 W

 , X =


0 1 0 0

1/
√

2 0 0 1/
√

2

−α/
√

2 0 −β α/
√

2

−β/
√

2 0 α β/
√

2

 .

By using these definitions, the estimate (26) can be written in characteristic228

form as229

‖v‖2
t +

∮
∂Ω

(XTv)TΛ(XTv) ds = 0, (27)

which provides us with information about the number and type of boundary230

conditions.231

5.2. The number of boundary conditions232

The minimal number of boundary conditions necessary to obtain a bound233

in (27), is equal to the number of negative eigenvalues in Λ, since the growth234

terms must be bounded. More details regarding how to determine the number235

14



of boundary conditions can be found in (Gustafsson et al. (1995); Nordström236

and Svärd (2005); Nordström (2007); Gustafsson (2008)). The different cases237

are238

• Supercritical inflow: W < 0, |W | > C ⇒ four boundary conditions.239

• Subcritical inflow: W < 0, |W | ≤ C ⇒ three boundary conditions.240

• Subcritical outflow: W ≥ 0, |W | ≤ C ⇒ one boundary conditions.241

• Supercritical outflow: W > 0, |W | > C ⇒ zero boundary conditions.242

Once the number of boundary conditions allowed are known, we can choose243

the type of boundary conditions that limits the energy.244

5.3. General form of the boundary conditions245

The most straightforward choice of boundary conditions is to specify the246

characteristic variables that correspond to negative eigenvalues in terms of247

given data. This is often referred to as characteristic boundary conditions248

which are used both for inviscid (Oliger and Sundström (1978)) and viscous249

(Nordström (1995)) flow problems. A general formulation is250

(XTv)− = R(XTv)+ + g, (28)

where the minus subscript denotes incoming characteristic variables and plus251

subscript outgoing ones. In (28) we specify the incoming characteristic vari-252

ables in terms of the outgoing ones and data. The matrix R has the same253

number of rows as the number of negative eigenvalues in Λ and g is given254

data. With R = 0 we have the characteristic boundary conditions. We keep255
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the type of boundary conditions general at this point but will come back256

later to more explicit and specific forms.257

Remark 9. Note that the number and form of boundary conditions vary with258

the normal velocity W along the boundary ∂Ω.259

5.4. Well-posedness of the new SWE formulation260

The quadratic boundary terms in (27) can be rewritten as261

(XTv)TΛ(XTv) =

 (XTv)−

(XTv)+

T  Λ− 0

0 Λ+

 (XTv)−

(XTv)+

 . (29)

By inserting (28) with zero data in (29), we get262

(XTv)TΛ(XTv) = (XTv)T+(Λ+ + RTΛ−R)(XTv)+, (30)

and we can now prove263

Theorem 1. The initial boundary value problem (13) with homogeneous264

boundary conditions of the form (28) and with the matrix R chosen such265

that266

Λ+ + RTΛ−R ≥ 0, (31)

is well-posed.267

Condition (31) means that Λ+ + RTΛ−R must be a positive semi-definite268

matrix.269

Proof. Time-integration of (27) in combination with (28) for zero data and270

R such that (31) holds leads to271

‖v‖2 ≤ ‖f‖2 , (32)
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where f is the initial data. The estimate (32) has the form (21) for v and272

hence also for u.273

The estimate (32) guarantees uniqueness by considering another possible274

solution w with the same data. The difference equation for v −w obtained275

by subtracting the two equations from each other have the same form as the276

original equation, but with zero data. Hence, the difference v−w satisfies an277

estimate of the form (32) with zero right hand side. Existence is guaranteed278

by the minimal number of boundary conditions used.279

5.5. Strong well-posedness of the new SWE formulation280

Next we consider the case with non-zero data in (28) which leads to281

‖v‖2
t = −

∮
δΩ

(XTv)+

g

T Λ+ + RTΛ−R (Λ−R)T

(Λ−R) Λ−

(XTv)+

g

 ds. (33)

By adding and subtracting gTUg, where U is a bounded positive semi-definite282

matrix, we get283

‖v‖2
t = −

∮
δΩ

(XTv)+

g

T Λ+ + RTΛ−R (Λ−R)T

(Λ−R) U

(XTv)+

g

ds
+

∮
δΩ

gT (|Λ−|+ U)g ds.

(34)

To bound the right hand side of (34) in terms of data, we must show that284

the matrix in the first line integral is positive semi-definite. We multiply285

from the left and right with another non-singular matrix such that,286

M =

 I N

0 I

T Λ+ + RTΛ−R (Λ−R)T

(Λ−R) U

 I N

0 I

 . (35)

17



Note that the multiplication with the matrix above does not change the287

definiteness.288

By the choice N = −(Λ+ + RTΛ−R)−1(Λ−R)T , which requires289

(Λ+ + RTΛ−R) > 0, (36)

since the inverse must exist, we obtain the following block diagonal matrix,290

M =

Λ+ + RTΛ−R 0

0 −(Λ−R)(Λ+ + RTΛ−R)−1(Λ−R)T + U

 . (37)

A positive semi-definite Schur complement −(Λ−R)(Λ++RTΛ−R)−1(Λ−R)T+291

U leads to a positive semi-definite M, since (36) holds. Hence we need292

U ≥ (Λ−R)(Λ+ + RTΛ−R)−1(Λ−R)T . (38)

We can prove the main result of this paper.293

Theorem 2. The problem (13) with boundary condition (28) subject to (36)294

and the choice (38) is strongly well-posed.295

Proof. Integrating (34) in time with the conditions (36) and (38) leads to the296

estimate297

‖v‖2 ≤ ‖f‖2 +

∫ t

0

∮
gT (|Λ−|+ U)g ds dt. (39)

By including a forcing function F in (13), the estimate (39) will be augmented298

with a volume term and have the form (22).299

In the same way as in the proof for well-posedness above, the estimate (39)300

guarantees uniqueness by considering another possible solution w with the301

same data. The difference v − w satisfies an equation with the same form302

as the original equation with zero data, and an estimate of the form (39)303
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with zero right hand side. Existence is guaranteed by the minimal number304

of boundary conditions used.305

Remark 10. Note that condition (36) selects the possible matrices R that306

can be used and that the choice (38) can always be made if (36) holds.307

5.6. Characteristic variables and well-posed boundary conditions308

The general form of the boundary condition (28) can be explicitly writ-309

ten out by calculating the characteristic variables in terms of the original310

variables. We have311

XTv =


(δ − (∂h/∂n)(g/H))/

√
2

ζ

∂h/∂τ(g/H)

(δ + (∂h/∂n)(g/H))/
√

2

 =


C1

C2

C3

C4

 . (40)

where ∂h/∂n = αhx + βhy = ∇h · n and ∂h/∂τ = −βhx + αhy = ∇h · τ312

are the normal and tangential derivatives respectively. The characteristic313

variables C1−4 in (40) correspond to the eigenvalue organization in Λ =314

diag(W − C,W,W,W + C).315

This implies that a subcritical inflow boundary one should specify the316

top three variables in terms of the last one which leads to an R matrix with317

three rows and one column. At a subcritical outflow boundary one should318

specify the first variable in terms of the last three which yields an R matrix319

with one row and three columns.320

As an example we consider the subcritical outflow case with one boundary321

condition allowed. We specify the incoming characteristic variable C1 in322
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terms of the outgoing C4 and data, i.e. C1 = R4C4 + g(t) which yields323

R = (0, 0, R4). Condition (36) becomes324

(Λ+ + RTΛ−R) =


W 0 0

0 W 0

0 0 W + C +R2
4(W − C)

 > 0, (41)

and the condition for strong well-posedness is W (1 + R2
4) + C(1 − R2

4) > 0.325

The particular choices R4 = ±1 correspond to specifying the divergence δ326

and ∂h/∂n respectively.327

Remark 11. Note that both W and ∂h/∂n changes sign with a varying nor-328

mal n and that the new characteristic variables are easy to interpret physi-329

cally.330

5.7. A final observation regarding time-integration331

We have shown that the problem (13) with boundary condition (28) can332

be made well-posed as well as strongly well-posed. The system (13) has the333

new dependent variables hx, hy and does not contain the height h itself. To334

find the time-evolution of the height, one must first solve the system (13)335

and then use (3) (which is now an ordinary differential equation since hx and336

hy are known) to integrate the height h forward in time.337

6. Conclusions and future work338

A new vorticity-divergence formulation of the two-dimensional SWE in-339

cluding boundary conditions is derived. The new formulation is necessary340

since the standard one does not lead to a well-posed initial boundary value341

problem for limited-area modelling.342
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The new vorticity-divergence formulation includes four dependent vari-343

ables instead of three and requires more equations and boundary conditions344

than the conventional formulation. On the other hand, it forms a symmetriz-345

able hyperbolic set of equations with well-defined boundary conditions that346

leads to a well-posed problem with a bounded energy.347

The new formulation does not use the height as a dependent variable but348

instead uses the gradients of the height. The time-evolution of the height h349

can be obtained by first solving the new SWE system and then in a post-350

processing step, using one of the standard SWE for the height evolution to351

integrate h forward in time.352

In future work, a high order finite difference code on Summation-By-353

Parts form (SBP) with the weak Simultaneous Approximation Term (SAT)354

technique for implementing the boundary conditions (see Svärd and Nord-355

ström (2014) for details) will be developed. The main building block in356

the SBP-SAT technique are well-posed boundary conditions that lead to an357

energy-estimate for the continuous problem. For the new formulation, these358

are given in (28). The method of manufactured solutions as well as well-359

known oceanic and atmospheric test cases will be used to evaluate and verify360

the developed SBP-SAT code. The code will be used in both oceanographic361

and atmospheric regional modelling.362
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