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Abstract

In this thesis we study the worst-case time complexity of the
constraint satisfaction problem parameterized by a constraint language
(CSP(S)), which is the problem of determining whether a conjunctive
formula over S has a model. To study the complexity of CSP(S) we bor-
row methods from universal algebra. In particular, we consider algebras
of partial functions, called strong partial clones. This algebraic approach
allows us to obtain a more nuanced view of the complexity CSP(S) than
possible with algebras of total functions, clones.

The results of this thesis is split into two main parts. In the first part
we investigate properties of strong partial clones, beginning with a clas-
sification of weak bases for all Boolean relational clones. Weak bases are
constraint languages where the corresponding strong partial clones in a
certain sense are extraordinarily large, and they provide a rich amount
of information regarding the complexity of the corresponding CSP prob-
lems. We then proceed by classifying the Boolean relational clones ac-
cording to whether it is possible to represent every relation by a con-
junctive, logical formula over the weak base without needing more than
a polynomial number of existentially quantified variables. A relational
clone satisfying this condition is called polynomially closed and we show
that this property has a close relationship with the concept of few sub-
powers. Using this classification we prove that a strong partial clone is
of infinite order if (1) the total functions in the strong partial clone are es-
sentially unary and (2) the corresponding constraint language is finite.
Despite this, we prove that these strong partial clones can be succinctly
represented with finite sets of partial functions, bounded bases, by consid-
ering stronger notions of closure than functional composition.

In the second part of this thesis we apply the theory developed in
the first part. We begin by studying the complexity of CSP(S) where
S is a Boolean constraint language, the generalised satisfiability problem
(SAT(S)). Using weak bases we prove that there exists a relation R 6= 6= 6=1/3

such that SAT({R 6= 6= 6=1/3 }) is the easiest NP-complete SAT(S) problem. We
rule out the possibility that SAT({R 6= 6= 6=1/3 }) is solvable in subexponen-
tial time unless a well-known complexity theoretical conjecture, the
exponential-time hypothesis, (ETH) is false. We then proceed to study the
computational complexity of two optimisation variants of the SAT(S)
problem: the maximum ones problem over a Boolean constraint language
S (MAX-ONES(S)) and the valued constraint satisfaction problem over a set
of Boolean cost functions ∆ (VCSP(∆)). For MAX-ONES(S) we use par-
tial clone theory and prove that MAX-ONES({R 6= 6= 6=1/3 }) is the easiest NP-
complete MAX-ONES(S) problem. These algebraic techniques do not
work for VCSP(∆), however, where we instead use multimorphisms to
prove that MAX-CUT is the easiest NP-complete Boolean VCSP(∆) prob-
lem. Similar to the case of SAT(S) we then rule out the possibility of
subexponential algorithms for these problems, unless the ETH is false.

This work has been supported by the Theoretical Computer Science Labora-
tory, Department of Computer and Information Science, Linköping University,
and in part by CUGS (the National Graduate School in Computer Science, Swe-
den).
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Populärvetenskaplig
sammanfattning

I den här avhandlingen studerar vi komplexitet hos villkorsproblem. För att
kunna redogöra innebörden i dessa begrepp måste vi börja på en högre nivå
och förankra det forskningsområde som avhandlingen berör. Datavetenskap
är ett enormt forskningsområde som innefattar i stort sett allt mellan algo-
ritmer, programmering, realtidssystem, interaktion mellan datorer och män-
niskor, och artificiell intelligens. Teoretisk datalogi (på engelska ”theoretical
computer science”) kan beskrivas som en delmängd av datavetenskap där vi
istället för att studera konkreta datorer istället studerar modeller av hur da-
torer kan fungera. Alltså är de objekt vi studerar inte fysiska fenomen, utan
matematiska koncept. En direkt konsekvens av detta är att teoretisk datalogi
sällan innefattar studier, observationer eller experiment, som annars är cen-
trala aspekter i de flesta vetenskaper. Därför är teoretisk datalogi närmare
besläktat med matematik och logik än exempelvis fysik eller biologi.

Precis som i många andra vetenskaper arbetar vi dock med olika tax-
onomier och metoder för att gruppera och kategorisera olika typer av objekt
och företeelser. Ett centralt koncept inom teoretisk datalogi är beräkningsprob-
lem (på engelska ”computational problem”) och komplexiteten hos sådana.
Beräkningsproblem kan exempelvis ha följande form.

1. Givet två tal x och y, beräkna summan av dessa.

2. Givet två städer i en karta, beräkna den kortaste rutten mellan dem.

3. Givet en karta med n städer och ett värde k, existerar det en rutt som
besöker alla n städer som inte överskrider längden k?

Alltså har vi en instans, exempelvis två nummer eller en karta, och en
fråga som vi vill ha ett svar till. Det bör inte komma som någon överraskn-
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ing för läsaren att vissa beräkningsproblem i någon mening är svårare än
andra. Att beräkna summan av två tal klarar till och med den enklaste
miniräknaren av, medan det är betydligt svårare att hitta den kortaste rut-
ten mellan två städer. Men hur ska man då mäta hur svårt, hur komplext,
ett beräkningsproblem är? Det vanligaste, och det som vi begränsar oss till
i denna avhandling, är hur mycket tid som problemet kräver för att kunna
lösas. Med tid menar vi inte fysisk tid som sekunder eller minuter, utan
hur många operationer som krävs i en underliggande datormodell. Detta
är måhända ett inte helt intuitivt användande av begreppet ”tid”, men det
tillåter oss att studera komplexitet hos beräkningsproblem utan att begränsa
oss till fysiska resurser hos en specifik dator. En fördel med detta är att så-
dana analyser åldras med värdighet: till exempel så är femtio år gamla tid-
skomplexitetsanalyser fortfarande relevanta, vilket inte skulle vara fallet om
dessa analyser istället utfördes med avseende på exekveringstiden hos en
specifik dator.

Vi har nu en grundläggande förståelse för vad ett beräkningsproblem
är och vad som avses med komplexitet. En naturlig fråga att ställa sig är,
givet ett beräkningsproblem, om dess komplexitet är tillräckligt låg för att
det i praktiken ska gå att lösa problemet på ett sådant sätt att komplex-
iteten inte skjuter i höjden. Sådana problem sägs vara hanterbara (på engelska
”tractable”). Nästa naturliga fråga att ställa sig är vilka beräkningsproblem
som är hanterbara. Att beräkna summan av två tal är självfallet ett hanter-
bart problem. Likaså existerar det effektiva metoder för att beräkna den
kortaste vägen mellan två städer. Däremot känner man inte till någon ef-
fektiv metod för att undersöka huruvida det, givet n städer och ett värde
k, existerar en rutt som besöker alla städer som inte överskrider längden k,
det så kallade handelsresandeproblemet (på engelska ”the travelling salesman
problem”). Däremot, som läsaren uppmanas testa, är det inte särskilt svårt
att verifiera om en lösning till handelsresandeproblemet är korrekt eller ej,
eftersom man i det fallet bara kan gå igenom rutten stad för stad, addera alla
avstånd, och i slutändan se efter om den resulterande längden är kortare än
k. Beräkningsproblem som man inte vet om de är hanterbara eller ej, men
där det i likhet med handelsresandeproblemet alltid är möjligt att effektivt
verifiera om en given lösning är korrekt, kallas för NP-fullständiga problem.

Man kan nu ställa sig frågan om det rent generellt sett är svårare att ver-
ifiera en lösning till ett beräkningsproblem än att beräkna en lösning från
grunden. Denna fråga kallas i litteraturen för P ?

= NP och är det viktigaste
olösta problemet i teoretisk datalogi. Om P = NP så innebär det att det alltid
är lika enkelt att beräkna en lösning till ett problem som det är att verifiera
huruvida en lösning är korrekt. En praktisk konsekvens av detta är att en
stor mängd med problem som man tidigare inte trott vara hanterbara i så-
dana fall skulle visa sig ha effektiva algoritmer. Exempelvis så skulle många
befintliga krypteringsmetoder bli oanvändbara eftersom de bygger på anta-
gandet att det inte är hanterbart att faktorisera stora heltal. I och med dessa
stora praktiska konsekvenser, och det faktum att mer än 50 års forskning
inte har resulterat i effektiva algoritmer för NP-fullständiga problem, anses
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det troligare att P 6= NP. Många av resulteten i denna avhandling bygger
på antagandet att P 6= NP och skulle således bli överflödiga om det mot
förmodan skulle visa sig att P = NP.

Avhandlingens syfte är att studera komplexiteten för en klass av NP-
fullständiga beräkningsproblem som kallas för villkorsproblem (på engelska
”constraint satisfaction problems”). En instans av ett villkorsproblem består
av en mängd variabler och en mängd villkor som dessa variabler måste upp-
fylla. Frågan som ska besvaras är huruvida det är möjligt att tilldela värden
till dessa variabler på ett sådant vis att alla villkor är uppfyllda. Det är alltså
ett väldigt generellt beräkningsproblem, och genom att välja olika typer av
villkor kan man formulera en stor mängd beräkningsproblem som villko-
rsproblem. Vi är intresserade av att jämföra komplexiteten för de villkor-
sproblem som är NP-fullständiga och därför tros vara extremt svåra att lösa.
I avhandlingens första bidrag studerar vi algebraiska metoder som är an-
vändbara för att studera komplexiteten hos villkorsproblem. Dessa algebror
kallas för starka partiella kloner (på engelska ”strong partial clones”och skil-
jer sig drastiskt från de algebror som använts för att studera villkorsprob-
lem tidigare. Den algebraiska teorin tillämpas sedan i avhandlingens an-
dra del där vi bland annat identifierar det lättaste NP-fullständiga villkorsprob-
lemet. Trots att detta problem är det lättaste NP-fullständiga villkorsprob-
lemet bevisar vi att dess komplexitet på ett naturligt vis kan relateras till
komplexiteten för andra välstuderade villkorsproblem. Vi upprepar sedan
detta konststycke för två beräkningsproblem som är nära besläktade med
villkorsproblem.

Vad är då syftet med att identifiera sådana typer av problem? I nå-
gon mening kan man säga att det lättaste NP-fullständiga villkorsproblemet
skapar en stark avgränsning för hur lätta NP-fullständiga problem det är
möjligt att konstruera. Utan detta resultat skulle man exempelvis kunna
tro att en rimlig ansats för att bevisa att P = NP skulle vara att skapa ett
NP-fullständigt villkorsproblem med så låg komplexitet att det blir hanter-
bart. Vårt resultat visar att en sådan metod omöjligen kan fungera. Därför
kan liknande studier ge en fingervisning om vad som skiljer NP-fullständiga
problem, oavsett hur låg komplexitet de har, mot hanterbara problem.
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1 Introduction

– Apply you at the study during
that you are young.

English as she is spoke

In this thesis we study the computational complexity of constraint satisfaction
problems using techniques from partial clone theory. The purpose of this intro-
duction is to give an intuition of the meaning behind the previous sentence,
which, to any reader unfamiliar with this particular branch of theoretical
computer science, is probably as nonsensical and whimsical as the introduc-
tory quote of this chapter. Let us start from the beginning with an example
illustrating some of these concepts. The reader with a background in com-
puter science can safely skip this introductory example.

Example 1.1. What do we mean by computational complexity? Assume that
you are given a deck of shuffled cards and want to sort them in ascending
order depending on the colour and suit of each card. For example, we could
say that spades should be placed before hearts, that hearts should be placed
before diamonds which in turn should be placed before clubs, and that the
cards in each suit should be ordered according to their values. How would
you do this? A rather natural way to approach this problem is to remove the
first card from the shuffled deck and place it in a new deck. Then, for each
remaining card in the shuffled deck, insert it in the correct position in the
new deck. When the original deck of cards is empty, the second deck will
contain the cards in sorted order. This systematic procedure is an example

3



1. INTRODUCTION

of an algorithm for the problem of sorting a deck of cards. How efficient is
this algorithm, i.e., how long does it take to sort a deck of cards? To measure
this we could e.g. implement this sorting procedure on a computer by repre-
senting the deck of card by a list of numbers from 1 to 52. Such a program
would compute the correct answer almost immediately. Does this mean that
we have implemented an efficient algorithm? Not really. What if we instead
want to sort a billion decks of cards? Then we would most likely not obtain
an answer within a reasonable amount of time. Could this not be due to the
fact that we run the program on a computer which is too slow? But, even
if we increase the speed of the computer and manage to get an answer, this
does not really tell us anything about the efficiency of the algorithm itself. To
give a satisfactory answer to this question we have to go back to the draw-
ing board and reason about the algorithm in more abstract terms. Assume
that some operations, for example a comparison between two numbers, can
be executed in constant time. Then, in the worst possible case, how many
operations would we need to sort a list of numbers of arbitrary size? Let
us denote the amount of numbers that we want to sort by n. First, we need
to go through the list of numbers, and since the list in total contains n num-
bers, this amounts to n iterations. For each such iteration, we take the current
number (corresponding to the first card in the deck) and insert it into the cor-
rect position in a second list of numbers (corresponding to the second deck of
cards), which is initially empty. Now observe that in the worst possible case,
this requires roughly n operations, e.g., if only one number is remaining and
we have to insert that number last in the sorted list. In total we therefore
require roughly n · n = n2 operations in the worst case. While this is a quite
coarse analysis, it at least gives a ballpark figure regarding the complexity
of the sorting algorithm. For example, we see that for large values of n, say
n = 1000000, our algorithm is not going to perform very well. There are in
fact much better sorting algorithms in the literature with a running time of
roughly n · log(n) operations in the worst case.

As evident from Example 1.1, given a problem and an algorithm for this
problem, we are not particularly interested in how long a particular imple-
mentation takes to execute on a specific computer, but rather in the asymp-
totic behaviour of the complexity of the algorithm. In this thesis we are
interested in studying the asymptotic complexity of certain computational
problems that are believed to be intractable to solve. These notions will be
defined in greater detail in Section 1.1, but, for the moment, let us merely
state that certain kinds of problems are believed to require exponential time
to solve. Exponential functions in general grow extremely fast. For exam-
ple, if f (n) = 2n, then f (300) is several orders of magnitudes larger than the
estimated number of atoms in the observable universe. Despite this, many
intractable problems are solvable much faster than 2n time, and it is safe to
say that we currently do not have a solid understanding of why, even among
the intractable problems, some appear to be much easier to solve than oth-
ers. We study this question in the context of a class of problems referred
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1.1. Computational Complexity Theory

to as constraint satisfaction problems. The exact nature of these problems and
their relevance is explained in Section 1.2, but for the moment we have to
be contempt with the fact that it is a large and well-studied class of tractable
and intractable problems with a variety of practical applications. The main
question that we are interested in is whether we can give some kind of ex-
planation of why some of these intractable problems appear to be so much
easier to solve than others. We are therefore interested in comparing the
time complexity of intractable problems, and obtaining properties of when
it is possible to use an algorithm for one problem to solve another problem
equally fast. Our main tool for accomplishing this is a branch of mathematics
called universal algebra, and, in particular, a sub-branch of universal algebra
that deals with algebras of partial functions over finite sets. Using such alge-
bras, we are able to obtain a nuanced view of the time complexity of many
intractable constraint satisfaction problems.

The remainder of this introduction, where we describe our results in
greater detail, is split into four parts: in Section 1.1 we give a brief overview
of complexity theory, in Section 1.2 we get acquainted with constraint satis-
faction problems, in Section 1.3 we introduce some algebraic techniques used
in this thesis, and, at last, in Section 1.4 we summarise our results and give
an outline of the structure of this thesis.

1.1 Computational Complexity Theory

In this section we provide a bird’s-eye view on the area of theoretical com-
puter science referred to as computational complexity theory. The notation
and terminology in this section essentially follows the introductory textbook
by Papadimitriou [Pap94].

1.1.1 Computational Problems

We begin by giving a few examples of computational problems. Let us briefly
return to the problem of sorting a list of numbers. This problem can be for-
mally defined as the following computational problem.

SORTING

INSTANCE: A sequence x1, . . . , xn of natural numbers.
OBJECTIVE: Find a permutation π : {1, . . . , n} → {1, . . . , n} such that
xπ(i) ≤ xπ(i+1) for each i ∈ {1, . . . , n− 1}

This is a typical example of how one defines a computational problem in
theoretical computer science. First, we specify exactly what constitutes an
instance of the problem. Second, we specify the objective, the goal, of the
problem. Note that the definition of the problem says absolutely nothing
about how one should proceed to construct an algorithm for the problem;
it merely states what should be computed, not how it should be computed.
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Clearly, there exist many different algorithms that produce the same answer,
even if they may differ in complexity. For example, the sorting algorithm
that we considered in Example 1.1 is called insertion sort in the literature, and
as remarked, requires roughly n2 operations in the worst case. Other sorting
algorithms, such as merge sort, require roughly n · log(n) operations in the
worst case.

The problem of sorting a sequence of numbers is an example of a function
problem since we are asked to compute a concrete permutation. Let us con-
sider another example of a function problem. In the TRAVELLING SALESMAN

PROBLEM (TSP) one is given n numbers 1, . . . , n, representing cities, and for
each pair i, j of cities, a natural number di,j which represents the distance be-
tween the two cities i and j. The objective is then to find a tour of all cities
such that the total distance is minimised.

THE TRAVELLING SALESMAN PROBLEM (TSP)
INSTANCE: A sequence 1, . . . , n of natural numbers and a natural num-
ber, a distance, di,j between every pair i, j in this sequence.
OBJECTIVE: Find a permutation π : {1, . . . , n} → {1, . . . , n} such that
Σn

i=1dπ(i),π(i+1) is minimal.

In this problem definition we tacitly assume that π(n + 1) = π(1). What
is the complexity of the TSP problem? First observe that we can solve this
problem in a brute force way by simply calculating all possible permutations
over n and take the one that minimises the sum of the distances. Such an
algorithm would run in roughly 1 · 2 · . . . · (n − 1) · n = n! time, which is
clearly infeasible even for quite moderate values of n. Can we, similarly to
the problem of sorting a sequence of numbers, devise a nice algorithm that
solves the TSP problem in nk time for some reasonably small value of k? If
this is not possible, can we at least find some k ≥ 1 such that we can solve the
problem in nk time, i.e., in polynomial time? Currently, no such algorithm
is known, and it is widely believed that such algorithms are impossible to
achieve. We describe this in greater detail in the next section.

Sometimes one is contempt with whether there exists a solution or not.
Such problems are called decision problems and they will be the main focus
of this thesis. Note that decision problems can be seen as function problems
where the output is always ‘yes’ or ‘no’. We could for example recast the TSP
problem as a decision problem by instead asking whether there exists a tour
which is smaller than or equal to a given value.

THE DECISION VERSION OF TSP (D-TSP)
INSTANCE: A natural number k, sequence 1, . . . , n of natural numbers
and a natural number, a distance, di,j between every pair i, j in this se-
quence.
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QUESTION: Does there exist a permutation π : {1, . . . , n} → {1, . . . , n}
such that Σn

i=1dπ(i),π(i+1) ≤ k?

We now introduce a few classical decision problems from the realm of
propositional logic. If V is a set of variables and f a function from V to {0, 1},
then we define the function h f as h f (x) = f (x) and h f (¬x) = 1− f (x) for
any x ∈ V.

k-SAT
INSTANCE: A set of variables V and a set clauses of the form (`1 ∨ . . . ∨
`k), where `i = ¬x or `i = x for some x ∈ V.
QUESTION: Does there exist a function f : V → {0, 1} such that h f (`1) +
. . . + h f (`k) ≥ 1 for each clause (`1 ∨ . . . ∨ `k)?

Polynomial-time algorithms are known for 1-SAT and 2-SAT. However,
similar to the case of D-TSP, no polynomial-time algorithms have been dis-
covered when k ≥ 3. A related problem to k-SAT is the 1-IN-k-SAT problem.
The difference between the two problems is that we in the latter case require
that exactly one literal is true in each clause.

1-IN-k-SAT
INSTANCE: A set of variables V and a set clauses of the form (`1 ∨ . . . ∨
`k), where `i = ¬x or `i = x for some x ∈ V.
QUESTION: Does there exist a function f : V → {0, 1} such that h f (`1) +
. . . + h f (`k) = 1 for each clause (`1 ∨ . . . ∨ `k)?

Again, both 1-IN-1-SAT and 1-IN-2-SAT are solvable in polynomial time,
but the same is not believed to be true for 1-IN-k-SAT for any k ≥ 3. Inter-
estingly, this phenomena persists even if we restrict the problem to instances
consisting only of positive clauses.

MONOTONE 1-IN-k-SAT
INSTANCE: A set of variables V and a set clauses of the form (x1 ∨ . . . ∨
xk), where x1, . . . , xk ∈ V.
QUESTION: Does there exist a function f : V → {0, 1} such that f (x1) +
. . . + f (xk) = 1 for each clause (x1 ∨ . . . ∨ xk)?

We have now seen quite a few examples of decision problems. However,
all definitions in this section share a common problem: we have described
their instances but so far have not mentioned how these should be repre-
sented. This depends on the underlying computational model, which we
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discuss in the next section. In many cases, the exact representation is not of
great importance, but there are exceptions, as the following example high-
lights.

Example 1.2. How should an instance of D-TSP be represented? Let n de-
note the number of cities, let k denote the largest allowed distance, and let
d1,2 . . . , d1,n . . . , dn,1, . . . , dn,n−1 be the distances. A possible representation
for this instance is then the sequence (n, k, d1,2 . . . , d1,n . . . , dn,1, . . . , dn,n−1).
There is one glaring omission with this idea. How should the numbers
in this sequence be represented? In general it is desirable to come up
with a representation over a finite alphabet, for example by represent-
ing numbers as strings over {0, 1}. This suggest that we have essentially
two choices for representing a number: a unary representation or a bi-
nary representation. For example, the number 6 could be represented as
the string 111111 or as the string 110. Which representation is better?
Since any number n can be represented by at most log(n) bits, the unary
representation in fact requires exponentially more space than the binary
representation. If we let [n]b denote the binary representation of a num-
ber n then a reasonable representation of a D-TSP instance is a sequence
([n]b, [k]b, [d1,2]b . . . , [d1,n]b . . . , [dn,1]b, . . . , [dn,n−1]b).

1.1.2 Asymptotic Complexity

Assume that we have a computational problem and have constructed a nice
algorithm for solving this problem, and we now want to see how many op-
erations this algorithm requires in the worst case. It is then convenient to
ignore constant factors and terms in such expressions, since, asymptotically,
they do not affect the complexity. Let N denote the set of natural num-
bers, i.e., N = {0, 1, 2, . . .}. Given two unary functions f : N → N and
g : N → N we say that g ∈ O( f ) if there exists n0 ∈ N and c ∈ N such
that g(n) ≤ c · f (n) for all n ≥ n0. Intuitively, if g ∈ O( f ), then g does not
grow asymptotically faster than f . Similarly, we write g ∈ Ω( f ) if f ∈ O(g),
which means that f does not grow faster than g. Last, g ∈ Θ( f ) means that
g ∈ O( f ) and g ∈ Ω( f ). The eagle-eyed reader might notice two problems
with these notions. First, if one e.g. uses the number of bits required to rep-
resent an instance in order to measure the complexity, then f and g have to
be defined as partial functions, since it could be the case that n ∈ N but
that there does not exist any instance of the problem whose representation
requires exactly n bits. Second, we sometimes use functions such as log(n)
whose range is not equal to N. If such a function f appear in the above
context then f (n) is treated as a shorthand for max(d f (n)e, 0).

1.1.3 Complexity Classes

A complexity class is a set of problems. We could for example define a com-
plexity class by letting it consist of all decision problems. In the literature this
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class is sometimes denoted ALL. Unfortunately, we do not really gain any in-
sight by using the class ALL since it trivially includes all decision problems,
and it is therefore common to consider complexity classes consisting of prob-
lems sharing certain properties. Frequently studied properties are time and
space, which in this context means the number of operations or the amount
of memory required to solve a problem. In this thesis we concentrate on the
former, but before we can define the complexity classes that will play a cen-
tral role, we need to make a detour and explain our underlying model of
computation.

Turing Machines

Computing devices are certainly nothing new. Examples from ancient his-
tory include the Antikythera mechanism used for predicting astronomical
observations, and abacuses, counting frames for performing arithmetical op-
erations. These devices were constructed with a few very limited tasks in
mind and do not fit the notion of universal computation that we normally as-
sociate with modern computers. The design of the first general purpose com-
puter is normally attributed to Charles Babbage, who in 1837 described the
so-called analytical engine. What made this computer different from the An-
tikythera mechanism and other primitive computing devices? This question
was not answered until almost a hundred years later in Alan Turing’s semi-
nal paper On computable numbers with an application to the Entscheidungsprob-
lem. What Alan Turing realised was that a seemingly extremely simple com-
puter was sufficient to realise all imaginable forms of computation. A simi-
lar, and in fact equivalent, notion of universal computability was discovered
independently by Alonzo Church.

For our purposes we see a Turing machine as a simple computer, equipped
with a tape, that can be stretched arbitrarily long (so that we do not run out
of space in the middle of a computation), and a head. Each cell in the tape
can hold a symbol from a predetermined finite language. The program of
the Turing machine consists of instructions of the form: if the machine is in a
state and reads a symbol in the current cell, then write a new symbol in this
cell and either (1) move the head to the left, (2) do not move the head, or (3)
move the head to the right. These instructions have to be precise enough so
that the Turing machine, for any possible state and symbol, always knows
what the next step is. The Turing machine then patiently reads a single cell
off the tape as input, writes a symbol on the cell, and moves the head ac-
cording to its program. The machine halts if it ends up in either of the three
special states YES, NO, or HALT. A Turing machine is said to decide a decision
problem if, for every instance of the problem which is written on the tape
in a suitable encoding, it correctly ends up in the YES state if and only if the
instance is a yes-instance.
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The Complexity Class P

We let P be the class of decision probles decidable by a Turing machine us-
ing at most polynomially many steps (with respect to the size of the input).
Problems in P are sometimes said to be tractable. Hence, complexity is mea-
sured with respect to the number of operations, and not with respect to CPU
speed, which is not a meaningful concept for Turing machines. For example,
P contains the problem 2-SAT considered in the previous section, but it is
currently not known whether D-TSP or k-SAT for k ≥ 3 is included in P or
not. When proving that a particular problem resides in P we usually do not
explicitly construct a Turing machine that decides this problem in polyno-
mial time. Instead, we provide a polynomial-time algorithm in an informal
language which is precise enough to be converted into a Turing machine
without any ambiguity.

The Complexity Class NP

We now want to define a complexity class where the problems D-TSP and
k-SAT are included. For this we need the concept of a nondeterministic Tur-
ing machine. We will omit the exact details, since they are not central to
our study and can be found in any introductory textbook on computational
complexity, see e.g. Chapter 2 in Papadimitriou [Pap94]. A nondeterministic
Turing machine is defined in essentially the same way as an ordinary Turing
machine. The exception is that, when the nondeterministic Turing machine
enters a particular state and reads a symbol, it can end up in a multitude of
new states; some of which might lead to accepting computations, and some
of which might lead to utter gibberish. The nondeterministic Turing machine
is said to decide a decision problem if for every yes-instance of the prob-
lem, there is some nondeterministic choice which leads to the YES state, and
for every no-instance of the problem, every possible nondeterministic choice
ends up in the NO state. Hence, a nondeterministic Turing machine might
at a particular state have many different choices, but this does not matter as
long as a single one of these ends up being a correct choice. We let NP denote
the set of decision problems decidable by a nondeterministic Turing machine
using at most polynomially many steps. An equivalent way of defining the
class NP is to define it as the set of decision problems where certificates, i.e.
proofs, to yes-instances are verifiable in polynomial time. For example, take
an instance of the D-TSP problem and let π be a permutation on {1, . . . , n}.
We can calculate the sum Σn

i=1dπ(i),π(i+1) in O(n) time and check whether
this result is smaller than or equal to k. Hence, to solve this problem in non-
deterministic polynomial time we can simply

1. write an arbitrary string of symbols (where the length is bounded by
the length of the input),

2. check whether the resulting string is an encoding of a permutation π
on {1, . . . n}, and
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3. answer yes if the permutation π is a valid answer and otherwise no.

The above algorithm showcases the strength of nondeterministic compu-
tation since the Turing machine in this case in essence only has to ‘guess’ an
answer and check whether it is valid (in polynomial time). Similarly, one can
prove that k-SAT is solvable in nondeterministic polynomial time. Hence,
both D-TSP and k-SAT are included in NP. The question of whether every
problem decidable in nondeterministic polynomial time is also decidable in
polynomial time is referred to as the P ?

=NP question and it is the most impor-
tant open question in theoretical computer science. It is interesting to note
that, despite the apparent difficulty of resolving this conjecture, there exists
hundreds of claimed proofs of both P = NP and P 6= NP [Woe].

The reader might now ask why we went through all this trouble and de-
fined the complexity class NP which, in constrast to P, does not correspond
to a realistic model of computation. Why not, for example, instead define a
complexity class consisting of all problems decidable by a Turing machine
using exponential time? Such a complexity class does in fact exist. In the
literature it is called EXPTIME. It includes both D-TSP and k-SAT, and it is
known that P ⊂ EXPTIME (note the proper inclusion). However, this still
does not imply that k-SAT /∈ P. But there is a more fundamental reason
why we believe that the complexity class NP captures the essence of D-TSP
and k-SAT better than the class EXPTIME. It is known that both k-SAT and
D-TSP are not just ordinary members of NP, but that they are as difficult to
solve as any other problem in NP.

Before we can explain why this is the case we need a notion of mapping
one problem to another problem. A polynomial time many-one reduction be-
tween two problems X and Y is a function from the instances of X to the
instances of Y such that, for each instance x of X, f (x) is a yes-instance of Y if
and only if x is a yes-instance of X. A problem X is said to be NP-hard if every
problem in NP is polynomial-time many-one reducible to X. The problem X
is in addition said to be NP-complete if it is also included in NP. Both D-TSP
and k-SAT, k ≥ 3, are known to be NP-complete. What does this mean in
practice? Assume that we stumble upon an algorithm that solves 3-SAT in
polynomial time. Then, since 3-SAT is NP-complete, we can solve D-TSP in
polynomial time, too, by the following algorithm.

1. Let f be a polynomial-time many-one reduction from D-TSP to 3-SAT.

2. Let I be an instance of D-TSP.

3. Compute f (I) and answer yes if f (I) is a yes-instance of 3-SAT and no
if f (I) is a no-instance of 3-SAT.

In fact, we can solve every problem in NP in polynomial time by reusing
our algorithm for 3-SAT. Hence, finding a polynomial-time algorithm for
any NP-complete problem implies that we also have polynomial-time algo-
rithms for all NP-complete problems, which implies that P = NP. Note,
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Figure 1.1: A simple connected graph.

however, that even if we could solve 3-SAT in polynomial time then this
would not imply that we could solve every problem in EXPTIME in polyno-
mial time. This suggests that the slightly non-intuitive complexity class NP
is a much better fit for problems such as k-SAT and D-TSP than EXPTIME.

1.2 Constraint Satisfaction Problems

The constraint satisfaction problem (CSP) is the problem of determining
whether a set of constraints has a solution. What is meant by a constraint
in this context? Assume that we have system of linear equations over the
rational numbers Q of the form

2x + y + 3z = 10

x + y + z = 6

x + 3y + 2z = 13

Each linear equation constrains the variables x, y, and z in the sense that
the possible values for each variable is reduced. Hence, a constraint takes a
collection of variables ranging over some set of values, a domain, and con-
strain the possible values that the variables can have in a solution. Given a
collection of such constraints over some variables we are then interested in
whether it is possible to assign values to the variables from the domain, in
such a way that no constraint, e.g., 2x + y+ 3z = 10, is violated. In this thesis
we are only concerned with variables ranging over a finite domain, and we
therefore always assume that the domain is a finite set of natural numbers.
Moreover, we are not only interested in arithmetical constraints appearing in
linear equations, but in constraints that can be expressed by arbitrary relations
over the domain. In a philosophical sense, a relation represents a property
that holds between some given entities, for example the relation father that
holds between a father and his children. In a mathematical sense a relation
with k arguments is defined as a subset of the k-ary cartesian product of the
domain D. This means that the unary relations are subsets of {(x) | x ∈ D},
binary relations subsets of {(x, y) | x, y ∈ D}, and so on.

Let us take a concrete example to illustrate these concepts. Assume that
we have a set 1, 2, 3, 4 of nodes, as in Figure 1.1, with the interpretation
that the nodes represent cities, and that two cities have an edge between
them if they are directly connected with a road. We can model this by us-
ing a binary relation connected with the interpretation that connected(x, y)
is true if the two cities x and y have a connection between them. The
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graph in Figure 1.1 could then be represented by the relation connected =
{(1, 2), (2, 1)(1, 3), (3, 1), (3, 4), (4, 3)}. Assume then that we are given the
two constraints connected(x, y), connected(x, z). For which values of x, y and
z will these two constraints be satisfied? Two possible answers are when
x = 1, y = 2, z = 1, and when x = 1, y = 3, z = 4. On the other hand, if
x = 1, y = 2, and z = 3, then the constraints are not satisfied since there is
no connection from 2 to 3.

More generally, we define a constraint over a set of variables V and a k-ary
relation R to be an expression of the form R(x1, . . . , xk) where x1, . . . , xk ∈ V.
We now have everything in place in order to define the constraint satisfaction
problem over a finite domain D.

THE CONSTRAINT SATISFACTION PROBLEM OVER D
INSTANCE: A set of variables V and a set of constraints over D of the
form R(x1, . . . , xk), where x1, . . . , xk ∈ V and R is a k-ary relation over D.
QUESTION: Does there exist a function f : V → D such that
( f (x1), . . . , f (xk)) ∈ R for each constraint R(x1, . . . , xk)?

We say that an instance is satisfiable if such a function exists and un-
satisfiable otherwise. This is the most complicated decision problem that
we have encountered so far in this thesis. Hence, let us pause for a mo-
ment and try to explain how this definition fulfils the intuition outlined
in the earlier examples. An instance consists of a set of variables rang-
ing over the domain D, and a set of constraints restricting the values
of the variables. The goal is then to check whether it is possible to as-
sign values to the variables in such a way that each constraint is satis-
fied. If we briefly return to the example in Figure 1.1 then the set of con-
straints {connected(x, y), connected(x, z)} is a CSP problem over the variables
{x, y, z} over the domain {1, 2, 3, 4}. As remarked, this instance is satisfi-
able, since if we let f (x) = 1, f (y) = 3 and f (z) = 4, then ( f (x), f (y)) =
(1, 3) ∈ connected and ( f (y), f (z)) = (3, 4) ∈ connected. On the other
hand, the instance {connected(x, y), connected(x, z), connected(x, x)}, is un-
satisfiable since the constraint connected(x, x) can never be satisfied.

Given the very general formulation of the CSP problem it should not
come as a surprise that it is NP-complete. We can in fact prove this in
a very straightforward manner by exploiting the fact that the MONOTONE

1-IN-3-SAT problem from Section 1.1.1 is NP-complete.

Theorem 1.3. CSP is NP-complete for every finite domain larger than one.

Proof. First, note that the finite-domain CSP problem is included in NP since
we, given an assignment of variables, can go through every constraint and
check whether it is satisfied by the assignment, which takes polynomial
time with respect to the size of the instance. Second, note that we only
have to prove that the CSP problem over the Boolean domain is NP-hard,
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since each such problem can be seen as a CSP problem over a larger do-
main where the extra values are not used. Consider the relation R1/3 =
{(0, 0, 1), (0, 1, 0), (1, 0, 0)} over {0, 1} and note that a constraint R1/3(x, y, z)
is true if and only if exactly one of the variables is equal to 1. We can now
give a polynomial-time many-one reduction from MONOTONE 1-IN-3-SAT
to CSP as follows: given an instance of MONOTONE 1-IN-3-SAT replace ev-
ery clause (x ∨ y ∨ z) with the constraint R1/3(x, y, z). It is then trivial to see
that the resulting instance is satisfiable if and only if the original instance is
satisfiable.

An active area of research is to find tractable subclasses of the CSP prob-
lem. A common restriction, which is our main interest in this thesis, is to only
allow constraints from a particular set of relations, a constraint language. This
parameterized version of the CSP problem will be formally defined in Sec-
tion 2.2 in Chapter 2. It is known that, for constraint languages defined over
Boolean or ternary domains, such problems are always either in P or are NP-
complete [Sch78; Bul06]. Why is this interesting? Perhaps contrary to intu-
tion, it is known that there exists problems in NP not solvable in polynomial
time but which are not NP-hard (assuming P 6= NP) [Lad75]. Such problems
are said to be NP-intermediate. Hence, a priori, we cannot take dichotomy
theorems that separates tractable problems from NP-complete problems for
granted.

1.3 Universal Algebra and Clone Theory

In this section we explain the algebraic method that we use to study the com-
plexity of constraint satisfaction problems. All concepts will be defined for-
mally in Chapter 2; here we concentrate on explaining the intuition behind
them.

1.3.1 Examples of Algebras

First of all, what is an algebra? This is not a clear-cut concept. In the most
general sense, the word algebra is used to denote a mathematical structure
consisting of symbols and rules for manipulating those symbols. We begin
with a few examples of such structures that are usually referred to as alge-
bras.

Example 1.4. In elementary algebra the vocabulary consists of numbers, for
example all natural numbers or all rational numbers, and variables, typically
denoted x, y, z. One can then formulate various arithmetical laws such as
x+ y = y+ x (addition is associative) and x(y+ z) = xy+ xz (distributivity),
or constraints such as 2x = y.

Even though the example above is rather trivial and informal, we have
at least obtained some intuition of what constitutes an algebra: we have a
domain such as all natural numbers in mind, we have operations such as
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addition and multiplication, and when formulating sentences in the algebra
we often use symbols as placeholders for concrete values in the domain. Let
us consider two more examples of algebras.

Example 1.5. A magma consists of a set D and a binary operator · : D×D →
D. A semigroup is a magma where the binary operator · is associative, i.e.,
(x·y)·z = x·(y·z) for all x, y, z ∈ D. A monoid is a semigroup with an identity
element i ∈ D satisfying i·x = x·i = x for all x ∈ D.

Example 1.6. A lattice consists of a set D and two binary operators t : D×
D → D and u : D× D → D satisfying the following axioms for all x, y, z ∈
D [BS81].

1. x t y = y t x and x u y = y u x (commutative laws),

2. xt (yt z) = (xt y)t z and xu (yu z) = (xu y)u z (associative laws),

3. x t x = x and x u x = x (idempotent laws),

4. x = x t (x u y) and x = x u (x t y) (absorption laws).

One example of a lattice is the two operators ∧ and ∨ on the Boolean domain
{0, 1}. It is for example not so difficult to verify that the commutative laws
hold since x ∨ y = y ∨ x and x ∧ y = y ∧ x for any x, y ∈ {0, 1}.

The examples above are certainly more complicated than Example 1.4
and might appear a tad abstract to any reader unfamiliar with such defini-
tions. The takeaway message is that the algebras considered are not con-
crete algebras since neither the domain nor the operators are specified. In-
stead, they are collections of algebras satisfying certain conditions on the
operators, e.g. that they are associative. The branch of mathematics study-
ing properties of algebras with axioms similar to those in Example 1.5 and
Example 1.6 is called abstract algebra, and some well-studied algebraic struc-
tures besides those already mentioned are groups, rings, and fields. We will
not delve deeper into the mysteries of abstract algebra since it is not central
for our purposes, but instead turn our attention towards universal algebra.

1.3.2 The Story of Clones

In this thesis we need algebras where no particular restrictions are imposed
on the set of operations. This branch of mathematics is called universal alge-
bra [BS81], and it generalises abstract algebra in the sense that we do not e.g.
require that operators are associative and binary, that the domain contains
an identity element, and so on. More specifically, we will consider functions
defined on finite subsets of the natural numbers. A clone is a set of such func-
tions with the property that, whenever we take some functions in the clone
and compose them in various ways, then the resulting function is also in-
cluded in the clone. By composing, we mean that one is allowed to combine
several simpler functions in order to create a new function. This is similar to
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digital circuit theory where one can construct new logical gates by connect-
ing the output of one or more gates to the input to another gate, or how one
can use the result of a function as input to another function in a program-
ming language. This closure property is the only restriction that we impose;
otherwise a clone can consist of any functions that we can imagine. Most
likely, this definition of a clone is a thorough disappointment to the reader
with a vivid imagination, since it does not bear any resemblance with how
the term ‘clone’ is used in more natural contexts. To the best of the author’s
knowledge, the term clone was first used in this mathematical context by
Cohn [Coh81]. Other terms that have been used for similar mathematical
objects are function algebras and iterative Post algebras.

Example 1.7. Let D be a finite set of natural numbers. Then the set consisting
of all functions over D is a clone since it is trivially closed under composition
of functions. Similarly, one can verify that the set of all functions satisfying
f (x, . . . , x) = x for all x ∈ D is a clone, the set of all idempotent functions.

There are many beautiful results in the literature regarding clones. Two
of the most famous ones are Rosenberg’s classification of all maximal
clones [Ros70] and his classification of minimal clones [Ros86]. For more
examples of clones and a discussion of open questions we refer the reader to
Kerkhoff et al. [KPS].

1.3.3 Clones and Constraint Satisfaction Problems

Why are clones interesting at all in the context of theoretical computer sci-
ence and complexity theory? In the end of the 1960s the American math-
ematician David Geiger published an article titled Closed Systems of Func-
tions and Predicates [Gei68]. Little did he know that, across the pacific ocean,
four Soviet mathematicians had independently discovered almost the same
thing [BKKR69a; BKKR69b]. So what was the fuss all about? To understand
this we first need the concept of a Galois connection. In the words of Marcel
Erné [DEW13],

‘Galois connections provide the order- or structure-preserving
passage between two worlds of our imagination.’

This gives us the intuition that a Galois connection somehow relates two
different classes of objects, but, of course, we have to be a bit more precise
than this. Assume that we have two sets A and B which are both equipped
with a way of ordering their respective elements. Let us denote the ordering
over the set A by ≤A and the ordering over the set B as ≤B. Then, a Galois
connection consists of two mappings f : A → B and g : B → A which tell
us how to get from the set A to the set B, and vice versa. But f and g are
not just any mappings, they have to respect the two orderings ≤A and ≤B in
such a way that, if a ∈ A and b ∈ B then f (a) ≤B b if and only if a ≤A g(b).
The two mappings g and f are said to be the dual upper adjunction and dual
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Figure 1.2: A visualisation of a Galois connection consisting of two dual ad-
junctions.

lower adjunction, respectively. See Figure 1.2 for a visualisation of the concept
of a Galois connection consisting of two dual adjunctions. An interesting
property of a Galois connection is the following observation: assume that A
has a maximal element maxA and that B have a minimal element minB. Then
a Galois connection between A and B will map maxA to minB and minB to
maxA. Hence, a ‘large’ element in A will be mapped to a ‘small’ element in
B. See Figure 1.3 for a visualisation of this mapping1. Why is this useful?
Assume that we want to study properties of the elements in A and that these
properties are more complicated to study for ‘large’ elements in A. Then we
can exploit a Galois connection between A and B, and instead of studying the
‘large’ elements in A, we study these properties with respect to the ‘small’
elements in B, which is sometimes considerably simpler.

In the context of clones, Geiger [Gei68] and, independently, Bodnarchuk
et al. [BKKR69a; BKKR69b], discovered that there exists a Galois connection
between clones and sets of relations satisfying certain closure properties, co-
clones. This implies that we can study properties of clones by studying their
relational representations, and study relations by their functional representa-
tions. Since constraint satisfaction problems are defined in terms of relations,
the Galois connection between clones and co-clones suggest that it is possible
to study properties of constraint satisfaction problems by studying proper-
ties of clones. This rather simple observation was in fact not realised until
the end of the 1990s by Jeavons et al. [JCG97], and it was the inception of
the so-called algebraic approach for studying the computational complexity of
constraint satisfaction problems. More precisely, Jeavons et al. proved that
the complexity of a constraint satisfaction problem, whether it is in P or is
NP-complete, in many cases can be determined by the absence or presence

1Both Figure 1.2 and Figure 1.3 were kindly provided by Marcel Erné[DEW13; Ern85].
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Figure 1.3: A visualisation of the mappings between elements in a Galois
connection between two partially ordered sets.

of certain functions in the clone corresponding to the constraint satisfaction
problem. Sometimes, due to the inverse nature of a Galois connection, such
results are much easier to prove using properties of functions instead of us-
ing properties of relations.

However, as already remarked, merely stating that a problem is NP-
complete does not offer any insight into the complexity of the problem, ex-
cept that it is not likely to be solvable in polynomial time. To study the com-
plexity of NP-complete problems in greater detail we are in need of some-
thing more refined than the Galois connection between clones and co-clones.
In this thesis we consider clones consisting of partial functions. As a simple
example of a partial function, consider the division operator x

y where x ∈ N

and y ∈ P, i.e., x is a natural number and y is a natural number distinct from
0. Hence, x

0 is undefined for every x ∈ N, since division is not a meaning-
ful operation when the denominator is 0. By using partial functions instead
of total functions, one obtains a strong partial clone. There is a Galois connec-
tion between such strong partial clones and sets of relations satisfying certain
closure properties, proved already in the article by Geiger [Gei68], and later
developed by Romov [Rom81]. All these concepts will be clearly defined in
Chapter 2. For the moment, the gist of this approach is that we can study
the computational complexity of NP-complete CSP problems in a more nu-
anced way by considering algebras of partial functions (strong partial clones)
instead of algebras of total functions (clones).

1.4 Main Contributions and Thesis Outline

We can now explain the title and topic of this thesis in a more precise way.
Our main focus is constraint satisfaction problems and related problems, and
we are interested in studying their computational complexity. To study this
we use algebras of partial functions called strong partial clones, which al-
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lows us to give a very nuanced view of the worst-case time complexity of
constraint satisfaction problems. So how does the thesis subtitle ‘limitations
and applications’ fit into all of this?

The first technical contribution of this thesis, Part II, is an investigation
of properties of strong partial clones. Here, we first apply a technique from
Schnoor and Schnoor [SS08] for obtaining relations with many interesting
properties, so-called weak bases, that will play a central role in this thesis. We
then proceed to show that strong partial clones are extremely complicated
structures in the context of constraint satisfaction problems. In essence, we
prove that for almost all constraint languages that we are interested in for
practical purposes, the corresponding strong partial clones cannot be gener-
ated by any finite set of partial functions. In plain English, this means that
our algebras are much more complicated than what one could possibly ex-
pect. This is a rather negative result, hence the term ‘limitations’ in the title
of this thesis. On the bright side, we then change our minds and prove that
it is possible to describe all such strong partial clones with finite sets of par-
tial functions. We do this, not by bending the laws of logic, but by changing
the standard method of functional composition in an algebra to a stronger
notion.

To fulfil the promise of ‘applications’ in the title of this thesis, we in
Part III switch gear and concentrate on studying the worst-case time com-
plexity of constraint satisfaction problems. As hinted in the previous section,
strong partial clones are indeed useful for this. For the CSP problem we
prove the following: assume that you have two NP-complete CSP problems
A and B and that you have a concrete algorithm for B that runs in time O(cn)
for some constant c (where n denotes the number of variables). Then, if the
two strong partial clones corresponding to the relations used in A and B
satisfy certain conditions, you can solve the CSP problem A using the algo-
rithm for the CSP problem B and obtain the exact same O(cn) running time.
Hence, for any conceivable algorithm that we can construct for problem B,
we can directly reuse it and solve problem A equally fast, just by compar-
ing the algebras corresponding to the problems. However, recall from the
previous paragraph that we in Part II of this thesis prove that such strong
partial clones in general are extremely complicated. This suggests that this
result alone is not sufficient to give us any new insight into the worst-case
time complexity of CSP problems. However, what a weak base gives us is
a CSP problem with the property that you can solve the problem using any
algorithm for any NP-complete CSP problem, and obtaining the exact same
worst-case running time. We use this fact to find an NP-complete Boolean
CSP problem with the lowest possible worst-case time complexity. With the
help of this problem we then relate the complexity of Boolean CSP problems
to the exponential-time hypothesis, which is a well-known complexity conjec-
ture [IPZ01]. Loosely, this conjecture states that there is sharp limit on how
much it is possible to improve exponential-time algorithms for 3-SAT. We
prove that this conjecture holds if and only if such sharp limits occur for all
NP-complete Boolean CSP problems. Are such results limited to CSP or is it
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possible to obtain analogous results for similar problems? We show that this
is indeed possible for two optimisation variants of the Boolean CSP problem,
the maximum ones problem (MAX-ONES) and the valued constraint satisfaction
problem (VCSP).

We now describe each part and chapter of this thesis in greater detail. In
some cases we allow ourselves to use notation that has not yet been defined.

Part I

Apart from this introduction, this part of the thesis contains the preliminar-
ies chapter where we formally define all concepts discussed so far. The most
central terms that will be defined are clones, strong partial clones, co-clones,
weak partial co-clones, polymorphisms, partial polymorphisms, Galois connections,
and the parameterized CSP(S) problem. The reader who is already familiar
with these concepts is still advised to consult Section 2.1, where some sim-
plifying notation is introduced, and Section 2.3.2, where an important class
of constraint languages is defined.

Part II

In this part of the thesis we study properties of strong partial clones. These
results are in many cases of independent algebraic interest. We begin in
Chapter 3 where we use results from Schnoor and Schnoor [SS08] in order
to obtain simple weak bases for all Boolean co-clones. Given a clone C, a
weak base is in this context a relational description of the largest element
in the set of strong partial clones where the total component equals C. In
Chapter 4 we study polynomially closed co-clones. Intuitively, this means that
a polynomial number of variables is sufficient to define every relation in the
co-clone via logical definitions consisting of existential quantification, con-
junction and equality constraints. For Boolean co-clones of finite order this
notion exactly coincides with the question of whether the corresponding al-
gebra has few subpowers [BMMVW06]. Interestingly, for Boolean co-clones of
infinite order, the opposite is true: they are polynomially closed even though
the corresponding algebras have many subpowers [BMMVW06]. Using this
classification we then prove the following theorem: let S be a finite constraint
language such that its corresponding clone can be generated by a finite set
of unary functions — then the strong partial clone corresponding to S is al-
ways of infinite order. This is a strong negative result since it implies that we
cannot obtain finite bases of a significant number of the strong partial clones
that are of interest when studying NP-complete CSP problems. Despite this,
we in Chapter 5 develop a novel technique for representing such strong par-
tial clones of infinite order by a finite set of partial functions. This might
seem contradictory, but we accomplish this by introducing a stronger clo-
sure operator than functional composition. Hence, even though the strong
partial clones of interest in this thesis are of infinite order it is still possible to
describe them using finite sets of partial functions.
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Part III

In Part III we apply the theory studied and developed in Part II. We
are interested in studying constraint satisfaction problems with respect to
polynomial-time many-one reductions that do not change the structure of in-
stances in a dramatic way. More specifically, we in Chapter 6 introduce two
kinds of polynomial-time many-one reductions: constant variable reductions
and linear variable reductions. In the former, only a constant number of new
variables are allowed to be introduced, while a linear amount is allowed in
the latter case. Constant variable reductions allow us to study the complex-
ity of CSP up to O(cn) time complexity, where n denotes the number of vari-
ables in a given instance, while linear variable reductions allow us to study
the complexity of a problem up to subexponential complexity. In Chapter 7
we then study the complexity of the Boolean CSP(S) problem (SAT(S)) with
respect to constant variable reductions and linear variable reductions. Given
two finite constraint languages we first prove that if pPol(S) ⊆ pPol(S′),
where pPol(S) (respectively pPol(S′)) is the strong partial clone correspond-
ing to S (respectively S′), then there exists a constant variable reduction from
CSP(S′) to CSP(S). This proof is not complicated, but when combined with
the concept of weak bases from Part II, it almost immediately gives rise to a
rather unexpected result: there exists a Boolean relation R 6= 6= 6=1/3 such that (1)
SAT({R 6= 6= 6=1/3 }) is NP-complete and (2) there does not exist any NP-complete
SAT(S) problem with strictly lower worst-case time complexity. We refer
to this problem as the easiest NP-complete SAT problem. Moreover, the re-
lation R 6= 6= 6=1/3 is in fact quite simple since it bears a close resemblance to the
MONOTONE 1-IN-3-SAT problem. We then use this result in combination
with linear variable reductions to relate the problem SAT({R 6= 6= 6=1/3 }) to the
exponential-time hypothesis, and prove that SAT({R 6= 6= 6=1/3 }) is solvable in
subexponential time if and only if the exponential-time hypothesis is false.
This furthermore implies that if there exists a single constraint language S
such that SAT(S) is NP-complete and solvable in subexponential time, then
the exponential-time hypothesis is false.

In Chapter 8 we continue studying the worst-case time complexity of
computational problems, but in the context of the two optimisation problems
maximum ones over a finite Boolean constraint language S (MAX-ONES(S))
and the valued constraint satisfaction problem over a finite set of finite-valued
cost functions ∆ (VCSP(∆)). For the MAX-ONES problem we use essentially
the same algebraic techniques that were developed for the CSP problem, and
prove that the relation R 6= 6= 6=1/3 resulting in the easiest SAT problem also results
in the easiest MAX-ONES problem. The VCSP problem, however, does not
follow the standard Galois connection between clones and co-clones, which
also means that our approach based on partial clone theory breaks down.
Despite this, we show that it is possible to obtain analogous results and give
a simple, binary cost function f such that VCSP({ f }) results in the easiest
NP-complete Boolean VCSP problem. We are then again able to relate the
complexity of these problems vis-à-vis the exponential-time hypothesis, and
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for instance prove that if there exists a single constraint language S or a set
of cost functions ∆ such that MAX-ONES(S) or VCSP(∆) are NP-complete
and solvable in subexponential time, then the exponential-time hypothesis is
false.

Part IV

In the concluding part of this thesis we give a brief summary and consider
open directions for future research.

Suggested Reading Order

The two main technical contributions, Part II and Part III, can be read almost
independently. The reader with a main interest in computer science is ad-
vised to first read Chapter 3, where the concept of weak bases is introduced,
and then read Chapter 7 and Chapter 8 where this is applied to study the
computational complexity of constraint satisfaction problems. The reader
with a more algebraic interest might instead find Chapter 4 and Chapter 5 to
be a more natural continuation.
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2 Preliminaries

– These apricots and these make
me and to come water in my
mouth.

English as she is spoke

In this chapter we introduce the algebraic techniques that will be devel-
oped in Part II and applied in Part III of this thesis. We begin in Section 2.1
and Section 2.2 by defining the basic building blocks, functions, relations, and
the constraint satisfaction problem. In Section 2.3 and Section 2.4 we then see
how these notions can be used to define algebras that will turn out to have
many interesting applications from both a practical and theoretical point of
view.

2.1 Functions, Relations and Constraint Languages

In this thesis we are mainly concerned with functions and relations over a
finite domain D. We assume that D ⊆N, although in principle any finite set
of values can be used as a domain, and let OPD denote the set of all (finitary)
functions over D. We typically use the words operation and function inter-
changeably in this thesis. Given a function f : Dn 7→ D, n ∈ P, over D we
let ar( f ) = n. If x = (x1, . . . , xn) ∈ Dn we typically write f (x) to denote the
application of f to the arguments x1, . . . , xn.

Similarly, we let RelD denote the set of all (finitary) relations over a finite
domain D. Given a relation R ⊆ Dκ , κ ∈ P, over a domain D we let ar(R) =
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κ. As a convention, we use the Latin symbols n and m to denote arities of
functions, and the Greek symbols κ and λ to denote arities of relations. For a
κ-ary tuple t and 1 ≤ i ≤ κ, we write t[i] for the ith element of t. For κ ≥ 1
and c ∈ {0, 1}, we write ~c κ for the tuple (c, . . . , c) (κ times), i.e., for a κ-ary
sequence of 0’s or 1’s. If κ is clear from the context we simply write~c. A set
of relations S is known as a constraint language, or simply language.

It is sometimes convenient to treat relations as predicates and define them
in terms of logical formulas over some given constraint language S. If S is a
constraint language then we use the notation R(x1, . . . , xκ) ≡ φ(x1, . . . , xκ),
where φ(x1, . . . , xκ) is a first-order formula over S with the free variables
x1, . . . , xκ , to denote the relation R = {( f (x1), . . . , f (xκ)) | f is a model of
φ(x1, . . . , xκ)}.

Example 2.1. Let R1/3 = {(0, 0, 1), (0, 1, 0), (1, 0, 0)}. Then the relation
RNAE = {(0, 0, 1), (0, 1, 0), (1, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)} can be defined
as RNAE(x1, x2, x3) ≡ ∃x, y.R1/3(x, x, y) ∧ (R1/3(x1, x2, x) ∨ R1/3(x1, x2, x) ∨
R1/3(x2, x3, x)).

When explicitly defining relations, we sometimes use a matrix represen-
tation, where the rows of the matrix corresponds to the tuples in the relation.
For example, the relation RNAE in Example 2.1 can be written as

RNAE =



0 0 1
0 1 0
1 0 0
0 1 1
1 0 1
1 1 0

 .

Note that the relative order of the columns in the matrix representation does
not matter since this only corresponds to a different order of the elements
within the tuples.

2.2 The Constraint Satisfaction Problem

Let S be a constraint language over a finite domain D. The constraint satisfac-
tion problem over S (CSP(S)) is defined as follows.

INSTANCE: A set V of variables and a set C of constraint applications
R(v1, . . . , vk) where R ∈ S, k = ar(R), and v1, . . . , vk ∈ V.
QUESTION: Is there a total function f : V → D such that
( f (v1), . . . , f (vk)) ∈ R for each constraint R(v1, . . . , vk) in C?

The CSP problem over S can therefore be viewed as the problem of, given
a conjunctive formula over S, determine whether there exists at least one
model of this formula. Hence, whenever convenient, we sometimes treat an
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instance (V, C) of CSP(S) as a conjunctive formula φ over V and S. In the
case where S is a Boolean constraint language we typically denote CSP(S)
as SAT(S). To exemplify, let RNAE and R1/3 be defined as in Example 2.1 from
Section 2.1. Then the well known NP-complete problem NOT-ALL-EQUAL

3-SAT can be expressed as SAT({RNAE}). Similarly, SAT({R1/3}) can be seen
as an alternative formulation of MONOTONE 1-IN-3-SAT.

2.3 Clone Theory

Let F be a set of functions over a finite domain. Which other functions can
be defined by using functions from F? From Boolean circuit theory we e.g.
know that a set of binary NAND gates can be used to implement any other
Boolean circuit. In this context one uses the output from one gate and feeds it
as input to another gate, in order to describe more advanced circuits. There
is a similar notion of composition for functions which allows us to describe
complicated functions in terms of simpler functions, which forms the basis
of clone theory.

2.3.1 Clones

If f is an n-ary function over a domain D and g1, . . . , gn are m-ary functions
over D, then the composition of f and g1, . . . , gn, denoted f ◦(g1, . . . , gn), is the
m-ary function defined by

( f ◦ (g1, . . . , gn))(x1, . . . , xm) = f (g1(x1, . . . , xm), . . . , gn(x1, . . . , xm))

for all x1, . . . , xm ∈ D.

Example 2.2. Let f (0) = 1, f (1) = 0 and let g(0, 0) = g(0, 1) = g(1, 0) =
0, g(1, 1) = 1. Then we see that the binary NAND function can be expressed
as f ◦ (g) = f (g(x1, x2)).

The astute reader will notice that this definition of composition does not
allow us to permute the arguments of a function. For instance, given the bi-
nary Boolean implication function i(0, 0) = i(0, 1) = i(1, 1) = 1, i(1, 0) = 0,
then by the above definition of composition we cannot define the function
i′(0, 0) = i′(1, 0) = i′(1, 1) = 1, i′(0, 1) = 0. One way to accomplish this
without changing the notion of functional composition is to introduce a set
of auxiliary functions whose sole purpose is to return exactly one of its argu-
ments.

Definition 2.3. Let D be a domain. An n-ary projection func-
tion over D is a function which for some i ∈ {1, . . . , n} satisfies
πn

i (x1, . . . , xi−1, xi, xi+1, . . . , xn) = xi for all x1, . . . , xn ∈ D.

Using projection functions it is then easy to see that

i′(x1, x2) = i ◦ (π2
2, π2

1) = i(π2
2(x1, x2), π2

1(x1, x2))
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since π2
2(x1, x2) = x2 and π2

1(x1, x2) = x1 for all x1, x2 ∈ B. We let ΠD de-
note the set of all projection functions over a domain D. We typically do not
explicitly state the domain of a projection function πn

i since this will always
be clear from the context. With this machinery in hand we are now ready to
define the concept of clones.

Definition 2.4. Let D be a domain. A set of finitary functions F over D is a
clone if (1) f ◦(g1, . . . , gar( f )) ∈ F for all f , g1, . . . , gar( f ) ∈ F (F is closed under
functional composition) and (2) ΠD ⊆ F (F contains all projection functions).

If F is a set of functions over D then we let [F] denote the smallest clone
over D containing F. We say that F is a base of [F]. A clone is said to be of finite
order if it admits a finite base, and is said to be of infinite order otherwise. The
operator [·] is a closure operator in the usual mathematical sense, i.e. F ⊆ [F],
if F ⊆ G then [F] ⊆ [G], and [[F]] = [F]. It is well known that the set of all
clones over D form a lattice structure when ordered by set inclusion, where
the meet-operator u is defined as X u Y = X ∩ Y and the join-operator t as
X tY = [X ∪Y].

It is readily seen that ΠD is a clone for every domain D since the com-
position of two or more projection functions results in a projection function.
Moreover, since clones always contain all projection functions, ΠD is also the
smallest clone in the clone lattice over D. A natural question to ask is if it is
possible to describe the clone lattice over D for any finite domain D. Clearly,
if D = {a} (the domain consists of only one element), then there exists only
one clone [{π1

1}], where π1
1 is the unary projection function π1

1(a) = a. For
|D| = 2 Post [Pos41] gave a complete classification and proved that this lat-
tice is of countably infinite cardinality. For every |D| ≥ 3 the lattice is how-
ever of uncountably infinite cardinality [YM59].

We close this section by describing Post’s result in more detail. When
defining Boolean functions we typically use the standard Boolean connec-
tives in infix notation, e.g. x1 ∧ x2 denotes the binary function ∧(0, 0) =
∧(0, 1) = ∧(1, 0) = 0, ∧(1, 1) = 1, and x = ¬x = 1 − x. We occasion-
ally denote the unary complement function x by neg(x), i.e. neg(x) = x. The
reader should note that a definition of the form neg(x) = x should be read
as a shorthand for the slightly more cumbersome statement neg(x) = x for
all x ∈ B. Hence, a ‘variable’ in this context is simply a shorthand for an
arbitrary value in the domain. We now introduce some classes of Boolean
functions which are necessary in the subsequent treatment, using the no-
tation employed by Reith and Wagner [RW99], and further propagated in
Böhler et al. [BCRV03].

• A Boolean function f is a-reproducing, a ∈ {0, 1}, if f (~a) = a.

• An n-ary Boolean function f is monotonic if f (a) ≤ f (b) for all a, b ∈
{0, 1}n such that a ≤ b (componentwise).

• An n-ary Boolean function f is self-dual if f (a1, . . . , an) =
dual( f )(a1, . . . , an), where dual( f )(a1, . . . , an) = 1− f (a1, . . . , an).
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• An n-ary Boolean function f is affine if there exists c0, . . . , cn ∈ {0, 1}
such that f (a1, . . . , an) = c0 ⊕ (c1 ∧ a1)⊕ . . .⊕ (cn ∧ an).

• A set T ⊆ {0, 1}n is a-separating, a ∈ {0, 1}, if there exists i ∈ {1, . . . , n}
such that ai = a for every (a1, . . . , ai, . . . , an) ∈ T.

• An n-ary Boolean function f is a-separating, a ∈ {0, 1}, if f−1(a) is a-
separating, and it is a-separating of level k, if every T ⊆ f−1(a), |T| = k,
is a-separating.

See Table 2.1 for a complete list of all Boolean clones accompanied by
a brief description and a base. In this table the constants 0 and 1 are used
as shorthands for the unary constant functions f0(x) = 0 and f1(x) = 1.
The clone consisting of all Boolean functions, OPB, is denoted by BF. See
Figure 2.1 for a visualisation of Post’s lattice of Boolean clones.

2.3.2 Co-Clones

In Section 2.3.1 we studied closure operators for functions. There is also a
similar closure operator for relations which allows us to define an infinite set
of relations in terms of a base set of relations. Given a set of relations S we
are interested in determining the relations that can be expressed by a certain
class of restricted first-order formulas over S. Let EqD = {(x, x) | x ∈ D}
denote the equality relation over D.

Definition 2.5. Let S be a constraint language over D. A κ-ary relation R has
a primitive positive definition (p.p. definition) in S if

R(x1, . . . , xκ) ≡ ∃y1, . . . , yκ′ . R1(x1) ∧ . . . ∧ Rm(xm),

where each Ri ∈ S ∪ {EqD} and each xi is an ar(Ri)-ary tuple of variables
over x1, . . . , xκ , y1, . . . , yκ′ .

In other words we allow logical conjunction, existential quantification
and equality constraints in these definitions. The reason why p.p. definitions,
which are restricted first-order formulas, are preferred over unrestricted first-
order formulas will be made clear in the forthcoming sections, but the reader
who anxiously awaits the resolution of this mystery is encouraged to take a
quick peek at Theorems 2.11 and 2.13 in Section 2.3.3.
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Table 2.1: List of all Boolean clones with definitions and bases, where
hn(x1, . . . , xn+1) =

∨n+1
i=1 x1 · · · xi−1xi+1 · · · xn+1.

Clone Definition Base
BF All Boolean functions {x ∧ y,¬x}
R0 { f | f is 0-reproducing} {x ∧ y, x⊕ y}
R1 { f | f is 1-reproducing} {x ∨ y, x⊕ y⊕ 1}
R2 R0 ∩R1 {x ∨ y, x ∧ (y⊕ z⊕ 1)}
M { f | f is monotonic} {x ∨ y, x ∧ y, 0, 1}
M1 M∩R1 {x ∨ y, x ∧ y, 1}
M0 M∩R0 {x ∨ y, x ∧ y, 0}
M2 M∩R2 {x ∨ y, x ∧ y}
Sn

0 { f | f is 0-separating of degree n} {x → y, dual(hn)}
S0 { f | f is 0-separating} {x → y}
Sn

1 { f | f is 1-separating of degree n} {x ∧ ¬y, hn}
S1 { f | f is 1-separating} {x ∧ ¬y}
Sn

02 Sn
0 ∩R2 {x ∨ (y ∧ ¬z), dual(hn)}

S02 S0 ∩R2 {x ∨ (y ∧ ¬z)}
Sn

01 Sn
0 ∩M {dual(hn), 1}

S01 S0 ∩M {x ∨ (y ∧ z), 1}
Sn

00 Sn
0 ∩R2 ∩M {x ∨ (y ∧ z), dual(hn)}

S00 S0 ∩R2 ∩M {x ∨ (y ∧ z)}
Sn

12 Sn
1 ∩R2 {x ∧ (y ∨ ¬z), hn}

S12 S1 ∩R2 {x ∧ (y ∨ ¬z)}
Sn

11 Sn
1 ∩M {hn , 0}

S11 S1 ∩M {x ∧ (y ∨ z), 0}
Sn

10 Sn
1 ∩R2 ∩M {x ∧ (y ∨ z), hn}

S10 S1 ∩R2 ∩M {x ∧ (y ∨ z)}
D { f | f is self-dual} {(x ∧ ¬y) ∨ (x ∧ ¬z) ∨ (¬y ∧ ¬z)}
D1 D∩R2 {(x ∧ y) ∨ (x ∧ ¬z) ∨ (y ∧ ¬z)}
D2 D∩M {h2}
L { f | f is affine} {x⊕ y, 1}
L0 L∩R0 {x⊕ y}
L1 L∩R1 {x⊕ y⊕ 1}
L2 L∩R2 {x⊕ y⊕ z}
L3 L∩D {x⊕ y⊕ z⊕ 1}
V { f | f is a disjunction or constants} {x ∨ y, 0, 1}
V0 V ∩R0 {x ∨ y, 0}
V1 V ∩R1 {x ∨ y, 1}
V2 V ∩R2 {x ∨ y}
E { f | f is a conjunction or constants} {x ∧ y, 0, 1}
E0 E∩R0 {x ∧ y, 0}
E1 E∩R1 {x ∧ y, 1}
E2 E∩R2 {x ∧ y}
N { f | f depends on at most one variable} {¬x, 0, 1}
N2 N∩R2 {¬x}
I { f | f is a projection or a constant} {0, 1}
I0 I∩R0 {0}
I1 I∩R1 {1}
I2 I∩R2 {π1

1}
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Figure 2.1: The lattice of Boolean clones.
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Example 2.6. Let us return to the relations RNAE and R1/3 from Example 2.1 in
Section 2.1. We provided the definition RNAE(x1, x2, x3) ≡ ∃x, y.R1/3(x, x, y)∧
(R1/3(x1, x2, x) ∨ R1/3(x1, x2, x) ∨ R1/3(x2, x3, x)). It is easy to see that this
definition is not a p.p. definition since disjunction is used. To see that it is
possible to p.p. define RNAE using R1/3 we first p.p. define the two auxiliary
relations R1 = {(0, 1), (1, 0)} and R2(x1, x2, x3) ≡ (x1 ∨ x2 ∨ x3) as follows:

R1(x1, x2) ≡ ∃y1, y2.R1/3(y1, y1, y2) ∧ R1/3(x1, x2, y1),

and

R2(x1, x2, x3) ≡ ∃y1, . . . , y6.R1/3(x1, y1, y2) ∧ R1/3(x2, y3, y4)∧
R1/3(x3, y5, y6) ∧ R1/3(y1, y3, y5).

And we then see that

RNAE(x1, x2, x3) ≡ ∃y1, y2, y3.R2(x1, x2, x3) ∧ R2(y1, y2, y3)∧
R1(x1, y1) ∧ R1(x2, y2) ∧ R1(x3, y3).

What about the other direction? Can RNAE p.p. define R1/3? Intuitively, it
seems feasible since RNAE might at a first glance appear to be a more compli-
cated and expressive relation than R1/3. We claim that this is not possible and
will give an explicit proof of this in Example 2.12 in Section 2.3.3. The reader
who is sceptical to this claim is invited to try to p.p. define R1/3 using RNAE,
but is advised to not spend too much time on this Sisyphean task.

Hence, similar to functional composition in Section 2.3.1, p.p. definitions
is our method to obtain more complicated relations from a base set of rela-
tions, and we now have everything we need to define the relational analogue
of a clone.

Definition 2.7. Let D be a finite domain. A set of relations S over D is a
co-clone if (1) ∅ ∈ S and (2) R ∈ S for every R that is p.p. definable over S.

Co-clones are also known as relational clones. The reason why we need
condition (1) in the above definition is explained in detail in Börner [B0̈8]. If
S is a constraint language we similarly to the case of clones let 〈S〉 denote
the smallest co-clone over D containing S, and say that S is a base of 〈S〉.
A co-clone is said to be of finite order if it has a finite base and is said to
be of infinite order otherwise. It is again easy to verify that 〈·〉 is indeed a
closure operator, and, perhaps not surprisingly, that the co-clones over D
with the operators X u Y = X ∩ Y and X t Y = 〈X ∪ Y〉 forms a lattice. See
Figure 2.2 for a visualisation of the Boolean co-clone lattice. In this figure and
in the sequel we let BR = RelB denote the largest Boolean co-clone consisting
of all Boolean relations. Co-clones of the form 〈S1〉 ⊂ 〈S2〉 ⊂ 〈S3〉 ⊂ . . .,
are sometimes called chains. As evident in Figure 2.2 there are exactly eight
chains in the Boolean co-clone lattice. The Argus-eyed reader will probably
observe that this lattice is in fact just the Boolean clone lattice turned upside
down, and furthermore that the name of each co-clone is of the form IC,

30



2.3. Clone Theory

where C is a clone. This is not due to lack of imagination on the authors
part, but because there is a deeper relationship between clones and co-clones,
which we investigate in the forthcoming section. Bases for Boolean co-clones
were first investigated by Böhler et al. [BSRV05]. We do not include this list
since we in the later sections are interested in bases fulfilling some additional
properties. We close this section by introducing some simplifying notation
for some of the most prominent relations and constraint languages that will
be studied in the forthcoming chapters.

• NeqD = {(x, y) | x, y ∈ D, x 6= y},

• if a1, . . . , ak ∈ D and R is a κ-ary relation over D then Ra1...ak = R ×
{(a1, . . . , ak)} is the (κ + k)-ary relation obtained by augmenting R with
the k constant arguments a1, . . . , ak,

• if R is a κ-ary relation over D then the relation Rl 6= (some-
times written R 6=···6=), l ∈ {1, . . . , κ}, is the (κ + l)-ary relation
Rl 6=(x1, . . . , xκ , xκ+1, . . . , xκ+l) ≡ R(x1, . . . , xκ) ∧NeqD(x1, xκ+1) ∧ . . . ∧
NeqD(xκ , xκ+l),

• F = {(0)},

• T = {(1)},

• ORκ(x1, . . . , xκ) ≡ x1 ∨ . . . ∨ xκ ,

• NANDκ(x1, . . . , xκ) ≡ x1 ∨ . . . ∨ xκ ,

• κ-EVEN = {(x1, . . . , xκ) ∈ Bκ | Σκ
i=1xi is even},

• κ-ODD = {(x1, . . . , xκ) ∈ Bκ | Σκ
i=1xi is odd},

• Γκ
SAT = {Bκ \ {t} | t ∈ Bκ},

• ΓSAT =
⋃∞

κ=1 Γκ
SAT,

• Γκ
NAE = {Bκ \ {t, t̄} | t ∈ Bκ},

• R1/κ = {(x1, . . . , xκ) ∈ Bκ | Σκ
i=1xi = 1},

We typically write Neq and Eq instead of NeqD and EqD since the domain
will always be clear from the context. With the help of these relations and the
results in Böhler [BSRV05] we e.g. have that

• 〈{Eq}〉 = IBF,

• 〈{F}〉 = IR0,

• 〈{T}〉 = IR1,

• 〈{Neq}〉 = ID,
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Figure 2.2: The lattice of Boolean co-clones. The co-clones where the SAT(·)
problem is NP-hard are drawn in thick black.
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• 〈{4-EVEN}〉 = IL,

• 〈{ORκ}〉 = ISκ
0 for each κ ≥ 2,

• 〈{NANDκ}〉 = ISκ
1 for each κ ≥ 2,

• 〈Γκ
NAE〉 = IN2 for each κ ≥ 3, and

• 〈Γκ
SAT〉 = 〈{R1/κ}〉 = BR for each κ ≥ 3.

In certain constraint satisfaction problems it can be convenient to al-
low complemented arguments. For example, assume that we want to ex-
press an R1/3-constraint where the first variable is complemented. Then it
is more convenient to write R1/3(x1, x2, x3) rather than R(x1, x2, x3), where
R = {(0, 0, 0), (1, 0, 1), (1, 1, 0)}. We can model this more formally as follows:
let the sign pattern of a constraint R(`1, . . . , `κ) be the tuple (s1, . . . , sκ), where
si = + if `i is positive, and si = − if `i is negated. For each sign pattern
(s1, . . . , sκ) we can then associate a relation R(s1,...,sκ) by defining

R(s1,...,sκ) = {(xs1
1 , . . . , xsκ

κ ) | (x1, . . . , xκ) ∈ R},

where x+i = xi and x−i = xi. For example, R(+,−,−)
1/3 de-

notes the relation {(0, 1, 0), (0, 0, 1), (1, 1, 1)} and R(−,−,−)
1/3 the relation

{(1, 1, 0), (1, 0, 1), (0, 1, 1)}.

2.3.3 The Galois Connection between Clones and Co-Clones

Let us briefly return to the relations RNAE and R1/3 from Example 2.1 in Sec-
tion 2.1. It is not difficult to see that RNAE is in fact just R1/3 but with three
additional tuples which are the complement of the three first. Hence, if
(a1, a2, a3) ∈ RNAE then (a1, a2, a3) ∈ RNAE. Another way of viewing this is
that if we apply the unary complement function x componentwise, to any
tuple in RNAE, then the resulting tuple is also included in RNAE. Clearly, this
property does not hold for R1/3, which suggests that there is a difference be-
tween the two relations that can be explained by properties of certain func-
tions.

More generally, any n-ary function over D can be applied to a sequence
of tuples over D as follows: let t1, . . . , tn be a sequence of κ-ary tuples over
D. The κ-tuple f (t1, . . . , tn) is defined as:

f (t1, . . . , tn) =
(

f (t1[1], . . . , tn[1]),
...

f (t1[κ], . . . , tn[κ])
)
,

Hence, f is applied componentwise to the tuples t1, . . . , tn. We are now
ready to define the concept of polymorphisms, which formally captures the
earlier intuition that some functions are closely related to the structure of
relations.

33



2. PRELIMINARIES

Definition 2.8. Let S be a constraint language over D and let R ∈ S. If f is an
n-ary function over D such that f (t1, . . . , tn) ∈ R for all t1, . . . , tn ∈ R, then R
is said to be closed (or invariant) under f . If all relations in S are closed under
f then S is said to be closed under f . A function f such that S is closed under
f is called a polymorphism of S. The set of all polymorphisms over D of S is
denoted by PolD(S). Given a set of functions F, the set of all relations over D
that are invariant under all functions in F is denoted by InvD(F).

If the domain is clear from the context then we usually write Pol(S) and
Inv(F) instead of PolD(S) and InvD(F). To save a few additional keystrokes
we sporadically write IC instead of Inv(C), and implicitly assume that C is
a clone. With these notions we can now say that neg ∈ Pol({RNAE}) and
that neg /∈ Pol({R1/3}). Hence, neg is a polymorphism of RNAE but does not
preserve R1/3.

Example 2.9. The ternary majority function f over the Boolean domain is
the (unique) function satisfying f (a, a, b) = f (a, b, a) = f (b, a, a) = a for
all a, b ∈ {0, 1}. Let R = {(0, 0, 1), (1, 0, 0), (0, 1, 1), (1, 0, 1)}. It is then easy
to verify that f (t1, t2, t3) ∈ R for every triple of tuples, t1, t2, t3 ∈ R. For
example, if t1 = (0, 0, 1), t2 = (0, 1, 1) and t3 = (1, 0, 1), then

f (t1, t2, t3) =
(

f (t1[1], t2[1], t3[1]), f (t1[2], t2[2], t3[2]), f (t1[3], t2[3], t3[3])
)

=
(

f (0, 0, 1), f (0, 1, 0), f (1, 1, 1)
)

= (0, 0, 1) ∈ R.

We conclude that R is invariant under f or, equivalently, that f is a poly-
morphism of R. In contrast, if g is the ternary affine function over the Boolean
domain, defined by g(x, y, z) = x⊕ y⊕ z, then

g(t1, t2, t3) =
(

g(t1[1], t2[1], t3[1]), g(t1[2], t2[2], t3[2]), g(t1[3], t2[3], t3[3])
)

=
(

g(0, 0, 1), g(0, 1, 0), g(1, 1, 1)
)

= (1, 1, 1) /∈ R.

Hence, g is not a polymorphism of R.

What can be said of the structure of Pol(S)? First, observe that ΠD ⊆
PolD(S) since a projection function trivially preserves all relations. Second,
note that if f , g1, . . . , gm ∈ Pol(S) then the composition of f and g1, . . . , gm
will be included in Pol(S). Hence, sets of the form Pol(S) are in fact nothing
more than clones in disguise, defined in terms of relations instead of func-
tions. Similarly, one can show that if S′ ⊆ Inv(F) and if R is p.p. definable
over S′, then R ∈ Inv(F), which shows that sets of the form Inv(F) are co-
clones defined in terms of functions. We thus obtain the following theorem.

Theorem 2.10. [BKKR69a; BKKR69b; Gei68] Let S be a constraint language over
a finite domain D and let F be a set of functions over D. Then
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• 〈S〉 = Inv(Pol(S)),

• [F] = Pol(Inv(F)).

Now we are finally in a position to explicate the relationship between
clones and co-clones with the help of the Inv(·) and Pol(·) operators.

Theorem 2.11. [BKKR69a; BKKR69b; Gei68] Let S and S′ be constraint languages
over a finite domain. Then S ⊆ 〈S′〉 if and only if Pol(S′) ⊆ Pol(S).

This inverse relationship is in general known as a Galois connection. The
theorem is very useful since we now have two ways to approach a problem,
as the following example highlights.

Example 2.12. Recall that we in Example 2.6 proved that 〈{RNAE}〉 ⊆
〈{R1/3}〉 by providing a quite complicated p.p. definition of RNAE over R1/3.
There is now a much simpler way to prove this by exploiting the Galois
connection. First, with the help of Post’s lattice one can easily verify that
Pol({RNAE}) = [{neg}] = N2 and that Pol({R1/3}) = [{π1

1}] = I2. This im-
plies that Pol({R1/3}) ⊂ Pol({RNAE}) and according to the Galois connection
that 〈{RNAE}〉 ⊂ 〈{R1/3}〉. On the other hand, since 〈{RNAE}〉 ⊂ 〈{R1/3}〉,
it follows that R1/3 /∈ 〈{RNAE}〉. Hence, in this example, we could immedi-
ately verify that R1/3 can p.p. define RNAE simply by comparing the polymor-
phisms of the two constraint languages. Similarly, we could also prove that
RNAE cannot p.p. define R1/3; a fact that is not obvious at all when working on
the relational side with p.p. definitions.

The following result forms the basis of the algebraic approach for analysing
the complexity of SAT(·) and CSP(·). It states that the complexity of CSP(S)
is determined, up to polynomial-time reductions, by the polymorphisms of
S.

Theorem 2.13 (Jeavons [Jea98]). Let S and S′ be finite constraint languages over
a finite domain D. If Pol(S′) ⊆ Pol(S), then CSP(S) is polynomial-time many-one
reducible to CSP(S′).

Using the Galois connection in Theorem 2.11, it is not difficult to see
that Theorem 2.13 holds, since we can replace every constraint in an in-
stance of CSP(S) by its p.p. definition over S′, identify all variables occur-
ring in equality constraints, and remove all existential quantifiers. This can
be done in polynomial time since both languages are finite. Nevertheless,
this is a very powerful theorem, and it is worth noting that Schaefer’s com-
plexity classification of SAT(S) [Sch78] follows more or less directly from
this result together with Post’s lattice of clones. In our terminology Schae-
fer’s theorem can now be restated as: SAT(S) is NP-complete if and only if
Pol(S) = Pol({R1/3}) = I2 or Pol(S) = Pol({RNAE}) = N2. Hence, out of the
countably infinite number of Boolean clones, only two of these correspond
to NP-complete SAT(·) problems.
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2.4 Partial Clone Theory

So far we have studied two closure operators for functions and relations
and showed that there is a powerful connection between them. Clone the-
ory has had remarkable success in providing complexity classifications for
problems parameterized by constraint languages, cf. the survey by Creignou
et al. [CV08]. Unfortunately, we cannot use Theorem 2.13 to reason about
the worst-case time complexity of NP-complete CSP(·) problems, since even
if Pol(S) = Pol(S′), the two problems CSP(S) and CSP(S′) might differ
wildly in worst-case time complexity. To see this, note that Pol(ΓSAT) =
Pol({R1/3}) = I2, even though SAT({R1/3}) is known to be solvable in
O(1.0984|V|) time, while SAT(ΓSAT) is not known to be solvable strictly faster
than O(2|V|) time. In other words, the lattice of clones is not fine grained
enough to compare the worst-case time complexity of NP-complete CSP(·)
problems, and constraint languages that apparently have very different com-
putational properties can still have the same polymorphisms. Hence, we
want to find an alternative notion of polymorphisms, so that languages such
as ΓSAT and {R1/3} correspond to different clones. One way to get a more re-
fined framework is to consider partial functions in Definition 2.8, which we
investigate in the forthcoming sections.

2.4.1 Clones of Partial Functions

An n-ary partial function f on a finite domain D is a map f : X → D
where X ⊆ Dn. In other words, f is a function that is allowed to be un-
defined for some sequences of arguments. For a partial function f : X → D,
X ⊆ Dn, we let domain( f ) = X and ar( f ) = n. Note that we do not re-
quire that domain( f ) is a proper subset of Dar( f ). A partial function g is
said to be a subfunction of a partial function f if domain(g) ⊆ domain( f )
and g(x1, . . . , xn) = f (x1, . . . xn) for all (x1, . . . , xn) ∈ domain(g). We also
say that g is f restricted to X. Finally, a set of partial functions F is said to
be strong if for every partial function f ∈ F and every subfunction g of f ,
g is also included in F. A partial projection function is a subfunction of a to-
tal projection function, and we let Πp

D denote the set of all partial projection
functions over the domain D.

Compositon of partial functions can be defined in an analogous manner
to composition of total functions. If f is an n-ary partial function over D and
g1, . . . , gn are m-ary partial functions over D, then the composition of f and
g1, . . . , gn, denoted f ◦(g1, . . . , gn), is the m-ary partial function defined by

( f ◦ (g1, . . . , gn))(x) = f (g1(x), . . . , gn(x))

and

domain( f ◦ (g1, . . . , gn)) = {x ∈
n⋂

i=1

domain(gi) |

(g1(x), . . . , gn(x)) ∈ domain( f )},
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where x = (x1, . . . , xm). Even though the latter part of this definition might
appear rather complicated, it only states that the composed function is de-
fined if all involved function applications are defined. We are now ready to
define the concept of a strong partial clone.

Definition 2.14. Let D be a finite domain. A set of partial functions F over D
is a strong partial clone if (1) f ◦(g1, . . . , gar( f )) ∈ F for all f , g1, . . . , gar( f ) ∈ F (F
is closed under composition of partial functions) and (2) Πp

D ⊆ F (F contains
all partial projection functions).

Given a set F of partial functions over D we let [F]s denote the smallest
strong partial clone over D containing F. Similar to the case of clones the set
F is said to be a base of [F]s, and a strong partial clone is of finite order if it
has a finite base and is said to be of infinite order otherwise. It is not difficult
to see that the condition Πp

D ⊆ F implies that if f ∈ F then F also contains
all subfunctions of F, hence the term strong. We remark that if the second
condition in Definition 2.14 is changed to ΠD ⊆ F then one obtains a partial
clone instead of a strong partial clone, i.e., a composition-closed set of partial
functions, but which does not necessarily include all subfunctions. However,
in this thesis we will only be concerned with strong partial clones, since they
as evident in Section 2.4.2, admit simple relational descriptions.

The reader might now ask why we do not include a picture akin to Fig-
ure 2.1 to show the inclusion structure of the strong partial Boolean clones.
There is a simple reason for this: the lattice of strong partial clones is un-
countably infinite even for the Boolean domain [AV94]. Hence, the sub-
tle step from total to partial functions is not so simple that one might be-
lieve at a first glance. Of course, a priori, the cardinality of a mathemat-
ical structure does not really say anything about how useful it is, and we
remark that uncountably infinite lattices have proven to be remarkably use-
ful when studying the complexity of infinite-domain constraint satisfaction
problems [Bod12].

2.4.2 Weak Partial Co-Clones

It might not be very obvious why strong partial clones are at all interesting
from a complexity theoretical point of view. The relational point of view,
which we investigate in this section, will hopefully make this clearer.

Definition 2.15. Let S be a constraint language over D. A κ-ary relation R
has a quantifier-free primitive positive definition (q.f.p.p. definition) in S if

R(x1, . . . , xκ) ≡ R1(x1) ∧ . . . ∧ Rm(xm),

where each Ri ∈ S∪ {Eq} and each xi is an ar(Ri)-ary tuple of variables over
x1, . . . , xκ .

As the name suggests, the only difference compared to p.p. definitions is
that we do not allow existential quantification.

37



2. PRELIMINARIES

Definition 2.16. Let D be a domain. A set of finitary relations S over D is
a weak partial co-clone if (1) ∅ ∈ S and (2) R ∈ S for every R that is q.f.p.p.
definable over S.

The term weak system and partial co-clone have also been used for these
sets [BHP91; Lau06]. Similar to the case of co-clones we let 〈S〉 6∃ denote the
smallest weak partial co-clone containing S. The set S is again called a base of
〈S〉 6∃, and a weak partial co-clone is said to be of finite order if it has a finite
base and is of infinite order otherwise.

Example 2.17. Let us consider the expressive power of R1/3 compared to Γ3
SAT

with respect to q.f.p.p. definitions, i.e., does it hold that 〈{R}〉 6∃ = 〈Γ3
SAT〉 6∃,

that 〈{R}〉 6∃ ⊂ 〈Γ3
SAT〉 6∃, or that 〈Γ3

SAT〉 6∃ ⊂ 〈{R1/3}〉 6∃? It is not so difficult to
see that Γ3

SAT is a rather expressive language since we can q.f.p.p. define any
ternary relation R by representing each t ∈ B3 \ R by a 3-clause. In the case
of R1/3 note that

B3 \ R1/3 = {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 1, 1)},

which implies that

R1/3(x1, x2, x3) ≡ (x1 ∨ x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x3)∧
(x1 ∨ x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x3),

from which it follows that R1/3 ∈ 〈Γ3
SAT〉 6∃, and hence that 〈{R1/3}〉 6∃ ⊆ 〈Γ3

SAT〉 6∃.
Could it also be the case that Γ3

SAT ⊆ 〈{R1/3}〉 6∃? This mystery will be resolved
in Example 2.22 in Section 2.4.3.

2.4.3 The Galois Connection between Strong Partial Clones and
Weak Partial Co-Clones

We now want to obtain a corresponding Galois connection similar to that
of Theorem 2.11 between strong partial clones and weak partial co-clones.
Hence, we need a new notion of polymorphisms.

Definition 2.18. Let S be a constraint language over D and let R ∈ S. If
f is an n-ary partial function over D such that for all t1, . . . , tn either (1)
f (t1, . . . , tn) ∈ R or (2) f (t1, . . . , tn) is undefined, then R is said to be closed
(or invariant) under f . If all relations in S are closed under f then S is said
to be closed under f . A partial function f such that S is closed under f is
called a partial polymorphism of S. The set of all partial polymorphisms over
D of S is denoted by pPolD(S). Given a set of partial functions F, the set
of all relations over D that invariant under all functions in F is denoted by
InvD(F).

Example 2.19. Consider again the relation R and the affine function g from
Example 2.9 and let p be the partial function defined as p(x, y, z) = g(x, y, z)
except that it is undefined for (1, 1, 0), (1, 0, 1), (0, 1, 1) and (1, 1, 1). Now it
can be verified that p is a partial polymorphism of R.
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As usual, we write Inv(F) and pPol(S) instead of InvD(F) and pPolD(S)
whenever the domain is clear from the context. It is again not so difficult to
verify that sets of the form pPol(S) are strong partial clones while sets of the
form Inv(F), where F is a set of partial functions, are weak partial co-clones.

Theorem 2.20. [Gei68; Rom81] Let S be a constraint language over a finite domain
D and let F be a set of partial functions over D. Then

• 〈S〉 6∃ = Inv(pPol(S)),

• [F]s = pPol(Inv(F)).

We then have the following Galois connection between strong partial
clones and weak partial co-clones, first proved by Geiger[Gei68] and later
studied in greater detail by Romov [Rom81].

Theorem 2.21. [Gei68; Rom81] Let S and S′ be constraint languages. Then S ⊆
〈S′〉 6∃ if and only if pPol(S′) ⊆ pPol(S).

It might not be very obvious why the Galois connection in Theorem 2.21
actually holds. Recall that we started with defining the concept of a strong
partial clone. Note first that a strong partial clone is richer than a clone in the
sense that pPol(S) ⊇ Pol(S) always holds. Similarly, a weak partial co-clone
is a simpler mathematical object than a co-clone in the sense that 〈S〉 6∃ ⊆ 〈S〉
also always holds. The intuition is then, due to the inverse nature in a Galois
connection, that a complicated set of functions has to correspond to a simple
set of relations. Hence, we had to find a closure operator based on logical
formulas strictly weaker than p.p. definitions, which we did by eliminating
the usage of existential quantifiers.

Example 2.22. Let us return to 〈{R1/3}〉 6∃ and 〈Γ3
SAT〉 6∃ in Example 2.17. We left

the question of whether Γ3
SAT ⊆ 〈{R1/3}〉 6∃ dangling in the air. Using the Ga-

lois connection in Theorem 2.21 we are now in a position to prove that Γ3
SAT 6⊂

〈{R1/3}〉 6∃. According to the Galois connection this is equivalent to proving
that pPol(Γ3

SAT) ⊂ pPol({R1/3}), i.e., that there exists a partial polymorphism
of R1/3 that does not preserve Γ3

SAT. Define the binary partial function f as
f (0, 1) = f (1, 0) = f (1, 1) and undefined for (0, 0). Then it is not so difficult
to verify that f ∈ pPol({R1/3}) since, for any two tuples t1, t2 ∈ R1/3, f (t1, t2)
is undefined. For example, f ((0, 0, 1), (0, 1, 0)) = ( f (0, 0), f (0, 1), f (1, 0)) is
undefined since f (0, 0) is undefined.

Now, to prove that f /∈ pPol(Γ3
SAT) we have to find a relation R ∈ Γ3

SAT

and t1, t2 ∈ R such that f (t1, t2) /∈ R. If we e.g. choose R(x1, x2, x3) ≡ (x1 ∨
x2 ∨ x3) and the two tuples (0, 1, 1), (1, 1, 1) ∈ R then f ((0, 1, 1), (1, 1, 1)) =
( f (0, 1), f (1, 1), f (1, 1)) = (0, 0, 0) /∈ R. Hence, f /∈ pPol(Γ3

SAT), from which
it follows that pPol(Γ3

SAT) ⊂ pPol({R1/3}) and, due to the Galois connection,
that 〈{R1/3}〉 6∃ ⊂ 〈Γ3

SAT〉 6∃.

The example above illustrates that we have succeeded in our goal of
finding a more fine-grained clone lattice, since Pol({R1/3}) = Pol(Γ3

SAT).
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Moreover, it is interesting to note that the complexity of SAT({R1/3}) and
SAT(Γ3

SAT) seems to differ in practice [Her14; Wah07], which suggests that
the partial polymorphisms of a constraint language S have a relationship
with the complexity of SAT(S). We return to this question in Part III of this
thesis where we study the complexity of SAT(·) and several related optimi-
sation problems, using the theory developed in Part II.
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3 Weak Bases of Boolean
Co-Clones

Diseases.
The megrime. The whitlow. The
rheumatisme. The vomitory.

English as she is spoke

In this chapter we investigate constraint languages known as weak
bases [SS08]. Intuitively, a weak base of a co-clone is a base that have a larger
number of partial polymorphisms than any other base of the co-clone. As we
will see throughout this thesis, weak bases have many interesting properties,
which makes them highly usable from both a theoretical and practical view
point.

3.1 Introduction

As mentioned in Chapter 2, the lattice of strong partial clones is of uncount-
able infinite cardinality even for the Boolean domain. Hence, even though
Example 2.22 suggests that there is a relationship between the partial poly-
morphisms of a finite constraint language S and the complexity of the cor-
responding CSP(S) problem, this observation is of little use if we have no
understanding of the strong partial clone lattice. Let us instead consider a
slightly more manageable strategy, where we restrict our focus to certain
parts of this lattice. To take a concrete example, take the relation R1/3 =
{(0, 0, 1), (0, 1, 0), (1, 0, 0)} from Chapter 2, and recall that CSP({R1/3}) is
NP-complete. Is it possible to characterise all strong partial clones pPol(S)
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3. WEAK BASES OF BOOLEAN CO-CLONES

such that Pol(S) = Pol({R1/3})? Or is it at least possible to say anything
about the strong partial clones pPol(S) such that Pol(S) = Pol({R1/3}) and
pPol(S) ⊃ pPol({R1/3})? In the context of constraint satisfaction problem,
these questions were first raised by Schnoor and Schnoor [SS08], who proved
that for any clone C of finite order, the set of all strong partial clones pPol(S)
such that Pol(S) = C, has a uniquely determined largest element. Relational
descriptions of these largest elements are known as weak bases [SS08]. In this
chapter we build upon this result and provide weak bases for all Boolean co-
clones. The main theorem is proved in Section 3.3.1 and Section 3.3.2 where
we provide weak bases of Boolean co-clones of finite and infinite order, re-
spectively. Our results differ from Schnoor and Schnoor [SS08; Sch08] in
three important aspects. First, each weak base that we determine can in a
natural sense be considered to be minimal. Second, we present alternative
proofs where Schnoor’s and Schnoor’s procedure results in relations which
are exponentially larger than the bases given by Böhler et al. [BSRV05] and
Creignou et al. [CKZ08]. Third, we extend the notion of a weak base of a
co-clone Inv(C) to also cover the case where Inv(C) is of infinite order.

3.2 Preliminaries

We first define the concept of an interval of strong partial clones correspond-
ing to a total clone. Intuitively, given a clone C, this is the set of all strong
partial clones whose total component equals C.

Definition 3.1. Let C be a clone over a finite domain D. The interval of C,
Int[·]s(C), is the set Int[·]s(C) = {pPol(S) | S ⊆ RelD, Pol(S) = C}.

Given a Boolean clone C it is now natural to try to determine the car-
dinality of Int[·]s(C). Since the lattice of Boolean strong partial clones is of
uncountably infinite cardinality, and the lattice of Boolean clones is of count-
ably infinite cardinality, it follows that the cardinality of Int[·]s(C) in gen-
eral can be equal to the continuum. More surprising is the fact that for
Boolean clones intervals of this form are always either finite or uncount-
ably infinite [Sch15]. In particular, assuming P 6= NP, Int[·]s(Pol(S)) is of
uncountably infinite cardinality whenever CSP(S) is NP-complete. Hence,
we cannot hope to completely describe these intervals even for the restricted
case when Pol(S) ⊆ N2. Nevertheless, we can provide some insight into the
structures of these intervals by using the concept of a weak base.

Definition 3.2. Let C be a clone. A constraint language S is a weak base of
Inv(C) if pPol(S) =

⋃
pPol(S′)∈Int[·]s (C)

pPol(S′).

Although perhaps not very obvious from the definition, a weak base S
is also a base of Inv(C) since pPol(S) ∈ Int[·]s(C) [SS08]. Now, observe
that since pPol(S) is defined to be the union of all strong partial clones in
Int[·]s(C), pPol(S) is also the largest element in Int[·]s(C), which implies that
pPol(S) ⊇ pPol(S′) for any pPol(S′) ∈ Int[·]s(C). Put otherwise, a weak base
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S is a base of Inv(C) with the largest possible number of partial polymor-
phisms. Hence, we obtain the following theorem.

Theorem 3.3 ([SS08]). Let S be a weak base of a co-clone Inv(C), and let S′ be an
arbitrary base of Inv(C). Then

1. S ⊆ 〈S′〉 6∃, and

2. pPol(S) ⊇ pPol(S′).

We now need a few additional definitions in order to explain Schnoor’s
and Schnoor’s procedure for obtaining weak bases [SS08]. Given a natu-
ral number µ and a finite domain D the |D|µ-ary relation Uµ

D is the relation
which contains all natural numbers from 0 to |D|µ − 1 as columns in the
matrix representation. Thus, Uµ

D consists of the tuples t1, . . . , tµ where for
1 ≤ i ≤ |D|µ, the tuple (t1[i], . . . , tµ[i]) is a representation of the natural
number i− 1. Since we in this chapter are only concerned with Boolean rela-
tions, we omit the domain D in the subscript and simply write Uµ instead of
Uµ

B.

Example 3.4. Consider the three relations

U1 = (0 1) , U2 =

(
0 0 1 1
0 1 0 1

)
, U3 =

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

 .

For any set of functions F and relation R we define F(R) to be the relation⋂
R′∈Inv(F),R⊆R′

R′,

i.e., the smallest extension of R preserved by F. It is not difficult to see that
if [F] = C then F(R) = C(R) [SS08]. We say that a co-clone Inv(C) has core-
size s if there exist relations R, R′ such that Pol({R}) = C, R = C(R′), and
s = |R′|. The relation R′ is in this case said to be a C-core of R [SS08]. Minimal
core-sizes for all Boolean co-clones of finite order have been identified by
Schnoor [Sch08]. We are now ready to state Schnoor’s and Schnoor’s [SS08]
main result, which effectively gives a weak base for any co-clone with a finite
core-size.

Theorem 3.5 ([SS08]). Let C be a clone and let s be a core-size of Inv(C). Then the
relation C(Us) is a weak base of Inv(C).

A disadvantage of this theorem is that relations of the form C(Us) have
exponential arity with respect to the core-size. We therefore introduce an-
other measurement of minimality which ensures that a given relation is in-
deed minimal, in the sense that it does not contain any superfluous columns
and that there is no subset of the relation which is still a weak base. A κ-
ary relation R is said to be irredundant if there are no duplicate columns
in the matrix representation, and it is said to have a fictitious argument if
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3. WEAK BASES OF BOOLEAN CO-CLONES

there exists an 1 ≤ i ≤ κ such that (a1, . . . , ai, . . . , aκ) ∈ R if and only if
(a1, . . . , ai, . . . , aκ) ∈ R.

Definition 3.6. A relation R is minimal if it is (1) irredundant, (2) contains no
fictitious arguments and (3) if there is no R′ ⊂ R such that 〈{R}〉 = 〈{R′}〉.

Similarly, we say that a constraint language S is minimal if every R ∈ S
is minimal. Clearly, our notion of minimality is not the only possible choice,
but it is a useful definition since minimal weak bases have the property that
they can be implemented without the use of explicit equality constraints. If
we let 〈·〉 6∃6= denote the closure of q.f.p.p. definitions without equality, we
therefore get the following theorem.

Theorem 3.7 ([SS08]). Let C be a clone and let S be a minimal weak base of Inv(C).
Then, for any base S′ of Inv(C), it holds that S ⊆ 〈S′〉 6∃6=.

Hence, minimal weak bases give the largest possible expressibility results
and are applicable for problems such as counting CSP(·), where equality
constraints in an instance may increase the number of solutions exponen-
tially [SS08].

3.3 Minimal Weak Bases of Boolean Co-Clones

In this section we proceed by giving minimal weak bases for all Boolean
co-clones. The proofs are divided into Section 3.3.1, where we study Boolean
co-clones of finite order, and Section 3.3.2, where we study Boolean co-clones
of infinite order. The results are presented in Table 3.1. Each entry in the ta-
ble consists of a co-clone, its minimal core-size, and a minimal weak base.
The reader is advised to consult Section 2.3.2 for definitions of the involved
relations. Variables are named x1, . . . , xn or x except when they occur as ar-
guments to F or T in which case they are named c0 and c1, respectively, to
indicate that they are constants.

3.3.1 The Finite Cases

For the co-clones IR2, IM, ID, ID1, IL, IL0, IL1, IL2, IL3, IV, IV0, IE, IE1, IN,
IN2, II, II0, II1 and BR, the result follows immediately from Theorem 3.5, the
minimal core-sizes for each co-clone of finite order [Sch08], and a suitable
rearrangement of arguments. To make the thesis more self-contained, we
give an example of how a minimal core-size of a co-clone can be determined
and how it is used to compute a weak base.

Lemma 3.8. The bases for IR2, IM, ID, ID1, IL, IL0, IL1, IL2, IL3, IV, IV0, IE, IE1,
IN, IN2, II, II0, II1 and BR in Table 3.1 are minimal weak bases.

Proof. Let us consider IN2. Recall that N2 = [{¬x}] and that 〈{RNAE}〉 = IN2.
Since RNAE = N2(R1/3) = {neg}(R1/3) and |R1/3| = 3 it follows that 3 is a
core-size of IN2. Now, in order for 3 to also be a minimal core-size, we only
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have to verify that 1 and 2 are not core-sizes of IN2. In the first case we see
that N2(U1) = 〈{(0, 1), (1, 0)}〉 = ID, and similarly, for the second case we
also get that N2(U2) = 〈{(0, 0, 1, 1), (0, 1, 0, 1), (1, 1, 0, 0), (1, 0, 1, 0)}〉 = ID.
We therefore get the weak base

N2(U3) =



0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0


by first calculating U3 and then closing the resulting relation

under unary complement. Let RIN2
(x1, x2, x3, x4, x5, x6, x7, x8) ≡

4-EVEN4 6=(x1, x2, x3, x4, x5, x6, x7, x8) ∧ x1x4 ↔ x2x3 be the relation for IN2 in
Table 3.1. It is then easily verified that

RIN2
(x1, x2, x3, x4, x5, x6, x7, x8) ≡ N2(U3)(x1, x2, x3, x4, x8, x7, x6, x5).

To see that RIN2
is minimal in the sense of Definition 3.6, first observe

that it is irredundant and does not contain any fictitious arguments. Second,
observe there cannot exist an R ⊂ RIN2

such that 〈{R}〉 = 〈{RIN2
}〉 = IN2,

since this would imply that the core-size of IN2 is smaller than 3.

In general, the problem of checking whether a κ-ary relation R is a base
of a Boolean co-clone can be checked in time O(κ2|R|) using the algorithm
in Creignou et al. [CKZ08], and through exhaustive search, i.e. by repeatedly
removing redundant columns and tuples, one can verify that the bases are
also minimal. This has been done by a computer program which is available
at an online repository [Lag14].

For the remaining Boolean co-clones of finite order the proof is divided
into two parts. First, we prove that the weak base for every co-clone IC ∈
{IM0, IM1, IM2, ID2, IV1, IV2, IE0, IE2}, can be obtained by collapsing columns
from C(Us), where s is the minimal core-size of IC. Second, we prove that
for every κ ≥ 2 there exists simple weak bases for the co-clones ISκ

0, ISκ
02, ISκ

01,
ISκ

00 and their duals ISκ
1, ISκ

12, ISκ
11, ISκ

10. To make the proofs more concise we
introduce some admissible operations on relations which preserve the weak
base property. Let R be a κ-ary relation. Each following rule of the form

R
∗
↪−→ R′ implies that 〈R′〉 6∃ ⊆ 〈R〉 6∃.

• R
(i=j)
↪−−→ R′, 1 ≤ i < j ≤ κ,

(Identify argument i with argument j),

• R
π(i1,...,iκ)
↪−−−−−→ R′, where π is the permutation π(j) = ij, 1 ≤ j ≤ κ, 1 ≤

ij ≤ κ,
(Swap arguments according to π),
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Table 3.1: Minimal weak bases for all Boolean co-clones.
Co-clone Core-size Weak base
IBF 1 {Eq(x1, x2)}
IR0 1 {F(c0)}
IR1 1 {T(c1)}
IR2 1 {F(c0) ∧ T(c1)}
IM 1 {(x1 → x2)}
IM0 2 {(x1 → x2) ∧ F(c0)}
IM1 2 {(x1 → x2) ∧ T(c1)}
IM2 3 {(x1 → x2) ∧ F(c0) ∧ T(c1)}
ISκ

0 , κ ≥ 2 κ {ORκ(x1, . . . , xκ) ∧ T(c1)}
IS0 ∞ {ORκ(x1, . . . , xκ) ∧ T(c1) | κ ≥ 2}
ISκ

02, κ ≥ 2 κ {ORκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1)}
IS02 ∞ {ORκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2}
ISκ

01, κ ≥ 2 κ {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ T(c1)}
IS01 ∞ {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ T(c1) | κ ≥ 2}
ISκ

00, κ ≥ 2 max(3, κ) {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ F(c0) ∧ T(c1)}
IS00 ∞ {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2}
ISκ

1 , κ ≥ 2 κ {NANDκ(x1, . . . , xκ) ∧ F(c0)}
IS1 ∞ {NANDκ(x1, . . . , xκ) ∧ F(c0) | κ ≥ 2}
ISκ

12, κ ≥ 2 κ {NANDκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1)}
IS12 ∞ {NANDκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2}
ISκ

11, κ ≥ 2 κ {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0)}
IS11 ∞ {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0) | κ ≥ 2}
ISκ

10, κ ≥ 2 max(3, κ) {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0) ∧ T(c1)}
IS10 ∞ {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0) ∧ T(c1) | κ ≥ 2}
ID 1 {Neq(x1, x2)}
ID1 2 {Neq(x1, x2) ∧ F(c0) ∧ T(c1)}
ID2 3 {OR2(x1, x2) ∧Neq(x1, x3) ∧Neq(x2, x3) ∧ F(c0) ∧ T(c1)}
IL 2 {4-EVEN(x1, x2, x3, x4)}
IL0 2 {3-EVEN(x1, x2, x3) ∧ F(c0)}
IL1 2 {3-ODD(x1, x2, x3) ∧ T(c1)}
IL2 3 {3-EVEN3 6=(x1, . . . , x6) ∧ F(c0) ∧ T(c1)}
IL3 3 {4-EVEN4 6=(x1, . . . , x8)}
IV 2 {(x1 ↔ x2x3) ∧ (x2 ∨ x3 → x4)}
IV0 2 {(x1 ↔ x2x3) ∧ F(c0)}
IV1 3 {(x1 ↔ x2x3) ∧ (x2 ∨ x3 → x4) ∧ T(c1)}
IV2 3 {(x1 ↔ x2x3) ∧ F(c0) ∧ T(c1)}
IE 2 {(x1 ↔ x2x3) ∧ (x2 ∨ x3 → x4)}
IE0 3 {(x1 ↔ x2x3) ∧ (x2 ∨ x3 → x4) ∧ F(c0)}
IE1 2 {(x1 ↔ x2x3) ∧ T(c1)}
IE2 3 {(x1 ↔ x2x3) ∧ F(c0) ∧ T(c1)}
IN 2 {4-EVEN(x1, x2, x3, x4) ∧ x1x4 ↔ x2x3}
IN2 3 {4-EVEN4 6=(x1, . . . , x8) ∧ x1x4 ↔ x2x3}
II 2 {(x1 ↔ x2x3) ∧ (x4 ↔ x2x3)}
II0 2 {(x1 ∨ x2) ∧ (x1x2 ↔ x3) ∧ F(c0)}
II1 2 {(x1 ∨ x2) ∧ (x1x2 ↔ x3) ∧ T(c1)}
BR 3 {R 6= 6= 6=1/3 (x1, . . . , x6) ∧ F(c0) ∧ T(c1)}

48



3.3. Minimal Weak Bases of Boolean Co-Clones

E2(U
3) =



0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


(1=2)
↪−−−→



0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


(1=3)
↪−−−→



0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


(1=4)
↪−−−→



0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


irr
↪−→



0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


π(4,1,2,3,5)
↪−−−−−−→



0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 1
0 0 0 0 1 0 0 1
0 0 0 1 1 1 0 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


= RIE2

.

Figure 3.1: Reduction sequence for RIE2
. A black line indicates that the

column/row has been removed from the relation.

• R
irr
↪−→ R′,

(R′ is irredundant).

Lemma 3.9. Let IC be a co-clone, R a κ-ary weak base of IC, and let R′ be a relation
such that R

∗
↪−→ R′ for some rule

∗
↪−→. If R′ is a base of IC then it is also a weak base

of IC.

Proof. We prove that 〈{R}〉 6∃ = 〈{R′}〉 6∃ which implies that R′ is a weak base
of IC. The first inclusion 〈R〉 6∃ ⊆ 〈R′〉 6∃ is obvious since R is a weak base by
assumption. To prove that 〈{R′}〉 6∃ ⊆ 〈{R}〉 6∃ we show that R′ ∈ 〈{R}〉 6∃
by giving a q.f.p.p. implementation of R′ with R. There are three cases to
consider. Either

R
(i=j)
↪−−→ R′, 1 ≤ i < j ≤ κ,

in which case R′ is the κ-ary relation defined as

R′(x1, . . . , xi, . . . , xj, . . . , xκ) ≡ Eq(xi, xj) ∧ R(x1, . . . , xi, . . . , xj, . . . , xκ),

or

R
π(i1,...,iκ)
↪−−−−−→ R′ for some permutation π,

in which case

R′(x1, . . . , xκ) ≡ R(xπ(1), . . . , xπ(κ)).

The case when R′ is irredundant follows easily since it can be obtained from
R by identifying all duplicate arguments.
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Lemma 3.10. The bases for IM0, IM1, IM2, ID2, IV1, IV2, IE0 and IE2 in Table 3.1
are minimal weak bases.

Proof. We consider each case in turn. For every co-clone IC we write
RIC for the weak base from Table 3.1. We begin with the derivation
for RIE2

. From Table 3.1 we see that the core-size of IE2 is 3, which
means that we need to begin with the relation U3 = {(0, 0, 0, 0, 1, 1, 1, 1),
(0, 0, 1, 1, 0, 0, 1, 1), (0, 1, 0, 1, 0, 1, 0, 1)}. The base of E2 is according to Ta-
ble 2.1 in Chapter 2 the binary function f (x1, x2) = x1 ∧ x2. When calcu-
lating E2(U

3) we thus need to close U3 under f , which we do by repeat-
edly applying f to the tuples of U3 until no new tuples can be obtained,
which means that the resulting relation is closed under f . In the case
of E2(U

3) we obtain four new tuples and get the relation E2(U
3) = U3 ∪

{(0, 0, 0, 0, 1, 1, 1, 1), (0, 0, 0, 1, 0, 0, 0, 1), (0, 0, 1, 1, 0, 0, 1, 1), (0, 1, 0, 1, 0, 1, 0, 1)}.
By identifying arguments, removing redundant arguments and permutating
arguments it is then possible to derive RIE2

. The sequence is visualised in
Figure 3.3.1.

The reductions for the remaining co-clones are included below, where R,
R′, R′′, R′′′, and R′′′′ denotes intermediate relations.

R0(U
1)

(1=2)
↪−−−→ R

irr
↪−→ RIR0

.

R1(U
1)

(1=2)
↪−−−→ R

irr
↪−→ RIR1

.

M0(U
2)

(1=2)
↪−−−→ R

irr
↪−→ R′

π(3,1,2)
↪−−−−→ RIM0

.

M1(U
2)

(1=2)
↪−−−→ R

irr
↪−→ RIM1

.

M2(U
3)

(1=2)
↪−−−→ R

(2=3)
↪−−−→ R′

(3=4)
↪−−−→ R′′

(5=6)
↪−−−→ R′′′

irr
↪−→ R′′′′

π(3,1,2,4)
↪−−−−−→ RIM2

.

D2(U
3)

(1=2)
↪−−−→ R

irr
↪−→ R′

π(5,4,1,3,2,6)
↪−−−−−−−→ RID2

.

V1(U
3)

(4=8)
↪−−−→ R

(2=6)
↪−−−→ R′

(6=8)
↪−−−→ R′′

irr
↪−→ R′′′

π(4,2,3,1,5)
↪−−−−−−→ RIV1

.

V2(U
3)

(4=8)
↪−−−→ R

(2=6)
↪−−−→ R′

(2=8)
↪−−−→ R′′

irr
↪−→ R′′′

π(4,2,3,1,5)
↪−−−−−−→ RIV2

.

E0(U
3)

(1=2)
↪−−−→ R

(2=3)
↪−−−→ R′

(3=4)
↪−−−→ R′′

irr
↪−→ R′′′

π(5,1,2,3,4)
↪−−−−−−→ RIE0

.

It is not hard to see that every relation RIC is a base of IC. As in the previous
cases the minimality of each weak base can be verified through exhaustive
search. As an example, again consider

RIE2
=


0 0 0 0 1
0 0 1 0 1
0 1 0 0 1
1 1 1 0 1

 .

First note that RIE2
has no redundant or fictitious arguments. As for subset

minimality removing three rows results in a relation in IR2 while removing
two rows from RIE2

results in a relation in ID1. Removing the first row results
in a relation which generates BR and is therefore no longer included in IE2,
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3.3. Minimal Weak Bases of Boolean Co-Clones

removing the second or third row gives a relation in IM2, and removing the
fourth row gives a relation in IS2

10. These properties can efficiently be tested
using the algorithm in Creignou et al. [CKZ08]. Hence, there is no relation
R′ ⊂ RIE2

such that 〈{R′}〉 = IE2 from which it follows that RIE2
is a minimal

weak base.

We now turn our attention towards the eight infinite chains of co-clones
in Figure 2.2. In the sequel we sometimes represent relations by formulas in
conjunctive normal form. If x = x1, . . . , xκ we use ϕ(x) to denote a formula
with κ free variables, and the formula ϕ is then interpreted as defining a κ-
ary relation where the tuples coincide with the satisfying assignments of ϕ. If
ϕ = C1 ∧ . . .∧Cµ is a formula with µ clauses we say that Ci is a prime implicate
of ϕ if ϕ does not entail any proper subclause of Ci. A formula ϕ is said to be
prime if all of its clauses are prime implicates. Obviously, any finite Boolean
relation is representable by a prime formula. If R is a κ-ary Boolean relation
we can therefore prove that R ∈ 〈S〉 6∃ by showing that R(x1, . . . , xκ) can be
expressed as a conjunction ϕ1(y1) ∧ . . . ∧ ϕµ(yµ), where each yi is a tuple of
variables over x1, . . . , xκ , and each ϕi is a prime formula representation of a
relation in S. This is advantageous since relations in ISκ

0, ISκ
02, ISκ

01, ISκ
00, ISκ

1,
ISκ

12, ISκ
11 and ISκ

10 are representable by prime implicative hitting set-bounded
(IHSB) formulas [CKZ08]. We let IHSBκ

+ be the set of formulas of the form
(x1 ∨ . . . ∨ xλ), 1 ≤ λ ≤ κ, (¬x1), (¬x1 ∨ x2), and dually for IHSBκ

−.

Lemma 3.11. For each κ ≥ 2 the relations for ISκ
0, ISκ

02, ISκ
01, and ISκ

00 in Table 3.1
are minimal weak bases.

Proof. To avoid repetition, we only present the full proof for ISκ
00. For ISκ

0,
ISκ

02, and ISκ
01, the proofs are entirely analogous, but with a slightly different

case analysis.
Let RISκ

00
denote the relation for ISκ

00 from Table 3.1, i.e.,
RISκ

00
(x1, . . . , xκ , c0, c1) ≡ ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ F(c0) ∧ T(c1).

Let S be a constraint language such that 〈S〉 = ISκ
00. We make two observa-

tions before the proof. First, since ISκ
00 is of finite order we may assume that

S is finite, since otherwise there exists a finite S′ ⊆ S such that 〈S′〉 = ISκ
00.

Second, since S is finite the relation R defined to be the Cartesian product
of all relations in S satisfies 〈{R}〉 6∃ ⊆ 〈S〉 6∃. Hence, if RISκ

00
∈ 〈{R}〉 6∃ then

RISκ
00
∈ 〈S〉 6∃. In the rest of this proof, let λ > κ denote the arity of R.

We must prove that RISκ
00
∈ 〈{R}〉 6∃, and by Creignou et al. [CKZ08] we

know that R can be expressed as an IHSBκ
+ formula ϕ(y1, . . . , yλ). The strat-

egy is therefore to prove that RISκ
00

can be expressed as a conjunction of ϕ-
formulas without introducing any existentially quantified variables.

We first implement F(c0) with ϕ(y1, . . . , yλ) by identifying every variable
yj occurring in a negative clause (¬yj) to c0. There must exist at least one
negative unary clause in ϕ since otherwise 〈{R}〉 = ISκ

01. Then, for any im-
plicative clause (¬yj ∨ c0) which also entails (¬c0 ∨ yj) we identify yj with c0.
For any remaining clause we identify all unbound variables with c1. Since
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3. WEAK BASES OF BOOLEAN CO-CLONES

there must exist at least one positive clause this correctly implements T(c1).
Let ϕF,T(c0, c1) denote the resulting formula.

To implement ORκ(x1, . . . , xκ), we first note that ϕ must contain a prime
implicate of the form (yj1 ∨ . . . ∨ yjκ ). We therefore identify yj1 , . . . , yjκ with
x1, . . . , xκ . Let the resulting formula be ϕ′. Note that ϕ′ might still contain
variables distinct from x1, . . . , xκ . In the subsequent proof we use xi and xi′

to denote variables in x1, . . . , xκ and yj, yj′ to denote variables in ϕ′ distinct
from x1, . . . , xκ . Hence, we need to replace each yi still occurring in ϕ′ with
some xi, c0, c1, or x. For every implicative clause C there are then three cases
to consider.

1. C = (¬xi ∨ xi′),

2. C = (¬xi ∨ yj),

3. C = (¬yj ∨ xi).

The first case is impossible since (x1 ∨ . . . ∨ xκ) was assumed to be a prime
implicate. This also implies that the clauses (¬xi ∨ yj) and (¬yj ∨ xi′) cannot
occur simultaneously in the formula. In the second case we identify yj with
c1, and to handle the third case we identify yj with c0. If both the second and
third case occur simultaneously we identify yj with xi. For any remaining
clause we identify each unbound yj with either c0 or c1. Thus, the resulting
formula ϕOR(x1, . . . , xκ , c0, c1) implements OR(x1, . . . , xκ).

In order to implement (x → x1 · · · xκ) ≡ (¬x ∨ (x1 ∧ . . . ∧ xκ)) we need
to ensure that ¬x∨ xi for all 1 ≤ i ≤ κ. Since 〈{R}〉 = ISκ

00 the prime formula
representation ϕ(y1, . . . , yλ) of R must contain a prime implicate of the form
(¬yj1 ∨ yj2), where ϕ does not entail (¬yj2 ∨ yj1). To implement (¬x ∨ xi) we
therefore identify yj1 with x and yj2 with xi. In the subsequent formula there
are then four implicative cases to consider:

1. C = (¬x ∨ yj),

2. C = (¬yj ∨ x),

3. C = (¬xi ∨ yj),

4. C = (¬yj ∨ xi),

where yj denotes a variable distinct from xi and x. In the first case we
identify yj with xi, if the second case occurs we identify yj with c0, and if
both the first and second case occur simultaneously we identify yj with x.
In the third case we identify yj with c1, in the fourth case we identify yj
with x, and if both cases occur we identify yj with xi. For any remaining
positive clause we identify each unbound variable to c1, and for any remain-
ing negative unary clause (¬yj) we identify yj with c0. In case there still
exists an implicative clause (¬yj ∨ yj′) we identify yj with c0 and yj′ with
c1. Let the resulting formula be ϕ→(x, xi, c0, c1). If we repeat the proce-
dure for all 1 ≤ i ≤ κ we see that ϕ→(x, x1, c0, c1) ∧ . . . ∧ ϕ→(x, xκ , c0, c1)
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implements (¬x ∨ (x1 ∧ . . . ∧ xκ)). Put together, the formula ϕF,T(c0, c1) ∧
ϕOR(x1, . . . , xκ , c0, c1) ∧ ϕ→(x, x1, c0, c1) ∧ . . . ∧ ϕ→(x, xκ , c0, c1) correctly im-
plements RISκ

00
, and furthermore only contains variables from x1, . . . , xκ , x,

c0, c1. One can also prove that RISκ
00

is a base of ISκ
00 by giving an explicit

p.p. definition of the base given by Böhler et al.[BSRV05]. As for minimality,
first note that RISκ

00
does not contain any redundant or fictitious arguments

and a case study similar to that of the preceding proof shows that removing
any number of tuples from RISκ

00
results in a relation which either (1) does

not contain a κ-ary prime implicate (x1 ∨ . . . ∨ xκ) or (2) does not contain
an implicative prime clause or (3) can no longer be expressed as an IHSBκ

+

formula.

For the co-clones ISκ
1, ISκ

12, ISκ
11, and ISκ

10 we use a similar argument, but
instead use the fact that the relations in these cases can be represented as
restricted IHSBκ

− formulas.

Lemma 3.12. For each κ ≥ 2 the relations for ISκ
1, ISκ

12, ISκ
11, and ISκ

10, in Table 3.1
are minimal weak bases.

Proof. We give a proof for ISκ
11 since this is the case which differs the most

from Lemma 3.11. Let RISκ
11
(x1, . . . , xκ , x, c0) ≡ NANDκ(x1, . . . , xκ) ∧ (x1 →

x) ∧ . . . ∧ (xκ → x) ∧ F(c0) denote the relation for ISκ
11 from Table 3.1. Let

S be a base of ISκ
11. Similar to the case of Lemma 3.11, we may with-

out loss of generality assume that S = {R} for a λ-ary relation R, where
λ > κ. We exploit the fact that R can be expressed as a prime IHSBκ

− formula
ϕ(y1, . . . , yλ) where each clause is of the form (1) (¬yj1 ∨ . . . ∨ ¬yjκ ) or (2)
(¬yj1 ∨ yj2) [CKZ08]. We must therefore prove that RISκ

11
(x1, . . . , xκ , x, c0) ≡

ϕ1∧ . . .∧ ϕµ where each ϕi is an IHSBκ
− representation of R over the variables

x1, . . . , xκ , x, c0. In the following three cases, let ϕ(y1, . . . , yλ) be an IHSBκ
−

representation of R.
First, we show how to implement F(c0). Since 〈{R}〉 = ISκ

11, ϕ must
contain a unary clause of the form (¬yj). Hence, identify every variable in
ϕ with c0, and let ϕF(c0) denote the resulting formula. It is easy to see that
ϕF(c0) is satisfiable if and only if c0 is assigned the value 0.

Second, we have to implement NANDκ(x1, . . . , xκ) using ϕ(y1, . . . , yλ).
We begin by identifying every variable yj such that ϕ entails ¬yj with c0. Let
ϕ′ denote the resulting formula. Using a similar argument as in Lemma 3.11
we then see that ϕ′ must contain a prime implicate of the form (¬yj1 ∨ . . . ∨
¬yjκ ). Hence, we identify x1, . . . , xκ with yj1 , . . . , yjκ and let ϕ′′ denote the
resulting formula. We must now ensure that any remaining variable yj in ϕ′′

which is distinct from x1, . . . , xκ or c0, is identified to some xi, c0 or x. For
each implicative clause C containing variables xi, xi′ from x1, . . . , xκ , there
are now three cases to consider.

1. C = (¬xi ∨ xi′),

2. C = (¬xi ∨ yj),
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3. C = (¬yj ∨ xi),

where yj denotes a variable distinct from x1, . . . , xκ . The first case cannot
occur since this implies that (¬x1 ∨ . . . ∨ ¬xκ) is not a prime implicate. If
both the second and third case occur simultaneously we identify yj with xi.
If only the second case occurs we identify yj with x, and if only the third case
occurs we identify yj with c0. We then identify any remaining variable yj
with c0, and let ϕNAND(x1, . . . , xκ , x, c0) denote the resulting formula. Note
that ϕNAND(x1, . . . , xκ , x, c0) might enforce constraints of the form (xi → x)
for xi ∈ {x1, . . . , xκ}.

Third, implementing (xi → x) for every xi ∈ {x1, . . . , xκ} is similar to the
strategy in Lemma 3.11: since 〈{R}〉 = ISκ

11 the prime formula representation
ϕ(y1, . . . , yλ) of R must contain a clause of the form (¬yj1 ∨ yj2), where ϕ does
not entail (¬yj2 ∨ yj1). To implement (¬xi ∨ x) we therefore identify yj1 with
xi and yj2 with x. In the subsequent formula there are four implicative cases
to consider:

1. C = (¬x ∨ yj),

2. C = (¬yj ∨ x),

3. C = (¬xi ∨ yj),

4. C = (¬yj ∨ xi),

where yj denotes a variable distinct from xi and x. If both the first and
second case occurs simultaneously we identify yj with x. If only the first case
occurs we identify yj with c0, and if only the second case occurs we identify yj
with xi. If the third and four case occurs simultaneously we identify yj with
xi. If only the third case occurs we identify yj with x, and if only the fourth
case occurs we identify yj with c0. We then identify any remaining variable
to c0. Let ϕ→(x, xi, c0) denote the resulting formula. Put together, we see that
RISκ

11
(x1, . . . , xκ , x, c0) ≡ ϕF(c0) ∧ ϕNAND(x1, . . . , xκ , x, c0) ∧ ϕ→(x, x1, c0) ∧

. . . ∧ ϕ→(x, xκ , c0). Again, it is not difficult to see that RISκ
11
(x1, . . . , xκ , x, c0)

is a base of ISκ
11, and that it is minimal in the sense of Definition 3.6. This

concludes the proof.

3.3.2 The Infinite Cases

From the preceding section we now have a complete list of minimal weak
bases for all Boolean co-clones of finite order. One might ask if similar results
are not possible to obtain for the eight Boolean co-clones of infinite order. To
prove such a result we cannot use Theorem 3.5 since a co-clone of infinite
order by definition does not admit a finite core-size. In this section we instead
consider a method to obtain a weak base of a co-clone of infinite order, based
on determining the weak bases of a certain set of co-clones of finite order. We
then leverage this result to provide weak bases for all Boolean co-clones of
infinite order.
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Theorem 3.13. Let IC be a co-clone of infinite order over a finite domain and let
IC1, IC2, . . . be an infinite chain of co-clones of finite order such that IC =

⋃∞
i=1 ICi.

Let RICi
denote the weak base of each ICi. Assume that RICi

∈ 〈{RICi+1
}〉 6∃ for each

i ≥ 1. Then the weak base of IC is the language SIC = {RICi
| i ≥ 1}.

Proof. First observe that each ICi does indeed have a finite weak base since
by assumption they are of finite order. To prove that SIC is a weak base of
IC we must prove that it is a base of IC and that SIC ⊆ 〈S〉 6∃ for each base S
of IC. It is easy to see that SIC is a base of IC since ICi = 〈{RICi

}〉 ⊆ 〈SIC〉
for every i ≥ 1. Let S be a constraint language such that 〈S〉 = IC. Observe
that S must be infinite, and that there for every R ∈ S exists some i such that
R ∈ ICi, since 〈S〉 = IC =

⋃∞
i=1 ICi.

We must prove that 〈SIC〉 6∃ ⊆ 〈S〉 6∃. Let R ∈ SIC be a κ-ary relation. Then
there exists a λ such that R is the weak base of ICλ. We prove that there exists
S′ ⊆ S such that 〈S′〉 = ICλ′ for some λ′ ≥ λ, since this implies that R ∈
〈S′〉 6∃ ⊆ 〈S〉 6∃, by the original assumption. Assume towards contradiction
that no such set S′ exists. But this implies that there exists some λ′′ < λ
such that 〈S〉 = ICλ′′ , which is clearly impossible since ICλ′′ is of finite order.
Hence, there exists S′ ⊆ S such that R ∈ 〈S′〉 6∃. This in turn implies that
〈SIC〉 6∃ ⊆ 〈S′〉 6∃, and that SIC is a weak base of IC.

We remark that since RICi
∈ 〈{RICi+1

}〉 6∃ for every i ≥ 1 we can in fact
remove any finite number of relations from the weak base SIC and still obtain
a weak base of IC. Hence, even though SIC will be minimal in the sense of
Definition 3.6 whenever each RICi

is minimal, we see that this is not the only
possible definition of minimality for infinite constraint languages.

According to Theorem 3.13 all that is needed to obtain weak bases for
the eight co-clones of infinite order in the Boolean co-clone lattice, is to
show that the condition RICi

∈ 〈RICi+1
〉 6∃ is satisfied for every co-clone in

{ISi
0, ISi

02, ISi
01, ISi

00, ISi
1, ISi

12, ISi
11, ISi

10}. We only consider the case ISκ
00 since

the remaining proofs are entirely analogous. Hence, we need to show that
the weak base of ISκ

00 can q.f.p.p. define the weak base of ISκ−1
00 for each

κ ≥ 3. For κ ≥ 2 let RISκ
00
(x1, . . . , xκ , x, c0, c1) ≡ ORκ(x1, . . . , xκ) ∧ (x →

x1 · · · xκ) ∧ F(c0) ∧ T(c1). Then we can q.f.p.p. define RISκ
00

with RISκ+1
00

using
the definition

RISκ
00
(x1, . . . , xκ , x, c0, c1) ≡ RISκ+1

00
(x1, . . . , xκ , xκ , x, c0, c1).

Hence, we obtain the following corollary.

Corollary 3.14. The following statements hold.

• {ORκ(x1, . . . , xκ) ∧ T(c1) | κ ≥ 2} is a minimal weak base of IS0,

• {ORκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2} is a minimal weak base of IS02,

• {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ T(c1) | κ ≥ 2} is a minimal weak
base of IS01,

55



3. WEAK BASES OF BOOLEAN CO-CLONES

• {ORκ(x1, . . . , xκ) ∧ (x → x1 · · · xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2} is a minimal
weak base of IS00,

• {NANDκ(x1, . . . , xκ) ∧ F(c0) | κ ≥ 2} is a minimal weak base of IS1,

• {NANDκ(x1, . . . , xκ) ∧ F(c0) ∧ T(c1) | κ ≥ 2} is a minimal weak base of
IS12,

• {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0) | κ ≥ 2} is a
minimal weak base of IS11,

• {NANDκ(x1, . . . , xκ) ∧ (x1 → x) ∧ . . . ∧ (xκ → x) ∧ F(c0) ∧ T(c1) | κ ≥
2} is a minimal weak base of IS10.

Combining Lemma 3.8, Lemma 3.10, Lemma 3.11, Lemma 3.12, and
Corollary 3.14, we have thus proved the main result of this chapter.

Theorem 3.15. The relations in Table 3.1 are minimal weak bases.

3.4 Summary and Conclusions

We have used Schnoor’s and Schnoor’s technique for obtaining weak
bases [SS08] and applied it in the Boolean domain. Our hope is that the
relatively straightforward definitions in Table 3.1 are more accessible than
manually needing to calculate relations of the form C(Uc) (which are also
not guaranteed to be minimal). In particular, our weak bases for the eight
infinite chains in the Boolean co-clone lattice are much simpler than the re-
lations obtained via Schnoor’s and Schnoor’s procedure. In the process, we
have also extended Schnoor’s and Schnoor’s technique for obtaining weak
bases to co-clones of infinite order, and provided weak bases for the eight
Boolean co-clones of infinite order.
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4 Polynomially Closed
Co-Clones and Strong
Partial Clones of Infinite
Order

– Will you and take a walk with
me? You hear the bird’s gurgling?
– Which pleasure! which charm!

English as she is spoke

In this chapter we will apply the laborous work in Chapter 3 to study
properties of co-clones. Roughly, the question we will study is the following:
given a co-clone and a weak base of this co-clone, can we obtain an upper
bound on the number of existentially quantified variables required to imple-
ment any relation in the co-clone? Using this question as a starting point we
then proceed to show that many of the strong partial clones of interest in this
thesis are of infinite order, and cannot be generated by a finite set of partial
functions.

4.1 Introduction

Given a weak base RIC of a co-clone Inv(C), how many existentially quanti-
fied variables are required to implement all other relations in the co-clone?
Clearly, unless the interval of all strong partial clones corresponding to C
consists of just one element, we know that at least one existentially quanti-
fied variable is required. More generally, we are interested in which κ-ary
relations that can be p.p. defined with 1, 2, . . . , p(κ) existentially quantified
variables, for some reasonably slowly growing function p. In the sequel we
assume that p is a polynomial function. If p(κ) variables are sufficient to im-
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plement every κ-ary relation R in a co-clone then we say that the co-clone
is polynomially closed. We remark that if if p(κ) ≤ 2 then the resulting set of
definable relations over some language S is similar to the closure operator
considered in Nordh and Zanuttini [NZ09].

The first contribution of this chapter is a complete classification of the
polynomially closed Boolean co-clones (in Section 4.3). Our proofs are based
on comparing the least expressive language in the co-clone with the most
expressive language in the co-clone, in order to obtain an upper bound of p.
The least expressive language in a co-clone in this context is nothing else than
a weak base of the co-clone, as studied in the previous chapter. The most ex-
pressive language in a co-clone is called a plain base, and were introduces by
Creignou et al. [CKZ08]. We first give a general result and provide a sufficient
condition for a co-clone over any finite domain to be polynomially closed: a
co-clone Inv(C) is polynomially closed if C contains a k-ary near-unanimity
function for some k ≥ 3. We then complete this classification for the Boolean
domain and in addition prove that a Boolean co-clone Inv(C) is polynomi-
ally closed if the functions in C can be represented by affine functions, or if
Inv(C) is of infinite order. To handle the last case we make use of the weak
bases of infinite order provided by Corollary 3.14 from the previous chap-
ter. In Section 4.5 we then proceed with the problem of determining whether
a co-clone is superpolynomially closed. We first prove that if the number
of κ-ary relations in a co-clone is sufficiently large, then, for any finite base
of the co-clone, there exists relations which cannot be p.p. defined using a
polynomial number of existentially quantified variables. By using a result of
Berman et al. [BMMVW06] we then obtain a sufficient condition for verify-
ing whether a co-clone over any finite domain is superpolynomially closed.
We remark that for the Boolean domain, a co-clone of finite order is polyno-
mially closed if and only if the corresponding clone contains a k-edge function
for some k ≥ 2, or, equivalently, if the clone has few subpowers [BMMVW06].
Interestingly, this does not hold for co-clones of infinite order, which suggests
a quantitative difference between our notion and that of Berman et al.

The second contribution of this chapter (in Section 4.6) is an investiga-
tion of the structure of the partial polymorphisms of finite constraint lan-
guages corresponding to superpolynomially closed co-clones. Consider e.g.
the relation R1/3 = {(0, 0, 1), (0, 1, 0), (1, 0, 0)} from Chapter 2, and recall that
〈{R1/3}〉 = BR. Since this relation only consists of three tuples and have
a very simple structure, one might believe that describing its partial poly-
morphisms is a rather straightforward task. Would it e.g. be possible to find
a finite base of pPol({R1/3})? We prove that such a finite base cannot exist
(irregardless of any complexity theoretical assumptions) since BR according
to the results in Section 4.5 is superpolynomially closed. In fact, we prove
something stronger: let S be a finite constraint language over an arbitrary fi-
nite domain. If the co-clone of S is superpolynomially closed, and if the poly-
morphims of S are essentially unary, then the set of partial polymorphisms
of S is of infinite order. This result can be seen as a continuation of the re-
search by Haddad and Börner [BH98] who gave a condition for checking
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whether a strong partial clone is infinitely generated, but, as will be evident
in Chapter 7, our result also has many practical consequences for the appli-
cability of partial clone theory to the study of the computational complexity
of NP-complete CSP(·) problems.

4.2 Preliminaries

Recall from Chapter 3 that Int[·]s(C) denotes the set of all strong partial clones
whose total component equals the clone C, and that a weak base Sw of Inv(C)
is a base with the property that pPol(Sw) is the largest element of Int[·]s(C).
Clearly, the smallest element in Int[·]s(C) is simply the strong partial clone
obtained by closing C under subfunctions. From the relational point of view,
this is equivalent to the fact that 〈Inv(C)〉 6∃ = Inv(C). More generally, given
a co-clone Inv(C) we call a constraint language Spl such that 〈Spl〉 6∃ = Inv(C)
a plain base of Inv(C). The problem of finding more succinct plain bases for
Boolean co-clones was considered in Creignou et al. [CKZ08]. These plain
bases are summarised in Table 4.1, where the relation Complλ,κ is defined as

Complλ,κ(x1, . . . , xλ+κ) ≡
(x1 ∨ . . . ∨ xκ ∨ xκ+1 ∨ . . . ∨ xκ+λ)∧
(x1 ∨ . . . ∨ xκ ∨ xκ+1 ∨ . . . ∨ xκ+λ).

Observe that the plain bases of IN2 and BR in Table 4.1 are equivalent to⋃∞
κ=1 Γκ

NAE and
⋃∞

κ=1 Γκ
SAT.

Hence, a plain base Spl of a co-clone Inv(C) is a base of Inv(C) that sat-
isfies pPol(Spl) ⊆ pPol(S) for any pPol(S) ∈ Int[·]s(C), and from the re-
lational point of view a base of Inv(C) that satisfies 〈Spl〉 6∃ ⊇ 〈S〉 6∃ for any
pPol(S) ∈ Int[·]s(C). We therefore have the following straightforward theo-
rem.

Theorem 4.1. Let Spl be a plain base of a co-clone Inv(C). Then R ∈ 〈S〉 6∃ for any
R ∈ Inv(C).

It is not difficult to verify that each plain base Spl in Table 4.1 in addition
satisfies the slightly stronger condition that R can be q.f.p.p. defined in Spl
using relations from Spl of arity at most ar(R). As a shorthand, we let S(≤κ) =
{R ∈ S | ar(R) ≤ κ} for any language S. Hence, for Boolean co-clones,
Theorem 4.1 can be strengthened to the following.

Theorem 4.2. Let Spl be the plain base from Table 4.1 for some Boolean co-clone
Inv(C). Then R ∈ 〈S(≤κ)

pl 〉 6∃ for any κ-ary R ∈ Inv(C).

4.3 Polynomially Closed Co-Clones of Finite Order

In this section we formally introduce the notion of a polynomially closed
co-clone. Intuitively, the notion means that for any base of the co-clone, a
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Table 4.1: Plain bases of all Boolean co-clones.
Co-clone Plain base
IBF {Eq(x1, x2)}
IR0 {F(c0)}
IR1 {T(c1)}
IR2 {F(c0), T(c1)}
IM {(x1 → x2)}
IM0 {(x1 → x2), F(c0)}
IM1 {(x1 → x2), T(c1)}
IM2 {(x1 → x2), F(c0), T(c1)}
ISκ

0 , κ ≥ 2 {ORκ(x1, . . . , xκ)}
IS0 {ORκ(x1, . . . , xκ) | κ ≥ 1}
ISκ

02, κ ≥ 2 {ORκ(x1, . . . , xκ), F(c0)}
IS02 {ORκ(x1, . . . , xκ) | κ ≥ 1} ∪ {F(c0)}
ISκ

01, κ ≥ 2 {ORκ(x1, . . . , xκ), (x1 → x2)}
IS01 {ORκ(x1, . . . , xκ) | κ ≥ 1} ∪ {(x1 → x2)}
ISκ

00, κ ≥ 2 {ORκ(x1, . . . , xκ), (x1 → x2), F(c0)}
IS00 {ORκ(x1, . . . , xκ) | κ ≥ 1} ∪ {(x1 → x2), F(c0)}
ISκ

1 , κ ≥ 2 {NANDκ(x1, . . . , xκ)}
IS1 {NANDκ(x1, . . . , xκ) | κ ≥ 1}
ISκ

12, κ ≥ 2 {NANDκ(x1, . . . , xκ), T(c1)}
IS12 {NANDκ(x1, . . . , xκ) | κ ≥ 1} ∪ {T(c1)}
ISκ

11, κ ≥ 2 {NANDκ(x1, . . . , xκ), (x1 → x2)}
IS11 {NANDκ(x1, . . . , xκ)} ∪ {(x1 → x2)}
ISκ

10, κ ≥ 2 {NANDκ(x1, . . . , xκ), (x1 → x2), T(c1)}
IS10 {NANDκ(x1, . . . , xκ) | κ ≥ 1} ∪ {(x1 → x2), T(c1)}
ID {(x1 ⊕ x2 = 1)}
ID1 {(x1 ⊕ x2 = 1)} ∪ {F(c0), T(c1)}
ID2 {F(c0), T(c1), (x1 ∨ x2), (¬x1 ∨ x2), (¬x1 ∨ ¬x2)}
IL {(x1 ⊕ . . .⊕ xκ = 0) | κ even}
IL0 {(x1 ⊕ . . .⊕ xκ = 0) | κ ∈N}
IL1 {(x1 ⊕ . . .⊕ xκ = c) | κ ∈N, c = κ mod 2}
IL2 {(x1 ⊕ . . .⊕ xκ = c) | κ ∈N, c ∈ {0, 1}}
IL3 {(x1 ⊕ . . .⊕ xκ = c) | κ even, c ∈ {0, 1}}
IV {(x1 ∨ . . . ∨ xκ ∨ ¬x) | κ ≥ 1}
IV0 {(x1 ∨ . . . ∨ xκ ∨ ¬x) | κ ∈N}
IV1 {ORκ(x1, . . . , xκ) | κ ∈N} ∪ {(x1 ∨ . . . ∨ xκ ∨ ¬x) | κ ≥ 1})
IV2 {ORκ(x1, . . . , xκ) | κ ∈N} ∪ {(x1 ∨ . . . ∨ xκ ∨ ¬x) | κ ∈N})
IE {(¬x1 ∨ . . . ∨ ¬xκ ∨ x) | κ ≥ 1}
IE0 {(¬x1 ∨ . . . ∨ ¬xκ ∨ x) | κ ∈N}
IE1 {NANDκ(x1, . . . , xκ) | κ ∈N} ∪ {(¬x1 ∨ . . . ∨ ¬xκ ∨ x) | κ ≥ 1})
IE2 {NANDκ(x1, . . . , xκ) | κ ∈N} ∪ {(¬x1 ∨ . . . ∨ ¬xκ ∨ x) | κ ∈N})
IN {Complλ,κ | λ, κ ≥ 1}
IN2 {Complλ,κ | λ, κ ∈N}
II {(x1 ∨ . . . ∨ xλ ∨ ¬y1 ∨ . . .¬yκ) | λ, κ ≥ 1}
II0 {(x1 ∨ . . . ∨ xλ ∨ ¬y1 ∨ . . .¬yκ) | λ ∈N, κ ≥ 1}
II1 {(x1 ∨ . . . ∨ xλ ∨ ¬y1 ∨ . . .¬yκ) | λ ≥ 1, κ ∈N}
BR {(x1 ∨ . . . ∨ xλ ∨ ¬y1 ∨ . . .¬yκ) | λ, κ ∈N}
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polynomial amount of variables is sufficient to p.p. implement any relation
in the co-clone.

Definition 4.3. Let Inv(C) be a co-clone over a finite domain. We say that
Inv(C) is polynomially closed if there exists a polynomial p such that for every
base S of Inv(C) and every κ-ary R ∈ Inv(C) it holds that R can be p.p.
defined in S with at most p(κ) existentially quantified variables.

Observe that Inv(C) in this definition is allowed to be of infinite order.
In this section, however, we restrict our focus to co-clones of finite order,
while we in Section 4.4 investigate co-clones of infinite order. If a co-clone
is not polynomially closed then we say that it is superpolynomially closed. See
Figure 4.3 for a visualisation of the Boolean co-clones that are polynomially
respectively superpolynomially closed. That the classification in Figure 4.3
is correct is proved in Theorem 4.9 later in this section, Theorem 4.10 in Sec-
tion 4.4 and Theorem 4.15 in Section 4.5.

In order to prove that a co-clone is polynomially closed it is sufficient to
prove that there exists some polynomial p such that the weak base of the co-
clone can implement any κ-ary relation with p(κ) variables. A useful method
to accomplish this is to first prove that every relation in the co-clone can
be expressed as a q.f.p.p. definition over the plain base with a polynomial
number of constraints. Formally, we say that a plain base S of a co-clone
Inv(C) is a polynomial base if there exists a polynomial p, such that every κ-
ary R ∈ Inv(C) has a q.f.p.p. implementation over S(≤κ), with at most p(κ)
constraints. Polynomial bases and polynomially closed co-clones are related
by the following lemma, which states that a polynomial base for a co-clone
implies polynomial closure, under some additional conditions.

Lemma 4.4. Let Inv(C) be a co-clone with a weak base Rw. If there exists a polyno-
mial, plain base Spl of Inv(C), and a polynomial p such that Rw can p.p. define every
relation in S(≤κ)

pl with at most p(κ) existentially quantified variables, then Inv(C) is
polynomially closed.

Proof. Let R ∈ Inv(C) be a κ-ary relation. By Theorem 4.1 and the assump-
tion that Spl is a polynomial, plain base it follows that S(≤κ)

pl can q.f.p.p. imple-
ment R using at most g(κ) constraints for some polynomial g. Let φ denote
the q.f.p.p. implementation of R in S(≤κ)

pl . For every constraint Ci in φ we then
replace Ci with its p.p. implementation over {Rw}. Let the resulting formula
be φ′. Since φ had g(κ) constraints and each constraint in φ′ introduced at
most p(κ) new existentially quantified variables, the total number of vari-
ables in φ′ is g(κ) · p(κ), clearly polynomial with respect to κ. Hence, Inv(C)
is polynomially closed.

It is not difficult to see that this condition is satisfied whenever a co-clone
has a finite plain base.

Lemma 4.5. If Inv(C) has a finite plain base then Inv(C) is polynomially closed.
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Figure 4.1: The lattice of Boolean co-clones. The co-clones of finite order
which are polynomially closed are coloured in grey. The co-clones of infinite
order that are polynomially closed are coloured in white. The superpolyno-
mially closed co-clones are coloured in dark grey.
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Proof. Assume that Inv(C) has a plain base Spl of finite cardinality and let
Rw denote a weak base of Inv(C). Observe that Spl is trivially a polynomial
base. Since Spl is finite there exists a polynomial p such that Rw can p.p.
implement S(≤κ)

pl for every κ ≥ 1 with p(κ) variables. To see this, simply
take the number of existentially quantified variables of the relation requiring
the largest number of quantified variables in the p.p. definition in Spl. Such a
relation must exist since Spl is finite. The result then follows from Lemma 4.4.

For the Boolean domain one can simply consult Table 4.1 to see which
co-clones have finite plain bases. It is however possible to give a general
characterisation of the co-clones admitting finite plain bases. Let D be an
arbitrary finite domain. A n-ary near-unanimity (NU) operation on D for n ≥
3 is an operation f : Dn → D such that f (x, y, . . . , y) = f (y, x, . . . , y) = . . . =
f (y, y, . . . , x) = y for all x, y ∈ D (we may note that this is a special case of
an n-edge operation, used in Section 4.5).

Theorem 4.6. Let Inv(C) be a co-clone over a finite domain D such that C contains
an n-ary NU operation for some n ≥ 3. Then Inv(C) is polynomially closed.

Proof. We recall some definitions from Jeavons et al. [JCC98]. Let R ⊆ Dκ be
a relation and I = {i1, . . . , id} a set of indices, 1 ≤ i1 < . . . < id ≤ κ. The
projection of R onto I is the relation πI(R) = {(t[i1], . . . , t[id]) | t ∈ R}. A
relation R ⊆ Dκ over D is r-decomposable if it is equivalent to the conjunction
of all its projections of arity at most r, i.e., for every t ∈ (Dκ \ R) there is a
set I = {i1, . . . , id} as above such that (t[i1], . . . , t[id]) /∈ πI(R). It is known
that any relation preserved by an n-ary, n ≥ 3, NU operation is (n − 1)-
decomposable [JCC98].

Now let R ∈ Inv(C) be a κ-ary relation. Observe that πI(R) can be de-
fined using existential quantification over R, hence πI(R) ∈ 〈{R}〉 for every
set of indices I. Also, note that

∧
I:|I|<n πI(R) is a q.f.p.p. implementation of

R. Hence, the set of all relations R′ ∈ Inv(C) of arity at most n− 1 is a plain
base of Inv(C). Clearly, this is a finite set (since D is finite). Thus, Inv(C) is
polynomially closed by Lemma 4.5.

Observe, however, that Lemma 4.5 or Theorem 4.6 are not applicable for
the co-clones IL, IL0, IL1, IL3 and IL2 since they do not admit finite plain bases.
Fortunately, it is rather straightforward to prove that these co-clones admit
polynomial bases, since the included relations can be viewed as linear equa-
tions over the field GF(2).

Lemma 4.7. IL, IL0, IL1, IL3 and IL2 have polynomial, plain bases.

Proof. We only consider IL2 since the other cases follow through similar ar-
guments. Every κ-ary relation R ∈ IL2 can according to Theorem 4.2 be
expressed by an S(≤κ)

pl -formula φ with µ constraints, where Spl is the plain
base of IL2 in Table 4.1. Thus, every constraint Ci in φ is of the form
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(xi1 ⊕ . . . ⊕ xiκ ) = ci, where ci ∈ {0, 1}. Create an µ × (κ + 1)-matrix M
such that each entry ri,j, 1 ≤ j ≤ κ, is equal to 1 if the variable xj is included
in the constraint Ci, and 0 otherwise. The entry ri,κ+1 is equal to the constant
ci in Ci. Then it is not hard to verify that if the row ri+1 is linearly dependent
on r1, . . . , ri then C1, . . . Ci entails Ci+1 in any satisfying assignment. Hence,
we only need to keep the rows that are linearly independent, which gives the
bound min(κ + 1, µ) on the number of constraints.

Lemma 4.8. IL, IL0, IL1, IL3 and IL2 are polynomially closed.

Proof. We only present the proof of IL2 since the other co-clones follow
through entirely analogous arguments. Let Spl and Rw be the plain and weak
base of IL2 from Table 4.1, respectively. Since IL2 has a polynomial base by
Lemma 4.7 all we need to prove is that there exists a polynomial p such that
Rw can p.p. define S(≤κ)

pl using at most p(κ) existentially quantified variables.
We first and most crucially show that S(≤κ)

pl can implement S(≤κ+1)
pl with only

one extra variable, for every κ ≥ 3, with the implementation

(x1 ⊕ . . .⊕ xκ+1 = c) ≡ ∃x.(x1 ⊕ . . .⊕ xκ−1 ⊕ x = c)∧
(xκ ⊕ xκ+1 ⊕ x = 0).

In addition to one quantified variable this requires one extra S(≤3)
pl -constraint.

Hence, if 3 ≤ κ ≤ λ then S(≤κ)

pl can implement every relation in S(≤λ)

pl with
O(λ− κ) variables and λ− κ additional S(≤3)

pl -constraints. By this it first fol-
lows that S(≤3)

pl can p.p. define any relation in S(≤κ)

pl with at most κ− 3 variables
and κ − 2 constraints. The weak base Rw can then p.p. implement S(≤3)

pl with
a fixed number of variables since the arity of each relation is bounded, for
example we have that

(x1 ⊕ x2 ⊕ x3 = 0) ≡ ∃y1, y2, y3, c0, c1.Rw(x1, x2, x3, y1, y2, y3, c0, c1)

and

(x1 ⊕ x2 ⊕ x3 = 1) ≡ ∃y1, y2, y3, c0, c1.Rw(y1, y2, y3, x1, x2, x3, c0, c1).

Put together, this implies that Rw can p.p. define any S(≤κ)

pl with O(κ) ex-
istentially quantified variables, and by Lemma 4.4 that IL2 is polynomially
closed.

Combining all results so far in this section, we obtain the following char-
acterisation of the polynomially closed Boolean co-clones of finite order.

Theorem 4.9. If Inv(C) ⊆ Inv(X) for some X ∈ {L2,D2} ∪ {Sκ
00,Sκ

10 | κ ≥ 2}
then Inv(C) is polynomially closed.
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4.4 Polynomially Closed Co-Clones of Infinite Order

So far we have only been concerned with polynomially closed co-clones of
finite order. For co-clones of infinite order, we cannot use any of the machin-
ery introduced in Section 4.3. In particular, Lemma 4.5 breaks down since
there by definition cannot exist a finite plain base of a co-clone of infinite
order. Fortunately, recall from Corollary 3.14 from Chapter 3 that we have
simple, relational descriptions of the weak bases for all Boolean co-clones of
infinite order. Hence, for every such co-clone Inv(C), we only have to show
that there exists a polynomial p such that the weak base can p.p. define every
κ-ary relation in R using at most p(κ) existentially quantified variables.

Similarly to the proof of Lemma 3.11 we will exploit the fact that every
relation in these co-clones can be written as restricted IHSB formulas that are
prime [CKZ08]. Recall that IHSBκ

+ denotes the set of formulas of the form
(x1 ∨ . . . ∨ xκ′), 1 ≤ κ′ ≤ κ, (¬x1), (¬x1 ∨ x2), and dually for IHSBκ

−.

Theorem 4.10. IS0, IS02 , IS01, IS00,IS1, IS12 , IS11 and IS10 are polynomially closed.

Proof. We only consider IS00 since the other cases follow through similar ar-
guments. Let WIS00

= {R
ISi

00
| i ≥ 2} denote the weak base of IS00 from

Table 3.1 in Chapter 3. We must prove that there exists a polynomial p such
that WIS00

can p.p. define any κ-ary R ∈ IS00 using at most p(κ) existentially
quantified variables. Since R ∈ IS00 it is easily seen that there exists some
κ′ ≥ 2 such that R ∈ ISκ′

00.
Hence, R can be written as a prime IHSBκ′

+ formula ϕ over
x1, . . . , xκ [CKZ08], and we need to show that it is possible to p.p. define this
formula without requiring more than a polynomial number of existentially
quantified variables. There are a few different cases to consider depend-
ing on the clauses of ϕ. Let c0 and c1 be two fresh variables distinct from
x1, . . . , xκ . First, we implement every clause in ϕ of the form (xi1 ∨ . . . ∨ xij)

for some j ≤ κ′ with the constraint R
IS

j
00
(xi1 , . . . , xij , c0, c0, c1). Second, we

implement every clause of the form (¬xi) as RIS2
00
(c1, c1, c1, xi, c1). Third, we

implement every clause of the form (¬xi1 ∨ xi2) as RIS2
00
(xi2 , c1, xi1 , c0, c1).

Let ϕ′ be the WIS00
-formula resulting from replacing every clause in ϕ in

the above manner. We see that R(x1, . . . , xκ) ≡ ∃c0∃c1.ϕ′, and since we in
total only require 2 existentially quantified variables, it follows that IS00 is
polynomially closed.

4.5 Superpolynomially Closed Co-Clones

From Section 4.3 and Section 4.4 we now have straightforward, sufficient
conditions for verifying whether a given co-clone is polynomially closed. We
now turn to the problem of determining whether a co-clone is not polynomi-
ally closed, i.e., superpolynomially closed. We show that this question is
related to counting the number of κ-ary relations in a co-clone — a problem
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that has attracted significant attention in universal algebra and conceptual
learning problems [BMMVW06; IMMVW10]. Before we can present this re-
sult we, for every finite domain D, introduce a particular constraint language
PD, which will turn out to be a plain base of RelD. The language PD is defined
as

PD = {R | κ ≥ 1, t ∈ Dκ , R = Dκ \ {t}}.

In other words each κ-ary relation in PD contains all κ-ary tuples over D ex-
cept one. Observe that P{0,1} is equivalent to the plain base of BR in Table 4.1.

Lemma 4.11. For any finite domain D the language PD is a plain base of RelD.

Proof. We must prove that 〈PD〉 6∃ = RelD, i.e. that we can q.f.p.p. define all
relations over D. Hence, let R ∈ RelD be a κ-ary relation. For every t ∈ Dκ \R
we let Rt ∈ PD denote the unique relation satisfying Rt = Dκ \ {t}. Hence,
a constraint of the form Rt(x1, . . . , xκ) implies that x1, . . . , xκ can take any
value except for t[1], . . . , t[κ]. With this observation it is then easy to see that
we can implement R with the q.f.p.p. definition

R(x1, . . . , xκ) ≡ Rt1(x1, . . . , xκ) ∧ . . . ∧ Rtµ(x1, . . . , xκ),

where {t1, . . . , tµ} = Dκ \ R. Note we in the above q.f.p.p. definition do not
make use of explicit equality constraints.

Also observe that 〈P(≤κ)

D 〉 6∃ ⊆ 〈P(≤κ+1)
D 〉 6∃ for each κ ≥ 1. We will now

prove that if a co-clone Inv(C) contains a sufficiently large number of κ-ary
relations, then for every polynomial p there will exist some κ-ary relation
in Inv(C) that PD cannot p.p. define using only p(κ) existentially quantified
variables. To make this counting argument more precise we, given a con-
straint language S, first let

S(=κ) = {R ∈ S | ar(R) = κ}

and then define the function sS as

sS(κ) = log2(|S
(=κ)|).

With this notation we see that sInv(C)(κ) denotes the exponent of the number
of κ-ary relations in the co-clone Inv(C), and obtain the following lemma.

Lemma 4.12. Let Inv(C) be a co-clone of finite order over a finite domain D. If
Inv(C) is polynomially closed, then sInv(C)(κ) ≤ p(κ) for some polynomial p.

Proof. Let S be a finite base of Inv(C) and let R be the relation with the highest
arity λ in S. We make a few observations before the proof: first, 〈S〉 6∃ ⊆
〈P(=λ)

D 〉 6∃; second, if some R′ /∈ 〈P(=λ)

D 〉 6∃ then R′ /∈ S. This also implies that
if S can p.p. define some κ-ary relation R with p(κ) existentially quantified
then the same is true for P(=λ)

D . By contraposition this also implies that if P(=λ)

D
cannot p.p. define some κ-ary relation R with p(κ) variables then neither can
S. It is not too difficult to see that the number of q.f.p.p. implementations

with P(=λ)

D over κ variables is bounded by 2|D|
λκλ

, since
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1. P(=λ)

D contains |D|λ relations, and

2. for each relation in P(=λ)

D one can form at most κλ distinct constraints.

Since Inv(C) is polynomially closed, we are allowed to introduce at most
p(κ) existentially quantified variables to implement any κ-ary relation,

hence, the number of definable relations is at most 2|D|
λ p(κ)λ

, which implies
that sInv(C)(κ) ≤ |D|λ p(κ)λ.

Since the number of κ-ary relations over a finite domain D is 2|D|
κ

it im-
mediately follows that RelD is superpolynomially closed. To handle the other
cases where it is not so obvious how to count the number of κ-ary relations
we utilise a result from Berman et al. [BMMVW06]. Before we can present
their result, we need a few additional preliminaries. If S is a constraint lan-
guage over D the algebra AS = (D, Pol(S)) is said to have few subpowers if
s〈S〉(κ) ∈ O(κλ) for some natural number λ ≥ 1, and to have many subpowers
if cκ ∈ O(s〈S〉(κ)) for some real number c > 1. An n-edge operation over D,
n ≥ 2, is an (n + 1)-ary operation f satisfying the n identities

• f (x, x, y, y, y, . . . , y, y) = y,

• f (x, y, x, y, y, . . . , y, y) = y,

• f (y, y, y, x, y, . . . , y, y) = y,

• f (y, y, y, y, x, . . . , y, y) = y,
...

• f (y, y, y, y, y, . . . , x, y) = y,

• f (y, y, y, y, y, . . . , y, x) = y.

We then have the following useful theorem from Berman et al. [BM-
MVW06], restated in terms of our terminology of clones and co-clones

Theorem 4.13. [BMMVW06] Let S be a constraint language over a finite domain
D. If Pol(S) does not contain an n-edge operation for any n ≥ 2 then (1) the algebra
(D, Pol(S)) has many subpowers and (2) s〈S〉(κ) /∈ O(κm) for any m ≥ 0.

Hence, if (D, Pol(S)) has many subpowers, then, intuitively, 〈S〉 contains
too many relations for it to be polynomially closed. Combining Lemma 4.12
and Theorem 4.13 we obtain the following classification of the superpolyno-
mially closed co-clones.

Theorem 4.14. Let C be a co-clone of finite order over a finite domain D. If C does
not contain an n-edge operation for any n ≥ 2 then Inv(C) is superpolynomially
closed.

With the help of Table 2.1 one can verify that any Boolean co-clone of
finite order above or equal to Inv(V), Inv(E), or Inv(N) in Figure 4.3, fullfil
this property.

67



4. POLYNOMIALLY CLOSED CO-CLONES

Theorem 4.15. If Inv(C) ⊇ Inv(X) for some X ∈ {V,E,N} then Inv(C) is su-
perpolynomially closed.

Due to the close relationship between a polynomially closed co-clone and
the existence of a polynomial, plain base, one might suspect that superpoly-
nomially closed co-clones are unlikely to admit such polynomial bases. This
can in fact be proven by a straightforward counting argument, using the
bounds from Theorem 4.13 on the number of κ-ary relations in these co-
clones.

Theorem 4.16. Let Inv(C) be a superpolynomially closed co-clone over a finite
domain D. If Spl is a plain base of Inv(C) satisfying |S(≤κ)

pl | ≤ 2p(κ) for some
polynomial p, then Spl is not a polynomial base.

Proof. Assume that Spl is a polynomial, plain base of Inv(C) with respect
to a polynomial c. We show the theorem with a counting argument, using
the results of Section 4.5. First, recall that sInv(C)(κ) cannot be bounded by
a polynomial function since Inv(C) is superpolynomially closed. In other
words it cannot hold that |{R ∈ Inv(C) | ar(R) = κ}| ≤ 2g(κ) for some
polynomial g.

Now observe that for each κ-ary R ∈ Spl, there are at most κκ different
possible constraints one can form with R; thus the number of different pos-
sible constraints overall is bounded by |S(≤κ)

pl | · κ
κ . The number of possible

formulas with at most c(κ) constraints is then bounded by

(|S(≤κ)

pl | · κ
κ)c(κ) ≤ (2p(κ) · κκ)c(κ) ≤ 2q(κ)

for a polynomial q(κ), which implies that sInv(C)(κ) ≤ q(κ), contradicting the
assumption that Inv(C) is superpolynomially closed.

Using Table 4.1 we see that this property is fullfiled for all Boolean co-
clones. Hence, we obtain the following theorem.

Theorem 4.17. If Inv(C) ⊇ Inv(X) for some X ∈ {V,E,N} then the plain base of
Inv(C) in Table 4.1 is not a polynomial base.

Thus, a Boolean co-clone of finite order has a polynomial, plain base in
Table 4.1 if and only if it is polynomially closed. In conjunction, the results
of Section 4.3 and Section 4.5 therefore imply the following corollary.

Corollary 4.18. Let 〈S〉 be a Boolean co-clone of finite order. Then the following
statements are equivalent.

• 〈S〉 is polynomially closed.

• 〈S〉 has a polynomial, plain base in Table 4.1.

• The algebra ({0, 1}, Pol(S)) has few subpowers.

• There exists a polynomial p such that the number of κ-ary relations in 〈S〉 is
not larger than 2p(κ).
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For arbitrary finite domains our result do not form a sharp dichotomy.
Combining the results from Section 4.3 and Section 4.5, we however obtain
the following corollary.

Corollary 4.19. Let 〈S〉 be a co-clone of finite order over a finite domain. Then the
following statements hold.

• If Pol(S) does not contain an n-edge operation for any n ≥ 2 then 〈S〉 is
superpolynomially closed.

• If Pol(S) contains an n-ary near-unanimity operation for some n ≥ 3 then
〈S〉 is polynomially closed.

For co-clones of infinite order this situation differs drastically, as evident
in Section 4.4, since even in the Boolean domain it can be the case that a
co-clone of infinite order is polynomially closed even if the corresponding
algebra has many subpowers.

4.6 Strong Partial Clones of Finite and Infinite Order

So far we have been interested in obtaining conditions for separating poly-
nomially closed co-clones from superpolynomially closed co-clones, and ob-
tained a complete dichotomy theorem for the Boolean domain. Since we
for polynomially closed co-clones can implement all relations in the co-clone
with a comparably few number of existentially quantified variables, one
might conjecture that a strong partial clone pPol(S) has a more complex
structure if 〈S〉 is superpolynomially closed. To make this intuition a bit
more precise, given a co-clone Inv(C) and a base S of Inv(C), we are inter-
ested in determining when pPol(S) is of infinite order and when it is of finite
order. Hence, we make the following definition (recall from Definition 3.1 in
Chapter 3 that Int[·]s(C) denotes the interval of all strong partial clones where
the total component equals C).

Definition 4.20. Let C be a clone over a finite domain. We say that Int[·]s(C)
is finitely generated if every pPol(S) ∈ Int[·]s(C) is of finite order and
that Int[·]s(C) is infinitely generated if pPol(S) is of infinite order for every
pPol(∆) ∈ Int[·]s(C).

A few basic observations are in place. First, determining whether a partial
clone is of finite or infinite order is a problem that has attracted significant at-
tention in the literature, see e.g. [BH98; CH10; HF99]. However, observe that
the authors in this case study partial clones that are not necessarily strong,
and that a partial clone P might be of infinite order even though the smallest
strong partial clone containing P is of finite order. Second, if C is a clone of
finite order then [C]s is of finite order. Hence, in general, intervals of the form
Int[·]s(C) may contain strong partial clones of both finite and infinite order.
If we restrict ourself to strong partial clones pPol(S) where S is finite, this
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phenomenon is not as likely to occur, however. We thus make the following
definition as well.

Definition 4.21. Let C be a clone over a finite domain D. The finite interval
of C, Intfin

[·]s(C), is the set Intfin
[·]s(C) = {pPol(S) | S ⊆ RelD, S is finite, C =

Pol(S)}.

In Section 4.6.1 we prove that the existence of finitely generated intervals
is related to the question of whether the cardinality of the interval is finite
or uncountably infinite, and give examples of polynomially closed co-clones
over arbitrary finite domains resulting in finitely generated intervals. Since
not much is currently known about the lattice of strong partial clones over
arbitrary finite domains, these results are necessarily inconclusive, and we
cannot yet hope to provide a complete classification of finitely generated in-
tervals. In Section 4.6.2 we study the opposite question: given a superpoly-
nomially closed co-clone Inv(C), is Intfin

[·]s(C) infinitely generated? We give

a general result and prove that Intfin
[·]s(C) is infinitely generated whenever C

consists of essentially unary functions, i.e., if C = [{e1, . . . , em}] for some
unary functions e1, . . . , em. The results are summarised in Figure 4.2.

4.6.1 Strong Partial Clones of Finite Order

We first remark that if Int[·]s(C) is finitely generated then the cardinality of
Int[·]s(C) is at most countably infinite. Hence, we get the following proposi-
tion.

Theorem 4.22. Let C be clone such that Int[·]s(C) is of uncountably infinite cardi-
nality. Then Int[·]s(C) is not finitely generated.

On the other hand, if Int[·]s(C) is finite and C is of finite order, it is not too
difficult to see that Int[·]s(C) must be finitely generated.

Lemma 4.23. Let C be a clone of finite order over D such that Int[·]s(C) is finite.
Then Int[·]s(C) is finitely generated.

Proof. Let F denote an arbitrary finite base of C. Then [F]s is the least element
in Int[·]s(C). Assume there exists a strong partial clone C′ ∈ Int[·]s(C) of infi-
nite order. Obviously C′ ⊃ [F]s. Let f ∈ C′ \ [F]s. Then it is easy to see that
C′ ⊃ [F ∪ { f }]s ⊃ [F]s since by assumption C′ is of infinite order and cannot
be generated by F ∪ { f }. This procedure can be repeated arbitrarily many
times, which contradicts the assumption that Int[·]s(C) was finite.

Hence, whether an interval is finitely generated or not is tightly con-
nected to whether the interval is finite. In the Boolean domain it has been
proven that Int[·]s(Pol(S)) is finite if 〈S〉 is a subset of IM2 or ID1, and is of
uncountably infinite cardinality otherwise [Sch15]. Hence, we obtain the fol-
lowing proposition.
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Inv(OPD)

〈{R1}〉 〈{Ri}〉 〈{Rk}〉

〈{R1, . . . , Ri, . . . , Rk}〉

RelD

Inv({e1}) Inv({ei}) Inv({ek′})

Inv({e1, . . . , ei, . . . , ek′})

Polynomially closed and
finitely generated intervals.

Superpolynomially closed and
infinitely generated intervals.

Figure 4.2: An illustration of the structure of Int[·]s(S) and Intfin
[·]s(S) for S over

an arbitrary finite domain D = {1, . . . , i, . . . , k}. For a ∈ D let Ra denote the
relation {(a)}. Let e1, . . . , ek′ , k′ = kk − 1, be an enumeration of the unary
functions over D distinct from π1

1. A directed arrow from node A to B means
that A ⊂ B. A dashed arrow from node A to B means that there exists A′

such that A ⊂ A′ ⊂ B. Some inclusions have been omitted.
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Proposition 4.24. Let S be a Boolean constraint language. Then Int[·]s(Pol(S)) is
finitely generated if and only if 〈S〉 ⊆ Inv(X) for X ∈ {M2,D1}.

In Schölzel [Sch15] it is conjectured that intervals of the form
Int[·]s(Pol(S)) are either finite or uncountably infinite for arbitrary finite do-
mains. Such a dichotomy theorem would therefore also answer the question
which intervals are finitely generated and which are not. We remark that
such a dichotomy theorem is likely very difficult to obtain, since not much
is known of the structure of the lattice of strong partial clones over arbitrary
finite domains. We give an example of a simple kind of constraint language
where the intervals of strong partial clones is always finite.

Given a finite domain D = {0, . . . , k} let Ri, i ∈ D, denote the unary, con-
stant relation {(i)}. Say that a co-clone Inv(C) over D is essentially constant
if there exists a set S ⊆ {R0, . . . , Rk} such that 〈S〉 = Inv(C). In other words
Inv(C) can be generated from a finite set of constant relations.

Theorem 4.25. Let Inv(C) be an essentially constant co-clone over some finite do-
main D. Then Int[·]s(C) is finitely generated.

Proof. Since Inv(C) is essentially constant there exists S ⊆ {R0, . . . , Rk} such
that 〈S〉 = Inv(C). It is known both that Pol({R0, . . . , Rk}), the clone con-
sisting of all idempotent functions over D, is finitely generated [Qua71]
and that there exists a finite number of (strong) partial clones containing
Pol({R0, . . . , Rk}) [FH98]. From this it easily follows that Pol(S) is of finite
order and that Int[·]s(C) is finite. By applying Lemma 4.23 it follows that
Int[·]s(C) is finitely generated.

The reader might well ask why we do not attempt to prove a more general
result than Theorem 4.25. The reason is that, currently, not much is known
about the structure of finitely generated intervals of strong partial clones
over arbitrary finite domains. For instance, it is not even known whether
pPol({u1, . . . , un}), where each ui ⊆ D, is of finite order. Moreover, it is
known that the intersection of two strong partial clones of finite order can be
of infinite order [CH10], which suggests that this problem is more difficult
than one might believe at a first glance.

4.6.2 Strong Partial Clones of Infinite Order

We now turn to the problem of determining whether an interval Intfin
[·]s(C) is

infinitely generated. We show that Intfin
[·]s(C) is always infinitely generated if

C is an essentially unary clone over an arbitrary finite domain D. For finite
Boolean constraint languages S this implies that if 〈S〉 ⊇ IN2, i.e. CSP(S)
is NP-complete assuming P 6= NP, then pPol(S) is of infinite order. For the
proofs, we first need the following construction of a universal hash family,
due to Alon et al. [AYZ95].
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Theorem 4.26 (Section 4 of [AYZ95]). For any k and n, there is a family H
of 2O(k) log(n) functions hi : {1, . . . , n} 7→ {1, . . . , k} such that for every
S ⊂ {1, . . . , n} of size k there is a function in H that is injective on S.

Note that the bound O(k) has no hidden dependency on n. Hence, if k is
a constant, then 2O(k) log(n) ∈ O(log(n)). The purpose of a universal hash
family in this section is to, given a κ-ary relation R, create a κ′-ary relation R′

using the universal hash family such that pPol({R}) ⊆ pPol({R′}), and such
that κ′ = O(κ). In the following definition we exploit the fact that any κ-ary
relation R can be viewed as an |R| × κ matrix where each row corresponds
to a tuple in R.

Definition 4.27. Let R be a relation over D, |R| = µ, let r ≥ 1 and let H be
the universal hash family from {1, . . . , µ} to {1, . . . , r}. The closure of R under
H, H(R), is the relation defined as follows.

1. let M be the matrix corresponding to R,

2. let g1, . . . , g|D|r be an enumeration of all functions g : {1, . . . , r} 7→ D,

3. for every hi ∈ H and every gj add the column yi,j to M which in row
x ∈ {1, . . . , µ} takes the value gj(hi(x)),

4. let H(R) be the relation corresponding to M.

Say that a relation R over D is n-saturated if for every t1, . . . , tn′ ∈ R, n′ ≤
n, for every (x1, . . . , xn′) ∈ Dn′ there exists an i such that (t1[i], . . . , tn′ [i]) =
(x1, . . . , xn′).

Lemma 4.28. Let R be a relation with µ tuples and let r ≥ 1. Let H be the universal
hash family from {1, . . . , µ} to {1, . . . , r}. Then H(R) is r-saturated.

Proof. Let t1, . . . , tq ∈ H(R), q ≤ r, and let M be the matrix corresponding
to H(R). For every (x1, . . . , xq) ∈ Dq we must prove that there exists some
j such that (x1, . . . , xq) = (t1[j], . . . , tq[j]). Let P = (p1, . . . , pq) ∈ {1, . . . , µ}q

be the row indices of t1, . . . , tq, i.e., ti = M[pi, ·] for each i ∈ {1, . . . , q}. Since
H is a universal hash family, there is some h ∈ H which is injective on P. Let
g : Dq 7→ D be the function satisfying (g(h(p1)), . . . g(h(pq))) = (x1, . . . , xq).
Due to the construction of H(R) this implies that the column in M corre-
sponding to h and g will enumerate (x1, . . . , xq). Hence, there is a j such that
(x1, . . . , xq) = (t1[j], . . . , tq[j]).

Recall from Section 3.2 in Chapter 3 that if R is a relation and S a con-
straint language then Pol(S)(R) denotes the smallest superset of R which is
closed under Pol(S).

Lemma 4.29. Let Pol(S) be an essentially unary clone. If pPol(S) is of finite
order, then S can p.p. implement any κ-ary relations R ∈ 〈S〉 with at most O(κ)
existentially quantified variables.
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Proof. Let R be a κ-ary relation in 〈S〉, and let µ ≤ |D|κ be the number of
tuples in R. Let F be a finite base of pPol(S), let r be the largest arity of any
function in F, and let H be the r-universal hash family from {1, . . . , µ} to
{1, . . . , r} of Theorem 4.26. Let R′ = H(R). By the construction of H(R) in
Definition 4.27 it follows that ar(R′) = κ + |D|r|H| = κ + |D|r2O(r) log(µ) =
|D|r2O(r)O(κ). To see that the last equality holds simply note that log(µ) ≤
log(|D|κ) = O(κ). Moreover, since r is a constant, it also holds that ar(R′) =
O(κ). Let κ′ = ar(R′), and let R′′ = Pol(S)(R′), i.e. R′ closed under all
polymorphisms of S. Obviously, Pol(S) ⊆ Pol({R′′}). Next, note that

R(x1, . . . , xκ) ≡ ∃xκ+1, . . . , xκ′R
′′(x1, . . . , xκ , xκ+1, . . . , xκ′),

or, put in other words, R′′ can p.p. define R with at most O(κ) existentially
quantified variables. To see that this holds, simply note that {(x1, . . . , xκ) |
(x1, . . . , xκ , xκ+1, . . . , xκ′) ∈ R′′} = R.

It remains to prove that pPol(S) ⊆ pPol({R′′}), since this, due to the
Galois connection, implies that 〈{R′′}〉 6∃ ⊆ 〈S〉 6∃ and that S can p.p. define
R using at most O(κ) existentially quantified variables. Hence, let f ∈ F be
a q-ary, q ≤ r, function. If f /∈ pPol({R′′}) then there exists t1, . . . , tq ∈ R′′

such that f (t1, . . . , tq) /∈ R′′. We may assume that all t1, . . . , tq are distinct, as
otherwise the application of f is equivalent to the application of some q′-ary
partial polymorphism f ′ on distinct rows, where q′ is the number of distinct
rows represented in (t1, . . . , tq)1.

Our strategy is now, using Lemma 4.28, to prove that we can define a
total function h using the partial function f such that h does not preserve R′′.
However, this also implies that h /∈ Pol(S), which is a contradiction since f ∈
pPol(S). Before this proof we make one observation: for every t ∈ R′′ there
exists t′ ∈ R′ and a unary function u ∈ Pol(S) such that u(t′) = t. Hence, for
the tuples t1, . . . , tq there exists t′1, . . . , t′q ∈ R′ and u1, . . . , uq ∈ Pol(S) such
that ui(t′i) = ti. We now define the q-ary function h as

h(x1, . . . , xq) = f (u1(π
q
1(x1, . . . , xq)), . . . , uq(π

q
q(x1, . . . , xq))).

Obviously, h ∈ pPol(S) since it is a composition of f , u1, . . . , uq, and projec-
tion functions. This in turn implies that

h(t′1, . . . , t′q) = f (u1(t′1), . . . , uq(t′q)) = f (t1, . . . , tq) /∈ R′′,

but since t′1, . . . , t′q ∈ R′, R′ is r-saturated and q ≤ r, h must be a total
polymorphism, i.e. h ∈ Pol(S) ⊆ Pol({R′′}). This is a contradiction since
h(t′1, . . . , t′q) /∈ R′′. Hence, f ∈ pPol({R′′}).

With the help of this Lemma we can now prove that pPol(S) is of infinite
order whenever S is finite and Pol(S) is essentially unary.

Theorem 4.30. Let C be an essentially unary clone over a finite domain D. Then
Intfin

[·]s(C) is infinitely generated.

1The reader should note that this fact is one of the key observations that will be used in the
forthcoming chapter.
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Proof. Let S be a finite constraint language such that Pol(S) = C. Assume
that pPol(S) can be finitely generated. By Lemma 4.29 we then have that
S can p.p. implement any κ-ary relations in Inv(C) with O(κ) existentially
quantified variables. However, this is a contradiction since 〈S〉 is superpoly-
nomially closed by Theorem 4.14. To see this simply note that C cannot con-
tain an n-edge operation for any n ≥ 2 since an n-edge operation by defini-
tion is not essentially unary. This fact together with Lemma 4.12 results in a
contradiction. Hence, pPol(S) cannot be of finite order.

This theorem has a number of interesting applications. First, recall that
for Boolean constraint languages S, SAT(S) is NP-complete if and only if
Pol(S) ⊆ [¬x]. Hence, assuming P 6= NP, pPol(S) is of infinite order when-
ever S is finite and SAT(S) is NP-complete. This implies that describing par-
tial polymorphisms of finite constraint languages resulting in NP-complete
CSP problems is a very difficult problem. For some illustrative usages of this
theorem, let R1/κ , Γk

SAT and Γk
NAE be defined as in Section 2.3.2 in Chapter 2,

and recall that for κ ≥ 3, SAT({R1/κ}), SAT(Γκ
NAE), and SAT(Γκ

SAT) can be
seen as alternative formulations of the well-known NP-complete problems
MONOTONE 1-IN-κ-SAT, NOT-ALL-EQUAL-κ-SAT, and κ-SAT, respectively.
Since all these languages are finite we obtain the following corollary to The-
orem 4.30.

Corollary 4.31. Let κ ≥ 3. Then pPol(Γκ
SAT), pPol(Γκ

NAE), and pPol({R1/κ}) are
of infinite order.

It is worth noting that a complete dichotomy theorem for CSP(S) for con-
straint languages S defined over arbitrary finite domains is not yet known.
However, if Pol(S) is essentially unary and every f ∈ Pol(S) is injective, then
CSP(S) is NP-complete [JCG97]. Hence, Theorem 4.30 also extends to many
non-Boolean cases where CSP(S) is NP-complete.

4.7 Summary and Conclusions

We have studied the question of whether a polynomial amount of variables
is sufficient to implement any relation in a given co-clone, have provided a
complete dichotomy theorem for the Boolean co-clones where this is possi-
ble, and have also given several general results for arbitrary finite domains.
Using these notions we have then studied the question of whether a given
strong partial clone is of finite or infinite order, and proven that the latter
holds for a large variety of well-studied constraint languages. In particular,
the strong partial clones of interest in this thesis are almost always of infi-
nite order. However, as we expand upon in the next section, it is possible to
describe these strong partial clones by finite sets of partial functions.
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Partial Clones

– Bring you my coat?
– Yes, sir, there is it.
– Button me. It pinches me too
much upon stomack.

English as she is spoke

In this chapter we consider the implications of Theorem 4.30 and pro-
pose a method to describe the partial polymorphisms of any finite constraint
language S with a finite set of partial functions.

5.1 Introduction

The results in Chapter 4 have probably left a rather bleak picture of the ap-
plicability of partial clone theory to study the computational complexity of
CSP and SAT problems. For the Boolean domain, not only are the two inter-
vals Int[·]s(Pol({R1/3})) and Int[·]s(Pol({RNAE})) of uncountably infinite or-
der [Sch15], but according to Theorem 4.30 in Chapter 4, whenever pPol(S)
is included in any of these two intervals and S is finite, then pPol(S) is of
infinite order. Hence, assuming P 6= NP, for all finite Boolean constraint lan-
guages S such that SAT(S) is NP-complete pPol(S) is of infinite order. For
example, there does not exist any finite set of partial functions F such that
[F]s = pPol({R1/3}).

In this chapter we consider methods to describe strong partial clones of
infinite order, by introducing a new closure operator for partial functions,
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Cl(·), and prove that there for any finite constraint language S exists a finite
set F ⊆ pPol(S) such that Cl(F) = pPol(S). Hence, in general, the operator
Cl(·) is stronger than [·]s. We begin in Section 5.3 by introducing the notions
of contraction and stretching of a partial function. If a partial function is con-
tractable then, informally, this means that two or more arguments are iden-
tical whenever the function is defined. The function obtained by identifying
these arguments is called the contraction of the function while the function
obtained by duplicating one or more of its argument is called a stretching.
With these notions we then define the bounded base of a strong partial clone.
Given a finite constraint language S the bounded basis is defined to be a fi-
nite subset of pPol(S), where the bound on the included functions depends
only of the size of S, i.e. the cardinality and arity of the included relations. Let
B(S) denote this set of partial functions for some finite constraint language
S, and observe that in general [B(S)]s ⊂ pPol(S). Hence, we need a way to
obtain the functions included in the set pPol(S) \ [B(S)]s.

To accomplish this, we in Section 5.4 first define the union of a set of
partial functions G as the function u(G) defined by u(G)(x1, . . . , xn) =
g(x1, . . . , xn) if there exists g ∈ G such that g is defined, and undefined for
this sequence of arguments otherwise. It is not too hard to see that if no
restrictons are induced on the set G then this operator is too strong to be
useful. We therefore introduce two notions to restrict this operator. The first
one, consistency, says that any functions in G returns the same value, or are
undefined, when applied to the same sequence of arguments. The second
one, k-covering, means that whenever we take some functions from G which
together are not defined on more than k sequences of arguments, then G also
contains the union of these functions. Together these two restrictions guar-
antee the safety of the union operator. We let Cl(B(S)) denote the set of all
functions obtained by the union operator to stretchings of consistent and k-
covering subsets of B(S), and then prove that Cl(B(S)) = pPol(S). In other
words, any function in pPol(S) can be defined in terms of the union of a set
of stretchings of functions from the bounded basis. Hence, the bounded ba-
sis is expressive enough to characterise the strong partial clone of any finite
constraint language.

Finally, we turn to the problem of determining bounded bases of finite
Boolean constraint languages (Section 5.5). We first give some general results
regarding Boolean constraint languages that contain additional sign patterns,
i.e., relations representing negated arguments, and prove that in many cases
the partial polymorphisms of such languages can be described in terms of
simpler relations. Then we provide descriptions of the bounded bases for
the two languages {R1/κ} and Γκ

SAT, which, thanks to the notions introduced
in this chapter, have a particularly simple form.

78
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5.2 Preliminaries

For a finite set of partial functions F over a finite domain we let ar(F) =
max f∈F(ar( f )). Similarly, if S is a finite constraint language over a finite
domain we let ar(S) = maxR∈S(ar(R)). Given a relation R ⊆ Dκ over a finite
domain we let #tuples(R) = |R|, i.e., the number of tuples in the relation, and
if S is a finite constraint language over a finite domain D we let #tuples(Γ) =
maxR∈Γ(#tuples(R)). Note that #tuples(S) ≤ |D|ar(S) always holds.

Recall from Section 2.1 in Chapter 2 that for κ ≥ 0 and c ∈ {0, 1},
we write ~c κ for a κ-ary sequence of 0’s or 1’s. If κ is clear from the
context we simply write ~c. If R is a κ-ary relation and t1, . . . , tn ∈
R a sequence of n tuples then we let Cols(t1, . . . , tn) be the sequence(
(t1[1], . . . , tn[1]), . . . , (t1[κ], . . . , tn[κ])

)
. In other words, Cols(t1, . . . , tn)

are the columns in the n × κ matrix formed by letting each element
ai,j = ti[j]. For instance, Cols((0, 1, 1), (1, 1, 1)) is the sequence of tuples
((0, 1), (1, 1), (1, 1)). Whenever convenient we also use ColsSet(t1, . . . , tκ) for
the set (instead of a sequence) {(t1[1], . . . , tn[1]), . . . , (t1[κ], . . . , tn[κ])}.

5.3 Bounded Bases

In this section we give our first contribution of this chapter, namely, that for
any finite constraint language S, it is possible to determine a finite set of par-
tial functions which completely describes pPol(S). This finite set of partial
functions is referred to as a bounded base. We start with an investigation of
how functions with small arities characterise the partial polymorphisms of
S. Intuitively, if f has ‘high’ arity, we will consider sets of variables which
have the same value in all the tuples over which f is defined, and consider
the contraction of f obtained by removing such duplicates.

Definition 5.1 (redundant variable). Let g be an n-ary partial function over
arguments x1, . . . , xn. A variable xi is said to be redundant with xj for g (j 6= i),
if u[i] = u[j] for all u ∈ domain(g).

If f is an n-ary function and σ is a permutation on [n], then we denote
by g ◦ σ the function defined by g ◦ σ(x1, . . . , xn) = g(xσ(1), . . . , xσ(n)) for all
x1, . . . , xn.

Definition 5.2 (contraction, stretching). Let g be an n-ary partial function
over arguments x1, . . . , xn. If there is a permutation σ of [n] and a func-
tion γ from {m + 1, . . . , n} to [m] such that for all i ∈ {m + 1, . . . , n},
xi is redundant with xγ(i) for g ◦ σ, then the m-contraction of g with re-
spect to σ and γ is the m-ary function g′ defined by g′(x1, . . . , xm) = g ◦
σ(x1, . . . , xm, xγ(m+1), . . . , xγ(n)). In this case g is also said to be an n-stretching
of g′ with respect to σ and γ.

Example 5.3. Let g be the 6-ary partial function defined by g(0, 0, 0, 0, 1, 1) =
g(0, 1, 0, 0, 0, 0) = 0, g(1, 1, 1, 1, 0, 0) = 1, and undefined otherwise. With
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the permutation σ = (1, 2, 3, 5, 4, 6) we get g ◦ σ(0, 0, 0, 1, 0, 1) = 0, g ◦
σ(0, 1, 0, 0, 0, 0) = 0, and g ◦ σ(1, 1, 1, 0, 1, 0) = 1. Now with γ(5) = 1 and
γ(6) = 4 we can see that for g ◦ σ, x5 is redundant with xγ(5) and x6 is re-
dundant with xγ(6). Then the 4-contraction of g with respect to σ and γ is the
4-ary function g′ defined by g′(x1, x2, x3, x4) = g ◦ σ(x1, x2, x3, x4, x1, x4), that
is, by g′(0, 0, 0, 1) = g ◦ σ(0, 0, 0, 1, 0, 1) = g′(0, 1, 0, 0) = 0, g′(1, 1, 1, 0) = 1,
and undefined otherwise. Observe that a contraction is not necessarily max-
imal, in the sense that the m-contraction of a function may itself have an m′-
contraction for some m′ < m, as is the case in this example (x3 is redundant
with x1 for g′).

If g′ is the m-contraction of g with respect to some permutation σ and
function γ, we simply say that g′ is an m-contraction of g (and that g is an
n-stretching of g′). If an n-ary function f has no m-contractions for some
m < n, then we say that f is uncontractable to arity m. For instance, if f is
an n-ary function defined only on tuples of Hamming weight 1, then it is
uncontractable to arity n − 1 since for all variables xi 6= xj, there is a tuple
in the domain of f which assigns 1 to xi and 0 to xj and hence, xi is not
redundant with xj for f . Note that if f is uncontractable to arity m, then it is
a fortiori uncontractable to any arity m′ ≤ m.

Given a set of partial functions F, we write Sn(F) for the set of all n-ary
partial functions that are an n-stretching of some f ∈ F, and Cm(F) for the
set of all m-ary partial functions that are an m-contraction of some f ∈ F. For
m ≤ n we let Um

n be the set of all n-ary partial functions uncontractable to
arity m. The following is a simple but essential property.

Lemma 5.4. Let g′ be an m-contraction of an n-ary partial function g. Then
[{g′}]s = [{g}]s holds.

Proof. Since g′ is an m-contraction of g there exists σ and γ for which
g′(x1, . . . , xm) = g ◦ σ(x1, . . . , xm, xγ(m+1), . . . , xγ(n)). Recall that πn

i denotes
the ith projection function of arity n, and write −→x for the tuple (x1, . . . , xm).
Then we have

g′(−→x ) = g ◦ σ(πm
1 (
−→x ), . . . , πm

m(
−→x ), πm

γ(m+1)(
−→x ), . . . , πm

γ(n)(
−→x ))

and

g ◦ σ(x1, . . . , xn) = g(πn
σ(1)(x1, . . . , xn), . . . , πn

σ(n)(x1, . . . , xn)).

Hence, g′ can be obtained by composition of g and projection functions, from
which it follows that g′ ∈ [{g}]s, and therefore also that [{g′}]s ⊆ [{g}]s.

For the reverse inclusion let

g′′(x1, . . . , xn) = g′(πn
1 (x1, . . . , xn), . . . , πn

m(x1, . . . , xn)),

and let g′′′ = g′′ ◦ σ−1. Clearly, g equivalent to g′′′ except that the arguments
xm+1, . . . , xn of g′′′ can take arbitrary values. Hence, g is a subfunction of g′′′.
From this it follows that g ∈ [{g′′′}]s and, reasoning as above, g ∈ [{g′}]s,
hence [{g}]s ⊆ [{g′}]s.
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The notions of contraction and stretching will allow us to bound the ari-
ties of the functions needed to characterise a strong partial clone. Dually, we
now introduce the notion of a k-restriction, which will allow us to bound the
size of the domain of these functions.

Definition 5.5 (k-restriction). Let f be an n-ary partial function, and k be an
integer with |domain( f )| ≥ k. An n-ary function g is said to be a k-restriction
of f if g is a subfunction of f and |domain(g)| = k holds.

For a partial function f and an integer k, we write Rk( f ) for the set of all
functions that are a k-restriction of f if |domain( f )| ≥ k holds, and otherwise
we define Rk( f ) = ∅. If F is a set of partial functions, then Rk(F) denotes⋃

f∈FRk( f ). The following lemma, which relates partial polymorphisms
with their restrictions and contractions, is the cornerstone of our study.

Lemma 5.6. Let R be a relation, let κ ≥ ar(R) and n > µ ≥ #tuples(R),
and let f be an n-ary partial function. Then f ∈ pPol({R}) holds if and only
if Cµ(Rκ′( f )) ⊆ pPol({R}) holds for all κ′ ≤ κ.

Proof. First assume f ∈ pPol({R}). Then g ∈ pPol({R}) holds for every
subfunction g of f , and all µ-contractions g′ of such a g are in pPol({R})
by Lemma 5.4. For the other direction, towards contradiction assume f /∈
pPol({R}). Then there is a sequence of tuples t1, . . . , tn ∈ R with

f (t1, . . . , tn) = ( f (t1[1], . . . , tn[1]), . . . , f (t1[ar(R)], . . . , tn[ar(R)])) /∈ R.

Note that at least n − µ of these tuples must be repeated since we assume
n > µ ≥ #tuples(R). Let λ ≤ ar(R) ≤ κ be the number of distinct tuples
in Cols(t1, . . . , tn), and let g be the λ-restriction g of f defined only on these
tuples. Since all but at most µ tuples are repeated in t1, . . . , tn there exists at
least one µ-contraction g′ of g and ti1 , . . . tiµ ⊆ {t1, . . . , tn} such that

g′(ti1 , . . . , tiµ) = g(t1, . . . , tn) = f (t1, . . . , tn) /∈ R.

This contradicts that all µ-contractions of all λ-restrictions of f are in
pPol({R}).

We immediately get the following generalisation to constraint languages
(instead of single relations).

Corollary 5.7. Let S be a finite constraint language, let κ ≥ ar(S), n > µ ≥
#tuples(S), and let f be an n-ary partial function. Then f ∈ pPol(S) if and only if
Cµ(Rκ′( f )) ⊆ pPol(S) for all κ′ ≤ κ.

Proof. Assume f ∈ pPol(S), and let R ∈ S, hence f ∈ pPol({R}). Let κ′ ≤ κ,
and let g′ be a µ-contraction of a κ′-restriction g of f . By Lemma 5.6 g′ is in
pPol({R}). Since R was arbitrarily chosen in S we get g′ ∈ pPol(S). For the
other direction, let f be as in the claim, and let R ∈ S, hence Cµ(Rκ′( f )) ⊆
pPol({R}). By Lemma 5.6 again we get f ∈ pPol({R}), and since R was
arbitrarily chosen in S we conclude that f ∈ pPol(S).
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5. BOUNDED BASES OF STRONG PARTIAL CLONES

Example 5.8. Let f be the ternary partial function defined by f (0, 0, 1) = 0,
f (0, 1, 0) = 0, f = (1, 0, 0) = 1, and f (1, 1, 1) = 0. Observe that f re-
stricted to {(0, 0, 1), (0, 1, 0), (1, 0, 0)} is a subfunction of π3

1. To check that
f ∈ pPol({R1/3}) one only has to verify that the contractions of all 1-
, 2-, and 3-restrictions of f are in pPol({R1/3}). Since any restriction not
defined on (1, 1, 1) is a projection, we only need to check that all restric-
tions containing (1, 1, 1) preserve R1/3. We do this in turn. First let g1 be
the 1-restriction defined only on (1, 1, 1). This function is 1-contractable to
g′1(1) = 0 and we easily see that g′ preserves R1/3, hence so does g1 by
Lemma 5.4. For 2-restrictions let, e.g., g2(0, 0, 1) = 0 and g2(1, 1, 1) = 0,
and let g′2(0, 1) = 0, g′2(1, 1) = 0 be its only 2-contraction. This function also
preserves R1/3 since its application on two tuples from R1/3 will always be
undefined. As for 3-restrictions let, e.g., g3(0, 0, 1) = 0, g3(0, 1, 0) = 0, and
g3(1, 1, 1) = 0. This function is not 1- or 2-contractable, but it preserves R1/3

since, for instance, g3((0, 0, 1), (0, 1, 0), (1, 0, 0)) is undefined, and if one tuple
from R1/3 is repeated (as in the case of g3((0, 0, 1), (0, 0, 1), (0, 1, 0))), then g3
is also undefined since there is at least one application of g3(0, 0, 0), which
is undefined. Hence f preserves R1/3 since all contractions of its 1-, 2- and
3-restrictions preserve R1/3.

Corollary 5.7 implies that the partial polymorphisms of a finite constraint
language can be derived from those with bounded arity and domain (with
bounds depending on the language). We now define these to constitute the
bounded base of the constraint language.

Definition 5.9 (bounded base). Let S be a finite constraint language with
κ = ar(S) and µ = #tuples(S). The bounded base of S, B(S), is defined to be

B(S) = { f | f ∈ pPol(S), ar( f ) ≤ µ, |domain( f )| ≤ κ}.

The following theorem shows that representing languages by their
bounded bases suffices to distinguish languages with different expressivity.

Theorem 5.10. Let S, S′ be finite and column-irredundant constraint languages
with B(S) = B(S′). Then pPol(S) = pPol(S′) holds.

Proof. If ar(S) = ar(S′) and #tuples(S) = #tuples(S′) then the result follows
directly from Corollary 5.7. Now assume towards contradiction pPol(S) 6=
pPol(S′) and κ = ar(S) 6= κ′ = ar(S′), and by symmetry κ < κ′.

Note that B(S′) contains no function f with |domain( f )| = κ′, since by
definition B(S) does not contain any function with a domain of size more
than κ, and such an f would separate B(S′) from B(S), contradicting our
assumption. Now since S′ is column-irredundant we have κ′ ≤ |D|µ′ for
µ′ = #tuples(S′), and obviously all µ′-ary projections have κ′-restrictions.
These are in B(S′) by definition of a bounded base, yielding a contradiction.

Finally assume µ = #tuples(S) 6= µ′ = #tuples(S′), and by symmetry
that µ < µ′. Then as above we get from B(S) = B(S′) that B(S′) contains
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no µ′-ary function. But any 1-restriction of an µ′-ary projection has to be
included in B(S′), which results in a contradiction.

It may be the case that two different languages generate the same weak
partial co-clone but have different bounded bases because their arities or
numbers of tuples are different, but as we show in Section 5.4, we can still
compare their expressivity using bounded bases.

5.4 Closure of Bounded Bases

In this section we show how, for a finite constraint language S, the whole
strong partial clone pPol(S) can be recovered from the functions in the finite
base B(S), which is done using a notion of closure stronger than functional
composition. With this we investigate how bounded bases can be used to
compare the expressivity of finite constraint languages. We first need some
preliminary definitions to cope with the fact that the bounded base is a finite
set.

Definition 5.11 (covering). Let G be a set of n-ary partial functions, and let
k ≥ 1. Then G is said to be k-covering if for all U ⊆ ∪g∈Gdomain(g) satisfying
|U| ≤ k, there is a function g ∈ G with domain(g) = U.

We say that a set of n-ary partial functions G is consistent if for all g, g′ ∈ G
and all (x1, . . . , xn) ∈ domain(g) ∩ domain(g′), it holds that g(x1, . . . , xn) =
g′(x1, . . . , xn). Consistency ensures that g can be chosen arbitrarily in the
next definition.

Definition 5.12 (union). Let G be a consistent set of n-ary partial func-
tions. The union of G, written u(G), is the n-ary partial function defined by
u(G)(x1, . . . , xn) = g(x1, . . . , xn) for all (x1, . . . , xn) such that some g ∈ G is
defined on (x1, . . . , xn), and undefined for other tuples.

Given a function f and k ≥ 1, we define the k-covering of f as the set of
functions Gk( f ) =

⋃k
k′=1Rk′( f ). Observe that u(Gk( f )) = f holds. Next

recall that Sn(F) denotes the set of all functions that are an n-stretching of
some function in F, and that Um

n denotes the set of all n-ary partial functions
that are uncontractable to arity m. We are now ready to define our notion of
closure.

Definition 5.13 (closure). Let F be a finite set of partial functions with m =
ar(F). Let k ≥ 1, n ≥ 1 be integers. The k, n-closure of F, written Clk,n(F), is
the set of n-ary functions defined by

Clk,n(F) = {u(G) | G ⊆ F, ar(G) = n, G is k-covering and consistent}

for n ≤ m, and

Clk,n(F) = {u(G) | G ⊆ Sn(F) ∪ Um
n , G is k-covering and consistent}
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for n > m. The k-closure of F is defined to be

Clk(F) =
∞⋃

n=1

Clk,n(F).

Example 5.14. As a simple example let R0 = {(0)}. From Table 2.1 in
Chapter 2, Table 3.1 in Chapter 3 and Table 4.1 in Chapter 4 it is easy to
see that pPol({R0}) = [{x1 ∧ x2, x1 ⊕ x2}]s. The bounded base B({R0})
consists of all unary f ∈ pPol({R0}) satisfying |domain( f )| = 1. Thus
B({R0}) = { f1, f2, f3} where f1, f2, f3 are defined as f1(0) = 0, f2(1) = 1,
f3(1) = 0, and undefined otherwise. To exemplify 1,2-closure we see
that x1 ∧ x2 = u(G)(x1, x2) where G = {g1, g2, g3, g4} and g1(0, 0) = 0,
g2(0, 1) = 0, g3(1, 0) = 0, g4(1, 1) = 1, and undefined for all other val-
ues. Since g1 ∈ S2({ f1}) , g4 ∈ S2({ f2}), and g2, g3 ∈ U 1

2 , it follows that
x1 ∧ x2 ∈ Cl1,2({ f1, f2, f3}).

Note that we slightly abuse the term ‘closure’, since the k-closure operator
fails to satisfy all properties normally associated with closure operators. For
example, it does not hold that Clk(F) = Clk(Clk(F)) since k-closure is only
defined for finite sets of partial functions. With the notion of k-closure in
hand, we can now show that it captures exactly what we want, namely, that
the ar(S)-closure of the bounded base of S is exactly pPol(S).

Theorem 5.15. Let S be a finite constraint language. Then Clar(S)(B(S)) =
pPol(S) holds.

Proof. Write κ = ar(S) and µ = #tuples(S), and first let f ∈ Clκ(B(S)) be
an n-ary partial function. For n ≤ µ, by definition of closure the κ-covering
Gκ( f ) of f satisfies Gκ( f ) ⊆ B(S) ⊆ pPol(S). Since all relations in S are at
most κ-ary, any application of f to tuples from such a relation is in fact an
application of some f ′ in the κ-covering of f , hence f preserves S. Now for
n > µ we have by definition of closure that for all κ′ ≤ κ and all κ′-restrictions
g of f , either g is uncontractable to arity µ or g is the stretching of a function
g′ in B(S) ⊆ pPol(S). In the latter case all µ-contractions of g are in pPol(S)
by Lemma 5.4, and this also holds vacuously in the former case. Hence, we
get f ∈ pPol(S) by Corollary 5.7.

Conversely, let f ∈ pPol(S) be an n-ary function. For n ≤ µ, by definition
the κ-covering Gκ( f ) of f consists of functions of arity n that are defined on
at most κ tuples, and which are in pPol(S) as subfunctions of f . It follows
that Gκ( f ) ⊆ B(S) and hence, f = u(Gκ( f )) is in Clκ(B(S)). Finally, for
n > µ, let κ′ ≤ κ and let g be a κ′-restriction of f , that is, let g be a function
in the κ-covering Gκ( f ) of f . We get Cµ(g) ⊆ pPol(S) from Corollary 5.7,
and hence either g ∈ Uµ

n holds or g has at least one µ-contraction g′, which
is in pPol(S) and hence in B(S). In the latter case g is a stretching of g′, and
finally, Gκ( f ) ⊆ Sn(B(S)) ∪ Uµ

n , which concludes the proof.

To exemplify this result, let R0 and f1, f2, f3 be defined as in Example 5.14.
From Theorem 5.15 we get Cl1({ f1, f2, f3}) = pPol({R0}), i.e., the set of all
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total or partial functions that are 0-reproducing. The proof of Theorem 5.15
also makes it clear why we need the sets Uµ

n of uncontractable functions.

5.5 Determining Bounded Bases of Boolean Constraint
Languages

In this section we turn to the problem of determining bounded bases of
Boolean constraint languages. We start with a general construction for
retrieving the partial polymorphisms of the language obtained from an-
other one by allowing some arguments to be negated in constraint appli-
cations, and then determine bounded bases for two of the most studied lan-
guages corresponding to NP-complete SAT problems, namely MONOTONE

1-IN-κ-SAT and κ-SAT.

5.5.1 Sign Patterns

It is natural to ask how the complexity of CSP(S) is influenced by negated ar-
guments in constraint applications. To handle this we extend S by additional
relations, representing the cases where one or more arguments are negated.
Recall from Section 2.3.2 in Chapter 2 that R(s1,...,sκ) denotes the relation
{(xs1

1 , . . . , xsκ
κ ) | (x1, . . . , xκ) ∈ R}, with x+i = xi and x−i = xi. As a shorthand

we in this section write R = R(−,...,−). Interestingly, it is possible to describe
pPol({R}) and pPol({R, R}) in terms of pPol({R}). For an n-ary Boolean
partial function f , let the dual dual( f ) be defined by dual( f )(u) = f (u) for
all u ∈ domain( f ).

Theorem 5.16. Let R be Boolean relation. Then pPol({R}) = {dual( f ) | f ∈
pPol({R})} and pPol({R, R}) = { f | f , dual( f ) ∈ pPol({R})} hold.

Proof. For the first statement, first note t̄ ∈ R ⇐⇒ t ∈ R. Let f ∈
pPol({R}) be an n-ary partial function, and assume towards contradic-
tion that dual( f ) /∈ pPol({R}). Then there exists t1, . . . , tn ∈ R with
dual( f )(t1, . . . , tn) = t /∈ R. But if dual( f )(t1, . . . , tn) is defined then
f (t1, . . . , tn) = t̄ is defined, and by assumption t̄ ∈ R. By definition of a dual
function this means that dual( f )(t1, . . . , tn) = f (t1, . . . , tn) = ¯̄t = t must be
in R, a contradiction. Hence, dual( f ) is in pPol({R}). The converse follows
through entirely analogous arguments.

The second statement follows directly from the first one since by defini-
tion we have f ∈ pPol({R, R})⇐⇒ f ∈ pPol({R}) ∧ f ∈ pPol({R}).

The cases when one or more, but not all, arguments are negated are not
as straightforward, and we need a few additional definitions. First, call a
partial function f self-dual if for all u ∈ domain( f ) we have ū ∈ domain( f )
and f (ū) = f (u). Second, call a language S closed under sign patterns if for all
R ∈ S and s1, . . . , sar(R) ∈ {+,−}, the relation R(s1,...,sar(R)) is also in S.
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Theorem 5.17. Let R be a κ-ary Boolean relation. If f is in pPol({R}) and f is
self-dual, then f is in pPol({R(s1,...,sκ)}) for every sign pattern (s1, . . . , sκ).

Proof. Assume towards contradiction that f /∈ pPol({R(s1,...,sκ)}). Let n =
ar( f ), and let t1, . . . , tn ∈ R(s1,...,sκ) be such that f (t1, . . . , tn) is defined but
f (t1, . . . , tn) = t /∈ R(s1,...,sκ). Let t′1, . . . , t′n ∈ R be the corresponding tuples
of R, i.e., t′i[j] = ti[j] for sj = + and t′i[j] = ti[j] for sj = −, and similarly let
t′ be the tuple corresponding to t. Then t′1, . . . , t′n ∈ R holds by definition of
R(s1,...,sκ), and f (t′1, . . . , t′n) is defined since f is self-dual, but f (t′1, . . . , t′n) = t′

is not in R by definition of R(s1,...,sκ), again, contradicting f ∈ pPol({R}).

Theorem 5.18. Let S be a language closed under sign patterns, and let f ∈ pPol(S)
with u ∈ domain( f ) but ū /∈ domain( f ). Define f ′ by f ′(ū) = f (u), and
f ′(u′) = f (u′) for every u′ ∈ domain( f ). Then f ′ ∈ pPol(S).

Proof. Let n = ar( f ). Assume towards contradiction that for some R ∈ S
of arity ar(R) = κ we have t1, . . . , tn ∈ R, f ′(t1, . . . , tn) defined, and
f ′(t1, . . . , tn) /∈ R. Let I ⊆ {1, . . . , κ} be the set of all indices i for which
(t1[i], . . . , tn[i]) = ū; note that I 6= ∅, as otherwise we have a witness against
f ∈ pPol(S). Let R′ ∈ S be R negated exactly in arguments I and for each
1 ≤ j ≤ n let t′j be tj negated in positions I. Then f (t′1, . . . , t′n) is defined
(and uses the tuple u ∈ domain( f ) in place of ū), and t′1, . . . , t′n ∈ R′, but
f (t′1, . . . , t′n) /∈ R′ (since f (t′1, . . . , t′n) differs from f ′(t1, . . . , tn) in exactly the
positions I). This contradicts the assumption f ∈ pPol(S).

Given two additional assumptions, we can strengthen this further. Call
a constraint language S closed under fixing arguments if for all R ∈ S, 1 ≤
i ≤ ar(R), c ∈ {0, 1}, the relation Rxi←c = {(x1, . . . , xi−1, c, xi+1, . . . , xar(R)) |
(x1, . . . , xi−1, xi, xi+1, . . . , xar(R)) ∈ R} is in S.

Theorem 5.19. Let R be a Boolean relation, S be the closure of {R} un-
der sign patterns, and let S′ be the closure of S under fixing arguments.
If Pol(S) = I2 then pPol(S′) = { f ′ | f ′ is a subfunction of some f ∈
pPol({R}), f is 0-reproducing, 1-reproducing, and self-dual}.

Proof. We show the result in two phases, first showing that pPol(S′) = { f ′ |
f ′ is a subfunction of f ∈ pPol(S), f is 0-reproducing and 1-reproducing},
then showing that this set, in turn, is characterised from pPol({R}) as de-
scribed. The first phase is essentially applications of Nordh and Zanut-
tini [NZ09], but we include proof sketches here for a self-contained presen-
tation. Through the remainder of this proof let n = ar( f ). First, we need to
establish that there is no f ∈ pPol(S′) with f (~0 n) = 1 or f (~1 n) = 0. For this,
let R′ ∈ S′ with~0 ar(R′) ∈ R′ and~1 ar(R′) /∈ R′; observe that S′ is closed under
sign patterns, hence such a relation R′ exists unless every R′ ∈ S′ is self-dual
(i.e., t̄ ∈ R′ for every t ∈ R′), which would contradict 〈S〉 = BR, as it means
that the total unary polymorphism x preserves S′. Hence R′ witnesses that
f (~0 n) 6= 1 for every f ∈ pPol(S′), and R′ witnesses that f (~1 n) 6= 0.
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Next, we show that every f ∈ pPol(S′) is a subfunction of some f ′ ∈
pPol(S′) with ~0 n,~1 n ∈ domain( f ′) and f ′(~0 n) = 0, f ′(~1 n) = 1, i.e., that
every f ∈ pPol(S′) can be extended by setting f (~0 n) = 0 and f (~1 n) = 1,
and the resulting function f ′ is also a partial polymorphism of S′. As-
sume to the contrary that for some R′ ∈ S′ and tuples t1, . . . , tn ∈ R′,
we have f ′(t1, . . . , tn) defined and f ′(t1, . . . , tn) /∈ R′. Then we must have
that f (t1, . . . , tn) is undefined. However, the only tuples in domain( f ′) \
domain( f ) are the constants ~0 n and ~1 n. Thus, the tuples t1, . . . , tn as well
as the function output f ′(t1, . . . , tn) define a pattern of fixed arguments in
R′, hence there is some further relation R′′ ∈ S′ corresponding to fixing this
pattern in R′, with tuples t′1, . . . , t′n ∈ R′′ such that f (t′1, . . . , t′n) is defined,
hence f (t′1, . . . , t′n) = f ′(t′1, . . . , t′n) /∈ R′′, contradicting that f ∈ pPol(S′).
This shows that every f ∈ pPol(S′) is a subfunction of some f ′ ∈ pPol(S′)
with f ′(~0 n) = 0 and f ′(~1 n) = 1.

For the final part of the first phase, we show that if f is a partial func-
tion with~0 n,~1 n ∈ domain( f ) and f (~0 n) = 0, f (~1 n) = 1, then f ∈ pPol(S)
if and only if f ∈ pPol(S′). One direction is trivial: as S ⊆ S′ we have
pPol(S′) ⊆ pPol(S), so it remains to show that assuming f ∈ pPol(S), we
get f ∈ pPol(S′). Assume towards contradiction f /∈ pPol(S′). Then there is
some relation R′ ∈ pPol(S′) with t1, . . . , tn ∈ R′ and f (t1, . . . , tn) defined, but
f (t1, . . . , tn) /∈ R′. Since R′ is obtained from fixing arguments in some rela-
tion R′′ ∈ S, it must be that the tuples t1, . . . , tn can be extended, by inserting
positions fixed to 0 and/or 1, to some tuples t′1, . . . , t′n such that t′1, . . . , t′n ∈
R′′ and either f (t′1, . . . , t′n) ∈ R′′ or f (t′1, . . . , t′n) is undefined. However, the
latter is impossible, as the only columns in Cols(t′1, . . . , t′n) not present in
Cols(t1, . . . , tn) are ~0 n and/or ~1 n, and we have ~0 n,~1 n ∈ domain( f ). Thus
we have f (t′1, . . . , t′n) ∈ R′′. But since f (~0 n) = 0 and f (~1 n) = 1, the output
of f (t′1, . . . , t′n) matches the pattern of fixed arguments of t′1, . . . , t′n, hence
f (t′1, . . . , t′n) ∈ R′′ implies f (t1, . . . , tn) ∈ R′. We conclude that f ∈ pPol(S′).

This concludes the first phase, and we have shown that pPol(S′) consists
exactly of subfunctions of

{ f | f ∈ pPol(S), f is 0-reproducing and 1-reproducing},

and we need to connect this set to pPol({R}). We proceed in the same three
steps as before. First, let f ∈ pPol(S) with f (~0 n) = 0 and f (~1 n) = 1,
and assume ū ∈ domain( f ) and f (u) = f (ū) for some u ∈ domain( f ).
Consider the subfunction f ′ of f with domain( f ′) = {~0 n,~1 n, u, ū}; then
|domain( f ′)| = 4, and f ′ has a contraction g which is a total binary func-
tion g ∈ {∧,∨}. However, since pPol(S) is closed under taking subfunctions
and contractions, we have g ∈ pPol(S), contradicting that 〈S〉 = BR.

For the second step, we may now invoke Theorem 5.18 to complete f
into a self-dual partial polymorphism of S, showing that every f ∈ pPol(S)
with f (~0 n) = 0 and f (~1 n) = 1 is a subfunction of some f ∈ pPol(S) that is
0-reproducing, 1-reproducing and self-dual.
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For the third and final step, we have as before that f ∈ pPol(S) trivially
implies f ∈ pPol({R}), and by Theorem 5.17, for any f ∈ pPol({R}) that is
self-dual we have f ∈ pPol(S). Hence, we have completed phase 2, estab-
lishing that the set

{ f | f ∈ pPol(S), f is 0-reproducing and 1-reproducing}

consists exactly of subfunctions of

{ f | f ∈ pPol({R}), f is 0-reproducing, 1-reproducing and self-dual}.

Combining this with the result of phase 1 finishes the proof.

Theorem 5.16 and Theorem 5.19 provide sufficient conditions for when it
is possible to describe pPol(S) through pPol({R}) if S is a sign pattern ex-
pansion of R. Naturally this also holds for B(S), which means that bounded
bases for these languages can be expressed in a particularly simple form.

5.5.2 1-IN-κ-SAT

In this section we determine the bounded base of R1/κ. Recall from Sec-
tion 2.3.2 in Chapter 2 that

R1/κ = {(x1, . . . , xκ) | x1, . . . , xκ ∈ {0, 1}, Σκ
i=1xi = 1},

and note that #tuples(R1/κ) = κ.
We give a general characterisation of the functions in the bounded base

B({R1/κ}). For integers λ, κ′ and a set of κ′-ary Boolean tuples U satisfying
|U| = λ, we say that U is an exact cover of {1, . . . , κ′} if for all i = 1, . . . , κ′,
there is a unique u ∈ U with u[i] = 1. For instance, for λ = 2 and κ′ = 3,
the set U = {(0, 1, 1), (1, 0, 0)} is an exact cover of {1, . . . , 3}, and for λ = 4
and κ′ = 3, the set U = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0)} is an exact cover
of {1, . . . , 3}. Observe that U is an exact cover of {1, . . . , κ′} if and only if
U \ {~0} and U ∪ {~0} are exact covers, and that the size λ = |U| of an exact
cover U of {1, . . . , κ′} satisfies either λ ≤ κ′ + 1 or λ ≤ κ′, depending on
whether U contains~0. We then have the following two lemmas.

Lemma 5.20. Let κ ≥ κ′ ≥ 1. If U ⊆ {0, 1}κ′ is an exact cover of {1, . . . , κ′} with
|U| = κ, then U = ColsSet(t1, . . . , tκ′) for some t1, . . . , tκ′ ∈ R1/κ.

Proof. Write U = {u1, . . . , uκ}. By definition of an exact cover, for all 1 ≤
i ≤ κ′ the tuple ti = (u1[i], . . . , uκ [i]) contains exactly one entry that is 1.
Hence ti ∈ R1/κ for all 1 ≤ i ≤ κ′, that is, U = ColsSet(t1, . . . , tκ′) for some
t1, . . . , tκ′ ∈ R1/κ.

Lemma 5.21. Let κ > κ′ ≥ 1. Then U ⊆ {0, 1}κ′ is an exact cover of {1, . . . , κ′}
with~0 ∈ U if and only if U = ColsSet(t1, . . . , tκ′) for some t1, . . . , tκ′ ∈ R1/κ.
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Proof. Assume U = {u1, . . . , uκ′} is an exact cover of [1, . . . , κ′] satisfying
~0κ′ ∈ U. By Lemma 5.20 each (u1[i], . . . , uκ′ [i]) corresponds to a tuple
(x1, . . . , xκ′) ∈ R1/κ′ . Let ti = (y1, . . . , yκ) ∈ R1/κ be the tuple satisfying
(x1, . . . , xκ′) = (yκ−κ′ , . . . , yκ) and note that this implies (y1, . . . , yκ−κ′−1) =
~0κ−κ′−1. It is then readily seen that ColsSet(t1, . . . tκ′) = U, which concludes
the proof of the first direction. The other direction follows from the fact that
for any t1, . . . , tκ′ ∈ R1/κ we have that ColsSet(t1, . . . , tκ′) is an exact cover
of [1, . . . , κ′] and that~0κ′ ∈ ColsSet(t1, . . . , tκ′) since there exists at least one
1 ≤ i ≤ κ such that (t1[i], . . . , tκ′ [i]) =~0κ′ .

Theorem 5.22. Let κ ≥ 3. Then the bounded base of R1/κ is the set of all functions
f with κ′ = ar( f ) ≤ κ and defined on at most κ tuples, that satisfy one of the
following two conditions:

1. for all exact covers U of {1, . . . , κ′} contained in domain( f ) and with~0 ∈ U
or |U| = κ, f restricted to U is a projection, or

2. ~0 ∈ domain( f ), |domain( f )| = κ, domain( f ) is an exact cover of
{1, . . . , κ′}, f (~0) = 1, and f (x1, . . . , xκ′) = 0 for all (x1, . . . , xκ′) ∈
domain( f ) \ {~0}.

Proof. Let f be a function in B(R1/κ). By definition of a bounded base, from
ar(R1/κ) = #tuples(R1/κ) = κ we get ar( f ), |domain( f )| ≤ κ. We now distin-
guish two cases for the tuple~0. First assume~0 /∈ domain( f ) or f (~0) = 0, and
let U ⊆ domain( f ) be an exact cover of {1, . . . , κ′} with~0 ∈ U or |U| = κ.
Let T be the sequence of tuples from R1/κ satisfying ColsSet(T) = U. For
|U| = κ and~0 /∈ U, such T exists by Lemma 5.20, and it is easily seen that it
has to contain each tuple of R1/κ exactly once. For the case when~0 ∈ U such
T exists by Lemma 5.21 and |domain( f )| ≤ κ. Now because f preserves R1/κ

by assumption, f applied columnwise to T must yield a tuple containing ex-
actly one 1. Hence for |U| = κ and~0 /∈ U it is clear that f restricted to U is
a projection, and for~0 ∈ U, using f (~0) = 0 we get that f (x1, . . . , xκ′) must
be 1 for some (x1, . . . , xκ′) ∈ U \ {~0}, hence again that f restricted to U is a
projection. Finally, f is in Case (1). Now assume f (~0) = 1 and that f is not
in Case (1). We first show that |domain( f )| = κ and domain( f ) is an exact
cover of {1, . . . , κ′}. We first claim that domain( f ) does not contain an exact
cover of {1, . . . , κ′} of size less than κ − 1. Indeed, otherwise it follows from
Lemma 5.21 that there exists a sequence T = (ti1 , . . . , tiκ′ ) of tuples from R1/κ

satisfying ColsSet(T) = U ∪ {~0} and such that~0 occurs at least twice a col-
umn. Hence f applied columnwise to T yields a tuple containing at least two
1’s and it follows that f does not preserve R1/κ, a contradiction. With this in
hand, since f is not in Case (1), domain( f ) must contain an exact cover of
{1, . . . , κ′}, hence one of size κ− 1 or κ. Denote this exact cover by U. But for
|U| = κ− 1, U cannot contain~0, since otherwise U \ {~0}would be a cover of
size less than κ − 1, which we have just shown to be impossible. Now since
we have~0 ∈ domain( f ) we get that U ∪ {~0} is an exact cover of size κ, as de-
sired. Hence |domain( f )| = κ and domain( f ) is an exact cover of {1, . . . , κ′}.
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Letting T be a sequence of tuples from R1/κ with ColsSet(T) = domain( f ),
we have that f applied columnwise to T must yield a tuple containing exactly
one 1. From f (~0) = 1 we conclude that f is constantly 0 on domain( f ) \ {~0}.
Finally, f is in Case (2).

We now show the reverse inclusion. Let T be a sequence of κ′ tuples from
R1/κ such that f is defined on ColsSet(T). We show that applying f column-
wise to T yields a tuple in R1/κ, which is enough to show the claim. Since T
is a sequence of tuples from R1/κ we have that ColsSet(T) is an exact cover of
{1, . . . , κ′}, which either contains~0 or is of size κ (or both). Hence if f is in
Case (1), then its restriction to U has to be a projection. Now, if f is in Case (2),
~0 cannot be repeated in Cols(T) since otherwise domain( f ) \ {~0}would be a
proper superset of ColsSet(T) \ {~0} (by |domain( f )| = κ) and hence, could
not be an exact cover of {1, . . . , κ′}. On the other hand, by definition of R1/κ,
no other column can be repeated in Cols(T), hence from |domain( f )| = κ
we conclude that ColsSet(T) = domain( f ). From the assumption it follows
that f applied columnwise to T yields a tuple containing exactly one 1, as
desired.

We emphasise that a similar characterisation could be given for the whole
set pPol({R1/κ}), but using bounded bases makes the characterisation much
simpler. For instance, Case (1) in the theorem encompasses the case when f
is a subfunction of a projection, but also the case when domain( f ) does not
contain an exact cover of {1, . . . , κ′}. In this latter case f can take arbitrary
values, since there are no t1, . . . , tκ′ ∈ R1/κ such that f (t1, . . . , tκ′) is defined. It
also encompasses (through κ, κ-closure) the general case of functions f (with
|domain( f )| > κ) whose domain contains several exact covers over which f
is a projection, and other tuples which do not participate in any exact cover,
and over which the value of f is unconstrained.

5.5.3 κ-SAT

In this section we use bounded bases to characterise the partial polymor-
phisms of Γκ

SAT. The following theorem establishes that B(Γκ
SAT) is particularly

simple, since it only consists of subfunctions of projections.

Theorem 5.23. Let κ ≥ 3. Then the bounded base of κ-SAT is given by

B(Γκ
SAT) = { f ||domain( f )| ≤ κ, ar( f ) ≤ 2κ − 1,

f is a subfunction of some π
ar( f )
i }.

Proof. Since a partial projection function trivially preserves all relations it
is clear that every partial projection f with |domain( f )| ≤ κ and ar( f ) ≤
2κ − 1 is included in B(Γκ

SAT). For the other direction let f ∈ B(Γκ
SAT). By

definition of a bounded base we have |domain( f )| ≤ ar(Γκ
SAT) = κ and

ar( f ) ≤ #tuples(Γκ
SAT) = 2κ − 1. Now assume towards contradiction that

f is not a subfunction of a projection. Write κ′ ≤ κ for |domain( f )| and
let u1, . . . , uκ′ be the tuples in domain( f ). Finally, for i = 1, . . . , κ′ let `i
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be xi if f (ui) is 0, and xi if f (ui) is 1, and let R f be the κ′-ary relation R f
defined by the clause (`1 ∨ · · · ∨ `κ′) Now since fi is not a subfunction of a
projection and u1, . . . , uκ′ enumerate domain( f ), the tuple ( f (u1), . . . , f (uκ′))
is different from the tuple (u1[i], . . . , uκ′ [i]) for all i = 1, . . . , ar( f ). More-
over, by construction of R f , ( f (u1), . . . , f (uκ′)) is not in R f . Since R f is de-
fined by a clause it contains all tuples but one, and it follows that it con-
tains the tuple (u1[i], . . . , uκ′ [i]) for all i = 1, . . . , ar( f ), but not the tuple
( f (u1), . . . , f (uκ′)). Hence R f is not preserved by f . On the other hand we
have R f (x1, . . . , xκ′) ≡ R(x1, . . . , xκ′ , xκ′ , . . . , xκ′) for an appropriately chosen
R ∈ Γκ

SAT, hence f ∈ B(Γκ
SAT) ⊆ pPol(Γκ

SAT) is a polymorphism of R f , a contra-
diction.

Again, using bounded bases makes the characterisation much simpler,
since pPol(Γκ

SAT) includes functions with |domain( f )| = λ > κ which are not
partial projections, as made clear in the following theorem. For a ground set
V, a hypergraphH ⊆ 2V is a set system over V, and a set S ⊆ V is a hitting set
ofH if for every E ∈ H we have E ∩ S 6= ∅.

Theorem 5.24. Let f be an n-ary partial function that is not a partial projec-
tion, and let domain( f ) = {u1, . . . , uk}. Let V = {v1, . . . , vk}, and define
H = {E1, . . . , En} ⊆ 2V by: vi ∈ Ej if and only if ui[j] 6= f (ui). Then
f ∈ pPol(Γκ

SAT) if and only if every hitting set ofH has size at least κ + 1.

Proof. Observe that ∅ /∈ H, since f is not a partial projection. On the one
hand, assume that H has a hitting set S of size κ or less. Consider the sub-
function f ′ of f with domain( f ′) = {ui | vi ∈ S}. By construction, f ′ is not
a partial projection; thus f ′ has a contraction g defined on at most κ tuples
and arity at most 2κ − 1. By Theorem 5.23, g is not a partial polymorphism
of κ-SAT, hence neither is f . On the other hand, assume that all hitting sets
of H have size at least κ + 1. Let B be the bounded base for κ-SAT; by Theo-
rem 5.15, we must show f ∈ Clκ,n(B). Let f ′ be a restriction of f on at most κ
tuples, and let S = {vi | ui ∈ domain( f ′)}. Then S is not a hitting set of H,
hence for some Ej ∈ H we have S ∩ Ej = ∅, hence f ′ is a subfunction of πn

j .
Now we have a few simple cases. If n ≤ 2κ − 1, then f ′ ∈ B; if n > 2κ − 1 but
f ′ has a contraction of arity at most 2κ − 1, then f ′ is a stretching of a function
in B; otherwise f ′ ∈ U 2κ−1

n by definition of Um
n . In each case, we see that we

can construct a κ-covering of f from B(Γκ
SAT), hence f ∈ Clκ,n(B) and we are

done.

5.6 Summary and Conclusions

We have proposed the new notion of a bounded base which, together with a
novel closure operator, allows one to characterise the partial polymorphisms
of a finite constraint language from a finite set of partial functions. This no-
tion gives simple characterisations of the partial polymorphisms of natural
and well-studied languages.
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6 Size-Preserving
Reductions and the
Exponential-Time
Hypothesis

– Comb-me quickly; don’t put me
so much pomatum. What news
tell me? all hairs dresser are
newsmonger.
– Sir, I have no heared any thing.

English as she is spoke

So far we have mainly been concerned with weak bases and properties of
strong partial clones. In this part of the thesis we shift the focus toward ap-
plications within computer science, and use partial clone theory to study the
computational complexity of constraint satisfaction problems. In this chapter
we introduce the computational problems that will be studied in the forth-
coming chapters, and introduce the concept of size-preserving reductions,
which will allow us to study the complexity of these problems in a more fine-
grained manner than possible with ordinary polynomial-time reductions.

6.1 Problems Under Consideration

The weighted maximum ones problem over S (W-MAX-ONES(S)) is an optimi-
sation version of SAT(S) where we for an instance on variables {x1, . . . , xn}
and weights wi ∈ Q≥0 want to find a solution h for which ∑n

i=1 wi h(xi)
is maximal. We can formulate W-MAX-ONES(S) as a decision problem
in NP by supplying a natural number k and ask whether there is a solu-
tion h such that ∑n

i=1 wi h(xi) ≥ k. The unweighted maximum ones problem
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(U-MAX-ONES(S)) is the W-MAX-ONES(S) problem where all weights have
the value 1. If it in a particular context does not matter whether the problem
is weighted or not we typically write MAX-ONES.

A finite-valued cost function on B is a function f : Bn → Q≥0. The valued
constraint satisfaction problem over a finite set of finite-valued cost functions ∆
(VCSP(∆)) is the problem of, given a set of variables V and a set of weight
W, minimising a sum of the form Σq

i=1 fi(xi), where fi ∈ ∆ and xi ∈ Var( f ).
Similar to the case of MAX-ONES we can treat VCSP as a decision problem
by supplying a number k and ask whether the sum is smaller than or equal
to k.

Note that the instances of the problems SAT(·), MAX-ONES(·) and
VCSP(·) all share a similar structure, in the sense that they all can be seen
as problems where the goal is to assign values from a fixed finite set to a col-
lection of variables. We call problems of this kind variable problems and let
Var(I) denote the set of variables of an instance I. In the context of this the-
sis, the term ‘variable problem’ is essentially treated as a shorthand for any
of the problems defined in this section, but also for certain graph problems
such as W-MAX-CUT and W-MAX INDEPENDENT SET, i.e., the problems of
finding a cut or an independent set in a weighted graph of size larger than
or equal to some k ≥ 0. In these two cases we let Var(I) denote the number
of vertices of an instance I.

6.2 Subexponential Time, Size-Preserving Reductions and
the Exponential-Time Hypothesis

If A is a computational problem we let I(A) be the set of problem instances
and ‖I‖ be the size of any I ∈ I(A), i.e. the number of bits required to repre-
sent I. A problem solvable in O(2c |Var(I)|) time for all c > 0 is a subexponential
problem, and we let SE denote the class of all variable problems solvable in
subexponential time. Naturally, SE can be defined using other complexity
parameters than |Var(I)| [IP01].

The exponential-time hypothesis (ETH) states that 3-SAT /∈ SE [IPZ01]. We
remind the reader that the ETH can be based on different size parameters
(such as the number of variables or the number of clauses) and that these
different definitions often coincide [IP01]. Note that even if A1 and A2 are
two variable problems in NP such that A2 ∈ SE and A1 is polynomial-time
many-one reducible to A2, then this does not automatically imply that A1 ∈
SE. To compare problems with respect to subexponential time complexity
we therefore need a more restriction notion of a polynomial-time reduction.

Definition 6.1. Let A1 and A2 be variable problems in NP. The function f
from I(A1) to I(A2) is a many-one linear variable reduction (LV-reduction) with
parameter C ≥ 0 if:

1. I is a yes-instance of A1 if and only if f (I) is a yes-instance of A2,

2. |Var( f (I))| = C · |Var(I)|+ O(1), and
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3. f (I) can be computed in O(poly(‖I‖)) time.

Note that LV-reductions can be seen as a restricted form of SERF-
reductions [IP01]. The term CV-reduction is used to denote LV-reductions
with parameter 1, and we write A1 ≤CV A2 to denote that the problem A1
has a CV-reduction to A2. We have the following two obvious theorems con-
cerning LV-reductions and CV-reductions.

Theorem 6.2. Let A1 and A2 two variable problems in NP such that A1 is solvable
in O(poly(‖I‖) · c|Var(I)|) time. If there exists an LV-reduction from A2 to A1 with
parameter C, then A2 can be solved in O(poly(‖I‖) · d|Var(I)|) time, where d = cC.

In particular, if A1 ∈ SE and A2 is LV-reducible to A1, then A2 ∈ SE, too.
Hence, LV-reductions are a useful tool for comparing problems with respect
to subexponential complexity. CV-reductions, on the other hand, are useful
when comparing the complexity of variable problems up to O(c|Var(I)|) time
complexity.

Theorem 6.3. Let A1 and A2 be two variable problems in NP such that A1 is
solvable in O(poly(‖I‖) · c|Var(I)|) time. If there exists a CV-reduction from A2 to
A1, then A2 can be solved in O(poly(‖I‖) · c|Var(I)|) time.

If A1 and A2 are two NP-complete variable problems we say that A1 is
at least as easy as (or not harder than) A2 if A1 is solvable in O(c|Var(I)|) time
whenever A1 is solvable in O(c|Var(I)|) time. Sometimes, we simply say that
A1 is easier than A2 if this condition holds. By definition, if A1 ≤CV A2 then
A1 is not harder than A2 but the converse is not true in general.
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7 The Boolean Satisfiability
Problem

– You have a bad tooth; will you
pull out this tooth?
– I can’t to decide me it, that
make me many great deal pain.
– Your tooth is absolutely roted;
if you leave it; shall spoil the
others.

English as she is spoke

In this chapter we study the complexity of the SAT(·) problem using the
size-preserving reductions defined in the previous chapter. We first prove
that partial polymorphisms can be used to compare the worst-case running
times of SAT(·) problems. With the help of this algebraic approach we are
then find a concrete relation R 6= 6= 6=1/3 such that SAT({R 6= 6= 6=1/3 }) in a precise way
can be referred to as the computationally easiest NP-complete SAT(·) prob-
lem. Using this result we are then able to prove that if there exists one NP-
complete SAT(S) problem such that SAT(S) ∈ SE, then all NP-complete
SAT(·) problems are solvable in subexponential time.

7.1 Introduction

Let S be a constraint language such that SAT(S) is NP-complete. What is the
time complexity of solving SAT(S)? Is SAT(S) solvable in subexponential
time or does there exist a concrete c ∈ R such that SAT(S) is solvable in
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O(c|Var(I)|) time, but not strictly faster than this? Ultimately, one would like
to have a ‘table’ that for each NP-complete SAT(S) problem not solvable in
subexponential time, contains a number c such that SAT(S) can be solved
in Θ(c|Var(I)|) time but not faster. It seems that we are very far from this
goal, unfortunately. Let us imagine a weaker qualitative approach: construct
a table that for every two problems SAT(S) and SAT(S′) tells us whether
SAT(S) and SAT(S′) can be solved equally fast, whether SAT(S) can be
solved strictly faster than SAT(S′), or vice versa (assuming P 6= NP). That is,
we have access to the underlying total order on running times but we cannot
say anything about the exact figures. Not surprisingly, we are far from this
goal, too. However, as will be made clear in this chapter, the lattice of strong
partial clones is a surprisingly useful approximation of such a table, and can
be used to draw several non-trivial conclusions.

The Easiest NP-complete SAT(·) Problem

We begin in Section 7.3 by proving that partial polymorphisms can be used
for comparing NP-complete SAT(·) problems with respect to CV-reductions.
More precisely, we prove that SAT(S) ≤CV SAT(S′) if pPol(S′) ⊆ pPol(S).
This result can be seen as an analogue of Theorem 2.13 in the context of par-
tial polymorphisms instead of total polymorphisms. While this result shows
that partial polymorphisms are indeed useful when comparing NP-complete
problems with respect to worst-case time complexity, recall from Section 2.4.1
in Chapter 2 that the lattice of strong partial clones is of uncountably infinite
cardinality even for the Boolean domain. Hence, a priori, there could exist
an uncountable number of possible cases of the worst-case time complexity
of SAT(·). Despite this, we in Section 7.4 show, by utilising the work from
Chapter 3 concerning weak bases, that there is a certain structure in the lat-
tice strong partial clones that enable us to find a constraint language S such
that SAT(S) is the easiest NP-complete SAT(S) problem. The easiest NP-
complete SAT(S) problem is surprisingly simple: S consists of a single 6-ary
relation R 6= 6= 6=1/3 which contains the three tuples (1, 0, 0, 0, 1, 1), (0, 1, 0, 1, 0, 1),
and (0, 0, 1, 1, 1, 0).

Obviously the first question that any astute reader would ask is exactly
how easy SAT({R 6= 6= 6=1/3 }) is compared to other SAT(·) problems. We answer
this question in Section 7.5 and relate the complexity of SAT({R 6= 6= 6=1/3 }) to
1-IN-3-SAT, and prove that SAT({R 6= 6= 6=1/3 }) is solvable in time O(2(c+ε)n) for
all ε > 0 if and only if 1-IN-3-SAT is solvable in time O(2(2c+ε)n) for all
ε > 0. By 1-IN-3-SAT we mean SAT(S) where S contains all ternary relations
corresponding to exactly one of three literals being assigned to true, not to
be confused with MONOTONE 1-IN-3-SAT, which we in this thesis typically
denote by SAT({R1/3}). Similar results are also proven for other languages
that like R 6= 6= 6=1/3 contain a sufficient number of complementary arguments.

We note that there has been an interest in identifying extremely easy NP-
complete problems before. For instance, van Rooij et al. [RKNB13] have
shown that the PARTITION INTO TRIANGLES problem restricted to graphs
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of maximum degree four can be solved in O(1.02445n) time. They argue
that practical algorithms may arise from this kind of studies, and the very
same observation has been made by, for instance, Woeginger [Woe03]. It
is important to note that our results give much more information than just
the mere fact that SAT({R 6= 6= 6=1/3 }) is easy to solve; they also tell us how this
problem is related to all other problems within the large and diverse class of
SAT(S) problems. This is one of the major advantages in using the clone-
theoretical approach when studying this kind of questions. Another reason
to study such problems is that they, in some sense, are close to the borderline
between problems in P and NP-complete problems (here we tacitly assume
that P 6= NP). The structure of this borderline has been studied with many
different aims and methods; two well-known examples are the articles by
Ladner [Lad75] and Schöning [Sch83].

Having determined the easiest SAT(·) problem, it is natural to investi-
gate other properties of the lattice of strong partial clones. We do this in Sec-
tion 7.6 and focus on two aspects. First, we provide a partial classification of
all Boolean constraint languages below MONOTONE 1-IN-3-SAT and among
other prove that the relations R 6= 6=1/3 = {(1, 0, 0, 0, 1), (0, 1, 0, 1, 0), (0, 0, 1, 1, 1)}
and R 6=1/3 = {(1, 0, 0, 0), (0, 1, 0, 1), (0, 0, 1, 1)} reside in this structure. We con-
jecture that the strong partial clones corresponding to these languages cover
each other in the sense that there are no languages of intermediate complex-
ity in between. If this is true then SAT({R 6= 6=1/3}) and SAT({R 6=1/3}) can be
regarded as the second easiest and third easiest SAT(·) problems, respec-
tively. Combined with the results from Section 7.5 this also shows that all
Boolean constraint languages below 1-IN-3-SAT are in the worst case solv-
able in time O(2(2c+ε)n) for all ε > 0 if the easiest problem SAT({R 6= 6= 6=1/3 }) is
solvable in time O(2(c+ε)n) for all ε > 0. Second, we show that both MONO-
TONE 1-IN-κ-SAT and κ-SAT correspond to different strong partial clones
for every κ and also that the strong partial clones corresponding to MONO-
TONE 1-IN-(κ + 1)-SAT and κ-SAT are incomparable. These proofs do not
require any particular complexity theoretical assumptions and may be inter-
esting to compare with existing work on the complexity of κ-SAT [IP01].

Subexponential Complexity and LV-reductions

The second contribution of this chapter (Section 7.8) is devoted to relating
the complexity of SAT(·) problems to the ETH [IPZ01]. The ETH has re-
cently gained popularity when studying the computational complexity of
combinatorial problems, cf. the survey by Lokshtanov et al. [LMS11].

To study the implications of the ETH for the SAT(·) problem we utilise
LV-reductions instead of CV-reductions, since the former results in more
powerful reductions but still preserve subexponential complexity. We let
the results in the previous sections guide us by exploiting the SAT({R 6= 6= 6=1/3 })
problem. This problem is CV-reducible (and thus trivially LV-reducible) to
any NP-complete SAT(S), but the converse question of which SAT(S) prob-
lems are LV-reducible to SAT({R 6= 6= 6=1/3 }) is more challenging. By utilising spar-
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sification [IP01; IPZ01], we can attack the more general problem of identify-
ing degree bounded SAT(S)-DEG-B problems that are subexponential if and
only if 3-SAT is subexponential. Here SAT(S)-DEG-B denotes the SAT(S)
problem restricted to instances where each variable occurs in at most B con-
straints. We do this in Section 7.8.3 and prove that the exponential-time hy-
pothesis holds if and only if either of SAT({R 6= 6= 6=1/3 })-DEG-2, SAT({R 6= 6=1/3})-
DEG-2 or SAT({R 6=1/3})-DEG-2 cannot be solved in subexponential time. An
important ingredient in the proof is the result (proven in Section 7.7) that
SAT({R 6= 6= 6=1/3 })-DEG-2 is NP-complete. This also holds for SAT({R 6= 6=1/3})-
DEG-2 and SAT({R 6=1/3})-DEG-2. We prove this by using results by Dalmau
and Ford [DF03] combined with the fact that R 6= 6= 6=1/3 , R 6= 6=1/3 and R 6=1/3 are not ∆-
matroid relations. This should be contrasted with MONOTONE 1-IN-3-SAT or
the unrestricted SAT problem, which are in P under the same restriction. We
conclude that SAT({R 6= 6= 6=1/3 })-DEG-2, SAT({R 6= 6=1/3})-DEG-2 and SAT({R 6=1/3})-
DEG-2 are all good examples of problems with extremely simple structures
but which remain NP-complete.

Combining these results we show the following consequence: if ETH
does not hold, then SAT(S)-DEG-B is subexponential for every B when-
ever S is finite. Thus, under LV-reductions, all SAT(S) problems and many
SAT(S)-DEG-B problems are equally hard. Impagliazzo et al. [IPZ01] prove
that many NP-complete problems in the complexity class SNP (which con-
tains the SAT(·) problem) are subexponential if and only if κ-SAT is subex-
ponential. Hence, we strengthen this result when restricted to SAT(·) prob-
lems. In the process, we also prove a stronger version of Impagliazzo et
al.’s [IPZ01] sparsification lemma for κ-SAT; namely that all finite Boolean
constraint languages S and S′ such that both SAT(S) and SAT(S′) are NP-
complete can be sparsified into each other. This can be contrasted with San-
thanam’s and Srinivasan’s [SS12] negative result, which states that the same
does not hold for the unrestricted SAT problem and, consequently, not for all
infinite Boolean constraint languages.

7.2 Preliminaries

Since we in this chapter are interested in the worst-case time complexity
of SAT(·) problems we introduce some simplifying notation: let H denote
the set of all finite Boolean constraint languages S such that SAT(S) is NP-
complete, and define the function T : H → R+ such that

T(S) = inf{c | SAT(S) can be solved in time O(2c·|Var(I)|)}.

Note that if T(S) = 0 then SAT(S) ∈ SE. Hence, the ETH can be restated
as the conjecture that T(Γ3

SAT) > 0. We can now define the concept of ‘easier
than’ from Section 6.2 in the previous chapter using the function T.

Definition 7.1. Let S, S′ ∈ H. If T(S) ≤ T(S′) then we say that SAT(S) is
easier than SAT(S′), and if T(S) < T(S′) then we say that SAT(S) is strictly
easier than SAT(S′).
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Note that the second case can only occur if SAT(S′) is not solvable in
subexponential time.

We conclude this section with a few words about bounded degree instances.
Let S be a constraint language and φ an instance of SAT(S). If x occurs in B
constraints in φ, then we say that the degree of x is B. We let SAT(S)-DEG-B
denote the SAT(S) problem where each variable in the input is restricted to
have degree at most B. Similarly, we let SAT(S)-OCC-B denote the SAT(S)
problem where in each instance each variable can occur at most B times. The
difference between the two notions is that in the latter case the total num-
ber of occurrences of variables, also within constraints, are counted, while
in the former only the degrees of variables are considered. For example, if
φ = R1/3(x, y, y)∧ R1/3(x, z, w), then x has degree 2 and y, z, w degree 1, but x
and y have the same number of occurrences. Obviously if SAT(S)-DEG-B is
in P then SAT(S)-OCC-B is also in P, and if SAT(S)-OCC-B is NP-complete
then SAT(S)-DEG-B is NP-complete. These restrictions are of particular in-
terest, since, for all constraint languages S such that SAT(S) is NP-complete,
SAT(S)-OCC-B is NP-complete for some B.

Theorem 7.2 (Jonsson et al. [JKK09]). If S ∈ H, then there exists an integer B
such that SAT(S)-OCC-B is NP-complete.

Hence, the same also holds for SAT(S)-DEG-B.

7.3 Partial Polymorphisms and CV-Reductions

In this section we prove that the partial polymorphisms of a finite constraint
language S determines the complexity of SAT(S) up to O(c|Var(I)|) time com-
plexity. The proof is fairly straightforward due to the Galois connection in
Theorem 2.21.

Theorem 7.3. Let S and S′ be finite constraint languages over a finite domain D.
If pPol(S′) ⊆ pPol(S) then CSP(S) is CV-reducible to CSP(S′).

Proof. Assume that pPol(S′) ⊆ pPol(S). According to the Galois connec-
tion in Theorem 2.21 this implies that S ⊆ 〈S′〉 6∃, or, equivalently, that every
R ∈ S can be expressed as a q.f.p.p. definition over S′. Given an instance φ of
CSP(S) over a set of variables V, we can transform φ′ (in O(poly(|V|)) time)
into an equivalent instance φ′ of CSP(S′) containing at most |V| variables
as follows. Since S is fixed and finite, we can assume that the q.f.p.p. im-
plementation of each relation in S over S′ has been precomputed and stored
in a table (of fixed constant size). Every constraint R(x1, . . . , xκ) in φ can be
represented as

R1(x1) ∧ . . . ∧ Rl(xl)

where R1, . . . , Rl ∈ S′ ∪ {Eq} and each xi is a tuple over variables over
{x1, . . . , xκ}. Replace the constraint R(x1, . . . , xκ) with the constraints
R1(x1) ∧ . . . ∧ Rl(xl). If we repeat the same reduction for every constraint
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in φ, it results in an equivalent instance of CSP(S′ ∪ {Eq}) with at most |V|
variables. For each equality constraint Eq(xi, xj), we replace all occurrences
of xi with xj, and remove the equality constraint. The resulting instance I′ is
an equivalent instance of CSP(S′) with at most |V| variables. Finally, since S
is finite, there cannot be more than |V|p · |S| constraints in I, where p is the
highest arity of a relation in S. It follows that computing I′ from I can be
done in O(|V|p) time, which concludes the proof.

Recall that if D is a finite domain, R a κ-ary relation over D, and
a1, . . . , ak ∈ D, then Ra1...ak denotes the relation Ra1...ak = R× {(a1, . . . , ak)}. It
should not come as a surprise that if the constants a1, . . . , ak can be q.f.p.p.
defined over R then CSP({R}) and CSP({Ra1...ak}) have the same worst-case
time complexity.

Theorem 7.4. Let R be a relation over a finite domain D and let a1, . . . , ak ∈
D. If {(a1, . . . , ak)} ∈ 〈{R}〉 6∃ then CSP({Ra1...ak}) ≤CV CSP({R}) and
CSP({R}) ≤CV CSP({Ra1...ak}).

Proof. It is not difficult to see that {(a1, . . . , ak)} ∈ 〈{Ra1...ak}〉 6∃ since
{(a1, . . . , ak)} ∈ 〈{R}〉 6∃. From this observation it follows that

Ra1...ak (x1, . . . , xar(R), xar(R)+1, . . . , xar(R)+k) ≡
R(x1, . . . , xar(R))∧

{(a1, . . . , ak)}(xar(R)+1, . . . , xar(R)+k),

i.e., Ra1...ak ∈ 〈{R, {(a1, . . . , ak)}}〉 6∃ = 〈{R}〉 6∃. Hence, pPol({Ra1...ak}) ⊇
pPol({R}), and we can directly apply Theorem 7.3 to deduce that
CSP({Ra1...ak}) ≤CV CSP({R}). The second direction, to prove that
CSP({R}) ≤CV CSP({Ra1...ak}), requires a bit more care, since in general,
pPol({R}) 6⊇ pPol({Ra1...ak}). Let I = (V, C) be an instance of CSP({R}).
We provide a CV-reduction from CSP({R}) to CSP({Ra1...ak , {(a1, . . . , ak)}}).
Let y1, . . . , yk be k fresh variables and introduce the constraint
{(a1, . . . , ak)}(y1, . . . yk). For each constraint R(x1, . . . , xar(R)) ∈ C then
replace it by the constraint Ra1...ak (x1, . . . , xar(R), y1, . . . , yk). Again, it is easy
to see that the resulting instance is satisfiable if and only if I is satisfiable.

The proof of Theorem 7.4, while not complicated, illustrates two useful
techniques for obtaining a CV-reduction from CSP(S) to CSP(S′). The first
technique is to directly apply Theorem 7.3 by proving that each relation in S
has a q.f.p.p. definition over S′. When this is not possible, the second tech-
nique is to circumvent the limitations of q.f.p.p. definitions by introducing a
constant number of variables that are shared between constraints.
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7.4 The Easiest NP-complete SAT(S) Problem

In this section we will use the theory and results presented in previous chap-
ters in this thesis to determine the easiest NP-complete SAT(S) problem. Re-
call that by easiest we mean that if any NP-complete SAT(S) problem can be
solved in O(c|V|) time, then the easiest problem can be solved in O(c|V|) time,
too. By combining Theorem 3.3 and Theorem 7.3 we immediately obtain the
following characterisation of weak bases.

Theorem 7.5. Let Inv(C) be a co-clone of finite order over a finite domain. Let Sw
be a finite weak base of Inv(C). Then CSP(Sw) ≤CV CSP(S) for any finite base S
of Inv(C).

Now note that, assuming P 6= NP, if CSP(S) is NP-complete and solv-
able in O(c|V|) time, then CSP(Sw) is solvable in O(c|V|) time, too. In other
words the weak base of a co-clone results in the constraint satisfaction prob-
lem over the co-clone with the lowest worst-case time complexity. Now, re-
call that SAT(S) is NP-complete if and only if 〈S〉 = IN2 or 〈S〉 = BR. This
suggests that there are only two candidate languages resulting in the easiest
NP-complete SAT(·) problem: the weak base of BR and the weak base of
IN2. Hence, let R 6= 6= 6=01

1/3 denote the weak base of BR in Table 3.1 from Chap-
ter 3. Recall from Section 2.3.2 in Chapter 2 that if R is a κ-ary relation we by
Rl 6= denote the (κ + l)-ary relation defined as

Rl 6=(x1, . . . , xκ , xκ+1, . . . , xκ+l) ≡ R(x1, . . . , xκ)∧
Neq(x1, xκ+1) ∧ . . . ∧Neq(xκ , xκ+l),

and that R01 = R× {(0, 1)}. In other words R 6= 6= 6=01
1/3 and R 6= 6= 6=1/3 can be defined

as

R 6= 6= 6=01
1/3 = {(0, 0, 1, 1, 1, 0, 0, 1), (0, 1, 0, 1, 0, 1, 0, 1), (1, 0, 0, 0, 1, 1, 0, 1)},

and

R 6= 6= 6=1/3 = {(0, 0, 1, 1, 1, 0), (0, 1, 0, 1, 0, 1), (1, 0, 0, 0, 1, 1)}.

Furthermore, let the relations R 6= 6=1/3 and R 6=1/3 be the two relations obtained
from removing one respectively two complemented arguments from R 6= 6= 6=1/3 .
These two relations are related to the structure of the weak partial co-clones
in the ‘bottom of BR’, which we expand upon in Section 7.6.

Lemma 7.6. Let S be a finite constraint language such that 〈S〉 = BR. Then
SAT({R 6= 6= 6=1/3 }) is easier than SAT(S).

Proof. From Theorem 7.5 it follows that CSP({R 6= 6= 6=01
1/3 }) ≤CV CSP(S) since

R 6= 6= 6=01
1/3 is a weak base of BR. Let R0,1 = {(0, 1)} and note that R0,1 ∈
〈{R 6= 6= 6=1/3 }〉 6∃ since R0,1(x1, x2) ≡ R 6= 6= 6=1/3 (x1, x1, x2, x2, x2, x1). Hence, by apply-
ing Theorem 7.4, it follows that CSP({R 6= 6= 6=1/3 }) ≤CV CSP({R 6= 6= 6=01

1/3 }), and that
CSP({R 6= 6= 6=1/3 }) is easier than CSP(S) since we assume that P 6= NP.
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Lemma 7.6 implies that we can choose to work with the rela-
tion R 6= 6= 6=1/3 instead of the slightly more complicated weak base R 6= 6= 6=01

1/3 .
We are now left with the co-clone IN2 and have to ensure that the
weak base of IN2 does not result in a constraint satisfaction problem
with strictly lower complexity than SAT({R 6= 6= 6=1/3 }). Let RIN2

denote
the weak base of IN2 in Table 3.1 from Chapter 3 and let R2/4 =
{(0, 0, 1, 1), (0, 1, 0, 1), (1, 0, 0, 1), (1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 1, 0)}. It is not dif-
ficult to see that the relation obtained from R2/4 by adding four comple-
mented arguments, R 6= 6= 6= 6=2/4 , is also a weak base of IN2, i.e., 〈{R 6= 6= 6= 6=2/4 }〉 6∃ =
〈{RIN2

}〉 6∃. To see this, note that R 6= 6= 6= 6=2/4 is simply RIN2
with some of its argu-

ments rearranged. We prefer to use the relation R 6= 6= 6= 6=2/4 instead of RIN2
since

SAT({R 6= 6= 6= 6=2/4 }) is a slightly more natural satisfiability problem with a close
relationship to SAT({R 6= 6= 6=1/3 }).

Hence, we now have two candidates for the easiest NP-complete SAT(·)
problem: SAT({R 6= 6= 6=1/3 }) and SAT({R 6= 6= 6= 6=2/4 }). To prove that the former is not
harder than the latter we have to give a CV-reduction from SAT({R 6= 6= 6=1/3 })
to SAT({R 6= 6= 6= 6=2/4 }). By using clone theory it is not hard to prove that Theo-
rem 7.3 is insufficient for this purpose since neither R 6= 6= 6=1/3 ∈ 〈{R

6= 6= 6= 6=
2/4 }〉 6∃ nor

R 6= 6= 6= 6=2/4 ∈ 〈{R 6= 6= 6=1/3 }〉 6∃.

Theorem 7.7. 〈{R 6= 6= 6=1/3 }〉 6∃ and 〈{R 6= 6= 6= 6=2/4 }〉 6∃ are incomparable with respect to set
inclusion.

Proof. We prove that neither of the weak partial co-clones can be a subset of
the other.

For the first direction, assume towards contradiction that 〈{R 6= 6= 6=1/3 }〉 6∃ ⊆
〈{R 6= 6= 6= 6=2/4 }〉 6∃. Then R 6= 6= 6=1/3 ∈ 〈{R 6= 6= 6= 6=2/4 }〉 6∃ which means that there exists a
q.f.p.p. implementation of R 6= 6= 6=1/3 in IN2. This is however impossible, since
this implies BR = IN2, violating the strict inclusion structure in Post’s lattice.

For the other direction, assume towards contradiction that 〈{R 6= 6= 6= 6=2/4 }〉 6∃ ⊆
〈{R 6= 6= 6=1/3 }〉 6∃. Then pPol({R 6= 6= 6=1/3 }) ⊆ pPol({R 6= 6= 6= 6=2/4 }). We show that there ex-
ists a partial function f with f ∈ pPol({R 6= 6= 6=1/3 }) but f 6∈ pPol({R 6= 6= 6= 6=2/4 }),
and hence that the initial premise was false. Let f be the 4-ary partial func-
tion defined only on tuples containing two 0’s and two 1’s, and always re-
turning 0. This function does not preserve R 6= 6= 6= 6=2/4 as can be seen when ap-
plying it to the tuples (0, 1, 0, 1, 1, 0, 1, 0), (1, 0, 0, 1, 0, 1, 1, 0), (0, 1, 1, 0, 1, 0, 0, 1)
and (1, 0, 1, 0, 0, 1, 0, 1) from R 6= 6= 6= 6=2/4 . But we now show that f preserves R 6= 6= 6=1/3 ,
by showing that it is undefined on any sequence of four tuples from R 6= 6= 6=1/3 .
Indeed,

• taking three times the same tuple in such a sequence yields columns
containing at least three 1’s or three 0’s,

• taking twice a tuple and twice another one always yields an all-0 and
an all-1 column, and

• taking two different tuples, and twice the third one yields no balanced
column except for one.
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Hence, f preserves R 6= 6= 6=1/3 since it is always undefined when applied to any
sequence of tuples from R 6= 6= 6=1/3 . Therefore f is included in pPol({R 6= 6= 6=1/3 }) but
not in pPol({R 6= 6= 6= 6=2/4 }), as desired.

However, by introducing a constant number of fresh variables, it is pos-
sible to give a CV-reduction from SAT({R 6= 6= 6=1/3 }) to SAT({R 6= 6= 6= 6=2/4 }).

Lemma 7.8. SAT({R 6= 6= 6=1/3 }) is easier than SAT({R 6= 6= 6= 6=2/4 }).

Proof. We give a CV-reduction from SAT({R 6= 6= 6=1/3 }) to SAT({R 6= 6= 6= 6=2/4 }). Let
φ be an instance of SAT({R 6= 6= 6=1/3 }) over a set of variables V and let C =
R 6= 6= 6=1/3 (x1, x2, x3, x4, x5, x6) be an arbitrary constraint in φ. Let Y1 and Y2 be
two fresh variables not occurring in V. Then observe that the constraint
C′ = R 6= 6= 6= 6=2/4 (x1, x2, x3, Y1x4, x5, x6, Y2) is satisfiable if and only if C is satis-
fiable, with Y1 = 1 and Y2 = 0. Let φ′ denote the instance of SAT({R 6= 6= 6= 6=2/4 })
resulting from repeating this translation for every constraint in φ. We now
claim that φ is satisfiable if and only if φ′ is satisfiable. If φ has a satisfying as-
signment f then we obtain a satisfying assignment f ′ to φ′ by f ′(x) = f (x) if
x ∈ V and f (Y1) = 1 and f (Y0) = 0. On the other hand, if φ′ has a satisfying
assignment f ′ such that f ′(Y0) = 1 and f ′(Y1) = 0, then it is easy to see that
the function f (x) = 1− f ′(x) for every x ∈ V is a satisfying assignment to φ,
since R 6= 6= 6= 6=2/4 is closed under complement. Hence, φ is satisfiable if and only
if φ′ is satisfiable, and since the reduction only introduces two new variables,
it follows that it is indeed a CV-reduction.

Since SAT(S) is NP-complete if and only if 〈S〉 = BR or 〈S〉 = IN2,
Lemma 7.6 together with Lemma 7.8 gives that SAT({R 6= 6= 6=1/3 }) is the easiest
NP-complete SAT(S) problem.

Theorem 7.9. If S ∈ H, then SAT({R 6= 6= 6=1/3 }) is easier than SAT(S).

7.5 Complexity Bounds for SAT({R 6= 6= 6=1/3 }) and Related
Problems

As mentioned earlier, our notion of ‘easiest problem’ does not rule out the
possibility that there exist languages which have the exact same time com-
plexity as SAT({R 6= 6= 6=1/3 }). Proving that a problem SAT(S) is strictly easier
than a problem SAT(S′), i.e., that T(S′) > T(S), is of course in general much
harder than giving a CV-reduction between the problems. In this section we
relate the complexity between relations of the form Rκ 6=, where R is κ-ary, and
the language Γext

R obtained by expanding R with all sign patterns.
For such relations we not only prove that T({Rκ 6=}) is strictly smaller than

T(Γext
R ), but that T(Γext

R ) = 2T({Rκ 6=}). Said otherwise, we prove that under
the ETH, SAT({Rκ 6=}) is solvable in time 2(c+ε)|V| for all ε > 0, if and only
if SAT({Γext

R }) is solvable in time 2(2c+ε)|V| for all ε > 0. This gives tight
bounds of the complexity of relations containing a sufficient number of com-
plementary arguments and languages containing all sign patterns.
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Figure 7.1: The complement graph G(I) of the instance I in Example 7.10.

We will in fact give a slightly more general proof. For this we need a
few additional definitions. Let R be a κ-ary Boolean relation, let l ≤ κ and
let Rl 6=(x1, . . . , xκ+l) be a SAT({Rl 6=}) constraint. Say that xi and xκ+i, i ∈
{1, . . . , l}, are complementary variables. Now given an instance I = (V, C) of
SAT({Rl 6=}), we define the complement graph of I to be the undirected graph
G(I) = (V, E), with E = {{x, y} | x, y are complementary for some Ci ∈ C}.
In other words, the vertices of G(I) are the variables of I, and two variables
have an edge between them if and only if they are complementary in some
constraint in C.

Example 7.10. Let I = (V, C) be an instance of SAT({R 6= 6= 6=1/3 }) where C =
{R 6= 6= 6=1/3 (x1, x2, x3, x4, x5, x6), R 6= 6= 6=1/3 (x4, x2, x7, x8, x9, x10)). Then G(I) = (V, E)
where E = {{x1, x4}, {x4, x8}, {x2, x5}, {x3, x6}, {x2, x9}, {x7, x10}}. This
graph is visualised in Figure 7.5. Note that G(I) has four connected compo-
nents.

Lemma 7.11. Let Rl 6= be a (κ + l)-ary Boolean relation, and let Γext
R = {R(s1,...,sκ) |

s1, . . . , sκ ∈ {−,+}}. If there is a constant c such that for all instances I = (V, C)
of SAT({Rl 6=}, the number of connected components of G(I) is at most |V|c , then
SAT({Rl 6=}) LV-reduces to SAT(Γext

R ) with parameter c
2 .

Proof. Let I = (V, C) be an instance of SAT({Rl 6=}) and let G(I) = (V, E) be
the corresponding complement graph. We reduce (V, C) to an equivalent in-
stance (V′, C′) of SAT({Γext

R }) with |V|c variables as follows. First, we choose
one variable of V per connected component in G(I) and define V′ to be the
set of these. For each variable x ∈ V we write [x] for the representative of the
connected component of G(I) which contains x.

Observe that if there is an even-length (respectively odd-length) path be-
tween x and [x] in G(I), then x and [x] must have the same value (respec-
tively the opposite value) in all satisfying assignments of I. Moreover, if
there is both an even-length and an odd-length path between x and [x], then
I must be unsatisfiable. Since this can be detected in time linear in the size of
I, we henceforth assume that this is not the case.

Now let Rl 6=(xi1 , . . . , xiκ , xiκ+1 , . . . , xiκ+l ) be a constraint in C. We first re-
place each variable xij with [xij ] (respectively [xij ]) if there is an even-length
(respectively odd-length) path between xij and [xij ]. We obtain an expression
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of the form Rl 6=(`i1 , . . . `iκ , `iκ+1 , . . . , `iκ+l ), and by construction, `ij and `iκ+j are
opposite literals for all j = 1, . . . , l. Finally, from this expression we define
the constraint Rs1,...,sκ (x′i1 , . . . , x′iκ ), with for all j, sj = + and x′ij

= x if `ij is

a positive literal x, and sj = − and x′ij
= x if `ij is a negative literal x. We

define C′ to be the set of all such constraints.
Clearly, the resulting formula (V′, C′) is an instance of SAT({Γext

R }),
which contains at most |V|c variables by assumption, and which by construc-
tion is satisfiable if and only if (V, C) is satisfiable. Hence, this construction
is an LV-reduction from SAT({Rl 6=}) to SAT(Γext

R ) with parameter 1
c .

For relations of the form Rκ 6=, where ar(R) = κ, we get the following.

Lemma 7.12. Let R be a κ-ary Boolean relation. Then for all instances I = (V, C)
of SAT({Rκ 6=}, either I is trivially unsatisfiable, or the number of connected compo-
nents of G(I) is at most |V|2 .

Proof. Let I = (V, C) be an instance of SAT({Rκ 6=}). Since R has arity κ, every
x ∈ V has at least one complementary variable y. If x = y then x is comple-
mentary to itself, which means that I is trivially unsatisfiable. Otherwise we
get that for each variable x ∈ V there is at least one y ∈ V, x 6= y, such that
y occurs in the same connected component of G(I). Hence, each connected
component of G(I) contains at least 2 variables, and the result follows.

We are now in position to give the main result of this section.

Theorem 7.13. Let R
κ 6=

be a 2κ-ary Boolean relation and let Γext
R = {R(s1,...,sκ) |

s1, . . . , sκ ∈ {−,+}}. Then T(Γext
R ) = 2T({Rκ 6=}).

Proof. We prove that T({Rκ 6=}) ≤ T(Γext
R )

2 and that T(Γext
R ) ≤ 2T({Rκ 6=}. The

former inclusion follows from Lemma 7.11 and 7.12. For the latter inclusion
we give an LV-reduction from SAT(Γext

R ) to SAT({Rκ 6=}) with parameter 2.
Let I = (V, C) be an instance of SAT(Γext

R ). For every xi ∈ V introduce
a fresh variable x′i and let V′ be the resulting set of variables. Then, for ev-
ery constraint R(s1,...,sκ)(xi1 , . . . , xiκ ) create a new constraint R

κ 6=
(yi1 , . . . , yi2κ

)
where

• for ij ≤ κ, yij = xij if sjl = +, and yij = x′ij
if sjl = −, and

• for ij > κ, yij = xij−κ if sij−κ = −, and xjl = x′ij−κ if sij−κ = +.

Let C′ be the set of constraints resulting from this transformation. Then
(V′, C′) is satisfiable if and only if (V, C) is satisfiable, and since |V′| = 2|V|,
the reduction is an LV-reduction with parameter 2, which concludes the
proof.
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Let Γext
R1/3

= {R(s1,s2,s3)
1/3 | s1, s2, s3 ∈ {−,+}} be the language correspond-

ing to 1-IN-3-SAT with all possible sign patterns. As is easily verified Lem-
mas 7.11 and 7.12 give an LV-reduction from SAT({R 6= 6= 6=1/3 }) to SAT(Γext

R1/3
)

with parameter 1
2 . This in turn implies not only that SAT({R 6= 6= 6=1/3 }) is strictly

easier than SAT(Γext
R1/3

) (Lemma 6.2) but gives a precise bound on the differ-
ence in complexity between these two problems.

Corollary 7.14. T(Γext
R1/3

) = 2T({R 6= 6= 6=1/3 }).

We can give similar bounds for SAT({R 6= 6= 6= 6=2/4 }) and SAT(Γext
2/4), where

Γext
2/4 = {R(s1,s2,s3,s4)

2/4 | s1, s2, s3, s4 ∈ {−,+}}, i.e., R 6= 6= 6= 6=2/4 expanded with all
sign patterns.

Corollary 7.15. T(Γext
2/4) = 2T({R 6= 6= 6= 6=2/4 }).

Assuming the ETH is true it is proven in [IP01] that there exists an infinite
increasing sequence of κ, κ′ such that 3 ≤ κ < κ′ and κ-SAT is strictly easier
than κ′-SAT. However, this result leaves quite a lot of gaps since it is difficult
to estimate exactly how large these gaps in complexity are, and if this holds
for any other languages besides κ-SAT. Our results are much more precise
in the sense that we for every Boolean relation of the form R

κ 6=
can find a

natural constraint language S such that SAT({Rκ 6=}) is strictly easier than
SAT(S).

7.6 Weak Partial Co-Clones Covering BR

Since 〈{R 6= 6= 6=01
1/3 }〉 6∃ is the smallest element in the partial co-clone lattice cov-

ering BR it is natural to investigate other structural properties of this lattice.
More formally, given a co-clone Inv(C), this question can be rephrased as
determining the sublattice induced by the set of weak partial co-clones

Int〈·〉 6∃(Inv(C)) = {〈S〉 6∃ | 〈S〉 = Inv(C)}.

Note that the set Int〈·〉 6∃(Inv(C)) is essentially just a relational reformulation

of the set Int[·]s(C) from Chapter 3. Since R 6= 6= 6=01
1/3 is a weak base of BR it

follows that 〈{R 6= 6= 6=01
1/3 }〉 6∃ is the smallest element in the sublattice Int〈·〉 6∃(BR)

while the largest element is simply the set of all Boolean relations, i.e. BR.
Unfortunately, we cannot hope to fully describe this sublattice since it is of
uncountably infinite cardinality [Sch15]. Hence, finite constraint languages
are not expressive enough to fully characterise BR or IN2, as we remark in
the following theorem.

Theorem 7.16. There is no finite S such that 〈S〉 6∃ = BR or 〈S〉 6∃ = IN2.

Proof. We only sketch the proof for the case of BR. Towards contradiction,
assume that S is finite and that 〈S〉 6∃ = BR. Then pPol(S) = pPol(BR) =
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{ f | f is a subfunction of a projection function} = I2. In particular, we get
that pPol(S) has finite order since it can be generated from any projection
function, but this contradicts Theorem 4.30 in Chapter 4.

Despite this we believe that even a partial classification of Int〈·〉 6∃(BR)
could be of interest when comparing worst-case running times of NP-
complete SAT(·) problems. In the rest of this section we therefore provide
such a partial classification, and in particular concentrate on languages corre-
sponding to κ-SAT, MONOTONE 1-IN-κ-SAT, and finite languages between
MONOTONE 1-IN-3-SAT and R 6= 6= 6=01

1/3 . To accomplish this we first introduce
the constraint languages Γ1/k = {R1/1, . . . , R1/k} and ΓXSAT =

⋃∞
i=1 Γ1/i.

The results are summarised in Figure 7.6. That the inclusions are correct is
proven in Section 7.6.1 and 7.6.2. We stress that this is indeed a partial classi-
fication. For example, for any relation R such that 〈{R 6= 6= 6=01

1/3 }〉 6∃ ⊂ 〈{R}〉 6∃ ⊂
〈Γ1/3〉 6∃, it holds that 〈{R}〉 6∃ ⊂ 〈{R, R1/2}〉 6∃ ⊂ 〈Γ1/3〉 6∃ (since it is easy to
prove that R1/2 /∈ 〈{R}〉 6∃ and R1/1 /∈ 〈{R, R1/2}〉 6∃). It is also not difficult to
find languages between 〈Γκ

SAT〉 6∃ and 〈Γκ+1
SAT〉 6∃ since for any R ∈ Γκ+1

SAT it holds
that 〈Γκ

SAT〉 6∃ ⊂ 〈Γκ
SAT ∪ {R}〉 6∃ ⊂ 〈Γκ+1

SAT〉 6∃. We discuss this in more detail in
Section 7.9.

The inclusions in Figure 7.6 are of particular importance when determin-
ing upper bounds on the complexities of SAT(·) problems, since T(S) ≤
T(S′) if 〈S〉 6∃ ⊆ 〈S′〉 6∃. With the help of the results from Section 7.5 we can in
fact get tight bounds on the complexity for all languages below Γ1/3.

Corollary 7.17. Let S be a constraint language such that 〈S〉 = BR and 〈S〉 6∃ ⊆
〈Γ1/3〉 6∃. Then T({R 6= 6= 6=1/3 }) ≤ T(S) ≤ 2T({R 6= 6= 6=1/3 }).

Proof. The lower bound T({R 6= 6= 6=1/3 }) ≤ T(S) follows directly from Theo-
rem 7.9. For the upper bound we note that for

Γext
R1/3

= {R(s1,s2,s3)
1/3 | s1, s2, s3 ∈ {−,+}},

it holds that 〈Γext
R1/3
〉 6∃ ⊇ 〈Γ1/3〉 6∃ and hence that 〈S〉 6∃ ⊆ 〈Γext

R1/3
〉 6∃. By applying

Lemma 7.13 it then follows that T(S) ≤ T(Γext
R1/3

) = 2T({R 6= 6= 6=1/3 }).

Hence, even if we do not currently know whether the cardinality of the
set {〈S〉 6∃ | 〈S〉 = BR, 〈S〉 6∃ ⊆ 〈Γ1/3〉 6∃} is finite or infinite, we still obtain tight
complexity bounds for all these languages with respect to T({R 6= 6= 6=1/3 }).

7.6.1 Weak Partial Co-Clones below 〈Γ1/3〉 6∃
We begin by explicating the structure of weak partial co-clones 〈S〉 6∃ such
that 〈S〉 6∃ ⊆ 〈Γ1/3〉 6∃. For this we introduce the relations R 6= 6=01

1/3 , R 6=01
1/3 and R01

1/3.
Note that these relations are simply R 6= 6=1/3 , R 6=1/3 and R1/3 with two additional
constant columns adjoined.

Lemma 7.18. The following inclusions hold.
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R 6= 6= 6=1/3

R 6= 6=1/3

R 6=1/3

R1/3R1
1/3

R 6= 6= 6=01
1/3

R 6= 6=01
1/3

R 6=01
1/3

R01
1/3

Γ1/3

Γ1/κ−1

Γ1/κ

Γ1/κ+1

ΓXSAT

R 6= 6= 6=1
1/3

R 6= 6=1
1/3

R 6=1
1/3

Γ3
SAT

Γκ−1
SAT

Γκ
SAT

Γκ+1
SAT

ΓSAT

Figure 7.2: The structure of some weak partial co-clones in Int〈·〉 6∃(BR). A
directed arrow from S to S′means 〈S〉 6∃ ⊂ 〈S′〉 6∃ and hence also T(S) ≤ T(S′).
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1. 〈R 6= 6= 6=01
1/3 〉 6∃ ⊂ 〈R 6= 6=01

1/3 〉 6∃ ⊂ 〈R
6=01
1/3 〉 6∃ ⊂ 〈R01

1/3〉 6∃ ⊂ 〈R1/3〉 6∃ ⊂ 〈Γ1/3〉 6∃,

2. 〈R01
1/3〉 6∃ ⊂ 〈R1

1/3〉 6∃ ⊂ 〈Γ1/3〉 6∃,

3. 〈R 6= 6= 6=1/3 〉 6∃ ⊂ 〈R
6= 6=
1/3〉 6∃ ⊂ 〈R

6=
1/3〉 6∃ ⊂ 〈Γ1/3〉 6∃,

4. 〈R 6= 6= 6=01
1/3 〉 6∃ ⊂ 〈R 6= 6= 6=1/3 〉 6∃, 〈R

6= 6=01
1/3 〉 6∃ ⊂ 〈R

6= 6=
1/3〉 6∃, 〈R

6=01
1/3 〉 6∃ ⊂ 〈R

6=
1/3〉 6∃,

5. 〈R 6= 6= 6=1
1/3 〉 6∃ ⊂ 〈R

6= 6=1
1/3 〉 6∃ ⊂ 〈R

6=1
1/3〉 6∃ ⊂ 〈Γ1/3〉 6∃,

6. 〈R 6= 6= 6=01
1/3 〉 6∃ ⊂ 〈R 6= 6= 6=1

1/3 〉 6∃, 〈R
6= 6=01
1/3 〉 6∃ ⊂ 〈R

6= 6=1
1/3 〉 6∃, 〈R

6=01
1/3 〉 6∃ ⊂ 〈R

6=1
1/3〉 6∃.

Proof. We only show that the inclusions hold for the languages in (1) since
the cases (2), (3), (4), (5) and (6) follow a very similar structure.

For each inclusion 〈{R1}〉 6∃ ⊆ 〈{R2}〉 6∃ we prove that R1 ∈ 〈{R2}〉 6∃, and
hence also that 〈{R1}〉 6∃ ⊆ 〈{R2}〉 6∃, by giving a q.f.p.p. definition of R1 in
{R2}. First note that 〈{R1/3}〉 6∃ ⊆ 〈Γ1/3〉 6∃ since R1/3 ∈ Γ1/3. We can then im-
plement R01

1/3 with R1/3 by forcing c0 and c1 to be constant with an additional
constraint, i.e.,

R01
1/3(x1, x2, x3, c0, c1) ≡ R1/3(x1, x2, x3) ∧ R1/3(c0, c0, c1).

To implement R 6=01
1/3 with R01

1/3 the procedure is similar but we also need to
ensure that x4 is assigned the opposite value of x1, which can be done with
the implementation

R 6=01
1/3 (x1, x2, x3, x4, c0, c1) ≡ R01

1/3(x1, x2, x3, c0, c1) ∧ R01
1/3(x1, x4, c0, c0, c1).

The proofs for R 6= 6=01
1/3 and R 6= 6= 6=01

1/3 are entirely analogous.
To show a proper inclusion 〈{R}〉 6∃ ⊂ 〈{R′}〉 6∃ between every pair of re-

lations R and R′ we provide a partial function f which is a polymorphism
of R but not of R′. Define the ternary minority function f such that it maps
any 3-tuple to the value that occurs least in it, or, in the case where all three
arguments are equal, to the repeating value. For example f (0, 0, 1) = 1 but
f (0, 0, 0) = 0. Observe that whenever f is applied to three tuples with one
or two repetitions it always yields one of these tuples. Hence, with the rela-
tions R1/3, R01

1/3, R 6=01
1/3 , R 6= 6=01

1/3 , R 6= 6= 6=01
1/3 , we only need to consider the case when f

is applied to the three distinct tuples in each relation. We now consider each
of these pairs of relations in turn.

• 〈{R1/3}〉 6∃ ⊂ 〈Γ1/3〉 6∃: Let f (1) = 0 and undefined otherwise. Then
f /∈ pPol(Γ1/3) since f does not preserve R1/1 = {(1)}. On the other
hand f does preserve R1/3 since it will be undefined for any t ∈ R1/3.

• 〈{R01
1/3}〉 6∃ ⊂ 〈{R1/3}〉 6∃: Let f1 be the partial ternary minority function

which is undefined for the tuple (0, 0, 0). Then f1 does not preserve
R1/3 since the tuple ( f1(0, 0, 1), f1(0, 1, 0), f1(1, 0, 0)) = (1, 1, 0) 6∈ R1/3.
However, f1 is a partial polymorphism of R01

1/3 since in whatever order
the three tuples (0, 0, 1, 0, 1),(0, 1, 0, 0, 1) and (1, 0, 0, 0, 1) from R01

1/3 are
taken f1 will always be undefined for (0, 0, 0).
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• 〈{R 6=01
1/3 }〉 6∃ ⊂ 〈{R01

1/3}〉 6∃: The reasoning is similar as in the previous case
except that we define a minority function f2 which is undefined for
the tuples (1, 1, 0), (1, 0, 1) and (0, 1, 1). As can be verified f2 does not
preserve R01

1/3 since the tuple ( f1(0, 0, 1), f1(0, 1, 0), f1(1, 0, 0), f1(0, 0, 0),
f1(1, 1, 1)) = (1, 1, 1, 0, 1) 6∈ R01

1/3. It is however a partial polymorphism
of R 6=01

1/3 since, regardless of the order in which the tuples are taken in,
it will be undefined for the fourth column which will always be one of
(1, 1, 0), (1, 0, 1) or (0, 1, 1).

• 〈{R 6= 6=01
1/3 }〉 6∃ ⊂ 〈{R

6=01
1/3 }〉 6∃: Define f3 to be the ternary minority function

except that it is undefined for (1, 0, 1) and (0, 1, 1). Then f3 does not pre-
serve R 6=01

1/3 since ( f3(0, 0, 1), f3(0, 1, 0), f3(1, 0, 0), f3(1, 1, 0), f3(0, 0, 0),
f3(1, 1, 1)) = (1, 1, 1, 0, 0, 1) 6∈ R 6=01

1/3 . It will however always be unde-
fined for the fourth or fifth column of R 6= 6=01

1/3 since one of these will be
either (1, 0, 1) or (0, 1, 1).

• 〈{R 6= 6= 6=01
1/3 }〉 6∃ ⊂ 〈{R 6= 6=01

1/3 }〉 6∃: The reasoning is the same as in the previ-
ous case but with a minority function f4 undefined for (0, 1, 1).

Observe that in the second part of the proof we exploit the Galois con-
nection between strong partial clones and weak partial co-clones. This re-
sults in much more concise proofs since proving a strict inclusion 〈{R1}〉 6∃ ⊂
〈{R2}〉 6∃ with relational tools is tantamount to the proof that it is impossible
to find a q.f.p.p. definition of R2 over {R1}.

The inclusions in Lemma 7.18 do not rule out the possibility that some
of the weak partial co-clones in Figure 7.6 collapse to a single weak partial
co-clone. To rule out this we also need to prove that every pair of weak
partial co-clones 〈S〉 6∃ and 〈S′〉 6∃ which are not connected in Figure 7.6 are
in fact incomparable with respect to set inclusion. Here we only sketch
the proof that 〈{R 6=1/3}〉 6∃ and 〈{R1/3}〉 6∃ are incomparable since the other
cases are similar. First, define the ternary function f such that f (0, 0, 1) =
0, f (0, 1, 0) = 1, f (1, 0, 0) = 0, f (0, 1, 1) = 0, and let it be undefined oth-
erwise. Then f ∈ pPol({R1/3}) (since if t1, t2, t3 ∈ R1/3 then f (t1, t2, t3)
is either undefined or yields a tuple in R1/3) but f 6∈ pPol({R 6=1/3}) since
( f (1, 0, 0), f (0, 1, 0), f (0, 0, 1), (0, 1, 1)) = (0, 1, 0, 0) 6∈ R 6=1/3. For the other
direction define the ternary function g such that g(0, 0, 1) = g(0, 1, 0) =
g(1, 0, 0) = 1 but is undefined otherwise. A quick check shows that
g ∈ pPol({R 6=1/3}) (since g is always undefined for these tuples) but g 6∈
pPol({R1/3}).

7.6.2 Weak Partial Co-Clones above 〈Γ1/3〉 6∃
In this section we focus on the constraint languages corresponding to MONO-
TONE 1-IN-κ-SAT and κ-SAT, and prove that both these languages form in-
finitely ascending chains of weak partial co-clones. We stress that these re-
sults hold independently of any complexity theoretical assumptions — the
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κ-SAT result was e.g. previously only known to hold if the ETH is true. At
first, this result may be seen as further evidence that the ETH is plausible,
but note that it does not contradict the possibility that the ETH is false, since
the fact that 〈Γκ

SAT〉 6∃ ⊂ 〈Γκ+1
SAT〉 6∃ does not necessarily imply that the running

times of κ-SAT and (κ + 1)-SAT differs.
Recall from Section 2.1 in Chapter 2 that we use~0 κ to denote a κ-ary tuple

of zeroes and~1 κ to denote a κ-ary tuple of ones.

Theorem 7.19. 〈Γκ
SAT〉 6∃ ⊂ 〈Γκ+1

SAT〉 6∃ for each κ ≥ 3.

Proof. We begin by proving that 〈Γκ
SAT〉 6∃ ⊆ 〈Γκ+1

SAT〉 6∃. By definition the lan-
guage Γκ

SAT contain all relations representable by the formulas (x1 ∨ . . . ∨ xκ),
(¬x1 ∨ . . . ∨ xκ), . . ., (¬x1 ∨ . . . ∨ ¬xκ), for all possible sign patterns. For
simplicity we denote relations by their defining formulas and simply write
(`1 ∨ . . . ∨ `κ), where `i is a literal, for a relation in Γκ

SAT. For example
(x1 ∨ . . . ∨ xκ) is the relation {0, 1}k \ {~0 κ}, and (¬x1 ∨ . . . ∨ ¬xκ) is the rela-
tion {0, 1}κ \ {~1 κ}.

It is then easy to prove that 〈Γκ
SAT〉 6∃ ⊆ 〈Γκ+1

SAT〉 6∃ by giving explicit q.f.p.p.
definitions of the relations in Γκ

SAT using Γκ+1
SAT. For example, (x1 ∨ . . . ∨ xκ) ≡

(x1 ∨ . . . xκ−1 ∨ xκ ∨ xκ).
For the strict inclusion we give a function f such that f ∈ pPol(Γκ

SAT) but
f 6∈ pPol(Γκ+1

SAT), thus proving that pPol(Γκ+1
SAT) ⊂ pPol(Γκ

SAT) and therefore that
〈Γκ

SAT〉 6∃ ⊂ 〈Γκ+1
SAT〉 6∃. For each κ ≥ 3 let the κ-ary function f κ be defined as

f κ(x1, . . . , xκ) = 0 if Σκ
i=1xi = 1, and undefined otherwise. We prove that

for every κ ≥ 3 it holds that f κ+1 ∈ pPol(Γκ
SAT) but f κ+1 /∈ pPol(Γκ+1

SAT). Let
B(Γκ

SAT) be the bounded base of Γκ
SAT from Theorem 5.23 in Chapter 5. Recall

that

Rκ( f κ+1) = {g | g is a κ′-restriction of f κ+1 for some κ′ ≤ κ}.

It is not difficult to see that every g ∈ Rκ( f κ+1) is a partial projection function
from which it follows that Rκ( f κ+1) ⊆ B(Γκ

SAT). We then apply Lemma 5.6
in Chapter 5 and conclude that f κ+1 ∈ pPol(Γκ

SAT), since, trivially, B(Γκ
SAT) ⊆

pPol(Γκ
SAT). The other direction, f κ+1 /∈ pPol(Γκ+1

SAT) follows immediately since
f κ+1 has arity κ + 1, |domain( f κ+1)| = κ + 1, and the fact that f κ+1 /∈ B(Γκ+1

SAT)
(since f κ+1 by definition is not a partial projection function).

Next we prove that a similar separation result can be obtained for the
sequence of Γ1/κ languages.

Theorem 7.20. 〈Γ1/κ〉 6∃ ⊂ 〈Γ1/(κ+1)〉 6∃ for each κ ≥ 1.

Proof. Assume that κ ≥ 3. Clearly, 〈Γ1/κ〉 6∃ ⊆ 〈Γ1/(κ+1)〉 6∃ since Γ1/κ ⊆ Γ1/(κ+1).
For the proper inclusion let the κ-ary partial function gκ be defined as
gκ(x1, . . . , xκ) = 0 if Σκ

i=1xi = 1 and gκ(x1, . . . , xκ) = 1 if (x1, . . . , xκ) = ~0 κ .
The proof consists of two parts: first, we prove that gκ+1 ∈ pPol(Γ1/κ) for
every κ ≥ 3; second, we prove that gκ /∈ pPol(Γ1/κ) for every κ ≥ 3.

Let R1/κ′ ∈ Γ1/κ, κ′ ≤ κ. Note that |R1/κ′ | = κ′ < κ + 1. Let g ∈ Rκ′(gκ+1).
There are two cases to consider. Either g is uncontractable to any arity ≤ κ′
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in which case g ∈ U κ′′
n for every κ′′ ≤ κ′, and g ∈ pPol(Γ1/κ). Assume

that g is contractable to some arity κ′′ ≤ κ′. It is then not difficult to see
that domain(g) does not contain any exact covers of size {1, . . . , κ′′}, which
according to Theorem 5.22 implies that g ∈ pPol({R1/κ′}). We then apply
Lemma 5.6 and conclude that gκ+1 ∈ pPol(Γ1/κ). On the other hand, it is
easy to see that gκ /∈ pPol(Γ1/κ) since the subfunction g of gκ undefined on~0 κ

according to Theorem 5.22 is not included in the bounded base of R1/κ, since
domain(g) is an exact cover of {1, . . . , κ}, but g is not a partial projection.

Combining these two facts yields that gκ+1 ∈ pPol(Γ1/κ) but gκ+1 /∈
pPol(Γ1/(κ+1)). Hence, pPol(Γ1/κ) ⊃ pPol(Γ1/(κ+1)) which implies that
〈Γ1/κ〉 6∃ ⊂ 〈Γ1/(κ+1)〉 6∃.

It is easy to see that 〈Γ1/κ〉 6∃ ⊂ 〈Γκ
SAT〉 6∃. To rule out the possibility that

〈Γ1/(κ+1)〉 6∃ ⊆ 〈Γκ
SAT〉 6∃ or 〈Γκ

SAT〉 6∃ ⊆ 〈Γ1/κ〉 6∃ we prove that these are in fact
incomparable.

Theorem 7.21. 〈Γ1/(κ+1)〉 6∃ and 〈Γκ
SAT〉 6∃ are incomparable for each κ ≥ 3.

Proof. We must prove that there exists partial functions f , g such that f ∈
pPol(Γκ

SAT), f /∈ pPol(Γ1/(κ+1)) and g ∈ pPol(Γ1/(κ+1)) but g /∈ pPol(Γκ
SAT). For

this let f κ and gκ be defined as in the proofs of Theorems 7.19 and 7.20 and
recall that f κ+1 ∈ pPol(Γκ

SAT) and gκ+1 ∈ pPol(Γ1/κ).
Let κ ≥ 3. It is easy to see that gκ+2 /∈ pPol(Γκ

SAT) since gκ+2 does not
preserve the negative clause (¬x1 ∨ . . . ∨ ¬xκ) when applied to κ + 2 tuples
t1 = . . . = tκ+2 =~0 κ . Similarly f κ+1 does not preserve R1/κ+1 ∈ Γ1/(κ+1) since
f (t1, . . . , tκ+1) =~0κ+1 /∈ R1/κ+1 when all t1, . . . , tκ+1 ∈ R1/κ+1 are distinct.

It is also not hard to prove that 〈ΓXSAT〉 6∃ and 〈Γκ
SAT〉 6∃ are incomparable for

each κ ≥ 3. The direction 〈Γκ
SAT〉 6∃ 6⊆ 〈ΓXSAT〉 6∃ follows from Theorem 7.21. For

the direction 〈ΓXSAT〉 6∃ 6⊆ 〈Γκ
SAT〉 6∃ one can e.g. use the partial function f (0) = 1,

and undefined for 1, since f ∈ pPol(ΓXSAT) but f /∈ pPol(Γκ
SAT).

The reader should note that in the proofs of Theorem 7.19 and Theo-
rem 7.20 we used the results from Chapter 5 concerning bounded bases,
which resulted in concise proofs. It would of course be possible to prove
these theorems without this machinery, but the resulting proofs would be
rather long-winded and mainly consist of exhaustive case analyses.

7.7 LV-Reductions and Bounded-Degree Instances

In this section we explicate a relationship between LV-reductions and degree-
bounded SAT(S)-DEG-B problems. In particular, as will be made clear in
Section 7.8 when we relate SAT({R 6= 6= 6=1/3 }) to the ETH, this relationship is
very useful when proving that two problems are equally hard with respect
to subexponential complexity. We also tackle the problem of determining
the smallest B such that SAT(S)-DEG-B is NP-complete and provide these
bounds for R 6= 6= 6=1/3 , R 6= 6=1/3 , R 6=1/3 and R1/3.
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For some of these proofs in this section it is convenient to consider p.p.
definitions without equality constraints. More formally, we say that a rela-
tion R has an equality-free primitive positive (e.f.p.p.) implementation over a con-
straint language S if R can be p.p. defined over S without using any equality
constraints. Note that if Eq ∈ S then e.f.p.p. and p.p. definitions over S
exactly coincide. These implementations will also prove to be useful in Sec-
tion 7.8 where we relate the complexity of SAT(·) with the exponential-time
hypothesis via sparsification.

Lemma 7.22. Let S and S′ be two finite constraint languages. If S′ ⊆ 〈S〉 and
the equality relation Eq can be e.f.p.p. defined in S, then SAT(S′)-DEG-B is LV-
reducible to SAT(S)-DEG-C, where C only depends on S, S′, and B. The parameter
of the LV-reduction depends only on S, S′, and B.

Proof. Let φ be a SAT(S′)-DEG-B-instance over a set of variables V. Since
each variable can occur in at most B constraints, there cannot be more than
|V| · B constraints in total. Each such constraint is of the form R(x1, . . . , xκ)
where R ∈ S′. Since S′ ⊆ 〈S〉, the relation R can then be expressed as a
conjunction of constraints over S ∪ {Eq} with a set of existentially quanti-
fied variables: ∃y1, . . . , yl .

∧m
i=1 ψi(yi1 , . . . , yiar(ψi)

), where each ψi ∈ S ∪ {Eq}
and {yi1 , . . . , yiar(ψi)

} ⊆ {x1, . . . , xκ} ∪ {y1, . . . , yl}. Furthermore, each Eq-
constraint can be e.f.p.p. defined in S so we may without loss of generality
assume that Eq is not used in the definition.

Hence, the number of extra variables for each constraint depends only
on the relations in S′. Let t denote the largest amount of variables that is
required for implementing a constraint. In the worst case the total amount of
new variables in the reduction is then (|V| · B)t, which is linear with respect
to |V| since B and t are fixed values.

Since the reduction only increases the amount of variables with a constant
factor it is indeed an LV-reduction, which concludes the lemma.

As we see in the following lemma, the condition that Eq is e.f.p.p. de-
finable over S is in fact always fulfilled when working with constraint lan-
guages inH.

Lemma 7.23. If S ∈ H, then Eq is e.f.p.p. implementable in S.

Proof. Let Neq denote the inequality relation {(0, 1), (1, 0)}. Since Neq is
closed under complement, it follows that Neq can always be p.p. defined in
S (since 〈S〉 = BR or 〈S〉 = IN2). Let Neq(x, y) ≡ ∃z1, . . . , zκ .τ(x, y, z1, . . . , zκ)
denote the p.p. implementation with the least number of occurrences of Eq-
constraints. Assume there exists an equality constraint Eq(v, w) in τ. Clearly,
this cannot be of the type Eq(x, y) since we are implementing Neq(x, y). We
can thus identify the variable v with w and still have a p.p. implementation
of Neq — this violates the minimality condition. It follows that the imple-
mentation contains no Eq-constraint, i.e., it is an e.f.p.p. implementation. We
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can now e.f.p.p. implement Eq as follows since we are working over a two-
element domain:

Eq(x, y) ≡ ∃u.Neq(x, u) ∧Neq(u, y)

or equivalently the implementation

Eq(x, y) ≡ ∃u, z1, . . . , zκ , w1, . . . , wκ .τ(x, u, z1, . . . , zκ)∧
τ(u, y, w1, . . . , wκ),

which is clearly an e.f.p.p. implementation.

We get the following result by combining Lemmas 7.22 and 7.23.

Corollary 7.24. Let S, S′ ∈ H such that S′ ⊆ 〈S〉 and let B be an integer. Then,
there exists an LV-reduction from SAT(S′)-DEG-B to SAT(S)-DEG-C where C
only depends on S, S′ and B.

In contrast to Lemma 7.29, Corollary 7.24 shows that there exists an
LV-reduction from SAT(S)-DEG-B to SAT({R 6= 6= 6=1/3 }) for every S ∈ H and
arbitrary B. This apparently simple observation will be important in the
next section where we study connections between SAT(·) problems and the
exponential-time hypothesis. Corollary 7.24 also suggests that for languages
S ∈ H it is useful to know the largest B such that SAT(S)-DEG-B is in P and
the smallest C such that SAT(S)-DEG-C is NP-complete. For SAT({R1/3})-
OCC-B this value is already known since for B = 2 it can be reduced to the
problem of finding a perfect matching in a graph [Ist97], but for B = 3 it
is NP-complete even for planar instances [MR01]. Unsurprisingly the same
also holds for SAT({R1/3})-DEG-2 as made clear in the following theorem.

Theorem 7.25. SAT({R1/3})-DEG-2 is solvable in polynomial time.

Proof. We show that SAT({R1/3})-DEG-2 is polynomial-time reducible to
SAT({R1/3})-OCC-2. Let I = (V, C) be an instance of SAT({R1/3})-DEG-
2 and let |V| = n. We transform I into an instance I′ of SAT({R1/3})-OCC-2
which is satisfiable if and only if I is satisfiable.

For this we consider each variable which occurs at least twice in some
constraint and at least one more time in another. Because I is an instance
of SAT({R1/3})-DEG-2, such a variable cannot occur in a third constraint;
moreover, if a variable occurs only once in two different constraints, then it
already has at most two occurrences. Observe that if a variable occurs three
times in a constraint then the instance is trivially unsatisfiable, and since this
can be detected in time linear in the size of I, we assume that this is not the
case.

So let Ci ∈ C be a constraint of the form R1/3(xi, xi, yi), let Cj ∈ C be a con-
straint where xi occurs in, and let Ck be a constraint where yi occurs in. Since
R1/3 is a symmetric relation in the sense that R1/3(x, y, z) ≡ R1/3(x, z, y) ≡
R1/3(y, x, z) ≡ R1/3(y, z, x) ≡ R1/3(z, x, y) ≡ R1/3(z, y, x) we may without loss
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of generality assume that xi occurs in the first position of Cj and that yi oc-
curs in the first position of Ck. We perform a case study depending on Cj and
Ck (if it exists).

First observe that for any assignment f satisfying I it holds that f (xi) =
0 and f (yi) = 1. Up to permutation of arguments there are a now a few
different cases to consider:

1. Cj = R1/3(xi, xj, yi) (and hence, Ck does not exist),

2. Cj = R1/3(xi, xi, xj), Ck = R1/3(yi, xk, xk),

3. Cj = R1/3(xi, xi, xj), Ck = R1/3(yi, xk, x′k),

4. Cj = R1/3(xi, xj, x′j), Ck = R1/3(yi, xj, xj),

5. Cj = R1/3(xi, xj, x′j), Ck = R1/3(yi, xj, xk),

6. Cj = R1/3(xi, xj, x′j), Ck = R1/3(yi, xk, xk),

7. Cj = R1/3(xi, xj, x′j), Ck = R1/3(yi, xk, x′k),

where xj, x′j, xk, x′k denote variables all distinct from each other and from xi
and yi. We have not included the cases that (1) trivially results in unsatis-
fiable instances or (2) is simply a permutation of case (1) – (7). For exam-
ple Cj = R1/3(xi, yi, yi) is unsatisfiable since f (yi) = 1 in any satisfying as-
signment f , and if Cj = R1/3(yi, xi, xi) then this is simply a permutation of
R1/3(xi, xi, yi) and can safely be removed.

In each case it is easy to show how the constraints can be replaced by
valid SAT({R1/3})-OCC-2 constraints. In case (1) we introduce a fresh vari-
able x′j and replace R1/3(xi, xj, yi) with R1/3(x′j, xj, yi). This ensures that xi
and yi both occur only two times. In case (2) we introduce two fresh vari-
ables x′j and x′k and replace Cj = R1/3(xi, xi, xj) and Ck = R1/3(yi, xk, xk) with
R1/3(x′j, x′j, xj) and R1/3(yi, x′k, xk). Case (3) is very similar to case (2) and in
case (4) we introduce a fresh variable x′′j and replace Ck = R1/3(yi, xj, xj)

with R1/3(yi, x′′j , xj). For case (5) first note that f (xi) = f (xj) = f (xk) = 0
and that f (yi) = f (x′j) = 1 in any satisfying assignment f . To ensure that
xi only occurs two times we introduce four fresh variables zi, z′i, z′′i , z′′′i ,
and replace Cj = R1/3(xi, xj, x′j) and Ck = R1/3(yi, xj, xk) with R1/3(zi, z′i, z′i),
R1/3(yi, xj, xk), R1/3(zi, z′′i , z′′′i ) and R1/3(z′′i , z′′′i , x′j). For any satisfying assign-
ment f it then holds that f (xi) = f (xj) = f (xk) = f (z′i) = f (z′′i ) = f (z′′′i ) =
0, and f (yi) = f (x′j) = f (zi) = 1.

In case (6) we replace R1/3(xi, xj, x′j) and R1/3(yi, xk, x′k) with the con-
straints R1/3(x′i , xj, x′j), R1/3(yi, x′i , x′′i ), R1/3(y′i, x′′i , x′′′i ), R1/3(y′i, xk, x′k), where
x′i , x′′i , x′′′i and y′i are fresh variables. For any satisfying assignment f it then
holds that f (xi) = f (x′i) = f (x′′i ) = f (x′′′i ) = 1− f (yi) = 1− f (y′i), and
f (xj) = 1− f (x′j). Last, the remaining case (7) is similar to case (6) with the
exception that xk and x′k only occurs one time in Ck.
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Repeating this procedure for every constraint then results in a satisfiabil-
ity equivalent instance of SAT({R1/3})-OCC-2. Moreover, the reduction runs
in polynomial time with respect to n since the total number of constraints is
bounded by O(n3), which concludes the proof.

It might be expected that the same holds for SAT({R 6= 6= 6=1/3 }), SAT({R 6= 6=1/3})
and SAT({R 6=1/3}) since they are all as easy as SAT({R1/3}). Contrary to in-
tuition this is however not the case: SAT({R 6= 6= 6=1/3 })-DEG-B is NP-complete
even for B = 2. This also holds for the relations R 6= 6=1/3 and R 6=1/3. To prove this
we first note that R 6= 6= 6=1/3 , R 6= 6=1/3 , and R 6=1/3 are not ∆-matroid relations.

Definition 7.26. (∆-matroid relation) Let R be a Boolean relation and x, y, x′

be Boolean tuples of the same arity. Let d(x, y) be the Hamming distance
between x and y. Then x′ is a step from x to y if d(x, x′) = 1 and d(x, y) =
d(x, x′) + d(x′, y). R is a ∆-matroid relation if it satisfies the following axiom:
∀x, y ∈ R ∀x′.(x′ is a step from x to y)→ (x′ ∈ R ∨ ∃x′′ ∈ R which is a step
from x′ to y).

Lemma 7.27. R 6=1/3, R 6= 6=1/3 and R 6= 6= 6=1/3 are not ∆-matroid relations.

Proof. We begin with R 6= 6= 6=1/3 . Let x = (0, 0, 1, 1, 1, 0) and y = (0, 1, 0, 1, 0, 1).
These are both elements in R 6= 6= 6=1/3 . Let x′ = (0, 0, 0, 1, 1, 0). Then d(x, x′) = 1
and d(x, y) = d(x, x′) + d(x′, y) = 1 + 3 = 4, so x′ is a step from x to y.
For R 6= 6= 6=1/3 to be a ∆-matroid relation we must have the following: either x′ ∈
R 6= 6= 6=1/3 , or there exists a x′′ which is a step from x′ to y. Since neither of the
disjuncts are true, it follows that R 6= 6= 6=1/3 is not a ∆-matroid relation. For R 6= 6=1/3

and R 6=1/3 the proofs are similar but using the tuples (0, 0, 1, 1, 1), (0, 1, 0, 1, 0)
and (0, 0, 1, 1), (1, 0, 0, 0) as starting points instead.

The hardness results then follows from Theorem 3 in Dalmau and
Ford [DF03], which states that SAT(S)-OCC-2 is NP-complete if S contains
a relation that is not a ∆-matroid, and from the fact that SAT(S)-OCC-2 is a
special case of SAT(S)-DEG-2.

Theorem 7.28. The following statements hold.

• SAT({R 6=1/3})-DEG-2 is NP-complete.

• SAT({R 6= 6=1/3})-DEG-2 is NP-complete.

• SAT({R 6= 6= 6=1/3 })-DEG-2 is NP-complete.

7.8 The Exponential-Time Hypothesis

Even though SAT({R 6= 6= 6=1/3 }) is the easiest NP-complete SAT(·) problem,
we do not hope to prove or disprove that the problems SAT({R 6= 6= 6=1/3 }) or
SAT({R 6= 6= 6=1/3 })-DEG-2 are solvable in polynomial time, since this would set-
tle the P = NP question. A more assailable question is whether the problem
can be solved in subexponential time. If yes, then we are none the wiser
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about P ?
= NP; but if no, then P 6= NP. As a tool for studying subexponen-

tial problems, Impagliazzo et al. [IPZ01] proved a sparsification lemma for
κ-SAT. Intuitively, the process of sparsification means that a SAT(S) in-
stance with a large number of constraints can be expressed as a disjunction
of instances with a comparably small number of constraints. We prove that
sparsification is possible not only for κ-SAT, but between all finite constraint
languages S and S′ for which SAT(S) and SAT(S′) are NP-complete, and use
this to prove that SAT({R 6= 6= 6=1/3 })-DEG-2 is subexponential if and only if the
exponential-time hypothesis is false. Due to sparsification we can also prove
that all such SAT(S) problems are subexponential if and only if one of them is
subexponential (and that this holds also in the degree-bounded case), which
is a significant refinement of Impagliazzo et al.’s result when restricted to
finite Boolean constraint languages.

We first observe that LV-reductions are insufficient for these purposes
since, under the assumption that coNP 6⊆ P/poly, SAT(Γκ

SAT) for k ≥ 4 is
not LV-reducible to SAT({R 6= 6= 6=1/3 })(recall that P/poly denotes the set of prob-
lems decidable by a Turing machine with a polynomially bounded advice
function).

Lemma 7.29. There is no LV-reduction from SAT(Γκ
SAT), k ≥ 4, to SAT({R 6= 6= 6=1/3 })

unless coNP ⊆ P/poly (and the polynomial hierarchy collapses).

Proof. We assume that k = 4 since the other cases are entirely similar. As-
sume (with the aim of reaching a contradiction) that there is an LV-reduction
from SAT(Γ4

SAT) to SAT({R 6= 6= 6=1/3 }). We know that there is an LV-reduction
(with parameter 1) from SAT({R 6= 6= 6=1/3 }) to SAT(Γ3

SAT) by Theorem 7.3. Taken
together, this would imply the existence of an LV-reduction from SAT(Γ4

SAT)
to SAT(Γ3

SAT). Dell and van Melkebeek [DM10, Corollary 1] show that, under
the hypothesis that coNP 6⊆ P/poly, polynomial-time many-one reductions
cannot reduce the density of |V|-variable SAT(Γd

SAT) instances to O(|V|c)
clauses for any constant c < d. Assume there is an LV-reduction (which
is a restricted kind of polynomial-time many-one reduction) with parame-
ter C from SAT(Γ4

SAT) to SAT(Γ3
SAT). Let φ be an arbitrary instance (with

|V| variables) of SAT(Γ4
SAT) and φ′ the resulting SAT(Γ3

SAT) instance. The
instance φ′ contains at most C · |V| + O(1) variables so it contains at most
O(8(C · |V|)3) = O(|V|3) distinct constraints. This contradicts Dell & van
Melkebeek’s result.

However, as we show in the forthcoming sections, this restriction can be
overcome with the help of sparsification.

7.8.1 Two Notions of Sparsification

Sparsification in its original formulation by Impagliazzo et al. [IPZ01] is only
defined for κ-SAT formulas. We generalise the definition to arbitrary con-
straint languages, which leads to our first version of sparsification.
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Definition 7.30 (Sparsification1). Let S and S′ be two finite constraint lan-
guages. We say that S is sparsifiable1 into S′ if, for all ε > 0 and for all SAT(S)
instances φ (with |V| variables), there exists a set {φ1, . . . , φt} of SAT(S′) in-
stances such that

1. φ is satisfiable if and only if at least one φi is satisfiable,

2. φi contains at most C · |V| constraints, where C only depends on ε, S
and S′,

3. t ≤ 2ε|V|, and

4. {φ1, . . . , φt} can be computed in O(poly(|V|) · 2ε|V|) time.

Note that nothing in the definition says that S and S′ cannot be the same
constraint language. If so, we simply say that S is sparsifiable. Impagliazzo et
al. [IPZ01] prove the following result for κ-SAT.

Lemma 7.31 (sparsification1 lemma for κ-SAT). Γκ
SAT is sparsifiable1 for k ≥ 3.

We will often use a slightly different formulation of sparsification which
we denote sparsification2. In the second version, we focus on the degree of
variables rather than the number of constraints.

Definition 7.32 (Sparsification2). Let S and S′ be two finite constraint lan-
guages. We say that S is sparsifiable2 into S′ if, for all ε > 0 and for all SAT(S)
instances φ (with |V| variables), there exists a set {φ1, . . . , φt} of SAT(S′) in-
stances such that

1. φ is satisfiable if and only if at least one φi is satisfiable,

2. φi is a SAT(S′)-DEG-B instance, where B only depends on ε, S and S′,

3. φi contains at most D · |V| variables, where D only depends on ε, S and
S′,

4. t ≤ 2ε|V|, and

5. {φ1, . . . , φt} can be computed in O(poly(|V|) · 2ε|V|) time.

It should come as no surprise that sparsification1 and sparsification2
are tightly related concepts. It is easy to see that sparsification2 implies
sparsification1: assume that every variable in φi has degree ≤ B and φi con-
tains at most D · |V| variables. Then, a variable x can appear in at most B
distinct constraints, and hence there can be at most (B · D) · |V| distinct con-
straints in φi.

It is also the case that sparsification1 implies sparsification2 under a mild
additional assumption. Recall from Section 7.7 that a relation R is e.f.p.p.
definable over a constraint language S if R can be p.p. defined over S without
using equality constraints.
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Lemma 7.33. Assume S is sparsifiable1 into S′. Then, S is sparsifiable2 into S′ if
the equality relation is e.f.p.p. definable in S′.

Proof. Assume Eq(x, y) ≡ ∃z1, . . . , zκ .τ(x, y, z1, . . . , zκ) is an e.f.p.p. imple-
mentation of Eq. Let p denote the maximum degree of any variable in this
implementation and let q = κ + 2 denote the total number of variables. Let φ
be a SAT(S) instance and let {φ1, . . . , φt} be a sparsification1 into S′ (for some
ε > 0). Let κ′ be the maximum arity of the relations in S′. Let us consider
φi and assume V is the set of variables occurring in φi. Arbitrarily choose a
variable x ∈ V and assume that x appears m times in φi. Introduce m fresh
variables x1, . . . , xm and the constraints

Eq(x1, x2), Eq(x2, x3), . . . , Eq(xm−1, xm).

Finally, replace the i-th occurrence of x in φi with the variable xi. Do this
for all variables x ∈ V and let φ′i denote the resulting formula. Note the
following:

1. The formula φi contains at most C · |V| constraints so it contains at most
C · |V| · κ′ variable occurrences. This implies that φ′i contains at most
(C · κ′) · |V| + (C · κ · q) · |V| variables where (C · κ · q) · |V| is an up-
per bound on the number of variables used for implementing the Eq
constraints.

2. Each variable occurring in φ′i has degree at most 1 + 2p: it appears in
at most one position in the ‘original constraints’ and in 2p positions in
the constraints that e.f.p.p. implements Eq.

It follows that {φ′1, . . . , φ′t} is a sparsification2 of φ.

Whenever we study constraint languages inH, we may actually view the
two definitions as equivalent due to Lemma 7.23. Since Γκ

SAT ∈ H for k ≥ 3
we immediately get the following.

Lemma 7.34. Γκ
SAT is sparsifiable2.

We also get the following simple connection between sparsification and
subexponential complexity.

Lemma 7.35. Arbitrarily choose S, S′ ∈ H and assume that S is sparsifiable2 into
S′. If SAT(S′)-DEG-B is subexponential for all B, then SAT(S) is subexponential.

Proof. Assume that we want to solve SAT(S) in time O(poly(|V|) · 2|V|ε) for
some ε > 0. For every α > 0 and B, there exists a time O(poly(|V|) · 2|V|α)
algorithm Aα,B for SAT(S′)-DEG-B. Arbitrarily choose an instance φ of
SAT(S) with |V| variables. Sparsify φ with parameter ε/2 into SAT(S′) and
let {φ1, . . . , φt} be the resulting set of SAT(S′)-DEG-B instances (where B
is only dependent on S, S′, and ε). This takes O(poly(|V|) · 2(ε/2)|V|) time,
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t ≤ 2(ε/2)|V| holds, and each φi contains C · |V| variables for some con-
stant C that only depends on ε. Let α = ε/2C and apply Aα,B to the in-
stances φ1, . . . , φt. If there is a satisfiable φi, then φ is satisfiable, and other-
wise it is not. The total time for this is O(poly(C · |V|) · t · 2(ε/2C)·C|V|)) =
O(poly(|V|) · 2(ε/2)|V| · 2(ε/2)|V|) = O(poly(|V|) · 2ε|V|).

7.8.2 Sparsification withinH
In order to prove the general sparsification result (i.e., that all constraint lan-
guages S, S′ ∈ H can be sparsified2 into each other), we first prove that Γκ

NAE

is sparsifiable2. In the following proofs we use γκ
SAT(`1, . . . `κ), `i = xi or

`i = ¬xi (respectively γκ
NAE(`1, . . . `κ)) to denote constraints over Γκ

SAT (re-
spectively Γκ

NAE).

Lemma 7.36 (sparsification2 lemma for NAE-κ-SAT). Γκ
NAE is sparsifiable2.

Proof. Arbitrarily choose ε > 0 and let φ be a SAT(Γκ
NAE) instance over the set

of variables V. The proof proceeds in five steps.

1. φ is LV-reduced into a SAT(Γκ
SAT) instance ψ,

2. ψ is sparsified2 which yields t SAT(Γκ
SAT) instances ψ1, . . . , ψt,

3. each ψi is LV-reduced into a SAT(Γκ+1
NAE) instance ψ′i ,

4. each ψ′i is LV-reduced into a SAT(Γκ+1
NAE) instance ψ′′i in which all vari-

ables have a bounded degree,

5. each ψ′′i is LV-reduced into a SAT(Γκ
NAE) instance φi.

Steps 1 and 2. Note that γκ
NAE(x1, . . . , xκ) has the following q.f.p.p. implemen-

tation in terms of Γκ
SAT:

γκ
NAE(x1, . . . , xκ) ≡ γκ

SAT(x1, . . . , xκ) ∧ γκ
SAT(¬x1, . . . ,¬xκ).

In other words, if γκ
NAE(x1, . . . , xκ) is a constraint from φ, then it is satisfiable

if and only if γκ
SAT(x1, . . . , xκ)∧γκ

SAT(¬x1, . . . ,¬xκ) is satisfiable. We can there-
fore form an equivalent SAT(Γκ

SAT) instance ψ by adding the complement of
every γκ

NAE-constraint. By the sparsification2 lemma for κ-SAT (Lemma 7.34),
it follows that ψ can be sparsified2 into {ψ1, . . . , ψt}.
Step 3. Arbitrarily choose ψi, 1 ≤ i ≤ t, and let Vi denote the set of variables
appearing in it. We begin by introducing one fresh variable X. For each con-
straint γκ

SAT(x1, . . . , xκ) ∈ ψi, we let γκ+1
NAE(x1, . . . , xκ , X) be the corresponding

γκ+1
NAE-constraint, and we let ψ′i be the resulting SAT(Γκ+1

NAE) instance. Then, ψi
is satisfiable if and only if ψ′i is satisfiable: if ψi is satisfied by the assignment
f , then ψ′i is satisfied by the assignment f ′ defined such that f ′(x) = f (x)
if x ∈ Vi and f ′(X) = 0. For the other direction, assume ψ′i is satisfied
by the assignment f ′. If f ′(X) = 0, then each constraint has at least one
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literal that is not assigned 0 by f , by which it follows that ψi must be satis-
fiable. If f ′(X) = 1, then we note that the complement f ′′ of f ′ defined as
f ′′(x) = 1− f ′(x) is a satisfying assignment, too, and we can apply the same
reasoning as above.

Since ψ was sparsified2, the degree of the variables in ψi is bounded by
some constant B. It follows that the number of constraints in ψi is at most
B · |Vi| and, consequently, that the variable X has at most degree B · |Vi| in ψ′i .

Step 4. Now, consider ψ′i and let W denote the degree of X. We continue by
proving that the degree of X can be reduced to a constant value. To do this,
we e.f.p.p. implement the equality relation in Γκ+1

NAE:

Eq(x, y) ≡ ∃z.γκ+1
NAE(x, z, . . . , z) ∧ γκ+1

NAE(z, . . . , z, y).

We see that the highest degree of any variable in this definition is 2κ.
To decrease the degree of X, we introduce W fresh variables X1, . . . , XW

and the following chain of equality constraints:

Eq(X1, X2) ∧ Eq(X2, X3) ∧ . . . ∧ Eq(XW−1, XW).

Thereafter, we replace the occurrence of the variable X in ψ′i with the variable
Xi. Let the resulting instance be ψ′′i and note that ψ′i is satisfiable if and only
if ψ′′i is satisfiable. Also note that the maximum degree B′′ of any variable
in ψ′′i is bounded by max{B, 2κ, 3} (where B is the degree of variables in Vi,
2κ is the degree of variables in the construction of Eq, and 3 is the degree
of the variables X1, . . . , XW). Furthermore, we introduce no more than 2W
new variables—the variables X1, . . . , XW and one auxiliary variable per Eq
constraint. Hence,

• ψ′′i contains at most |Vi|+ 2W ≤ |Vi|+ 2 · B · |Vi| = (2B + 1)|Vi| vari-
ables, and

• every variable in ψ′′i has degree at most B′′ for some B′′ which depends
only on B and κ.

Step 5. We know that Eq is e.f.p.p. definable in Γκ
NAE (by the construction in

Step 4) and we know that for each ψ′′i no variable occurs more than B′′ times.
Consequently, we can apply Lemma 7.22 and LV-reduce ψ′′i to an equivalent
SAT(Γκ

NAE)-DEG-C instance φi for some C that only depends on B′′ and k. We
now verify that the formula {φ1, . . . , φt} is indeed a sparsification of φ.

1. φ is satisfiable if and only if at least one φi is satisfiable. This is clear
from the transformations above.

2. φi is a SAT(Γκ
NAE)-DEG-C instance, where C only depends on ε and κ.

Tracing the proof backwards, we see that

a) C depends only on B′′ and κ,

b) B′′ depends only on B and κ, and
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c) B depends only on ε and κ.

3. φi contains at most D′′ · |V| variables where D′′ only depends on ε
and κ. The instance ψ′′i contains at most (2B + 1) · |Vi| variables where
|Vi| ≤ D · |V| for some D that only depends on ε and κ, and B depends
on ε and κ only. This implies that there exists a D′ (that only depends
on ε and κ) such that the number of variables in φi is ≤ D′ · D · |V| by
Lemma 7.22.

4. t ≤ 2ε|V|. The transformation from φ to ψ in step 1 does not introduce
any new variables. Hence, the value t is determined by the initial spar-
sification only and the bound follows from Lemma 7.34.

5. {φ1, . . . , φt} can be computed in O(poly(|V|) · 2ε|V|) time. We begin
with a SAT(Γκ

NAE) instance φ (with |V| variables) and construct the
SAT(Γκ

SAT) instance ψ. This can clearly be done in linear time and
the size of φ is linearly related to the size of ψ. In particular, φ con-
tains as many variables as ψ. Thus, the sparsification2 process takes
O(poly(|V|) · 2ε|V|) time and each instance ψ′i is only linearly larger
than ψ. From this point, we only apply a series of LV-reductions to
each ψ′i . Since they can be computed in time O(poly(|V|)), the time
bound follows.

By combining step 1 to step 5 we then get the required sparsification of Γκ
NAE.

The following auxiliary lemma establishes that for any finite constraint
language S such that S ⊂ BR (respectively S ⊂ IN2) it holds that SAT(S) is
LV-reducible to κ-SAT (respectively NAE-κ-SAT) for some κ.

Lemma 7.37. Let S be a finite constraint language such that S ⊂ IN2 (respectively
S ⊂ BR). Let K denote the maximum arity of the relations in S. Then SAT(S) is
LV-reducible (with parameter 1) to SAT(ΓK

NAE) (respectively SAT(ΓK
SAT)).

Proof. We give the proof for S ⊂ IN2; the case S ⊂ BR is analogous. Observe
first that Γκ

NAE ⊆ 〈Γκ′
NAE〉 6∃ for each κ′ ≥ κ. This observation together with

Theorem 4.2 from Section 4.2 in Chapter 4 implies that S ⊆ 〈ΓK
NAE〉 6∃. Since S

and 〈ΓK
NAE〉 6∃ are both finite we can then directly use Theorem 7.3 to deduce

that SAT(S) ≤CV SAT(ΓK
NAE), and, hence, that SAT(S) is LV-reducible with

parameter 1 to SAT(ΓK
NAE).

We can now prove that sparsification is possible between all S, S′ inH.

Theorem 7.38. (general sparsification) Arbitrarily choose S, S′ ∈ H. Then, S is
sparsifiable2 into S′.

Proof. Throughout the proof, let κ denote the highest arity of any relation in
S. There are a few different cases depending on which co-clones are gener-
ated by S and S′:

126



7.8. The Exponential-Time Hypothesis

1. 〈S〉 = 〈S′〉 = IN2,

2. 〈S〉 = 〈S′〉 = BR,

3. 〈S〉 = IN2, 〈S′〉 = BR

4. 〈S〉 = BR, 〈S′〉 = IN2.

Case 1. Arbitrarily choose ε > 0. Every SAT(S) instance φ with |V| vari-
ables can be reduced to a SAT(Γκ

NAE) instance φ′ with the same number of
variables by Lemma 7.37. We sparsify2 this instance according to Lemma 7.36
and obtain the set {φ′1, . . . , φ′t}. Each φ′i is an instance of SAT(Γκ

NAE)-DEG-B
for some B that only depends on S, κ, and ε. By Lemma 7.23, the relation
Eq is e.f.p.p. implementable in Γκ

NAE. We can thus apply Lemma 7.22 (since
〈S′〉 = IN2 implies that Γκ

NAE ⊆ IN2 = 〈S′〉) and LV-reduce this instance to an
instance φ′′i of SAT(S′)-DEG-C for some C that only depends on S, S′, and B.
One can now easily verify that {φ′′1 , . . . , φ′′t } is a sparsification of φ.

Case 2. Analogous to Case 1 by using Γκ
SAT instead of Γκ

NAE.
Case 3. By Lemma 7.37 it follows that SAT(S) can be LV-reduced (with

parameter 1) to SAT(Γκ
SAT). Thereafter we can proceed as in Case 2.

Case 4. Arbitrarily choose ε > 0. If φ is a SAT(S) instance with |V| vari-
ables, it can be LV-reduced (with parameter 1) to a SAT(Γκ

SAT) instance φ′

by Lemma 7.37. Sparsify2 this instance (with parameter ε) into {φ′1, . . . , φ′t}
according to Lemma 7.36. By recapitulating steps 3 and 4 from the proof
of Lemma 7.36, we can then LV-reduce each φ′i to a SAT(Γκ+1

NAE)-DEG-B in-
stance φ′′i . We can now apply Lemma 7.22 (since 〈S′〉 = IN2 implies that
Γκ+1

NAE ⊆ IN2 = 〈S′〉) and LV-reduce this instance to an instance φ′′′i of SAT(S′)-
DEG-C for some C that only depends on S, S′, and B. It is now straightfor-
ward to verify that φ′′′1 , . . . , φ′′′t is a sparsification2 of φ.

Santhanam and Srinivasan [SS12] have shown that the unrestricted SAT
problem (which corresponds to an infinite constraint language) does not ad-
mit sparsification to arbitrary finite constraint languages such that SAT(·) is
NP-complete. Consequently, it is a necessary condition that the constraint
languages in Theorem 7.38 are indeed finite. Related questions are discussed
by Dell and van Melkebeek [DM10].

7.8.3 SAT(·) and the Exponential-Time Hypothesis

A related question to the exponential-time hypothesis is which problems can
be proved to be subexponential if and only if κ-SAT is subexponential with
the help of a size-preserving reduction. Impagliazzo et al. [IPZ01] prove that
many NP-complete problems such as κ-colorability, clique and vertex cover
are as hard as κ-SAT with respect to subexponential complexity. In this sec-
tion, we prove that both SAT({R 6= 6= 6=1/3 }) and SAT({R 6= 6= 6=1/3 })-DEG-2 are subex-
ponential if and only if κ-SAT is subexponential, and, as a consequence,
that this is true for all finite constraint languages S for which SAT(S) is
NP-complete — even for degree-bounded instances. The following lemma
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together with the general sparsification result from the previous section are
the crucial ingredients in the proof of the main result (Theorem 7.40).

Lemma 7.39. If SAT({R 6= 6= 6=1/3 })-DEG-2 is subexponential, then SAT({R 6= 6= 6=1/3 }) is
subexponential.

Proof. Recall that Neq denotes the inequality relation {(0, 1), (1, 0)}, and let
Eqκ denote the κ-ary equality relation {(0, . . . , 0), (1, . . . , 1)}.

Claim 1. R 6= 6= 6=1/3 can e.f.p.p. implement Neq(x, y) such that every variable
in the implementation has degree 1. Merely observe that Neq(x, y) has the
e.f.p.p. implementation ∃z, w, z′, w′.R 6= 6= 6=1/3 (x, z, w, y, z′, w′).

Claim 2. R 6= 6= 6=1/3 can e.f.p.p. implement Eq3(x1, x2, x3) such that variables
x1, . . . , x3 have degree 1 and all other variables have degree at most 2. Con-
sider the following implementation:

Eq3(x1, x2, x3) ≡∃x′1, z, w, z′, w′, h1, . . . , h4, h5.

Neq(x1, x′1) ∧ R 6= 6= 6=1/3 (z, w, h1, x′1, x2, h2) ∧Neq(z, z′) ∧
Neq(w, w′) ∧ R 6= 6= 6=1/3 (z′, w′, h3, x3, h4, h5).

It is straightforward to verify that it satisfies the degree bounds stated above.
To see that it actually implements Eq3, first note that it is possible to assign
the variables z, w, z′, w′, h1, . . . , h5 values that satisfy the formula for every
assignment σ such that σ(x1) = σ(x2) = σ(x3). Next, we show that every
satisfying assignment forces x1, x2, x3 to take the same value. We first verify
that an arbitrary satisfying assignment σ satisfies σ(z) 6= σ(w), i.e., σ(z) =
1− σ(w). Assume σ(z) = 0. Then, σ(z′) = 1⇒ σ(w′) = 0⇒ σ(w) = 1. One
can similarly show that if σ(z) = 1, then σ(w) = 0. Now let σ be an arbitrary
satisfying assignment. We see that

• σ(x1) = 1− σ(x′1) = σ(z) = 1− σ(w) = σ(x2) and

• σ(x3) = 1− σ(z′) = σ(z) = 1− σ(x′1) = σ(x1).

This implies that σ(x1) = σ(x2) = σ(x3) and that we have an implemen-
tation of Eq3.

Claim 3. R 6= 6= 6=1/3 can e.f.p.p. implement Eqκ(x1, . . . , xκ) such that x1, . . . , xκ

have degree 1 and all other variables have degree at most 2. The case when
κ ≤ 3 follows from Claim 2. If we have an implementation of Eqκ satisfying
the degree bounds, then

Eqκ+1(x1, . . . , xκ+1) ≡ ∃x′.Eqκ(x1, . . . , xκ−1, x′) ∧ Eq3(x′, xκ , xκ+1)

is a valid implementation that satisfies the degree bounds, too.

Arbitrarily choose ε > 0 and let ψ be an arbitrary instance of
SAT({R 6= 6= 6=1/3 }) with |V| variables. Sparsify2 ψ (with parameter ε) into {R 6= 6= 6=1/3 }
according to Theorem 7.38 and let {ψ1, . . . , ψt} be the result. Each ψi is an
instance of SAT({R 6= 6= 6=1/3 })-DEG-B where B only depends on ε. Let Vi be
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the set of variables in ψi. Assume that x is a variable in Vi that has de-
gree 2 < B′ ≤ B. Replace the j-th occurrence of x with the fresh vari-
able xj. Finally, use the construction in Claim 3 and add the constraint
EqB′(x1, . . . , xB′). Do this for all variables occurring in Vi and let ψ′i denote
the resulting instance. It is not hard to see that ψ′i is indeed an instance of
SAT({R 6= 6= 6=1/3 })-DEG-2. We need to calculate the number of variables in ψ′i .
The variables in ψi have at most degree B so ψ′ contains at most B · |Vi| vari-
ables if we do not count the variables introduced by the Eqκ constraints. For
simplicity, we assume that we have added |Vi| EqB constraints. Let D be
the number of variables in the implementation of Eq3 in Claim 2. An EqB
constraint is constructed by ‘chaining together’ B Eq3 constraints—this is
done by introducing B − 3 new variables. Hence, one EqB constraint con-
tains B + (B− 3) + B ·D variables. All in all, the instance ψi contains at most
|Vi| · (B + (B− 3) + B ·D) + |Vi| · B = |Vi| · (B(D + 3)− 3) variables. We see
that B(D + 3)− 3 depends only on ε since D is a fixed constant.

Assume now that we want to solve SAT({R 6= 6= 6=1/3 }) in time O(poly(|V|) ·
2|V|ε) for some ε > 0. For every α > 0, there exists a time O(poly(|V|) · 2|V|α)
algorithm Aα for SAT({R 6= 6= 6=1/3 })-DEG-2. Arbitrarily choose an instance ψ of
SAT({R 6= 6= 6=1/3 }) with |V| variables. Apply the transformation described above
with parameter ε/2 and let {ψ1, . . . , ψt} be the resulting set of SAT({R 6= 6= 6=1/3 })-
DEG-2 instances. This takes O(poly(|V|) · 2(ε/2)|V|) time, t ≤ 2(ε/2)|V|, and
each ψi contains C · |V| variables for some constant C that only depends
on ε. Let α = ε/2C and apply Aα to the instances ψ1, . . . , ψt. If there is a
satisfiable ψi, then ψ is satisfiable and, otherwise, not. This process takes
time O(poly(C · |V|) · t · 2(ε/2C)·C|V|)) = O(poly(|V|) · 2(ε/2)|V| · 2(ε/2)|V|) =
O(poly(|V|) · 2ε|V|).

This lemma can be viewed as yet another proof of NP-hardness for
SAT({R 6= 6= 6=1/3 })-DEG-2. The transformation from ψi to ψ′i is a polynomial-time
reduction from SAT({R 6= 6= 6=1/3 })-DEG-B to SAT({R 6= 6= 6=1/3 })-DEG-2 (for any fixed
B), and SAT({R 6= 6= 6=1/3 })-DEG-B is NP-hard for some B by Theorem 7.2.

Theorem 7.40. The following statements are equivalent:

1. The exponential-time hypothesis is false.

2. SAT({R 6=1/3})-DEG-2 ∈ SE.

3. SAT({R 6= 6=1/3})-DEG-2 ∈ SE.

4. SAT({R 6= 6= 6=1/3 })-DEG-2 ∈ SE.

5. SAT({R 6= 6= 6=1/3 }) ∈ SE.

6. For every S ∈ H, SAT(S) ∈ SE.

7. For every S ∈ H and every B, SAT(S)-DEG-B ∈ SE.

8. There exists an S ∈ H such that SAT(S) ∈ SE.
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9. There exists an S ∈ H such that, for all B, SAT(S)-DEG-B ∈ SE.

Proof. 1 =⇒ 2: If the exponential-time hypothesis is false then 3-SAT is
subexponential. But then SAT({R 6=1/3}) must also be subexponential since
it, according to the classification in Figure 7.6, is as easy as 3-SAT, which
immediately implies that SAT({R 6=1/3})-DEG-2 is subexponential.

2 =⇒ 3: Assume that SAT({R 6=1/3})-DEG-2 is subexponential. We
give a size-preserving reduction from SAT({R 6= 6=1/3})-DEG-2 to SAT({R 6=1/3})-
DEG-2. Let φ be an instance of SAT({R 6= 6=1/3})-DEG-2 with |V| variables and
2|V| constraints. Then we replace every constraint R 6= 6=1/3(x1, x2, x3, x′1, x′2) with
R 6=1/3(x1, x′′2 , x3, x′1) ∧ R 6=1/3(x2, a, b, x′2) ∧ R 6=1/3(x′′2 , a, b, x′′′2 ), where x′2, x′′2 , x′′′2 , a
and b are fresh variables. As can be verified σ(x′′2 ) = σ(x2) = 1 − σ(x′2)
for all models σ, and, furthermore, the degree of any newly introduced vari-
ables is at most two. If we repeat the procedure for every constraint in φ we
get an equivalent instance φ′ of SAT({R 6=1/3})-DEG-2 where the number of
variables is bounded by 10|V|.

3 =⇒ 4: Same reduction as in the previous case.
4 =⇒ 5: By Lemma 7.39.
5 =⇒ 6: Assume that SAT({R 6= 6= 6=1/3 }) is subexponential. Clearly,

SAT({R 6= 6= 6=1/3 })-DEG-B is subexponential for all B, too. According to the gen-
eral sparsification result (Theorem 7.38), S can be sparsified into {R 6= 6= 6=1/3 }.
Hence, SAT(S) is subexponential by Lemma 7.35.

6 =⇒ 7, 6 =⇒ 8, 7 =⇒ 9, 8 =⇒ 9: Trivial.
9 =⇒ 1: Assume that SAT(S)-DEG-B is subexponential for all B. By

Theorem 7.38, SAT(Γ3
SAT) can be sparsified into SAT(S) so the implication

follows from Lemma 7.35.

When proving 5 =⇒ 6 we do not require that the instances have
bounded degree. Hence, there may be a more direct way of proving the
implication without using sparsification: one may for instance think of LV-
reductions from SAT(S) to SAT({R 6= 6= 6=1/3 }). We remind the reader that the
existence of such reductions (for all S ∈ H) are unlikely since they imply
coNP ⊆ P/poly by Lemma 7.29.

7.9 Summary and Conclusions

In this chapter we have shown that partial clone theory can be used as a
framework to study the complexity of NP-complete problems, and applied
this to the parameterized Boolean satisfiability problem. In particular this
has allowed us to get a more nuanced view of the complexity of SAT(·)
than possible with the algebraic approach in Jeavons [Jea98]. In other words
studying the complexity of a problem with our approach provides much
more information than merely stating that it is polynomial-time solvable or
NP-complete. Throughout the chapter we have also seen that clone theoret-
ical results in fact can yield highly practical applications. For example, the
proof that SAT({R 6= 6= 6=1/3 }) is the easiest NP-complete SAT(·) problem is based
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on determining the largest element in an interval of strong partial clone —
a result that might otherwise be believed to be of purely theoretical interest.
With this result we could also obtain a full understanding of the complexity
of SAT(S) with respect to subexponential complexity for all finite languages
S. We therefore deem it likely that further investigations in partial clone the-
ory, and in particular improving the classification in Section 7.6, can lead to
a better understanding of the complexity differences between SAT(·) prob-
lems.
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8 Boolean Optimisation
Problems

– Can you do me a coat?
– What cloth will you do to?
– From a stuff what be of season.
– How much wants the ells for
coat, waist coat, and breeches?
– Six ells.

English as she is spoke

In this chapter we continue the work in Chapter 7 but in the context of the
Boolean optimisation problems MAX-ONES(·) and VCSP(·). Similar to the
case of SAT(·), we prove that we can obtain an ‘easiest problem’ for these
two classes of problems, and use these results to give lower bounds with
respect to the ETH.

8.1 Introduction

In the previous chapter we were able to isolate a relation R 6= 6= 6=1/3 such that
SAT({R 6= 6= 6=1/3 }) resulted in the easiest NP-complete SAT(·) problem, and used
this relation to give lower bounds of all NP-complete SAT(·) problems in the
context of the ETH. The proof strategy based on partial clone theory suggests
a more general method to obtain an ‘easiest problem’ for any problem where
the Galois connection in Theorem 2.21 is applicable. Assume that X(·) is a
variable problem, as defined in Chapter 6, parameterized by a Boolean con-
straint language such that X(S) is polynomial-time many-one reducible to
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X(S′) whenever Pol(S′) ⊆ Pol(S). Let Y = {Pol(S) | X(S) is NP-complete}.
Then we have a method for obtaining the easiest X(·) problem. First, we
compute the set W = {RIC | C ∈ Y}, where each RIC denotes the weak
base of the co-clone IC from Table 3.1 in Chapter 3. Second, we try to prove
that there exists RIC ∈W such that the problem X({RIC}) is CV-reducible to
X({RIC′ }) for every other RIC′ ∈W.

Hence, we have a general method to obtain the easiest problems, and in
this chapter we apply this method and continue the hunt after the easiest
NP-complete problems in the context of MAX-ONES(·) and VCSP(·). Re-
call from Chapter 6 that the MAX-ONES(·) problem [KSTW00] is a variant of
SAT(·) where the goal is to find a satisfying assignment which maximises the
number of variables assigned the value 1, and that the VCSP(·) problem is a
function minimisation problem that generalises the MAX-CSP and MIN-CSP
problems [KSTW00]. We treat both the unweighted and weighted versions of
these problems and use the prefix U to denote the unweighted problem and
W to denote the weighted version. These problems are well-studied with re-
spect to separating tractable cases from NP-hard cases [KSTW00; TŽ13] but
much less is known when considering the weaker schemes of LV-reductions
and CV-reductions. We begin (in Section 8.3.1) by identifying the easiest lan-
guage for W-MAX-ONES(·). This proof uses the strategy outlined in the pre-
ceding paragraph, but there are two complications. First, there exists an in-
finite number of Boolean co-clones resulting in NP-complete MAX-ONES(·)
problems. We resolve this by utilising a certain inclusion structure of the
weak bases computed in Chapter 3 and are able to remove all but seven re-
lations. To show that exactly one of the resulting MAX-ONES(·) problems
is CV-reducible to the other six we however require more powerful reduc-
tion techniques, based on weighted primitive positive implementations [JKT11;
Tha10]. For VCSP(·) the situation differs even more since the algebraic tech-
niques developed for CSP(·) and SAT(·) are not applicable — instead we
use multimorphisms [CCJK06] when considering the complexity of VCSP(·).
We prove (in Section 8.3.2) that the binary function f 6= which returns 0 if its
two arguments are different and 1 otherwise, results in the easiest NP-hard
VCSP(·) problem. This problem is very familiar since it is the MAX CUT

problem slightly disguised. The complexity landscape surrounding these
problems is outlined in Section 8.3.3.

With the aid of the languages identified in Section 8.3, we continue (in
Section 8.4) by relating MAX-ONES and VCSP with LV-reductions and con-
nect them with the ETH. Our results imply that (1) if the ETH is true then
there cannot exist any NP-complete U-MAX-ONES(S), W-MAX-ONES(S), or
VCSP(∆) problems solvable in subexponential time and (2) that if the ETH
is false then U-MAX-ONES(S) and U-VCSPd(∆) are solvable in subexponen-
tial time for every choice of S and ∆ and d ≥ 0. Here U-VCSPd(∆) is the
U-VCSP(∆) problem restricted to instances where the sum to minimise con-
tains at most dn terms. Thus, to disprove the ETH, our result implies that it
is sufficient to find a single language S or a set of cost functions ∆ such that
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U-MAX-ONES(S), W-MAX-ONES(S) or VCSP(∆) is NP-hard and solvable in
subexponential time.

8.2 Preliminaries

We begin by formally defining the weighted and unweighted versions of
MAX-ONES, and explain how partial clone theory can be used to study their
worst-case time complexity.

W-MAX-ONES(S)
INSTANCE: A SAT(S) formula φ over a set of variables V, a natural num-
ber k ≥ 0, and W = {w1, . . . , w|V|}, wi ∈ Q≥0, a set of weights.
QUESTION: Does there exist a satisfying assignment f to φ such that
Σ|V|i=1wi f (xi) ≥ k?

The unweighted MAX-ONES(S) problem (U-MAX-ONES(S)) is the
W-MAX-ONES(S) problem where all weights have the value 1. For
MAX-ONES(S) we can employ a similar strategy as for SAT(·) in Chapter 7
since the complexity, up to polynomial-time reductions, is determined by
Pol(S).

Theorem 8.1 (Khanna et al. [KSTW00]). Let S and S′ be finite Boolean con-
straint languages. If Pol(S′) ⊆ Pol(S), then (1) W-MAX-ONES(S) is polynomial-
time many-one reducible to W-MAX-ONES(S′) and (2) U-MAX-ONES(S) is
polynomial-time many-one reducible to U-MAX-ONES(S′).

It is also not difficult to prove that pPol(S) determines the complexity of
W-MAX-ONES(S) up to O(c|Var(I)|) time complexity. We omit the proof since
it is entirely analogous to Theorem 7.3 in Chapter 7. The only complication is
that, when removing equality constraints and identifying variables, one has
to ensure that the resulting variable is given a weight which matches the sum
of the weights of the variables which it has replaced.

Theorem 8.2. Let S and S′ be finite Boolean constraint languages. If pPol(S′) ⊆
pPol(S), then W-MAX-ONES(S) ≤CV W-MAX-ONES(S′).

This does not hold for the U-MAX-ONES(·) problem since one cannot
safely remove equality constraints without using weights. However, recall
that the weak bases in Chapter 3 are minimal in the sense that they can al-
ways be implemented without using equality constraints. We therefore ob-
tain the following theorem.

Theorem 8.3. Let IC be a Boolean co-clone of finite order and let RIC be
the weak base of IC from Table 3.1. Then (1) U-MAX-ONES({RIC}) ≤CV

U-MAX-ONES(S) for any finite base S of IC and (2) W-MAX-ONES({RIC}) ≤CV

W-MAX-ONES(S) for any finite base S of IC.
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We now turn our attention towards the valued constraint satisfaction prob-
lem over a set of finite-valued cost functions ∆ (VCSP(∆)). Recall that an
n-ary finite-valued cost function on B is a function from Bn to Q≥0.

VCSP(∆)
INSTANCE: A set V = {x1, . . . , xn} of variables, a natural number k ≥
0, and the objective function f I(x1, . . . , xn) = ∑

q
i=1 wi fi(xi) where, for

every 1 ≤ i ≤ q, fi ∈ ∆, xi ∈ Var( fi), and wi ∈ Q≥0 is a weight.
QUESTION: Is there a function h : V → B such that
f I(h(x1), . . . , h(xn)) ≤ k?

We let U-VCSP be the VCSP problem without weights and U-VCSPd
(for d ≥ 0) denote the U-VCSP problem restricted to instances contain-
ing at most d |Var(I)| constraints. Many optimisation problems can be
viewed as VCSP(∆) problems for suitable ∆: well-known examples are
the MAX-CSP(S) and MIN-CSP(S) problems where the number of satis-
fied constraints in a CSP instance are maximised or minimised (accord-
ing to a set of weights). For each S, there obviously exists sets of cost
functions ∆min, ∆max such that MIN-CSP(S) is polynomial-time equiva-
lent to VCSP(∆min) and MAX-CSP(S) is polynomial-time equivalent to
VCSP(∆max). Observe that we have defined the problems U-VCSP, VCSP,
U-MAX-ONES and W-MAX-ONES as decision problems rather than optimi-
sation problems, and it is not difficult to see that they under this definition
are NP-complete.

8.3 The Easiest NP-complete MAX-ONES and VCSP
Problems

We will now study the complexity of W-MAX-ONES(·) and VCSP(·) with
respect to CV-reductions. We prove that for both these problems there
is a single language which is CV-reducible to every other NP-complete
W-MAX-ONES(·) or VCSP(·) problem. Out of the infinite number of can-
didate languages generating different co-clones, we in Section 8.3.1 prove
that the weak base {RII2} of BR defines the easiest W-MAX-ONES(·) prob-
lem. This might be contrary to intuition since one could be led to believe
that the co-clones in the lower parts of the co-clone lattice, generated by
very simple languages where the corresponding SAT(·) problem is in P,
would result in even easier problems. For the VCSP(·) problem we in Sec-
tion 8.3.2 employ multimorphisms and prove that the function f 6= defined as
f 6=(0, 0) = f 6=(1, 1) = 1 and f 6=(0, 1) = f 6=(1, 0) = 0, results in the easiest
NP-complete Boolean VCSP(·) problem.
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8.3.1 The MAX-ONES Problem

Here we use a slight reformulation of Khanna et al. ’s [KSTW00] complex-
ity classification of the MAX-ONES problem expressed in terms of polymor-
phisms. An operation f is called arithmetical if f (y, x, x) = f (y, x, y) =
f (x, x, y) = y for every x, y ∈ B. The max function is defined as max(x, y) =
0 if x = y = 0 and 1 otherwise.

Theorem 8.4 ([KSTW00]). Let S be a finite Boolean constraint language.
MAX-ONES(S) is in P if and only if S is 1-closed, max-closed, or closed under
an arithmetical operation.

The theorem holds for both the weighted and the unweighted version
of the problem and showcases the strength of the algebraic method since
it not only eliminates all constraint languages resulting in polynomial-
time solvable problems, but also tells us exactly which cases remain, and
which properties they satisfy. We will use Theorem 8.3 together with
Theorem 8.4 in order to obtain an easiest NP-complete W-MAX-ONES(·)
problem. That is, given a co-clone Inv(C) where W-MAX-ONES(·) is NP-
complete, and a minimal weak base RIC of Inv(C), we know that the problem
W-MAX-ONES({RIC}) is the easiest W-MAX-ONES(·) problem for Inv(C) in
the sense that it is CV-reducible to every W-MAX-ONES(S) problem such
that 〈S〉 = Inv(C). Hence, to obtain an easiest W-MAX-ONES(·) problem,
we only have to compare the complexity between W-MAX-ONES({RIC})
and W-MAX-ONES({RIC′}) for all weak bases RIC and RIC′ such that
W-MAX-ONES({RIC}) and W-MAX-ONES({RIC′}) are NP-complete.

Using Figure 2.1 from Chapter 2 in combination with Theorem 8.4 we
however see that there is a slight complication with this strategy, since there
exists an infinite number of weak bases to consider. In the following theo-
rem we show how to circumvent this difficulty. We state this result for the
U-MAX-ONES(·) problem since it is going to be used in Section 8.4 where we
relate the complexity of U-MAX-ONES(·) to the ETH.

Theorem 8.5. U-MAX-ONES({R})≤CV U-MAX-ONES(S) for some R ∈ {RIS2
1
,

RII2
, RIN2

, RIL0
, RIL2

, RIL3
, RID2

} whenever U-MAX-ONES(S) is NP-complete.

Proof. By Theorem 8.4 in combination with Table 2.1 and Figure 2.1 from
Chapter 2 it follows that U-MAX-ONES(S) is NP-complete if and only if
〈S〉 ⊇ IS2

1 or if 〈S〉 ∈ {IL0, IL3, IL2, IN2}. In principle we then for every co-
clone have to decide which language is CV-reducible to every other base of
the co-clone, but since a weak base always have this property, we can elim-
inate a lot of tedious work and directly consult the precomputed relations
in Table 3.1 from Chapter 3. From this we first see that 〈RIS2

1
〉 6∃ ⊂ 〈RISκ

1
〉 6∃,

〈RIS2
12
〉 6∃ ⊂ 〈RISκ

12
〉 6∃, 〈RIS2

11
〉 6∃ ⊂ 〈RISκ

11
〉 6∃ and 〈RIS2

10
〉 6∃ ⊂ 〈RISκ

10
〉 6∃ for ev-

ery κ ≥ 3. Hence, in the four infinite chains ISκ
1, ISκ

12, ISκ
11, ISκ

10 we only
have to consider the bottommost co-clones IS2

1, IS2
12, IS2

11, IS2
10. Now, ob-

serve that if R and R′ satisfies R(x1, . . . , xκ) ⇒ ∃y0, y1.R′(x1, . . . , xκ , y0, y1) ∧
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F(y0)∧ T(y1) and R′(x1, . . . , xκ , y0, y1)⇒ R(x1, . . . , xκ)∧ F(y0), and it more-
over holds that R′(x1, . . . , xκ , y0, y1) ∈ 〈S〉 6∃, then U-MAX-ONES({R}) ≤CV

U-MAX-ONES(S), since we can use y0 and y1 as global variables, and be-
cause an optimal solution to the instance we construct will always map y1
to 1 if the original instance is satisfiable. For RIS2

1
(x1, x2, c0) we can q.f.p.p.

define predicates R′
IS2

1
(x1, x2, c0, y0, y1) with RIS2

12
, RIS2

11
, RIS2

10
, RIE2

, RIE0
satis-

fying these properties as follows:

• R′
IS2

1
(x1, x2, c0, y0, y1) ≡ RIS2

12
(x1, x2, c0, y1) ∧ RIS2

12
(x1, x2, y0, y1),

• R′
IS2

1
(x1, x2, c0, y0, y1) ≡ RIS2

11
(x1, x2, y1, c0) ∧ RIS2

11
(x1, x2, y1, y0),

• R′
IS2

1
(x1, x2, c0, y0, y1) ≡ RIS2

10
(x1, x2, y1, c0, y1) ∧ RIS2

10
(x1, x2, y1, y0, y1),

• R′
IS2

1
(x1, x2, c0, y0, y1) ≡ RIE2

(c0, x1, x2, c0, y1) ∧ RIE2
(c0, x1, x2, y0, y1),

• R′
IS2

1
(x1, x2, c0, y0, y1) ≡ RIE0

(c0, x1, x2, y1, c0) ∧ RIE0
(y0, x1, x2, y1, y0),

and similarly a relation R′II2 using RII0
as follows

R′II2(x1, x2, x3, x4, x5, x6, c0, c1, y0, y1) ≡ φ,

where φ is the q.f.p.p. formula

φ ≡ RII0
(x1, x2, x3, c0) ∧ RII0

(c0, c1, y1, y0)∧
RII0

(x1, x4, y1, y0) ∧ RII0
(x2, x5, y1, y0) ∧ RII0

(x3, x6, y1, y0).

By Figure 2.1 in Chapter 2 we then see that the only remaining cases for S
when 〈S〉 ⊃ IS2

1 is when 〈S〉 = II2 or when 〈S〉 = ID2. This concludes the
proof.

Using q.f.p.p. implementations to further decrease the set of relations in
Theorem 8.5 appears difficult and we therefore make use of more power-
ful implementations. Let Optsol(I) be the set of all optimal solutions of a
W-MAX-ONES(S) instance I. A relation R has a weighted primitive positive def-
inition (w.p.p. definition) [JKT11; Tha10] in S if there exists an instance I of
W-MAX-ONES(S) on variables V such that

R = {(φ(v1), . . . , φ(vm)) | φ ∈ Optsol(I)}

for some v1, . . . , vm ∈ V. The set of all relations w.p.p. definable in S is de-
noted 〈S〉w and we furthermore have that if S and S′ are finite constraint
languages such that S′ ⊆ 〈S〉w then W-MAX-ONES(S′) is polynomial-time
reducible to W-MAX-ONES(S) [JKT11; Tha10]. If there is a W-MAX-ONES(S)
instance I on V such that

R = {(φ(v1), . . . , φ(vm)) | φ ∈ Optsol(I)}

for v1, . . . , vm ∈ V satisfying {v1, . . . , vm} = V, then we say that R has a
quantifier-free weighted primitive positive definition (q.f.w.p.p. definition) in S.
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We use 〈S〉@,w for set of all relations q.f.w.p.p. definable in S. It is not hard
to check that if S′ ⊆ 〈S〉@,w, then every instance is mapped to an instance
of equally many variables — hence W-MAX-ONES(S′) is CV-reducible to
W-MAX-ONES(S) whenever S′ is finite. This gives the following corollary.

Corollary 8.6. Let S and S′ be finite constraint languages such that S′ ⊆ 〈S〉@,w.
Then W-MAX-ONES(S′) ≤CV W-MAX-ONES(S).

By using q.f.w.p.p. definitions together with Theorem 8.5 we are now in
a position to prove that W-MAX-ONES({RII2

}) is CV-reducible to any other
NP-complete W-MAX-ONES(S) problem.

Theorem 8.7. Let S be a finite constraint language such that W-MAX-ONES(S) is
NP-complete. Then W-MAX-ONES({RII2

}) ≤CV W-MAX-ONES(S).

Proof. We need to prove that RII2
∈ 〈R〉@,w for every R ∈

{RIS2
1
, RIN2

, RIL0
, RIL2

, RIL3
, RID2

}. Let us first consider the case of RII2
∈

〈RIN2
〉@,w. First, note that

RII2
= arg maxx∈B8 :(x7,x1,x2,x6,x8,x4,x5,x3)∈RIN2

x8, (†)

where x is an abbreviation of (x1, x2, x3, x4, x5, x6, x7, x8). We will see that
it is not difficult to obtain a q.f.w.p.p. definition of RII2

with RIN2
, armed with

this information. Let I be the W-MAX-ONES({RIN2
}) instance over the vari-

ables {x1, . . . , x8} with the single constraint RIN2
(x7, x1, x2, x6, x8, x4, x5, x3),

where x8 have the weight 2 and all other variables the weight 1. It is then
easy to see that I has three optimal solutions φ1, φ2, and φ3 such that

1. ((φ1(x1), φ1(x2), φ1(x3), φ1(x4), φ1(x5), φ1(x6), φ1(x7), φ1(x8))) =
(0, 0, 1, 1, 1, 0, 0, 1) ∈ RII2

,

2. ((φ2(x1), φ2(x2), φ2(x3), φ2(x4), φ2(x5), φ2(x6), φ2(x7), φ2(x8))) =
(0, 1, 0, 1, 0, 1, 0, 1) ∈ RII2

, and

3. ((φ3(x1), φ3(x2), φ3(x3), φ3(x4), φ3(x5), φ3(x6), φ3(x7), φ3(x8))) =
(1, 0, 0, 0, 1, 1, 0, 1) ∈ RII2

,

which implies that RII2
∈ 〈R〉@,w. Hence, it is rather easy, albeit tedious, to

prove that a relation is q.f.w.p.p. definable over another relation when given
an equality akin to (†). To avoid boring the reader more than necessary, we
have prepared these arg max definitions in Table 8.1, from which it is easy to
derive the necessary q.f.w.p.p. definitions.

The Argus-eyed reader might notice a slight discrepancy between the
problem W-MAX-ONES({RII2

}) and the problem SAT({R 6= 6= 6=1/3 }) from Chap-
ter 7. In this chapter we have chosen to work with RII2

= R 6= 6= 6=01
1/3 rather than

with R 6= 6= 6=1/3 since it simplifies some of the proofs. It is however easy to see that
W-MAX-ONES({R 6= 6= 6=1/3 }) ≤CV W-MAX-ONES({RII2

}) — hence, all the results
in this Chapter stated for W-MAX-ONES({RII2

}) could equivalently well be
stated for W-MAX-ONES({R 6= 6= 6=1/3 }).
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Table 8.1: arg max definitions for W-MAX-ONES(·).
R1 R2 arg max definition of R1 with R2
RII2

RIN2
arg maxx∈B8 :(x7 ,x1 ,x2 ,x6 ,x8 ,x4 ,x5 ,x3)∈RIN2

x8
RII2

RID2
arg maxx∈B8 :(x5 ,x4 ,x2 ,x1 ,x7 ,x8),(x6 ,x4 ,x3 ,x1 ,x7 ,x8),(x6 ,x5 ,x3 ,x4 ,x7 ,x8)∈RID2

(x1 + x2 + x3)
RII2

RIL2
arg maxx∈B8 :(x4 ,x5 ,x6 ,x1 ,x2 ,x3 ,x7 ,x8)∈RIL2

(x4 + x5 + x6)
RIL2

RIL3
arg maxx∈B8 :(x7 ,x1 ,x2 ,x3 ,x8 ,x4 ,x5 ,x6)∈RIL3

x8
RIL2

RIL0
arg maxx∈B8 :(x4 ,x5 ,x6 ,x7),(x8 ,x1 ,x4 ,x7),(x8 ,x2 ,x5 ,x7),(x8 ,x3 ,x6 ,x7)∈RIL0

x8
RII2

RIS2
1

arg maxx∈B8 :(x1 ,x2 ,x7),(x1 ,x3 ,x7),(x2 ,x3 ,x7),(x1 ,x4 ,x7),(x2 ,x5 ,x7),(x3 ,x6 ,x7)∈R
IS2

1

(x1 + · · ·+ x8)

8.3.2 The VCSP Problem

Since the VCSP(·) problem does not adhere to the standard Galois connec-
tion in Theorem 2.11, the weak base method is not applicable and alternative
methods are required. For this purpose we use multimorphisms from Cohen et
al. [CCJK06]. Let ∆ be a set of cost functions on B, let p be a unary operation
on B, and let f , g be binary operations on B. We say that ∆ admits the binary
multimorphism ( f , g) if it holds that ν( f (x, y)) + ν(g(x, y)) ≤ ν(x) + ν(y) for
every ν ∈ ∆ and x, y ∈ Bar(ν). Similarly, ∆ admits the unary multimorphism
(p) if it holds that ν(p(x)) ≤ ν(x) for every ν ∈ ∆ and x ∈ Bar(ν).

Recall that the function f 6= is defined as f 6=(0, 0) = f 6=(1, 1) = 1 and
f 6=(0, 1) = f 6=(1, 0) = 0. It is not difficult to see that the minimisation
problem VCSP({ f 6=}) and the maximisation problem MAX CUT are trivially
CV-reducible to each other. We will make use of (a variant of) the concept
of expressibility [CCJK06] to prove that VCSP({ f 6=}) is CV-reducible to any
other Boolean, NP-complete VCSP(∆) problem. Say that a cost function g
is @-expressible in ∆ if g(x1, . . . , xn) = ∑i wi fi(si) + w for some ar( fi)-ary tu-
ples si over {x1, . . . , xn}, weights wi ∈ Q≥0, w ∈ Q and fi ∈ ∆. It is not
hard to see that if every function in a finite set ∆′ is @-expressible in ∆, then
VCSP(∆′) ≤CV VCSP(∆). Note that if the constants 0 and 1 are express-
ible in ∆ then we may allow tuples si over {x1, . . . , xn, 0, 1}, and still obtain a
CV-reduction.

Theorem 8.8. Let ∆ be a set of finite-valued cost functions on B. If VCSP(∆) is
NP-complete, then VCSP({ f 6=}) ≤CV VCSP(∆).

Proof. The proof consists of two parts. Using the assumption that VCSP(∆)
is NP-complete we will (1) prove that we can force two variables v0 and v1 to
0 and 1, respectively, and (2) show that there exists a certain function which
is @-expressible over ∆, which together with the two constant variables v0
and v1 can express f 6=.

First, since VCSP(∆) is NP-complete (and since we assume P 6= NP)
we know that ∆ does not admit the unary (0)-multimorphism or the
unary (1)-multimorphism [CCJK06]. Therefore there are g, h ∈ ∆ and
u ∈ Bar(g), v ∈ Bar(h) such that g(0) > g(u) and h(1) > h(v). Let
w ∈ arg minx∈Bb(g(x1, . . . , xa) + h(xa+1, . . . , xb)) and then define o(x, y) =
g(z1, . . . , za) + h(za+1, . . . , zb) where zi = x if wi = 0 and zi = y otherwise.
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Clearly (0, 1) ∈ arg minx∈B2 o(x), o(0, 1) < o(0, 0), and o(0, 1) < o(1, 1). We
will show that we always can force two fresh variables v0 and v1 to 0 and 1,
respectively. If o(0, 0) 6= o(1, 1), then assume without loss of generality that
o(0, 0) < o(1, 1). In this case we force v0 to 0 with the (sufficiently weighted)
term o(v0, v0). Define g′(x) = g(z1, . . . , zar(g)) where zi = x if ui = 1 and
zi = v0 otherwise. Note that g′(1) < g′(0) which means that we can force v1
to 1. Otherwise o(0, 0) = o(1, 1). If o(0, 1) = o(1, 0), then f 6= = α1o + α2, oth-
erwise assume without loss of generality that o(0, 1) < o(1, 0). In this case
v0, v1 can be forced to 0, 1 with the help of the (sufficiently weighted) term
o(v0, v1).

Second, we also know that ∆ does not admit the (min, max)-
multimorphism [CCJK06] since VCSP(∆) is NP-hard by assumption. Hence,
there exists an n-ary function f ∈ ∆ and s, t ∈ Bn such that f (min(s, t)) +
f (max(s, t)) > f (s) + f (t). Let f1(x) = α1o(v0, x) + α2 for some α1 ∈ Q≥0
and α2 ∈ Q such that f1(1) = 0 and f1(0) = 1. Also let g(x, y) = f (z1, . . . , zn)
where zi = v1 if min(si, ti) = 1, zi = v0 if max(si, ti) = 0, zi = x if si > ti and
zi = y otherwise. Note that g(0, 0) = f (min(s, t)), g(1, 1) = f (max(s, t)),
g(1, 0) = f (s) and g(0, 1) = f (t). Set h(x, y) = g(x, y) + g(y, x). Now
h(0, 1) = h(1, 0) < 1

2 (h(0, 0) + h(1, 1)). If h(0, 0) = h(1, 1), then f 6= =
α1h + α2 for some α1 ∈ Q≥0 and α2 ∈ Q. Hence, we can without loss
of generality assume that h(1, 1) − h(0, 0) = 2. Note now that h′(x, y) =
f1(x) + f1(y) + h(x, y) satisfies h′(0, 0) = h′(1, 1) = 1

2 (h(0, 0) + h(1, 1) + 2)
and h′(0, 1) = h′(1, 0) = 1

2 (2 + h(0, 1) + h(1, 0)). Hence, h′(0, 0) = h′(1, 1) >
h′(0, 1) = h′(1, 0). So f 6= = α1h′ + α2 for some α1 ∈ Q≥0 and α2 ∈ Q.

8.3.3 The Broader Picture

Theorems 8.7 and 8.8 do not describe the relative complexity between
the SAT(·), MAX-ONES(·) and VCSP(·) problems. However, we read-
ily see (1) that SAT({RII2

}) ≤CV W-MAX-ONES({RII2
}), and (2) that

W-MAX-ONES({RII2
}) ≤CV W-MAX INDEPENDENT SET since W-MAX INDE-

PENDENT SET can be expressed by W-MAX-ONES({NAND2}). The problem
W-MAX-ONES({NAND2}) is in turn expressible by MAX-CSP({NAND2,
T, F}). To show that W-MAX INDEPENDENT SET ≤CV VCSP({ f 6=}) it
is in fact, since MAX-CSP({Neq}) and VCSP({ f 6=}) are CV-reducible
to each other, sufficient to show that MAX-CSP({NAND2, T, F}) ≤CV

MAX-CSP({Neq}). We do this as follows. Let v0 and v1 be two global
variables. We force v0 and v1 to be mapped to different values by as-
signing a sufficiently high weight to the constraint Neq(v0, v1). It then
follows that T(x) = Neq(x, v0), F(x) = Neq(x, v1) and NAND2(x, y) =
1
2 (Neq(x, y) + F(x) + F(y)), and we are done. It follows from this
proof that MAX-CSP({NAND2, T, F}) and VCSP({ f 6=}) are mutually CV-
interreducible. Since MAX-CSP({NAND2, T, F}) can also be formulated as
a VCSP(·) problem, it follows that VCSP(·) does not have a unique easiest
set of cost functions. The complexity results are summarised in Figure 8.1.
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SAT({RII2
})

SAT(S) W-MAX-ONES({RII2
})

W-MAX-ONES(S) W-MAX INDEPENDENT SET

VCSP({ f 6=})

VCSP(∆)

W-MAX CUT

1

2

3
1. Holds for every finite

S such that SAT(S) is
NP-complete.

2. Holds for every
finite S such that
W-MAX-ONES(S) is
NP-complete.

3. Holds for every
finite-valued, finite
Boolean ∆ such
that VCSP(∆) is
NP-complete.

Figure 8.1: The complexity landscape of some Boolean optimisation and sat-
isfiability problems. A directed arrow from one node A to B means that
A ≤CV B.

Some trivial inclusions are omitted in the figure: for example it holds that
SAT(S) ≤CV W-MAX-ONES(S) for all S.

8.4 Subexponential Time and the Exponential-Time
Hypothesis

In this section we investigate the consequences of the ETH for the
U-MAX-ONES and U-VCSP problems. A direct consequence of Section 8.3
is that if there exists any finite constraint language S or set of cost functions
∆ such that W-MAX-ONES(S) or VCSP(∆) is NP-complete and in SE, then
SAT({RII2

}) is in SE which according to Theorem 7.40 in Chapter 7 implies
that the ETH is false. For the unweighted MAX-ONES problem we can how-
ever make these results even more precise, and prove that the ETH is true
if and only if there does not exist any finite constraint language S such that
U-MAX-ONES(S) is NP-complete and solvable in subexponential time. Be-
fore we begin we prove one property of the problem SAT({RII2

})-DEG-2
that will be needed later on.

Lemma 8.9. SAT({RII2
})-DEG-2 ∈ SE if and only if SAT({R 6= 6= 6=1/3 })-DEG-2 ∈

SE.

Proof. First, assume that SAT({RII2
})-DEG-2 ∈ SE, and let I = (V, C)

be an instance of SAT({R 6= 6= 6=1/3 })-DEG-2. For each constraint Ci =
R 6= 6= 6=1/3 (xi1 , xi2 , xi3 , xi4 , xi5 , xi6), introduce two fresh variables yi and y′i and re-
place Ci by the constraint RII2

(xi1 , xi2 , xi3 , xi4 , xi5 , xi6 , yi, y′i). Let (V′, C′) be
the resulting instance. Since |C| ≤ 2|V|, and since we for each constraint
introduce exactly two fresh variables, it follows that |V′| ≤ 4|V| and that the
reduction is an LV-reduction.
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Second, assume that SAT({R 6= 6= 6=1/3 })-DEG-2 ∈ SE, and observe that, by
Theorem 7.40 in Chapter 7, also implies that SAT({RII2

}) ∈ SE. Hence,
SAT({RII2

})-DEG-2 is trivially in SE, too.

Lemma 8.10. If U-MAX-ONES(S) is in SE for some finite constraint language S
such that U-MAX-ONES(S) is NP-complete, then the ETH is false.

Proof. From Theorem 7.40 in Chapter 7 it follows that 3-SAT is in SE if and
only if SAT({R 6= 6= 6=1/3 })-DEG-2 is in SE. By Lemma 8.9 it furthermore follows
that SAT({RII2

})-DEG-2 ∈ SE. Combining this with Theorem 8.5 we only
have to prove that SAT({RII2

})-2 LV-reduces to U-MAX-ONES({R}) for R ∈
{RIS2

1
, RIIN2

, RIL0
, RIL2

, RIL3
, RID2

}. We provide an illustrative reduction from
SAT({RII2

})-DEG-2 to U-MAX-ONES({RIS2
1
}); the remaining reductions are

presented in Lemmas 8.14–8.18 in Section 8.5. Since RIS2
1

is the NAND rela-
tion with one additional constant column, the U-MAX-ONES({RIS2

1
)} prob-

lem is basically the maximum independent set problem or, equivalently, the
maximum clique problem in the complement graph. Given an instance I
of CSP({RII2

})-DEG-2 we create for every constraint 3 vertices, one corre-
sponding to each feasible assignment of values to the variables occurring in
the constraint. We add edges between all pairs of vertices that are not incon-
sistent and that do not correspond to the same constraint. The instance I is
satisfied if and only if there is a clique of size m where m is the number of
constraints in I. Since m ≤ 2|Var(I)| this implies that the number of vertices
is ≤ 2|Var(I)|.

Hence, we have ruled out the possibility that, assuming the ETH, there
could exist a U-MAX-ONES(S) ∈ SE problem which is NP-complete. It is
also not difficult to prove the opposite, i.e., that if the ETH is false, then
U-MAX-ONES(S) ∈ SE) for every finite Boolean constraint language S.

Lemma 8.11. If the ETH is false, then U-MAX-ONES(S) ∈ SE for every finite
Boolean constraint language S.

Proof. Define SNP to be the class of properties expressible by formulas of
the type ∃S1 . . . ∃Sn∀x1 . . . ∀xm.F where F is a quantifier-free logical formula,
∃S1 . . . ∃Sn are second order existential quantifiers, and ∀x1 . . . ∀xm are first-
order universal quantifiers. Monadic SNP (MSNP) is the restriction of SNP
where all second-order predicates are required to be unary [FV98]. The asso-
ciated search problem tries to identify instantiations of S1, . . . , Sn that make
the resulting first-order formula true. We will be interested in properties that
can be expressed by formulas that additionally contain size-constrained ex-
istential quantifier. A size-constrained existential quantifier is of the form
∃S, |S| ⊕ s, where |S| is the number of inputs where relation S holds, and
⊕ ∈ {=,≤,≥}. Define size-constrained SNP as the class of properties of rela-
tions and numbers that are expressible by formulas ∃S1 . . . ∃Sn∀x1 . . . ∀xm.F
where the existential quantifiers are allowed to be size-constrained.
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If the ETH is false then 3-SAT is solvable in subexponential time. By
Impagliazzo et al. [IP01] this problem is size-constrained MSNP-complete
under size-preserving SERF reductions. Hence, we only have to prove that
U-MAX-ONES(·) is included in size-constrained MSNP for it to be solvable
in subexponential time. Impagliazzo et al. [IP01] shows that κ-SAT is in
SNP by providing an explicit formula ∃S.F where F is a universal formula
and S a unary predicate interpreted such that x ∈ S if and only if x is true.
Let κ be the highest arity of any relation in S. Since κ-SAT can q.f.p.p. im-
plement any κ-ary Boolean relation it is therefore sufficient to prove that
U-MAX-ONES(Γκ

SAT) is in size-constrained MSNP. This is easy to do with the
formula

∃S, |S| ≥ K.F

where K is the parameter corresponding to the number of variables that
have to be assigned 1.

To obtain similar results for VCSP(·), we have to impose additional re-
strictions, and only consider the problem U-VCSPd(·) (recall from Section 8.2
that U-VCSPd(∆) denotes the unweighted VCSP(∆) problem where each in-
stance I contains at most d |Var(I)| constraints).

Lemma 8.12. If U-MAX-ONES(S) ∈ SE for every finite Boolean constraint lan-
guage S, then U-VCSPd(∆) ∈ SE for every finite set of Boolean cost functions ∆
and arbitrary d ≥ 0.

Proof. We first show that if every U-MAX-ONES(S) ∈ SE, then
U-MIN-ONES(S) ∈ SE for all S, too. Here U-MIN-ONES(S) denotes the min-
imisation variant of U-MAX-ONES(S) where the goal instead is to minimise
the number of variables assigned 1. Arbitrarily choose a finite constraint
language S over B. We present an LV-reduction from U-MIN-ONES(S) to
U-MAX-ONES(S ∪ {Neq}). Let ({v1, . . . , vn}, C) be an arbitrary instance of
U-MIN-ONES(S) with optimal value K. Consider the instance I = (V′, C′) of
U-MAX-ONES(S ∪ {Neq}) where:

• V′ = {v1, v′1, v′′1 , . . . , vn, v′n, v′′n}, and

• C′ = C ∪ {Neq(v1, v′1), Neq(v1, v′′1 ), . . . , Neq(vn, v′n), Neq(vn, v′′n}.

For each variable vi ∈ {v1, . . . , vn} that is assigned 0, the corresponding
variables v′i, v′′i are assigned 1, and vice-versa. It follows that the optimal
value of I′ is 2n− K. Hence, U-MIN-ONES(S) ∈ SE since U-MAX-ONES(S ∪
{Neq}) ∈ SE.

Now, arbitrarily choose d ≥ 0 and a finite set of Boolean cost functions ∆.
Since ∆ is finite, we may without loss of generality assume that each function
f ∈ ∆ has its range in {0, 1, 2, . . .}.

We show that U-VCSPd(∆) ∈ SE by exhibiting an LV-reduction from
U-VCSPd(∆) to U-MIN-ONES(S) where S is finite and only depends on ∆.
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Given a tuple a = (a1, . . . , ak) ∈ Bk, let val(a) = 1 + ∑j:aj=1 2j−1. For each
f ∈ ∆ of arity k, define

R f =

{
(x1, . . . , xk, y1, . . . , y2k ) ∈ Bk+2k

∣∣∣∣∣ f (x1, . . . , xk) > 0,

{i : yi 6= 0} = {val(x1, . . . , xk)}

}
∪ {(x1, . . . , xk, 0, . . . , 0) ∈ Bk+2k | f (x1, . . . , xk) = 0},

and let S = {Eq, Neq} ∪ {R f | f ∈ ∆}.
One may interpret R f as follows: for each (x1, . . . , xk) ∈ Bk the relation

R f contains exactly one tuple (x1, . . . , xk, y1, . . . , y2k ). If f (x1, . . . , xk) = 0,
then this is the tuple (x1, . . . , xk, 0, . . . , 0). If f (x1, . . . , xk) > 0, then this is the
tuple (x1, . . . , xk, 0, . . . , 1, . . . , 0) where the 1 is in position k + val(x1, . . . , xk).
We show below how R f can be used for ‘translating’ each x ∈ Bk into its
corresponding weight as prescribed by f .

Let (V, ∑m
i=1 fi(xi)) be an arbitrary instance of U-VCSPd(∆) where V =

{v1, . . . , vn}. Assume the instance has an optimal solution with value K. For
each term fi(v1, . . . , vk) in the sum, do the following:

1. introduce 2k fresh variables v′1, . . . , v′2k ,

2. introduce k fresh variables w1, . . . , wk,

3. for each a ∈ Bk such that fi(a) > 1, introduce n′ = fi(a) fresh variables
u0, . . . , un′−1,

4. introduce the constraint R fi
(v1, . . . , vk, v′1, . . . , v′2k ),

5. introduce the constraints Neq(v1, w1), . . . , Neq(vk, wk), and

6. for each a ∈ Bk, let n′ = fi(a) and do the following
if n′ > 1: let p = val(a) and introduce the constraints
Eq(v′p, u0), Eq(u0, u1), . . . , Eq(un′−2, un′−1).

It is not difficult to realise that the resulting instance has optimal value
K + ∑m

i=1 ar( fi) given the interpretation of R f and the following motivation
of step 5: the Neq constraints introduced in step 5 ensure that the weight
of (x1, . . . , xk) does not influence the weight of the construction and this ex-
plains that we need to adjust the optimal value with ∑m

i=1 ar( fi).
Furthermore, the instance contains at most

|V|+ |C| · (2s + t · (2s + 1))

variables where s = max{ar( f ) | f ∈ ∆} and t = max{ f (a) | f ∈
∆ and a ∈ Bar( f )}. By noting that |C| ≤ d|V| and that s, t are constants that
only depend on ∆, it follows that the reduction is an LV-reduction.

Combining Lemmas 8.10, 8.11, and 8.12 we therefore obtain the following
theorem.
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Theorem 8.13. The following statements are equivalent.

1. The exponential-time hypothesis is false.

2. U-MAX-ONES(S) ∈ SE for every finite S.

3. U-MAX-ONES(S) ∈ SE for some finite S such that U-MAX-ONES(S) is
NP-complete.

4. U-VCSP(∆)d ∈ SE for every finite set of finite-valued cost functions ∆ and
d ≥ 0.

Proof. The implication 1 ⇒ 2 follows from Lemma 8.11, 2 ⇒ 3 is trivial,
and 3 ⇒ 1 follows by Lemma 8.10. The implication 2 ⇒ 4 follows from
Lemma 8.12. We finish the proof by showing 4 ⇒ 1. Let I = (V, C) be
an instance of SAT({RII2

})-DEG-2. Note that I contains at most 2 |V| con-
straints. Let f be the function defined by f (x) = 0 if x ∈ RII2

and f (x) = 1
otherwise. Create an instance of U-VCSP2({ f }) by, for every constraint
Ci = RII2

(x1, . . . , x8) ∈ C, adding to the cost function the term f (x1, . . . , x8).
This instance has a solution with objective value 0 if and only if I is satisfi-
able. Hence, SAT({RII2

})-DEG-2 ∈ SE which contradicts the ETH according
to Lemma 8.9 and Theorem 7.40 in Chapter 7.

8.5 Summary and Conclusions

In this chapter we have proved that the existence of an ‘easiest problem’ is
not a unique feature of SAT(·), and that our approach based on partial clone
theory extends naturally to other problems, as long as they follow the stan-
dard Galois connection. Interestingly, the proof of Theorem 8.8, also shows
that partial clone theory is not the only possible method for obtaining such
results. Hence, if a problem follows the standard Galois connection and is
parameterized with a Boolean constraint language, then weak bases coupled
with CV-reductions provides a straightforward framework for proving the
existence of an easiest problem; but even if this is not the case, there might
exist other methods for proving analogous results.

Additional Proofs for Section 8.4

In this section we include the missing proofs of Lemma 8.10 in Section 8.4.

Lemma 8.14. SAT({RII2
})-2 LV-reduces to U-MAX-ONES({RIL2

}).

Proof. We reduce an instance I = (V, C) of SAT({RII2
})-2 to an in-

stance of U-MAX-ONES({RIL2
}) containing at most 2 + 8|V| variables.

Let v0, v1 be two fresh global variables and introduce the constraint
RIL2

(v0, v0, v0, v1, v1, v1, v0, v1). Note that this forces v0 to 0 and v1 to 1 in
any satisfying assignment. Now, for every variable x ∈ V we create an addi-
tional variable x′ which we constrain as RIL2

(x′, x, v1, x, x′, v0, v0, v1). This
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correctly implements Neq(x, x′). Let RII2
(x1

i , . . . , x6
i , c0, c1) be a constraint

in C. We introduce three fresh variables z1
i , z2

i , z3
i and constrain them as

RIL2
(z1

i , z2
i , z3

i , x1
i , x2

i , x3
i , c0, c1) and RIL2

(x4
i , x5

i , x6
i , x1

i , x2
i , x3

i , c0, c1). Since ev-
ery variable in V can occur in at most two constraints we have that |C| ≤
2|V|. Hence, the resulting U-MAX-ONES({RIL2

}) instance (V′, C′) contains
at most 2 + 2|V|+ 3 · 2|V| = 2 + 8|V| variables. Now, in any satisfying as-
signment to (V′, C′), it holds (1) that v0 and v1 must be assigned different
values and (2) every x ∈ V has a complementary variable x′ ∈ V′ which
must be assigned a different value. It therefore follows that the measure of a
solution of (V′, C′) is exactly the number of variables zj

i ∈ V′ that are mapped
to 1. Hence, for an optimal solution the objective value is larger than or equal
to 2|C| if and only if I is satisfiable.

Lemma 8.15. U-MAX-ONES({RIL2
}) LV-reduces to U-MAX-ONES({RIL0

}).

Proof. We reduce an instance I = (V, C) of U-MAX-ONES({RIL2
})

to an instance of U-MAX-ONES({RIL0
}) on 2 + 2|V| variables.

Let v0, v1, y1, . . . , y|V| be fresh variables and constrain them as
RIL0

(v0, v0, v0, v0) ∧ RIL0
(v1, v0, y1, v0) ∧ . . . ∧ RIL0

(v1, v0, y|V|, v0). Note that
this forces v0 to 0, and that if v1 is mapped to 0, then so are the vari-
ables y1, . . . , y|V|. On the other hand, if v1 is mapped to 1, then y1, . . . , y|V|
can be mapped to 1. For every constraint RIL2

(x1
i , x2

i , x3
i , x4

i , x5
i , x6

i , c0, c1)

in C we create the constraints RIL0
(x1

i , x2
i , x3

i , v0) ∧ RIL0
(v1, x1

i , x4
i , v0) ∧

RIL0
(v1, x2

i , x5
i , v0)∧ RIL0

(v1, x3
i , x6

i , v0)∧ RIL0
(v1, c0, c1, v0). It follows that the

above reduction is an LV-reduction since the resulting U-MAX-ONES({RIL0
})

instance has 2 + 2|V| variables and has a solution with measure |V|+ 1 + k
if and only if I has a solution with measure k.

Lemma 8.16. U-MAX-ONES({RII2
}) LV-reduces to U-MAX-ONES({RIN2

}).

Proof. We reduce an instance I = (V, C) of U-MAX-ONES({RII2
}) to an

instance of U-MAX-ONES({RIN2
}) over 2 + 3|V| variables. Create two

fresh variables v0, v1 and constrain them as RIN2
(v0, v0, v0, v0, v1, v1, v1, v1)

in order to force v0 and v1 to be mapped to different values. We
then create the 2|V| variables y1, . . . , y2|V| and constrain them as∧2|V|

i=1 RIN2
(v0, v0, v0, v0, yi, yi, yi, yi). This forces all of the variables yi

to be mapped to the same value as v1. We can now express each
constraint RII2

(x1
i , x2

i , x3
i , x4

i , x5
i , x6

i , c0, c1) in C with the implementation
RIN2

(v0, x1
i , x2

i , x6
i , v1, x4

i , x5
i , x3

i ) ∧ RIN2
(v0, c0, c0, v0, v1, c1, c1, v1). Note that

in any optimal solution of the new instance v1 will be mapped to 1 which
means that the implementation of RII2

given above will be correct. The
resulting instance has a solution with measure 1 + 2|V| + k if and only if I
has a solution with measure k.

Lemma 8.17. U-MAX-ONES({RIS2
1
}) LV-reduces to U-MAX-ONES({RID2

}).
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Proof. We reduce an instance I = (V, C) of U-MAX-ONES({RIS2
1
}) to

an instance of U-MAX-ONES({RID2
}) on 2 + 3|V| variables. Create two

new variables v0 and v1 and constrain them as RID2
(v1, v1, v0, v0, v0, v1).

Note that this forces v0 to 0 and v1 to 1. For every variable x ∈
V we introduce two extra variables x′ and x′′ and constrain them as
RID2

(x, x′, x′, x, v0, v1) ∧ RID2
(x′, x′′, x′′, x′, v0, v1). Note that this implements

the constraints Neq(x, x′) and Neq(x′, x′′), and that no matter what x is
mapped to exactly one of x′ and x′′ is mapped to 1. For every constraint
RIS2

1
(xi, yi, c0) in C we then introduce the constraint RID2

(x′i , y′i, xi, yi, c0, v1).
The resulting instance has a solution with measure 1 + |V|+ k if and only if
I has a solution with measure k.

Lemma 8.18. U-MAX-ONES({RIL2
}) LV-reduces to U-MAX-ONES({RIL3

}).

Proof. We reduce an instance I = (V, C) of U-MAX-ONES({RIL2
}) to an

instance of U-MAX-ONES({RIL3
}) on 2 + 3|V| variables. Create two new

variables v0 and v1 and constrain them as RIL3
(v0, v0, v0, v0, v1, v1, v1, v1).

Note that this forces v0 and v1 to be mapped to different values.
We then introduce fresh variables y1, . . . , y2|V| and constrain them as∧2|V|

i=1 RIL3
(v0, v0, v0, v0, yi, yi, yi, yi). This will ensure that every vari-

ables yi is mapped to the same value as v1 and therefore that in
every optimal solution v0 is mapped to 0 and v1 is mapped to
1. For every constraint RIL2

(x1
i , . . . , x6

i , c0, c1) in C we introduce the
constraints RIL3

(c0, x1
i , x2

i , x3
i , c1, x4

i , x5
i , x6

i ) ∧ RIL3
(c0, c0, c0, c0, v1, v1, v1, v1) ∧

RIL3
(v0, v0, v0, v0, c1, c1, c1, c1). The resulting instance has a solution with

measure 1 + 2|V|+ k if and only if I has a solution with measure k.
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9 Final Thoughts

– Never I had seen the parlour so
full.
– This actor he make very well
her part.
– That piece is full of interest.
– It have wondered the
spectadors.
– The curtains let down.
– Go out us.

English as she is spoke

Since the end of this thesis is rapidly approaching, it is time to close
the curtains and give a brief summary of what we have learned so far. We
have studied the complexity of SAT(·) and related problems using a slightly
nonorthodox Galois connection, which allowed us to get a more refined view
of the worst-case complexity of SAT(·) than possible with the Galois connec-
tion between total clones and co-clones. In the process we have also studied
properties of strong partial clones. On the one hand, we gave a classification
of weak bases of all Boolean co-clones, that proved to have many applica-
tions throughout the thesis. On the other hand, we quickly learned a severe
limitation of partial clone theory, namely that essentially all strong partial
clones of interest in this thesis are of infinite order. However, despite this
slightly depressing fact, we were still able to prove that it is possible to de-
scribe these strong partial clones using bounded bases.
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9. FINAL THOUGHTS

We now discuss some open research questions that have been left dan-
gling.

9.1 When are Strong Partial Clones of Infinite Order?

From the results in Chapter 4 we know that pPol(S) is of infinite order when-
ever Pol(S) is essentially unary and S is finite. Can stronger results be ob-
tained? A reasonable conjecture is that pPol(S) is of infinite order when-
ever S is a finite constraint language over a finite domain D and the algebra
(D, Pol(S)) has many subpowers, i.e., Pol(S) does not contain an n-edge op-
eration for any n ≥ 2. As a starting point, one could attempt to prove that this
conjecture is true for all superpolynomially closed Boolean co-clones. How-
ever, this appears to be far from straightforward, and even in the appearingly
simple case when Pol(S) = [{x1 ∧ x2}], the proof strategy in Lemma 4.29
in Chapter 4, based on constructing a universal hash family, breaks down.
Hence, it is likely that entirely new constructions are needed for such cases.

9.2 Covering Results for Strong Partial Clones

In Chapter 7 we provided an incomplete classification of constraint lan-
guages S satisfying 〈S〉 = BR and 〈S〉 6∃ ⊆ 〈Γ1/κ〉 6∃. It would be interesting
to investigate to which extent this classification is correct. In particular, is it
the case that the four weak partial co-clones 〈{R1/3}〉 6∃, 〈{R01

1/3}〉 6∃, 〈{R
6=01
1/3 }〉 6∃,

〈{R 6= 6=01
1/3 }〉 6∃, 〈{R

6= 6= 6=01
1/3 }〉 6∃ in Figure 7.6 cover each other in the sense that it

is not possible to find any weak partial co-clone between them? Proving
this from the relational side via q.f.p.p. definitions appears extremely com-
plicated. On the other hand, since all the corresponding strong partial clones
are of infinite order, it does not appear easy to prove via partial polymor-
phisms either. One possible way to mitigate this is to try to describe the par-
tial polymorphisms of these relations using the concept of bounded bases,
developed in Chapter 5.

9.3 Easy Problems and Subexponential Time

To our knowledge, the results in Chapter 7 and Chapter 8, where we show
the existence of ‘easiest problems’ with respect to CV-reductions, are the first
of their kind. These problems provide a natural method to prove lower
bounds via the ETH, since, if we can prove that the easiest problem is solv-
able in subexponential time if and only if 3-SAT is solvable in subexponen-
tial time, then the ETH fails if and only if there exists a single NP-complete
problem in this class solvable in subexponential time. However, in the case
of SAT(·), our results are much more precise, since we not only know that
SAT({R 6= 6= 6=1/3 }) is the easiest NP-complete SAT(·) problem, but that it is not
that much easier than 1-IN-3-SAT, since it is solvable in O(2c|V|) time if and
only if 1-IN-3-SAT is solvable in O(22c|V|) time. Hence, no matter which
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bizarre Boolean constraint language one can conjecture, it is still not possible
to solve the resulting SAT(·) problem much faster than 1-IN-3-SAT.

Lower bounds of this form are interesting since it highlights the proba-
bility of subexponential algorithms in light of the ETH. Hence, even if one
does not believe that the ETH is plausible, it is informative to know that (1)
a subexponential time algorithm for 3-SAT immediately implies that many
other problems are solvable in subexponential time, and (2) if 3-SAT is not
solvable in subexponential time then this implies that it is impossible to solve
a large range of NP-complete problems in subexponential time.

In light of this a reasonable continuation of the research of this thesis is to
investigate larger classes of problems, and see when it is possible to obtain
an easiest problem with respect to CV-reductions. A possible starting point
is to consider CSP(S) where S is a finite constraint language over a ternary
domain, since a complete dichotomy conjecture has been established [Bul06].
However, since the lattice of co-clones over a ternary domain is of uncount-
ably infinite cardinality, the approach in Chapter 7 based on systematically
comparing all NP-complete cases, might not be directly applicable.
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