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Abstract

In this thesis we focus on the modelling and simulation of organic electronic devices,
investigating their structural and electronic properties. Organic devices have
attracted great interest for their innovative properties, but their functioning still
represent a theoretical and technological challenge. They are composed by one or
more organic materials depending on the particular application. The morphology of
organic devices in the single phase or at the interface is known to strongly determine
mobility and efficiency of the devices. The structural disorder is studied through
molecular dynamics (MD) simulations. Marcus formula is used to calculate the
hopping rate of the charge carriers and the model developed is tested by simulations
in a Kinetic Monte Carlo scheme. The dependence of the transfer integrals on the
relative molecular orientation is achieved through a weighted Mulliken formula
or through a dimer projection approach using the semi-empirical Hartree Fock
method ZINDO. Electrostatic effects, have been included through atomic charges
and atomic polarizabilities, calculated at the B3LYP level of theory. The inclusion
of electrostatic effects has been shown (through simulations in 4PV and C60) to be
crucial to obtain a good qualitative agreement with experiments, for both mobility
field and temperature dependence in the single phase. In particular the external
reorganization energy, calculated through the polarization of the environment,
has been shown to have a great impact on the conduction, shifting the inverse
Marcus region and helping CT state separation at the interface (between C60 and
anthracene).
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Thanks to the many friends, met along the way, for making these years more
light and fun (sorry if i cannot mention everybody). In particular thanks (in order of
appearance): to Rafael for the great eurotrips and the precision in communicating
the time; to Raul for the funny challenges and the interesting fika case studies; and
to Hassan for the great costumes and for sharing russian randomness with me.

Finally, a great thanks to my family, for the constant love and support, that is
in no way altered by the distance.

v





Contents

1 Introduction 1

1.1 Organic Molecules and Polymers . . . . . . . . . . . . . . . . . . . 2

1.2 Organic Devices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Modelling Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 A Realistic Molecular Arrangement 9

2.1 Force field energetic contributions . . . . . . . . . . . . . . . . . . . 10

2.2 Geometry Optimization . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Molecular Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 Canonical Ensembles . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4.1 Berendsen temperature coupling . . . . . . . . . . . . . . . 13
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CHAPTER 1

Introduction

Electronics is the branch of physics dealing with the design and the interconnection
of electrical components. With the advancement of technology, electronic devices
are progressively acquiring importance in our everyday life, with key components
being transistors, LEDs and solar cells. Electronic devices contain an active
semiconductor that is traditionally silicon or another inorganic material (Ge, GaAs,
etc.). However, silicon is far from being an eco-friendly material [1] and a mass
production of devices based on this material cannot be a long-term solution. Silicon
production (in its pure and crystalline form) requires high amount of energy and
environmentally harmful chemicals. Furthermore improper disposal of silicon
devices at the end of their lifetime presents an environmental and health concern.
In looking for alternative materials, nature represents a good source of inspiration.
Carbon is a light abundant element, and with its four valence electrons is at the
base of the complexity of all life-forms. Photosynthesis, as an example, has been
slowly refined through billions of years till arriving to the efficient light-harvesting
process that we are witnessing today. Also, carbon is belonging to the group IV of
the periodic table, just on top of silicon, and it can be expected to have similar
chemical properties.

Organic Electronics is a branch of Electronics based on organic materials,
compounds containing carbon and hydrogen. Organic semiconductors are light,
flexible and transparent, allowing for the design of new futuristic devices [2–4].
Organic materials are also environmentally safe and low cost to produce since they
can be obtained by spin coating, ink-jet printing, lithography, etc. without the
need of high temperatures or vacuum. Organic light-emitting diodes (OLEDs)
and organic field effect transistors (OFETs) are already in commercial production
and employed for thin displays and other simple devices. The performance of
these organic components, “in some cases has already approached or even exceeded
the requirements of the particular application” [2]. More importantly, cheap and
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2 Introduction

low-power-consumption circuitry allows the integration of disposable and recyclable
electronics in our everyday life [5], opening the door for innovative and revolutionary
technologies.

One of the most important challenges of organic electronics is represented by
organic solar cells, or organic photovoltaics (OPV). This is a problem of great
importance also from an energetic point of view, another hot topic in modern
society. In the search for an abundant and clean energy source, the Sun represents
the ideal candidate. The total energy irradiated on Earth (5 % UV, 43 % visible, 52
% IR) exceeds the world’s energy consumption by several thousands times [6]. The
efficient conversion of such energy in a usable form represents the main technological
challenge. This difficult task is attempted through solar cells, optoelectronic devices
that transform sunlight into electricity. Conventional solar cells are built from
inorganic materials, mainly based on silicon, and their efficiencies are approaching
the theoretical Shockley-Queisser limit [7] for single junction solar cell [8–11]. Also,
as a result of the high-energies required to obtain pure and crystalline silicon,
the cost of inorganic solar cells is generally too high to allow their extensive and
integrated use in daily life.

Organic solar cells have reached a reported record efficiency of 11% [11]. While
this is still not enough to have a commercial interest, the competition with inorganic
solar cells is not focused mainly on the efficiency, but more on the innovative appli-
cations originating from the particular properties of organic materials (flexibility,
transparency, etc.). Another of the current downsides of organic solar cells is the
instability of organic semiconductors, decreasing the performances of the devices
and ultimately their lifetimes [12].

1.1 Organic Molecules and Polymers

With the term organic materials we commonly refer to chemical compounds
composed mainly by carbon and hydrogen. The semiconductive properties of these
materials are principally determined by the four valence electrons of the carbon.
The electronic configuration of a carbon atom in the ground state is 1s2 2s2 2p2.
The four electrons in the outer shell can form hybridized orbitals. The hybridization
depends on the number of σ bonds the carbon is making. When making four
σ bonds, we have sp3 hybridization, characterized by the formation of four sp3

orbitals in tetrahedral configuration. In case of three σ bonds, sp2 hybridization
is happening. Three sp2 orbitals lie on a plane (oriented at a π/3 angle) while
the remaining p orbital is orthogonal to such plane. Two σ bonds lead to sp
hybridization, two linear sp orbitals are formed pointing in opposite directions and
the other two p orbitals remain unaltered.

The semiconductive behaviour of conjugated polymers is mainly determined by
the p orbitals not involved in the σ bondings [13, 14]. σ bonds are formed between
the sp2 orbitals of the carbon atoms composing the backbone of the polymer; from
which the typical planar configuration of this class of materials. The remaining p
orbitals are orthogonal to the plane of the molecule and form the alternating π
bonds. The electronic clouds of two such p orbitals mix in a linear combination,
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that depending on the sign can produce a bonding (π) or anti-bonding (π∗) wave
function. These π-electrons result in spatially delocalized electrons. They belong
to the whole π-segment and not to a specific carbon atom, and are responsible for
the conductivity of the molecule. A π-segment can be extended over the entire
organic polymer or just over a part of it, depending on the specific polymer and
its particular conformation. In general, all organic molecules present some similar
behaviour, given by the presence of carbon chains in parts of their structure.

In the molecular ground state, the electrons fill the lowest energies orbitals with
a maximum of two electrons of opposite spins each. In this way, for example for
two carbon atoms, the two electrons that were in p orbitals fill the π level with
opposite spins, while the π∗ orbitals remain empty. The molecular ground state
is the highest occupied molecular orbital (HOMO) π and the lowest unoccupied
molecular orbital (LUMO) π∗ represent the first virtual orbital (fig. 1.1). The

Figure 1.1. Highest occupied and lowest unoccupied molecular orbitals (HOMO and
LUMO). Arrows denote two electrons with different spins.

ground state of the majority of organic molecules is electrically neutral and has
total spin zero (is a singlet state). When one electron from the HOMO is raised
to the LUMO, an exciton is formed on the molecule, usually localized on the
π-segments of the molecule involved in the excitation. Electrons and holes are
spin-12 particles, so the formed exciton can either be a singlet exciton or a triplet
exciton.

1.2 Organic Devices

The charge transport in organic materials is different in respect to the inorganic
ones for two main reasons. First, excited electrons are not free to move as in
inorganic crystals. An excited electron and its respective hole remain bounded
together in an hydrogenoid system commonly called exciton. This is due to the poor
screening of charges in organic materials due to low dielectric constants (typically
εr � 3.5). Second, organic materials are “soft”. A single charge carrier, hopping in
an organic material, strongly interact with the vibrations on its nearby molecules,
creating quantum quasiparticles called polarons.

There is consensus on the main physical processes behind the functioning of
organic devices, as has been described in several papers. A detailed discussion can
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be found in [15–17]. Here we will illustrate more in detail the processes happening
in an organic solar cell (fig. 1.2). Many of these processes are common to all organic
devices; in particular in an OLED exactly the same processes are happening, just
in reversed order. (1) A photon is absorbed with probability ηabs, generating an

Figure 1.2. Schematic illustration of an organic solar cell working principles. Figure
adapted from [16].

exciton. (2) The exciton diffuses to the interface with probability ηex, (3) forming
a charge transfer state (CT). (4) The CT state split into free electrons and holes
with probability ηdiss. (5) Now the charge carriers are free to move and can reach
the electrodes with probability ηtrans. Each one of these processes has some losses
associated. (6) The exciton or (7 and 9) the CT state generated can recombine
(radiatively) or (8) even free charge carriers can recombine in a CT state at the
interface.

In the remaining part of this section we will present the main differences between
organic and inorganic. After absorption of a photon, an exciton is created in the
material, i.e. the hole and the electron formed after an excitation (fig. 1.3) form
an hydrogenoid system, whose binding energy can be estimated as

Eex =

(
m

m0

)
1

ε2r
EH , (1.1)

where EH is the hydrogen ground state energy. Some average numerical values [18]
are εr ≈ 10 for inorganic and εr ≈ 3 for organic, while the ratio between the

effective masses of the electron and the hole can be estimated as
(

m
m0

)
≈ 0.1. This

leads to Eex ≈ −13.6meV for inorganic semiconductors and Eex ≈ −151meV in
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organic semiconductors, leaving us with about one order of magnitude difference
in the exciton binding energy.

Figure 1.3. Organic semiconductors: a) The excited electron and its related hole remain
bonded together forming an hydrogenoid system. b) The so-formed exciton is electrically
neutral from a macroscopic point of view and to dissociate it its binding energy has to be
overcome.

In summary, inorganic semiconductors have high dielectric constant and low
exciton binding energy. The thermal energy at room temperature (kBT = 25meV )
is sufficient to dissociate the exciton into a positive and negative charge carrier.
Indeed in the traditional picture, developed for inorganic semiconductors, when an
excitation occurs an electron pass from valence to conduction band, leaving a hole
behind. The electron and the hole thus created are considered free1 to move in
their respective bands (fig. 1.4).

Figure 1.4. In an inorganic semiconductor an excited electron and his related hole are
delocalized and can move in the crystal band.

In organic materials, the dissociation of excitons into free charge carriers does
not usually occur at room temperature. To overcome this problem, organic solar
cells commonly utilize two different materials: an electron donor and an electron
acceptor material. The exciton dissociation happens at the interface, where the
electron likes to stay on the acceptor, while the hole likes to stay on the donor
(fig. 1.5). This process generates a CT state [16, 19, 20]. Also interfacial dipoles
play an important role in helping the charge splitting at the interface [21–24].
In combining donor and acceptor material, care must be taken that the excitons
(created in either of these materials) can diffuse to the interface to allow the
charge separation process. Due to their short lifetime and low mobility, singlet
excitons (usually the most abundant in an OPV) possess a diffusion length of about

1Free from the mutual attractive interactions.
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Figure 1.5. Schematic illustration of the exciton splitting mechanism at the interface
between donor (D) and acceptor (A).

10− 20nm [25]. Thus, anywhere in the active layer, the distance to the interface
should be of the order of this average exciton diffusion length. On the other hand,
a 20− 40nm double layer of donor and acceptor materials would let most incident
photons to pass through the device freely, without being absorbed. This imposes
an important design condition on the interface morphology to enhance the charge
generation, as illustrated in [26]. Depending on how the donor and acceptor are
mixed together, it is possible to generate different types of junctions and interfaces.
The most mentioned in the literature and easy to generate in the lab are the bilayer
junction and the bulk heterojunction (BHJ). A bilayer junction contains two layers
in between the conductive electrodes (flat interface). This interface favours the free
charge carriers transport to the electrodes (ηtrans in fig. 1.2), but only the excitons
created in a thin layer around the interface will be able to dissociate (low ηex). A
bulk heterojunction consists of a three-dimensional nanoscale blend of donor and
acceptor materials. In this interface the probability of diffusion to the interface ηex
is very high, but it can result very difficult for the free charge carriers to find a
path to the electrodes (low ηtrans). Many other shapes and patterns are interesting
efficiency-wise, as for example the interdigitated interface that represents a good
compromise between exciton dissociation and free charge carrier transport. Let
us notice that in this simplified analysis we neglected the dependence of exciton
dissociation and recombination on the interface pattern. Including these processes
complicate significantly the picture and the situation has to be studied more in
detail. As a last comment, triplet excitons with a longer lifetime and consequently
a longer diffusion length, are more likely to diffuse to the interface and split in free
charge carriers. Being able to increase the population of triplet excitons in OPV
would allow a boost in efficiencies. Research in this area is active through study of
singlet-triplet fission [27] or Thermally Activated Delayed Fluorescence [28].
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1.3 Modelling Challenges

As illustrated in section 1.2, we have to date quite a good idea of the main processes
involved in organic devices. Even though this is the case, the full understanding of
the details of these processes and how they are related to the chemical structure
and conformation has not been achieved yet. This lacuna limits our capacity to
improve the characteristics of organic devices.

Studies of charge injection and carrier transport in these materials are central
to the understanding and improvement of organic devices. The probabilistic nature
of the conduction in these materials, joined with their intrinsic disorder, render
difficult analytical expressions of the conduction. Analytical studies are mainly
limited to molecular crystals using an Hamiltonian coupling electron and phonon
dynamics [29–31]. For completeness, the derivation of two such Hamiltonians are
reported in section 4. Simulations are the other theoretical tool we can use to
understand charge transport in disordered organic materials. They can be done
at different levels, but for organic electronics they can be divided in two main
important categories. A first category of simulations is based on drift-diffusion
models [26,32,33]. Some of these studies evidence the significant contribution of
morphology to the efficiency of solar cells [26,33,34], but with a detail limited by the
classical description employed. The second category aim to a quantum mechanical
description of the most relevant processes and is based on Monte Carlo simulations,
the natural tool to use in studying the dynamic of competing probabilistic events.
This approach, at the price of increasing computational complexity, allows to study
more in detail which are the key quantum processes determining the efficiency of an
organic solar cell. Furthermore, with the advance of technology we expect devices
to become progressively smaller. A model capable of simulating the charge hopping
process molecule by molecule is forward-looking for a future nanoscale device
modelling. Research in this field can be divided in lattice site description [35–37]
and atomistic description [38,39].

We developed a program capable of simulating charge transport in organic
materials employing an atomistic description (chapter 5 and papers I-III). The
background theory needed to understand the approach used is briefly presented
in this manuscript. The morphology of the system is obtained making use of
molecular dynamics (MD) simulations, see chapter 2. All calculations regarding
the electronic molecular orbitals are performed with well known computational
chemistry methods like Hartree-Fock (HF) or density functional theory (DFT),
chapter 3. The charge movement is simulated by means of a Kinetic Monte Carlo
method (chapter 5) and the probabilities needed to perform the simulation are
calculated with Marcus formula (chapter 4). An overview of the results and aim of
our research is presented in chapter 6, followed by three research articles.
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CHAPTER 2

A Realistic Molecular Arrangement

Organic materials usually exhibit a disordered amorphous structure. This strongly
influences the directionality of the charge transport on a local scale, since the
charge carrier will tend to move easier between couples of near π-stacked molecules.
Molecular dynamics (MD) simulations are the appropriate tool to simulate the
disorder in organic solar cells. Indeed these methods, based on classical mechanics,
allow the simulation of systems of the size of 10− 100nm, a typical domain size of
interest in a bulk heterojunction (BHJ) solar cell. A classical potential is used to
determine the movement of the atoms. Regarding the study of the dynamics, the
atomic movements are governed by Newton equations

~F = m
d2~r

dt2
(2.1)

where the force is related to the potential energy through

~F = −~∇U . (2.2)

The potential energy of the system is expressed in terms of atomic interactions,
which are divided in bonded and non bonded. Bonded interactions can be expressed
in terms of equilibrium points and spring constants and can involve two or more
atoms (distances, angles, planar angles). The main non bonded interactions are
Coulombic and Van der Waals. Every one of these interactions is parametrized
with parameters that depend on the atoms involved. We can for instance think of
assigning a different parameter to a couple of carbon atoms depending on their
hybridization, i.e. if they are single-, double- or triple-bonded. An analogous
reasoning can be carried on for every type of bond in the system. MD simulations
are thus carried on upon a specification called a force field. A force field specifies
the functional form of the total energy of the system and the set of parameters used

9



10 A Realistic Molecular Arrangement

to calculate it. In the following we will describe some parametrizations made in
widely used force fields and we will discuss the algorithm used for MD simulations.
In the molecular dynamics exposition we will closely follow reference [40].

2.1 Force field energetic contributions

The potential energy function can be decomposed in several terms representing
different types of interactions (fig. 2.1). A typical form of the potential energy, as

Figure 2.1. Schematic illustration of the different force field contributions. Figure
adapted from [41].

implemented also in the OPLS [42,43] force field, is the following

U = Ustretch + Ubend + Utorsional + UvanderWaals + UCoulomb . (2.3)

Stretching and contracting a bond causes an increase in energy. For every couple
of bonded atoms, near the equilibrium, the stretching energy can be approximated
with a parabola

Ustretch =
1

2
ks(x− x0)

2 , (2.4)

where ks is a force constant determining the strength of the bond, x is the distance
between the particles and x0 is the equilibrium distance. Also, changing the angle
formed among three bonded atoms produces an increase in energy. Near the
equilibrium this bending energy can be expressed as

Ubend =
1

2
kθ(θ − θ0)

2 , (2.5)

where kθ is a force constant, θ is the angle of the three bonded atoms and θ0 is
the equilibrium angle. When a molecule presents a central bond and two atoms
are bonded to the opposite sides of this bond, a twist of these two atoms around
the central bond causes an increase in energy. The typical expression for this
contribution is

Utorsional = Vn(1 + cos(nα+ φ)) , (2.6)



2.2 Geometry Optimization 11

where α is the planar angle, n is the periodicity of the potential, Vn is an energy
constant and φ is a phase shift. One or more of these contributions (for different n)
can be used to express the total torsional potential.

Non bonded interactions are divided in Coulombic interactions representing
electrostatic forces and van der Waals interactions including the nuclear repulsions
at short distances. Coulombic interactions

UCoulomb =
q1q2

4πε0|~r1 − ~r2|
(2.7)

are parametrized through atomic charges for every atom type. Van der Waals
interactions are usually approximated through the Lennard-Jones potential, thus
are written as

UvanderWaals = ε

((r0

r

)12

− 2
(r0

r

)6
)
, (2.8)

where ε is the depth of the potential well, r is the distance between the particles,
and r0 is the distance at which the potential reaches its minimum (−ε). For a more
complete discussion of the several force field terms we refer the reader to [41].

2.2 Geometry Optimization

Once the potential has been calculated, we can look for a stable configuration of
the system. This translates in finding the stable equilibrium points of the 3N − 6
dimensional potential energy surface (PES). This energy surface is usually very
complex and this local minima search is achieved with numerical methods such as
steepest descent algorithm or Newton/Quasi-Newton methods.

This optimization can be performed also at the quantum level with little changes.
In the Born-Oppenheimer approximation (sec. 3.1) the nuclei move in an effective
potential generated by the electrons, whose wave functions depend parametrically
on the nuclei position. The optimization of the molecular geometry reduces then
to the search for the minimum of the effective potential felt by the nuclei. At
every step of optimization we can move the nuclei in the potential generated by
the electrons, recalculate eigenvalues and eigenfunctions and proceed in this way
till convergence. The single point calculations for fixed nuclei can be performed
with the desired computational method (chapter 3).

Geometry optimization represents a local exploration of the PES, the opti-
mized structure obtained strongly depend on the starting point. For an extended
exploration of the PES, one should turn to Molecular Dynamics.

2.3 Molecular Dynamics

Molecular dynamics (MD) is used to simulate the evolution of an ensemble of
particles. ‘Particles’ usually refers to atoms although it may denote any entity
for which is possible to define a certain interaction law. In this latter case we
talk about coarse grained MD. We will focus in this chapter on atomic MD, more
information on coarse grained MD can be found in [40]. Let us assume to have a
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system composed of N atoms, every atom possesses 3 degrees of freedom and the
potential energy of the system is expressed as in (2.3). The force acting on the
atom i is obtained deriving the potential with respect to the atomic coordinates �ri
and the dynamics of the system can be studied from a generalized 3N dimensional
newton equation

mi
d2�ri
dt2

= −∂U

∂�ri
∀i ∈ 1..N . (2.9)

This set of equations can be integrated numerically with several methods like
leapfrog or velocity Verlet [40]. A general algorithm scheme as implemented in the
program Gromacs [44–47] is illustrated in figure 2.2. Periodic boundary conditions

Figure 2.2. The MD algorithm as implemented in Gromacs. Figure adapted from
ref. [40].
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are applied to consider infinitely extended materials. At the initial time step, we
need to specify the positions and velocities of every atom. If the atomic velocities
{~vi} are not specified they will be generated with random orientation and with
modulus vi sampled from a Maxwellian distribution

p(vi) = 4π

(
mi

2πkBT

)3/2

v2
i exp

(
−miv

2
i

2kBT

)
, (2.10)

where kB is Boltzmann’s constant. The velocities generated in this way have to
be corrected before being used in the simulation. First, the velocity of the center
of mass is set to 0. Second, all the velocities are scaled so that the total energy
corresponds exactly to T ; this is done using the equation

Ekin =

N∑

i=1

1

2
miv

2
i (2.11)

and remembering also that

Ekin =
1

2
NfkBT , (2.12)

with Nf being the total number of degrees of freedom of the system. Equating
equations (2.11) and (2.12), a global parameter lambda can be introduced to scale
velocities vi → λvi.

2.4 Canonical Ensembles

Since thermodynamic variables are not all independent, only some of them can be
fixed during the simulations. Simulations performed following the scheme presented
in figure 2.2 will simulate an NVE ensemble, which means that the number of
particles, the volume and the energy are kept constant during the dynamic. Usually
we are interested in NPT and NVT dynamics since experiments are performed in
these conditions, meaning that point 3 in figure 2.2 (Update configuration) has
to be modified to generate the right canonical ensemble. The number of particles
is always conserved during simulations, while to keep temperature, pressure or
volume constants several methods are available in the literature. A brief review of
the most used algorithms will be presented in this chapter.

2.4.1 Berendsen temperature coupling

A way to control the temperature of the system is by scaling the velocities of every
particle with a constant λ. From (2.11) and (2.12), we obtain

∆T = (λ2 − 1)

∑
imiv

2
i

NfkB
= (λ2 − 1)T (2.13)

Berendsen thermostat couples the system to a heat bath at temperature T0 imposing

dT

dt
=
T0 − T
τ

. (2.14)
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This ansatz results in an exponential decay of the system towards the desired
temperature and τ is a time constant determining the strength of the coupling.
The difference in temperature between two consecutive time steps is

∆T = ∆t
T0 − T
τ

, (2.15)

where ∆t is the chosen time step for the integration of the equations of motion.
The scaling factor for the velocities can thus be found as

λ2 = 1 +
∆t

τ

T0 − T
T

. (2.16)

The value of τ has to be chosen with care. In the limit of τ →∞ the Berendsen
thermostat is inactive and the simulation is evolving as in a microcanonical ensemble.
The temperature fluctuations grow until they reach the appropriate value of a
microcanonical ensemble, different from those of a canonical ensemble. Very small
values of τ instead will cause unrealistically small temperature fluctuations. Values
of τ ≈ 0.1 ps are typically used in MD simulations of condensed-phase systems.

Berendsen thermostat is extremely efficient in relaxing the system to the target
temperature [48], but once the equilibrium has been reached there is no guarantee
that the fluctuations produced by this method are compatible with a canonical
ensemble.

2.4.2 Nosé-Hoover temperature coupling

To achieve a smoother control of the temperature, the heat bath should be regarded
as an integral part of the system. The Hamiltonian (or Lagrangian) of the system
can thus be “augmented” [49] with an extra degree of freedom. This idea appeared
at first in a paper by Andersen [50], but it was precised with respect to simulations
at constant temperature by Nosé [51] and subsequently developed by Hoover [49].

The system Hamiltonian is extended by introducing an extra degree of freedom
s for the thermal reservoir. The interaction between the system of particles and s
is expressed with a rescaling of the velocities

~vi = s~̇ri . (2.17)

This can be interpreted as an exchange of energy between the system of particles
and the heat reservoir. The Hamiltonian for the system is chosen as

H =
∑

i

s2 ~̇p
2
i

2mi
+ U(r) +

p 2
s

2Q
+NfkBT0 ln s (2.18)

where Nf is the number of degrees of freedom of the system of particles, T0 is
the reference temperature of the heat bath and Q is a parameter determining the
strength of the coupling. r has been used to specify the whole set of atomic positions
{~ri}. The potential energy associated with the variable s is NfkBT ln s, this form
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of the potential ensures that the canonical ensemble averages are recovered [51].
Introducing the thermodynamic friction coefficient [49]

ζ =
ps
Q
, (2.19)

the equations for the evolution of the system can be rewritten as

~̇pi = ~F − ζ~pi (2.20)

ζ̇ =

∑
i
~p 2
i

mi
−NfkBT
Q

(2.21)

where from (2.20) we see how ζ has indeed the role of a friction coefficient. The value
of the parameter Q have to be chosen with some care [48]. If too small the phase
space of the system will not be canonical. The tight coupling may cause unphysical
high-frequency temperature oscillations that will tend to be off-resonance with the
characteristic frequencies of the real system. On the other hand, too large values
of Q (loose coupling) cause a poor temperature control and in the limit Q→∞
we obtain again the microcanonical ensemble.

2.4.3 Berendsen pressure coupling

During an MD simulation the external pressure can be calculated from the tensor
virial theorem, presented in Appendix A. The Berendsen algorithm is based on a
first order relaxation of the pressure towards a given reference pressure P0

dP

dt
=
P0 − P
τ

. (2.22)

Let us apply a rescaling of the coordinates and the box vectors with a factor α, i.e.

d~ri
dt

= ~vi − α~ri (2.23)

where ~vi is the velocity the particle would have during the simulation without any
rescaling. The pressure change is related to the isothermal compressibility β

dP

dt
= − 1

βV

dV

dt
, (2.24)

while the volume is changing as

dV

dt
= 3αV ; (2.25)

these two equations combined gives

dP

dt
= −3α

β
. (2.26)
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Combining (2.26) and (2.22) gives

α =
β(P0 − P )

3τ
. (2.27)

In its more general formulation (coming from the tensor virial theorem in Ap-
pendix A) the coordinates and box vectors are rescaled every nP steps, with the
tensor

µij = δij − nP∆t

3τ
βij (P0ij − Pij(t)) , (2.28)

where β is the compressibility of the system ad ∆t is the time step. In most
cases β can be approximated with a scalar; a rough estimate is usually enough
since β only influences the non-critical time constant of the pressure relaxation
without affecting the average pressure. The Berendsen pressure coupling algorithm
generates trajectories relaxing to the correct average pressure, but it does not
simulate the exact NPT ensemble, “and it is not yet clear exactly what errors this
approximation may yield” [40].

2.4.4 Parrinello-Rahman pressure coupling

For simulations in which a realistic sampling of the canonical ensemble is needed,
to only rescale the volume might not be sufficient. Parrinello and Rahman [52]
extended a method proposed by Andersen [50] to let the simulation box also change
its shape (very useful for solids undergoing structural transformations, like during
crystallization processes).

The vectors of the box {~a,~b,~c} can be arranged in a 3 × 3 matrix h whose
columns are the latter vectors. The position ~ri of a particle can be written in terms
of h and a column vector ~si with components ξi, ηi and ζi as

~ri = h~si = ξi~a+ ηi~b+ ζi~c with ξi, ηi, ζi ∈ [0, 1] . (2.29)

The square of the distance between particle i and j is given by

dij = (~si − ~sj)TG(~si − ~sj) (2.30)

where the metric tensor G is defined as

G = hTh . (2.31)

Parrinello-Rahman Lagrangian is augmented with the 9 degrees of freedom coming
from G. In case of isotropic pressure it is defined as

L =
1

2

∑

i

mi~s
T
i G~si − U(r) +

1

2
WTr(G)− pV (2.32)

where p is the reference pressure and W is a coupling parameter. In the general
case, the box vectors evolve with the equations of motion

d2h

dt2
= VW−1h−T (P−P0) (2.33)
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where W now is a matrix of parameters determining the strength of the coupling
and how the box can be deformed. The matrices P and P0 are the current and
reference pressures, respectively. The equations of motion for the motion of the
particles are [40]

d2~ri
dt2

=
~Fi
mi
−M

d~ri
dt

(2.34)

M = h−1

(
h
dh

dt

T

+
dh

dt
hT

)
h−T . (2.35)

2.5 The Ising Model

Ising model has been originally developed to study the spin flip in lattice systems,
but in recent times it has also been successfully used to simulate the phase separation
processes between a donor and an acceptor material [36, 53].

Consider a set of sites Λ arranged neatly in forming a d-dimensional lattice. For
each lattice site i ∈ Λ there is a discrete variable σi = ±1, representing a binary
property (like spin, or being either of donor or acceptor type). A spin configuration
σ = {σi} is an assignment of spin to each lattice site.

Any two adjacent sites i and j interacts with an energy J . Also, the interaction
between the external magnetic field and a lattice site spin results in an energy h.
The Ising Hamiltonian for such a system is

H(σ) = −J
∑

<i j>

σiσj − h
∑

j

σj (2.36)

where the first sum is on nearest neighbours (usually first and second shell). For
second shell, the energetic contribution is scaled down by a factor. The configuration
probability is given by the Boltzmann distribution

P (σ) =
e−βH(σ)

Z
, (2.37)

where β = (kBT )−1 and Z is the partition function

Z =
∑

σ

e−βH(σ) . (2.38)

Due to the Boltzmann factor, the spin configurations σ with the lowest energies
will be favoured. When h > 0, σi = +1 is favoured, while when h < 0, σi = −1
is favoured. This means that the spins wants to align with the direction of h,
as we would expect. Furthermore, when J > 0 neighbouring spins prefer to be
parallel (ferromagnetic model), while when J < 0 neighbouring spins prefer to be
anti-parallel (anti-ferromagnetic model).

The one-dimensional Ising model was solved by Ising in 1925 and present no
phase transition [54]. The two-dimensional square lattice Ising model has been
solved analytically only in 1944, by Lars Onsager. At low enough temperatures,
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the spins in the 2D Ising model will tend to align themselves even in the absence of
the external field (spontaneous magnetization) [55]. Raising the temperature over
the critical value Tc (depending on the specific material) destroys the spontaneous
magnetization. The analytical solution to higher dimensional Ising models is still
unknown, but it is possible to study these kind of systems making considerations
on their transition temperatures or through Monte Carlo simulations (chapter 5).

Regarding phase separation and interpenetration study of donor (D) and accep-
tor (A) materials, it is useful to perform Monte Carlo simulations based on the
Ising Hamiltonian, setting h = 0 and allowing the property σ to be either D or A.
The Ising Hamiltonian for the energy of site i results in

εi = −J

2

∑

j

(σiσj − 1) , (2.39)

that gives an energy penalty when σi = −σj . At every time step a pair of
neighbouring sites with opposite σ is selected randomly, and an attempt is made to
swap the properties of the two sites. The energy change in the system, ∆ε, caused
by swapping the two sites is calculated using (2.39) and the swap is accepted with
probability

P (∆ε) =
e−∆ε/(kBT )

1 + e−∆ε/(kBT )
. (2.40)

Starting from a disordered initial condition, performing a MC simulation with this
procedure will progressively reduce the disorder of the system and form domains (of
exclusively D or A molecules), that will grow bigger till a complete phase separation
is happening [36,53]. Ising model is a powerful tool to simulate the phase separation

Figure 2.3. Illustration of the Monte Carlo simulation for the phase separation of donor
(in pink) and acceptor (in cyan) molecules, based on the Ising Hamiltonian. From left to
right we find the initial state and the state of the system after 300 and 1000 Monte Carlo
steps.

of the donor and acceptor materials (fig. 2.3). This task would be prohibitive
employing MD simulations due to the long timescale of the phenomenon. Different
degrees of interpenetration can be obtained along the Monte Carlo trajectory based
on the Ising Hamiltonian. Once the desired interpenetration has been achieved,
the volume of every cell of the lattice can be filled with molecules of the right type,
D or A. The morphology thus obtained can be used as a starting point for an MD
simulation.



CHAPTER 3

Molecular Orbitals Theory

A charge carrier hops from one molecule to another in a series of probabilistic
events as discussed in chapter 1. When sitting on a molecule it occupies a particular
molecular level and the shape and extension of this latter will strongly affect the
charge transport. Furthermore the energies and the wave functions of the molecular
orbitals will be affected by the molecular conformation in the bulk. All these aspects
can be taken into account in a quantum mechanical description, the Schrödinger
equation of the molecule contains in principle all the informations needed. Its
explicit analytical solution is however impossible in the majority of cases and
the development of physical approximations becomes of central importance for
obtaining a solution. With the development of modern computers, the popularity of
the computational methods of Quantum Chemistry is rapidly increasing, allowing
us nowadays to treat one or few molecules with a fully quantum description. To
understand more in detail advantages and limitations of some of the most popular
Quantum Chemistry methods used in the literature, a brief review is presented in
this chapter. For HF and DFT, the exposition will closely follow the approach of
Jensen [41].

3.1 Born-Oppenheimer Approximation

Without considering magnetic interactions, the Schrödinger equation for the
molecule can be written as

(Te + Ven + Vee + Tn + Vnn) Ψ(r,R) = EMΨ(r,R) (3.1)

19
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where the various terms represent

Te = −
∑

i

~2

2mi
∇2
i the kinetic energy of the electrons (3.2)

Tn = −
∑

α

~2

2Mα
∇2
α the kinetic energy of the nuclei (3.3)

Ven = −
∑

α,i

Zαe
2

|~ri − ~Rα|
electrons-nuclei Coulombic attraction (3.4)

Vee =
∑

i<j

e2

|~ri − ~rj |
electronic Coulombic repulsion (3.5)

Vnn =
∑

α<β

ZαZβe
2

|~Rα − ~Rβ |
nuclei Coulombic repulsion. (3.6)

With r and R we have identified the set of coordinates of the electrons {~ri} and of

the nuclei {~Rα}.
The Born-Oppenheimer approximation relies on the disparity of mass (and thus

velocity) of nuclei and electrons. As a result of this imbalance, in the time in which
the nuclei moves a little, the electrons have time to settle in the molecular orbitals
(MO) at that nuclear configuration. That is, the electrons follow adiabatically the
nuclei, in a succession of states of equilibrium ψe(r,R), solutions of a stationary
Schrödinger equation with fixed nuclei. The electronic wave functions are therefore
considered only parametrically dependent on the nuclei position. We can factorize
the wave function of the system as

Ψ(r,R) = ψe(r,R)φn(R) (3.7)

where φn depends only on the nuclear positions and ψe describes the electronic
states in a fixed nuclei configuration. The electronic Schrödinger equation can be
written as

(Te + Ven + Vee)ψe(r,R) = Ee(R)ψe(r,R) (3.8)

with the R coordinates constant. He(R) = Te + Ven + Vee is the Hamiltonian of
the electronic system and Ee(R) is the eigenvalue of the wave function ψe(r,R).
Substituting (3.7) and (3.8) in the general equation (3.1) and having the operator
Tn acting only on the nuclear wave function, we obtain

(Tn + Vnn + Ee(R))φn(R) = EMφn(R) . (3.9)

Hn = Tn + Vnn + Ee(R) is the Hamiltonian of the nuclear system, with eigenvalue
EM and eigenfunction φn(R). The nuclei are subject to the effective potential
Veff = Vnn + Ee(R), sum of the repulsive potential Vnn and the attractive one
given by the electronic contribution Ee(R).

The original Schrödinger equation for the molecule (3.1) has been decoupled in
two equations, one for the electrons and one for the nuclei. To achieve this results
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we had the operator Tn act only on the nuclear wave function φn(R). In reality
the action of Tn on (3.7) is

Tn

(
ψe(r,R)φn(R)

)
= −

∑

α

~2

2Mα
∇2
α(ψeφn) =

= −
∑

α

~2

2Mα

(
ψe∇2

αφn + 2∇αψe · ∇αφn + φn∇2
αψe

)
, (3.10)

so that in summary Born-Oppenheimer approximation consists in neglecting the
last two terms of (3.10). For many systems of interests this is a reasonable
approximations. For other systems this is not the case, and transitions between
two Born-Oppenheimer surfaces are happening through coupling of vibrational
levels.

3.2 Symmetrization and Antisymmetrization Op-
erators

Assume the state of a single particle uα is a ket in the Hilbert space H, the system
composed of N identical particles live in the Cartesian product HN . A simple
composition of such one-particle states can be

|ψ〉 = |u(1)
α1
, u(2)
α2
, . . . , u(N)

αN 〉 = |u(1)
α1
〉 ⊗ |u(2)

α2
〉 ⊗ · · · ⊗ |u(N)

αN 〉 . (3.11)

A transposition of two particles i and j (with i > j) is performed by the operator

Tij |u(1)
α1
, . . . u(i)

αi , . . . u
(j)
αj , . . . u

(N)
αN 〉 = |u(1)

α1
, . . . u(i)

αj , . . . u
(j)
αi , . . . u

(N)
αN 〉 (3.12)

that is hermitian and unitary as can be easily checked. The operator Pσ performing
a permutation σ of the set of identical particles

Pσ |u(1)
α1
, u(2)
α2
, . . . , u(N)

αN 〉 = |u(1)
ασ(1)

, u(2)
ασ(2)

, . . . , u(N)
ασ(N)

〉 , (3.13)

is a composition of transposition Pσ = T1 ◦ T2 ◦ · · · . Thus a permutation Pσ
is unitary, but in general not hermitian because the transpositions {Tij} does
not always commute with each other1. Let us introduce the symmetrization and
antisymmetrization operators, which generates the states for bosons and fermions
respectively

S =
1

N !

∑

σ

Pσ

A =
1

N !

∑

σ

sgnσ Pσ .

(3.14)

1Let P = T1T2, if T1 and T2 are unitary the inverse operator of P is

P−1 = T−1
2 T−1

1 = T †2T
†
1 = P † ,

thus P is unitary. Instead if T1 and T2 are hermitian, we obtain

P † = T †2T
†
1 = T2T1

that is equal to P only if [T1, T2] = 0, thus P is hermitian only in that case.
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Using the properties

Pσ0
S =

1

N !

∑

σ

Pσ0
Pσ =

1

N !

∑

σ′

Pσ′ = S

Pσ0
A = sgnσ0A

(3.15)

we obtain

SS =
1

N !

∑

σ

PσS = S

AA =
1

N !

∑

σ

sgnσ PσA = A ,

(3.16)

i.e. operators S and A are idempotent. S and A are unitary and idempotent, it
follows that they are projection operators; they identify HS and HA, two subspaces
of HN . The subspace HS contains all the symmetric states of HN , while the
subspace HA contains all the antisymmetric ones. Furthermore, given that

AS = SA =
1

N !

∑

σ

sgnσ PσS =
1

N !
S
∑

σ

sgnσ = 0 (3.17)

these subspaces are also orthogonal HS⊥HA.

3.3 Hartree-Fock

The electronic time-independent Schrödinger equation obtained after invoking the
Born-Oppenheimer approximation can be solved exactly only in few very simple
cases. To generate approximate solutions we will employ the variational principle,
which states that any approximate wave function has an energy above or equal
to the exact energy; with the equality holding only if the approximate function is
the exact wave function. We can construct a trial wave function ψγ containing a
certain number of parameters γ, the “best” function of this given form is the ψ∗γ
obtained by minimizing the energy

E = 〈ψγ |H|ψγ〉 (3.18)

as a function of the parameters γ.
Hartree-Fock theory starts from the ansatz that the electronic wave function

has the form of a single Slater determinant

|ψ〉 = A|u(1)
α1
, u(2)
α2
, . . . , u(N)

αN 〉 . (3.19)

The electronic Hamiltonian can be written in terms of zero-, one- and two-electron
terms

H = h0 +
∑

i

hi +
∑

i,j
i<j

gij . (3.20)
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h0 is and additive constant given by the repulsion of the nuclei at the particular
position considered,

hi = −1

2
∇2
i −

∑

α

Zαe
2

|~ri − ~Rα|
(3.21)

is the electron-nuclei attraction and

gij =
e2

|~ri − ~rj |
(3.22)

describes the interaction between two electrons. Using the concepts of section 3.2
the energy of (3.19) can be found as

E[ψ] = 〈ψ|H|ψ〉 =
∑

i

〈ϕi|ĥ|ϕi〉+
1

2

∑

i,j

(〈ϕiϕj |ĝ|ϕiϕj〉 − 〈ϕiϕj |ĝ|ϕjϕi〉) (3.23)

where we have introduced the one electron operator

ĥ = −1

2
∇2 −

∑

α

Zαe
2

|~r − ~Rα|
(3.24)

and the two electron operator

ĝ =
e2

|~r1 − ~r2|
. (3.25)

Let us introduce the Coulomb operator Ji and the exchange operator Ki, defined
as

Ĵif(1) =

∫
eϕ∗i (2)ϕi(2)

r12
dV2 f(1) (3.26)

K̂if(1) =

∫
eϕ∗i (2)f(2)

r12
dV2 ϕi(1) (3.27)

and the total Coulomb and exchange operators

Ĵ =
∑

i

Ĵi (3.28)

K̂ =
∑

i

K̂i . (3.29)

Equation (3.23) can thus be rewritten as

E[ψ] =
∑

i

〈ϕi|ĥ|ϕi〉+
1

2

∑

i

(
〈ϕi|(Ĵ − K̂)|ϕi〉

)
. (3.30)

The objective is now to determine a set of MOs that makes the energy a minimum,
while the variation of such orbitals is such that the MOs remain orthogonal and
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normalized. This is a constrained optimization, and can be solved by means of
Lagrange multipliers, i.e. finding the stationary point of the Lagrangian function

L[ψ] = E[ψ]−
∑

ij

λij (〈ϕi|ϕj〉 − δij) . (3.31)

From the (3.30) the variation of the energy with respect to the functional variation
of the MOs can be written as

δE[ψ] =
∑

i

〈δϕi|ĥ|ϕi〉+
1

2

∑

i

(
〈δϕi|(Ĵ − K̂)|ϕi〉

)
+ c.c. =

∑

i

〈δϕi|F̂ |ϕi〉+ c.c.

(3.32)
In this equation we have introduced the Fock operator

F̂ = ĥ+ Ĵ − K̂ , (3.33)

this operator can be regarded as an effective one-electron energy operator, including
the attractive potential of the nuclei as well as an average of repulsive Coulombic
and exchange interactions of the other electrons (with j 6= i). In particular the
exchange interactions enter into the picture as a purely quantum mechanical effect
coming from the Slater determinant form of the wave function for identical fermions.
The variation of the Lagrangian (3.31) can be written as

δL[ψ] =
∑

i

〈δϕi|F̂ |ϕi〉 −
∑

ij

λij〈δϕi|ϕj〉+
∑

i

〈δϕi|F̂ |ϕi〉∗ −
∑

ij

λij〈δϕj |ϕi〉∗ = 0 . (3.34)

Since the variations |δϕi〉 and |δϕi〉∗ can be chosen independently, equation (3.34)
can be split into a set of two equations

∑

i

〈δϕi|F̂ |ϕi〉 −
∑

ij

λij〈δϕi|ϕj〉 = 0 (3.35)

∑

i

〈δϕi|F̂ |ϕi〉∗ −
∑

ij

λij〈δϕj |ϕi〉∗ = 0 . (3.36)

Taking the complex conjugate of (3.36) and subtracting it to (3.35), we obtain
∑

ij

(
λij − λ∗ji

)
〈δϕi|ϕj〉 = 0 , (3.37)

that means that the matrix of the Lagrange multipliers λij is Hermitian. From
(3.35) the Hartree-Fock (HF) equations can be written as

F̂ |ϕi〉 =
∑

ij

λij |ϕj〉 , (3.38)

but since λij is Hermitian, it exists a transformation of the MOs such that

F̂ |ϕi〉 = εi|ϕi〉 , (3.39)
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where we have called again {ϕi} the set of transformed orbitals.
For the numerical solution of the HF equations, the unknown MOs are expressed

in terms of a set of known functions, the basis set. The basis set has to be chosen
carefully, in a way that functions of the basis are somehow able to capture the
physics of the problem. Employing a basis set allows to pass from an infinite
dimensional problem (in the Hilbert space L2) to a finite dimensional algebraic
problem. The behaviour of such functions should be able to capture the physics of
the problem, allowing to approximate better the real solution. Every molecular
orbital is expanded as a linear combination of atomic orbitals (LCAO)

ϕi(r) =

M∑

a=1

Caiχa(r) , (3.40)

where the {χa} are forming a basis of dimension M . This leads to the Roothan-Hall
(RH) equations, a generalized eigenvalue problem for an M x M matrix

FC = SCε (3.41)

where Fab = 〈χa|F̂ |χb〉 and Sab = 〈χa|χb〉. The Fock matrix results

〈χa|F̂ |χb〉 = 〈χa|ĥ|χb〉+

occ.MOs∑

j

〈χa|Ĵj − K̂j |χb〉

= 〈χa|ĥ|χb〉+

occ.MOs∑

j

〈χaϕj |ĝ|χbϕj〉 − 〈χaϕj |ĝ|ϕjχb〉

= 〈χa|ĥ|χb〉+

M∑

c,d

Dcd (〈χaχc|ĝ|χbχd〉 − 〈χaχc|ĝ|χdχb〉)

(3.42)

it is depending only on the occupied molecular orbitals through the density matrix

Dab =

occ.MOs∑

j

CajCbj (3.43)

and the fourth order tensor

Gabcd = 〈χaχc|ĝ|χbχd〉 − 〈χaχc|ĝ|χdχb〉 (3.44)

involving the two-electron integrals. The solution to the RH equations (3.41) are
M eigenvalues εi with their associated set of coefficients {Ci1, Ci2, . . . , CiM}, i =
1, . . . ,M . Each index i represents an MO giving us as a solution M molecular
orbitals; and if N is the number of electrons, only N/2 of them are occupied (in
the closed shell system). Once the solution to the RH equations has been obtained,
a new Fock matrix can be constructed. This process is iteratively repeated in a
self-consistent field (SCF) calculation till convergence is reached (fig. 3.1). It is
important to notice that the occupied orbitals are variationally optimized, because



26 Molecular Orbitals Theory

Figure 3.1. The SCF procedure for the HF method.

they do contribute to the total energy and then to the Fock operator at a particular
step of the SCF cycle. It is not clear instead how reliable are eigenvalues and
eigenfunctions of unoccupied orbitals.

In the solution of the Hartree-Fock method the electrons are sitting on effective
orbitals coming from an average interaction. If the basis set is sufficiently large,
the HF solution accounts for ∼ 99% of the total energy. As a matter of fact, the
remaining ∼ 1% is often very important for describing chemical phenomena [41].
The missing piece in the HF picture is electronic correlation. In an attempt to
account for correlation we can use as an ansatz a linear combination of Slater
determinants corresponding to excited state configurations. This gives origin
to the so called post Hartree-Fock methods, such as configuration interaction
(CI), coupled-cluster (CC) and Møller-Plesset perturbation theory (MP). These
approaches allows for a systematic increase of accuracy, but the computational cost
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increases dramatically with the number of excited levels considered.

3.4 Semi empirical Methods

The cost of performing an HF calculation scales formally as the fourth power of
the number of basis functions (the cost of calculating the two-electron integrals
needed to calculate the matrix Fab, at every step). The first step in reducing
the computational problem is to consider only the valence electrons explicitly,
while accounting for the core electrons by reducing the nuclear charge (effective
screening). A minimal basis set can be used for the valence electrons states. For
the hydrogen one s function is considered, while atoms in the second and third row
of the periodic table are described with four basis functions for s and p orbitals.
Most semi-empirical methods use only s- and p- functions, and Slater type orbitals
as basis functions [41].

The central assumption of semi-empirical methods is the Zero Differential
Overlap (ZDO) approximation, which neglects all the products of basis functions
located on different atoms. The integrals that are different from zero are considered
as parameters and are determined based on theoretical calculations or experimental
data. This procedure is also known in literature as parametrization of a particular
semi-empirical method.

3.4.1 NDDO

Employing the ZDO approximation leads to the Neglect of Diatomic Differential
Overlap (NDDO) method. The three- and four-center integrals vanish. The overlap
matrix S is reduced to

Sµν = 〈µ|ν〉 = δµν (3.45)

where µ and ν are two atomic orbitals. The one-electron integrals are

〈µA|ĥ|νA〉 = 〈µA| −
1

2
∇2 + VA|νA〉+

∑

a 6=A
〈µA|Va|νA〉

〈µA|ĥ|νB〉 = 〈µA| −
1

2
∇2 + VA + VB |νA〉

(3.46)

where VA is the atomic potential (nucleus and core electrons) of the atom A and
µA and νA are atomic orbitals of the atom A. Due to the orthogonality of the
atomic orbitals 〈µA| − 1

2∇2 + VA|νA〉 is 0 unless µ = ν. The two-electron integrals
are approximated as

〈µAνB |ĝ|λCσD〉 = δACδBD〈µAνB |ĝ|λAσB〉 . (3.47)

3.4.2 INDO

The Intermediate Neglect of Differential Overlap (INDO) [56–58] approximation
neglects all two-center two-electron integrals that are not of the Coulomb type, in
addition to those neglected by the NDDO approximations. In order to preserve
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rotational invariance, i.e. the total energy should be independent of a rotation of the
coordinate system, the integrals of the form 〈µA|Va|νA〉 and 〈µAνB |ĝ|λAσB〉 must
be taken independent of the orbital types (i.e. an integral involving a p-orbital must
be the same as with an s-orbital) [56]. This leads to the INDO method, involving
the following approximations in addition to those made by NDDO. One-electron
integrals become

〈µA|h|µA〉 = 〈µA| −
1

2
∇2 + VA|µA〉+

∑

a6=A
〈µA|Va|µA〉

〈µA|h|νA〉 = 0

(3.48)

Two-electron integrals are

〈µAνB |ĝ|λAσB〉 = δµλδνσ〈µAνB |ĝ|µAνB〉 . (3.49)

The non zero two-electron integrals are usually denoted by γ

〈µAνA|ĝ|µAνA〉 = 〈µAµA|ĝ|µAµA〉 = γAA

〈µAνB |ĝ|µAνB〉 = γAB .
(3.50)

3.4.3 ZINDO

ZINDO [59] is a parametrization of INDO that covers a wide range of the periodic
table, even including the rare earth elements.

3.5 Density Functional Theory

The density functional theory (DFT) allows us to calculate the ground state
properties of a system without dealing (at least in principle) with the many-
electron wave function |ψ〉. In DFT the main quantity of interest is the electronic
density

n(~r) = N
∑

σ1

∫
d~x2 . . .

∫
d~xn|ψ(~x1, ~x2, . . . , ~xN )|2 (3.51)

where in this notation ~xi represents all the degrees of freedom of particle i, position
and spin ~xi = (~ri, σi). In the Schrödinger equation for the electrons in Born-
Oppenheimer approximation (3.8), the Coulomb potential arising from the nuclei
is treated as a static external potential

V̂ext = −
∑

α,i

Zαe
2

|~ri − ~Rα|
(3.52)

while the remaining part of the Hamiltonian is

F̂HK = T̂e + V̂ee (3.53)

such that H = F̂HK + V̂ext
(
F̂HK + V̂ext

)
|ψ〉 = E|ψ〉 . (3.54)
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Since F̂ is the same for all N -electron systems, the Hamiltonian and hence the
ground-state |ψ0〉, are completely determined by N and V̂ext.

The average energy is

E = 〈ψ|F̂HK |ψ〉+ 〈ψ|V̂ext|ψ〉 (3.55)

where the energy of the external potential, as in Thomas-Fermi theory, can be
expressed as

〈ψ|V̂ext|ψ〉 =

∫
v(~r)n(~r) d~r = Vext[n] . (3.56)

Density-functional theory is based on two fundamental theorems by Hohenberg
and Kohn [60,61].

Theorem 3.1 The external potential v(~r) is uniquely determined, up to a constant,
by the ground state electron density n0(~r).

As a consequence, all the properties of the system are determined by the electronic
ground state density. Indeed, since n0(~r) determines both the external potential
v(~r) and the number of electrons N =

∫
d~r n0(~r), it also characterize unambiguously

the Hamiltonian H and thus implicitly all the properties derivable from H through
the solution of the time-independent or time-dependent Schrödinger equation, like
the wave functions |ψ〉. Furthermore, it exists a functional E[n], that expresses the
energy in terms of the electron density, for any particular v(~r)

E[n] = Te[n] + Vee[n] + Vext[n] = FHK [n] + Vext[n] . (3.57)

FHK [n] is a universal functional, completely independent on the external potential
v(~r) and it is thus the same for any set of N electrons.

Theorem 3.2 The ground state energy of the system is the global minimum
E0 = E[n0] of the functional E[n], and n0 is the electronic density of the ground
state.

The problem of determining the ground state of a Schrödinger equation with 3N
degrees of freedom can be translated in determining the minimum of a functional
E[n], where n is a function of 3 variables. This apparently trivial problem is in
practice very difficult since the form of the functional E[n], and in particular of
FHK [n] is unknown. FHK [n] contains the functional for the kinetic energy T [n]
and for the electron-electron interaction Vee[n]. The explicit form of both these
functional is unknown. However, it is usually common practice to extract the
classical part of the electronic repulsion (also called Hartree energy, denoted as
EH), writing

Vee[n] =
1

2

∫ ∫
n(~r1)n(~r2)

r12
d~r1d~r2 + Exc[n] = EH [n] + Exc[n] (3.58)

thus defining a new functional Exc[n] containing the non-classical part of the
electron-electron interactions, usually identified as exchange and correlation contri-
butions. To determine T [n] and Exc[n] represents the major challenge of DFT.
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3.5.1 Kohn-Sham Scheme

The idea is to replace the system of interacting particles in the external potential
v(~r) with a system of non-interacting particles in some other external potential
vs(~r) (

− ~2

2m
∇2 + vs(~r)

)
ϕi(~r) = εiϕi(~r) . (3.59)

These are the Kohn-Sham equations [62], εi is the orbital energy of the corresponding
Kohn-Sham orbital ϕi, and the density for this N-particle system is

ns(~r) =

N∑

i

|ϕi(~r)|2 . (3.60)

The effective potential vs(~r) will be chosen such that the ground state density of
the auxiliary system ns(~r) is equal to the original ground state density n(~r).

The key point of Kohn-Sham theory is to calculate the kinetic energy under
the assumption of non-interacting electrons

Ts[n] = Ts[{ϕi[n]}] =
∑

i

〈ϕi| −
1

2
∇2|ϕi〉 (3.61)

where the notation implies that T depends on the {ϕi} which in turn depends on
the ground state density n. In reality, the electrons are interacting, and the (3.61)
does not provide the total kinetic energy, but usually the most of it. The remaining
kinetic energy is absorbed into an exchange-correlation term, and a general energy
expression can be written as

E[n] = Ts[n] + Vext[n] + J [n] + Exc[n] . (3.62)

Now, equating this to the exact energy (3.57), we obtain a definition for Exc

Exc[n] = (T [n]− Ts[n]) + (Vee[n]− J [n]) (3.63)

i.e. the kinetic correlation energy plus the potential correlation and exchange
energy. In this orbitals setting one can also think to write the exchange part
following HF theory as

Ex[n] = −e
2

2

∑

ij

∫ ∫
ϕ∗i (~r1)ϕ∗j (~r2)ϕi(~r2)ϕj(~r1)

|~r1 − ~r2|
d~r1d~r2 (3.64)

leaving us with the main problem being correlation.
For the second HK theorem, the solution is the minimum of the functional

(3.62), but since Ts is now written as dependent from the effective orbitals, a direct
minimization is not possible. In the Kohn-Sham scheme we can write for the
interacting system

0 =
δE[n]

δn(~r)
=
δTs[n]

δn(~r)
+
δVext[n]

δn(~r)
+
δEH [n]

δn(~r)
+
δExc[n]

δn(~r)
=

=
δTs[n]

δn(~r)
+ v(~r) + vH(~r) + vxc(~r) ,

(3.65)
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where v(~r) is the external potential, while vH(~r) and vxc(~r) are the functional
derivatives of Hartree and exchange-correlation energy, respectively. On the other
hand for the non-interacting Kohn-Sham system the minimization condition is
simply

0 =
δEs[n]

δn(~r)
=
δTs[n]

δn(~r)
+
δVs[n]

δn(~r)
=
δTs[n]

δn(~r)
+ vs(~r) , (3.66)

and the density solving this Euler-Lagrange equation is ns(~r). Comparing equations
(3.65) and (3.66) we find that both minimizations lead to the same solution
n(~r) = ns(~r) if

vs(~r) = v(~r) + vH(~r) + vxc(~r) . (3.67)

Now most of the energy is known and only the xc part has to be approximated
with some functional. The xc potential

vxc[n](~r) =
δExc[n]

δn(~r)
(3.68)

can only be calculated explicitly once an approximation for Exc[n] has been chosen
and since it depends on n(~r), which is unknown, the solution to KS equations
has to be found self consistently. The flowchart in fig. 3.2 represents this SCF
procedure.

The improvements brought by KS theory come at the price of reintroducing
the molecular orbitals (3N variables), analogous to the Hartree-Fock theory, but
in a method that is still quite simple for being capable to capture many-particle
correlation (once the right xc functional has been chosen).



32 Molecular Orbitals Theory

Figure 3.2. The SCF procedure for the Kohn-Sham scheme.



CHAPTER 4

Charge Transport in Organic Materials

The charge transport is a complex problem that can be tackled in multiple different
ways depending on the approximations we are willing to make. In an organic solar
cell, when an exciton dissociate at the interface (chapter 1), the electron and the
hole generated can occupy in general excited states on different molecules (hot
CT state [19, 20, 63]). The charge transfer is thus in general involving quantum
mechanical excitations of higher energy levels, fact that for simplicity is usually
neglected in the simulations.

Furthermore, organic materials are soft, every molecule is bounded to another
through van der Walls forces. When an extra electron is added in these materials,
significant deformations (and consequently changes in nuclear vibrations) are
happening on the charged molecule and on the nearby ones. When the electron is
moving in the material these deformations will follow creating an effective quasi-
particle, the polaron. If the vibrations are or not interpreted as phonons depends
on the context.

When dealing with crystalline materials, usually a Hamiltonian picture including
phonons is employed. The Hamiltonians of the electrons and the lattice are inter-
acting and cannot be considered separately. This requires a coupled Hamiltonian
(Holstein or Holstein Peierls) whose solution is non-trivial [29–31].

In amorphous materials the lack of crystallinity make the concept of phonons
quite vague. The solution to this kind of problem is not possible analytically, the
disorder of the material render the mathematical description very complex. Monte
Carlo simulations (chapter 5) are usually employed to study transport in these
materials. This reduces the problem to finding reasonable approximations for the
rates of the charge hopping from one molecule to another. A popular method
widely employed in the literature is Marcus theory [64]. In this case the vibrational
degrees of freedom of every molecule are treated classically. More sophisticated
methods like Levi-Jortner theory [65–67] allows to consider quantized vibrations

33
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and vibrational tunnel effects. An interesting debate is present in the literature
on how much these nuclear tunnel effects are important for conduction in organic
materials [68].

In this chapter we will present the main methods used in the literature to study
charge transport in organic materials, following closely ref. [69] for section 4.1 and
ref. [70] for sections 4.2 and 4.3.

4.1 Franck-Condon Principle

A quantum system has some states |α〉 and an Hamiltonian H. If we perturb the
system with a time dependent perturbation V eiωt the transition probability per
unit of time from a quantum state |α〉 to another state |β〉 is given by the Fermi
golden rule

wαβ =
2π

~
|Vβα|2δ(E − Eβα) (4.1)

where E = ~ω and we have assumed that V is a “small” perturbation (in the sense
of time-dependent perturbation theory). For electromagnetic radiation, E is the
energy of the single photons (E = hν) and the first order approximation for the
transition is:

Vαβ ' 〈α| ~D · ~E|β〉 . (4.2)

with ~E being the electric field and ~D the dipole of the system. For a molecule

~D = e
∑

i

Zi ~Ri − e
∑

j

~rj (4.3)

and the wave function |α〉 can be decomposed, according to Born-Oppenheimer
approximation, in an electronic and a nuclear vibrational-rotational part, with
quantum numbers nα, vα and rα respectively,

|α〉 = |ψ〉 ⊗ |φ〉 = |ψnα〉 ⊗ |φvα〉 ⊗ |φrα〉 . (4.4)

Identifying with nβ , vβ and rβ the quantum numbers of |β〉, the matrix elements
for the electric dipole are

〈β| ~D|α〉 = 〈φvβφrβ |


〈ψnβ |e

∑

i

Zi ~Ri|ψnα〉 − 〈ψnβ |e
∑

j

~rj |ψnα〉


 |φvαφrα〉 .

(4.5)
The first term in (4.5) is zero when the electronic state is changing, because the
operator does not depend on the electron coordinates and the two electronic wave
functions are orthogonal (〈ψnβ |ψnα〉 = δnαnβ ). The second term instead is the
electronic dipole, parametrically dependent on the nuclear coordinates R, and the
(4.5) becomes

〈β| ~D|α〉 = 〈φvβφrβ | ~Del(R)|φvαφrα〉 . (4.6)
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The dipole ~Del(R) depends on the internal vibrational coordinates q and, once
calculated, the direction depends on the global rotation of the molecule θ, ϕ

~Del(R) = Rot(θ, ϕ) ~Del(q) . (4.7)

The Franck-Condon approximation consists in taking

~Del(R) ' ~Del(Req) = Rot(θ, ϕ) ~Del(qeq) = Del(qeq)v̂(θ + θ0, ϕ+ ϕ0) , (4.8)

i.e. the norm of the molecular dipole is calculated in the equilibrium position q
eq

of

all the vibrational coordinates when the system is in the initial electronic level |α〉.
v̂(θ+ θ0, ϕ+ϕ0) is a versor pointing in the direction (θ+ θ0, ϕ+ϕ0), where (θ0, ϕ0)

is the direction of ~Del(qeq). This famous approximations relies on the fact that
the ground vibrational levels (from which usually excitations are calculated) are
strongly localized near the equilibrium in the vibrational coordinates space. For this
reason we can say that integrating in the vibrational coordinates 〈φvβ | ~Del(R)|φvα〉
the integrand function is different from zero only when the two vibrational wave
functions overlap. Going back to equation (4.6), we can first integrate over the
vibrational coordinates and achieve

〈α| ~D · ~E|β〉 = fvαvβ 〈Jβ ,Mβ | ~Del(Req)|Jα,Mα〉 ; (4.9)

where we have made explicit the form of the rotational wave functions. The overlap
integral fvαvβ , between the two vibrational wave functions of the different electronic
states, is also usually referred to as the Franck-Condon factor. It results that the
ground state tends to be localized near the equilibrium point, while the higher
vibrational states tend to be localized near the classical limit point. Thus a big
result of Franck-Condon principle is stating that the most probable transitions are
the vertical ones. This is compatible with the intuitive argument that the nuclei
movements are slow compared to the electronic ones and that electronic transitions
happen at still nuclei.

4.2 Vibrational coupling on a single molecule

Let us analyze the case of an isolated molecule, with internal vibrational coordinates
q (displacements or rotations). Every vibrational coordinate q contributes to the
total Hamiltonian of the system with

Hvib
n =

P 2

2Meff
+ Vn(q) , (4.10)

in which the potential function Vn(q) depends on the electronic level n. For small
elongations from the equilibrium position qn, the vibrational potential can be
approximated with an harmonic potential

Vn(q) ' 1

2
Meff ω

2
n (q − qn)2 + vn , (4.11)
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with effective mass Meff , a characteristic angular frequency ωn and an energy
offset vn. Vn(q) is the potential felt by the nuclei in the situation in which only one
out of the N electrons of the system is excited to level n. We can argue and then
also verify experimentally in some cases [70], that the curvature of Vn(q) differs
not strongly from that of the ground state potential V0(q). Hence, we can make
the further approximation that the vibrational energy spacing ~ω is very similar
for both potentials and we can use the same ω = ωn = ω0 for every electronic level
of a particular vibrational mode q.

Let us introduce the dimensionless nuclear coordinate

ξ =

√
Meff ω

2~
(q − q0) , (4.12)

centered around the equilibrium position q0 of the electronic ground state (n = 0).
The first two vibrational potential are the ones involved in the first electronic
transition, accordingly to previous approximations we can write

V0(ξ) = ~ω ξ2 + v0

V1(ξ) = ~ω(ξ − g)2 + v1 .
(4.13)

The exciton-phonon coupling constant g, introduced above, is the displacement
of the excited state potential V1 with respect to the ground state potential V0

along the dimensionless coordinate ξ (fig. 4.1). When a HOMO electron is excited,
from the bottom of V0, the molecule feels a sudden change of the nuclear potential
(Franck-Condon). The nuclear coordinate ξ remains momentarily approximately 0
as it was before. Introducing the vertical excitation energy for the molecule

Evert = V1(0)− V0(0) , (4.14)

the excited state potential can be rewritten as

V1(ξ) = ~ω(ξ − g)2 + v0 + Evert − Ereorg , (4.15)

where Ereorg is the vibrational reorganization energy. This quantity gives the
energy gain from the geometry relaxation into the new equilibrium geometry of the
electronically excited molecule. Considering classical energy levels, thus forgetting
the harmonic oscillator quantization and the zero point energy, we can connect
Ereorg with the exciton-phonon coupling constant by

Ereorg ' ~ωg2 . (4.16)

Remembering now the definitions of creation and destruction operators for the
harmonic oscillator

b† = ξ − 1

2

∂

∂ξ
(4.17)

b = ξ +
1

2

∂

∂ξ
, (4.18)
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Figure 4.1. Translation of the harmonic potential due to electronic excitation. Figure
adapted from [70].

the vibrational Hamiltonian in the electron ground state becomes

Hvib
0 = �ω

(
b†b+

1

2

)
+ v0 . (4.19)

For the translated harmonic potential (in the excited case) the operators are
expressed in terms of the translated coordinate ξ̃ = ξ − g, resulting in

b̃† = ξ̃ − 1

2

∂

∂ξ̃
= b† − g (4.20)

b̃ = ξ̃ +
1

2

∂

∂ξ̃
= b− g (4.21)

and the Hamiltonian is

Hvib
1 = �ω

(
b̃†b̃+

1

2

)
+ v0 + Evert − Ereorg =

= �ω
(
b†b+

1

2

)
− �ωg

(
b† + b

)
+ v0 + Evert .

(4.22)
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At this point, it is possible to combine the vibrational Hamiltonians for the ground
and the first excited state by introducing electronic operators. Let us consider
the two-level problem given by the electronic ground state |φ0〉 (HOMO) and the
excited state |φ1〉 (LUMO). We use the electronic operators in the excited state a†

and a, which follows the rules

a†|ψ0〉 = |ψ1〉 a|ψ0〉 = 0

a†|ψ1〉 = 0 a|ψ1〉 = |ψ0〉 .

That means, a† creates an exciton at the molecule, a destroys it and a†a is the
exciton number operator (represents the presence of an excited electron on the
molecule). Using this formalism, both operators Hvib

0 and Hvib
1 can be combined

by multiplying the additional terms in Hvib
1 with a†a. We obtain the monomer

Hamiltonian

H = ~ω
(
b†b+

1

2

)
+ v0 +

(
−~ωg

(
b† + b

)
+ Evert

)
a†a (4.23)

where the exciton-phonon coupling g, resulting as explained before from the dis-
placement of the excited vibrational potential. For organic conduction is interesting
to have also the Hamiltonian for electron and hole transport. The derivation
proceed exactly in the same way, considering the parameter g as the electron-
phonon coupling or the hole-phonon coupling, given by the displacement of the
vibrational potential due to the presence on the molecule of an extra electron or
hole, respectively. The operators a† and a now have to be intended as the creation
and destruction operators of an electron in the LUMO level or of a hole in the
HOMO level.

4.3 Holstein and Holstein-Peierls Hamiltonian

The vibrational Hamiltonian for a crystalline structure is constructed as a com-
position of organic monomers Hamiltonian. Considering at first the monomers
uncoupled, we simply add all the contributions of the form (4.23) coming from
every lattice site M

H =
∑

M

~ω
(
b†MbM +

1

2

)
+ v0 +

(
−~ωg

(
b†M + bM

)
+ Evert

)
a†MaM . (4.24)

The zero vibrational energy
∑

M

(
~ω
2

+ v0

)

in equation (4.24) can be set to a constant and so eliminated (translating the zero
of potential energy). Joining the vibrational Hamiltonian (4.24) with the hopping
part of Hubbard model [71], we obtain a crystalline Hamiltonian in which only
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local potential deformations are considered (an electron at site M is coupled only
with vibrations of the molecule situated at the same site M)

H =
∑

M,N

εMNa
†
MaN + ~ω

∑

M

b†MbM − g~ω
∑

M

(
b†M + bM

)
a†MaM . (4.25)

The term with Evert in (4.24) can be absorbed into the occupation energy εMM

(thus including the vibrational energy needed for the excitation). The (4.25) is
commonly referred to as the Holstein Hamiltonian, because of two pioneering works
by Holstein on polarons [72, 73] and it is one of the simplest model systems for
electron-phonon coupling [70].

Usually we deal with molecules, that possess several vibrational degrees of
freedom d. This lead to the inclusion of just as many harmonic oscillators and each
of these harmonic oscillator will be shifted by an electronic excitation. We then
obtain d coupling terms {gη}, coupling the presence of the excitation a†a to the
creation and destruction operators, {b†η} and {bη} for the particular vibrational
degree η (with η = 1, 2, . . . , d). Applying the previous reasoning to every site of
the lattice M , we obtain

H =
∑

M,N

εMNa
†
MaN + ~ω

∑

M,η

b†η,Mbη,M −
∑

M,η

gη~ωη
(
b†η,M + bη,M

)
a†MaM .

(4.26)

Let us assume R = {~RM} are the set of lattice vectors (Bravais lattice).
Transforming operators in momentum space through Discrete Fourier Transform it
is possible to pass from localized operators to propagating operators [71]. Performing
this transformation for the operators of the local vibrations b and b†, we obtain
the phonon operators

b†Q =
1√
NR

∑

~R∈R

b†
η,~R

ei~q·
~R (4.27)

bQ =
1√
NR

∑

~R∈R

bη,~Re
−i~q·~R , (4.28)

where the couple Q = (η, ~q) = (branch index, phonon momentum) individuates a
phonon state and NR is the number of points of the lattice. Substituting for these
operators in the Holstein Hamiltonian and allowing for an hopping electron-phonon
coupling (through a tensor of coupling constants gQMN for every phonon Q) we
obtain the Holstein-Peierls Hamiltonian

H =
∑

M,N

εMN a†MaN +
∑

Q

~ωQb
†
QbQ+

+
∑

MN

∑

Q

~ωQ g
Q
MN

(
b†Q + b−Q

)
a†MaN . (4.29)

The coupling constant gQMN couples the hopping between localized electron states
N and M to the propagating phonon Q.
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4.4 Marcus Formula

Marcus Theory [64] was initially formulated to explain the rates of electron transfer
reactions, i.e. those chemical reactions in which an electron moves from one
chemical species (the electron donor) to another (the electron acceptor). It is
widely used in the literature to calculate the charge carriers transfer rate between
two molecules. Marcus Formula can be derived from Fermi golden rule and it
expresses the rate of the hopping of an electron from the ground state of the initial
molecule i to the ground state of the final molecule j, moving always on the lowest
of the two energy curves.

Let us consider a single molecule immersed in a continuous electric field (ω = 0).
In the Born-Oppenheimer approximation (4.4), every vibrational coordinate q
generates a manifold of vibrational states (usually approximated as states of an
harmonic oscillator). The probability of an electronic transition from the ground
electronic level |ψi〉 to an excited one |ψf 〉 can be calculated through the Fermi
golden rule summed over all the possible vibrational transitions

wif =
∑

αβ

wαβ =
2π

~
∑

αβ

f(Eα)|Vβα|2δ(Eβ − Eα) . (4.30)

f(Eα) is the probability of being in the |α〉 level and Vβα is the matrix element for
the transition from |α〉 to |β〉, where we have set nα = i and nβ = f . Assuming to
be in the “classical regime” for the occupation of the vibrational quantum levels,
this probability is given by the Boltzmann factor

f(Eα) =
e
− Eα
kBT

∑
α′ e
− E

α′
kBT

. (4.31)

As a further assumption, changing our vision of the harmonic oscillator from
quantum to classical, we readjust the Boltzmann factor focusing now on the
probability for the system of being in the position q. After normalization we can
obtain the probability of being at q as

f(q) =

√
Mω

2πkBT
e
−E(q)
kBT , (4.32)

where E(q) is the classical energy for the position q. According to Franck-Condon
theory, the most probable transitions from the ground state of the harmonic
oscillator are the vertical ones. Thus the Fermi golden rule become

wif =
2π

~

∫
dqf(q)|Vif (q)|2δ(Ef (q)− Ei(q)) , (4.33)

with Vif (q) the matrix element between the electronic levels i and f electron level
assuming the value q of the vibrational coordinate stays fixed (fixed nuclei). Vif (q)
is commonly approximated by a single value Vif = Vif (qeq) and taken outside
the integration sign. qeq can be the equilibrium value of the coordinate q in the
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electronic level i or some other kind of equilibrium value chosen for the problem
at hand. Let us now develop the delta inside the integral (4.33). We know from
distribution theory that

δ(f(x)) =
∑

i

δ(xi)

|f ′(xi)|
(4.34)

where the xi are the zeros of the function f . Approximating both the potential
energy surfaces of the nuclei as parabolas with the same curvature, we obtain

Ef (q)− Ei(q) =
1

2
Mω2(q − qf )2 + Ef0 −

1

2
Mω2(q − qi)2 − Ei0 =

= ∆E0 +
1

2
Mω2(q2

f − q2
i )−Mω2q(qf − qi) .

(4.35)

This is a linear function in q and the zero of this function q∗ is the point in which
the two energies (of initial and final state) are equal

q∗ =
∆E0 + 1

2Mω2(q2
f − q2

i )

Mω2(qf − qi)
. (4.36)

The delta of expression (4.33) becomes

δ(Ef (q)− Ei(q)) =
δ(q − q∗)

Mω2|qf − qi|
, (4.37)

that substituted in the (4.33) itself, gives

wif =
2π

~
|Vif |2

√
1

4πkBTλ
e
−∆E∗
kBT . (4.38)

∆E∗ is the classical barrier to overcome in passing from initial to final state and λ
is the classical reorganization energy after a vertical excitation

∆E∗ =
1

2
Mω2(q∗ − qi)2 (4.39)

λ =
1

2
Mω2(qi − qf )2 . (4.40)

Substituting the (4.36) into (4.39) and considering definition (4.40), we get, after
several passages

∆E∗ =
(∆E0 + λ)2

4λ
. (4.41)

and substituting this expression in (4.38) we obtain the Marcus transfer rate
expression

wif =
2π

~
|Vif |2

√
1

4πkBTλ
exp

(
− (∆E0 + λ)2

4λkBT

)
. (4.42)
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CHAPTER 5

Monte Carlo Simulations

In the 1930s, Fermi used sampling to estimate quantities involved in controlled
fission [74]. This sampling was performed by hand or using a mechanical device
called “Fermiac”. At the time of the Manhattan project in Los Alamos, John von
Neumann and Stanislaw Ulam used computers to generate the system samples,
getting results in a relatively fast and automatic way. Being secret, the work of von
Neumann and Ulam required a code name, the name Monte Carlo, refers to the
Monte Carlo Casino in Monaco where Ulam’s uncle would go to gamble borrowing
money from relatives [75]. In 1949 Metropolis and Ulam published their results in
the Journal of the American Statistical Association [76].

Monte Carlo methods are widely used in statistical simulations of physical
systems. The core idea of Monte Carlo is to study a system using repeated random
sampling to obtain numerical results. This approach is often the simplest way
to solve a problem, and sometimes the only feasible way. The main drawback of
Monte Carlo methods is that, depending on the system, they may require a very
high number of steps to reach a reasonable convergence and, for this reason, they
can be computationally expensive to carry out. Nevertheless, with the continuous
improvement of modern computers, this problem is getting progressively less
relevant over time.

An important and well studied type of Monte Carlo technique is the Markov
Chain Monte Carlo method (MCMC) [77]. In this work we will use a particular
version of MCMC, called Gibbs sampling. Let us consider a system of interest
described by several random variables A,B,C, . . . and let us say we are interested
in simulating the evolution of the system, sampling from the joint distribution
P (A,B,C, . . . ). This distribution is often complicated and difficult to calculate,
if not impossible. The main idea of Gibbs sampling is to sample one variable at
the time, while keeping the others fixed. At every step thus only one variable
of the system is varied and the sequence obtained by such evolution is forming
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a Markov chain. It can be demonstrated that, under particular conditions and
once the Markov chain has reached equilibrium, sampling from the Markov chain
is equivalent as sampling from a probability distribution called the equilibrium
distribution. Designing an MCMC properly, it is thus possible to sample from a
particular probability distribution of interest. More details on Markov chains and
MCMC algorithms can be found in [77].

5.1 Kinetic Monte Carlo Algorithm

Kinetic Monte Carlo algorithm (KMC) is a variant of Monte Carlo simulation
intended to simulate the time evolution (hence the term kinetic) of a particular
process of interest. In our charge transport context, as KMC we mean a particular
variant of Gibbs sampler. We will explain in details this algorithm in the following
of the present section.

A particular molecular orbital level in the system is specified with an upper case
letter M = (i, α), identifying the orbital level α of the molecule i. We will imply
in the notation that the orbital M belongs to the molecule i while the orbital N
belongs to the molecule j (where i and j are different molecules). The flowchart of
the algorithm is presented in figure 5.1. The initial condition (point 1) is composed
by the MD simulated structure and by the initial position of the charges involved
in the simulation. At a given time, every charge carrier hops from one molecular
level M to another molecular level N with a rate given by the Marcus formula
(section 4.4)

wMN =
2π

~
|HNM |2

√
1

4πkBTλNM
exp− (∆ENM + λNM )2

4λNMkBT
. (5.1)

HMN is the transfer integral expressing the electronic coupling of the levels M and
N , ∆ENM is the energy difference between their two ground vibrational states and
λNM is the reorganization energy required for all the structural adjustments of the
system after the hopping has happened. For the charge carrier on the orbital M ,
we calculate the rates wMN for every possible acceptor orbital N within a given
cut-off (point 2). The total escape rate for the charge on the orbital M is thus
RM =

∑
N wMN . In the general case of multiple charge carriers, we can think of

every charge carrier a sitting on the orbital Ma and having a total escape rate RMa

(point 3). The evolution of the system is determined thanks to a weighted random
selection algorithm (WRS), where the probability of selecting a particular value
depends on its associated weight. First the hopping charge carrier is selected using
as weights the total escape rates RMa

. This select the charge c that is jumping,
thus identifying the origin of the hop (point 4). Let us assume that the hopping
charge c is sitting on the orbital M . The particular hop to perform is selected with
another WRS using as weights the wMN . In this way we select the destination of
the hop (point 5). The time ∆t after which this hop occurs is extracted from an
exponential distribution ∼ RMexp(−RM∆t), where RM is the total escape rate
from the orbital M , RM =

∑
N wMN (point 6). Now the hop is performed and the

time is updated (point 7). Several stopping criteria can be specified. A stopping
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Figure 5.1. Flowchart of the KMC simulation used in this thesis.
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criterion can be the simulation time, the number of hops, but also some positional
criteria like the charge carrier passing through a particular plane in space. If no
stopping criterion is respected (point 8), we go back at point 2 and continue the
simulation.

5.2 Marcus Parameters Calculation

For every possible hopping, we need to calculate three parameters: the energy
difference ∆E, the transfer integral HNM and the reorganization energy λ. The
temperature T and the external electric field ~Eext are given as input of the simula-
tion. T is used directly in Marcus formula for the hopping rates, while ~Eext is giving
its contribution to the ∆E. The modification that ~Eext introduces on the transfer
integrals [78, 79] represent a correction and will be completely neglected in our

scheme. The effect of ~Eext on the external reorganization energy has been discussed
in Paper II. Since no crystallinity is assumed this scheme (fig. 5.1) translates in
a huge amount of parameters even with the introduction of a distance cut-off.
To calculate these parameters then, we have to make choices that allows us to
deal with the computational complexity of the model. The calculation of every
parameter is given in some detail in this section, further details can be found in
Papers I and II.

5.2.1 Site Energies

The energy ∆ENM = uN − uM is the difference between the energies of the two
orbitals considered (M and N). The single site energy uM is composed of several
contributions that will be explained below:

uM = εM + Eperm−elM (s) + Eind−elM (s) + EfieldM (si) . (5.2)

The first term εM in equation (5.2) is the orbital energy obtained from a QM
calculation. Since these calculations are done for every molecule in the box, this
value takes into account the energy shift caused by the conformational changes of
the molecule in the bulk.

The other terms arise from the interaction of the charged molecule with its
environment. They are dependent on the quantum state of the charged molecule,
due to the extra charge on the orbital M . A cut-off is used for the Coulombic
interactions, so that a charge located on the orbital M interacts only with the
molecules inside its interaction set I(M), i.e. the set composed by the molecules
nearer than the cut-off. For the polarization we use another cut-off, leading
to a different interaction set denoted by Ip(M), see fig. 5.2. The array s =
(s1, s2, ..., si, sj , ...) is composed by the quantum states of every molecule in the
system. A molecule can change quantum state, so that s can vary over time as
a consequence of a hopping process. For the cases considered in Paper I-III, a
molecule can only be neutral (n) or charged (c), where charged means different
things depending on the molecule considered. For D molecules charged means
one extra hole in the HOMO level, while for A molecules means on extra electron
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Figure 5.2. The interaction sets used for Coulombic interactions I(M) and polarization
Ip(M), for a charge carrier situated on the molecular orbital M .

in the LUMO level. The atomic charges and polarizabilities of a molecule will
change according to the molecular quantum state during the simulation. In the
C60 example, when an electron moves from the molecular level M = (i, LUMO) to
the molecular level N = (j, LUMO), the system passes from s1 = (n, n, ..., c, n, ...)
to s2 = (n, n, ..., n, c, ...) (fig. 5.3 on the top).

Figure 5.3. Illustration of two quantum states s1 and s2 whose difference is a charge
hopping.

The second term in equation (5.2) represents the permanent electrostatic energy

Eperm−el
M (s) =

1

4πε0

∑

a∈i

∑

b∈h
h∈I(M)

qa(si)qb(sh)

|�ra − �rb|
, (5.3)

where h is a molecule belonging to the interaction set I(M) and a, b are atoms.
This sum is based on the atomic charges and thus includes the contribution of
molecular permanent dipoles, quadrupoles, etc. The atomic charge qa on the atom
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a depends on the quantum state of molecule i, which the atom belongs to. This is
why it has been denoted as qa(si).

The third term of (5.2) is the energy due to polarization. Polarization in an
organic material arises from two different contributions. The first contribution is
given by the reorganization of the permanent multipoles of nearby molecules through
the movement of their nuclei. This process is slow compared to the timescale of a
charge carrier hopping and will be neglected in our model. The second contribution
is faster and comes from the polarization of the nearby electronic clouds. This
can be accounted for through atomic polarizabilities and induced dipoles. The
resulting polarization energy is

Eind−elM (s) =
1

4πε0

∑

a∈i

∑

b∈h
h∈Ip(M)

qa(si) ~pb(s) · (~ra − ~rb)

|~ra − ~rb|3
, (5.4)

where pb(s) represents the induced dipole at the atom b, given that the nearby
molecules are in the state s. Since we want to avoid border effects, the interaction
set Ip(M) chosen for the polarization is always smaller than the one chosen for the
permanent charges I(M). The dipoles inside Ip(M) are calculated depending on
the permanent charges of all the molecules in the interaction set I(M).

Finally, the last term of equation (5.2) consider the field contribution to the
site energies given by

EfieldM (si) = − ~Eext ·
∑

a∈i
qa(si)~ra , (5.5)

where ~Eext is the external field considered.
We use a nomenclature specifying the energy assignment method that has been

used. ‘O’ is for the QM orbital energies, ‘C’ for the Coulombic interactions (5.3)
and ‘P’ for the polarization energies (5.4). O is used in case the energy is composed
only by the QM orbital energies, OC when the energy is composed by the orbitals
corrected by Coulombic interactions and OCP when all the three contributions are
included.

5.2.2 Transfer Integrals

Transfer integrals can be calculated in different ways. One of the simplest method
to calculate the transfer integral is called the energy-splitting-dimer (ESD) method
[78, 80]. This method is commonly used for organic semiconductors. When the
extra charge is equally distributed over the two molecules, the energy difference
between M and N is approximately equal to 2HMN . Therefore, if the geometries
of the molecules are known, the transfer integral can be calculated. To simplify
the calculations, the geometries are often approximated as geometries of a neutral
dimer.

Another way to calculate the transfer integral is through a weighted Mulliken
formula [81] for carbon atoms [82]. This approach has been used in ref. [39] and
it is based on the approximation that only p-electrons contributes to the transfer
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integral. It provides a quick and approximated formula but still gives a dependence
of the transfer integrals on the relative orientation.

If wishing for a better description, we can turn to QM calculations. For every
pair of nearby molecules (nearer than a chosen cut-off), three QM calculations are
performed: one for the pair and two for the single molecules. The Fock matrix of
the pair is then projected on the single molecular orbitals basis (the basis of the
molecular orbitals of the two single molecules) and the transfer integrals |HNM | can
be extracted as the non-diagonal elements of this rotated Fock matrix in the single
molecular orbitals basis. This is known in literature as the projection method. It
was originally formulated for ZINDO [83] and it has been subsequently extended [84]
for more sophisticated QM calculations that do not assume orthogonality of atomic
orbitals.

5.2.3 Reorganization Energies

The reorganization energy λ is the energy required for all the structural adjustments
of the system, after the charge hopping has occurred. It can be decomposed in two
parts, an internal and an external reorganization contribution

λ = λint + λout .

The internal reorganization energy (λint) is given by the internal geometry
rearrangement of the molecule, after a charge is added or subtracted to the molecule.
Let us consider a charge hopping from molecule i to molecule j. The internal
reorganization energy is the sum of the reorganization energy of the molecule i
that is passing from charged to neutral state and the reorganization energy of the
molecule j that is passing from neutral to charged state

λint = λcni + λncj . (5.6)

These energies can be calculated performing quantum mechanical geometry re-
optimizations on neutral and charged molecules and analyzing the energies ob-
tained: [38,85]

λcni = EnCi − EnNi
λncj = EcNj − EcCj

(5.7)

where for example EnCi is the energy of molecule i in the geometrical conformation
of the charged molecule (C), but in the neutral electronic configuration (n). Since
geometry optimizations at the quantum mechanical level are computationally
expensive, these calculations are done once for all for a single isolated molecule
and the resulting λint is used for all the molecules in the system.

The external reorganization energy (λout) is given by the re-polarization of
the environment after the charge carrier’s jump. As for the single site energies,
we neglect the rearrangement of the permanent nearby multipoles, i.e. we do
not perform molecular dynamics during the KMC simulation. This structural
rearrangement is much slower than both the wave functions polarization and the
internal reorganization of the molecule (fast reorganization of covalent bonds).
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The polarization contribution is taken into account by means of induced dipoles
on the nearby molecules. Let us consider the energy contribution

Eind−el
M (s1, s2) =

1

4πε0

∑

a∈i

∑

b∈h
h∈Ip(M)

qa(s1i) �pb(s2) · (�ra − �rb)

|�ra − �rb|3
, (5.8)

where as above a and b are atoms, orbital M belongs to molecule i and h is a
molecule in the polarization interaction set of M . This is the interaction energy
between the charges on i as given by the quantum state s1 and the nearby dipoles
induced by the quantum state s2. When a jump from M to N occurs, the quantum
states are modified from s1 to s2, i.e. the state of i changes from charged to
uncharged and the state of j changes from uncharged to charged. An illustration of
the states s1 and s2 with their respective induced dipoles are presented in fig. 5.4.
The expression we are looking for has to describe the energy required for the

Figure 5.4. After the hop from M to N , the situation before and after the reorganization.

external dipoles rearrangement, i.e. the difference between the energy of the new
charge configuration in the old dipole arrangement (the jump happened but the
structure did not relax yet) and the energy of the new charge configuration in the
new dipole arrangement (system has re-polarized through dipoles reorganization).
Consequently we can write the external reorganization energy as

λout = Eind−el
M (s2, s1) +Eind−el

N (s2, s1)−Eind−el
M (s2, s2)−Eind−el

N (s2, s2) . (5.9)

The first and second terms are the energies given by the interaction of the atomic
charges of molecules i and j in the state given by s2 (after the hop) with the
induced dipoles given by the state s1 (before the hop). The remaining two terms
are the energies of the interaction of the atomic charges of molecules i and j in
the state given by s2 with the induced dipoles given by the same state s2 (final
situation after the hop). Note that for the reorganization energy we choose to
neglect the energetic contribution between the electric field and the induced dipoles.
We think this contribution is of secondary importance and we decided to neglect it
(see more in Paper II).



CHAPTER 6

Summary and Results

Kinetic Monte Carlo simulations have been performed with the algorithm presented
in the previous chapter. In a continuous iterative process, the model has been
progressively tested and refined till the present version. The main focus of the
research papers produced is about mobility in organic materials and CT state
splitting at the interface of an organic solar cell. The results and a brief description
of the work will be presented in the following three sections.

6.1 Energy correlation

One of the first pioneering works on the simulations of charge transport in organic
materials was published by Bässler [35]. These simulations were based on a
crystalline lattice using a simple Miller-Abrahams hopping rate [86]. The disorder
of the electronic levels (LUMO for electrons and HOMO for holes) of the system
has been obtained by considering all the molecular energy levels independently
and identically distributed (i.i.d.) random variables. The probability density of
each of these random variables is a Gaussian distribution representing the DOS of
the considered level. This approach allowed to gain great insight into the charge
transport in organic materials and also to achieve qualitatively the correct mobility
temperature dependence [35]. Also, the importance of considering a realistic spatial
disorder in the bulk has been showed in the literature [39]. In this paper, the
hole transport in Poly-Phenylenevinylene has been studied using chains of 4 and
6 monomers. Molecular dynamics (MD) simulations has been used to obtain the
structure and the transfer integral calculated according to a weighted Mulliken
formula [81] for carbon atoms [82]. In ref. [39], the temperature dependence of
mobility is in agreement with experiments, but the field dependence is not. This
problem in the simulations has been studied deeper and solved in Paper I.
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It is known that the functional dependence of the mobility on the field depends
on the correlation of the energetic landscape [87]. Indeed using the correlation for
randomly oriented dipoles (randomly oriented molecules in an amorphous material)
derived by Novikov and Vannikov [88,89], the Poole-Frenkel formula [90] can be
derived theoretically in what is called the correlation region [87]. Three regions
of interest are identified in the literature for the mobility field dependence: the
percolation region, the correlation region and the inverse Marcus region. The
dipole correlation (or more in general the correlation given by atomic charges) is
exactly the missing piece that is lost when the energy of the conducting levels in
KMC simulations are sampled from i.i.d. Gaussian distributions. For this reason
we computed the energy shift of the conducting level of every molecule in the box,
allowing us to retrieve the expected Poole-Frenkel mobility. Also the transition
fields separating the 3 regions of interest has been identified, allowing us to estimate
the position of these regions on the field axis, see Paper I. This revealed to be a
very useful tool in determining the interesting field strengths to consider for our
simulations, used in Papers II and III.

6.2 Polarization

Another interesting benchmark molecule to test our scheme is represented by
C60. This is a simple well studied material for which experimental mobility field
dependence and mobility temperature dependence are available [91, 92]. C60 is
a spherical fullerene molecule, presenting no electrostatic permanent dipoles or
multipoles in its neutral state. In this material then, it was not clear what is the
effect producing the broadening of the DOS and the respective correlation of the
energies, if there is any. When neglecting polarization of the environment, poor
results are obtained in terms of both mobility field and temperature dependence.
Polarization effects have been considered in Paper II as induced dipoles on the
nearby molecules, leading to an energy correction for the single site energies and
to an external reorganization happening after each hopping. In particular, the
external reorganization energy revealed to be the most important factor, shifting
the inverse Marcus region to higher fields and allowing a good qualitative agreement
with experiments for both mobility field and temperature dependence.

6.3 CT state splitting

After having studied single charge carriers movement, we proceed to study the
dynamics of multiple charges. In particular we focus on the CT state splitting
(Paper III), that is intimately related to the efficient generation of free charge
carriers in a solar cell (chapter 1). We build two kind of anthracene-C60 interfaces
and perform KMC simulations at a range of applied electric fields, and with the
fields applied at a range of angles with respect to the interface. The results show
that depending on the relative orientation of the anthracene and C60 molecules, CT
state splitting shows different behaviour with respect to both applied field strength
and applied field angle. Different orientations may be better suited for different
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applications. Also, in a BHJ solar cell, the interface is a complex interpenetration
between D and A molecules. This means that depending on the site in which the
exciton will dissociate in the CT state, the field will be at a different angle with
respect to the interface. This study can give an insight on the CT dissociation in
such a system.

The inclusion of polarization in the model is shown to increase CT state splitting.
In particular, this is due to the fact that the CT state studied is in the ground
state, one electron on the LUMO of a C60 molecule and one hole on the HOMO of
an anthracene molecule. When this is the case, the field needed to split the CT
state in our simulations is very high (≈ 0.5V/cm). When one of the two charges
composing the CT state moves, the Coulombic interactions binding the CT state
decrease, and the field is so high that at least one of the two charges is in deep
inverse Marcus region and cannot move to the electrode. This fact usually prevents
the full splitting of the CT state. As discussed in sec. 6.2 and in Paper II, the effect
of polarization and in particular of the external reorganization energy is to shift
the Marcus region to much higher fields compared to the case in which polarization
is neglected. This phenomenon has been shown to increase the probability of the
complete CT state splitting (Paper III).
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