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Abstract A time-dependent coordinate transformation of a constant coefficient hy-
perbolic system of equations is considered. We use the energy method to derive
well-posed boundary conditions for the continuous problem. Summation-by-Parts
(SBP) operators together with a weak imposition of the boundary and initial condi-
tions using Simultaneously Approximation Terms (SATs) guarantee energy-stability
of the fully discrete scheme. We construct a time-dependent SAT formulation that
automatically imposes the boundary conditions, and show that the numerical Geo-
metric Conservation Law (GCL) holds. Numerical calculations corroborate the sta-
bility and accuracy of the approximations. As an application we study the sound
propagation in a deforming domain using the linearized Euler equations.

1 Introduction

High order SBP-SAT schemes, can efficiently and reliably handle large problems
on structured grids for reasonably smooth geometries [7, 12]. The developements
within this framework, have so far dealt mostly with steady meshes while com-
puting flow-fields around moving and deforming objects involves time-dependent
meshes [3, 13]. In this paper (and the full paper [5]) we treat the time-dependent
transformations in a SBP-SAT framework. To guarantee stability of the fully dis-
crete approximation we employ the recently developed SBP-SAT technique in time
[8, 4].
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Linköping University, SE-581 83 Linköping, e-mail: jan.nordstrom@liu.se

1



2 Samira Nikkar and Jan Nordström

2 The continuous problem

The following hyperbolic symmetrized constant coefficient system,

Vt +(ÂV )x +(B̂V )y = 0, (x,y) ∈Φ(t), t ∈ [0, T ], (1)

can, with the use of the GCL [3], be rewritten as

(JV )τ +(AV )ξ +(BV )η=0, (ξ ,η) ∈Ω , τ ∈ [0, T ],
LV=g(τ,ξ ,η), (ξ ,η) ∈ δΩ , τ ∈ [0, T ],
V= f (ξ ,η), (ξ ,η) ∈Ω , τ = 0,

(2)

through a time-dependent transformation from the Cartesian coordinates into curvi-
linear coordinates as

x(τ,ξ ,η)⇀↽ ξ (t,x,y), y(τ,ξ ,η)⇀↽ η(t,x,y), t = τ. (3)

In (2), A = Jξt I + JξxÂ+ JξyB̂, B = Jηt I + JηxÂ+ JηyB̂, also Ω = [0, 1]× [0, 1].
Moreover, L is the boundary operator, g is the boundary data, f is the initial data.
and J=xξ yη−xη yξ >0 is the determinant of the Jacobian of the transformation.

2.1 Well-posedness

The energy method (multiply (2) with the transpose of the solution and integrate
over the domain Ω and time-interval [0, T ]) is applied to (2), and the term V T

τ JV +
V T

ξ
AV +V T

η BV = 0 is added to the integral argument. Then, integration together
with the use of Green-Gauss theorem gives

||V (T,ξ ,η)||2J = || f (ξ ,η)||2J−
∫ T

0

∮
δΩ

V T [(A,B) ·n] V ds dτ, (4)

where the norm is defined by ||V ||2J =
∫∫

Ω
V T J V dξ dη . In (4), n is the unit normal

pointing outward from the Ω , and ds is an infinitesimal element along the boundary,
δΩ .

In order to bound the energy of the solution, boundary conditions must be applied
when the matrix C = (A,B) · n is negative definite. We decompose C = XΛCXT =
XΛ

+
C XT +XΛ

−
C XT =C++C− where Λ

+
C and Λ

−
C are diagonal matrices with posi-

tive and negative eigenvalues of C, respectively. We choose the characteristic bound-
ary conditions, in order to bound the energy of the solution as

(XTV )i=(XTV∞)i, (ΛC)ii < 0, (5)

where V∞ is the solution at δΩ .
The continuous energy, using (5) is estimated as
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||V (T,ξ ,η)||2J = || f (ξ ,η)||2J−
∫ T

0

∮
δΩ

V T
∞ C−V∞ ds dτ−

∫ T

0

∮
δΩ

V TC+V ds dτ. (6)

The estimate (6) guarantees uniqueness of the solution and existence is given by the
fact that we use the correct number of boundary conditions. Hence we can summa-
rize the results obtained so far in the following proposition.

Proposition 1. The continuous problem (2) with the boundary condition in (5) is
strongly well-posed and has the bound (6).

3 The discrete problem

The spatial domain, Ω , is a square in ξ ,η coordinates, and discretized using N and
M nodes in ξ and η directions respectively. In time we use L time levels from 0 to
T.

The first derivative uξ is approximated by Dξ u, where Dξ is a so-called SBP
operator, see [10]. A multi-dimensional finite difference approximation (including
the time discretization [8, 4]), on SBP-SAT form, is constructed by extending the
one-dimensional SBP operators in a tensor product fashion as

Dτ =P−1
τ Qτ⊗Iξ⊗Iη⊗I, Dξ = Iτ⊗P−1

ξ
Qξ⊗Iη⊗I, Dη = Iτ⊗Iξ⊗P−1

η Qη⊗I (7)

where ⊗ represents the Kronecker product [2]. In (7), I denotes the identity matrix
with a size consistent with its position in the Kronecker product. In [5] it is shown
that the operators in (7) commute.

The SBP-SAT approximation of (2) including the penalty terms for the weak
boundary conditions (we only consider the boundary along which η = 0, namely the
south boundary, denoted by subscript s), and a weak initial condition, is constructed
as

1
2 [Dτ(JV)+JDτ V+Jτ V]+ 1

2 [Dξ (AV)+ADξ V+Aξ V]+
1
2 [Dη(BV)+BDη V+Bη V] = P̃−1

i Σi(V− f)+P̃−1
s ΣsXT

s [V−V∞],
(8)

in which the bold face of the variables corresponds to the approximated values. Σi
and Σs are the penalty matrices for the weak initial condition and the south boundary
procedure. Furthermore P̃−1

i = P−1
τ E0⊗ Iξ ⊗ Iη ⊗ I, P̃−1

s = Iτ ⊗ Iξ ⊗P−1
η E0⊗ I, and

Xs = (Iτ ⊗ Iξ ⊗E0⊗X). Also, the vectors V∞ and f contain the boundary data at
η = 0 and initial data at τ = 0 respectively. Note that in (8), the splitting technique
described in [6] is used prior to the discretizations, in order to get similar energy
estimate as the one in the continuous case.
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3.1 Stability

The energy method (multiplying from the left with VT (Pτ ⊗Pξ ⊗Pη ⊗ I)) is applied
to (8) and the equation is added to its transpose. The result is

VT (B̃τ J+ B̃ξ A+ B̃η B)V+VT P̃(Jτ +Aξ +Bη)V =
VT (E0⊗Pξ ⊗Pη ⊗ I)Σi(V−f)+(V−f)T Σ T

i (E0⊗Pξ ⊗Pη ⊗ I)V+
VT (Pτ ⊗Pξ ⊗E0⊗ I)ΣsXT

s [V−V∞]+ [V−V∞]
T XsΣ

T
s (Pτ ⊗Pξ ⊗E0⊗ I)V,

(9)

where P̃ = (Pτ ⊗Pξ ⊗Pη ⊗ I), B̃τ = [(Q+QT )τ ⊗Pξ ⊗Pη ⊗ I], B̃ξ = [Pτ ⊗ (Q+

QT )ξ⊗Pη⊗I], and B̃η = [Pτ⊗Pξ⊗(Q+QT )η⊗I]. The following Lemma is proved
in [11].

Lemma 1. The numerical GCL holds: Jτ +Aξ +Bη = 0.

In (9), by using Lemma 1 we get

VTJ(EL⊗Pξ η ⊗⊗I)V=VT(E0⊗Pξ η ⊗ I)(J+2Σi)V−fT(E0⊗Pξ η ⊗ I)ΣiV−
VT(E0⊗Pξ η ⊗ I)Σif+VT (Pτ,ξ ⊗E0⊗ I)(Bs +ΣsXT

s +XsΣ
T
s )V−

VT(Pτξ ⊗E0⊗ I)ΣsXT
s (V∞)s−(V∞)

T
s XsΣ

T
bs(Pτξ ⊗E0⊗ I)V,

(10)

where Pξ η = Pξ ⊗Pη , Pτξ = Pτ ⊗Pξ , Bs = (Iτ ⊗ Iξ ⊗E0Iη ⊗ I)B, and E0, EL are
zero matrices except at the one entry corresponding to the initial and final time,
respectively.

Proposition 2. The problem (8) is stable if J+2Σi ≤ 0, ΣsXT
s +XsΣ

T
s +Bs ≤ 0.

Proof. With zero boundary and initial data the solution at the final time is clearly
bounded. ut

4 Numerical experiments

We consider the two-dimensional linearized symmetrized Euler equations in a de-
forming domain described by (1), where V =[c̄ρ/(

√
γρ̄), u, v, T/(c̄

√
γ(γ−1))]T,

and ρ,u,v,T and γ are respectively the density, the velocity components in x and
y directions, the temperature and the ratio of specific heats [1, 14]. An equation of
state in form of γ p= ρ̄T +ρT̄ closes the system (1), in which the bar denotes the
state around which we have linearized. Moreover the matrices in (1) are

Â=


ū c̄/

√
γ 0 0

c̄/
√

γ ū 0
√

γ−1
γ

c̄
0 0 ū 0

0
√

γ−1
γ

c̄ 0 ū

, B̂=


v̄ 0 c̄/

√
γ 0

0 v̄ 0 0

c̄/
√

γ 0 v̄
√

γ−1
γ

c̄

0 0
√

γ−1
γ

c̄ v̄

. (11)

The deforming domain is chosen to be a portion of a ring-shaped geometry where
the boundaries are moving while always coinciding with a coordinate line in the
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corresponding polar coordinate system. We transform the deforming domain from
Cartesian coordinates, x,y, into polar coordinates, r,φ , and scale the polar coordi-
nates such that Ω = [0, 1]× [0, 1], see Figure 1, as

ξ (x,y, t) = r(x,y,t)−r0(t)
r1(t)−r0(t)

, η(x,y, t) = φ(x,y,t)−φ0(t)
φ1(t)−φ0(t)

. (12)
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Fig. 1 A schematic of the Cartesian-polar transformation, and illustrations of r0, r1, φ0 and φ1;
Also boundary definitions as west: ad→ a′d′, east: bc→ b′c′, south: ab→ a′b′, north: dc→ d′c′

4.1 Order of accuracy

We move the boundaries by the transformation

r0(t) = 1− 0.1
2π

sin(2πt), φ0(t) =− 0.5
2π

sin(2πt)
r1(t) = 2+ 0.2

2π
sin(2πt), φ1(t) = π

2 + 0.5
2π

sin(2πt),
(13)

and construct the matrices Â and B̂ for a state where ū = 1, v̄ = 1, ρ̄ = 1, γ̄ = 1.4
and c̄ = 2. To verify the order of accuracy of our method, we use the method of
manufactured solution [9], and impose the characteristic boundary conditions as
derived in (5).

The numerical solution for a scheme with SBP63 in space and SBP84 in time,
converges to the exact solution at T=1 with the convergence rate presented in table 1.
Moreover, the scheme is tested with SBP21 and SBP42 and the convergence rates
are quantified as 2 and 3 respectively [5].

4.2 The sound propagation application

We consider a deforming domain where the west boundary is moving, see Figures 2
and 3. Note that these schematics are for illustration purposes only, the numerical
experiments are carried out on finer meshes. The movements are defined by
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N,M 21 31 41 51 61 71
ρ 5.780 4.681 4.502 4.379 4.320 4.296
u 6.120 4.531 4.585 4.588 4.575 4.558
v 6.138 4.300 4.179 4.215 4.249 4.268
p 5.701 4.124 4.267 4.340 4.380 4.402

Table 1 Convergence rates at T=1, for a sequence of mesh refinements, SBP63 in space, SBP84
in time (L=201)

r0(t) = 1+ sin(4πt)/(4π), φ0(t) = π/4,
r1(t) = 5, φ1(t) = 3π/4. (14)
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Fig. 2 A schematic of the deforming mesh
at different times, sound propagation.
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Fig. 3 A schematic of the fixed mesh at dif-
ferent times, sound propagation.

We choose γ = 1.4, c̄ = 2, ρ̄ = 1 and manufacture ū and v̄ such that the mean
flow satisfies the solid wall no-penetration condition at the moving boundary by

ū = xτ/exp(ξ ), v̄ = yτ/exp(ξ ). (15)

Consider the eigenvalue matrix, C = XΛXT at the west boundary, in which Λ =
R1 diag (ω̂, ω̂, ω̂ − c̄, ω̂ + c̄), where ω̂ = −(Jξt + Jξxūb + Jξyv̄b)/R1 and R1 =√
(Jξx)2 +(Jξy)2. The no-penetration condition for the mean flow at the moving

boundary results in ω̂ = 0, which takes (6) to

||V (T, ξ , η)||2J = || f (ξ , η)||2−
∫ T

0

∫ 1

0
c̄(ṽ2

4− ṽ2
3) dη +BT. (16)

In (16), Ṽ = XTV = [ṽ1, ṽ2, ṽ3, ṽ4]
T , and BT is the contribution at the other bound-

aries. Any boundary condition of the form ṽ3 = ±ṽ4 is well-posed. We choose
ṽ3+ ṽ4 = 0, which is the no-penetration boundary condition. Also we impose charac-
teristic boundary conditions with zero data at the other boundaries, and initialize the
solution with zero data for density and velocities, together with an initial pressure
pulse centered at (−1.5, 3.5). We have used N = M = 50, L = 100 and SBP42 in
space and time. The velocity field at two different time levels, with non-penetrating
flow close to the solid wall, are presented in Figures 4-7.
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Fig. 4 The global velocity field.
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Fig. 5 A blow-up of the velocity field.

−4 −3 −2 −1 0 1 2 3 4

0

1

2

3

4

5

6

x

y

The velocity field at t = 1.616

 

 

The reference domain

The deforming domain

Fig. 6 The global velocity field.
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Fig. 7 A blow-up of the velocity field.

The reference domain in Figures 4-7 illustrate the movements of the south bound-
ary relative to its initial location. As seen in the figures, the flow stays tangential to
the moving solid boundary all the time, as it should for an Euler solution.

5 Summary and conclusions

We have considered a constant coefficient hyperbolic system of equations in time-
dependent curvilinear coordinates. The system is transformed into a fixed coordinate
frame, resulting in variable coefficient system. We show that the energy method ap-
plied to the transformed systems together with time-dependent appropriate bound-
ary conditions leads to strongly well-posed problem.

By using a special splitting technique, summation-by-parts operators in space
and time, weak imposition of the boundary and initial conditions and the discrete
energy method, a fully-discrete strongly stable and high order accurate numerical
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scheme is constructed. The fully-discrete energy estimate is similar to the continu-
ous one with small added damping terms. Furthermore, by the use of SBP operators
in time, the Geometric Conservation Law is shown to hold numerically.

We have tested the scheme for high order accurate SBP operators in space and
time using the method of manufactured solution. Numerical calculations corrobo-
rate the stability and accuracy of the fully-discrete approximations. Finally, as an
application, sound propagation by the linearized Euler equations in a deforming do-
main is illustrated.
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