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Abstract We make an initial investigation into the temporal efficiency of a fully
discrete summation-by-parts approach for stiff unsteady flows with boundary layers.
As a model problem for the Navier-Stokes equations we consider a two-dimensional
advection-diffusion problem with a boundary layer. The problem is discretized in
space using finite difference approximations on summation-by-parts form together
with weak boundary conditions, leading to optimal stability estimates. For the time
integration part we consider various forms of high order summation-by-parts opera-
tors, and compare the results to an existing popular fourth order diagonally implicit
Runge-Kutta method. To solve the resulting fully discrete equation system, we em-
ploy a multi-grid scheme with dual time stepping.

1 Introduction

Based on finite difference operators on summation-by-parts(SBP) form and the
simultaneous-approximation-term (SAT) technique for imposing boundary condi-
tions, the SBP-SAT technique constitutes a robust framework for implementing high
order finite difference schemes on complex geometries. By construction, it leads to
discrete energy estimates that perfectly imitates the corresponding continuous esti-
mates. This technique was recently extended to initial value problems [2, 3], making
it possible to formulate fully discrete SBP-SAT approximations with the same opti-
mal energy estimates. The purpose of this work is to make an initial efficiency study
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of these new temporal schemes for a stiff model problem with aboundary layer. A
more detailed description of this study can be found in [1].

The numerical treatment of unsteady flow problems has gainedincreased atten-
tion in later years due to increased computer resources making realistic calcula-
tions of this type more viable. However, the construction ofefficient algorithms still
remains a significant computational challenge. The two basic methods most com-
monly used employ Newton iteration and dual time stepping. While Newton itera-
tions are typically better for deep convergence, dual time stepping is more reliable,
at least for the initial iterations, and it can also be used for preconditioning purposes
[5]. Some studies indicate that a combination of both these techniques can be the
most fruitful approach [4, 5, 6].

To illustrate the SBP-SAT technique for time integration, we consider the test
equationut +λ u = 0 with initial conditionu(0) = f . The corresponding SBP-SAT
approximation of this problem is

DU+λU = P−1σ(U0− f )e0. (1)

The SAT penalty treatment on the right hand side of (1) forcesthe solution att = 0
to initial data, and the first derivative operatorD satisfies the SBP property given
by the decompositionD = P−1Q, whereQ+QT = Diag(−1,0, . . . ,0,1), andP is a
positive definite matrix that defines a numerical quadrature. This formulation leads
in an automatic way to a clean, optimally sharp energy estimate. With the choice
σ =−1, we get after multiplying (1) withu∗P and adding the conjugate transpose:

|uN |2+2Re(λ )||u||2P = | f |2−|u0− f |2,

where the norm is defined as||u||2P = u∗Pu. This mimics the continuous energy
estimate|u(T )|2+2Re(λ )‖u‖2dt = | f |2, where‖u‖2 =

∫ T
0 |u|2dt (obtained by mul-

tiplying the test equation withu∗ and then integrating).
As an alternative to the global formulation (1), we may also consider a multi-

stage version withr+1 stages:

(P−1Q+λ I)Vn+1 = P−1σ(V n+1
0 −Un)e0

Un+1 = V n+1
r ,

whereVn+1 = (V n+1
0 ,V n+1

1 , . . . ,V n+1
r ). The size of the matrix operatorP−1Q in the

multi-stage formulation is given by the number of intermediate stagesr+1 used for
each subinterval, and thus remains constant also for long time calculations. Con-
versely, the minimum number of stages stages depends on how small P−1Q can be
made. The classical SBP operators are based on a repeated central finite difference
stencil together with boundary closures. An example is the second order operator
given by

P = ∆ t







1
2

1
...






Q =







− 1
2

1
2

− 1
2 0 1

2
. . .

. . .
. . .






.



Title Suppressed Due to Excessive Length 3

Higher order operators have more extensive boundary closures, thus increasing the
minimum number of stages required in the multi-stage approach. Other operators
on SBP form, e.g. based on Legendre spectral collocation [9], may alternatively be
used to decrease the number of stages necessary, as demonstrated in [12, 13]. See
also [10] for more details on the construction non-classical SBP operators based on
any type of quadrature.

We summarize the most important advantages of the SBP-SAT technique below.

• The schemes are always A-stable and L-stable. IfP is diagonal they are alsoB-
stable and preserve energy stability. Moreover, they lead to optimally sharp fully
discrete energy estimates.

• The order of convergence is given by the order of accuracy of the quadratureP.
For classical SBP operators this coincides with the order ofthe interior scheme.

• The stage order, and thus the order of stiff convergence, is given by the local
order of consistency of the operatorP−1Q. Classical operators are thus limited
by the accuracy of the boundary closures.

2 A stiff flow model in two dimensions

As a model of the Navier-Stokes equation, we study a viscous fluid undergoing
advective flow past a plate with fixed temperature.

ut + ux = ε(uxx + uyy)+ψ 0≤ x,y ≤ 1 t ≥ 0

u(0,x,y) = f (x,y) t = 0

u(t,0,y)− εux(t,0,y) = g1(t,y) ∂Ω1 = {(x,y) : x = 0}
εu(t,1,y) = g2(t,y) ∂Ω2 = {(x,y) : x = 1}

u(t,x,0) = 0 ∂Ω3 = {(x,y) : y = 0}
uy(t,x,1) = 0 ∂Ω4 = {(x,y) : y = 1}

(2)

whereε = 0.01. The solid boundary∂Ω3 is associated with a stiff boundary layer
of width

√
ε, the inflow and outflow boundaries are∂Ω1 and ∂Ω2 respectively,

while ∂Ω4 is a far-field boundary. An exact manufactured solution can be imposed
by appropriately specifying the forcing functionψ . The energy method yields the
estimate

‖u‖2
t +2ε(‖ux‖2+ ‖uy‖2) =

∫

∂Ω1

(g2
1− (u− g1)

2)dS+
∫

∂Ω2

(g2
2− (u− g2)

2)dS.

which shows that the problem (2) is well-posed.
In order to resolve the boundary layer around∂Ω3, we introduce a stretching

functionη of the vertical coordinate, given by

y = 1+
tanh(B(η −1))

tanhB
,
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whereB = 9/4. This givesyη(0) =
√

ε , and the full stretching function is shown in
Figure 1. After this change of coordinate, the model problem(2) becomes
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Fig. 1 Stretching of vertical coordinate to resolve the boundary layer.

ut + ux = ε(uxx +ηy(ηyuη)η)+ψ 0≤ x,η ≤ 1 t ≥ 0

u(0,x,η) = f (x,η) t = 0

u(t,0,η)− εux(t,0,η) = g1(t,η) ∂Ω1 = {(x,η) : x = 0}
εu(t,1,η) = g2(t,η) ∂Ω2 = {(x,η) : x = 1}

u(t,x,0) = 0 ∂Ω3 = {(x,η) : η = 0}
ηyuη(t,x,1) = 0 ∂Ω4 = {(x,η) : η = 1}

(3)

We now use the techniques outlined in [7, 8] to discretize (3)in space using SBP-
SAT:

Ut +(P−1
x Qx ⊗ Iη)U = ε(((P−1

x Qx)
2⊗ Iη)U +(Ix ⊗ (HyP−1

η Qη)
2)U)

+ (P−1
x ⊗P−1

η Hy)(Σx(t)+Ση(t))+Ψ(t)

U(0) = F,

(4)

where

Hy = Diag(ηy), Ψ(t) = ψ(t,(x⊗1y),(1x ⊗η))

Σx(t) = σ0x(e0x ⊗H−1
y Pη(u|x=0− εux|x=0−g1(t)))

+σ1x(e1x ⊗H−1
y Pη(εux|x=1−g2(t)))

Ση (t) = σ0η(Pxu|η=0⊗e1η)+σ1η(Pxuη |η=1⊗e1η)

g1(t) = g1(t,(ex0⊗η)), g2(t) = g2(t,(ex1⊗η)), F = f ((x⊗1η ),(1x ⊗η).

After analyzing (4) using the energy method, we obtain a stable scheme with the
following set of penalty parameters:σ0x = σ1x = −1, σ1η = −1/2 and σ0η =
−εηy(0)2/(Pη)11.



Title Suppressed Due to Excessive Length 5

3 SBP-SAT in time with dual time stepping

We now consider the semi-discrete problem (4) written in a compact way as

Ut +BU = R(t), 0< t ≤ T
U(0) = F.

The semi-dicrete spectrum of a fifth order discretization with Nx =Nη = 95 is shown
in Figure 2. The spectral radius of almost 105 indicates that an explicit time march-
ing scheme would be an inefficient way to solve this problem. Instead we employ
an implicit SBP-SAT time integration scheme withr+1 stages:

(P−1Q⊗ IB)Vn+1+(It ⊗B)Vn+1 = (P−1σe0)⊗ (V n+1
0 −Un)+R

Un+1 = V n+1
r ,

(5)

whereR = (R(tn),R(tn +∆ t/r), . . . ,R(tn +∆ t)). Consider the compact form of (5):

B̃Vn+1 = R̃
Un+1 = V n+1

r ,
(6)

whereB̃ = P−1(Q−σe0eT
0 )⊗ IB + It ⊗B. Using the dual time stepping technique,

we now employ a multi-grid cycle for solving (6), where the smoothing step consists
of stepping forward in pseudo-time toward steady-state. Thus, we add a pseudo time
derivative to (6):

dVn+1

dτ
+ B̃Vn+1 = R̃.

To march forward in pseudo-time, we use an explicits-stage low storage Runge-
Kutta smoother:

Wn+1,m+1
0 = Vn+1,m

Wn+1,m+1
p = Vn+1,m +∆ταp(R̃− B̃Wn+1,m+1

p−1 ), p = 1, . . . ,s

Vn+1,m+1 = Wn+1,m+1
s

The stability function of this scheme isS(z) = (1+αsz(1+αs−1z(...(1+α1z)...))).
To match the semi-discrete spectrum to the left in Figure 2, we use the 4-stage
smootherα = (0.0178571,0.0568106,0.174513,1) proposed in [11]. The stability
region of this scheme is shown to the right in Figure 2.

4 Numerical results

We employ the manufactured solutionu = sin(2π(x− t))e
1−y√

ε to (2), and compare
the numerical results for a selection of high order temporalschemes. We use both
classical diagonal norm operators, denoted SBP(2s,s), as well as spectral element
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Fig. 2 Left: the semi-discrete spectrum of (4). Right: Stability region of Runge-Kutta smoother.

operators based on Gauss-Lobatto quadrature, denoted by GL(2s,s). In both cases,
2s denotes the order of the scheme, ands the stage order. For the classical operators
we always use the minimum number of stages possible. We use the following op-
erators of order four and eight: SBP(4,2) with 8 implicit stages, SBP(8,4) with 16
implicit stages, GL(4,2) with 3 implicit stages, and GL(8,4) with 5 implicit stages.
For comparison we also consider a fourth order diagonally implicit Runge-Kutta
scheme ESDIRK4, with a stage order of 2, and 5 implicit stages.
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Fig. 3 Accuracy of the high order temporal schemes att = 1.

In order to minimize the spatial error component we use the fifth order discretiza-
tion with Nx = Nη = 95 with spectrum shown in Figure 2. Note that the spectral
radius of almost 105 is a result both of the boundary layer and of overresolving in
space. The time integration is carried out using a multi-grid V-cycle on three grid
levels, with refinement in the vertical coordinate only. On each grid, 10 steps of the
explicit Runge-Kutta scheme is used as smoother, with a pseudo-time step restric-
tion of Re(z) = −25 to make the Runge-Kutta scheme stable on each respective
grid, see Figure 2. The number of pseudo time iterations is set to make the iteration
error less than 10% compared with the error from the physicaltime discretization.

In Figure 3 we measure the accuracy att = 1 of the different temporal schemes as
a function of the total number of implicit stages. In all cases we observe a small level
of order reduction, with convergence rates slightly less than the order of the scheme
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Fig. 4 The amount of work required to resolve each implicit stage.

10
2

10
3

10
4

10
−4

10
−3

10
−2

10
−1

MG cycles

||e
|| ∞

 

 
ESDIRK4
GL(4,2)
SBP(4,2)
GL(8,4)
SBP(8,4)

Fig. 5 Accuracy versus the total amount of work required to solve upto t = 1.

(but higher than the stage order). The number of multi-grid iterations required to
converge each implicit stage on average is shown in Figure 4.Figure 5 finally shows
the total efficiency, where work is defined as the total numberof multi-grid cycles
summed over all implicit stages. With this measure the results are comparable be-
tween methods using different numbers of implicit stages ineach implicit solve. We
note that there is no advantage of the diagonally implicit ESDIRK4 method over the
Gauss-Lobatto SBP schemes. The classical SBP operators on the other hand, using
more implicit stages in each implicit solve, are clearly less efficient here. Current
work however indicate that this drawback might be possible to correct by modify-
ing the multi-grid scheme in an appropriate way. Finally, wenote that the increased
accuracy of the eighth order schemes is counterbalanced by the reduced multi-grid
efficiency due to the coarser discretizations in physical time, resulting in very simi-
lar results as for the fourth order schemes.

5 Conclusions and further work

We have investigated the temporal efficiency of fully discrete SBP-SAT discretiza-
tions for unsteady flow calculations. A stiff linear model problem was considered,
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and a a basic dual time-stepping scheme was employed with no attempt made at
optimizing the smoother. The numerical results indicate that some of the SBP-SAT
time stepping schemes can compete with ESDIRK4 for efficiency already in this ba-
sic setting, even though the classical SBP schemes using a larger number of stages
did not perform as well. Current work indicate that this disadvantage can be over-
come with a more suitable choice of multi-grid scheme that works more efficiently
for fully implicit methods.

Future work will aim at developing more efficient multi-gridschemes, includ-
ing optimization of the Runga Kutta smoother used for pseudo-time stepping. Non-
linear model problems will also be considered, as well as combining the dual time
stepping technique with Newton iteration.
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