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Abstract Experiences from using a higher order accurate finite difference multi-
block solver to compute the time dependent flow over a cavity is summarized. The
work has been carried out as part of a work in a European project called IDIHOM in
a collaboration between the Swedish Defense Research Agency (FOI) and Univer-
sity of Linköping (LiU). The higher order code is based on Summation By Parts op-
erators combined with the Simultaneous Approximation Term approach for bound-
ary and interface conditions. The spatial accuracy of the code is verified by calcula-
tions over a cylinder by monitoring the decay of the errors of known wall quantities
as the grid is refined. The focus is on the validation for a test case of transonic flow
over a rectangular cavity with hybrid RANS/LES calculations. The results are com-
pared to reference numerical results from a 2nd order finite volume code as well as
with experimental results with a good overall agreement between the results.

1 Introduction

The project IDIHOM (Industrialization of High-Order Methods - a Top-Down Ap-
proach) is a collaboration between 21 European partners from universities, research
establishments and industries. The objective of the project is to industrialize the
higher order methods and CFD codes to handle industrial type of applications.
Within the scope of IDIHOM, FOI and LiU have jointly been further developing a
higher order finite difference CFD code for multiblock structured grids. The current
paper focuses on the validation of a calculation using a formally 3rd order accurate
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approach in space for calculations of the unsteady, turbulent transonic flow over a
rectangular cavity with experimental comparisons.

The next section summarizes the computational approach including a short de-
scription of a tool that has been used to make reference calculations. Section 3 de-
scribes the verification for flow over a cylinder by a study of the decay of errors of
known wall quantities as the grid is refined. The cavity flow calculations are then
presented and in Section 4 we summarize and make concluding remarks.

2 Computational tools

The higher order finite difference solver, called Essense, is based on Summation By
Parts (SBP) operators combined with the Simultaneous Approximation Term (SAT)
approach with penalty terms that guarantee accuracy and stability [1]-[5]. The code
is able to handle arbitrary order of spatial accuracy, but is currently limited to 5th

order. The code uses central difference operators for the approximation of the first
derivative, DU = P−1QU , where P is a block diagonal positive matrix containing
the step size and where Q is an almost block skew symmetric difference matrix. The
Navier-Stokes equations are transformed to a curvilinear coordinate system where
the differentiation is carried out separately in each direction. The transformation
contains metric first derivatives which are differentiated with the same technique.
Second differences, as in the viscous terms, are computed by applying the first dif-
ference operator twice. Since the difference operator is central, artificial dissipation
is added to stabilize the computations [6]. No shock capturing has been applied for
the computations described here.

Weak boundary conditions are applied on all boundaries including wall boundary
conditions, far-field boundary conditions and interface conditions between blocks.
A common feature for all boundary and interface conditions is that they are enforced
through penalty terms multiplying the difference of the unknown quantity and the
corresponding prescribed data. The data, the size of the penalties and the number
of boundary conditions depend of the specific boundary condition. Explicit time
stepping with a 4th order accurate additive Runge-Kutta scheme is used to integrate
the governing equations in time.

The parallel implementation utilizes domain decomposition for each block of
the multiblock grid. Point-to-point communication is done by using so called halo-
zones of half the width of the central SBP-operator. The communication across the
different grids yields a possibly one-to-many and many-to-one communication pat-
tern, which may have an adverse effect on load-balancing and scalability [7].

The higher order results for the cavity are compared to reference results from a
formally 2nd order accurate CFD solver, the Edge code, being an edge- and node-
based Navier-Stokes flow solver applicable for both structured and unstructured
grids [8]-[10]. Edge is based on a finite volume formulation where a median dual
grid forms the control volumes with the unknowns allocated in the centers. The
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governing equations are integrated with a multistage Runge-Kutta scheme to steady
state and with acceleration by FAS agglomeration multigrid [11].

3 Computed results

3.1 Verification for flow over a cylinder

The computed results from the higher order code Essense have been verified for
a number of test cases. Here we describe the verification for flow over a cylinder
where the decay of errors of known wall quantities are studied as the grids are suc-
cessively refined. The flow conditions are M∞ = 0.3 and Re= 50 where the Reynolds
number is based on the cylinder diameter. Five successively refined grids are used,
the grids are of O-type structured grids where the coarsest grid contains 51× 51
nodes. Two spatial operators denoted 42- and 84-operators are used where the first
figure in the notation denotes the interior accuracy and the second the accuracy at the
boundary. The two operators are formally 3rd and 5th order accurate, respectively.

Fig. 1 shows the decay of the errors of the wall velocity for a calculation with
isothermal wall boundary conditions (left) and the errors of the normal wall temper-
ature gradient using adiabatic boundary conditions (right). The errors follow more
or less the expected design order; the decay of the errors is actually slightly higher
than the design order. The results indicate the correct behavior and implementation
of the numerical schemes.
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Fig. 1 Decay of errors of the velocity using isothermal wall boundary conditions (left); decay of
temperature gradient using adiabatic wall boundary conditions (right).
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3.2 Validation for flow over a cavity

All partners within IDIHOM validated higher order results on different industrially
relevant test cases. FOI and LiU chose a test case with transonic flow over a rectan-
gular cavity, the test case is also denoted M219 in the literature [12]. The test case
is suitable for Large Eddy Simulations (LES) or for hybrid RANS/LES calculations
due to the turbulent fluctuations over the cavity. Experimental, time dependent data
exist on the cavity walls and floor [12], computational results are available in many
past references, e.g. [13],[14]. Several different cavity geometries exist; the one used
here is the cavity with 5:1:1 length-to-depth-to-width relation. The geometry as well
as the locations of the pressure probes are reproduced in Fig. 2.

The free stream values are M∞ = 0.85 and Re = 6.8× 106 where the Reynolds
number is based on the cavity length (20 inches). The cavity is experimentally mea-
sured on a device inside a wind tunnel. For the higher order calculations with Es-
sense, calculations were carried out on a flat plate with the cavity embedded. A two
block structured grid was created for these calculations where one block is located
inside the cavity. To have a single boundary condition per block side, the block on
top of the cavity block was split up resulting in 10 blocks all together. The compu-
tational grid is depicted in Fig. 3. The stretching of the grid near the boundaries is

Fig. 2 Cavity geometry, experimental setup and location of the pressure probes recording unsteady
pressure fluctuations [12].
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relaxed in the interior to have a more uniform resolution which causes the grid to
become curvilinear. For the reference calculations with Edge [15], the calculations
were carried out on a hybrid unstructured grid that has been generated by EADS
(European Aeronautic Defence and Space Company) and contains a grid over the
cavity, the device on which the cavity is integrated and the entire test section of
the wind tunnel. The main data of the two grids are displayed in Table 1. The grid
for the higher order calculations has fewer grid points than that for the reference
calculations with Edge.

Table 1 Details of the computational grids for the cavity

Grid Solver # vol. nodes # boundary # volume Near wall
nodes in cavity nodes in cavity distance

Structured Essense 2.6×106 41×103 0.73×106 1.2×10−5 m
Unstructured Edge 6.2×106 77×103 2.0×106 4.0×10−6 m

The computational grids are designed to carry out hybrid RANS/LES calcula-
tions with RANS in the near wall region and LES off wall in the cavity. Both cal-
culations were initiated from poorly converged steady state calculations with local
time steps. Only one higher order calculation was performed using a 3rd order ac-
curate calculation (42-operator), no model was used for modeling the turbulence.
Adiabatic weak wall boundary conditions were used inside the cavity and on the
plate. Far-field boundary conditions were used elsewhere. The higher order calcula-
tion use explicit time stepping and progress for about 60 through flows (L/U∞ where
L is the cavity length and U∞ the free stream velocity), the solutions from last 40
through flows are used for the statistics.

The reference calculations use the 2nd order implicit backward difference method
and dual time stepping in each time step. An algebraic RANS/LES model is used
to model the turbulence [15]. The calculations progress for about 120 through flows
with statistics from the last 80 through flows. Some computational parameters are
given in Table 2.

Fig. 3 Mesh pictures of the cavity test case used for Essense.
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Table 2 Sizes of time steps and number of inner iterations for the reference cavity calculations

Grid Solver ∆ t ∆ t/T N inner iterations

Structured Essense 1.0×10−8 182×103 1
Unstructured Edge 2.0×10−5 91 32

In Fig. 4 the sound pressure level (SPL) at two locations on the cavity floor are
presented. The overall sound pressure level (OASPL) is displayed and compared
to experimental values in Fig. 5, the OASPL is obtained by integrating SPL for all
frequencies. The higher order results compare reasonably well to the experimental
values of SPL. The main tonal peaks are captured. The higher order results have a
tendency to have somewhat larger amplitudes of the oscillations compared to the
reference results. This may be due to the lack of RANS/LES model for the higher
order calculations or possibly a too short and coarse sampling interval. The com-
puted OASPL from the higher order scheme and from the reference calculations
with the unstructured grid agree well with the experimental values, an over predic-
tion of OASPL is common.
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Fig. 4 Sound Pressure Level at cavity floor at kulits k21, x/L= 15% (left); k25, x/L= 55% (right).

Fig. 5 Overall Sound Pres-
sure Level at cavity floor.
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In an attempt to quantify the deviation from the experimental OASPL and to
make a cross comparison between different results we defined the normalized devi-
ation D as

D =
‖ OCFD−Oexp−δO ‖2

Oexp
=

√
1
N

N
∑

i=1
(Oi,CFD−Oi,exp−δO)2

Oexp
(1)

where Oexp = 159.2dB, N = 10. The intention with the derived formula for the
deviation is to define a measure that gives a zero value if the shape of OASPL is
identical to the shape of the experimental OASPL. It allows for a shift in absolute
level though. As it turns out the deviation obtained with the higher order scheme is
the same as that obtained with Edge indicating that the two solutions follow experi-
mental OASPL equally well.

4 Summary and conclusions

A higher order, provable stable, finite difference solver has been verified for a 2D
cylinder flow case for which design order accuracy was obtained. The higher order
solver has been applied to an industrially relevant case, the transonic flow over a
3D rectangular cavity at a high Reynolds number for which 3rd order accurate time
dependent solution were obtained. The quality of the solutions was good in terms of
SPL and OASPL indicating that the higher order solution can be of use for industrial
applications. The next phase in the development of Essense includes steady state
convergence acceleration and implicit time integration.
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