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Abstract

In this thesis a quadrotor is studied and a linear model is derived using grey-box
estimation, a discipline in system identification where a model structure based on
physical relations is used and the parameters are estimated using input-output
measurements. From imu measurements and measured pwm signals to the four
motors, a direct approach using the prediction-error method is applied. To inves-
tigate the impact of the unknown controller the two-stage method, a closed-loop
approach in system identification, is applied as well. The direct approach was
enough for estimating the model parameters. The resulting model manages to
simulate the major dynamics for the vertical acceleration and the angular rates
well enough for future control design.
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Notation

Symbols

Symbol Description

Θ Unknown parameter vector
E The earth-fixed coordinate frame
B The body-fixed coordinate frame
X The quadrotor state vector
U The input signal vector
φ Roll angle
θ Pitch angle
ψ Yaw angle
p Roll rate
q Pitch rate
r Yaw rate
ξE Position vector (x, y, z)T in the earth-fixed frame
ηE Angular position (φ, θ, ψ)T in the earth-fixed frame
νB Linear velocity (u, v, w)T in the body-fixed frame
ωB Angular velocity (p, q, r)T in the body-fixed frame
ui Input signal to motor i ∈ {1, 2, 3, 4}
uT Input signal for collective thrust command
uφ Input signal for roll command
uθ Input signal for pitch command
uψ Input signal for yaw command
Ti Thrust force from motor i =∈ {1, 2, 3, 4}
T Collective thrust force
Tφ Thrust for producing a roll movement
Tθ Thrust for producing a pitch movement
Tψ Thrust for producing a yaw movement
Mx Final model. x ∈ {w, φ, θ, ψ}

ix



x Notation

Abbreviations

Abbreviation Description

aic Akaike’s information criterion
arx Auto-regressive with exogenous variable
imu Inertial measurement unit
oe Output error
pem Prediction-error method
pwm Pulse width modulation
std Standard deviation
vtol Vertical take-off and landing



1
Introduction

In this master’s thesis, a mathematical model for the dynamics of a quadrotor
platform is derived in collaboration with Saab Aeronautics. This is done using
a semi-physical, or grey-box, approach where a physical model is derived and
used as model structure for system identification where measured flight data is
used to estimate the parameters of the model. The model is estimated using the
System Identification Toolbox in Matlab [Ljung, 2014].

1.1 Background

Multirotor platforms, such as quadrotors, are today common in various applica-
tions. The simple mechanics of a quadrotor makes the platform agile and easy to
control. Its ability for vertical take off and landing (vtol) is desirable in many
applications such as flight in tight terrain. One application for a quadrotor is
surveillance or reconnaissance in hazardous or otherwise inaccessible locations.
Multirotors are also commonly used by media and offer possibilities for video
coverage of large sports events or accidents. Due to the simplicity of the mechan-
ics, the quadrotor (and other multirotor platforms) is a common hobby product
for radio controlled flight pilots.

This thesis is a continuation on a previous thesis where a quadrotor platform
was constructed and an avionics solution for rapid prototyping and data logging
was implemented [Blomberg, 2015]. The current quadrotor is provided with a
commercial flight control system and this thesis is the first stepping stone to-
wards designing a new flight controller.

When designing a controller for an application, a model is needed. The model
describes which behaviour is expected from the system and how different inputs
affect the outputs. The purpose of this thesis is to derive a model describing the
dynamics to be used in future control design.

1



2 1 Introduction

1.2 Problem Formulation

The goal of the thesis is to derive a model for the dynamics of a hovering quadro-
tor using a grey-box approach to system identification. The rotors of a multirotor
are usually at a fixed pitch, which is the case of the quadrotor used in this the-
sis. Because of the fixed rotors a model describing the body-fixed velocity along
the rotor axis is desirable from a control design point of view. A common re-
quirement when designing controllers for multirotor platforms is orientation, or
attitude, control. Thus, the main focus of this thesis is to estimate the models
for roll, pitch and yaw maneuvers together with a model for the vertical veloc-
ity. Due to its symmetry, the roll and pitch dynamics of a quadrotor should be
similar. If this is the case, the same controller could be used for roll and pitch
control. This is desirable due to the simplicity of the controller. In this thesis, the
following problems will be answered:

• Can a grey-box approach be used to achieve a dynamic model for the quadro-
tor?

• Which model structure is suitable when modelling the dynamics of a hov-
ering quadrotor?

• Can the motor dynamics be estimated using just the input signals to the
motors and the measured accelerations and angular rates?

• Is it possible to use the same model for the roll and pitch dynamics?

• Is it possible to disregard the current controller and use a direct approach
when identifying the system?

1.3 Limitations

As stated above, the model to be derived will be limited to the vertical velocity
as well as the three angular rates. Furthermore, the model will be linearized for
a hovering quadrotor. A hovering quadrotor is floating mid-air at an arbitrary
position. The model may therefore not be valid for a flight case too far from its
operating region.

Regarding the system limitations, all commands sent to the quadrotor will be
generated by hand by a human pilot. No arbitrary reference signal may be chosen,
other than what the pilot manages to produce. For example, when a chirp is
wanted as input for the roll rate, it will not be possible to produce an ideal chirp,
but the command will be as chirp-like as the pilot manages to achieve.

1.4 Related Work

Modelling of vtol platforms is frequent in literature. Mettler [2003] describes
an approach to developing a simple and effective linear parameterized model
of small rotorcraft dynamics. It contains information on experiment design and
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data collection, frequency response system identification and grey-box modelling,
among other things.

Most literature presents a white-box approach when modelling the multiro-
tor. In Mahony et al. [2012] a physical model of a quadrotor is derived. It also
presents state estimation using an inertial measurement unit (imu). Bouabdallah
[2007] provides an extensive white-box approach including rigid body mechan-
ics as well as multiple aerodynamic effects. Pounds, Mahony and Corke develop
a quadrotor robot described in multiple papers, starting with a physical model of
the rigid body mechanics [Pounds et al., 2004]. They continue with system iden-
tification of the motor dynamics [Pounds et al., 2007] and aerodynamic effects
[Pounds et al., 2006].

A direct closed-loop black-box approach to estimate the dynamics of a hexaro-
tor platform is taken in Magnusson [2014]. Magnusson also compares the black-
box model with a white-box model derived in the same master’s thesis. In Lund-
mark and Lindblom [2015], a grey-box approach to estimate the dynamics of a
hexarotor platform is presented. Lundmark and Lindblom present a physical
model of the rigid body mechanics while a grey-box approach is taken for the
aerodynamics and motor dynamics. Bergman and Ekström [2014] present a sim-
ilar approach as Lundmark and Lindblom but applied to an octacopter.

In Li [2014], a grey-box approach to estimate the dynamics of a quadrotor is
presented. Li uses extensive sensor networks to estimate a non-linear model. For
the non-linear part of the model, both an extended and an unscented Kalman
filter is used. For the linear parts, the prediction-error method applied and a
Box-Jenkins structure is used. Grey-box modelling of a miniature helicopter us-
ing the prediction-error method is presented in Zhou and Ping [2008]. Khorani
et al. [2013] provide an online model estimator of a quadrotor platform based on
measurements from an imu.

The methods for system identification used in this thesis are based on the
theories in Ljung [1999].

1.5 Outline

This thesis is divided into eight chapters. In Chapter 2 the theories of system
identification used here are presented. In the following chapter, an overview of
the quadrotor system and a short description of the hardware is given. This chap-
ter also includes a brief explanation of the concepts of quadrotor maneuvering.
At the end of Chapter 3 some results of the platform development during this
thesis are presented.

A physical model of the quadrotor is derived and linearized in Chapter 4.
The model is used as grey-box structure in the identification chapters that fol-
low. These chapters are divided into estimation of the vertical velocity model in
Chapter 5 and estimation of the angular rates dynamics in Chapter 6.

The two identification chapters result in four models, describing the vertical
velocity, the roll rate, the pitch rate and the yaw rate, respectively. These models
are summarized and combined into a final model in Chapter 7. In Chapter 8
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some final conclusions are presented and some future development is suggested.



2
System Identification

In many applications, a mathematical model of a dynamic system is desired. One
way is to make a physical model, also known as white-box model, where the laws
of physics are used to form the dynamic relations of a system. A significant prob-
lem with white-box modelling is that the equations quickly get very complex
since many relations need to be accounted for. To minimize the complexity of the
model some behaviour might be neglected or approximated in some way, result-
ing in a less accurate model.

Another way to acquire a dynamic model describing a system is called system
identification. A common approach is called black-box modelling. For a black-
box model, input-output measurements are collected and a dynamic model is
estimated using these measurements with no concern taken to the underlying
physics. The black-box modelling approach is popular due to its simplicity and
that the same approach and methods can be used in different applications. A
drawback is that the resulting model does not have the intuitive model structure
of a white-box model, but consists of a set of equations that describes the input-
output relations.

A combination of the white- and black-box modelling gives the grey-box mod-
elling approach, which requires some physical insight, but the values of unknown
parameters can be estimated. If there is no physical knowledge of a part of the
system, a black-box approach could be taken for that specific part. The result-
ing model will have the more intuitive structure of a white-box model but some
of the flexibility of a black-box model. Also, since the parameters are estimated,
the model takes into consideration some simplifications made when the physical
structure was derived. A drawback in comparison to the black-box approach is
that the model is limited to the chosen structure. If a bad structure is chosen, the
model might be unable to describe the full dynamics of the system where instead
a pure black-box might have captured the interesting dynamics. On the other

5
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Gu y

(a) Open-loop system. A system
without output feedback.

GFΣr
u y+

-

(b) Closed-loop system where F is the con-
troller and r is the reference signal. The out-
put, y, is fed back to the controller.

Figure 2.1: Examples of an open- and a closed-loop system where u is the
input signal and y is the output signal to the system G.

hand, if the gathered data contains lots of disturbances, a grey-box model might
be able to limit the model to the true dynamics, while a black-box model might
include some properties of the disturbances in the model instead.

2.1 Model Structures

A system is a vague definition meaning anything that we wish to observe, in this
thesis a quadrotor. The system in Figure 2.1a is an example on an open-loop
system, i.e., a system were the input, u, influences the output, y, but not the
opposite. In many cases, the system is not stable and in need of a controller to
assure stability, and the quadrotor is one example of this. Without a controller the
quadrotor is difficult (nearly impossible) to operate. A system with feedback from
the output to a controller is called a closed-loop system and a simple example is
shown in Figure 2.1b.

The dynamics of a system is often described as a set of (linear or non-linear)
differential equations

ẋ = f (x, u) + v (2.1)

where x is the state vector of the system, u is the input and v is process noise (such
as wind). It is often not possible to measure the states exactly (or even directly)
and the measurements are gathered in the equation

y = h(x, u) + e (2.2)

where y is the measured output, h( · ) is a linear or non-linear function of x and
u and e is additive measurement noise. These equations combined describe the
dynamics of the entire system. This structure is referred to as a state-space model
and for linear systems the state-space model can be written as

ẋ = Ax + Bu + v

y = Cx + Du + e
(2.3)

where A, B, C, D are matrices describing how each state or input signal affects
the system. Here, ẋ is the time derivative of the state vector, x. For an un-
known system these matrices contains unknown parameters and when a model
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is wanted, the task is to estimate these parameters. In literature, the unknown pa-
rameters are often collected in a parameter vector denoted θ, but since θ is being
used for pitch angle in this master thesis the parameter vector will be denoted Θ

to avoid confusion.
A system can be described as a continuous-time system or as a discrete-time

system. The state-space model in (2.3) is presented as a continuous-time system.
In some applications, a discrete-time model is a more convenient representation,
for example if the model represents a sampled system. The simplest description
of a discrete-time model structure is as a linear difference equation

y(t) + a1y(t − 1) + · · · + anay(t − na) = b1u(t − 1) + · · · + bnbu(t − nb) + e(t) (2.4)

which describes how previous inputs, u(t − 1) . . . u(t − nb), and previous outputs,
y(t − 1) . . . y(t − na) affect the output, y(t). For this model, the parameter vector is

Θ =
(
a1, . . . , ana , b1, . . . , bnb

)T
.

If we also define the regression vector

ϕ(t) =
(
− y(t − 1), . . . ,−y(t − na), u(t − 1), . . . , u(t − nb)

)T
we can express the output as

y(t) = ΘTϕ(t) + e(t) = ϕ(t)TΘ + e(t) (2.5)

which is called a linear regression. From (2.4) we introduce

A(q) = 1 + a1q
−1 + · · · + anaq

−na

and

B(q) = b1q
−1 + · · · + bnbq

−nb

and form

G(q,Θ) =
B(q)
A(q)

, H(q,Θ) =
1
A(q)

which is the input-output transfer function and the noise-output transfer func-
tion, respectively. Here, q is the shift operator. This particular model struc-
ture is called an auto-regressive with exogenous input (arx) structure and it is
visualized as a block diagram in Figure 2.2a. By expressing the transfer func-
tions G(q,Θ) and H(q,Θ) differently, other common model structures can be
formed. For example, the Box-Jenkins model structure has G(q,Θ) = B(q)

F(q) and

H(q,Θ) = C(q)
D(q) . A special case of the Box-Jenkins model structure is the output

error (oe) model structure, where C(q) = D(q) = 1. The oe model structure is
shown in Figure 2.2b.
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u y

e

B 1
AΣ

(a) arx structure

u y

e

B
F

w
Σ

(b) oe structure

Figure 2.2: Two different linear model structures.

2.2 Identification Methods

When a model structure is chosen, the parameters are to be estimated. A com-
mon method for estimating the values of the parameters is the prediction-error
method (pem) [Ljung, 1999, p. 199-203]. The model presents us with a prediction
for the next value of y(t). For the model in (2.5), the predicted value is defined as

ŷ(t|Θ) = ϕTΘ.

The estimate ŷ(t|Θ), can be compared with the next measurement, y(t), and by
creating the prediction error

ε(t,Θ) = y(t) − ŷ(t|Θ) (2.6)

we can find the values for the parameter vector that most accurately describes the
true system with respect to the prediction error. Assuming that we have sampled
the input and output signals N times, we can then form the loss function

VN (Θ) =
1
N

N∑
t=1

` (ε (t,Θ)) (2.7)

where `( · ) is a scalar function. A common choice of function is the quadratic
function

`(ε(t,Θ)) = ε(t,Θ)Tε(t,Θ) (2.8)

resulting in the least squares method. A parameter estimate, Θ̂, can then be
found by minimizing the loss function, VN , over Θ as

Θ̂N = arg min
Θ

VN (Θ). (2.9)

For a linear regression model, for example (2.5), the loss function is given by

VN (Θ) =
1
N

N∑
t=1

(
y − ΘTϕ

)T (
y − ΘTϕ

)
=

1
N

N∑
t=1

yTy − 2ΘTfN + ΘTRNΘ (2.10)
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where

fN =
1
N

N∑
t=1

ϕy (2.11)

RN =
1
N

N∑
t=1

ϕϕT (2.12)

and if RN is invertible

VN (Θ) =
1
N

N∑
t=1

yTy − f TNR
−1
N fN +

(
Θ − R−1

N fN
)T
RN

(
Θ − R−1

N fN
)
. (2.13)

Since RN is a positive definite matrix in this case, the last term in the expression
above is always positive. The loss function is therefore minimized when(

Θ − R−1
N fN

)T
RN

(
Θ − R−1

N fN
)

= 0

and thus
Θ̂ = R−1

N fN .

The solution to the pem is normally not found analytically as above. Instead
an iterative solution on the form

Θ̂(i+1) = Θ̂i − µR−1
N V

′
N (Θ̂i) (2.14)

is applied. Here, Θ̂i denotes the i-th iteration estimate of the parameter vector
Θ. Further, µ is the step size of the iteration, RN is (the approximation of) the
Hessian of the loss function and V ′N (Θ) is the gradient of the loss function with re-
spect to the parameter vector [Gustafsson et al., 2010, p. 241-242]. Each iteration
results in a better estimate of the parameter vector Θ. The solution is acquired
when a certain stop criterion is reached. A stop criterion could, for example, be
when the difference of the parameter vector between two samples is small. For a
state-space model, such as (2.3), the optimal parameters using the pem are found
using an observer together with an iterative solution [Gustafsson et al., 2010, p.
243]. Another possible approach is to first transform the state-space model to a
set of transfer functions and solve as above [Ljung, 2002].

2.3 Closed-loop Identification

For identification of a closed-loop system, there are some possible difficulties
since the input to the system, u, is affected by the output, y. One is the risk of a
too simple controller, which may result in non-informative experiments even if
the input is persistently excited [Ljung, 1999, p. 430]. However, as long as the
reference signal is persistently excited the closed-loop experiment is informative
[Ljung, 1999, p. 432]. System identification for a closed-loop system is men-
tioned in Section 13.5 in Ljung [1999] and it is suggested that treating the system
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direct as an open-loop system, should be the first approach. The same prediction-
error methods used for open-loop system identification are applied to data from
the closed-loop system. In general, a reqirement is that the model needs to be
provided with a sufficiently rich noise model. However, in cases where the signal
to noise ratio is high, the direct approach should be able to estimate the model
well also when it contains only a simplified noise model. The direct approach is
the most straight-forward approach in closed-loop identification since it uses the
input, u, and the output, y, but takes no consideration to the reference signal, r,
causing the approach to be indifferent to the complexity of the controller.

If the direct approach fails, consideration to the closed loop needs to be taken.
If the controller is unknown, a joint input-output identification approach is one
option [Ljung, 1999, p. 438]. One particular method is the two-stage method,
described in Van Den Hof et al. [1992]. Consider the closed-loop system in Fig-
ure 2.1b and assume it to be a single-input single-output system for simplicity.
The input to the system can be expressed as

u(t) =
F

1 + FG
r(t) + w(t) = Sr(t) + w(t) (2.15)

where w is the combined effect of disturbances on the control signal. Using the
measured input signal, u(t), and the known reference signal, r(t), a model for S
can be estimated. From the model, Ŝ, the input signal can be simulated as

û(t) = Ŝr(t) (2.16)

and the simulated input can in turn be used to estimate the model of the system
as

y(t) = G(q,Θ)û(t) + e(t) (2.17)

where e(t) is noise correlated with w(t). The sequence ū(t) = u(t) − û(t) is uncor-
related with the sequence r(t), assuming that Ŝ is of high enough order.

Suppose that the true system is given by

y(t) = G0(q)u(t) + n(t) (2.18)

where n(t) is noise that is uncorrelated with r(t). By inserting u(t) = û(t) + ū(t)
into (2.18) we get

y(t) = G0û + n(t) + G0(q)ū (2.19)

where the noise sequence n(t) + G0(q)ū is uncorrelated with the simulated input
signal û(t).

Like the direct approach, the two-stage method does not take the complexity
of the controller into consideration. The method is valid for any controller, linear
or non-linear [Ljung, 1999, p. 440]. A model estimated with the direct approach
suffers from a bias if the noise model is poor [Ljung, 1999, p. 433]. For the
two-stage method, this is avoided at the cost of increased variance from the extra
“noise” G0(q)ū.
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2.4 Model Validation

It is important to test the validity of a model. A common validation method is
to simulate the output, ŷ(t,Θ), from the measured input and compare it with the
measured output, y(t). The model fit, given in %, is calculated by

Mf =

1 −

∥∥∥ ε(t, Θ̂)
∥∥∥∥∥∥y(t) − ȳ
∥∥∥
 · 100% (2.20)

where ε(t, Θ̂) is the prediction error from (2.6), ‖ · ‖ the L2 norm and ȳ is the mean
value of y(t). The model fit presents a good and simple measure when comparing
different models. The higher model fit, the better model. To be sure that the
model captures the dynamics of the system and not disturbances, the validation
data needs to be different from the data used when estimating the parameter
values. This validation method is called cross-validation [Ljung, 1999, p. 500].

When cross-validating a model, it happens that a more complex model of a
higher order has similar or worse model fit than a simpler one. This could be
due to a phenomenon called overfit [Ljung, 1999, p. 501]. A model which suffers
from overfit has taken the noise of the estimation data into too much account
when minimizing the loss function. If the noise is uncorrelated, the noise of a
fresh data set is different compared to the noise of the estimation data. Therefore
the more complex model will have similar, or potentially worse, model fit than
the simple model. If the models were validated using the same data, the model
fit would increase with higher order of the model.

Another way to compare different models is Akaike’s information criterion
(aic) which provides a measure of model quality with regard to the order of the
model. The model with the smallest aic value is the most accurate according to
Akaike’s theory [Ljung, 1999, p. 221].

2.5 Experiment Design

When conducting experiments and collecting data to be used for system identifi-
cation, it is important that the system is persistently excited. A system is said to
be persistently excited when the input frequency content is rich enough for the
application. Ideally, all frequencies should be equally represented. However this
might be unwise due to multiple reasons such as restrictions in maximum output
levels. Instead the input should be chosen such that the fastest dynamics of the
system to be identified is excited [Ljung, 1999, p. 411-415].

One popular way to perform an experiment is to make a step, where the input
signal switches instantly from one value to another. The spectrum of an ideal
step contains all frequencies and is thus a good start for most data collections.
However, for some applications, a step might be difficult or dangerous to use
as input. For example, if the input is set manually by a joystick, an ideal step
might be too difficult to perform. The change might be step-like enough for some
applications while for other it simply is not enough. For these systems another
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approach needs to be taken. A changing signal with as wide spectrum as possible
is desired. A popular choice is the chirp signal, also known as a swept sinusoid. A
chirp signal is a sine with a continuously increasing frequency over time [Ljung,
1999, p. 423]. This is a commonly suggested input signal when conducting flight
experiments to be used for system identification [Mettler, 2003, p. 42].



3
The Quadrotor System

This chapter presents the quadrotor used in this thesis and a brief explanation to
how the maneuverability of a quadrotor is produced. Thereafter, a short descrip-
tion of the hardware and the measured signals is given. The chapter ends with a
short presentation of the development of the platform done during this thesis.

The quadrotor studied is an X-mounted quadrotor. X-mounted means that
the rotors are mounted like an X, with the forward direction in-between two ro-
tors. The other commonly used mount is the -mount, which has one rotor in the
forward direction. In other words, the -configuration is rotated 45◦ compared
to the X-mounted quadrotor. To be able to fly, the quadrotor is controlled with
a commercial controller for miniature rotor crafts. There is also an avionics so-
lution, developed in the previous master thesis [Blomberg, 2015] with continued
development during this thesis. The system is approximately 60 cm across from
motor to motor and weighs approximately 1.5 kg. The rotors have two 12 cm
long blades each.

The avionics solution samples three different sensors, an accelerometer, a gy-
roscope and a magnetometer, at 50Hz, all which are part of the same inertial
measurement unit (imu). All sensors are three dimensional, resulting in nine de-
grees of freedom for the imu. In addition the avionics solution samples the four
pulse width modulated (pwm) signals sent to the motors from the controller as
well as the signals sent from the pilot’s joystick. In Figure 3.1 a system overview
is displayed with the different signals used in this thesis.

3.1 Motion of a Quadrotor

To fully describe the movement of the quadrotor, two coordinate systems are
convenient to introduce. The first system, denoted E, is an earth-fixed system
with its origin in the take-off position of the quadrotor. The axes are denoted

13
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Motors Rotors Rigid body
mechanics

F

Avionics solution

δ
u Ω T a, ω, m

G
Gc

Figure 3.1: Box diagram of the quadrotor system used in this thesis. The
signals measured are the reference signal from the RC-joystick (δ), the four
pwm signals sent to the motors (u), the linear accelerations of the quadrotor
(a), the angular velocities (ω) and the magnetic field (m). The block labeled
F is an unknown flight controller while G is the dynamics of the quadrotor.
The signal Ω is the speed of the motors and T is the thrust force from each
motor. Ω and T are not measured.

(XE , Y E , ZE) with corresponding unit vectors (eEX , e
E
Y , e

E
Z ). The earth-fixed system

is a North-East-Down system with XE pointing towards the geographic north, Y E

east and ZE towards the center of the earth.
The second system is a body-fixed system, denoted B, with its origin fixed on

the quadrotor. The body-fixed axes are denoted XB, Y B and ZB respectively with
XB pointing forward, Y B right and ZB down. The body-fixed axes are illustrated
in Figure 3.2. The unit vectors for the body-fixed system are (eBX , e

B
Y , e

B
Z ).

These coordinate frames are very common when describing the dynamics of
a multirotor system and no further details will be given here, see Lundmark and
Lindblom [2015] for more details.

The origin of the motions of a multirotor platform is frequently described in
literature. Thus, only a short summary is given here, for a more detailed descrip-
tion see Lundmark and Lindblom [2015]. When a rotor is rotating at constant
velocity it results in a force, called thrust, and a torque, called reaction torque.
The rotors are fixed and therefore the thrust from the rotor is always acting in
the negative ZB direction, and the torque is exerted in the opposite direction of
the rotation. Figure 3.2 shows a schematic image of the quadrotor with numbered
motors and their corresponding rotation directions.

The maneuverability of a quadrotor is achieved due to thrust differences be-
tween rotors. If the thrust from each rotor is equal, the total reaction torque is
zero. This is because two rotors are rotating clock-wise and two counter clock-
wise. The collective thrust acting on the center of gravity is the sum of all rotors’
individual thrusts. If the collective thrust equals the force of gravity the quadro-
tor is in a steady-state called hover.

There are three different angular maneuvers in flight mechanics called roll,
pitch and yaw with angles denoted φ, θ and ψ and rates p, q and r respectively.
The roll angle is the angle around XB while the pitch angle is the angle around



3.2 Measured Signals 15

1 2

34

l

Y B

XB

ZB

Figure 3.2: Rotor numbering convention of the quadrotor and their corre-
sponding rotation directions seen from above. XB indicates the forward di-
rection.

the Y B axis. The yaw angle is the angle around the ZB axis.
To achieve a right roll, the thrust from motor pair 1 and 4 is increased. To

maintain the altitude (height) of the quadrotor the thrust from the opposite pair
(2 and 3) needs to be decreased. The net torque is still zero since the speed for
each pair are increased/decreased the same amount, motor 1 counters the torque
produced by motor 4 and motor 2 counters the torque from motor 3. The pitch
is changed accordingly but with the motor pairs 1, 2 and 3, 4.

The yaw is a more complex motion to describe and grasp. The yaw rate is
produced by letting the resulting reacting torque from the motors be non-zero.
A clock-wise yaw rate, seen from above, is achieved by increasing the speed for
the counter clock-wise motors (2,4). The reacting torque (that is exerted in the
opposite direction of the rotor rotation) produces a net torque that rotates the
quadrotor and increases the yaw rate.

3.2 Measured Signals

In Figure 3.1, five measured signals are introduced: δ, u, a, ω and m. These
signals are sampled by the avionics solution and δ is the joystick position, u is the
control signal to a motor and a, ω and m the measurements from the imu. The
figure is a simplified illustration of the quadrotor. In reality, u consists of four
different signals, one for each motor, while δ consists of four joystick positions,
one for collective thrust, roll rate, pitch rate and yaw rate, respectively.

The control signals to the motors are produced as pulse width modulated
(pwm) signals. The value of a pwm signal is decided by its duty-cycle. A duty-
cycle is the time for which the signal is high [Barr, 2001]. The sampled pwm
signals presented in this thesis are normalized and given as a number from zero
to one, where zero means low all the time and one means high all the time. We
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introduce the notation ui ∈ [0, 1], i = {1, 2, 3, 4} which denotes the pwm signal
sent to motor i according to the numbering convention in Figure 3.2.

From the reasoning in Section 3.1, regarding how the different motions are
produced, we introduce

uT =
u1 + u2 + u3 + u4

4
∈ [0, 1]

uφ =
u1 − u2 − u3 + u4

4
∈ [−0.5, 0.5]

uθ =
u1 + u2 − u3 − u4

4
∈ [−0.5, 0.5]

uψ =
−u1 + u2 − u3 + u4

4
∈ [−0.5, 0.5]

(3.1)

as the control signal for collective thrust, roll rate, pitch rate and yaw rate, re-
spectively. The expressions for the control signals are divided with four to keep
the original magnitude of the control signals. However, the sampled pwm signals
suffer from measurement noise.

Further, we introduce δT , δφ, δθ and δψ for the joystick position controlling
collective thrust, roll rate, pitch rate and yaw rate, respectively. These signals
are read from a digital serial bus and are thus more precisely measured than the
pwm signals. The values for the different joystick positions are given in the range
[0, 1]. The trends are removed from the pwm signals and the joystick positions,
if not otherwise specified.

3.3 Platform Development

During this thesis the platform was developed further. The accelerometer suf-
fered from lots of noise originating from the rotors. Unfortunately, the noise
spectrum was evenly distributed, without any indications to the frequencies of
the motors. A plot of the accelerometer data from an early flight is shown in
Figure 3.3a with the periodogram for the flight in Figure 3.3b.

A first improvement was to fixate the imu with a small piece of Blu-Tack. The
simple solution significantly reduced the magnitude of the noise. To reduce the
noise further, a vibrations damping platform was developed using a 3D-printer
and small pieces of a vibration damping material called sylomer SR-11. The static
range of use for the sylomer SR-11 is 0.011N/mm2 and by weighing the avionics
the cross sectional area for which the pressure matches the static range of the
sylomer can be calculated. The avionics weighs approximately 220g which re-
sults in a 0.5cm2 cross sectional area for each of the four sylomer pieces. The
pieces with area 0.5cm2 were quite flexible and was considered too weak for bal-
ancing the platform. Therefore more sturdy pieces were mounted, with approxi-
mately 1.5cm2 cross sectional areas. The noise was significantly reduced for the
accelerometer data in the XB and Y B components as well as the yaw rate gyro
measurement, but without any significant impact on the ZB component for the
accelerometer or the roll and pitch rates. In Figure 3.4 a 10 second yaw rate
measurement at hover is shown. See Appendix B for plots comparing the rest
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Figure 3.3: Accelerometer data from an early flight. Notice how the noise of
the accelerometer increases when the motors are started.
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Figure 3.4: Yaw rate measurements from a ten second long hovering flight
before and after the vibration dampening platform was constructed.

of the gyroscope and accelerometer measurements before and after the new plat-
form. From those plots it is clear that the horizontal vibrations are reduced. The
standard deviation (std) of ax, ay and r is significantly smaller for the data gath-
ered after the new platform was mounted. However the vertical vibrations are
not affected very much. The spectrum for the accelerometer data remains evenly
distributed as previously with no indication of the rotor frequencies, however
the magnitudes are reduced with approximately 10dB for the horizontal accel-
erations. This shows that the smaller theoretical area was needed to cancel out
the vertical noise, while the larger pieces were good enough for the horizontal
vibrations.

Further the pwm signals were quite noisy to begin with. The pwm signals are
sampled by a microprocessor, sampling the signals at a higher rate than 50Hz
which is the sampling frequency of the avionics solution. In between the samples,
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(a) pwm signal before recursive mean im-
plementation. std = 0.069.
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(b) pwm signal after recursive mean im-
plementation. std = 0.025.

Figure 3.5: pwm signals from motor three during ten seconds of hover flight.
Notice how the std is significantly smaller for the right plot. The trends are
not removed.

the previously read pwm signals were discarded and only the latest commands
to the motors at each sample time were logged. This caused the pwm signals to
appear quite noisy. To improve the measurements of the pwm signals a recursive
mean algorithm was implemented. The recursive mean algorithm is given by

u(k + 1) =
k

k + 1
u(k) +

x
k + 1

(3.2)

where u is the mean value of the signal, x is the latest read signal and k a counter
which is incremented 1 for each value read. When the mean value, u, is read by
the avionics solution, the counter, k, is set to zero. A pwm signal from motor three
before and after the mean value implementation was made is shown in Figure 3.5.
Each plot is is a ten seconds interval for motor three when the quadrotor is in
hover. As can be seen in the plots, the std of the pwm signals were reduced.



4
Physical Model

This chapter contains the derivation of the physical model that is used as struc-
ture for the grey-box system identification. The chapter begins with a rigid body
approach using Newton and Euler laws of motion. Then the electrical motors
and the relation between input voltage and thrust force from the rotors are stud-
ied. The non-linear model is linearized and the linear model that will be used
as model structure is presented. Finally, the model is split into four sub-models
describing the dynamics of the vertical velocity, the roll rate, the pitch rate and
the yaw rate.

4.1 States

The quadrotor’s absolute position can be defined in the earth-fixed coordinate
system, E, since it acts as an inertial frame. The position of the origin of the
body-fixed system, B, in E is denoted as

ξE = (x, y, z)T . (4.1)

The orientation of B in relation to E is described by the vector

ηE = (φ, θ, ψ)T (4.2)

where φ, θ and ψ are the roll, pitch and yaw angle, respectively.
The linear velocities of the quadrotor in B are denoted as

νB = (u, v, w)T (4.3)

and the angular rates of the quadrotor are denoted as

ωB = (p, q, r)T , (4.4)

19
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respectively. For readability, the superscript E and B will be dropped further on,
unless there is an explicit need to use them. Using these vectors we introduce the
state vector

X = (ξ, ν , η,ω)T = (x, y, z, u, v, w, φ, θ, ψ, p, q, r)T (4.5)

that describes the motion of the quadrotor.

4.2 Kinetics

To transform a vector expressed in the earth-fixed frame to a vector expressed in
the body-fixed frame, the vector is transformed using the transformation matrix

CB
E =


cθcψ cθsψ −sθ

sφsθcψ − cφsψ sφsθsψ + cφcψ sφcθ
sφsθsψ + cφcψ cφsθsψ − sφcψ cφcθ

 (4.6)

where cx and sx is short notation for cos(x) and sin(x), respectively.
The transformation from the body-fixed frame to the earth-fixed frame, CE

B, is
given by the inverse of CB

E which, since it is orthogonal, equals the transpose

CE
B =

(
CB
E

)−1
=

(
CB
E

)T
=


cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ
cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ
−sθ sφcθ cφcθ

 . (4.7)

The transformation matrix for the angular rates

ωE = CE
B,rotω

B (4.8)

is given by

CE
B,rot =


1 sφtθ cφtθ
0 cφ −sφ
0

sφ
cθ

cφ
cθ

 (4.9)

where tx is the short notation for tan(x). For full derivation of the matrices, see
Lundmark and Lindblom [2015].

Using the linear rotational matrix from (4.7) the time derivative of the earth-
fixed position of the quadrotor from (4.1) is given as

ξ̇
E

= νE = CE
Bν

B (4.10)

and using the angular rotational matrix defined in (4.9) the time derivative of ηE

from (4.2) is
η̇E = ωE = CE

B,rotω
B. (4.11)

Using the Newton-Euler formalism as in Bouabdallah et al. [2004] the force,
F , and torque, M, equations for the quadrotor can be expressed as

F =mν̇ + ω ×mν (4.12)

M =I ω̇ + ω × Iω (4.13)

where I is the inertia matrix and m is the mass of the quadrotor.
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4.2.1 Force Equations

The forces acting on the quadrotor are the gravity,

F g = mgeEz = mgCB
Ee
B
z , (4.14)

and the thrust from the rotors,

F T = −T eBz . (4.15)

Hoffmann et al. [2007] suggest that the quadrotor is affected by a drag force along
the velocity vector

FD = −Dν . (4.16)

In [Mettler, 2003, p. 91], the same factor is suggested for a miniature helicopter.
The total force equation is thus

F = F g + F T + FD . (4.17)

The collective thrust is the sum of the thrust forces

T =
4∑
i=1

Ti (4.18)

from the four motors. Using (4.14)-(4.18) in (4.12) we get

ν̇ = −ω × ν − D
m
ν + gCB

Ee
B
z −

1
m
T eBz . (4.19)

Inserting (4.3), (4.4) and (4.6) in (4.19) and assuming that the drag coefficient, D,
is diagonal, ν̇ becomesu̇v̇

ẇ

 =


rv − qw − Dxu − sθg
pw − ru − Dyv + sφcθg
qu − pv − Dzw + cφcθg − 1

mT

 . (4.20)

4.2.2 Torque Equations

The torque equation (4.13) can be rewritten as an expression for the time deriva-
tive of ω as

ω̇ = I −1M − I −1 (ω × Iω) (4.21)

where the inertia matrix, I , is defined as

I =


Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

 (4.22)

where Ixy = Iyx, Ixz = Izx and Iyz = Izy . The symmetry of the quadrotor suggests
that Ixy = Ixz = Iyz = 0 hence

I =

Ixx 0 0
0 Iyy 0
0 0 Izz

 . (4.23)



22 4 Physical Model

Calculating (4.21) using (4.4) and (4.23) it becomes

ω̇ =


1
Ixx

0 0
0 1

Iyy
0

0 0 1
Ixx

M +


1
Ixx

(
Iyy − Izz

)
qr

1
Iyy

(Izz − Ixx) pr
1
Izz

(
Ixx − Iyy

)
pq

 (4.24)

In order to fully describe ω̇, the total torque exerted on the quadrotor, M, must
be derived. There are several torques acting on the quadrotor such as induced
torque from the thrust force and gravity. In addition there is a reaction torque
produced by the rotation of the rotors, an inertial counter torque produced by
a change in the rotors’ angular velocity as well as a gyroscopic torque which is
exerted on the body by simultaneous spin and precession motion [Lundmark and
Lindblom, 2015]. In this thesis the torque from the gyroscopic rotor effects and
the inertial counter torque are neglected. Using the torque expression from Lund-
mark and Lindblom [2015] assuming that the center of gravity coincide with the
origin of the body-fixed frame and neglecting the gyroscopic rotor effects, the
total torque becomes

M =


l√
2
Tφ

l√
2
Tθ

kQTψ

 (4.25)

where kQ is a reaction torque coefficient and l the length of the quadrotor arms.
The torque is manipulated by different combination of thrust for the different
motors according to Section 3.1 and the different thrust combinations can be ex-
pressed by

Tφ = T1 − T2 − T3 + T4 (4.26a)

Tθ = T1 + T2 − T3 − T4 (4.26b)

Tψ = −T1 + T2 − T3 + T4 (4.26c)

where Ti is the thrust force from rotor i.
In [Mettler, 2003, p. 91], a similar drag coefficient for the angular velocities as

for the linear velocities (see Section 4.2.1) is suggested. Therefore, an unknown
drag coefficient for the rates

ω̇D =


−Dφ 0 0

0 −Dθ 0
0 0 −Dψ

ω (4.27)

is added. (4.27) together with (4.25) in (4.24), yield

ω̇ =


ṗ

q̇

ṙ

 =


1
Ixx

((
Iyy − Izz

)
qr + l√

2
Tφ

)
− Dφp

1
Iyy

(
(Izz − Ixx) pr + l√

2
Tθ

)
− Dθq

1
Izz

((
Ixx − Iyy

)
pq + kQTψ

)
− Dψr

 . (4.28)
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The geometry of the quadrotor platform suggests that the inertia around the XB

and the Y B axis is similar. We therefore assume Ixx = Iyy and assign

I =
Iyy − Izz
Ixx

=
Ixx − Izz
Iyy

.

With this approximation (4.28) becomes

ω̇ =


Iqr + l√

2I
Tφ − Dφp

−Ipr + l√
2I
Tθ − Dθq

1
Izz
kQTψ − Dψr

 . (4.29)

4.3 Motor and Rotor Dynamics

So far the physical model only contains information for the rigid body mechanics
of the quadrotor, from thrust to motion. For the dynamics from motor voltage
to thrust, a model for the electrical motors and the thrust produced by a rotor is
needed. An electrical motor often is modelled as a first order system

Ω̇i = −1
τ
Ωi +

K
τi
ui (4.30)

where Ωi is the angular speed of the motor and ui is the input voltage [Fitzgerald
et al., 2014]. The constants K and τ is the gain and time constant of the system
respectively. The motor constants, K and τ , is assumed to be equal for the four
motors.

In some studies, such as Bergman and Ekström [2014], the time constant, τ ,
for the rotor dynamics is shown different for an accelerating and a decelerating
rotor due to various aerodynamic effects and because there are no active brakes
for the motors. This behaviour will be neglected in this thesis mainly for the sim-
plicity of the model but also since the difference is more prominent for large ag-
gressive differences in angular speed for the motors compared to smaller changes
[Lundmark and Lindblom, 2015]. Since the model is developed with regard to
future control design, the simplicity of the model is more important than to ac-
curately describe minor non-linearities such as the different motor constants for
small speed changes.

According to Pounds et al. [2004] the thrust force, Ti , from rotor i can be
modelled as

Ti = CT ρA(ΩiR)2 (4.31)

where CT is a thrust coefficient, ρ the air density, A the area of the rotor, Ωi the
angular speed of the rotor and R the radius of the rotor. We rewrite the expression

Ti = krΩ
2
i (4.32)

where kr = CT ρAR
2 is a rotor specific constant which is assumed to be equal for

all four rotors.
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The time derivative of Ti is given by

Ṫi = 2krΩiΩ̇i (4.33)

which, together with (4.30) and (4.32), yields

Ṫi =
−2
τ
Ti +

2K
√
kr

τ

√
Tiui . (4.34)

We can now expand the state vector, X, from (4.5) with

T =


T
Tφ
Tθ
Tψ

 =


1 1 1 1
1 −1 −1 1
1 1 −1 −1
−1 1 −1 1

︸                   ︷︷                   ︸
=T


T1
T2
T3
T4

 (4.35)

from (4.18) and (4.26). T denotes the transformation matrix from the individual
motor thrusts, Ti , to T . The time derivative of T is given by

Ṫ =


Ṫ
Ṫφ
Ṫθ
Ṫψ

 = T


Ṫ1
Ṫ2
Ṫ3
Ṫ4

 . (4.36)

4.4 Complete Motion Model

Using the results from the previous sections we can write the non-linear state
space representation for the dynamics of the quadrotor as

Ẋ =


ξ̇
ν̇
η̇
ω̇
Ṫ

 =



ẋ
ẏ
ż
u̇
v̇

ẇ

φ̇
θ̇
ψ̇

ṗ

q̇

ṙ

Ṫ
Ṫφ
Ṫθ
Ṫψ



=



cθcψu + (sφsθcψ − cφsψ)v + (cφsθcψ + sφsψ)w
cθsψu + (sφsθsψ + cφcψ)v + (cφsθsψ − sφcψ)w

− sθu + sφcθv + cφcθw
rv − qw − Dxu − sθg
pw − ru − Dyv + sφcθg

qu − pv − Dzw + cφcθg − 1
mT

p + sφtθq + cφtθr
cφq − sφr
sφ
cθ
q +

cφ
cθ
r

Iqr + l√
2I
Tφ − Dφp

− Ipr + l√
2I
Tθ − Dθq

1
Izz
kQTψ − Dψr

Ṫ1 + Ṫ2 + Ṫ3 + Ṫ4
Ṫ1 − Ṫ2 − Ṫ3 + Ṫ4
Ṫ1 + Ṫ2 − Ṫ3 − Ṫ4
− Ṫ1 + Ṫ2 − Ṫ3 + Ṫ4



(4.37)

with Ṫi , i ∈ {1, 2, 3, 4} as described in (4.34).
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4.5 Linearization

Since the primary goal for this master thesis is a linear model of the quadrotor for
the steady state of hover. Using the expressions in Glad and Ljung [2004, p.405-
407] a linearized model can be achieved. For simplicity we denote, in this section,
the states

X =
(
ξ, ν , η,ω, T

)T
= (x1, x2, . . . , x16)T

and

Ẋ = f (X,U) =


f1(x1, x2, . . . , x16, uT , . . . , uψ)
f2(x1, x2, . . . , x16, uT , . . . , uψ)

...
f16(x1, x2, . . . , x16, uT , . . . , uψ)

 (4.38)

where U = (uT , uφ, uθ , uψ)T is the linear combinations of the input voltages to
the motors. The steady-state is defined as X = X0 with constant control signals
U = U0 which results in f (X0,U0) = 0. Assuming f has continuous partial
derivatives in a close proximity to the steady-state the linearized model will be
given by

Ẋ = A (X −X0) + B (U −U0) (4.39)

with the matrices

A =


∂f1
∂x1

. . . ∂f1
∂x16

...
. . .

...
∂f16
∂x1

. . . ∂f16
∂x16

 , B =


∂f1
∂uT

. . . ∂f1
∂uψ

...
. . .

...
∂f16
∂uT

. . . ∂f16
∂uψ

 (4.40)

where the partial derivatives are evaluated in X = X0 and U = U0. For hover at
an arbitrary location, ξ = (x, y, z)T, the steady-state is given by U0 = (u0, 0, 0, 0)T

and X0 = (x, y, z, 01×9, mg, 0, 0, 0)T. By calculating the derivatives in (4.40) and
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evaluating them in X = X0 and U = U0 the linearized model is given by

A =



0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 Θ1 0 0 0 −g 0 0 0 0 0 0 0 0
0 0 0 0 Θ2 0 g 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Θ3 0 0 0 0 0 0 Θ4 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 Θ5 0 0 0 Θ6 0 0
0 0 0 0 0 0 0 0 0 0 Θ7 0 0 0 Θ8 0
0 0 0 0 0 0 0 0 0 0 0 Θ9 0 0 0 Θ10
0 0 0 0 0 0 0 0 0 0 0 0 Θ11 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 Θ12 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 Θ13 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Θ14


(4.41)

and

B =


0 0 0 0 0 0 0 0 0 0 0 0 Θ15 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 Θ16 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 Θ17 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Θ18


T

(4.42)

where Θ1−18 are the unknown parameters and

Θ = (Θ1, . . . ,Θ18)T (4.43)

is the unknown parameter vector for the linear model. For details of the lineariza-
tion of Ṫ , see Appendix A.

Since the scope in this thesis is to estimate the dynamics for the angular rates
and the vertical velocity as well as the motor dynamics, the linearized model can

be compressed with the interesting states X̃ =
(
w, p, q, r, T , Tφ, Tθ , Tψ

)T
with the

dynamic equation

ẇ
ṗ
q̇
ṙ
Ṫ
Ṫφ
Ṫθ
Ṫψ


=



Θ3 0 0 0 Θ4 0 0 0
0 Θ5 0 0 0 Θ6 0 0
0 0 Θ7 0 0 0 Θ8 0
0 0 0 Θ9 0 0 0 Θ10
0 0 0 0 Θ11 0 0 0
0 0 0 0 0 Θ12 0 0
0 0 0 0 0 0 Θ13 0
0 0 0 0 0 0 0 Θ14


X̃+



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Θ15 0 0 0
0 Θ16 0 0
0 0 Θ17 0
0 0 0 Θ18


U

(4.44)
which will be used as foundation for the grey-box approach to the system identi-
fication.
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4.6 Model Separation

From the model in (4.37) one can notice that the angles and their time deriva-
tives are independent of the linear position and velocity. On the other hand, the
position and linear velocity depend on the angles (and not on the angular rates).
This suggests that the dynamic system could be split into two subsystems, one
containing the angles and angular rate dynamics, and the other containing the
position and velocity dynamics. The inputs to the attitude subsystem is the four
thrust coefficients Tφ, Tθ and Tψ while only T is the input to the translation sub-
system. The same separation of the motion model is done in Bouabdallah et al.
[2004]. The different rates and velocities are independent of each other accord-
ing to (4.44). For this reason, it should be possible to split the dynamics model
into four sub-models and design separate experiments for estimating the model
parameters.

Starting with the equation for the vertical velocity, w, one can design an exper-
iment when keeping the quadrotor at hover and make an elevating motion with
a step in collective thrust. The resulting force should be along the body-fixed ZB

axis, resulting in a vertical acceleration. From (4.44), the dynamics equation for
w is given by {

ẇ = Θ3w + Θ4T

Ṫ = Θ11T + Θ15uT
(4.45)

which will be the first sub-model. Using the measurements from the accelerome-
ter, it should be possible to estimate the parameters Θ3, Θ4, Θ11 and Θ15.

A similar separation of the dynamics is possible for the angular rates, ω, in a
close proximity to the hover steady-state. From the linearized model in (4.44) we
get the second, third and fourth sub-model ṗ = Θ5p + Θ6Tφ

Ṫφ = Θ12Tφ + Θ16uφ
(4.46)

{
q̇ = Θ7q + Θ8Tθ

Ṫθ = Θ13Tθ + Θ17uθ
(4.47)

 ṙ = Θ9r + Θ10Tψ

Ṫψ = Θ14Tψ + Θ18uψ
(4.48)

for the roll, pitch and yaw rate, respectively. By conducting three different ex-
periments, where different motions from hover are done in roll, pitch and yaw,
the unknown parameters should be possible to estimate using the measurements
from the gyroscope.





5
System Identification of the Vertical

Dynamics

This chapter covers the system identification for the vertical velocity dynamics
from (4.45).

Consider the vertical velocity model from (4.45). The equation can be repre-
sented by a series of first order systems as in Figure 5.1 and the system can be
written as

w =
Θ4

s − Θ3︸ ︷︷ ︸
Rigid
body

dynamics

Θ15

s − Θ11︸   ︷︷   ︸
Motor

dynamics

uT (5.1)

where s is the Laplace operator. The gain from uT to w depends on the product
Θ4Θ15. Because of this there will not exist a unique solution for all parameters
when applying the pem on the current model structure, but the solution will be
any combination of Θ4 and Θ15 whose product minimizes the loss function. This
is because the collective thrust, T , is not measured and therefore Θ4 and Θ15
cannot be decided unambiguously. To circumvent this, either parameter could
be fixated. One choice is to set

Θ15 = −Θ11 (5.2)

resulting in static gain 1 for the motor dynamics system and one parameter less

uT w
TΘ15

s−Θ11

Θ4
s−Θ3

Figure 5.1: System interpretation of the vertical dynamics model with the
equations for the dynamics as transfer functions.
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to estimate for the model. The solution to the minimization problem for the pem
also becomes unique thanks to this.

The accelerometer suffers from quite severe noise and its signal to noise ratio
is poor. Therefore a noise model is estimated as well but not studied further.
The noise model is estimated using the built-in disturbance model for the pem
function in Matlab. This is done by setting the variable DisturbanceModel=
estimate when identifying the grey-box model with the pem function [Ljung,
2014].

An isolated experiment in the collective thrust and the vertical dynamics can
thus be modeled as (

ẇ
Ṫ

)
=

(
Θ3 Θ4
0 Θ11

) (
w
T

)
+

(
0
−Θ11

)
uT

yz =
(
Θ3 Θ4

) (w
T

) (5.3)

The fixation of the parameter Θ15 in (5.3) causes the state T to lose its true
physical interpretation. Since the gain is one from uT to T , and uT obtains values
between zero and one, the state T represents a scaled thrust force from the rotors
but not the actual thrust force. For simplicity the notation T is kept.

The observability matrix for the model in (5.3) is given by

O =
(
Θ3 Θ4
Θ2

3 Θ3Θ4 + Θ4Θ11

)
and it this loses rank if Θ3 = 0. For Θ3 = 0, the vertical velocity is not observable.
The physical interpretation of Θ3 is a drag coefficient. Since the frame and design
of the quadrotor is slim, the drag is assumed to be small. It is therefore not
unlikely that the vertical velocity will be unobservable. This causes the vertical
velocity model in (5.3) to be unidentifiable from the imumeasurements alone. If
Θ3 = 0 (5.1) results in a transfer function for the acceleration

sw = a =
−Θ4Θ11

s − Θ11
uT

which can be rewritten as a first order state-space model:

ȧ = Θ11a − Θ11Θ4uT
yz = a

(5.4)

The maneuvers performed when collecting data during the vertical velocity
experiments were vertical steps in position, approximately three to six meters up
and down. Also, a maneuver of successive elevating and falling motions, simi-
lar to a sawtooth signal for the vertical position, was performed. At total, eight
separate maneuvers from two different flights were used in the identification pro-
cess. For estimation data, three separate steps up and down together with the
sawtooth were used. The validation data was from a separate flight, consisting of
four vertical steps, two up and two down.
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Table 5.1: Model fit and aic for different orders of black-box state-space
models estimated for the vertical velocity. Since the model fit does not im-
prove with higher model order and the aic remains unchanged for higher
order models, order one is enough for describing the vertical dynamics. Be-
cause the signal to noise ratio is low, the 19.4% model fit is good enough.

Model order Model fit aic
1 19.44% −2.09
2 19.36% −2.09
3 19.39% −2.09
4 19.38% −2.09
5 19.43% −2.09
6 19.55% −2.09
7 19.50% −2.08
8 19.86% −2.09
9 19.61% −2.08

10 19.76% −2.09

5.1 Black-box Identification

When assuming a model structure, such as (5.3), assumptions and restrictions
are made which limit the model. These restrictions could be due to different ap-
proximations when deriving the physical model. Another possibility is that some
relations are neglected. To make sure that the assumptions made do not impede
the performance of the model too much, different black-box model structures can
be estimated. From (5.4) it is assumed that the vertical velocity model is of the
first order. To confirm that a second order model is not needed, multiple black-
box state-space models of different orders are estimated. If the first order black
box model performs equally well as the second and third, this is an indication
that a first order system is enough to describe the dynamics.

The black-box state-space models were estimated using the pem. In Table 5.1
the model fit when simulating the validation data and Akaike’s information crite-
rion (aic) for different orders of black-box state-space models are listed. Accord-
ing to the table, the model fit is fairly constant, and independent of model order
with a slightly increased model fit for orders larger than six. This is not because
the vertical dynamic is described by a sixth order state space model, but because
the model order is large enough to include the noise in the model.

At first glance, 19.4% seems to be a bad model fit, however the accelerometer
suffers from quite severe measurement noise, as discussed in Section 3.3. Thus,
19.4% is considered a good fit since a model with 19.4% fit manages to capture
the main dynamics. By looking at the aic no difference is shown for increased
model order and thus the first order seems to be enough for describing the verti-
cal dynamics.
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5.2 Grey-box Identification

As shown in Table 5.1, the black-box models perform similarly when simulat-
ing the output compared to the measured accelerations and a first order model
seems to be enough for describing the vertical dynamics. This suggests that the
damping coefficient for the velocity (Θ3) is zero, or close to it. If the quadrotor
was damped, the second order model would have a significantly higher model fit
percentage than the first order model and therefore we assume Θ3 = 0 and the
model structure in (5.4) will be used. Applying the pem, a first order state-space
grey-box model is estimated. The model is denotedM1.

A simpler approach is to consider the motor dynamics as an input delay and
estimate the gain Θ4 as a linear regression between a delayed uT and yacc,z . If the
time constant is small, a first order system can be approximated well by an input
delay. The Laplace transform of an input delay is given by e−sτ and (for small τ)
the Maclaurin expansion is

e−sτ ≈ 1 − sτ. (5.5)

For a first order system with a small time constant the Maclaurin expansion yields

1
sτ + 1

≈ 1 − sτ (5.6)

and thus, the approximation with an input delay is valid for small enough τ . For
the delayed input, τ is given as a multiple of the sample time as τ = dTs where
d is number of delayed samples and Ts = 0.02s. The grey-box parameter, Θ11, is
given by Θ11 = −1/τ , and this expression will be used when comparing the input
delay with the parameter. The model structure used for the input delay approach
is thus given by

ȧ = Θ4e
s/Θ11uT

yz = a.
(5.7)

The gain and model fit for different input delays are shown in Table 5.2. The best
model fit is achieved for d = 3 according to the table, resulting in the model de-
notedM2. The same input delay is returned by the Matlab function delayest
which estimates dead time in input-output data compared to an arxmodel with
different delays [Ljung, 2014]. The parameters estimated for the two models,M1
andM2, are shown in Table 5.3.

5.3 Model Comparison

The two grey-box models,M1 andM2, are estimated using two different model
structures with the direct approach. The structure ofM1 is shown in (5.4) while
the structure ofM2 is shown in (5.7). The two models manage to simulate the out-
put equally well. Their parameter values do not differ that much either, and with
small uncertainties compared to the estimated values of the parameters. There-
fore, no model is better than the other with regard to simulation only.

Since no adaptation to the model structure has been made for M1 while a
first order system has been replaced with an input delay for M2, M1 is a more
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Table 5.2: Linear regression gains from uT to a for different delayed inputs.
Notice the model fit which increases closer to d = 3 from both higher and
lower number of delays. This is an indication that the delay d = 3 is the best
approximation for the time constant of the system.

Delay, d Gain Model Fit
0 −2.26 ± 0.00911 18.2%
1 −2.26 ± 0.00836 18.3%
2 −2.19 ± 0.00812 18.9%
3 −2.26 ± 0.00825 19.0%
4 −2.27 ± 0.00799 18.6%
5 −2.25 ± 0.00817 18.5%
6 −2.25 ± 0.00821 17.3%

Table 5.3: Parameter values with one standard deviation and model fit for
the two grey-box models for the vertical velocity. Notice the similar param-
eter values for the two different model structures used for identification.
There is no uncertainty for the parameter Θ11 forM2 since the value is cal-
culated from number of input delays as Θ11 = −1/(dTs).

M1 M2
Θ4 −2.41 ± 0.0986 −2.26 ± 0.00825
Θ11 −14.9 ± 3.34 −16.7

Model fit 19.4% 19.0%

straightforward model. On the other hand, M2 has one free parameter less to
estimate using the pem, but the input delay needs to be decided. The delay, d,
presents the model with a discrete number of possible estimates to the motor
constant since, Θ11 = −1/dTS . The sampling time, Ts, is large resulting in few
possible values for the parameter. Since the structure used for estimatingM1 is
more straightforward once the physical model is derived and the resolution of
Θ11 is poor forM2, the modelM1 is to prefer.

The main purpose of the model is to be used in future control design. There-
fore a final model will be estimated using the same model structure asM1. How-
ever, it will be estimated from both the estimation and the validation data. The
final model,Mw, is given by

ȧ = (−14.2 ± 1.71) a − (33.71 ± 3.98) uT (5.8)

with the estimated parameters Θ4 = −2.38±0.0658 and Θ11 = −14.2±1.71. Com-
pared toM1, the parameters for the final model have a slightly smaller std oth-
erwise the parameters are more or less the same. In Figure 5.2, a simulation of
the output using Mw, together with measurements from the accelerometer, are
shown. Since all data was used for estimation, no cross-validation is possible for
the final model.
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Figure 5.2: Simulation of the final vertical model,Mw. The main dynamics
are simulated well by the model. Note that the the data simulated is part of
the estimation data for the models. The data is plotted for detrended data.



6
System Identification of the

Rotational Dynamics

This chapter describes how the system identification was done for the roll, pitch
and yaw rate dynamics. The identification process is often quite iterative and for
each iteration, more knowledge of the system’s behaviour is acquired. Since each
discovery from every iteration is difficult to present, this chapter provides a brief
explanation of important insights from the many iterations when identifying the
roll, pitch and yaw rate dynamics.

Initially, the same parameter fixation as (5.2) for the vertical velocity is done
for the angular rates models in (4.46)-(4.48) where Θ16 = −Θ12, Θ17 = −Θ13
and Θ18 = −Θ14. Note that the motor constants are allowed to be different for
the different models even if the mathematical expression for the time constants
in (A.10) in Appendix A are the same. By estimating the motor constant indi-
vidually for the roll, pitch and yaw rate model, three different estimates of the
constant using three different data sets are obtained. If the three estimates of the
parameter value are similar, this is an indication that the value is a good estima-
tion of the true motor constant. The approach and methods used for the three
rate models are similar. For readability, a more detailed description of the ap-
proach when estimating the roll rate model will be shown here. The models for
the pitch and yaw rate were estimated accordingly and the results for the pitch
and yaw rate models are presented at the end of the chapter.

6.1 Roll Rate Identification

In this section, the identification process of the roll rate system is presented. The
roll rate data is composed of two chirps, one used for estimation and the other
for validation. The chirp that is used for estimation data is shown in Figure 6.1.
Both chirps are from the same flight.

35
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Figure 6.1: A chirp experiment for the roll rate. This data is the estimation
data used for identification.

6.1.1 Black-box Identification

A similar black-box comparison as for the vertical velocity model in Section 5.1
is done for the rates. In Table 6.1, the model fit when simulating the estimation
data and aic for ten black-box models of different order are shown. The model
fit suggests that a second order model is enough since an increased model fit
is achieved from order one to two, while the model fit is almost unchanged for
increased model order. The aic is smaller for the second order model compared
to the first order model and unchanged for the higher order models. Both model
fit and aic suggests that a second order model is enough for describing the roll
rate dynamics.

6.1.2 Direct Identification

Since the black-box test in the previous section suggests a second order model,
the structure of the grey-box model is unchanged from (4.46) except for the pa-
rameter fixation Θ16 = −Θ12, resulting in

ṗ = Θ5p + Θ6Tφ

Ṫφ = Θ12Tφ − Θ12uφ
(6.1)

which will be used as primary structure for the roll rate model. By applying
the pem, a grey-box model denoted M1 is estimated. Similar to the input delay
approach for the vertical velocity model in Section 5.2, a first order grey-box
model without motor dynamics but with delayed input is estimated. The grey-
box model is namedM2 and the model structure is given by

p =
Θ6

s − Θ5
es/Θ12uφ (6.2)
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Table 6.1: Model fit and aic for different orders of black-box state-space
models for the roll rate. The model fit is calculated from simulation of the
estimation data. The model fit is similar to the second order model for higher
order models and smaller for the first order model. The aic is smaller for
the second order compared to the first, while it is similar for the models of
higher order. Note the lowered model fit for the black-box models of the fifth
and tenth order. This could be due to overfit when estimating the model.

Model order Model fit aic
1 19.3% 5.88
2 37.5% 5.65
3 37.0% 5.65
4 36.8% 5.65
5 8.7% 5.64
6 38.0% 5.65
7 37.8% 5.65
8 37.9% 5.65
9 37.7% 5.64

10 11.4% 5.63

Table 6.2: Parameter values with one standard deviation for the grey-box
models describing the roll rate estimated using the direct identification ap-
proach.

M1 M2
Θ5 −1.52 ± 0.502 −1.14 ± 0.331
Θ6 16400 ± 1200 13400 ± 546
Θ12 −12.4 ± 1.94 −16.7

Model fit 49.0% 48.7%

where Θ12 = −1/(dTs) with d as the number of delayed samples. The best model
fit is achieved with the input delayed three samples, corresponding to Θ12 ≈
−16.67. The parameter values ofM1 andM2 are shown in Table 6.2.

6.1.3 Two-stage Identification

The grey-box models from the direct approach manage to simulate the output for
the validation data quite well. To investigate the impact of the controller the two-
stage method described in Section 2.3 is applied. Let δφ denote the roll joystick
lever position.

In the first step of the two-stage method a model S is estimated describing
the relation from the joystick position to the input signal as uφ = Sδφ. An arx
and an oe structure for the system S are tested. The order for the arx model is
chosen to na = 9, nb = 11 and nk = 0 using Akaike’s information criterion. For
the oe model, the order is nb = 5, nf = 7 and nk = 0 from the aic. Since there
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Figure 6.2: Simulated input signal, ûφ, from the arx model, S, describing
the controller and the feedback. The simulated signal is compared with the
measured input signal, uφ. Notice that the general dynamics is captured
by the model but minor deviations can be noticed at approximately time
t = 62s.

are small differences between the models when simulating uφ for the validation
data, the arx structure is chosen since it is the most straightforward structure.

The next step of the two-stage method is to simulate the input signal from
δφ creating ûφ. A comparison between the real input uφ and ûφ is shown in
Figure 6.2. As can be seen, the chosen model manages to simulate the control
signal well.

The simulated input signal is then used as input to the model structure in (6.1)
and a grey-box model is estimated. The model based on the two-stage method is
denoted M3. Its parameters are shown in Table 6.3 together with the model fit
when simulating validation data.

Two simulations ofM3 are shown in Figure 6.3. The output is simulated for
two different inputs, the virtual input, ûφ, and the real input uφ. One interesting
thing is that the simulation from ûφ manages to simulate the measured output
from the gyroscope better than the simulation from the measured pwm signal.
This is extra prominent in the time interval t = [62, 64]. One possible reason
for this behaviour is the closed-loop system. If a disturbance occurred, the con-
troller would try to cancel it out and thus producing a control signal that causes
the output signal to be mainly unaffected by the disturbance. When the virtual
input is simulated from the joystick command according to ûφ = Sδφ, there is no
knowledge of the disturbance in the model for S causing the virtual control sig-
nal, ûφ, to behave as the real control signal would have behaved if there were no
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Table 6.3: Parameter values for the virtual input estimated grey-box model,
M3. The model fit is based on the simulation from the measured input, uφ.

M3
Θ5 −0.388 ± 0.0632
Θ6 17400 ± 261
Θ12 −16.2 ± 0.613

Model fit 41.9%
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M3 with measured input, uφ: 41.9% fit

Figure 6.3: Simulation of roll rate with the measured input signal, uφ, and
the simulated signal ûφ. The simulations are done for the modelM3. Notice
the difference in simulation during the time interval t = [62, 64].

disturbance. This could be the case for the difference at time t = [62, 64]s when
simulating the roll rate, p, from the real and virtual control signals, uφ and ûφ.
This behaviour is shown further in Example 6.1.

Another possible explanation is measurement errors. Since uφ is constructed
from measured pwm signals, there is a possibility of measurement error. If a par-
ticularly bad measurement session occurred during the time interval t = [62, 64]s,
the simulated input signal would differ much from the measured signal, thus re-
sulting in the significant difference for that time period. However, it is unlikely
that the avionics solution would sample the pwm signals that poorly during a
short interval and manage to sample it properly for the rest of the simulation.
Hence, this is not the most likely explanation, but it cannot be discarded either.
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Figure 6.4: A closed-loop system with a disturbance, w, on the input to the
system, G. The input ū is not measured. The reference signal, r, the control
signal, u, and the output, y, are measured.

Example 6.1: Two-stage method
Consider a closed-loop system with a disturbance on the input to the system as

shown in Figure 6.4. Many physical systems can be regarded as a system with a
disturbance on the input to the system rather than the output. For example, a
wind disturbance on a flying quadrotor produces a force that pushes the quadro-
tor in some direction. The input to the quadrotor system is the thrust force from
the rotors while the output is the position and orientation and thus the wind can
be considered an additive disturbance on the input to the quadrotor dynamics.

In Figure 6.4, the measured signals are the reference, r, the control signal,
u, and the output, y. The system, G, is affected by the control signal, u, and
the disturbance, w. The true input to the system is denoted ū = u + w. For
the simplicity of the example, the system is assumed to be a linear single-input-
single-output system.

Using loop analysis from Figure 6.4, the following expressions from the refer-
ence, r, and the disturbance, w, are acquired

y =
FG

1 + FG
r +

G
1 + FG

w (6.3a)

u =
F

1 + FG
r − FG

1 + FG
w (6.3b)

ū =
F

1 + FG
r +

1
1 + FG

w. (6.3c)

The controller, F, is assumed to be designed for disturbance cancellation and is a
very fast and aggressive controller. The transfer function from w to y in (6.3a) is
therefore small resulting in

G
1 + FG

≈ 0.

For this to be true, F needs to be large resulting in

FG
1 + FG

≈ 1 (6.4)

and
1

1 + FG
≈ 0 (6.5)

in (6.3). Applying the two-stage method, a model for

S =
F

1 + FG
(6.6)
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Table 6.4: Model parameters for the three roll models estimated from differ-
ent model structures and methods. The model fit at the bottom two rows of
the table is for simulation of the validation data. The first is with the mea-
sured input, uφ, was used and the second when the simulated input signal
from the two-stage method, ûφ was used as input signal.

M1 M2 M3
Θ5 −1.52 ± 0.502 −1.14 ± 0.331 −0.388 ± 0.0632
Θ6 16400 ± 1200 13400 ± 546 17400 ± 261
Θ12 −12.4 ± 1.94 −16.7 −16.2 ± 0.613

Fit from uφ 49.0% 48.7% 41.9%
Fit from ûφ 60.9% 58.6% 68.9%

from the reference signal, r, to the control signal, u, is estimated. Next, the con-
trol signal is simulated using the model, Ŝ. Let

û = Ŝr ≈ F
1 + FG

r (6.7)

denote the simulated control signal. Inserting (6.5) and (6.7) in (6.3c), the expres-
sion yields

ū =
F

1 + FG
r︸    ︷︷    ︸

≈û

+
1

1 + FG
w︸     ︷︷     ︸

≈0

≈ û. (6.8)

and therefore, the simulated control signal describes the true input to the system
well. By using the simulated input instead of the measured one, the effects of
the disturbances are reduced, since û is an approximation of ū = u + w where
u ≈ Sr − w according to (6.6) and (6.4) in (6.3b).

6.1.4 Model Comparison

Three different models, describing the roll rate dynamics are estimated with two
different model structures. The direct identification approach resulted in the
modelM1 which has a structure described in (6.1). For the direct identification
with input delay approach the model is named M2 and its structure is found
in (6.2). Using the two-stage method a grey-box model, M3, with the model
structure found in (6.1), is estimated. Looking at the parameters for each model,
shown in Table 6.4, Θ6 and Θ12 are similar, regardless of the method used for
estimation. The parameter Θ5 however, differs quite much. This parameter could
be interpreted as the damping coefficient for the roll rate and thus, M3 is less
well-damped thanM1 andM2.

A simulation of the validation data from the measured input signal is done,
and the model fit for each model is listed in Table 6.4. The two direct models,M1
andM2, simulate the measured output equally well, while the two-stage model,
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M3, is marginally worse. The greatest difference occurs after time t = 62s which
is shown in Figure 6.5a. It can be seen that all models are unable to simulate
the measured output for the next two seconds. This suggests that a disturbance
on the output is registered by the controller, which counters the disturbance to
make the output follow the desired path. For M1 and M2, the poor simulation
result is relatively brief since both models are quited damped. The model M3,
which is less damped, drifts further and for a longer period of time before the
disturbance has faded out. On the other hand, for high frequencies, as shown in
Figure 6.5b, the less damped model,M3, manages to simulate the output slightly
better. In Figure 6.5b, all models also manage to simulate the output with proper
phase for the high frequency part of the validation chirp.

For comparison, a similar simulation is done using the simulated input, ûφ.
From this input signal, the three models manage to simulate the output more ac-
curately than with the measured input as indicated in Table 6.4. The disturbance
is not shown in the simulated outputs at all (see Figure 6.5c). The direct approach
models, with the larger damping, have a worse model fit compared toM3. Due
to the larger damping, the direct models show a miss-match at the endpoints and
the simulated roll rates start to decrease sooner compared to the measured roll
rate, as shown in Figure 6.5d. M3 manages to simulate the roll rate equally well
as the direct models for the higher frequency part of the validation data. On the
other hand, the direct approach is simpler.

Since the performance differences between the direct approach and the two-
stage method are small, the simpler and more straightforward direct approach is
to prefer. The two direct models are also performing similar compared to each
other. Since the direct approach was chosen over the two-stage method because it
was simpler, the grey-box model structure in (6.1) will be used in the final model
for the same reason.

As for the vertical velocity, a final model is estimated for the roll rate. The
approach and structure is the same as for M1, but estimated using both chirps.
The final roll rate model,Mφ, is given by

ṗ = (−1.28 ± 0.318) p + (16000 ± 784) Tφ
Ṫφ = (−12.5 ± 1.41) Tφ + (12.5 ± 1.41) uφ

(6.9)

when the pem is applied to both the estimation and validation data.

6.2 Pitch Rate Identification

Since the quadrotor is symmetric along the XB and Y B axes, the roll rate model
should be able to describe the pitch rate. This is a desireable feature since, if
the dynamics for the roll and pitch rate can be described by the same model,
the same controller can be used for both roll and pitch rate control. From the
physical model in (4.29), the same model should be possible to use for both the
roll and pitch rate, if the assumptions made are valid. To test whether or not the
roll model in (6.9) is able to describe the pitch rate, a simulation of a collected
pitch rate chirp is made. The result is shown in Figure 6.6. From the looks of
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Figure 6.5: Parts of the simulation from the measured input, uφ, (top) and
from the simulated input, ûφ, (bottom) using the three roll rate models: M1
(solid),M2 (dashed) andM3 (dot dashed). M1 andM2 are indistinguishable
in the plot.
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it, the roll model manages to simulate the pitch rate well enough for control law
design. Therefore, the final roll rate model in (6.9) will be used for the pitch rate
as well. The final pitch rate model,Mθ , is thus given by

q̇ = (−1.28 ± 0.318) q + (16000 ± 784) Tθ
Ṫθ = (−12.5 ± 1.41) Tθ + (12.5 ± 1.41) uθ .

(6.10)

from the structure in (4.47).
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Figure 6.6: Simulation of pitch rate using the final roll rate model. The
main dynamics are captured, however a low-frequency disturbance can be
suspected due to the slowly varying vertical misfit of the simulated chirp.

6.3 Yaw Rate Identification

For the yaw rate identification, data was collected at several occasions. The data
used as estimation data are a set of yaw angle steps together with a yaw rate chirp.
The model structure for the yaw rate grey-box model is given by

ṙ = Θ9r + Θ10Tψ

Ṫψ = Θ14Tψ − Θ14uψ
(6.11)

from (4.48) together with the parameter fixation, Θ18 = −Θ14. Using a similar
black-box approach as in Section 6.1.1 to decide model order, the second order
was suggested since the model fit increased from the first order to the second but
not further for higher order models. The aic for the different black-box models
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Table 6.5: Model fit and aic for different orders of black-box state-space
models for the yaw rate. The aic is smaller for the second order compared
to the first, while it is similar as the models of higher order. The model fit
is similar for order two through ten and since no significant improvement is
shown for a higher order model, the second order is sufficient.

Model order Model fit aic
1 73.7% 4.25
2 78.8% 4.21
3 78.7% 4.20
4 78.8% 4.20
5 78.7% 4.20
6 78.8% 4.20
7 78.8% 4.19
8 79.1% 4.19
9 78.8% 4.19

10 78.8% 4.18

Table 6.6: Parameter values for the three yaw rate models with one standard
deviation together with the nominal value of the time constant τ and the
model fit for the simulated validation data. Notice the difference between
the estimated values of Θ14.

M1 M2 M3
Θ9 −1.08 ± 0.0733 −1.08 ± 0.0576 −1.36 ± 0.0658
Θ10 1050 ± 26.4 1040 ± 22.7 1160 ± 27.0
Θ14 −461 ± 946 −∞ −42.8 ± 1.21

τ = −1
Θ14

0.00217 0 0.0234
Model fit 73.6% 73.7% 70%

did not improve significantly for higher order models either. See Table 6.5 for the
model fit and aic for the different order black-box models for the yaw rate.

With the second order model structure in (6.11) two different grey-box mod-
els are estimated using the direct approach, resulting in M1, and the two-stage
method resulting in M3. In addition, a first order model with input delay is es-
timated using the direct approach. The model with the delayed input is named
M2 and the model structure is given by

r =
Θ10

s − Θ9
es/Θ14uψ . (6.12)

The best model fit is given for zero delayed samples, i.e., a first order system.
The estimated parameter values of the three models can be seen in Table 6.6.
The three models have similar values for Θ9 and Θ10 with small uncertainties,
however the parameter Θ14 differs a lot.

The physical interpretation of Θ14 is the negative inverse motor time constant
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for the yaw rate thrust equation and the following reasoning is simplified if, in-
stead of comparing Θ14, time constant τ = −1

Θ14
is used. The nominal values of τ

for the three models are therefore shown in Table 6.6 as well. The sampling time
of the system is Ts = 0.02s, and thus the minimal time constant possible to detect
is 0.02. The direct approach,M1, suggests that the time constant is smaller than
the sampling time which is not detectable. This is indicated by the large uncer-
tainty for the estimate of Θ14 forM1. The motor dynamics of the yaw rate model
is too fast to detect with just one sample and the yaw rate, r, should be modelled
as a direct influence of uψ . The direct influence is given by the modelM2, which
models the slow dynamics but without any motor dynamics.

On the other hand, the two-stage method estimates the time constant to be
approximately one sample, τ ≈ 0.02. However, the larger time constant causes
the model fit to decrease marginally. In Figure 6.7, a simulation of a yaw rate
chirp using the three models is shown. The figure shows the simulation towards
the end of the chirp andM3 has a slight overshoot compared toM1 andM2, but
still simulates the output well. The two direct models are indistinguishable in
the plot.

Since the direct approach is simpler and the resulting model from the two-
stage method is similar, the direct approach is to prefer for the yaw rate model.
The two direct models are essentially the same, since the time constant forM1 is
approximately one tenth of the sampling time which is a too small time constant
to detect with the current sampling time.

The black-box approach suggests a second order model to most accurately
describe the yaw rate dynamics. With the current grey-box model structure, the
model fit of the second order black-box model is not possible to match. This
suggests that some physical relations which have a significant contribution to
the yaw rate dynamics were neglected in Chapter 4. Therefore, with the given
model structure, the first order system in (6.12) without input delay is suggested
as model for the yaw rate.

Since the goal of the thesis is to estimate a grey-box model describing the
motion of the quadrotor, a grey-box model will be used as final model even if a
second order black-box model manages to simulate the output more accurately.
By using all collected yaw rate data as estimation data, the final yaw rate model,
Mψ , is given by

ṙ = (−1.163 ± 0.03489) r + (1126 ± 14.02) uψ . (6.13)
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Figure 6.7: Simulation of a chirp for the three yaw rate models M1 (solid),
M2 (dashed) andM3 (dot dashed). The two direct models are indistinguish-
able in the plot. M3 is marginally worse at simulating the output compared
to M1 and M2. The plot shows a part of the chirp towards the end of the
maneuver.





7
Final Model

In Chapter 5 and 6, four models are estimated for the vertical velocity, roll rate,
pitch rate and yaw rate, respectively. In this chapter the models are summarized
in a final complete state-space model describing the dynamics of the quadrotor.

The models,Mw,Mφ,Mθ andMψ are found in (5.8), (6.9), (6.10) and (6.13),
respectively. By combining the models from these equations the final state-space
model is given as

ẇ
ṗ
q̇
ṙ
Ṫ
Ṫφ
Ṫθ


=



0 0 0 0 −2.38 0 0
0 −1.28 0 0 0 16000 0
0 0 −1.28 0 0 0 16000
0 0 0 −1.163 0 0 0
0 0 0 0 −14.2 0 0
0 0 0 0 0 −12.5 0
0 0 0 0 0 0 −12.5





w
p
q
r
T
Tφ
Tθ



+



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1126

14.2 0 0 0
0 12.5 0 0
0 0 12.5 0




uT
uφ
uθ
uψ



(7.1)

The uncertainties of the parameters are removed for readability.
Note that the state Tψ is removed compared to the model structure in (4.44)

on page 26. Since the motor dynamics of the yaw rate model cannot be estimated
with the current sampling time, the state is dropped and the input, uψ , affects
the yaw rate directly.

To validate the complete model, a part of a mixed flight is simulated. The

49
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data is from a roll experiment between two maneuvers, when the pilot is steering
the quadrotor back to the initial hovering position.

In Figure 7.1, the simulation plots of the four outputs are shown. As can be
seen in Figure 7.1a and 7.1b, the model manages to simulate the vertical accel-
eration and the roll rate quite well. For the pitch and yaw rate in Figure 7.1c
and 7.1d, the simulation is not as good. The pitch and yaw rate are drifting after
approximately seven and twelve seconds. At these time instances a roll rate is
commanded and the poorly simulated pitch and yaw rate could be due to leak-
age from the commanded roll rate. Overall, the major dynamics of the pitch and
yaw rate is simulated well, with a slight drift, possibly due to the leakage from
the commanded roll rate.

By looking at the model in (7.1), it seems that there exist four separate inputs
to the four separate outputs. However, remembering (3.1) on page 16 the four
inputs uT , uφ, uθ and uψ are different linear combinations of the four motor
control signals, u1−4. Thus, some leakage between the different maneuvers are to
be expected.

Another possibility is that the motors are not perfectly aligned and the thrust
from each rotor is not acting perfectly along ZB as assumed. Since the rates are
fed back to the controller, the misaligned motors can be compensated for by al-
tering the pwm signals. This could also be the cause of the leakage between the
maneuvers in Figure 7.1.

Using the definitions in (3.1), the model in (7.1) can be rewritten as

ẇ
ṗ
q̇
ṙ
Ṫ
Ṫφ
Ṫθ


=



0 0 0 0 −2.38 0 0
0 −1.28 0 0 0 16000 0
0 0 −1.28 0 0 0 16000
0 0 0 −1.163 0 0 0
0 0 0 0 −14.2 0 0
0 0 0 0 0 −12.5 0
0 0 0 0 0 0 −12.5





w
p
q
r
T
Tφ
Tθ



+



0 0 0 0
0 0 0 0
0 0 0 0

−281.5 281.5 −281.5 281.5
3.55 3.55 3.55 3.55

3.125 −3.125 −3.125 3.125
3.125 3.125 −3.125 −3.125




u1
u2
u3
u4



(7.2)

which is the same model as (7.1) but with an alternative interpretation of the
inputs to the system. In (7.2), the possibility of leakage from, for example a
commanded roll rate, to a pitch rate, appears more clearly.
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Figure 7.1: The simulation result for the final model when simulating part
of a mixed flight.





8
Conclusions

According to the results in the previous chapters, the separated models manage
to simulate their respective outputs fairly well.

Using the imu measurements, a model describing the vertical velocity could
not be estimated, but a model for the acceleration could. This is because the veloc-
ity is unobservable from acceleration measurements only. With the final model,
the general dynamics for the vertical accelerations measured by the accelerome-
ter is captured. Compared to the black-box model, the grey-box model manages
to simulate the output equally well.

For the roll rate, the model is able to simulate the major dynamics well. The
time constant for the motor dynamics was possible to estimate from the gyro-
scope measurement, but the gain from input to roll torque was not. To be able to
accurately estimate the separate gains, the angular speed of the rotors needs to
be measured. For the application of control design however, the current setup is
enough. From simulation of the pitch rate using the roll rate model, it was shown
that the model used to describe the roll rate could be used for the pitch rate as
well.

The second order grey-box model structure derived in Chapter 4 was proved
insufficient when compared to a second order black-box model. The time con-
stant for the motors was much faster than the sampling time, thus resulting in
a first order model for the yaw rate. According to the physical derivation, the
time constants should be equal for the roll, pitch and yaw torques. However, this
is due to the assumption that the torques produced originate from differences
in thrust forces. For the yaw rate, the torque turning the quadrotor is produced
from a reaction torque when the rotors are accelerating. Therefore, a faster time
constant is not unexpected. One thing that is noteworthy however is that the
second order black-box model manages to simulate the output better than the
first order black-box model. The final yaw rate grey-box model simulates the out-
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put similar to the first order black-box model. This indicates that the suggested
model structure for the yaw rate in (6.11) misses some behaviour that is captured
by the second-order black box model, which has no restriction to its parameters.

Finally, the direct approach was compared with the two-stage method. For
all models, the direct approach was chosen for the final models. This was not
because the two-stage method estimated a worse model, but since the direct
approach was more straightforward and managed to estimate an equally good
model. By using the two-stage method however, some interesting behaviours
could be noted. The roll rate model managed to simulate the output better from
a simulated input compared to the measured input. This suggests that the con-
troller is well tuned and cancels disturbances very fast.

8.1 Future Development

With the existing sensors, the vertical velocity is unobservable. By adding an
altitude sensor (such as an ultra-sonic sensor or a barometer) a better velocity
estimation can be achieved. However, for control design, the acceleration model
should be enough.

For the roll and pitch rate model, a more thorough investigation of the damp-
ing coefficient needs to be conducted. The models estimated using the direct
approach and the two-stage method differed for the damping coefficient but they
simulate the output equally well. Since the simulated input described the out-
put better, an investigation of the two-stage method is needed. The methods
have been compared using measured data with many unknown factors. There
exists measurement noise on the input signal, an unknown flight controller, un-
detectable process noise, and so forth. By simulating a system and evaluating the
two-stage method in an isolated environment, further conclusions regarding the
two-stage method can be drawn and used when deciding which roll rate model
is closest to the true system.

Since the yaw rate model misses some dynamics compared to the black-box
model, a new model structure needs to be derived. Also, if the short time constant
for the yaw rate torque is to be accurately estimated, the sampling frequency of
the avionics solution needs to be increased.

Finally, the platform is also possible to develop further. More sensors can be
implemented for better state estimation and the vibration damping platform can
be improved as well. Since the vibration damping material was over-dimensioned
for stability of the rig rather than for damping out the vibrations, this could be
significantly improved with a more accurate design and use of the sylomer mate-
rial.
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A
Thrust Linearization

The thrust from one rotor in (4.32) is

Ti = krΩ
2
i (A.1)

and from (4.30) the angular speed of a motor is given by

Ωi =
K

sτi + 1
ui . (A.2)

The nonlinear expression for the time derivative of the thrust from a single rotor
is given in (4.34) as

Ṫi =
−2
τ
Ti +

2K
√
kr

τ

√
Tiui︸                     ︷︷                     ︸

=fi (Ti ,ui )

. (A.3)

The steady-state for a single motor is given by

Ti = Ti,0, ui = ui,0, Ωi = Ω0 (A.4)

and from (A.1) and (A.2) in steady-state it is possible to rewrite

Ω0 =

√
Ti,0
kr

= Ku0. (A.5)

According to the results in Glad and Ljung [2004, p.405-407] the linearization
of Ṫi in (A.3) is given by

Ṫi ≈ fi(Ti,0, ui,0)︸       ︷︷       ︸
=0

+
∂fi(Ti , ui)

∂Ti

∣∣∣∣∣
Ti,0,ui,0

(Ti − Ti,0) +
∂fi(Ti , ui)
∂ui

∣∣∣∣∣
Ti,0,ui,0

(ui − ui,0)

=


√

kr
Ti,0

Kui,0
1
τ
− 2
τ

 (Ti − Ti,0) +
2K

√
krTi,0
τ

(
ui − ui,0

) (A.6)
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and together with (A.5)

Ṫi ≈
−1
τ

(Ti − Ti,0) +
2K

√
krTi,0
τ

(
ui − ui,0

)
. (A.7)

From (4.35), the state vector, T , is expressed in terms of Ti , i ∈ {1, 2, 3, 4} as

T =


T
Tφ
Tθ
Tψ

 =


1 1 1 1
1 −1 −1 1
1 1 −1 −1
−1 1 −1 1

︸                   ︷︷                   ︸
=T


T1
T2
T3
T4

 . (A.8)

The derivative is a linear operator and therefore the linearized time derivative of
Ṫ is given by the linearized expression for Ṫi in (A.6) as

Ṫ =


Ṫ
Ṫφ
Ṫθ
Ṫψ

 = T


Ṫ1
Ṫ2
Ṫ3
Ṫ4

 . (A.9)

Thus,

Ṫ =


T
Tφ
Tθ
Tψ

 ≈

−1
τ (T − T0) + 2K

√
krT0
τ (uT − u0)

−1
τ Tφ + 2K

√
krT0
τ uφ

−1
τ Tθ + 2K

√
krT0
τ uθ

−1
τ Tψ + 2K

√
krT0
τ uψ

 (A.10)

which gives the linear model

Ṫ =


Ṫ
Ṫφ
Ṫθ
Ṫψ

 =


Θ11 0 0 0

0 Θ12 0 0
0 0 Θ13 0
0 0 0 Θ14



T
Tφ
Tθ
Tψ

 +


Θ15 0 0 0

0 Θ16 0 0
0 0 Θ17 0
0 0 0 Θ18



uT
uφ
uθ
uψ


(A.11)

for the hover steady-state.



B
Platform Development

This chapter contains plots comparing accelerometer and gyro data before and
after the vibrations damping platform was mounted on the quadrotor.
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Figure B.1: Comparison for the gyro measurements before (left) and after
(right) the new platform.
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Figure B.2: Comparison for the accelerometer measurements before (left)
and after (right) the new platform.
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