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Abstract

Probabilistic graphical models are currently one of the most commonly used
architectures for modelling and reasoning with uncertainty. The most widely
used subclass of these models is directed acyclic graphs, also known as
Bayesian networks, which are used in a wide range of applications both
in research and industry. Directed acyclic graphs do, however, have a ma-
jor limitation, which is that only asymmetric relationships, namely cause
and effect relationships, can be modelled between their variables. A class of
probabilistic graphical models that tries to address this shortcoming is chain
graphs, which include two types of edges in the models representing both
symmetric and asymmetric relationships between the variables. This allows
for a wider range of independence models to be modelled and depending on
how the second edge is interpreted, we also have different so-called chain
graph interpretations.

Although chain graphs were first introduced in the late eighties, most re-
search on probabilistic graphical models naturally started in the least com-
plex subclasses, such as directed acyclic graphs and undirected graphs. The
field of chain graphs has therefore been relatively dormant. However, due
to the maturity of the research field of probabilistic graphical models and
the rise of more data-driven approaches to system modelling, chain graphs
have recently received renewed interest in research. In this thesis we provide
an introduction to chain graphs where we incorporate the progress made in
the field. More specifically, we study the three chain graph interpretations
that exist in research in terms of their separation criteria, their possible
parametrizations and the intuition behind their edges. In addition to this
we also compare the expressivity of the interpretations in terms of repre-
sentable independence models as well as propose new structure learning
algorithms to learn chain graph models from data.

This work is funded by the Swedish Research Council (ref. 2010-4808).

iii





Populärvetenskaplig
sammanfattning

Inom statistik, fysik och datavetenskap har modeller använts genom histo-
rien för att först̊a och beskriva olika delar av världen. I de system man
försökt beskriva har d̊a de relevanta faktorerna ofta representerats som vari-
abler och relationerna mellan dessa variabler har p̊a olika sätt avspeglats i
modellerna. Beroende p̊a karakteristiken av systemet, och dess variabler, har
olika typer av modeller utvecklats och använts men en vanlig del har varit
att använda n̊agon typ av grafisk illustration för att underlätta först̊aelsen
av hur variablerna relaterar till varandra. I denna avhandling behandlar vi
en typ av s̊adan modell kallad sannolikhetsbaserad grafisk modell (proba-
bilistic graphical model) och mer specifikt en underklass av dessa kallade
kedje-grafer (chain graphs). I en sannolikhetsbaserad grafisk modell repre-
senteras variablerna som noder och relationerna mellan variablerna som olika
typer av b̊agar mellan dessa noder. Variablerna kan vara av olika natur, men
oftast är de antingen diskreta, allts̊a att de kan vara i ett av flera tillst̊and,
eller kontinuerliga, d.v.s. att de kan ta ett värde p̊a en kontinuerlig skala.
Till grafen kan det ocks̊a finnas en parametrisering av relationerna mel-
lan variablerna som i sig är sannolikhetsbaserad och där en variabel endast
p̊averkas av närliggande variabler i grafen. Sannolikhetsbaserad betyder för
t.ex. en diskret variabel att dess exakta tillst̊and inte behöver vara känt,
utan att man istället uppskattar sannolikheterna att variabeln befinner sig
i sina olika tillst̊and. Observerar man sedan att en viss variabel befinner
sig i ett visst tillst̊and kan man beräkna hur detta p̊averkar sannolikheterna
av att närliggande variabler befinner sig i sina respektive tillst̊and och hur
detta i sin tur p̊averkar de andra variablerna i modellen. Att använda
en sannolikhetsbaserad modell, och inte en deterministisk modell, medför
m̊anga fördelar. Det till̊ater t.ex. att modellen kan inkludera relationer
mellan faktorer där den exakta p̊averkan mellan dem är sv̊ar eller omöjlig
att bestämma. Man kan även utelämna faktorer helt ur sin modell, antingen
för att de är okända eller sv̊ara att mäta, och den okända p̊averkan dessa
faktorer har p̊a andra variabler i modellen inkorporeras automatiskt som
osäkerhet i tillst̊anden av variablerna. Sannolikhetsbaseringen gör det ocks̊a
enkelt att uppskatta parametrarna för modellen av antingen en expert av
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systemet eller fr̊an insamlad data. Detta, tillsammans med grafen som ger
en intuitiv översikt av modellen och dess representerade relationer, har gjort
att sannolikhetsbaserade grafiska modeller idag är en av de mest välanvända
modelltyper som hanterar icke-deterministiska system. Olika underklasser
av dessa modeller används idag i en uppsjö av applikationer som t.ex. au-
tomatisk felsökning av skrivare, modellering av protein-strukturer i bioin-
formatik eller beslutsstödssystem inom finansmarknadsanalys. Ett problem
med de underklasser av sannolikhetsbaserade grafiska modeller som används
mest idag är dock att de endast kan representera en typ av relation mellan
sina variabler. För den mest välanvända underklassen, Bayesianska nätverk,
är detta den asymmetriska relationen orsak-och-p̊averkan, där en variabel
är orsaken av tillst̊andet av en annan variabel. Det finns dock system som
inneh̊aller andra typer av relationer, som t.ex. när det finns okända gemen-
samma orsaksfaktorer för flera variabler i systemet. Bayesianska nätverk
kan d̊a visserligen fortfarande representera systemet, men bara genom att
p̊a ett inkorrekt sätt lägga till extra b̊agar i modellen och därmed represen-
tera inkorrekta relationer. Detta är problematiskt ur bland annat följande
aspekter.

� Modellen kan skilja sig fr̊an en experts först̊aelse av systemet vilket
gör modellen sv̊ar att först̊a och parametrisera.

� Aktiv p̊averkan av systemet kan ge ett annorlunda resultat i modellen
jämfört med i verkligheten.

� De algoritmer som används för att beräkna sannolikheten för tillst̊anden
av variablerna blir l̊angsammare ju fler b̊agar grafen inneh̊aller.

För att lösa detta problem har flera olika metoder föreslagits. I denna
avhandling diskuterar vi en s̊adan metod som g̊ar ut p̊a att använda en mer
expressiv underklass av sannolikhetsbaserade grafiska modeller än Bayesian-
ska nätverk, d.v.s. en underklass som kan representera en större mängd
system. Underklassen som avhandlas kallas kedje-grafer och som förutom
relationen orsak-och-p̊averkan ocks̊a kan representera en symmetrisk rela-
tion. Denna symmetriska relation kan dock tolkas p̊a olika sätt, vilket har
gett upphov till flera s̊a kallade interpretationer. I avhandlingen undersöker
vi närmare de tre interpretationerna som f̊att mest uppmärksamhet i forsk-
ningen; Lauritzen-Wermuth-Frydenberg interpretationen (LWF), Andersson-
Madigan-Perlman interpretationen (AMP) samt multivariata regressions-
interpretationen (MVR). Mer specifikt beskriver vi, för var och en av inter-
pretationerna, hur de fungerar, hur b̊agarna i graferna kan tolkas samt vilka
parametriseringar som finns. Vi undersöker ocks̊a hur m̊anga olika system
de olika interpretationerna kan representera samt presenterar algoritmer för
att lära sig kedje-grafsmodeller fr̊an existerande data.
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Chapter 1

Introduction

In fields like physics, statistics and computer science models have been used
throughout history to understand and describe the relationships between
certain aspects in the world. In the models the relevant aspects have typi-
cally been represented as variables, forming a system, and depending on the
nature of the aspects and relationships different types of models have been
used. In this thesis we will look into one such type of model called prob-
abilistic graphical model (PGM), and more specifically its subclass, chain
graphs. PGMs are based on the idea that the relationships between the
variables in a system are inherently uncertain (probabilistic) and can be
described according to a graph. The uncertainty can be due to a number of
factors, the most important being that only parts of the system might be
observable and that measurements might be noisy, whereas representing the
model as a graph allows for an intuitive representation of the interactions
between the variables in the system. The graph also allows us to reason
how information may propagate throughout our model when for example
the states of some variables in the system are observed. PGMs were intro-
duced at the beginning of the last century with Wrights’ path analysis [39]
and Gibbs’ applications to statistical physics [10], but did not receive much
attention until the 1980s when Pearl applied the models in computer science.
After that the research field bloomed and PGMs are currently used in a wide
range of applications, for example error diagnostics in printers, modelling
protein structures in bioinformatics and decision support systems in market
analysis. The main advantages of using PGMs compared to other models
are that the representation is intuitive, inference can be done efficiently and
a wide range of algorithms exist for creating the models from data. As a
result, PGMs have arguably become the most important architecture for
reasoning with uncertainty [17].

To model a system as a PGM, we first need to identify the variables
that are of interest. Depending on the nature of the variables they can be
modelled differently. The most researched cases are when the variables are
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CHAPTER 1. INTRODUCTION

either discrete, i.e. each variable can be in one of a finite number of states, or
continuous, i.e. each variable takes a value in a continuous range. The graph
of a PGM then represents these variables as nodes and the relationships
between the variables as edges where the type of relationship represented
differs depending on which PGM subclass is used. In addition to the graph
a PGM class can also contain some parametrization of the relationships
between the variables in the model based on the graph. The parameters
define the probability that a variable takes a certain state or value depending
on the state or values of its neighboring variables in the graph, and are
typically represented as tables for discrete variables and as functions for
continuous variables. Hence we can say that the graph of a PGM represents
which variables interact in the modelled system, while the parametrization
represents how they interact. An example of a PGM is shown in Figure 1.1
which will be explained in detail later.

One of the most basic subclasses of PGMs is undirected graphs (UGs),
also known as Markov networks, in which each undirected edge represents
a direct correlation between the two variables it connects, while no edge
means that the variables are not directly correlated. The most well known
and widely used PGM class, however, is directed acyclic graphs (DAGs),
also known as Bayesian networks.1 In a DAG the directed edges can be
seen as representing cause and effect relationships. As an example, we can
consider a system with the following variables; whether it has been raining
during the night or not, whether the lawn is wet in the morning or not and
whether the street is wet in the morning or not. In this case it is quite
clear that the rain causes the lawn and street to become wet and hence
modelling the system as a DAG would result in the graph shown in Figure
1.1a. We can then, given either experience or past measurements, say that
the probability that it has been raining any given day is 0.3 and that the
probability that the lawn is wet if it has been raining is 0.9 while it is 0.05
otherwise. Similarly we can say that the probability that the street is wet
given that it has been raining is 0.8 (it dries faster than the lawn) while it
is only 0.05 if it has not been raining. These conditional probability tables
are shown in Figure 1.1b.

Using this DAG we can now answer simple queries like What is the
probability that the lawn is wet given that it has been raining? but we can
also compute more advanced implicit probabilities such as the answer to On
any morning, given no other information, what is the probability that the
lawn is wet? or If the lawn is wet, what is the probability that the street
is wet?. From the causal assumptions, such as that the rain causes the
lawn to be wet, it also follows which variables may be dependent on which
other variables, i.e. when observations about certain variables may affect
the probabilities of other variables taking certain states or values. We can,
for example, deduce that observing whether the lawn is wet may change our
belief about whether the street is wet if we have not observed whether it has

1In this thesis we make no distinction between DAGs and Bayesian networks.
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Rain

Wet streetWet lawn

(a) The graph G.

Rain True False
0.3 0.7

Wet Lawn True False
Rain = True 0.9 0.1
Rain = False 0.05 0.95

Wet Street True False
Rain = True 0.8 0.2
Rain = False 0.05 0.95

(b) Conditional probability tables.

Rain = True Rain = False

Wet Lawn = True Wet Lawn = False Wet Lawn = True Wet Lawn = False

Wet Street = True 0.21600 0.02400 0.00175 0.03325

Wet Street = False 0.05400 0.00600 0.03325 0.63175

(c) A joint probability distribution.

Figure 1.1: A simple DAG.

been raining or not. The explanation for this is that, by observing that the
lawn is wet, our belief that it has been raining may change, which in turn
may change our belief that the street is wet. Hence we say that the wet
street variable may be dependent on the wet lawn variable given no other
information. On the other hand, if we have observed that it has been raining,
then observing that the lawn is wet does not affect our belief about whether
the street is wet or not. This is because observing that the street is wet does
not change our belief about whether it has been raining or not, since we
already know this. Hence we say that the wet street variable is independent
of the wet lawn variable given the rain variable. These independences are
encoded in the graph of a PGM according to the separation criteria of that
PGM class. In the following chapters we will cover how these independences
can be read from the graph, but the important thing here is that we can,
from just studying the graph, conclude which variables may be dependent
and which are independent of other variables given a third set of variables.

A PGM can also be seen as a factorization of a joint probability distribu-
tion of the state of a system. If we look at the example shown in Figure 1.1 we
can see that the DAG represents the factorization p(Rain,WetStreet,WetLawn)= p(WetStreet∣Rain)p(WetLawn∣Rain)p(Rain) due to the independences rep-
resented in the graph. Factorizing a large joint probability distribution has
many benefits. First, it illuminates the conditional independences between
the variables in the distribution. Secondly, instead of having one large joint
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CHAPTER 1. INTRODUCTION

probability distribution we get multiple smaller probability distributions.
This allows for efficient use of space since the size of a joint probability
distribution grows exponentially with the number of nodes while the to-
tal size of local probability distributions only grows quasi-linearly if most
variables are conditionally independent. Multiple small probability distribu-
tions generally also allow us to do calculations faster than using a single joint
probability distribution. An example of this is seen in Figure 1.1 where the
joint probability distribution in Figure 1.1c can be factorized according to
the DAG shown in Figure 1.1a into the conditional probability distributions
in Figure 1.1b.

As noted above, DAGs work fine and are used in a wide range of applica-
tions today. DAGs do, however, have some shortcomings due to the fact that
they only model asymmetric causal relationships between variables, i.e. re-
lationships where the order of the variables matters. This means that when
we want to model a system with some other kind of relationship between
its variables, such as a symmetric relationship where the variables in the
relationship have no internal ordering, the representation falls short. For
example, this can happen when we have the system described for Figure 1.1
but where we only are aware of, and have measurements for, the wet lawn
and wet street variables but not the rain variable. Hence the rain variable
does not exist in our model. We then know that the wet lawn and wet
street variables are correlated, i.e. when we observe that the lawn is wet
this increases our belief that the street is also wet and vice versa. At the
same time we actually know the dynamics of the system and thereby that it
is wrong to say that the wet lawn variable is the cause of the wet street or
vice versa. That the relation is non-causal can also be seen by intervening
in the system. If we, for example, make the street wet by throwing water
on it, this does not increase the probability that the lawn becomes wet. Nor
does making the lawn wet cause the street to be wet.

The correct way to model such a system would instead be to use a class
of models that can model the symmetric relationship between the variables,
such as UGs or bidirected graphs (BGs). However, what happens if we
have both symmetric and asymmetric relationships in a system? For ex-
ample, consider the case where we extend the system described above with
two additional variables, a sprinkler variable that indicates if the sprinkler
has been on, causing the lawn to be wet, and a street cleaned variable in-
dicating that the street recently has been cleaned, causing the street to
be wet. Then we have two causal relationships (Sprinkler → WetLawn,
StreetCleaned → WetStreet) and one non-causal symmetric relationship
(WetLawn − WetStreet) resulting in a system that cannot be represented
correctly as a DAG, UG or BG. A model including the relations described
in the extended system is shown in Figure 1.2b where the unrepresentable
relation is shown as a dashed line.

It can be argued that the system described above is causal and hence
can be modelled as a DAG but that the model is simply missing a vari-
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Wet streetWet lawn

Sprinkler

Wet lawn Wet street

Street cleaned

(a) Representable indepen-
dence model.

(b) Extended unrepresentable independence
model.

Figure 1.2: Non-causal relationships.

able. This variable can then be added to the model as a so-called latent,
or hidden, variable that represents the unmeasured rain variable. This ap-
proach is a research field in itself and will not be covered in this thesis, but
it should be clear that adding latent nodes to a model is no trivial task
[27]. Moreover, there are many types of symmetric relations for which this
is not possible, such as if we have a selection bias relation between two
variables in our system. This means that the two variables in the relation
influence whether or not the system is sampled, causing the sampling pro-
cess to not be properly randomized. Another case of a symmetric relation
is when two variables are tied through an equation, such as in Boyle’s law
Pressure ⋅ Temperature = constant. We then know that if the pressure de-
creases the temperature must increase and vice versa. Hence the two vari-
ables are correlated but neither is the cause of the other and this relation is
not due to some unknown factor [5].

However, currently systems containing both causal and non-causal re-
lationships are mostly modelled with DAGs. This poses many problems,
primarily that the models are incorrect with respect to the dynamics of the
underlying system. This makes them hard to understand by experts in the
domain and conclusions drawn from the models may be wrong. A better
approach would be to use a more expressive PGM class, that can model both
symmetric and asymmetric relationships, and in this thesis we describe one
such PGM class called chain graphs (CGs). CGs contain two types of edges,
the directed edge that corresponds to the causal relationship in DAGs and a
second type of edge representing a symmetric relationship. This allows CGs
to correctly model a much larger set of systems than DAGs [32] in a compact
way that is, at the same time, interpretable, efficient to perform inference
on and for which efficient learning algorithms exist. CGs were introduced
in the late eighties, but there has recently been renewed interest in them
as researchers have begun modelling more advanced systems, such as gene
networks [2] or financial networks [6].

While the interpretation of the directed edge in a CG is quite clear,
the second type of edge can represent different types of relations and, de-
pending on how we interpret it in the graph, we say that we have differ-
ent CG interpretations. Today there are several possible interpretations of
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CHAPTER 1. INTRODUCTION

CGs with different separation criteria, i.e. different ways of reading condi-
tional independences from the graph, and different intuitive meaning behind
their edges. The first interpretation (LWF) was introduced by Lauritzen,
Wermuth and Frydenberg [9, 14] to combine DAGs and UGs. The second
interpretation (AMP), was introduced by Andersson, Madigan and Perl-
man, and also combines DAGs and UGs but with a separation criterion
that more closely resembles the one of DAGs [1]. The third interpretation,
the multivariate regression interpretation (MVR), was introduced by Cox
and Wermuth [3] to combine DAGs and BGs. In addition to these, a fourth
interpretation has been proposed [7], but the three interpretations above
have received the most attention in the literature and are the ones discussed
in this thesis. It is noteworthy that for LWF, AMP and MVR CGs no
interpretation subsumes another [7, 30], and no interpretation is generally
better than any other. LWF, AMP and MVR CG interpretations are just
different from each other, similarly to the way that DAGs and UGs are dif-
ferent from each other, and are suited to different problems. Also, although
they all have different properties, CGs are characterized by having chain
components in which the nodes are connected to each other by undirected
edges (for LWF and AMP CGs) or bidirected edges (for MVR CGs). The
chain components are then themselves connected to each other by directed
edges. This means that CGs allow for a partial causal ordering where the
variables within each chain component have no internal ordering, while the
chain components themselves are partially ordered.

The rest of the thesis is organized as follows. It starts with seven chapters
that are intended to give the reader an introduction to the research field of
CGs. These are then followed by an appendix that contains the papers with
our contributions to the field, where the areas discussed in previous chapters
are revisited and covered in detail. The introductory chapters start with
Chapter 2, where we define the notation used throughout the thesis, where
after we in Chapter 3 discuss how CGs relate to other PGM classes and why
they are interesting to research. This is followed by Chapter 4 where we take
a closer look at each of the interpretations in terms of separation criterion,
possible parametrizations and intuitive meaning of the edges. In Chapter
5 we then compare the expressivity of the different interpretations, i.e. the
number of independence models, or systems, representable. Subsequently,
in Chapter 6, we give an overview of what structure learning algorithms
currently exist for CGs and how they perform relative to each other. Finally
in Chapter 7 we conclude the introductory chapters of the thesis and discuss
challenges for future research. This is then followed by Appendix A starting
with a short summary, describing how the papers are related to the previous
chapters, followed by the papers themselves.
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Chapter 2

Notation

In the last chapter we discussed why PGMs and CGs are useful without
going into the technical details. In the rest of the thesis we will have a more
technical standpoint, hence we need to define the terms used. Note that the
definitions and examples focus on the subject of the thesis, CGs, and for
a more complete introduction to PGMs we refer the reader to the work by
Koller and Friedman [11].

Throughout the thesis we use lower case letters to denote variables, or
nodes, while for sets of variables (including singletons) we use upper-case
letters. All graphs and probability distributions are defined over a finite set
of variables V represented as nodes in the graph.

If a graph G contains an edge between two nodes vi and vj , we denote a
directed edge with vi → vj , a bidirected edge with vi ←→ vj and an undirected
edge with vi − vj . By vi ←⊸vj we mean that either vi → vj or vi ←→ vj is in
G.

The parents of a set of nodes X of G is the set paG(X) = {vi∣vi → vj
is in G, vi ∉ X and vj ∈ X}. The children of X is the set chG(X) ={vi∣vj → vi is in G, vi ∉ X and vj ∈ X}. The spouses of X is the set
spG(X) = {vi∣vi ←→ vj is in G, vi ∉ X and vj ∈ X}. The neighbors of X is
the set nbG(X) = {vi∣vi − vj is in G, vi ∉ X and vj ∈ X}. The boundary of
X is the set bdG(X) = paG(X) ∪ nbG(X) ∪ spG(X). The adjacents of X is
the set adG(X) = bdG(X) ∪ chG(X).

To exemplify these concepts we can study the graph G with five nodes
shown in Figure 2.1a. In the graph we can see two bidirected edges, one
between v2 and v4 and one between v4 and v5. Hence we know the spouses
of v4 are v2 and v5. G also contains two directed edges from v1 to v2 and
from v2 to v5 and we can see that v5 is the only child of v2 and v2 is the only
child of v1. Finally G also contains one undirected edge between v3 and v4
and hence v3 is a neighbor of v4. All in all this means that the boundary of
v2 is v1 and v4 while the adjacents of v2 also contains v5 in addition to v1
and v4.
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v1 v2

v5v4v3

v2

v5v4

v2

v5v4

(a) A graph G. (b) A subgraph of G over{v2, v4, v5}. (c) A subgraph of G induced by{v2, v4, v5}.
Figure 2.1: Three different graphs.

A route from a node v1 to a node vn in G is a sequence of nodes v1, . . . , vn
such that vi ∈ adG(vi+1) for all 1 ≤ i < n. A path is a route containing
only distinct nodes. The length of a path is the number of edges in the
path. A path is called a cycle if vn = v1. A path is descending if vi ∈
paG(vi+1) ∪ spG(vi+1) ∪ nbG(vi+1) for all 1 ≤ i < n. The descendants of a
set of nodes X of G is the set deG(X) = {vn∣ there is a descending path
from v1 to vn in G, v1 ∈ X and vn ∉ X}. A path is strictly descending if
vi ∈ paG(vi+1) for all 1 ≤ i < n. The strict descendants of a set of nodes X of
G is the set sdeG(X) = {vn∣ there is a strictly descending path from v1 to vn
in G, v1 ∈X and vn ∉X}. The ancestors (resp. strict ancestors) of X is the
set anG(X) = {v1∣vn ∈ deG(v1), v1 ∉ X,vn ∈ X} (resp. sanG(X) = {v1∣vn ∈
sdeG(v1), v1 ∉ X,vn ∈ X}). Note that the definition for strict descendants
given here coincides to the definition of descendants given by Richardson
[24]. A cycle is called a semi-directed cycle if it is descending and vi → vi+1
is in G for some 1 ≤ i < n. A subgraph of G is a subset of nodes and edges
in G. A subgraph of G induced by a set of its nodes X is the graph over
X that has all and only the edges in G whose both ends are in X. A set of
nodes is complete in a graph G if all nodes in the set are adjacent to each
other in G. A complete set of nodes is also said to be a clique in G if there
exists no superset of it that is complete.

To exemplify these concepts we can study the graph G in Figure 2.1
again. In the graph we can see that v5 is a strict descendant of v1 due to the
strictly descending path v1 → v2 → v5, while v4 is not. v4 is, however, in the
descendants of v1 together with v2, v3 and v5. v1 is therefore an ancestor of
all variables except itself. We can also see that G contains a semi-directed
cycle v2 → v5 ←→ v4 ←→ v2. In Figure 2.1b we can see a subgraph of G with
the variables v2, v4 and v5 while in Figure 2.1c we see the subgraph of G
induced by the same variables. Since the nodes v2, v4 and v5 are all adjacent
we can also note that this set of nodes is complete in G.

All graphs considered in this thesis are loopless graphs, i.e. no node can
have an edge to itself. An undirected graph (UG), also known as a Markov
network, contains only undirected edges while a bidirected graph (BG),
also known as covariance graph, contains only bidirected edges. A directed
acyclic graph (DAG) contains only directed edges and no semi-directed cy-
cles. A chain graph (CG) under the Lauritzen-Wermuth-Frydenberg (LWF)
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v1 v2

v3 v4

v1 v2

v3 v4

(a) An LWF or AMP CG H. (b) An MVR CG F .

Figure 2.2: Two different CGs.

interpretation, denoted LWF CG, contains only directed and undirected
edges but no semi-directed cycles. Likewise a CG under the Andersson-
Madigan-Perlman (AMP) interpretation, denoted AMP CG, is a graph con-
taining only directed and undirected edges but no semi-directed cycles. A
CG under the multivariate regression (MVR) interpretation, denoted MVR
CG, is a graph containing only directed and bidirected edges but no semi-
directed cycles. A chain component C of an LWF CG or an AMP CG (resp.
MVR CG) is a maximal set of nodes such that there is a path between every
pair of nodes in C containing only undirected edges (resp. bidirected edges).
An ancestral graph (AG) contains bidirected, undirected and directed edges
but no subgraphs of the form vi ←⊸vj − vk nor any pair of nodes vi and vj
such that vj ∈ sde(vi) and vi ∈ spG(vj) ∪ chG(vj). Similarly regression CGs
and marginal AMP CGs (MAMP CGs) are graphs containing undirected,
directed and bidirected edges but with some additional restrictions on what
structures these can take. Note that although these PGM classes are called
CGs they are not CGs in the traditional sense since they contain three types
of edges, hence when we refer to CGs we only include LWF, AMP and MVR
CGs.

If we go back to our example in Figure 2.1 we can see that the graph in
Figure 2.1a is not an LWF CG, AMP CG, MVR CG or MAMP CG since
it contains a semi-directed cycle, nor an AG since it contains the subgraph
v2 ←→ v4 − v3. An example of an LWF CG or an AMP CG H is shown in
Figure 2.2a, while an example of an MVR CG F is shown in Figure 2.2b.
We can here see that H contains three chain components {v1}, {v2} and{v3, v4} and that F contains two chain components {v1} and {v2, v3, v4}.

Let X, Y , Z and W denote four disjoint subsets of V . We say that
X is conditionally independent from Y given Z if the value of X does not
influence the value of Y when the values of the variables in Z are known,
i.e. p(X,Y ∣Z) = p(X ∣Z)p(Y ∣Z) holds whenever p(Z) > 0. We denote this
by X⊥pY ∣Z if it holds in a probability distribution p while with X/⊥pY ∣Z we
mean that it does not hold in p. Moreover, we say that X is separated from
Y given Z in a graph G if the separation criterion of G represents that X is
conditionally independent of Y given Z. We denote this by X⊥GY ∣Z and we
will discuss different separation criteria for CGs in Chapter 4. Similarly we
denote with X /⊥GY ∣Z that the separation criterion of G does not represent

9
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the conditional independence.
The independence model M induced by a probability distribution p

(resp. a graph G), denoted as I(p) (resp. I(G)), is the set of statements
X ⊥ pY ∣Z (resp. X ⊥GY ∣Z) that hold in p (resp. G). Given two inde-
pendence models M and N , we denote by M ⊆ N that if X⊥MY ∣Z then
X⊥NY ∣Z for every X, Y and Z. We say that M is a graphoid if it satisfies
the following properties: Symmetry X⊥MY ∣Z ⇒ Y⊥MX ∣Z, decomposition
X⊥MY ∪W ∣Z ⇒X⊥MY ∣Z, weak union X⊥MY ∪W ∣Z ⇒ X⊥MY ∣Z ∪W ,
contraction X ⊥MY ∣Z ∪W ∧ X⊥MW ∣Z⇒X⊥MY ∪W ∣Z, and intersection
X⊥MY ∣Z ∪W ∧X⊥MW ∣Z ∪Y ⇒X⊥MY ∪W ∣Z. An independence model M
is also said to fulfill the composition property iff X⊥MY ∣Z ∧X⊥MW ∣Z ⇒
X⊥MY ∪W ∣Z.

A probability distribution p is said to fulfill the global Markov property
with respect to a graph G, if for any X⊥GY ∣Z, given the separation criterion
for the PGM class to which G belongs, X ⊥ pY ∣Z holds. We say that a
probability distribution p is faithful to a graph G when X⊥pY ∣Z iff X⊥GY ∣Z
for all X, Y and Z. We say that two graphs G and H are Markov equivalent
or that they are in the same Markov equivalence class iff I(G) = I(H). A
graph G is inclusion optimal for a probability distribution p if I(G) ⊆ I(p)
and if there exists no other graph H in the PGM class of G such that
I(G) ⊂ I(H) ⊆ I(p).

To illustrate the last concepts we can look at the MVR CG J and the
independence models in Figure 2.3. In Figure 2.3b we can see the indepen-
dences that hold in J and hence the independence model of J . Finally we
can also see another independence model in Figure 2.3c such that I(J) ⊆M .

v1

v2

v3
v1⊥Jv3∣∅
v3⊥Jv1∣∅

v1⊥v3∣∅
v3⊥v1∣∅
v1⊥v3∣v2
v3⊥v1∣v2

(a) An MVR CG J . (b) The independence model of J . (c) Another independence model M .

Figure 2.3: Example of independence models.
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Chapter 3

CGs’ relation to other
PGM classes

PGM classes differ in the types of edges and structures they can contain
as well as their separation criteria, hence they differ in what systems and
independence models they can represent. Depending on the independence
models a PGM class can represent we can discuss its expressivity and we
say that a PGM class is more expressive than another class if it can express
more independence models.1 It can be noted that this is not the same as
representable graphs, since it is often the case that multiple graphs represent
the same independence model. The more basic PGM classes, such as DAGs
and UGs, can represent relatively few independence models for any number
of nodes and hence are not so expressive. On the other hand, the more
general PGM classes, such as AGs, can represent a relatively large number
of independence models and hence are more expressive.

Using an expressive PGM class has both advantages and disadvantages.
The main advantage is that a model of a more expressive class is more likely
to capture the true relations between the variables in the system while less
expressive classes make assumptions, for example that only causal relations
exist between the variables. The disadvantage of using an expressive class
is that it can be harder to find the correct model since the number of possi-
ble models is much larger. This also makes it easier to overfit the learning
data. Hence, to get an accurate model, more data is generally needed when
learning expressive PGM classes compared to less expressive classes. Graphs
with multiple types of edges can also be harder to reason about and interpret
since the interpretation of what an edge represents is not always clear. Be-
cause of this, the more basic classes, such as DAGs and UGs, have received
more attention in research and hence more efficient learning and inference
algorithms exist for these compared to the more general classes.

1In this thesis we only discuss expressivity as the number of representable independence
models, not in terms of causal structures etc.
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It is often the case that a PGM class subsumes another PGM class in
terms of expressivity, meaning that every independence model represented
by the subsumed PGM class also can be represented as the subsuming PGM
class. For example, a CG containing only directed edges is actually a DAG,
which means that any independence model that can be represented by a
DAG can be represented by a CG. Similarly, any independence model rep-
resented by an UG (resp. BG) can be represented by an LWF or AMP
CG (resp. MVR CG). In Figure 3.12 the subsumption relations are shown
between different well-studied PGM classes. We can see here that all CGs
are loopless graphs, but apart from this they do not share any other super-
class. MVR CGs are, however, a subclass of regression CGs, introduced by
Wermuth and Sadeghi [38], that are part of the subtree of AGs and ribbon-
less graphs. Some research has also been performed on joining different CG
interpretations, and this has given rise to the PGM class MAMP CGs [21].
This class of graphs contains directed, bidirected and undirected edges and
is a superclass of AMP CGs and MVR CGs.

One important question when discussing different PGM classes is why
CGs are interesting when there are more general and expressive PGM classes
such as loopless graphs or AGs? This has to do with the advantages and dis-
advantages of using more general PGM classes as discussed above. We want
to be able to represent a larger set of independence models without having to
suffer the disadvantages. The first disadvantage, that it can be harder to find
the correct model with a larger set of possible models, cannot be avoided. It
simply comes with having a larger set of representable independence models.
The other disadvantages can, however, be mitigated with further research.
Many of the ideas for DAGs, such as for example plate models, temporal
models and efficient inference, learning and parametrization algorithms [11],
can be extended to other PGM classes, and this extension is more straight-
forward for PGM classes that are similar to DAGs such as CGs. This is true
both for finding methods for extending the ideas and algorithms from DAGs
and for proving their correctness. Moreover, as we have used existing results
from UGs and DAGs to extend ideas to CGs, we hope that our results will
allow others to extend these ideas further to more expressive PGM classes,
such as MAMP CGs and AGs.

2For PGM classes not defined in this thesis please see the work by Sadeghi [26] and
Peña [21].
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Loopless graphs

Loopless mixed graphs

Ribbonless graphs

Summary graphs

AGs

Regression CGs Acyclic directed mixed graphs

BGsDAGs

AMP CGsLWF CGs MVR CGs

MAMP CGs

UGs

Figure 3.1: The hierarchy of PGM classes.
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Chapter 4

The CG interpretations

As noted in the introduction, the different CG interpretations share the
characteristic of having chain components that are connected to each other
by directed edges while having a second, symmetric, type of edge internally.
However, it does not directly follow what kind of symmetric relation this
second type of edge represents, nor how the combination between it and the
directed edges should be interpreted. Hence, several different interpretations
have been proposed, each with its own advantages and disadvantages, and
where no interpretation clearly outperforms another.

In this chapter we introduce and discuss these CG interpretations in
more detail and try to clarify the following concepts and questions for each
of them:

� Separation criterion: What is the separation criterion for the graphs?

� Parametrization: What parametrizations exist for discrete respectively
continuous variables?

� Intuitive meaning: What is the intuitive meaning of the edges in the
graphs?

In addition to this we also give examples of how the interpretations can
be used. First, however, we will describe what these concepts are in more
detail, why they are interesting, and how they apply to DAGs.

Separation criterion

The separation criterion defines which independences are represented by a
graph and thereby its independence model. For any given PGM class it
often exists multiple ways of describing this criterion, but in this thesis we
focus on the criterion that operates directly on the graph, as opposed to
other existing criteria that first transform the graph and then calculate the
represented independences. For DAGs the separation criterion is as follows.
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Given three disjoint sets of nodes X, Y and Z in a DAG G, X⊥GY ∣Z iff
there exists no path between X and Y such that:

1. every non-collider on the path is not in Z and

2. every collider on the path is in Z or sanG(Z).
A node vj is said to be a collider between two nodes vi and vk on a path if
the following configuration exists in the path: vi → vj ← vk. For any other
configuration the node vj is a non-collider on the path.

Parametrization

As noted in the introduction, a PGM induces a factorization of a (joint)
probability distribution into several smaller probability distributions, which
is beneficial because, for example, the independences are illuminated and
calculations can be done faster. For different PGM classes these factoriza-
tions are performed differently but for a DAG G, with variables V , a joint
probability distribution p(V ) is factorized into smaller probability distribu-
tions where each node vi ∈ V is only dependent on the parents of that node,
i.e. p(V ) =∏∀vi∈V p(vi∣paG(vi)).

For example, according to the DAG shown in Figure 1.1, the probability
distribution p(Rain,WetStreet,WetLawn) can be factorized as
p(WetStreet∣Rain)p(WetLawn∣Rain)p(Rain). These factorizations can then
be used to efficiently parametrize the graphs. In Figure 1.1b we saw how this
was done for discrete variables using probability tables, while for continuous
variables, with normally distributed errors, it is typically represented as a
system of linear equations. In the associated system of linear equations to
a DAG G each node vi ∈ V is modelled by the equation vi = βi ⋅ paG(vi)+ εi,
where βi is a weight vector measuring the influence of the individual parents
and the noise εi ∼ N (0, σi) is independent of any other node’s noise.

Intuitive meaning

As noted in the introduction, different PGM classes give different intuitive
meaning to their edges. For DAGs the intuitive meaning is simply that
the parent nodes are the cause of the child nodes, but we will see that the
intuitive meaning for CGs can be harder to describe.

4.1 The LWF interpretation

The LWF CG interpretation was introduced by Lauritzen, Wermuth and
Frydenberg in 1989 [9, 14] and is the most well-researched CG interpreta-
tion. As noted above, LWF CGs contain undirected components that are
connected to each other by directed edges. The separation criterion is the
following. Given three disjoint subsets of nodes X, Y and Z in an LWF CG
G, X⊥GY ∣Z iff there exists no route between X and Y such that:
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4.1. THE LWF INTERPRETATION

v1 v2

v3 v4

v5

v6

v1⊥Gv2∣∅
v2/⊥Gv3∣∅
v1/⊥Gv2∣v3
v1⊥Gv6∣v5
v2/⊥Gv5∣v4

v1⊥Gv2∣∅
v2⊥Gv3∣∅
v1⊥Gv2∣v3
v1⊥Gv6∣v5
v2/⊥Gv5∣v4

(a) An example CG G. (b) LWF CG separations in G. (c) AMP CG separations in G.

Figure 4.1: An example CG G and some corresponding separations accord-
ing to the LWF and AMP interpretations.

1. every node in a non-collider section on the route is not in Z and

2. some node in every collider section on the route is in Z.

A section of a route is a maximal non-empty set of nodes vi, . . . , vi+n such
that the route contains the subroute vi − vi+1 − . . . − vi+n. It is called a
collider section if vi . . . vi+n together with the two neighboring nodes in the
route, vi−1 and vi+n+1 (note that vi−1 and vi+n+1 might be the same node),
form the subroute vi−1 → vi − vi+1 − . . . − vi+n ← vi+n+1 in the route. For
any other configuration the section is a non-collider section.

A simple example of a CG is shown in Figure 4.1a. Here the CG has
four chain components: {v1}, {v2}, {v3, v4, v5} and {v6}. If the graph is
interpreted as an LWF CG the separations and non-separations shown in
Figure 4.1b hold. Note that these are not all the separations that hold in
G.

For CGs the different interpretations have different separation criteria,
which means that they represent different factorizations and require different
parametrizations. However, the chain components can, to some degree, be
seen as supernodes in the graphs and hence can be treated similarly to
nodes in a DAG. This means that the factorization of a joint probability
distribution p(V ) according to a CG G, with chain components K1, . . . ,Km,
is p(V ) =∏i=1,...,m p(Ki∣paG(Ki)). As an example of this the CG shown in
Figure 1.2b represents the factorization
p(Sprinkler, StreetCleaned,WetLawn,WetStreet)= p(WetLawn,WetStreet∣Sprinkler, StreetCleaned)p(Sprinkler)p(StreetCleaned).

To parametrize a CG G this factorization can be used. In the dis-
crete case the conditional probability distributions p(Ki∣paG(Ki)) can be
parametrized directly as a joint probability distribution over the nodes in
Ki. Moreover, for some of the interpretations these conditional probability
distributions can also be broken down further into smaller distributions. In
the case of LWF CGs each component Ki can, for example, be factorized
clique-wise as p(Ki∣paG(Ki)) = 1

Zi
∏M∈MC

φM , where MC are the cliques in
the closure graph of Ki. The closure graph of Ki is the induced subgraph
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GKi∪paG(Ki) where each directed edge is replaced by an undirected edge and
each pair of vertices in paG(Ki) is also connected by an undirected edge.
Each φM is then a potential over the variables in M and Zi is a normal-
ization constant. In other words, the probability distribution of the closure
graph of each component can be seen as an UG and be parametrized as such
when discrete variables are used. A more detailed description of how this
is performed is written by Peña [19], where he also describes what form the
parameters must take to be unique for a given joint probability distribution.

In the case of continuous variables, when reasoning in terms of linear
equations, the parents of a component can be interpreted as the causes of the
nodes in that component, and directed edges have the same meaning as in a
DAG. Hence the linear equation of a node vj in a CG is vj = βj ⋅paG(Ki)+εj
where Ki is the component to which vj belongs [31]. Here the βj-vector
represents the influence of the parents of the component over the nodes in
the component while εj represents the noise, or influence, between the nodes
in the same component. What differs between the parametrizations of the
different CG interpretations is the interpretation and modelling of βj and
εj given G.

For example, in the case of LWF CGs the k-th element of βj can be
interpreted as the sum of the weights of all the paths in G between the
parent xk of Ki and the node vj in Ki such that the nodes in these paths
are all in xk ∪Ki. The weight of each path is also the product of the weights
of its edges [31]. Meanwhile, the noise εj in an LWF CG is determined by the
associated inverse covariance matrix of that component such that an entry
in the inverse covariance matrix for two nodes vj and vm can be non-zero iff
there exists an undirected edge vj − vm in G. For example, from Figure 4.1a
it follows that the influence from node v2 onto node v4 is direct since only
one path exists between them. However, the influence from node v1 onto
node v5 is determined by the path v1 → v3 − v5 as well as v1 → v4 − v3 − v5.
This characterization of the influence of a parent of Ki means that parents
influence all the nodes in Ki, as influence propagates to all of Ki through
its undirected edges. We can see, for example, that in the second example
above the influence from v1 onto v5 is the same as v1 onto v3 except for the
last path between v3 and v5.

An example of a situation when LWF CGs are useful is when we want to
model a system with knowledge obtained from several experts, each with his
or her own exclusive field of competence. Each expert then gives information
about the structural relationships between the variables within his or her
domain given outside factors that affect the variables in his or her domain
of expertise. The expert does this by providing an UG over the variables in
the domain and their outside factors. Moreover, since the expert only knows
about his or her domain and not how the outside factors are related, he or
she must assume that all outside factors are adjacent to each other when
creating the UG. The subgraph of the UG induced by the variables in the
experts’ domain can then be seen as a component in a resulting LWF CG
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while the outside factors are added as parents to their previous neighbors in
the component. The internal structure of the outside factors will be defined
by some other expert, who is an expert in that domain. If a strict causal
ordering is maintained between the variables, putting the different chain
components together into a single graph then results in an LWF CG [37].
An example of this would be if we have three medical experts, one expert
modelling the probability that a person will have certain gene-expressions
in his or her DNA, one that models the probability of different protein
signalling data occurring in blood samples given these gene-expressions, and
one that models the occurrence of different traits, such as diseases, given the
gene-expressions.

Other settings in which LWF CGs are appropriate to use is when the
variables of a system can only be measured in an aggregated state [8] or when
modelling the equilibrium state of a system containing feedback loops [13].
An example of this has been given by Lappenschaar et al. [12] where they
used LWF CGs to model the interaction between diabetes and lipid disorder
given the relevant factors. In this approach the authors propose a qualitative
parametrization where it was only calculated whether two adjacent variables
in the graph had positive, negative or ambiguous influence on each other,
and not the actual parameter value. Finally, it is also worth noting that if
an LWF CG only contains directed edges it can be read as a DAG while if
it only contains undirected edges it can be read as an UG.

4.2 The AMP interpretation

The AMP CG interpretation was introduced by Andersson, Madigan and
Perlman [1] as an alternative to the LWF interpretation because it preserves
some component-wise recursive characteristics of DAGs. Similarly to LWF
CGs, AMP CGs also contain components connected to each other by di-
rected edges, whereas each component internally contains only undirected
edges. As a result, an AMP CG containing only directed edges can be read
as a DAG and an AMP CG containing only undirected edges can be read
as an UG, similarly to an LWF CG. However, the separation criterion is
different compared to LWF CGs. Given three disjoint subsets of nodes X,
Y and Z in an AMP CG G, X⊥GY ∣Z iff no route exists between X and Y
such that:

1. every non-collider on the route is not in Z and

2. every collider on the route is in Z or sanG(Z).
A node vj is said to be a collider in an AMP CG G between two nodes vi and
vk on a route if one of the following configurations exists in G: vi → vj ← vk,
vi → vj − vk or vi − vj ← vk. For any other configuration the node vj is a
non-collider. In the case of the CG shown in Figure 4.1a, we can see that the
separations and non-separations in Figure 4.1c hold if we interpret it as an
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AMP CG. Note that these are not all the separations and non-separations
that hold in G.

Unlike the case of LWF CGs no factorization of the internal structure of
a chain component of an AMP CG exists today. This is because AMP CGs
may induce non-smooth models as shown by Drton [7]. Hence, an AMP CG
G, with the variables V and chain components K1, . . . ,Km, only represents
the factorization p(V ) = ∏i=1,...,m p(Ki∣paG(Ki)). This means that for any
discrete parametrization each probability distribution p(Ki∣paG(Ki)), 1 ≤
i ≤ m, has to be kept intact and cannot be factorized further into smaller
distributions.

In the case of continuous variables, the associated system of linear equa-
tions of an AMP CG also differs from an LWF CG in the way the noise is
modelled. For a node vj , in an AMP CG G, the associated linear equation
is vj = βj ⋅ paG(vj)+ εj and hence the node depends only on its parents and
not on the parents of the whole component, as it does in the case of LWF
CGs [31]. The noise εj is then controlled by the inverse covariance matrix
of that component where the corresponding entry in the inverse covariance
matrix for two nodes vk and vl can be non-zero iff there is an undirected
edge vk − vl in G. Intuitively, a small set of nodes works as an interface
between other nodes in the component and its parents. For example, we
can see that v3 and v4 in Figure 4.1a block the influence from the parents
v1 and v2 onto v5 if the graph is interpreted as an AMP CG.

AMP CGs are useful when we have a set of variables with no causal
ordering, so the relations should be modelled as a UG, but also a second
set of variables which can be seen as causes for some of these variables in
the first set. The internal structure of the first set of variables can then be
modelled as an UG, creating a chain component in an AMP CG, and the
causes as parents of some of the variables in the chain component. Note
that for AMP CGs the parents only affect the direct children in the chain
component, not all the nodes in the component such as in the case of LWF
CGs. An example in medicine where such a model might be appropriate
is the modelling of pain levels of different areas on the body of a patient.
The pain levels can then be seen as correlated “geographically” over the
body, and hence can be modelled as an UG. Certain other factors do exist,
however, which alter the pain levels locally at some of these areas, such as
the type of body part the area is located on, if local anaesthetic has been
administered in that area, and so on. These outside factors can then be
modelled as parents affecting the pain levels locally.

While both LWF CGs and AMP CGs consist of UGs as chain components
they differ in the way the parents of the component affect the variables in
the component. In an LWF CG each parent affects all the variables in the
component, i.e. the information travels through the children, while in an
AMP CG the parents only affects the actual children, i.e. the information
does not travel to the other variables in the chain component.
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v1 v2

v3 v4

v5

v6

v1⊥Gv2∣∅
v2⊥Gv3∣∅
v1⊥Gv2∣v3
v1⊥Gv6∣v5
v1/⊥Gv6∣v3

(a) Example CG G. (b) MVR CG separations in G.

Figure 4.2: An MVR CG and some corresponding separations.

4.3 The MVR interpretation

MVR CGs were originally introduced by Cox and Wermuth [3, 4], and are
equivalent to the acyclic directed mixed graphs without semi-directed cycles
presented by Richardson [24]. Cox and Wermuth represented these graphs
using directed edges and dashed edges, but we follow Richardson [24] as
we feel that the notation is closer to that of DAGs when it comes to the
separation criterion.

The most important difference about MVR CGs when compared to AMP
CGs and LWF CGs is that MVR CG components contain bidirected instead
of undirected edges. As a result, MVR CGs is a superclass of DAGs and
BGs instead of DAGs and UGs as in the case of AMP and LWF CGs [4].
MVR CGs also have the following separation criterion: Given three disjoint
subsets of nodes X, Y and Z in an MVR CG G, X⊥GY ∣Z iff no path exists
between X and Y such that:

1. every non-collider on the path is not in Z and

2. every collider on the path is in Z or sanG(Z).
A node vj is said to be a collider in an MVR CG G between two nodes vi
and vk on a path iff one of the following configurations exists in the path:
vi → vj ← vk, vi → vj ←→ vk, vi ←→ vj ← vk or vi ←→ vj ←→ vk. For any
other configuration the node vj is said to be a non-collider. An example
of an MVR CG is shown in Figure 4.2a, with some of the corresponding
separations and non-separations in Figure 4.2b.

The discrete parametrization of an MVR CG G, with components
K1, . . . ,Km, is similar to that of an LWF CG in the sense that each condi-
tional probability distribution for p(Ki∣paG(Ki)) can be broken down into
smaller parameters. However, unlike LWF CGs, MVR CGs are parametrized
using Möbius parameters, which makes things slightly more complicated.
First, it requires, for each component Ki, that the conditional probabil-
ity distributions for each subset σ, ∅ ⊂ σ ⊆ Ki given paG(Ki) are spec-
ified. In principle, this should require more parameters than specifying
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CHAPTER 4. THE CG INTERPRETATIONS

p(Ki∣paG(Ki)) directly, but due to the independence structure of the com-
ponents it turns out that the larger probability distributions are often fac-
torizations of smaller distributions and hence can be omitted. How this is
done in detail is described by Drton [7] and will not be covered in depth in
this thesis.

For continuous variables the parametrization is more straightforward.
The associated system of linear equations for an MVR CG G is similar to
that of AMP CGs: each node depends only on its parents and not on the
parents of the whole component. Therefore, the associated linear equation
for a node vj can be written as vj = βj ⋅ pa(vj) + εj , where εj is dependent
on the other nodes in the same component. Unlike AMP CGs, MVR CGs
can contain non-zero values in the corresponding covariance matrix (not the
inverse covariance matrix as for AMP CGs) only for nodes that are spouses
[31]. The intuitive meaning behind MVR CGs is therefore very close to that
of AMP CGs, differing only in the noise modelling.

A typical situation that gives rise to an MVR CG is when there are
hidden variables, i.e. unobserved variables that are parents of at least two
observed variables in the data. An example of a situation for which an
MVR CG would be useful is if we have a system containing two genes and
two diseases caused by these such that Gene1 is the cause of Disease1 and
Gene2 is the cause of Disease2, but where we also can see that the diseases
are correlated. In this case we might suspect the presence of an unknown
factor inducing the correlation between Disease1 and Disease2, such as being
exposed to a stressful environment. Having such a hidden variable results
in the independence model described in the information above. We can now
choose whether we would like to model this hidden variable in our model,
but due to difficulties this would imply [27], let us assume we do not. The
MVR CG representing the information above is shown in Figure 4.3a while
the inclusion optimal DAGs and UG are shown in Figure 4.3b and 4.3c,
respectively. We can now see that it is only the MVR CG that describes the
relations in the system correctly.

Gene1 Gene2

Disease1 Disease2

(a) Inclusion optimal CG.

Gene1 Gene2

Disease1 Disease2

Gene1 Gene2

Disease1 Disease2

(b) Inclusion optimal DAGs.

Gene1 Gene2

Disease1 Disease2

(c) Inclusion optimal UG.

Figure 4.3: A gene and disease example with MVR CG representation, DAG
representations and UG representation.
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Chapter 5

Expressiveness

In this chapter we study how many CG models, i.e. independence models
representable by CGs, there exist for the different CG interpretations for
different numbers of nodes. Doing this allows us to see just how expressive
CGs are compared to their subclasses, i.e. how large the benefit is of using
this more expressive class of models. It also allows us to calculate other
interesting ratios such as the number of CGs per CG model, i.e. how many
CGs that represent the same independence model, as well as how often the
different CG interpretations intersect in terms of representable independence
models.

Counting the number of representable independence models is no easy
task since no iterative or closed form expression for this have been presented.
Nor is it possible to enumerate every possible CG model for more than five or
six nodes due to the exponential increase in models as the number of nodes
increases. Nevertheless, one approximate approach that has been shown to
give accurate results is to calculate the ratio of independence models rep-
resentable by CGs that can also be represented as DAGs and then, since
every DAG is a CG and the approximate number of DAG models is known,
calculate the number of CG models [18]. Furthermore, this ratio can be ap-
proximated using a subset of models and, if this subset is sampled uniformly
from the whole set of CG models, can be used to represent all CG models
of the interpretation under study.

Sampling CG models uniformly is possible using a Markov chain Monte
Carlo (MCMC) approach. The approach consists of creating a Markov chain,
whose states are the different CG models, and transition between these states
using a set of operators. If the operators then fulfill the aperiodicity, irre-
ducibility and reversibility criteria, and k transitions are performed before
sampling a state, each state has equal probability of being sampled when
k →∞. This approach has been successfully applied to all three CG inter-
pretations [18, 32, 33] and the results presented in this chapter are based
on it. In Section 5.1 we first discuss how good the approximations are and
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how expressive the CG interpretations are compared to their subclasses. In
Section 5.2 we then discuss the number of CGs per CG model, and finally in
Section 5.3 we study how the different CG interpretations intersect in terms
of representable independence models.

5.1 Ratios of CGmodels representable as sub-
classes

The first thing we study is how expressive CGs are compared to their sub-
classes. If CGs can only represent a few more models than their subclasses,
then it might be argued that the cost of complexity is not worth the gain in
expressivity, while the opposite can be argued if they are much more expres-
sive. We start by comparing the number of DAG models with CG models,
and these results are shown in Table 5.1. The exact ratios are found by
enumerating every possible CG model for the given number of nodes and
interpretation and then calculating the ratio of these models that can be
represented as DAGs, while the approximate ratios are found as described
above. For each number of nodes and interpretation a subset of 105 models
were sampled with 105 transitions between each sampled model. In the ta-
ble we can note that the approximations are accurate for up to five nodes
while for more than five nodes exact enumeration is infeasible. However, by
plotting the ratios of the number of DAG models to CG models in a graph
with logarithmic scale, as seen in Figure 5.1, we can see that the ratios are
linear in the logarithmic scale and hence exponential in a linear scale. More
specifically, the equations are RLWF = 9.1 ⋅ 0.654n, RAMP = 7.2 ⋅ 0.645n and
RMVR = 6.2 ⋅ 0.653n, where n is the number of nodes and R the ratio of the
subscripted interpretation. This means that the ratios decrease exponen-
tially as the number of nodes increases for all three CG interpretations and
that DAGs can only express a tiny fraction of the CG models with only 20
nodes.

We can also compare the number of CG models of the different interpre-
tations to the number of models of their non-directed subclasses, i.e. UGs
for LWF and AMP CGs and BGs for MVR CGs. The exact and approxi-
mate ratios of these comparisons are shown in Table 5.2. Here we can note
that the number of independence models representable by these subclasses
is almost non-existent in comparison to the number of CG models for mod-
els with 10 or more nodes. Moreover, since the ratios decrease so quickly,
we have not been able to find any equations describing the ratios given the
number of nodes.
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Table 5.1: Exact and approximate ratios of CG models whose independence
models can be represented as DAGs.

NODES EXACT APPROXIMATE

LWF AMP MVR LWF AMP MVR

2 1 1 1 1 1 1

3 1 1 1 1 1 1

4 0.9250 0.8393 0.8259 0.9327 0.8392 0.8235

5 0.7624 0.6113 0.5905 0.7646 0.6136 0.5900

6 0.5829 0.4382 0.4099

7 0.4179 0.3058 0.2868

8 0.2860 0.2067 0.1951

9 0.1924 0.1407 0.1307

10 0.1286 0.0948 0.0866

11 0.0831 0.0616 0.0565

12 0.0554 0.0403 0.0377

13 0.0349 0.0257 0.0239

14 0.0237 0.0155 0.0159

15 0.0152 0.0108 0.0098

16 0.0096 0.0066 0.0064

17 0.0062 0.0045 0.0049

18 0.0038 0.0028 0.0027

19 0.0027 0.0018 0.0019

20 0.0017 0.0010 0.0011

Figure 5.1: The ratios (displayed with a logarithmic scale) of the number of
DAG models compared to the number of CG models for different numbers
of nodes for the different CG interpretations.
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Table 5.2: Exact and approximate ratios of LWF, AMP, and MVR CG
models whose independence models can be represented as UGs respectively
BGs.

NODES EXACT APPROXIMATE

LWF AMP MVR LWF AMP MVR

2 1 1 1 1 1 1

3 0.7273 0.7273 0.7273 0.7188 0.7275 0.7255

4 0.3200 0.2857 0.2857 0.3122 0.2839 0.2855

5 0.0889 0.0689 0.0689 0.0809 0.0632 0.0697

6 0.0165 0.0112 0.0124

7 0.0032 0.0019 0.0019

8 0.0003 0.0002 0.0003

9 0.0002 0.0000 0.0000

10 0.0000 0.0000 0.0000

5.2 Ratios of the number of CGs per CGmodel
and approximate number of representable
models

For CGs, as for many other PGM classes, multiple graphs can represent the
same independence model, even if they are interpreted using the same CG
interpretation. Therefore, an interesting question is how many CGs there
are per CG model on average. These ratios are shown in Table 5.3 and can
be found using the equation

#CGs

#CGmodels
= #CGs

#DAGs
⋅ #DAGs

#DAGmodels
⋅ #DAGmodels

#CGmodels
(5.1)

where #CGmodels represents the number of CG models of a certain inter-
pretation and so on. The ratio #CGs

#DAGs
can then be found using the iterative

equations by Robinsson [25] and Steinsky [35] while #DAGs
#DAGmodels

has been

approximated in previous studies for DAG models [18]. Finally, we can also
get the ratio #DAGmodels

#CGmodels
from Table 5.1. If we study the values in Table

5.3 we can see that the average number of CGs per CG model appears to
converge to approximately 26 for the LWF CG interpretation and 17 for
the AMP and MVR CG interpretations. This corresponds well with what
we have seen for DAGs, although in that case the convergence was around
4 DAGs per DAG model [18]. This means that traversing the space of
CG models when learning CG structures is considerably more efficient than
traversing the space of all CGs. However, at the same time, it also means
that this efficiency does not scale as the number of nodes in the graphs
increases.

Finally, in Table 5.4, we can see the number of CG models for the differ-
ent CG interpretations. These numbers follow directly from the number of
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5.3. INTERSECTIONS BETWEEN THE CG INTERPRETATIONS IN
TERMS OF REPRESENTABLE INDEPENDENCE MODELS

Table 5.3: Exact and approximate numbers of CGs per CG model.

NODES EXACT APPROXIMATE

LWF AMP MVR LWF AMP MVR

2 2 2 2 1.97 1.97 1.97

3 4.55 4.55 4.55 4.47 4.47 4.47

4 8.44 7.54 7.54 8.61 7.75 7.60

5 12.38 9.59 9.59 12.61 10.12 9.73

6 15.80 11.87 11.11

7 18.05 13.21 12.39

8 20.20 14.59 13.77

9 20.97 15.34 14.25

10 22.61 16.66 15.23

11 23.14 17.16 15.74

12 23.66 17.22 16.09

13 22.88 16.85 15.64

14 24.64 16.10 16.54

15 25.63 18.20 16.60

16 24.87 17.15 16.63

17 24.94 18.37 19.67

18 24.24 17.89 16.94

19 26.51 17.38 18.96

20 26.26 16.29 17.72

CGs per CG model, shown in Table 5.3, and the equations for calculating
the number of CG structures for a given number of nodes defined by Stein-
sky [35]. We can here see that the AMP and MVR CG interpretations can
represent approximately the same number of independence models, while
the LWF CGs only can represent approximately 65% of this number since
LWF CG Markov equivalence classes are larger on average. Hence the AMP
and MVR interpretations are the most expressive CG interpretations, in
terms of the number of representable independence models, while the LWF
interpretation falls behind. The ratio between them does, however, appear
to be constant as the number of nodes in the models increases. This also fol-
lows from the observation above that the average Markov equivalence class
sizes were constant for the different CG interpretations.

5.3 Intersections between the CG interpreta-
tions in terms of representable indepen-
dence models

In Table 5.1 we saw the ratio of CG models whose independence model
could be represented by DAGs. The representable independence models for
the different CG interpretations do, however, intersect over more models
than this subclass can represent. For example, UGs exist whose indepen-
dence models are representable as both AMP CGs and LWF CGs, but not
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Table 5.4: Exact and approximate numbers of CG models representable for
the different CG interpretations.

NODES EXACT APPROXIMATE

LWF AMP MVR LWF AMP MVR

2 2 2 2 2.03 2.03 2.03

3 11 11 11 11 11 11

4 200 224 224 196 218 222

5 11519 14869 14866 11313 14097 14662

6 1.83 E+6 2.43 E+6 2.60 E+6

7 7.57 E+8 1.03 E+9 1.10 E+9

8 7.31 E+11 1.01 E+12 1.07 E+12

9 1.71 E+15 2.34 E+15 2.52 E+15

10 8.57 E+18 1.16 E+19 1.27 E+19

11 9.95 E+22 1.34 E+23 1.46 E+23

12 2.53 E+27 3.47 E+27 3.71 E+27

13 1.47 E+32 1.99 E+32 2.15 E+32

14 1.65 E+37 2.52 E+37 2.46 E+37

15 4.11 E+42 5.79 E+42 6.35 E+42

16 2.34 E+48 3.40 E+48 3.50 E+48

17 2.75 E+54 3.73 E+54 3.48 E+54

18 7.04 E+60 9.53 E+60 1.01 E+61

19 3.38 E+67 5.16 E+67 4.73 E+67

20 3.78 E+74 6.09 E+74 5.60 E+74

as DAGs. The graphical conditions for when the independence model of a
CG of one interpretation can be represented by another interpretation have
been defined and proven correct [1, 30]. Hence, using the sampled CG mod-
els we can estimate the sizes of the different intersections. The results of
this are shown in Table 5.5 where the number of independence models in an
intersection is compared to the number of all representable models for the
relevant CG interpretation. The ratios are also illustrated in Figure 5.2 to
allow the reader a better overview of how the spaces of the intersections and
representable independence models change as the number of nodes in the
models increases. We can here see that almost all independence models rep-
resentable by LWF CGs can only be represented by this interpretation while
the intersection between the AMP and MVR CGs is quite large (25% for 20
nodes). This means that, although AMP and MVR CGs share some mod-
els, almost all models representable by each CG interpretation are unique to
that interpretation, and thereby that the different CG interpretations model
different types of systems.
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TERMS OF REPRESENTABLE INDEPENDENCE MODELS

Table 5.5: Exact and approximate ratios of CG models that intersect be-
tween the different CG interpretations.

NODES Ratio of LWF Ratio of AMP Ratio of MVR

representable as representable as representable as

AMP MVR LWF MVR LWF AMP

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

3 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

4 0.9327 0.9327 0.8392 0.9300 0.8235 0.9126

5 0.7744 0.7646 0.6215 0.8303 0.5900 0.7984

6 0.5997 0.5829 0.4507 0.7519 0.4099 0.7033

7 0.4344 0.4179 0.3178 0.6845 0.2868 0.6419

8 0.2987 0.2860 0.2159 0.6346 0.1951 0.5990

9 0.2011 0.1924 0.1470 0.5914 0.1307 0.5495

10 0.1344 0.1286 0.0990 0.5432 0.0866 0.4966

11 0.0866 0.0831 0.0642 0.5027 0.0565 0.4613

12 0.0580 0.0554 0.0422 0.4688 0.0377 0.4382

13 0.0365 0.0349 0.0269 0.4352 0.0239 0.4040

14 0.0248 0.0237 0.0162 0.3982 0.0159 0.4092

15 0.0158 0.0152 0.0112 0.3718 0.0098 0.3390

16 0.0101 0.0096 0.0069 0.3453 0.0064 0.3349

17 0.0063 0.0062 0.0047 0.3164 0.0049 0.3387

18 0.0040 0.0038 0.0030 0.2928 0.0027 0.2772

19 0.0028 0.0027 0.0019 0.2759 0.0019 0.3011

20 0.0018 0.0017 0.0011 0.2507 0.0011 0.2726
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Figure 5.2: The intersections of representable independence models for the
different CG interpretations for different number of nodes in the models. In
the figures the space of independence models representable by DAGs have
size 1 and all other spaces are relative to this. For example, LWF CGs can
represent 31% more independence models than DAGs for 5 nodes while all
independence models representable by both LWF and AMP CGs, including
the DAGs, are only 4% more than those representable by DAGs.
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Chapter 6

Structure learning
algorithms

One important aspect of PGMs is the possibility to learn the models directly
from data. This data can be in many forms but it is typically represented
as a set of samples such that each sample contains the states or values of
all variables in the system that is being modelled. In this thesis we will
assume all samples are independent and identically distributed and hence
that, as the number of samples goes to infinity, the probability distribution
induced by the samples is equal to the true probability distribution of the
variables in the underlying system. Using such a set of samples, and the
induced probability distribution, learning algorithms can then be used to
find the graph that best represents the data. Once the graph is found the
parameters of the PGM can also be calculated such that the model best
represents the data.

In this chapter we will look into the CG structure learning algorithms
that, to the authors knowledge, have been presented for CGs. The algo-
rithms differ in their definition of what makes a CG best represent the data,
i.e. their optimization criteria, but most algorithms can be categorized into
two approaches: The score-based approach that finds the graph that mini-
mizes some score function, typically the penalized log likelihood, of the data
given the graph and the constraint-based approach that finds an inclusion
optimal graph with respect to the independence model represented by the
data. The former approach usually works by making small local changes to
the graph of the PGM, iteratively increasing its score, until a maximum has
been found. This requires the score, and thereby the parametrization, to
be recalculated for each new model. This in turn requires that all calcula-
tions can be performed with low complexity, since a large number of models
needs to be evaluated. For DAGs this is possible since any change in the
graph only requires local parameters to be updated and the parameters can
be calculated using closed form equations. Moreover, most score functions
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decompose into a product of factors, meaning that only local factors have
to be recalculated when evaluating the DAG after each change and hence
only a small part of the score, and parametrization, needs to be recalculated
for each iteration. However, for CGs this is not possible, and therefore no
score-based algorithms have been presented so far.

For the latter approach, the constraint-based approach, four learning al-
gorithms exist for CGs today. This approach is based on testing if variables
are (conditionally) independent in the data using an independence test, such
as the χ2 test, and using this information to deduce the structure of the opti-
mal graph. The algorithms we cover in this thesis are the PC-like algorithms
[20, 29, 36], the ASP algorithms [22, 28], the LCD algorithm [15] and the
CKES algorithm [23]. The former two have implementations for all three
CG interpretations, while the latter two are only applicable for LWF CGs.

6.1 The PC-like algorithms

The PC algorithm is a constraint-based structural learning algorithm pre-
sented for DAGs [16, 34] and is based on three sequential phases. The first
phase consists of finding the adjacencies of the graph. The resulting graph
contains an edge v1 − v2 iff no set S ⊆ V ∖ {v1, v2} exists such that v1⊥v2∣S
holds in the data. In the second phase some of the undirected edges are
then oriented into directed edges according to a set of rules. These rules
are applied iteratively until no rule is applicable and results in the so-called
essential graph which contains all directed edges oriented in the same di-
rection in all DAGs in that Markov equivalence class. Finally in the third
phase the remaining undirected edges are oriented, transforming the graph
into a DAG in the Markov equivalence class.

PC-like algorithms currently exist for all three CG interpretations [20,
29, 36] where the different phases are slightly altered according to the inter-
pretation but the basic ideas are kept the same. The first phase finds the
adjacencies, the second orients the edges that must be oriented the same in
every CG in the Markov equivalence class and the third phase transforms
this graph into a CG. Experimental results have shown that this type of
algorithm scales well with the number of nodes [15] and it is proven that
these algorithms find the optimal CG if the probability distribution p of the
data is faithful to some CG G of the correct interpretation, i.e. if a CG G
exists such that I(G) = I(p) [20, 29, 36]. However, if no such CG exists,
it cannot be guaranteed that the learnt CG G can factorize the probability
distribution, i.e. that I(G) ⊆ I(p) holds [23]. Moreover, in the case of LWF
CGs, it may also be the case that the learnt LWF CG contains semi-directed
cycles if p is not faithful to some LWF CG.
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6.2 The ASP algorithms

The ASP algorithms are based on the idea of encoding the graph learning
problem as an answer set programming (ASP) problem and then solving
it using state-of-the-art exact ASP optimization solvers. This means that
a complete search in the space of possible CGs is performed and currently
encodings for all three CG interpretations exist [22, 28].

The CG learning problem is encoded using first order logical rules and
the encoding can be divided into three separate parts, (1) the possible CG
structure, (2) the represented dependences and independences for any CG
structure as well as in the data and (3) a well-defined objective function.
Note that parts 2 and 3 are dependent on the input data. Specifically, part
2 represents the dependences and independences that are determined by the
data and it might also contain additional information about these such as
the confidence of their correctness. This information can then be used by
the objective function in part 3. Essentially, by calling an ASP solver with
the whole ASP encoding, consisting of parts 1–3, the solver will perform
an intelligent implicit search over the space of CGs (using part 1), and will
output a CG that produces the best objective function score (based on part
3) by deriving the separations and non-separations in the CGs (using part 2).

Using first order logic to encode the learning problem has many benefits.
First of all it is easy to add expert knowledge, such as that the learnt CG
should contain a causal relation from one node to another or that a causal
ordering should be maintained among the variables. Secondly, it also allows
for a range of objective functions to be used. This might, for example, be to
find the CG that represents all dependences in the data while at the same
time representing as many independences as possible, i.e. the best inclusion
optimal CG given the data, or the CG that represents all the dependences
in the data, while at the same time containing the minimum number of
edges. Another objective function that has been shown to give good results
is to assign weights to the dependences and independences derived from the
data, depending on how well the data supports the conclusion, and then
minimize the sum of the weights of the dependences and independences not
represented in the CG [28]. A third benefit of using the ASP paradigm is that
even without making any assumptions about the probability distribution of
the data, such as that it should be faithful to some CG, the learnt CG is
always optimal with respect to the objective function. This is possible since
the whole space of CGs is covered as possible solutions. However, searching
the whole set of possible solutions is also the source of the ASP paradigm’s
main disadvantage which is its high complexity. Even though the current
state-of-the-art ASP solvers are very efficient, this method is infeasible to use
on a modern desktop computer for more than seven nodes unless additional
expert knowledge is added, restricting the search space of possible CGs.
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6.3 The LCD algorithm

The LCD (learn chain graph via decomposition) algorithm was introduced
by Ma et. al [15] to learn LWF CGs and is based on a divide and conquer
approach. Just like the PC algorithm, it starts out by finding the adjacencies
in the CG. However, unlike the PC algorithm, it achieves this by decom-
posing the graph into smaller pieces and then reconstructing the adjacency
graph by merging the decomposed graphs together. The second phase of the
LCD algorithm then uses rules to orient some of the edges in the CG in an
efficient manner with lower complexity than the PC-like algorithm for LWF
CGs [15]. Empirical simulations have shown that the algorithm achieves
competitive results with the other presented CG learning algorithms when
the probability distribution of the data is faithful to some LWF CG [23, 28].
However, just as in the case of the PC-like algorithms, unless the probabil-
ity distribution p of the data is faithful to some LWF CG the learnt CG
cannot be ensured to factorize p properly. It should also be noted that the
learnt graph of the LCD algorithm is only the pattern of a LWF CG G,
i.e. the graph that contains the complexes of G but which may also contain
semi-directed cycles unless p is faithful.

6.4 The CKES algorithm

The CKES algorithm was introduced by Peña et. al [23] and is based on the
extension of Meek’s conjecture to LWF CGs. It states that given two LWF
CGs G and H, such that I(H) ⊆ I(G), G can be transformed into H through
a set of undirected and directed edge additions, feasible splits and feasible
mergings such that after each change I(H) ⊆ I(G) holds. A feasible split and
feasible merging are operations that change the structure of a CG without
changing its Markov equivalence class, i.e. represented independence model.
This allows the CKES algorithm to start from a CG with no edges and
iteratively add and remove edges to the CG model, incrementally improving
its fit with respect to the independence model of the data. Then, when no
improvements are possible, the resulting model is inclusion optimal [23].

The CKES algorithm has several advantages compared to the other
learning algorithms. First, the CKES algorithm can be guaranteed to find
an inclusion optimal LWF CG as long as the probability distribution of the
data fulfills the graphoid and composition properties. This is a considerable
relaxation of the faithfulness property, required by the PC-like and LCD
algorithms, and can be shown to hold for any Gaussian probability distri-
bution. Secondly, the CKES algorithm scales better than the presented
algorithms based on the ASP paradigm, and simulated empirical results
have been presented for up to 20 nodes. However, the empirical results also
show that the algorithm is overly generous in including edges in the found
LWF CGs and that it may not find the best inclusion optimum when mul-
tiple inclusion optimal CGs exist [23]. Moreover, it has been shown that
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Meek’s conjecture does not hold for the AMP and MVR CG interpreta-
tions, and hence it is not possible to directly adopt this algorithm to these
interpretations.
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Chapter 7

Conclusions and future
work

In this thesis we have given an introduction to CGs and the research pre-
sented in the area so far. Using a more expressive PGM class, such as CGs,
compared to a less expressive PGM class, such as DAGs, offers many bene-
fits, most importantly that we are more likely to be able to model a system
correctly. This is because we have a much wider range of models to choose
from and, as we showed in Chapter 5, only a tiny fraction of the models
representable by CGs can be represented by DAGs. Moreover, with the
recent advancements in research on CGs, such as learning algorithms and
parametrizations, the core components for practical use have been extended
from DAGs to CGs making them a viable choice when modelling systems
containing both symmetric and asymmetric relations.

With this thesis it is our hope to provide novice users with an overview of
the field of CGs and to allow them to apply these models to their problems
and domains. This is important since practical applications of CGs are
currently still rare in research, with a few exceptions [2, 4, 6]. Applying
the models to real world problems would clarify which types of systems are
suited to be modelled by CGs and where their advantages are most evident.
This in turn would hopefully also better clarify what relations the different
CG interpretations can represent and the intuition behind their edges.

Another important goal of this thesis is to introduce researchers in other
PGM subfields to CGs, allowing them to consider how their ideas or algo-
rithms can be extended to CGs. Many concepts and ideas of DAGs have
already been extended to the research field, but it is still lacking in a num-
ber of areas. The most crucial is probably efficient parametrization methods
and inference algorithms, both exact and approximate, to allow large CG
structures to be parametrized from data and used in practice. Another im-
portant area for future research is efficient scoring functions and score-based
learning algorithms, since these have been shown to generally outperform
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constraint-based algorithms when applied.
Finally we also hope that this work can inspire new ideas and algorithms

in the research of more expressive PGM classes than CGs. Some of the al-
gorithms have already been extended to MAMP CGs and AGs, but many
still remain. It would for example be interesting to see the relation between
the CG interpretations and their superclasses in terms of representable in-
dependence models.

38



Bibliography

[1] S. A. Andersson, D. Madigan, and M. D. Perlman. An Alternative
Markov Property for Chain Graphs. Scandinavian Journal of Statistics,
28:33–85, 2001.

[2] S. Carroll and V. Pavlovic. Protein Classification using Probabilis-
tic Chain Graphs and the Gene Ontology Structure. Bioinformatics,
22:1871–1878, 2006.

[3] D. R. Cox and N. Wermuth. Linear Dependencies Represented by Chain
Graphs. Statistical Science, 8:204–218, 1993.

[4] D. R. Cox and N. Wermuth. Multivariate Dependencies: Models, Anal-
ysis and Interpretation. Chapman and Hall, 1996.

[5] A. P. Dawid. Beware of the DAG! JMLR Workshop and Confer-
ence Proceedings In Causality: Objectives and Assessment (NIPS 2008
Workshop), 6:59–86, 2008.

[6] A. Denev. Probabilistic Graphical Models. Nick Carver, 2015.

[7] M. Drton. Discrete Chain Graph Models. Bernoulli, 15:736–753, 2009.

[8] J. Ferrándiz, E. F. Castillo, and P. Snamart́ın. Temporal Aggregation
In Chain Graph Models. Journal of Statistical Planning and Inference,
133:69–93, 2005.

[9] M. Frydenberg. The Chain Graph Markov Property. Scandinavian
Journal of Statistics, 17:333–353, 1990.

[10] J. Gibbs. Elementary Principles of Statistical Mechanics. Yale Univer-
sity Press, 1902.

[11] D. Koller and N. Friedman. Probabilistic Graphcal Models. MIT Press,
2009.

[12] M. Lappenschaar, A. Hommersom, and P. J. F. Lucas. Qualatitive
Chain Graphs and their Application. International Journal of Approx-
imate Reasoning, 55:957–976, 2014.

39



BIBLIOGRAPHY

[13] S. L. Lauritzen and T. S. Richardson. Chain Graph Models and their
Causal Interpretations. Journal of the Royal Statistical Society: Series
B, 64:321–361, 2002.

[14] S. L. Lauritzen and N. Wermuth. Graphical Models for Association
Between Variables, Some of Which are Qualitative and Some Quanti-
tative. The Annals of Statistics, 17:31–57, 1989.

[15] Z. Ma, X. Xie, and Z. Geng. Structural Learning of Chain Graphs via
Decomposition. Journal of Machine Learning Research, 9:2847–2880,
2008.

[16] C. Meek. Causal Inference and Causal Explanation with Background
Knowledge. In Proceedings of 11th Conference on Uncertainty in Arti-
ficial Intelligence, pages 403–410, 1995.

[17] R. E. Neopolitan and X Jiang. Contemporary Artificial Intelligence.
CRC Press, 2013.

[18] J. M. Peña. Approximate Counting of Graphical Models Via MCMC.
In Proceedings of the 11th International Conference on Artificial Intel-
ligence and Statistics, pages 352–359, 2007.

[19] J. M. Peña. Faithfulness in Chain Graphs: The Discrete Case. Inter-
national Journal of Approximate Reasoning, 50:1306–1313, 2009.

[20] J. M. Peña. Learning AMP Chain Graphs under Faithfulness. In Pro-
ceedings of the 6th European Workshop on Probabilistic Graphical Mod-
els, pages 251–258, 2012.

[21] J. M. Peña. Marginal AMP Chain Graphs. International Journal of
Approximate Reasoning, 55:1085–1206, 2014.

[22] J. M. Peña. Alternative Markov and Causal Properties for Acyclic
Directed Mixed Graphs. arXiv:1511.05835 [stat.ML], 2015. Submitted
to UAI 2016.

[23] J. M. Peña, D. Sonntag, and J. Nielsen. An Inclusion Optimal Algo-
rithm for Chain Graph Structure Learning. In Proceedings of the 17th
International Conference on Artificial Intelligence and Statistics, pages
778–786, 2014.

[24] T. S. Richardson. Markov Properties for Acyclic Directed Mixed
Graphs. Scandinavian Journal of Statistics, 30:145–157, 2003.

[25] R. W. Robinson. Counting Labeled Acyclic Digraphs. New Directions
in the Theory of Graphs, pages 239–273, 1973.

[26] K. Sadeghi. Markov Equivalences for Subclasses of Loopless Mixed
Graphs. arXiv:1110.4539 [stat.OT], 2011.

40



BIBLIOGRAPHY

[27] I. Shpitser, R. J. Evans, T. S. Richardson, and J. M. Robins. Introduc-
tion to Nested Markov Models. Behaviormetrika, 41:3–39, 2014.

[28] D. Sonntag, M. Järvisalo, J. M. Peña, and A. Hyttinen. Learning
Optimal Chain Graphs with Answer Set Programming. In Proceedings
of the 31st Conference on Uncertainty in Artificial Intelligence, pages
822–831, 2015.

[29] D. Sonntag and J. M. Peña. Learning Multivariate Regression Chain
Graphs under Faithfulness. In Proceedings of the 6th European Work-
shop on Probabilistic Graphical Models, pages 299–306, 2012.

[30] D. Sonntag and J. M. Peña. Chain Graph Interpretations and Their
Relations Revisited. International Journal of Approximate Reasoning,
58:39–56, 2014.

[31] D. Sonntag and J. M. Peña. Chain Graphs and Gene Networks. In
Foundations of Biomedical Knowledge Representation, pages 159–178,
2015.

[32] D. Sonntag and J. M. Peña. On Expressiveness of the Chain Graph In-
terpretations. International Journal of Approximate Reasoning, 68:91–
107, 2016.

[33] D. Sonntag, J. M. Peña, and M. Gómez-Olmedo. Approximate Count-
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Appendix A

Our contribution

This chapter presents our contribution1 to the research field of CGs. The
chapter starts with a short summary of the work, followed by the publica-
tions themselves.

A.1 Summary

We have done research in most of the subareas covered in Chapters 4, 5 and
6 with the exception of the separation criteria and discrete parametrization
of CGs. For Chapter 4 the research is mostly restricted to a book chapter
written as an introduction to how CGs can be used when reasoning about
biomedical knowledge. The book itself is an attempt to connect current
research in data representation to research practices in the medical com-
munity. The chapter is included as Article 1 in Section A.2 and contains
an introduction to the field of CGs written from a gene network modelling
perspective. It also contains an appendix where the separation criteria of
the different CG interpretations are studied in terms of systems of linear
equations. Our contribution for the book chapter consists of compiling the
information and writing the chapter, while for the appendix our contribution
is restricted to MVR CGs.

When it comes to research on representable independence models our
contribution is more substantial. It starts with Article 2, presented in Sec-
tion A.3, where we used the MCMC approach to approximate the ratio of
independence models representable by MVR CGs that are also representable
by DAGs. To do this we first had to define a unique graphical representa-
tion of the MVR CG Markov equivalence classes, i.e. a set of graphs with a
one-to-one relationship to the independence models representable by MVR
CGs. We call this representation essential MVR CGs and in the article we
define its characteristics, i.e. what structure the graph must have to be an

1The contribution of the author of this thesis.
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essential graph, and a transformation algorithm to transform any MVR CG
into its unique representation and vice versa. With such a representation we
could then present a set of operators fulfilling the aperiodicity, irreducibility
and reversibility criteria and thereby sample MVR CG models and calculate
the ratio of models representable as DAGs as described in Chapter 5. Our
contribution in the article comprised everything regarding CGs, while the
part regarding DAGs was performed by the co-authors.

In Article 3, presented in Section A.4, we then perform a study of how
different theoretical concepts of DAGs have been extended to the different
CG interpretations. More specifically it studies the concepts: unique repre-
sentations of independence models, the feasible split and merging operators,
the conditions for when an independence model of one CG interpretation can
be represented as another CG interpretation, and the extension of Meek’s
conjecture to CGs. Much of the article is based on previous research but
we filled in the gaps where some concept had not been extended to some
CG interpretation. These new contributions consist mainly of the feasible
split and merging operators for AMP CGs and the conditions for when an
independence model of one CG interpretation can be represented by another
CG interpretation. Our co-authors also show that Meek’s conjecture is not
extendible to MVR CGs.

The research on representable independence models is then concluded
in Article 4, presented in Section A.5, where we define the MCMC opera-
tors for AMP CGs and prove that they fulfill the aperiodicity, irreducibility
and reversibility criteria. This allowed us to sample models from all CG
interpretations and thereby to get the results presented in Chapter 5.

The remaining articles, presented in Sections A.6, A.7 and A.8, intro-
duce, and prove the correctness of, different CG learning algorithms. In Ar-
ticle 5 we present the PC-like algorithm for MVR CGs discussed in Chapter
6 as well as the split and merging operators for MVR CGs that were used to
prove the correctness of the algorithm. The CKES algorithm for LWF CGs is
then presented in Article 6, but for this article our contribution mainly con-
sisted of first transforming the algorithm from theory to practice and then
to implement it and do an experimental evaluation. The transformation was
needed since parts of the theoretical algorithm were infeasible to perform
in a reasonable time and hence some approximations had to be made. Fi-
nally, in Article 7, we introduce the ASP-based approach to learning CGs.
Our implementation was restricted to LWF CGs and our contribution was
focused on the encoding of the separation criteria, the implementation, and
the experimental evaluation. The expert knowledge of the ASP domain, its
solvers and most of the encoding of the CG domain constraints were con-
tributed by the co-authors. The idea was then also extended to AMP and
MVR CGs by the co-authors in a subsequent article.
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