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 Transition metal nitrides (TMNs) refractory ceramic materials are  widely employed as wear-

resistant protective coatings in industrial machining as well as diffusion barriers inhibiting 

migration of metal impurities from the interconnects to the semiconducting region of 

electronic devices. TiN is the prototype of this class of materials and the most studied among 

TMNs. However, also for this system, a complete picture of the migration processes 

occurring at the atomic scale is still lacking. In this work I investigate the stability of Ti 

vacancy configurations and corresponding migration rates in TiN by means of density 

functional theory (DFT) calculations and ab-initio molecular dynamics simulations (AIMD). 

DFT calculations show that Ti vacancies tend to stay isolated because of repulsive interaction 

which decreases as the inverse of the distance between the vacancies.The equilibrium jump 

rate of single Ti vacancies in TiN is extrapolated as a function of temperature from the results 

of non-equilibrium AIMD simulations accelerated by a bias force field according to the color 

diffusion algorithm. For each force field and temperature, the jump occurrence times are 

fitted with the two parameters Gamma distribution in order to obtain the non equilibrium 

jump rate with the corresponding uncertainty. Extrapolated equilibrium values show an 

Arrhenius-like behavior, with activation energy Ea= (3.78 ± 0.28)eV and attempt frequency 

A = 4.45 (x3.6
±1
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Abstract

Transition metal nitrides (TMNs) refractory ceramic materials are widely
employed as wear-resistant protective coatings in industrial machining as
well as diffusion barriers inhibiting migration of metal impurities from the
interconnects to the semiconducting region of electronic devices. TiN is the
prototype of this class of materials and the most studied among TMNs.
However, also for this system, a complete picture of the migration processes
occurring at the atomic scale is still lacking. In this work I investigate the
stability of Ti vacancy configurations and corresponding migration rates in
TiN by means of density functional theory (DFT) calculations and ab-initio
molecular dynamics simulations (AIMD). DFT calculations show that Ti va-
cancies tend to stay isolated because of repulsive interaction which decreases
as the inverse of the distance between the vacancies. The equilibrium jump
rate of single Ti vacancies in TiN is extrapolated as a function of tempe-
rature from the results of non-equilibrium AIMD simulations accelerated
by a bias force field according to the color diffusion algorithm. For each
force field and temperature, the jump occurrence times are fitted with the
two parameters Gamma distribution in order to obtain the non equilibrium
jump rate with the corresponding uncertainty. Extrapolated equilibrium
values show an Arrhenius-like behavior, with activation energy Ea = (3.78
± 0.28)eV and attempt frequency A = 4.45 (x3.6±1) x 1014 s−1.
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Chapter 1

Introduction

Due to their unique combination of physical and mechanical properties such
as extreme hardness [1–3], toughness [4, 5], good thermal stability [6] and
chemical inertness [7], and high electrical conductivities [3], transition metal
nitrides (TMNs) are employed as wear-resistant coatings [8, 9] in aeronau-
tics and tools machining, and as inhibitors of metal-impurity diffusion in
electronic devices [10, 11].

TMNs binary systems are generally characterized by wide single-phase
fields, that is, they are stable in the same crystal structure even with a large
number of lattice vacancies. N vacancies are the most common type of lat-
tice defect in TMNs due to lower formation energies than metal vacancies
and than metal and N interstitials. In contrast, overstoichiometry in TMNs
(metal/nitrogen ratio < 1) is primarily regulated by the presence of cation
vacancies. Importantly, controlling the lattice vacancy concentration by ad-
justing the synthesis conditions can be used to tune the mechanical, optical
and electrical properties in this class of materials [12–17].

Mass transport in TMNs single crystals is primarily mediated by lattice
vacancy migration. However, despite their importance in determining TMNs
properties, detailed understanding of the processes regulating vacancy inte-
ractions and vacancy migration in these materials is still missing. Available
experimental measurements of atomic diffusivities span several orders of
magnitude [18–23], sign that mass transport kinetics is strongly affected by
the characteristics of film nanostructures, in turn strongly dependent on
the synthesis conditions [24, 25].Hence, complementary computational in-
vestigations are necessary to determine elementary point-defect migration
mechanisms and their relative rates.

Theoretical investigations of mass transport in solids often rely on tran-
sition state theory (TST) [26], in which diffusion parameters calculated at
0 K are used to extrapolate finite-temperature migration rates by using the
harmonic or quasi-harmonic approximation [27] for the lattice vibrations.
However, the harmonic or quasiharmonic treatment of lattice dynamics,
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CHAPTER 1. INTRODUCTION 2

which may be accurate at relatively low temperatures, becomes less reli-
able for temperatures approaching a phase transition [28] or the melting
point [29, 30]. Furthermore, it is doubtful that 0 K results can provide
good description for mass transport in crystalline phases which are stable
only at finite temperatures as, e.g., body-centered transition metals Ti and
Zr [31–33].

Molecular dynamics (MD), which traces the motion of each particle
contained in the system by numerically solving Newton’s equation, cou-
pled to the accuracy of density functional theory (DFT) to describe inter-
atomic forces [34], is the most reliable computational tool to calculate atomic
jump rates as a function of temperature. Unfortunately, density-functional
ab initio MD (AIMD) is very computationally expensive. Estimation of
TMNs mass transport properties is further complicated by the fact that,
because of strong N-metal chemical bonding, vacancy migration is rare on
the timescales which are feasibly reachable in AIMD simulations. Previ-
ous computational studies were hence confined to estimation of migration
energies at 0 K [35], or to the AIMD evaluation of vacancy jump rates at
temperatures close to melting [36]. Therefore, the computation of vacancy
migration rates by AIMD requires the aid of methodologies which can ac-
celerate the simulations.

Recently, a non-equilibrium algorithm, namely color-diffusion (CD), has
been employed to accelerate AIMD simulations and determine atomistic
migration pathways and diffusion coefficients in solid ionic conductors [37–
39]. Since the speed-up factor provided by CD as applied in its original
formulation [37] is not sufficiently high to render vacancy diffusion in solids
accessible via AIMD, the CD algorithm has been subsequently extended to
higher force fields and employed in the study of vacancy migration in bcc
Mo [40]. This motivates the present study, aiming to determine vacancy
diffusion coefficients in TMNs via CD non-equilibrium AIMD (NE-AIMD)
simulations with the use of the scheme presented in ref. [40], and to extend
the method from a simple monoatomic case to the study of a more complex
binary compound such as TiN.



Chapter 2

Transition Metal Nitrides
(TMNs)

Table 2.1 lists refractory TMNs, i.e. characterized by very high melting
points [51] (> 2000 K), with the crystal symmetry at room temperature.
Nitrides of the group IV B transition metals are always found in rock-salt
(cubic-B1) structure (see Fig. 2.1), which consists of one metal and one
nitrogen fcc sublattices interpenetrated. The V B TMNs are synthesized
at room temperature with B1 structure, even if it has been proven for VN
that this structure is stable only above ∼ 250 K [41, 42] thanks to anhar-
monic vibrations. The stable structure below the transition temperature
has tetragonal symmetry [43]. Among the VI B TMNs, CrN has a para-
magnetic B1 structure at temperatures slightly above room temperature,
whereas below this limit it has an antiferromagnetic orthorombic structure.
The antiferromagnetic phase is due to 3d electronic spin order. At room
temperature, vibrations introduce disorder in the system so that the stable
phase becomes the cubic paramagnetic one [44,45]. Regarding stoichiomet-
ric MoN and WN, their most stable symmetry is hexagonal [46, 47], but
efforts were made to synthesize also their B1 counterparts [48,49]. At room
temperature, the cubic phase of these materials are usually characterized by
a defective structure, with formula unit M2N (where M=Mo, W).

TMNs are often employed in the form of thin films produced by differ-
ent Physical Vapor Deposition (PVD) techniques such as magnetron sput-
tering, or by Chemical Vapor Deposition (CVD) [50] both in industry (see
http://www.sandvik.coromant.com/en-gb/knowledge/materials/cutting tool
materials/coated cemented carbide) and academemic research. These meth-
ods are out-of-equilibrium processes which enable the kinetically controlled
synthesis of TMNs over a wide range of stoichiometry [51] and of metastable
compounds such as cubic (Ti,Al)N [52,53].

The great interest in the rock-salt structure of TMNs is due to the fact
that the cubic phase generally provides the highest hardness [54, 55].
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CHAPTER 2. TRANSITION METAL NITRIDES (TMNS) 4

Since TMNs are extremely hard [1–3] and resistant to corrosion and
oxidation [7], one of their natural application is in protection from wear of
e.g. cutting tools and engine components which are exposed to extremely
high pressures and temperatures during operation. In this way, the lifetime
of products is enhanced and their performances are improved, significantly
reducing costs due to wear [56].

In general, the hardness of a material is a property which is governed
mainly by the microstructure of the sample (grain boundaries, dislocations
etc.). However, on an atomic-scale, the strong bonds between transition
metal atoms and their neighboring nitrogen atoms play a role in the great
hardness of TMNs. As earlier mentioned, the atoms are arranged in a B1
structure, so that every N (transition metal) atom is coordinated to six
transition metal (N) neighbors in octahedral positions. As a result, TMNs
are highly resistant to tensile/compressive stresses.

One common drawback of hard materials is brittleness [57], i.e. no plas-
tic deformation occurs when strains are applied. As a consequence, cracks
are produced quite easily and the protective features fail. A good coat-
ing, instead, has to be hard and ductile at the same time, a characteristic
commonly known as toughness.

Great effort has been made to understand the origin of brittleness in
these compounds. It has been proven both theoretically [58, 59] and exper-
imentally [4, 5] that toughness in TMNs depends on the metallic bonding
d-states close to the Fermi level. When a shear stress is applied, the overlap
between the d-orbitals of neighboring metal atoms increases, stabilizing the
structure against the distortion. Hence, the inherent brittleness of tipically
employed hard coatings as TiN, VN, and TiAlN can be reduced upon alloy-
ing with MoN and WN [58–60], since these provide optimized occupancy of
shear-sensitive bonding d-states.

Another consequence of the strong bonds between nitrogen and metal
atoms is the low diffusivity in these compounds, making them suitable for
the application as diffusion barriers in electronic devices [10, 11]. Diffusion
barriers are needed because silicon-based devices cannot work without a
controlled impurity concentration. What happens with time is that metal
atoms migrate from the interconnects into the semiconducting region of the
device, eventually making it fail. A way to postpone or even avoid the fai-
lure, is using a TMN thin film as contact between wire and microchip. This
hinders the diffusion of the impurities into the microchip, yet maintaining
electrical contact. However, still little is known about the processes con-
trolling mass transport in TMNs. It is believed that self-diffusion of both
nitrogen and metal atoms occurs mediated by vacancies [19], as it will be
shown in chapter 3.

The most common point defect in TMNs is believed to be the N single
vacancy [61, 62] because of much lower formation energy compared to the
metal one. Anyway, knowledge about metal vacancies diffusion is needed
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in order to have a complete picture of the processes occurring in these ma-
terials. Furthermore, as earlier mentioned, TMNs can be synthesized over
a broad range of stoichiometries, so that the predominant defect in each
compound strongly depends on the concentration of the elements.

Among TMNs, titanium nitride (TiN) is the most studied and well cha-
racterized [20, 35, 63]. It crystallizes in the rock-salt (B1) structure over a
wide range of nitrogen stoichiometries from 0 K up to its melting point
(∼3200 K [51]). Recently, classical molecular dynamics (CMD), bench-
marked by ab-initio results, have been used to estimate N vacancy diffusion
coefficient [36], but information regarding Ti vacancy molbilities are lack-
ing. As shown by Razumovskiy et al. [61], the most stable cation defect in
TMNs is the simple metal vacancy. In this thesis, I apply the CD algorithm
in NE-AIMD simulations [40] to calculate the migration rates of isolated Ti
vacancies in TiN. Results are consistent with available experimental infor-
mation and prove the applicability of CD to the study of vacancy migration
in refractory nitrides.

Table 2.1: Refractory binary transition metal nitrides and the corresponding
crystal symmetry at room temperature.

IV B Symmetry V B Symmetry VI B Symmetry

TiN cubic VN cubic CrN cubic
ZrN cubic NbN cubic MoN hexagonal

Mo2N cubic
HfN cubic TaN cubic WN hexagonal

W2N cubic
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Figure 2.1: Rock-salt (cubic-B1) structure of TiN. The red atoms correspond
to Ti atoms, the green ones to N atoms.



Chapter 3

Diffusion in crystalline solids

Diffusion in solids occurs in order to lower the Gibbs free energy of the
system [64]. It is usually divided into two types: interstitial diffusion and
substitutional diffusion.

Interstitial diffusion regards the diffusion of interstitial atoms in a parent
lattice. The interstitials are usually diluted, so that they are surrounded by
available interstitial sites where they can jump as soon as they have enough
energy. Substitutional diffusion, instead, occurs usually via a vacancy mech-
anism: atoms in the lattice cannot change their position unless a neighboring
site is vacant. If this is the case, the atom’s oscillation will eventually lead
to a jump onto the vacancy (Fig. 3.1). Of course, any neighboring atom can
jump onto the vacancy, so that they obstruct each other.

The following discussion focuses only on substitutional self-diffusion with
vacancies diluted in the system, since this is the mechanism which is sup-
posed to be predominant for Ti in TiN. The experimentally accessible quan-
tity is the diffusion coefficient DA, also known as diffusivity, which is de-
fined for a specific element A into a particular compound. Self-diffusion is
experimentally measured introducing radioactive isotopes of the considered
element into the sample and measuring the rate at which penetration oc-
curs [65]. Impurity diffusion can be measured with other techniques such
as 3D atom probe tomography [10]. In crystalline systems, the diffusion
coefficient DA is simply related to the jump frequency k, i.e. the number of
jumps occurring per time unit, by:

DA(T ) = f
1

6
cV (T )α2k(T ), (3.1)

where α is the jump length, f is a correlation factor that depends on the
lattice symmetry and takes into account the fact that jumps are not inde-
pendent, and cV (T ) is the concentration of vacancies at temperature T. The
correlation factor f is less than 1 and it is due to the vacancy mechanism:
when an atom jumps into a vacancy, then the next jump is not equally prob-
able in all directions, but it is most likely to occur back into the vacancy.

7
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Figure 3.1: Substitutional diffusion via vacancy mechanism in a (111) plane
of an fcc structure.

The jump of an atom is a thermally activated process. The jump fre-
quency k often follows an Arrhenius behavior:

k(T ) = A exp

(

−
Ea

kbT

)

, (3.2)

where A is the jump attempt frequency, Ea is the activation energy for the
migration of the atom, kb is the Boltzmann constant. The jump attempt
frequency depends on the amplitude of the atoms’ vibrations.

The main assumption of this description consists in neglecting the depen-
dence of the atomic jumps to each other (correlated jumps). However, if one
considers the vacancy as an isolated entity, it is possible to define a diffusion
coefficient and a jump rate for the vacancy itself. From this perspective, the
vacancy is surrounded by available sites (which are actually the atoms) so
that the randomness of the jumping process is conserved. This is true only
if vacancies are diluted in the system. The diffusion coefficient of vacancies
DV is related the the atomic one DA by the vacancy concentration:

DV(T ) =
DA(T )

cV (T )
. (3.3)

On a macroscopical level, diffusion processes can be observed mainly when
a portion of a solid is richer in a certain component A than the rest. This
concentration gradient leads to a net flux of atoms JA from the A-rich side
to the other. It can be shown that in many cases the flux of atoms is related
to the concentration gradient by the 1st Fick’s law [66]:

~JA = DA · ∇cA, (3.4)
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where DA is the diffusivity of A. This simple law works in many cases if DA

is considered concentration dependent itself.
The description depicted so far considered only the simplest and most

common cases of diffusion, that is, jump of a single atom among neighboring
lattice sites, with a sinusoidal-like energy landscape [67,68]. However, more
“exotic”mechanisms can occur in solids. One example observable on the
macroscopic level is the spinodal decomposition. It consits mainly in diffu-
sion up the concentration gradient and it takes place in alloy systems that
contains a miscibility gap. This is the case, e.g., of cubic TiAlN which, at
high temperatures, phase-separates into cubic-TiN and cubic-AlN [52,53].

On the atomic level, diffusion mechanisms concerning defect complexes
or clusters are also possible. As an example, I shall cite the case of TiCx.
TiCx is a highly understoichiometric compound, so that plenty of carbon
vacancies are available. Recent abinitio calculations by Razumovskiy et
al. [69] proved that one stable defect in this material is the so-called “dressed
vacancy”. It consits of one Ti vacancy surrounded by six C vacancies in the
first coordination shell. This cluster is energetically favoured and it diffuses
as a unique entity in the lattice.

Other systems that can show particular diffusion processes are the in-
termetallic alloys. In these materials the mass transport becomes more
complicated than in, e.g., binary compounds formed by a mixture of metal
and non-metal elements (for which anti-sites formation energies are much
higher than those of other types of point defects) because two metals can
interchange their positions more easily. For example, intermetallic alloys
with CsCl structure (B2-type) exhibits predominantly types of defects (or
even complex defects configurations) which differ from simple vacancies and
interstitials: triple defect clusters and anti-structure defects [70]. In an
AxBy intermetallic crystal, the triple defect complex consists of one A atom
in anti-site position and two neighboring vacancies on the A sublattice. It
has been shown that Al-rich NiAl presents such complex defect configura-
tions which diffuses concertedly via a five stages process, passing through a
transition state with two Al vacancies and one anti-structure Al atom [71].





Chapter 4

Theoretical background

Properties related to diffusion processes can be calculated with the aid of
computer simulations; in particular, in this work, I used Ab Initio Molecular
Dynamics (AIMD), in which the interatomic forces are calculated from first
principles. This is achieved by solving the quantum mechanical Schrödinger
equation of the considered system. It is well known that this equation can be
solved exactly only in special cases (e.g. the hydrogen atom), whereas it is
not solvable already for the helium atom which consists of two protons and
two electrons. Several approximate solutions based on parametric wavefunc-
tions have been proposed. These methods work well for small systems, i.e.
up to about ten atoms, but they are extremly computationally expensive.
A first model which was trying to avoid the use of the many-particles wave-
functions was the Thomas-Fermi model, consisting in the use of a mean
electronic density instead of the multi-electron wavefunction. This model
was considering the electrons as a gas of non-interacting particles, and this
approximation was too crude to give good results. However, in the 60s Ho-
henberg and Kohn, starting from these ideas, came up with a theory which
enabled the study of solids and big molecules with surprisingly good results,
the Density Functional Theory (DFT) [72]. Here I will explain tha main
concepts of this theory. Everything is considered in the Born-Oppenheimer
approximation, i.e. the nuclei of the atoms are considered static with respect
to the electrons since their velocity is several orders of magnitude lower than
the electrons’ one.

4.1 Density Functional Theory (DFT)

DFT is based on two theorems by Hohenberg and Kohn [72]. These theo-
rems state that the ground state electronic density of a quantum mechani-
cal system univocally determines the external potential vext(~r) in which it is
immersed, and its ground state energy can be obtained variationally by min-
imization with respect to the electronic density. The ground state energy is

11
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just a functional of the only electronic density ρ(~r):

EGS = E[ρ(~r)] = min
ρ̃(~r)

{
∫

vext(~r)ρ̃(~r)d~r + F [ρ̃(~r)]

}

. (4.1)

If the functional F [ρ̃(~r)] was known, then all the properties of the sys-
tem would be determined. Unfortunately, F depends on the many-particles
wavefunction Ψρ of the system:

F [ρ̃(~r)] = minΨρ

(

Ψρ

∣

∣

∣
T̂ + Û

∣

∣

∣
Ψρ

)

. (4.2)

where T̂ and Û are the kinetic and interaction operators, respectively. Kohn
and Sham [73] simplified this problem considering non-interacting electrons
under the effect of a potential veff . In this way, the wavefunction of each
electron can be calculated solving the single-particle Schrödinger equation:

(

−
1

2
∇2 + veff(~r) − ǫj

)

φj(~r) = 0, (4.3)

where the effective potential is:

veff(~r) = vext(~r) +

∫

ρ(~r′)

|~r − ~r′|
d~r′ + vxc, (4.4)

and the single-particle wavefunctions are related to the electronic density ρ
by:

ρ(~r) =
n

∑

j=1

|φj(~r)|
2 (4.5)

for a system of n electrons. The effective potential veff consists of the ex-
ternal potential vext, the electrostatic interaction of the electron with the
whole electronic density ρ, and an exchange and correlation term vxc that is
the only approximated quantity. The single-particle wavefunctions have no
physical meaning since they are related to non-interacting electrons. The
n single-particle equations are commonly known as Kohn-Sham equations.
These equations depend on the electronic density, which, in turn depends
at the same time on the single-particle wavefunctions. Thus, the solutions
can be found self-consistently starting from a guess of the electronic density.
The self-consistent procedure is summarized in the flowchart of Fig. 4.1.

The use of periodic boundary conditions and Bloch’s theorem (which al-
lows to expand the single-particle wavefunctions on plane waves) enable the
simulation of infinitely periodic systems as crystal structures. The plane
wave basis is truncated at a certain cutoff energy and only a certain set
of points in the reciprocal space is considered for the Fourier transform.
This two parameters can be tuned to obtain more accurate energy calcula-
tions, but using high energy cutoff and thick k-point grids results in longer
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Figure 4.1: Flowchart depicting the self-consistent solution of the Kohn-
Sham equations.
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computational times. In order to find the relaxed structure of a crystal, one
generally employes the conjugate gradient algorithm in a DFT self-consistent
scheme. Starting from a given set of ionic coordinates and structural para-
meters, the method proceeds with recursive electronic and ionic calculations.
Since DFT is based on the Born-Oppenheimer approximation, the calcula-
tion of the electronic ground state is performed keeping the ions fixed. Once
it is obtained, the position of the ions is updated according to the local slope
of the potential energy surface and the electronic ground state is calculated
again. This procedure is replicated until the minimum energy of the whole
system is reached, within an accuracy factor previously set.

4.1.1 Nudged Elastic Band (NEB)

Several methods have been developed to calculate various system proper-
ties within a DFT framework. An useful tool for the determination of the
minimum energy path (MEP) of a process (or reaction) and the related acti-
vation energy, based on transition state theory, is the Nudged Elastic Band
(NEB) method [74]. A schematical explanation of the principle of NEB fol-
lows. According to this method, the estimation of the MEP is carried out
by taking a number of images on the straight path connecting the initial
and final states of a reaction of interest, which have to be known previously.
Then, the energy minimization by means of DFT is performed relaxing the
images along the perpendicular to this path. The path passing by the energy
minimum of each image is considered the MEP and the activation energy
of the process can be evaluated more accurately intensifying the number
of images around the saddle point. Fig. 4.2 represents schematically the
principle.

Figure 4.2: Schematic drawing of the working principle of Nudged Elastic
Band calculations. The minimum energy path of an atom (black solid circle)
migrating toward a vacancy (empty circle) passes through the positions of
images (dashed empty circles) which are relaxed orthogonally to a straight
line connecting initial and final states.
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4.2 Molecular Dynamics (MD)

Molecular Dynamics (MD) is a powerful computational tool that enables the
simulation of the dynamics of atoms and molecules. It can be based either
on classical parametric potential, in which case is called Classical Molecular
Dinamics, or on quantum mechanical calculations, also known as Ab-Initio
Molecular Dynamics. In this work I used only AIMD, so that I will focus
on this type of simulations.

In order to simulate the dynamics of a system from first principles, the
force FI acting on the atom I is calculated by:

~FI = −

〈

∂H

∂ ~R

〉

−
∂EII

∂ ~R
, (4.6)

where H is the electronic hamiltonian of the system, R is the position of
the nucleus I and EII is the energy due to interaction between nuclei. This
equation can be derived with the use of the Hellmann-Feynman theorem,
whose essence is that FI depends only on the electronic density and the
nuclear positions. From these forces one obtains the acceleration of each
ions. Thus, new positions and velocities of the atoms can be calculated
from Newton’s equations so that the dynamics of the system is determined.
The integration of the equations of motion is usually done on timesteps
of the order of femtoseconds; small compared to the frequency of lattice
vibrations. In this way, the thermodynamic properties are conserved. AIMD
in general is an accurate method, however it is computationally expensive
so that only few hundreds of atoms can be simulated for times as long as
fractions of nanoseconds. Because of this, a good trade-off must be found
between accuracy (in terms of k-points and energy cutoff) and speed.

MD simulations are performed within constraints (ensembles). This
means that a set of thermodynamic properties is maintained constant through-
out the simulation. Typical ensembles are the NVE (microcanonical) or the
NVT (canonical). In the NVE ensemble, the number of particles N, total
energy E, and volume V of the system are conserved during the run. Such
constraint does not alter the newtonian trajectories and allows to simulate
an isolated system. However, in order to compare MD statistics with exper-
iments, generally performed at constant temperature, it is often convenient
to run MD in the NVT ensemble, in which the temperature T is controlled
by a thermostat. This means that the temperature fluctuates around a con-
stant average value, as if the system was immersed in a thermal bath, while
the total energy can vary. In MD simulators, the temperature T of the
system is calculated exclusively from the translational degrees of freedom of
the kinetic energy:

T ∝
∑

i

(

mi · v
2
i

)

. (4.7)
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4.2.1 Color Diffusion algorithm

One property that can be calculated with the aid of MD is the jump rate
of an atomic species into a certain material. It is just needed to create a
vacancy in the system and let the system develops: at a certain time, an
atomic jump will occur. However, this type of calculation may be extremely
expensive computationally when the jump rates are low. For this reason non-
equilibrium methods are used to accelerate a physical process of interest. In
this work, I use the Color Diffusion (CD) algorithm [37,40]. The main idea
of this method is quite easy: in order to speed up atomic jumps, one atom
(the colored atom) close to the vacancy is accelerated with an external force
F toward the available site. The equilibrium jump frequency can then be
extrapolated from the trend of the accelerated rates at the limit F → 0. In
order to mantain the system in mechanical equilibrium, an opposite force of
intensity F

N−1 is applied to all the other atoms in the simulation (N is the
total number of atoms in the considered supercell), Fig. 4.3 . In addition,
the non-colored atoms are coupled with a thermostat to dissipate the energy
increase due to the external work.

In the original method, the prescribed intensity of the external force to
be applied is small so that the non-equilibrium jump-rates follow a linear
trend as a function of the applied force field. In [40] instead it has been
proven that the jump rate follows an exponential trend up to a certain max-
imum force field Fmax which depends on the equilibrium activation energy
of the migration process and the mid-point of the diffusion path. The main
assumption of the model is that the unperturbed energy landscape along
the straight path connecting the colored atom and the vacancy can be ap-
proximated with a sinusoidal function. When the force field is applied to
the system, a steady state is reached in which the energy landscape changes
as shown in Fig. 4.4. It can be seen that the equilibrium position of the
colored atom xeq and the transition state xTS (maximum energy position on
the path) get closer as F increases, while the energy barrier for the process
decreases. The maximum force Fmax applicable corresponds to the force at
which the equilibrium position and the transition state coincide, since after
this limit the harmonic approximation is no longer valid and the model be-
comes dinamically unstable. Considering the non-equilibrium jump rate as
in equation 3.2, the activation energy and the jump attempt frequency as a
function of the force field can be calculated from the analytical form of the
energy landscape. The non-equilibrium jump rate k(F, T ) results to be:

k(F, T ) = kE(T ) exp

[

xTS0(T )

kBT
F − α(T )F 2

]

, (4.8)

where kE(T ) is the equilibrium jump rate at temperature T , xTS0 is the
equilibrium transition state, kB is the Boltzmann constant and α(T ) is a
temperature dependent fitting parameter. Taking the logarithm on both
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Figure 4.3: Schematic drawing of the Color Diffusion algorithm. The green
atom is the colored atom, while the vacancy is indicated by the empty circle.

sides and setting xTS0(T ) = dNN

2 (where dNN(T ) is the equilibrium nearest
neighbor distance at temperature T), the remaining unknown parameters
are α(T ) and ln[kE(T )], the latter being the wanted quantity. The equation
takes the form

ln[k(F, T )] = ln[kE(T )] +
dNN

2kBT
F − α(T )F 2. (4.9)

It is found that the the fitting works well up to force fields F ≈ 0.75Fmax.
dNN as a function of T is approximated with the linear thermal expansion:

dNN(T ) = dNN(0K)(1 + αL · T ), (4.10)

where αL is the thermal linear expansion coefficient, which is ∼ 9 ·10−6K−1

for TiN [75].
The prescription of setting the first order coefficient enables retrieving

equilibrium rates from non-equilibrium results for just two different field
intensities. The procedure to obtain the equilibrium jump rate kE at tem-
perature T consists of running several simulation at different force field (in
order to have a statistically significant value of kNE(F, T )) and fit the ob-
tained values with equation 4.9, so that kE is extrapolated at 0 force field.
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Figure 4.4: Energy landscape along the diffusion path for different values
of the force field. It can be seen that for increasing F, the colored atom
equilibrium position and the transition state get closer and closer and the
activation energy decreases. Picture taken with permission from the Sup-
plementary Material in [40].



Chapter 5

Gamma distribution

In [40], Sangiovanni and coworkers presented a scheme to extrapolate equi-
librium vacancy jump rates from non equilibrium (accelerated) rates. For
each given force F, the non-equilibrium rate kNE(F ) was obtained as the to-
tal number of jumps of the colored atom occurring over a set of sample runs
divided by the total time simulated during these runs. Each sample run was
terminated when the colored atom (or another atom) had jumped or when
the simulation wall-time was reached. This approach, however, leaves some
ambiguities in the definition of non-equilibrium jump rates. For example:

(i) How should one set the wall-time limit?

(ii) Is it fair to attribute the same “statistical weight”to runs in which
jump occurs and those in which no jump occurs?

(iii) What are the uncertainties on kNE values which, in turn, determine
the uncertainty on extrapolated equilibrium rates?

To solve the above issues, I have developed a scheme which unambiguously
defines kNE values with their relative uncertainty. This is based on the
rationale that the time spacing separating consecutive jumps in a stochastic
diffusion process follows Gamma distribution statistics.

Consider a set of independent events occurring related to a random pro-
cess. From statistics, one way of modeling the occurrence times of such
a set is through the Gamma distribution [76]. The Gamma distribution
is a family of probability distribution depending on two parameters. It is
supported on the interval (0, +∞] and its probability distribution function
(PDF) is:

PDF(t; k, θ) =
tk−1 exp{− t

θ
}

θkΓ(k)
, (5.1)

where k is the shape parameter, θ is the scale parameter and Γ(k) is the
Gamma function evaluated at k:

Γ(k) =

∫ +∞

0
xk−1e−xdx. (5.2)

19
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In Fig. 5.1 the Gamma PDF is shown for different values of the parameters
k and θ. For k < 1, the distribution diverges approaching to 0 and goes to 0
for t → ∞. When k = 1, the Gamma distribution becomes the exponential
distribution. For values of k > 1, the distribution have a maximum (called
“mode”of the distribution) and then goes to 0 when approaching ∞. Finally,
for k >> 1, the distribution becomes more symmetric and similar to the
standard distribution. The scale parameter θ controls the width of the
distribution. The mean value t̄ of the distribution is equal to the product of
k and θ

t̄ = k· θ. (5.3)

Now, consider a thought experiment in which the occurrence of an event is
searched for on a set of n samples. It may happen that in the observed time
interval [0, t̃], the event does not occur in a certain number of samples. From
these samples is still possible to get an information about the process: the
occurrence time exceeds the observation time. These data can still be taken
into account in the fitting of the Gamma distribution, and in this case the
dataset is called “censored” [77], see equation 5.5. This addresses issue (ii)
above, that is, the statistical weights (for the simulation time) of samples in
which an event occurs and those in which it does not occur should not be
the same.

One common way to fit a distribution to a set of n observations {t1, ...tn}
is through the Maximum Likelihood Estimation (MLE). The likelihood func-
tion L is defined as:

L(k, θ) =
n

∏

i=1

PDF(ti; k, θ), (5.4)

where k and θ are unknown. The fitting proceeds via the maximization
of the logarithm of L, i.e. through the calculation of the derivatives with
respect to the parameters and equating them to zero. In the case of a
censored dataset, the likelihood function becomes:

L(k, θ) =
m
∏

i=1

PDF(ti; k, θ)·
n

∏

i=m+1

(

1 −

∫ ti

0
PDF(t; k, θ)dt

)

, (5.5)

where ti for the censored data corresponds to the observation time within
which the event has not occurred and the term 1 −

∫ ti
0 PDF(t; k, θ)dt expli-

cates exactly this fact.
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Figure 5.1: Gamma distribution for different values of the shape parameter
k and scale parameter θ.





Chapter 6

Theoretical methods

In this section I will describe the details about ab-initio calculations, as well
as the definitions of vacancy formation and interaction energy, and of the
non-equilibrium jump rate.

6.1 Computational details

All the DFT-based calculations are performed with the Vienna Ab initio
Simulation Package (VASP) code [78] with the projector-augmented wave
(PAW) [79,80] method and the Armiento-Mattsson exchange and correlation
functional (AM05) [81], which was shown to describe vacancy formation and
migration better than other functionals [82]. The energy accuracy in the self-
consistent calculations is 10−5 eV/atom using a plane wave energy cutoff of
400 eV.

Regarding the vacancy formation and interaction energy calculations,
defect-free and defective supercell structures used consist of 4x4x4 unit cells,
for a total of 512 B1 lattice sites. This supercell is large enough to avoid va-
cancy self-interaction. The integration on the Brillouin zone is performed on
the Γ point and on 2x2x2 and 3x3x3 k-point grids, following the Monkhorst-
Pack scheme [83]. The volume optimization is performed on a 2x2x2 k-points
grid, the formation and interaction energies of one and two vacancies were
calculated with the 3x3x3 grid, whereas the formation and interaction ener-
gies for three vacancies at the Γ point.

The AIMD simulations are performed within the canonical NVT ensem-
ble on supercells consisting of 215 atoms (3x3x3 unit cells with one Ti va-
cancy) sampling the Brillouin zone in the Γ point. The equations of motion
are integrated at 1 fs time intervals.

Prior to initiating non-equilibrium simulations, the system is coupled
to a Nosé-Hoover thermostat until equilibration is reached. Subsequently,
when the force field is switched on, the velocities of all atoms (except that
of the colored atom) are rescaled at each timestep to dissipate the energy

23
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increase due to external work and keep constant temperature.
In order to have an estimate of the maximum applicable force, the acti-

vation energy for the migration process is evaluated at 0 K through Nudged
Elastic Band (NEB) calculations [74] as implemented in VASP. The default
spring parameter is used (SPRING = -5) and 10 images are employed be-
tween the initial and final state. Here, the energy cutoff is 500 eV with
3x3x3 Brillouin zone sampling. The migration path considered is along the
<110> direction (Ti nearest neighbor in the Ti sublattice).

kNE→E is extrapolated (see equation 4.9) at temperatures of T=2200,
2400, 2600, 2800, and 3000 K from kNE(T, F )s calculated employing force
fields of intensity 1.4, 1.6, 1.8, 2.0 and 2.2 eV/Å(<100> component). kNE(T, F )
is calculated as described in section 6.3.

6.2 Vacancy formation and interaction energy cal-
culation

Static energy calculations of the defect free TiN system were carried out, as
well as of defective systems with one, two and three Ti vacancies in different
configurations, in order to understand if clusters of Ti vacancies are stable
in TiN. The formation energy of n vacancies Ef

nV is calculated as:

Ef
nV = EnV + nEhcp−T i − E0, (6.1)

where Ehcp−T i is the energy of one Ti atom in a hcp-Ti crystal (which is
the stable structure of Ti at 0 K), and E0 is the energy of the defect-free
system. The interaction energy between n vacancies Ei

nV is calculated with
the equation:

Ei
nV = Ef

nV − nEf
1V . (6.2)

The study of three vacancies is of interest to check whether three-body
interactions exhibit qualitatively the same behavior as two body interactions
[84].

6.3 Non-equilibrium jump rate calculation

As anticipated at the beginning of the previous chapter, in [40] non-equilibrium
kNE rates at a certain temperature and force field were calculated as follow.
Nineteen configurations were randomly selected from 50 thermally equili-
brated systems. The simulations were performed until either the colored
atom jumped or a certain wall time was reached. The jump rate was then
calculated as the number of occurred jumps (multiplicated by the number
of nearest neighbors) and divided by the total simulation time. The total
simulation time was given by the sum of the jump times, when a jump oc-
curred, and of times equal to the wall time when no jump was observed.
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However, this method leaves some arbitrariness in the definition of kNE. So,
in this work, I propose a procedure which unambiguously determines the
non-equilibrium jump rate.

In order to calculate kNE, 50 statistically independent AIMD runs are
started at each temperature and then equilibrated for three picoseconds. As
in [40] 20 configurations out of 50 are still randomly selected (to perform
non-equilibrium simulations at each force field), but the wall time is not
chosen a priori. The simulations are stopped when jumps are observed in
the 75% of the runs or more. An additional requirement is that each run
in which the colored atom has not jumped need to have a total simulation
time larger than that of the longest simulation in which a jump has occurred.
The latter condition allows for separating “jumps”from “no-jumps”on the
timescale to be used for Gamma distribution analysis.

The jump times are fitted with a censored Gamma distribution as de-
scribed in chapter 5, assigning to the censored data the time the last jump
occurred. The fitting is performed with the statistics software RStudio [86].
Once obtained the distribution’s parameter k and θ with their uncertainty,
the average jump time t̄ is evaluated with eq. 5.3 and kNE is calculated as
the reciprocal of t̄ times the number of nearest neighbors (12 Ti atoms in the
B1 structure). An uncertainty on kNE is also obtained from the propagation
of the uncertainties on k and θ.

The equilibrium jump rate kNE→E is finally extrapolated from the non-
equilibrium rates with eq. 4.9, calculating the uncertainties on kNE→E using
the uncertainties on kNE in the procedure described in ref. [85].





Chapter 7

Results and Discussion

7.1 Vacancy formation and interaction energy

At first, the equilibrium volume of the defect-free system is calculated vary-
ing the lattice parameter and interpolating the results with a quadratic
polynomial. The equilibrium lattice parameter obtained for TiN is 4.214 Å,
resulting in a slight underestimation, 0.5%, compared to the experimental
value of 4.237 Å [87].

The formation energies and interaction energies of one and two vacan-
cies calculated with the 3x3x3 k-points grid are shown in Table 7.1. The
considered configurations of the two vacancies correspond to first, second,
third and fourth neighbors in the Ti sublattice. The neighbors’ position for
the atoms in the metal sublattice are represented in Fig. 7.1. What can be
immediately noted from the table is that the interaction energy is positive
for every configuration of the two vacancies, i.e. the vacancies repel each
other. The introduction of vacancies consists always in reductions of the
lattice parameters. In Fig. 7.2 the interaction energy is plotted as a func-
tion of the distance between the vacancies. It can be seen that at distances
corresponding to 3rd and 4th neighbors configurations, the interaction en-
ergy is reaching a saturation value close to 0: this means that at these
distances the vacancies are weakly interacting and they can be considered
as isolated/uncorrelated.

Finally, the calculations of the interaction energy for three vacancies are
shown in Table 7.2. Since these results are confined to Γ-point sampling, Ei

values are reliable only at qualitative level. The results are still greater than
0, confirming that Ti di-vacancies and tri-vacancies are not stable when close
to each other. The results shown in Table 7.1 agree well with results found
in literature [62] so that it can be supposed that the values have converged.
The Ti vacancies tend to stay isolated from each other, suggesting that
agglomerates of this kind of defect hardly exist. These results suggest that
the isolated Ti vacancy is the most common defect in the metal sublattice.
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Table 7.1: Formation energies Ef for one and two Ti vacancies and inter-
action energies Ei between two vacancies. The results were obtained from
calculations with a 3x3x3 k-points grid. The different configurations of the
two vacancies are shown in Fig. 7.1. All values are in eV. The interaction
energies are calculated according to equation 6.2.

Ef (eV) Ei (eV)

One vacancy 2.8586 (2.76a)
Two vacancies
1st neighbors 6.3749 0.6576 (0.68b)
2nd neighbors 5.9250 0.2077
3rd neighbors 5.7919 0.0746
4th neighbors 5.7855 0.0682

a taken from [62]
b taken from [61]

Table 7.2: Interaction energies Ei between three Ti vacancies calculated in
the Γ-point. Two vacancies are kept in first neighbor position while the third
one is moved in the cell. The label describe the configuration of the third
vacancy with respect to the first two (e.g. 1n-2n corresponds to vacancy 1
and vacancy 3 first neighbors, vacancy 2 and vacancy 3 second neighbors).
All values are in eV. The interaction energies are calculated according to
equation 6.2.

Configuration Ei (eV)

1n-1n 7.3794
1n-2n 7.1122
1n-3n 6.9670
2n-3n 6.6119
3n-3n 6.5182



CHAPTER 7. RESULTS AND DISCUSSION 29

Figure 7.1: Neighbors’ configurations in the rock-salt structure of TiN. The
red atoms correspond to Ti atoms, the green ones to N atoms. The numbers
indicate what kind of neighbor is the corresponding atom with respect to
the atom A (A-1 are first neighbors, A-2 are second neighbors etc.).

Figure 7.2: Interaction energy as a function of the distance between two Ti
vacancies in TiN. The dots correspond to, from left to right, first, second,
third, and fourth neighbors.
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7.2 NEB calculation

NEB calculations are performed in order to obtain the energy landscape
along the migration path and the activation energy for the process. The
energy landscape is shown in Fig. 7.3. The energy profile looks very si-
nusoidal and no metastable states are present along the path. This allows
the use of the CD algorithm to study the migration of Ti vacancies. The 0
K activation energy is 4.26 eV. As a comparison, the activation energy for
diffusion of N in TiN is 3.8 eV [35], which suggests that it is more difficult
for Ti atoms to diffuse than for N atoms. The diffusion path is linear, as
could be expected from the harmonicity of the lattice vibrations in TiN.
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Figure 7.3: DFT+NEB 0K energy profile for Ti nearest neighbor jump
(along <110> direction). The reaction coordinate on the x-axis is meant to
represent the progress of the jump along the path. The activation energy of
the process is 4.26 eV.

7.3 Calculation of Ti vacancy jump rates and es-
timation of diffusion coefficients

The calculation of non-equilibrium jump rates kNE is performed with the
CD algorithm following the procedure described in sec. 6.3 at temperatures
of 2200, 2400, 2600, 2800, and 3000 K. The resulting interpolation through
equation 4.9 is represented in Fig. 7.4. The interpolated non-equilibrium
values are calculated at five different force fields for each temperature, from
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1.4 to 2.2 eV/Å in steps of 0.2 eV/Å (<100> component).

 10

 15

 20

 25

 30

 0  0.5  1  1.5  2  2.5  3

lo
g(

k[
s−

1 ])

Force Field (eV/Å)

3000 K
2800 K
2600 K
2400 K
2200 K

Figure 7.4: Logarithm of kNE calculated at different temperatures as a func-
tion of the force field intensity, interpolation parabola and extrapolated val-
ues of ln(kNE−>E). Refer to the legend for distinction between different
temperatures.

As can be seen, kNE calculated at force fields of intensity close to the
limit F=0.75 Fmax are similar to each other for all temperatures, whereas
going down with force field the distinction becomes more relevant. The
uncertainty on the jump rate extrapolated from those five values has prob-
ably reached a converged value. This is displayed in Fig. 7.5. In this plot,
the extrapolated jump rates are represented as a function of the number
of interpolated non equilibrium jump rates, taken from the set of all five
performed jump rate calculations. For each number of interpolation points,
all the possible combinations of the values are considered. As it is expected,
the uncertainty on kNE−>E decreases with increasing number of interpolated
values. This confirms that the uncertainty on kNE−>E values can be reduced
sistematically upon increasing the number of interpolated points and/or the
accuracy of each kNE value.

No experimental value of the Ti vacancies jump rate is available in liter-
ature. In order to assess the plausibility of the results obtained, I compare
present results with those of N vacancies jump rate in TiN (table 7.3). The
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Figure 7.5: kNE−>E as a function of the number of interpolated values. Two
interpolated values means that kNE−>E is obtained from interpolation of
two kNE (all combinations are represented), five interpolated values means
that kNE−>E is obtained from interpolation of all kNE. The points for each
temperature are slightly displaced just to make the plot clearer.

N vacancies jump rates are taken from [36]. Ti jump rates are approximately
one order of magnitude smaller than N ones at all temperatures, indicating
lower mobility for Ti than for N atoms in TiN. The plausibility of these
values is supported by the fact that metal vacancies in TMNs are known to
be less mobile than N vacancies [19].

Table 7.3: Comparison between Ti vacancy jump rate obtained in the
present work and N vacancy jump rate from CMD [36].

Temperature (K) kNE−>E Ti (µs−1) kCMD N (µs−1)

2200 1.03 11.62
2400 6.30 57.79
2600 15.40 224.61
2800 63.00 719.12
3000 253.00 1971.42

The Arrhenius plot for the migration of Ti vacancies (extrapolated kNE−>E

values plotted as a function of 1/T ) is shown in Fig. 7.6. Using Arrhenius
equation (eq. 3.2), the activation energy Ea for the process and the attempt
frequency A can be estimated. The value obtained from the interpolation for
the energy barrier is Ea = (3.78 ± 0.28)eV, and for the attempt frequency
is A = 4.45 (x3.6±1) x 1014 s−1. The discrepancy of the activation energy
obtained from the Arrhenius fitting and the one obtained from NEB calcu-
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lation (Ea(NEB) = 4.26 eV) is probably due to temperature effects which,
close to melting, may significantly alter the potential energy landscape even
for fairly harmonic systems [30,88,89]. Finally, it must also be noted that the
activation energy obtained from Arrhenius interpolation varies considerably
even for relatively small changes in kNE−>E values.

For a fully-dense single-crystal TiN sample, the diffusivity of Ti vacancies
as a function of temperature is regulated by thermodynamics: DV (T ) would
depend on the vacancy equilibrium concentration cV at each temperature
(see Eq. 3.1) which, in turn, varies according to the Gibbs free energy of
formation Gf dependence on T. Reliable evaluation of Gf (T ) would entail
appropriate choice of the reference chemical potential for titanium used to
estimate the entalpy of formation Hf at 0 K, and calculation of the vacancy
formation entropy Sf which has been recently shown to vary linearly with
T [30]. This is beyond the scope of this work. In practice, however, the
concentration of point defects for TMNs is primarly affected by the synthesis
conditions: thin films of these materials are generally grown far off from
thermodynamic equilibrium via physical vapour deposition techniques [90,
91]. Thus, even in their single phase and single crystal form, TMNs may
exhibit large variations in mass transport properties due to different sample
densities and/or stoichiometries. To show the effect of having constant Ti
vacancy concentrations (not sensible to temperature variations), in Fig. 7.7,
the diffusion coefficient of Ti atoms as a function of 1/T is plotted (using
the activation energy and attempt frequency for the vacancy jump process
obtained from the Arrhenius interpolation in Fig. 7.6) assuming arbitrary,
yet realistic, concentrations of Ti vacancies achievable during magnetron
sputtering deposition. Choosing, for example, a cV value within the range
1% and 0.01% of the Ti sublattice, the diffusion coefficient would lie within
the shaded region of Fig. 7.7.
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Figure 7.6: Arrhenius plot of the migration of Ti vacancies in TiN, i.e. the
logarithm of the extrapolated jump rate as a function of the inverse of the
temperature.
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Figure 7.7: Logarithm in base 10 of the diffusion coefficient for migration
of Ti atoms in TiN as a function of temperature for two limiting vacancies
concentrations, 1% and 0.01% of the Ti sublattice.



CHAPTER 7. RESULTS AND DISCUSSION 35

7.4 Computational efficiency gain

Finally, I make some consideration about the gain in computational effi-
ciency provided by non-equilibrium simulations. Table 7.4 shows the total
simulation times tNE for non equilibrium calculations at each temperature
and estimates of the total simulation time tE that would have been spent
if the calculations were performed at equilibrium, as well as the gain factor
given by the ratio between the total times tE/tNE. The time needed for the
calculation of the jump rate at equilibrium tE(T ) is estimated as:

tE(T) = nruns [kNE−>E(T)]−1, (7.1)

where nruns is the average number of runs per force field and kNE−>E(T )
is the extrapolated equilibrium jump rate at temperature T. nruns is con-
sidered because it is expected that, in order to obtain an uncertainty on k
comparable with the extrapolated value, a similar number of runs has to be
performed. The gain in computational time is evident: at T = 3000 K, the
CD method is 500 times faster than the equilibrium calculations, whereas
at 2200 K the gain is about 3x105.

Table 7.4: Total computational time spent with the CD method tNE and
estimated for equilibrium calculations tE with gain factor tE/tNE for each
temperature considered. tE is estimated with equation 7.1.

Temperature (K) tNE (ns) tE (ns) gain factor tE/tNE

3000 0.115 61.66 5.37x103

2800 0.174 257.1 1.47x104

2600 0.246 1091 4.43x104

2400 0.359 2984 8.31x104

2200 0.587 19417 3.31x105





Chapter 8

Conclusions

In this work I presented the results of DFT calculations and AIMD simula-
tions aiming to investigate Ti vacancy stable configurations and correspond-
ing migration rates in TiN.

DFT results show that Ti vacancies do not tend to clusterize due to
repulsive energies which fade out as the inverse of the vacancy/vacancy dis-
tance. Subsequently, the jump rate of isolated Ti vacancies in TiN has been
calculated as a function of temperature via ab-initio molecular dynamics
accelerated through the color diffusion algorithm [40]. For each bias force
field and temperature, jump occurrence times and corresponding uncertain-
ties have been determined with the two-parameters Gamma distribution.
Equilibrium jump rates kNE−>E have been extrapolated for non equilibrium
results at temperatures of 2200, 2400, 2600, 2800 and 3000 K. Statistical
analysis demonstrates that the uncertainties on extrapolated equilibrium
rates can be reduced systematically by increasing the number of interpola-
tion points (force field intensities for the fitting) and/or by improving the
numerical accuracy on estimated non-equilibrium rates upon increasing the
number of test runs at each force field.

Comparison between simulation times required in non-equilibrium vs
equilibrium simulations to obtain well-converged jump rates indicates a
speed-up factor which increases for decreasing temperatures from 103-104

(at T close to TiN melting point) up to 105-106 at T approximately 70%
of the melting point. Similar efficiency gain is expected to study vacancy
migration rates in other refractory nitride systems.

Extrapolated kNE−>E values exhibit an Arrhenius-like behavior as a
function of T. From Arrhenius linear regression, I extracted vacancy jump
activation energy Ea = (3.78 ± 0.28) eV and attempt frequency A = 4.45
(x3.6±1) x 1014 s−1. As expected, Ti vacancy jump rates are smaller than
those calculated previously for N vacancies [36]. While I have shown that
Ti vacancies prefer to stay isolated, future works on mass transport in TiN
could take into account the migration of a pair Ti vacancy-N vacancy, since
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this type of defect has been previously suggested to be energetically favoured
in substoichiometric systems.

The results presented in this thesis confirm that the CD algorithm is a
valid and efficient method to investigate diffusion processes and migration
kinetics in TMNs via AIMD.

I propose a recipe based on Gamma-distribution statistics which allows
to determine non-equilibrium jump rates (and consequently extrapolated
equilibrium rates) with their corresponding uncertainties, thus solving the
arbitrariety of the scheme presented in ref. [40].

8.1 Future outlook

Future works about diffusion in TiN may consider the investigation of the Ti
vacancy-N vacancy pair in order to understand if this defect affects consid-
erably mass transport in this compound or its occurrence is only occasional.
However, it is not sure that the study of this type of defect can be carried
out with the CD algorithm because of the more degrees of freedom of the
vacancy pair compared to the single defect.

The CD algorithm is also the best candidate for the study of systems
in which anharmonic effects produce phase transitions, so that the crystal
structure at finite temperatures is different from the 0 K one. In this case,
TST calculations, which are performed at 0 K, cannot predict reliably dif-
fusion properties. As an example, the study of B1-VN (see chapter 2) mass
transport properties should be performed with the CD method.

The CD algorithm could be also employed in the study of the diffusion
of different species in crystals. One possible application is in the study of
diffusion of extrinsic defects such as Cu atoms in TiN, motivated by the fact
that TMNs are currently employed as diffusion barriers in electronic devices.
Another possibility is the study of diffusion of different isotopes, aimed at
the understanding of the effect of different isotopic masses on diffusion rates
and consequently of the possible deviations between computed values and
experimental results (see chapter 3).
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