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Abstract—Kernel-based machine learning methods are gaining
increasing interest in flow modeling and prediction in recent
years. Gaussian process (GP) is one example of such kernel-
based methods, which can provide very good performance for
nonlinear problems. In this work, we apply GP regression to
flow modeling and prediction of athletes in ski races, but the
proposed framework can be generally applied to other use cases
with device trajectories of positioned data. Some specific aspects
can be addressed when the data is periodic, like in sports where
the event is split up over multiple laps along a specific track.
Flow models of both the individual skier and a cluster of skiers
are derived and analyzed. Performance has been evaluated using
data from the Falun Nordic World Ski Championships 2015, in
particular the Men’s cross country 4× 10 km relay. The results
show that the flow models vary spatially for different skiers and
clusters. We further demonstrate that GP regression provides
powerful and accurate models for flow prediction.

I. INTRODUCTION

Flow modeling and prediction are gaining great interest in
data analytics nowadays. Various research topics arise around
this area, which include human motion patterns [1], traffic flow
modeling and prediction [2], moving patterns of a swarm of
animals [3], and so on. Flow modeling and prediction can
be done both on-line with real-time data, for instance the
streaming probe data [4], or off-line with cached/stored data,
for instance the recorded data from surveillance cameras [1].
In this work, we focus on the flow patterns of athletes in sport
activities, to be precise, in ski competition. Data analytics in
sports is crucial for both the coach and the public audience.
Among others, flow modeling and prediction play an even
more important role in analyzing and predicting performance,
deploying attacks and defenses in matches, and monitoring
physical condition of athletes.
Numerous approaches have been developed for flow mod-

eling and prediction in various applications. Historically, the
most widely used ones include neural networks [5], support
vector machines (SVM) [6], and Gaussian Process (GP) [7],
[8]. GP is one important class of kernel-based learning meth-
ods. First, it is good at exploring the relationship between a
set of variables given a training dataset. Second, GP perfectly
fits in the Bayesian framework, which allows for explicit
probabilistic interpretation of model outputs. All these advan-
tages make GP a powerful tool to address complex nonlinear
regression and classification problems. However, the standard
GP is computationally demanding when the dataset is large and
its size grows with time. To remedy this drawback, a plethora
of low-complex GP algorithms have been proposed over the

last decade. Representative solutions include (1) reduced-rank
approximations of the covariance matrix [8] and (2) sparse
representation of the complete training dataset [9] and (3)
partition of the complete dataset into smaller subsets and fusion
of all local GP experts [10], [11] and (4) stochastic variational
inference approximated GP [12] and (5) recursive processing
based GP including a grid based algorithm [13], [14] and a
series of state-space model based algorithms [15]. In this paper,
we narrow down our focus to the recursive processing based
algorithms as they are more attractive for on-line applications.
In this work, we apply GP regression for flow modeling and

prediction in a sports use case, but the proposed framework is
generic for other use cases with positioned device trajectories.
Flow modeling may include, but not limited to, the temporal
and/or spatial modeling of motions, speed, and data flows.
In our work, we have used positioned trajectories from the
Falun Nordic World Ski Championships 2015 and the Mens
cross country relay race, 4× 10 km. We aim at modeling the
ground speed at which an individual or a cluster of individuals
moving along predefined tracks, typically over multiple laps.
Since the speed at a specific position is a critical factor for
evaluating the performance of individuals, the core of our
work is the use of both standard and on-line GP to provide
a model specifying the relationships between the speed and
position for each individual. As an on-line GP representative,
we choose the gird based on-line GP [13] because it is adaptive
to new-arrival data and, as will be shown later on the concept
of updating prediction on fixed grids, fits our application
specifically. Furthermore, different individuals are clustered
based on a number of features extracted from the training
data. Thereafter, we build a model for each cluster to estimate
the conditional distribution over instantaneous speed given a
certain position.
The remainder of this paper is organized as follows: Sec-

tion II reviews GP and introduces a flow modeling algorithm
for user trajectories based on both standard and the grid based
on-line GP. Section III introduces a novel strategy for cluster-
ing users based on selected features and the aggregated flow
modeling for each cluster. Section V validates and compares
our flow modelings and predictions in various scenarios with
real data. Lastly, Section VI concludes this paper.
Throughout this paper, matrices are presented with upper-

case letters and vectors with boldface lowercase letters. The
operator [·]T stands for vector/matrix transpose and [·]−1 stands
for the inverse of a non-singular square matrix. The operator
‖ · ‖ stands for the Euclidean norm of a vector. N (μ, σ2)
denotes a Gaussian distribution with mean μ and variance σ2.



II. GP BASED FLOW MODELING AND PREDICTION FOR A
SINGLE INDIVIDUAL

A. Flow Model

Denoting by xt the 2-dimensional position of an individual
at a sampling time instance t, the change in position from time
t to t+ 1 can be expressed as

xt+1 − xt = g(xt) + e, (1)

where g(xt) is a flow model and e is additive noise. If we
denote the change in position as Δxt = xt+1 − xt and divide
both sides of (1) by the time difference Δt, we will have the
velocity vt � Δxt

Δt
as a function of xt. Instead of working

on a multiple output spatio-temporal GP of the velocity, we
consider a simpler, spatial GP with scalar output. Concretely,
we compute the ground speed, vt =‖ vt ‖, which is a scalar
value. Since the individual follows a predefined track in our
case, the position of an individual at time t can be uniquely
translated into the distance traveled on the track since the start
of the race, denoted by dt herein. With the definitions given
above, the following flow model is formulated

vt(d) = f(d) + n, (2)

where f(· ) is the underlying flow model and n is additive
noise, which is assumed to be Gaussian distributed with zero
mean and variance σ2

n. The focus of this paper is to use GP
regression to infer the underlying flow model in (2) and predict
the ground speed value at any unobserved input d∗.

B. Standard Gaussian Process Regression [8]

In this subsection, the standard Gaussian process (SGP)
will be introduced and applied to the problem formulated
above. A GP is a collection of random variables with any
subset of them having a joint Gaussian distribution. Since
a GP is fully defined by its mean and covariance functions
[8], without specifying the time, the above flow model can be
approximated by a GP which is given by

f(d) ∼ GP(m(d), k(d, d′)),

where m(d) = v0 is the mean function (we assume v0 = 0 in
this work) and k(d, d′) is the covariance function, also known
as kernel function in literature.
In the training phase, a set of data of size M , S =

{(d1, v1), (d2, v2), . . . , (dM , vM )}, is collected. Considering
the additive noise, the joint distribution of the observed ground
speed measured at different distances is given by

p(v(d)|S) ∼ N (m(d),C(d,d)),

with the following notations introduced:

d � [d1, d2, . . . , dM ]T ,

v(d) � [v1, v2, . . . , vM ]T ,

m(d) � [m(d1),m(d2), . . . ,m(dM )]T ,

K(d,d) �

⎡
⎢⎢⎣
k(d1, d1) k(d1, d2) . . . k(d1, dM )

...
...

. . .
...

k(dM , d1) k(dM , d2) . . . k(dM , dM )

⎤
⎥⎥⎦ ,

C(d,d) � K(d,d) + σ2
nIM .

When there comes a novel value of d∗, the joint distribution
of the observed target values and the predict value v∗ at d∗ is
given by [

v

v∗

]
∼ N

(
0,

[
C(d,d) k(d∗,d)
kT (d∗,d) k(d∗, d∗)

])
, (3)

where k(d∗,d) � [k(d∗, d1), k(d∗, d2), . . . , k(d∗, dM )]T .
Then, we compute according to [8] the Gaussian posterior
probability of an observed ground speed value at a new d∗
by

p(v(d∗)|S) ∼ N
(
μ̂(d∗), σ̂

2(d∗)
)
, (4)

where

μ̂(d∗) = kT (d∗,d)C
−1(d,d)(v(d) −m(d)) +m(d∗), (5a)

σ̂2(d∗) = σ2
n + k(d∗, d∗)− kT (d∗,d)C

−1(d,d)k(d∗,d).
(5b)

The SGP deals with the training data in a batch manner. The
corresponding computational complexity scales as O(M3) and
the memory requirement scales as O(M2). Next, we apply the
most recently published grid based on-line Gaussian process
(OGP) [13] to derive an on-line ground speed model.

C. Grid Based On-line Gaussian Process Regression [13]

The notations, if not re-defined, will follow those used for
the SGP. For simplicity and easier comparison with the SGP,
we imagine that the training data arrives one by one in time,
namely we have a new data point {dt, v(dt)}, at time instance
t = 1, 2, . . . ,M .
Similar to the sparse GP, a set of grids d̄ =

[
d̄1, d̄2, . . . , d̄s

]
is introduced to represent some predefined distances on track.
The corresponding “clean” ground speed (without the ad-
ditive white Gaussian noise) values at these grids are la-
tent variables v̄(d̄) �

[
v̄(d̄1), v̄(d̄2), . . . , v̄(d̄s)

]T . We denote
Sg � {v̄(d̄), d̄}. For notational brevity in the sequel, v̄
is short for v̄(d̄), and its mean and covariance matrix are
denoted by m̄ and K̄, respectively. Our aim is to compute
the posterior distribution of v̄ at any time instance t (t ≥ 1)
given the training data S1:t � {d1:t,v(d1:t)}. Herein, the
noisy ground speed observations are stacked into v(d1:t) �

[v(d1), v(d2), . . . , v(dt)]
T , and the distances are stacked into

d1:t � [d1, d2, . . . , dt]. The main steps of the grid based OGP
[13] are summarized as follows:

1) Initialization: Set initial mean vector μg
0 � m̄ and

the covariance matrix Kg
0 � K̄. Compute the inverse

of K̄ and store it for use later on. Here the prior mean
m̄ is set to be a vector of all zeros (of size s) and
the prior covariance matrix is set to be

K̄ =

⎡
⎢⎢⎣
k(d̄1, d̄1) k(d̄1, d̄2) . . . k(d̄1, d̄s)

...
...

. . .
...

k(d̄s, d̄1) k(d̄s, d̄2) . . . k(d̄s, d̄s)

⎤
⎥⎥⎦ . (6)

2) Recursive Processing: For each t = 1, 2, . . . ,M , do



the following computations:

Jt = k(dt, d̄)K̄
−1, (7a)

μ
p
t = m(dt) + Jt

(
μ

g
t−1 − m̄

)
, (7b)

σ
2,p
t = k(dt, dt) + Jt

(
K

g
t−1 − K̄

)
JT
t , (7c)

g̃t =
1

σ2
n + σ

2,p
t

K
g
t−1J

T
t , (7d)

μ
g
t = μ

g
t−1 + g̃t(v(dt)− μ

p
t ) , (7e)

K
g
t = K

g
t−1 − g̃tJtK

g
t−1. (7f)

After the recursive processing through (7a)–(7f), we
have

p(v̄|d̄,S) = N (v̄|μg
M ,K

g
M ) . (8)

3) Prediction: At the end of the training phase, namely
t = M assumed in this specific example, the posterior
distribution of a noisy speed observation v(d∗) at
a novel input position d∗, given S and Sg , can be
approximated by

p(v(d∗)|d̄,S) ≈ N (v(d∗)|μ̂(d∗), σ̂
2(d∗)), (9)

where

μ̂(d∗)= k̄T (d∗)K̄
−1(μg

M − m̄) +m(d∗), (10a)

σ̂2(d∗)=k(d∗)+σ2
n+k̄T(d∗)K̄

−1
(
K

g
MK̄−1−Is

)
k̄(d∗).
(10b)

Herein, k̄(d∗) is short for k(d∗, d̄) and k(d∗) is short
for k(d∗, d∗).

The detailed derivations of (7a)–(7f) can be found in [13] and
the derivations of (10a) and (10b) are given in Appendix B.
It is easy to verify that the computational complexity scales
as O(s3) for K̄−1 in the initialization step, O(s2) for μg

t and
K

g
t at any time instance t in the recursive processing step. The

computational complexity of μg
M and Kg

M scales as O(s2M).
The computational complexity for prediction in the third step
scales as O(s2). As compared to the SGP, the grid based OGP
is able to reduce the overall computational complexity from
O(M3) to O(s2M) with s � M . Moreover, when we have a
new observation pair {dM+1, v(dM+1)} at timeM+1 after the
training phase, it requires only O(s2) complexity to compute
μ

g
M+1 and K

g
M+1, which is essential for on-line learning.

Apart form the reduced computational complexity, there
are several other benefits of using OGP as compared to the
SGP. For instance, model fitting can be performed in parallel
to measurement collection, and we can stop collecting more
data when the posterior distribution of ground speed at the
predefined grids converges. To summarize, OGP is more flex-
ible to use and more adaptive to new arrival data. While if the
underlying model is time invariant and the computational cost
is secondary, the SGP using all available training data for both
hyper-parameter optimization and prediction will intuitively
give the best modeling results.

D. Kernel Selection

Kernel function is a key component of GP, as it encodes
the assumptions about the function which we wish to learn.
In supervised learning, two input points that are close are
likely to have similar target values. Under this view, the kernel
function reflects the similarity between data points [8]. In this

subsection, the selection of different kernels will be discussed.
One classic kernel function is the Squared Exponential (SE)
kernel, defined by

k(d, d′) = σ2
s exp

[
−
(d− d′)2

l2d

]
,

where σ2
s is the variance of the function and lc is the length

scale which determines how rapidly the function varies with
d. The SE kernel is considered as the most widely used
kernel. However, it implies a stationary model which forbids
structured extrapolation [16]. In some specific cases, this
kernel function may show poor performance in prediction, for
instance, in sport races where there is periodic pattern over
laps. Considering this, it is more appropriate to adopt a periodic
kernel which can reflect the similarities between different laps.
However, strict periodicity is too rigid, because there may be
some deviations in each lap (e.g., due to the strength loss of
the individual, strategies used in competition, etc). Hence, we
adopt a local periodic (LP) kernel, which is a product of an
SE kernel and a periodic kernel:

k(d, d′) = σ2
s exp

⎡
⎣− sin2

(
π(d−d′)

λ

)
l2p

⎤
⎦ exp

[
−
(d− d′)2

l2d

]
,

(11)
where lp is the length scale of the periodic kernel and λ is the
period-length. This kernel considers two inputs are similar if
they are similar under both the SE and the periodic kernels. If
ld � λ, this allows encoding a decay in the covariance over
several oscillations [16]. The key benefits of this kernel is that
it outperforms SE kernel in prediction when the distance from
the data is increasing as illustrated in [16, Fig. 4].
Lastly, we note that the LP kernel in (11) is not necessary

optimal in our application, but as will be shown in our
simulations it gives very good modeling and prediction results.
Interested readers can refer [17] for a sophisticated strategy for
selecting an optimal kernel from the training data.

E. Hyperparameters Determination

Given the SGP model and the kernel in II-B and II-D
respectively, the hyperparameters to be calibrated are

θ � [σ2
n, σ

2
s , lp, ld]

T .

The likelihood function of the observed ground speed with
respect to the hyperparameters θ can be written as follows:

p(v(d); θ) ∼ N (m(d),C(d,d; θ)). (12)

Here, the maximum-likelihood estimate (MLE), θ̂, is derived.
Details are given in Appendix A.
In the OGP, we assumed that the parameters θi are known

before the recursive process starts. This can be the case when
some historical/expert knowledge is available or a small set
of the training data can be used to train the parameters like
we did for the SGP. Recently, Huber demonstrated in [14] that
these parameters can be learned on-line as well.

III. AGGREGATED FLOW MODELING AND PREDICTION
FOR MULTIPLE INDIVIDUALS

In this section, we investigate aggregated flow modeling
and prediction for a multiple of individuals that are clustered.



A. A Brief Overview of Sequence Clustering

Clustering of data sequences can be performed both in
spatial/temporal domain (see for instance [18]) or in frequency
domain (see for instance [19]). The classic way is to extract
some common features from the data sequences and then
perform K-means algorithm or expectation-maximization (EM)
algorithm [20] based upon some distance metric. Principle
component analysis [20] can be used to reduce the dimension
of the feature space before running the K-means or EM
algorithm. The drawback of these classic methods is that the
number of clusters need to be prescribed before we conduct
clustering. A more sophisticated way is to combine the Dirich-
let process with Gaussian processes in a Bayesian framework,
which is capable of modeling an infinite number mixture
stochastic processes (see for instance [21]). One example of
sequence clustering will be given in Section V-B.

B. Flow Modeling and Prediction for Clusters of Individuals

The data of all individuals in the same cluster will
be aggregated to form a new data set, denoted as D =
{(v1, d1), (v2, d2), . . . , (vND

, dND
)}. The ground speed will

be modeled as a function of the distance on track plus some
noise terms:

v(d) = h(d) + nc + nw (13)

where nw is an additive white Gaussian noise with zero mean
and variance σ2

n, and nc is an additive correlated Gaussian
noise with zero mean and variance σ2

c . However, nc at two po-
sitions, namely d and d′, is assumed to be correlate, accounting
for the interactive effects between individuals. The covariance
function is modeled as: kc(d, d′) � σ2

c exp
[
−(d−d′)2

l2c

]
. Com-

pared with the flow model for an individual, the correlations
between individuals in one cluster are important since their
performance may affect each other during the competition.
Such effects can be considered as correlated noise and thus
be modeled as given in Equation (13).
Let h(d) be a GP with the mean function m(d) and the

covariance function k(d, d′) = σ2
s exp(−

(d−d′)2

l2
d

), the joint
distribution of observations is given by

p(v(d)|D; θc) ∼ N (mc(d),Cc(d,d)),

where

θc = [σ2
n, σ

2
s , ld, σ

2
c , lc]

T ,

d � [d1, d2, . . . , dND
]T ,

v(d) � [v1, v2, . . . , vND
]T ,

mc(d) � [m(d1),m(d2), . . . ,m(dND
)]T ,

Kc(d,d) �

⎡
⎢⎢⎣

k′(d1, d1) k′(d1, d2) . . . k′(d1, dND
)

...
...

. . .
...

k′(dND
, d1) k′(dND

, d2) . . . k′(dND
, dND

)

⎤
⎥⎥⎦ ,

Cc(d,d) � Kc(d,d) + σ2
nIND

,

and k′(d, d′) = k(d, d′) + kc(d, d
′). Similarly, the posterior

probability of an observed ground speed value v∗ at a novel
input d∗ is given by

p(v(d∗)|D) ∼ N (μ̂c(d∗), σ̂c(d∗)) , (14)
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Fig. 2. Altitude map that corresponds to track 1 in Fig. 1.

where

μ̂′(d∗) = k′T (d∗,d)C
−1
c (d,d)(v(d) −mc(d)) +m(d∗),

(15a)
σ̂′(d∗) = σ2

n + σ2
c + σ2

s − k′T (d∗,d)C
−1
c (d,d)k′T (d∗,d),

(15b)
Similarly, the MLE method is applied to train the hyperparam-
eters θ̂c, and more details are given in Appendix A.

IV. DATA DESCRIPTION

The data used in this work was gathered during the men’s
4 × 10 kilometers relay race in the 2015 Nordic World Ski
Championships, Falun, Sweden. The dataset contains primarily
the longitude, latitude, distance on track, ground speed and
sampling time instances for 56 individuals from 17 national
teams. The individuals who did not finish the competition have
been excluded from the data set. The data was conducted
regularly at a frequency of 1 Hz. A distance on track is
essentially calculated by R©TrackingMaster from the longitude
and latitude of a skier obtained from global positioning system
(GPS). R©TrackingMaster is a software developed by Swiss
Timing to receive raw GPS data from GPS modules and to
convert the raw GPS data into data related to the course.
The positioning uncertainty of GPS in a wide open outdoor
environment can be as low as 5 meters, hence is ignored in
our work. The individuals compete on track 1 for relay 1 and
2, while on track 2 for relay 3 and 4. The two tracks are
illustrated in Fig. 1 with their coordinates expressed using the
World Geodetic System (WGS). Each track is 2.5 kilometers in
length. In each relay, an individual has to finish 10 kilometers
on one track (i.e., 4 laps). The length of data is different due
to the various finishing time between individuals.
For individual flow model and prediction, the data for all 4

laps are used. For flow model of multiple individuals, the data
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Fig. 3. Flow model (first 3 laps) and prediction (lap 4) for SGP: LP kernel.
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Fig. 4. Flow model (first 3 laps) and prediction (lap 4) for SGP: SE kernel.

of each individual is first segmented. Altitude maps, see for
instance Fig.2, are readily available before the race. Then, the
data segments in the areas which we are interested in, namely
killer hill segment (i.e., highlighted with red color in Fig. 2)
and steepest downhill segment (i.e., highlighted with green
color in Fig. 2), are extracted. In the same relay, data from
each segment is aggregated over all individuals to be used for
clustering and flow modeling.

V. RESULTS

A. Individual Flow Model and Prediction

For each individual, we model the ground speed given
a distance on track (i.e., uniquely corresponds to a 2-D
geographical position on the track) using both the standard
and the grid based OGP. For SGP, two kernels, namely the
SE kernel and the LP kernel, are evaluated and compared.
The ground speed versus distance on track for one specific
individual is depicted in Fig. 3. The speed in four laps shows a
periodic pattern, while difference can also be observed between
different laps. For instance, better performance in lap 4 has
been observed, when the individual sprint for the last lap.
In order to evaluate the goodness of fit and compare the
predictions made by different models, the data from the first
three laps are used for training and the data from the last lap is
used for validation. The results for the SGP and the OGP with
different kernels have been shown in Fig. 3 to 5, respectively.
Note that in Fig. 4, only the upper 95% confidence bound is
plotted for illustration, the lower bound is symmetric w.r.t the
posterior mean (mostly equal to zero). For the OGP in Fig.
5, s = 500 grid points are uniformly selected within the race
distance, i.e., 10 kilometers. From Fig. 3 to 5, we can see that
all three GPs provide good fit for the training data. However,
both SGP and OGP give good performance in prediction using
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Fig. 5. Flow model (first 3 laps) and prediction (lap 4) for OGP: LP kernel.
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LP kernel, while bad performance using the SE kernel. The
prediction performance greatly degrades as the training data
runs out since the posterior mean converges rapidly to the
prior mean without new data coming in.
From Fig. 3 to 5, we can see that the OGP with s = 500

shows similar performance as the SGP with training data of
size M = 1219. To further compare the two GPs, the mean-
squared-error (MSE) and the processing time for the two GPs
are illustrated in Fig. 6. The MSE is computed from a 4-fold
cross-validation [20], and each fold is obtained by taking the
data from a corresponding lap. In each iteration, one fold is
left out for validation and the rest are used for training.
Seen from Fig. 6, the processing time (i.g., excluding the

parameter training time) for OGP is greatly reduced. Compared
with SGP, even lower MSE for prediction is achieved for OGP
with s ≥ 100. For OGP, the posterior mean and variance of
the predefined grid points are updated as training data coming
in sequentially. If the grid points are properly defined, when
there comes a new distance value, the grid points close to it will
provide more information. However, in the SGP, the prediction
at a new distance will depend on the batch training data which
may be far away from it. Hence with a proper selected s, OGP
provides a better prediction accuracy than SGP.

B. Aggregated Flow Modeling (Multiple Individuals)

Clustering is performed first for individuals on the same
track in the same relay. It is based on their performance in
certain competition stages, in other words, based on some
segments of the whole dataset, for instance, the killer hill and
steepest downhill segments as shown in Figure 2 where the
individuals may perform differently. Clustering of the ground
speed curves of two individuals is similar to clustering of
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Fig. 7. Two clusters of individuals in lap 4 track 1: killer hill segment. Top:
cluster 1; bottom: cluster 2
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Fig. 8. Two clusters of individuals in lap 4 track 1: steepest downhill segment.
Top: cluster 1; bottom: cluster 2

line-of-sight and non-line-of-sight signal waveforms described
in [18]. The features considered in this work are: maximum,
minimum, variance and mean value of speed, energy, skewness
and kurtosis, which characterize the ground speed curves for
each individual. With the features extracted from the corre-
sponding data segments, clustering is performed repeatedly for
each individual as follows:

1) Segment the complete dataset of each individual and
extract the segments with interested locations.

2) For each individual, extract a feature vector f �

[vmax, vmin, v̄, vσ, vε, vsk, vkr]
T from the selected

segment.
3) Set the number of clusters to Nk. For all the feature

vectors f1, f2, . . . , fNs
, where Ns is the number of

individuals, normalization is performed. Then, the
canonical K-means algorithm [20] is applied for
clustering.

4) Store the cluster indicator for each individual.

In each lap, the clustering is done and flow model is provided.
The number of clusters is Nk = 2 in this evaluation. For
illustration purpose, we only show the clustering results for
relay 1, lap 4 on track 1 in Fig. 7 and 8.

After clustering, the data of individuals in the same
cluster are aggregated and the GP model is applied to the
aggregated data as proposed in Section III-B. The flow models
for relay 1 on track 1 are illustrated in Fig. 9 to 12. Due
to space limitation, we only show the results for lap 1 and
4. Besides, the segments for individuals who perform worse
(i.e., individual A) or better (i.e., individual B) in the whole
competition are also plotted. In the killer hill, there is no sig-
nificant difference between two clusters in lap 1. However, the
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Fig. 9. Flow models of individuals in lap 1 track 1: killer hill.
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Fig. 10. Flow models of individuals in lap 4 track 1: killer hill.

differences between two clusters become more distinct in lap
4. This is reasonable since at the beginning of the competition,
all individuals may move in one cluster with similar speed. In
the final stage, the difference is larger since some individuals
may sprint and some may fall behind due to exhaustion. In the
steepest downhill, the two clusters perform quite similarly in
all laps so that one cluster is enough to model all individuals.
In addition, the variance of the model becomes larger from
lap 1 to 4. It indicates that in the steepest downhill segment,
all individuals have quite uniform speed at the beginning of
the competition. As the competition progresses, all individuals
still maintain a similar moving pattern but the speed varies.
Besides, it is observed that individuals that outperform in

the killer hill have better final results in the whole competition
(e.g., individual B, especially in lap 4, has outperformed others
in cluster 2). The individuals that perform worse in the killer
hill have worse final results (e.g., individual A, especially in
lap 4, has much worse performance than others in cluster 1).
This indicates that the performance in the killer hill is a more
crucial factor than the steepest downhill in determining the
final results.
Fig. 13 and 14 show a comparison between the flow models

for lap 1 and 4 in both killer hill and steepest downhill
segments. In the killer hill, all individuals almost maintain
similar speed in lap 4 as in lap 1. However, for the steepest
downhill, the average speed of all individuals are lower in lap
4 than in lap 1. It is probably due to different track conditions
(e.g., weather condition) in lap 1 and 4. In lap 4, there may be
more protrusions on the track than in lap 1 (i.e., the track is
less smooth in lap 4). Hence, the performance on the steepest
downhill is greatly affected in lap 4, while for the killer hill,
the performance is mainly determined by the slope of the track.
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Fig. 11. Flow models of individuals in lap 1 track 1: steepest downhill.
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Fig. 12. Flow models of individuals in lap 4 track 1: steepest downhill.

VI. CONCLUSIONS

In this paper, we have applied Gaussian processes for
flow modeling and prediction in sports analytics. Both the
standard GP and a grid based on-line GP with the local
periodic kernel manifest to be powerful in modeling and
predicting the performance of individuals. In particular, the
grid based on-line GP reduces the computational complexity
greatly while maintains similar performance.Moreover, on-line
GP is more appropriate for real-time analytics where data come
in sequentially. Then, clustering of individuals are performed
based on the killer hill and steepest downhill segments. Lastly,
the aggregated flow models for clusters of individuals have
been developed and the results reveal that the individuals may
behave differently in the killer hill, while follow a similar flow
model in the steepest downhill. The performance in the killer
hill is more crucial in determining the final results.
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APPENDIX A

A. Hyperparameters for Individual Model

The maximum-likelihood (ML) estimate of the GPR model
parameters, θ̂, can be obtained by maximizing the Gaussian
prior likelihood function, cf.(12), with respect to θ, which is
equivalent to

argmin
θ

l(θ) � (v −m)TC−1(v −m) + ln |C|. (16)

Various existing numerical methods can be adopted to solve
this minimization problem, such as the limited-memory BFGS
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Fig. 13. Flow models of individuals in lap 1 and 4 track 1: killer hill.
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Fig. 14. Flow models of individuals in lap 1 and 4 track 1: steepest downhill.

(LBFGS) quasi-Newton method [8] and the conjugate gradient
(CG) method. Herein, we adopt the former method which
requires the first-order derivatives of the cost function, l(θ).
Due to space limitation, we only give the results as follows:

∂l(θ)

∂σ2
n

= tr
{[

C−1−
(
C−1(v −m)

)
(·)T

] ∂C
∂σ2

n

}

∂l(θ)

∂σ2
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= tr
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(
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)
(·)T
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∂σ2

s

}
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∂l(θ)
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(·)T

]∂C
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}
,

where
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∂σ2
n

= IM
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]
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⎪⎪⎩
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exp

[
− sin2

(
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λ

)
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]
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[
−(dj−dk)
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]
, j 	= k

[
∂C

∂lp

]
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{
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2
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)
1
l3p
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[
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]
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=

{
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(dj−dk)

2

l3
d
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Here we use (A)(·)T to denote (A)(A)T for brevity.



B. Hyperparameters for Aggregated Model

Similarly, the ML estimate for the multiple skiers GP
model parameters can be obtained by maximizing the likeli-
hood function, cf.(14), with respect to θc, which is equivalent
to

argmin
θc

l(θc) � (v −m)TC−1
c (v −mc) + ln |Cc|. (17)

The first-order derivatives of the cost function, lc(θc), have
similar formats as given in the previous section, except that
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= IND
.
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2
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APPENDIX B

Imagine that Sg � {v̄, d̄} is also a training data set despite
that v̄(d̄) is latent. Given a novel input, d∗, the posterior
distribution of observing a noisy v(d∗), given Sg , can be easily
obtained as follows:

p(v(d∗)|Sg) ∼ N
(
μp
g, σ

2,p
g

)
, (18)

where

μp
g = k(d∗, d̄)

T K̄−1(v̄ − m̄) +m(d∗) (19a)
σ2,p
g = σ2

s + σ2
n − k(d∗, d̄)

T K̄−1k(d∗, d̄). (19b)

The posterior distribution of v(d∗), given S and d̄, can be
computed analytically via the following marginalization:

p(v(d∗)|S, d̄)=

∫
p(v̄|d̄,S)p(v(d∗)|Sg,S)dv̄,

and approximated with reduced computational complexity, like
in [22], by

p(v(d∗)|S, d̄)≈

∫
p(v̄|d̄,S)p(v(d∗)|Sg)dv̄.

Since both p(v(d∗)|Sg) and p(v̄|d̄,S) are Gaussian distributed,
applying Lemma A.1 in [23] yields eventually (10a) and (10b).
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