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Abstract

I propose Hs-RuleFit, a learning method for regression and classification, which com-
bines rule ensemble learning based on the RuleFit algorithm with Bayesian regularization
through the horseshoe prior. To this end theoretical properties and potential problems of
this combination are studied. A second step is the implementation, which utilizes recent
sampling schemes to make the Hs-RuleFit computationally feasible. Additionally, changes
to the RuleFit algorithm are proposed such as Decision Rule post-processing and the usage
of Decision rules generated via Random Forest.
Hs-RuleFit addresses the problem of finding highly accurate and yet interpretable models.
The method shows to be capable of finding compact sets of informative decision rules that
give a good insight in the data. Through the careful choice of prior distributions the horse-
shoe prior shows to be superior to the Lasso in this context. In an empirical evaluation on
16 real data sets Hs-RuleFit shows excellent performance in regression and outperforms
the popular methods Random Forest, BART and RuleFit in terms of prediction error. The
interpretability is demonstrated on selected data sets. This makes the Hs-RuleFit a good
choice for science domains in which interpretability is desired.
Problems are found in classification, regarding the usage of the horseshoe prior and rule
ensemble learning in general. A simulation study is performed to isolate the problems and
potential solutions are discussed.
Arguments are presented, that the horseshoe prior could be a good choice in other machine
learning areas, such as artificial neural networks and support vector machines.
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1 Introduction

Everything should be as simple as
possible, but not simpler.

Albert Einstein

In the last decade, statistical learning became increasingly important in solving real world
problems. Enabled through computational power it found novel applications in a variety
of areas, which were too difficult to handle in the past. Social media analysis, image recog-
nition, medical diagnostics, prediction of costumer behaviour or political election outcomes
are only some examples where statistical methods and machine learning have been applied
succesfully. In fact, it is hard to think of a domain in which statistical learning is not applied
today. As diverse as the topics are the goals of the applications. In image recognition pure
predictive accuracy is the main focus, while in medical diagnostics the question is governed
by finding the underlying mechanisms of a disease. This information can be used in further
research, such as the design of new drugs.
Machine learning research has traditionally focused mainly on the predictive performance of
algorithms. The advent of Random Forest and Boosting and the reinterest in Support Vec-
tor Machines and Neural Networks are only some of the most influenctual developments.
These algorithms achieve state of the art predictive performance in most learning problems,
however the gain in accuracy comes at the cost of an increased model complexity. All four
algorithms share the characterstic that they produce to a certain degree black box models. It
is not clear what a prediction is based on neither is the model able to describe the underlying
relationship. An often stated result is, that the most powerful models are useually the least
interpretable ones [39].
Kuhn & Johnson[39] suggest an inverse relationship between model accuracy and inter-
pretability. They conclude that predictive performance should be the main objective. To a
certain degree this makes sense. One should be cautious about a model that is not able to
make accurate predictions. This view can be traced back to the philosophical argument that
the goodness of a scientific theory is determined by its ability to make risky predictions [40].
It is always easy to find ad-hoc explanations that describe perfectly the seen data. On the
other hand, if a model is able to constantly give correct predictions it is likely that it uses
the correct underlying relationship or at least approximates it. By that the model generalizes
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well. The questions remain to what situations or data the model generalizes. This problem
is refered to as concept drift. The relationship might be different in another population or
change over time. Therefore a requirement in most natural sciences for a model is, that it is
able to give the mechanism which lead from a set of conditions to an output [60]. This allows
judgement about the validity and consisticency of the found model. In fact for most science
domains the main focus lays on finding the underlying mechanisms. Examples are the social
sciences, economy or physics. Developing algorithms which achieve predictive accuracy on
the cost of interpretability means excluding those fields from using it.
Another field where interpretability is a major concern is medical data. High accuracy in pre-
dicting a disease from genetic expressions is important to give confidence in a model, but is
typically not a mean in itself. Most important is the finding of meaningful patterns, for ex-
ample of genes-disease associations. The identification of the underlying mechanism enables
the design of medical tests, novel drugs [47] and to generate interesting research questions for
experts in the field [62]. The same goes for the field of personalized medicine: not many pa-
tients and doctors will trust a diagnosis without an explanation what the prediction is based
on [41].
Recent developments in machine learning suggest that there is a "sweet spot" between accu-
racy and interpretability. Letham et al. [41] introduced a decision list, based on a small set of
simple if-else rules that achieves reasonable accuracies. Their stroke prediction decision list
heavily outperforms the theory driven previous diagnostic tool, while being equally easy to
understand. A similar appraoch for gene expression data showed promising results in pre-
dicting cancer based on a small number of decision rules [33].
In current machine learning research there has been a considerably effort in the simplifica-
tion of tree enesembles. Reguralized Greedy Forest [37], Nodeharvest [45] and ISLE [26] use
regularization to limit the complexity of Ensemble of Tree models. In their results regulariza-
tion increases predictive performance while limiting the model complexity. This questions the
stated inverse relationship between accuracy and model complexity.
In between those two approaches is RuleFit [27] which simplifies an Ensemble of Trees to a
set of simple if-else rules. While showing promising results follow-up studies report instabil-
ity [46]. Also the set of rules is often still too large for easy interpretation [41]. However the
idea is tempting and strikingly simple. Given an Ensemble of Tree model decompose it into
its defining decision rules and use regularization to remove unnecesary rules. Decision Rules
are inherently easy to interpret, hence the resulting model promises to be highly accurate and
easy to understand.
Regularization plays a key role in the above methods and an inappropriate choice might lead
to suboptimal solutions. The above methods utilize the least absolute shrinkage and selec-
tion operator (Lasso) [63] for regularization, which is in machine learning literature the de-
fault choice for sparsification problems. In the last years strong competitors to the Lasso have
been proposed within the Bayesian framework. Park & Casella [50] formalized the bayesian
Lasso, which leads to similar solutions as the ordinary Lasso but allows estimation of model
uncertainty and bayesian model averaging [54]. A different approach are global-local shrink-
age priors, with the horseshoe prior [15] the double-pareto prior [5] and the normal-gamma
prior [34] as most popular representatives. They unite in the careful choice of prior distribu-
tions to satisfy desirable theoretical properties, such as efficient handling of noise and signal.
The global-local shrinkage priors have been shown to be superior to the Lasso in many re-
gression settings [5][15].
This work argues, that the RuleFit can be improved by utilizing bayesian global-local shrink-
age priors, namely the horseshoe prior as a good default choice [15], instead of the Lasso.
The horsehoe prior offers theoretical properties which go perfectly together with the RuleFit
idea. It removes uninformative predictors agressively, leading to more compact models. At
the same time the horseshoe prior allows informative predictors to remain unshrunk. This is
desirable in terms of interpretation and was also shown to reduce prediction error [15]. The
expected result is that the horseshoe is able to find very compact rule sets only consisting of
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the truly informative rules, which describe the most important mechanisms in a data set.
This work proposes the Horseshoe-RuleFit (Hs-RuleFit) for regression and classification that
uses the horseshoe prior for regularization in conjunction with the rule ensemble idea of
RuleFit. To this end first the theoretical properties of rule ensembles and the horseshoe prior
are discussed in Chapter 2. Special focus lays on the specific requirements of rule ensemble
learning and it is analyzed in a theoretical way if the horseshoe prior is capable to fulfill those
requirements.
One major challenge in this work was the implementation, described in detail in Chapter
3. To handle the high dimensionality of rule ensemble learning an efficient Gibbs-Sampling
scheme and recently proposed algorithms for speeding up the sampling procedure are used.
The combination of rule ensemble learning and bayesian regularization poses new problems
and possibilities. Bayesian learning allows to incorporate prior information in the model.
This is in this work utilized to help the Hs-RuleFit overcome a main weaknesses of the orig-
inal RuleFit, namely the overfitting on overly complicated rules, by incorporating the prior
knowledge to prefer simple and general rules. The model is also extended to classification via
different data augmentation schemes. Even though computationally straightforward, prob-
lems occured, which might be quite fundamental. In this context the problem of separation
in conjunction with rule learning is discussed and changes to the horseshoe prior proposed
in order to make the Hs-RuleFit applicable in classification.
The predictive performance is tested on a variety of real data sets for regression and classifica-
tion in Chapter 4. Also evaluated is the interpretability of the produced models of Hs-RuleFit
on a data set from the social science domain and a genetic-expression data set. For this the
interpretational repertoire from the original RuleFit [26] is extended with novel visualization
tools which exploit the decision rule structure. Also a simulation study is performed in order
to understand the functioning of rule ensemble learning in classification better.
Limitations in this work are given by the fact, that both RuleFit and global-local shrinkage
priors are farely new developments and not well understood yet. Both are designed in the
regression context, while the extension to classification is not well studied. That means that in
some parts this work is highly experimental, as no solid ground to built upon exists yet. The
work is mainly delimited to the creation of a working baseline model, while the search for
optimal choices has to be kept open for future work. Open problems, together with possible
ways to adress these problems in future work are discussed in Chapter 5. This work also con-
tributes to the question if the combination of machine learning and bayesian shrinkage prior
methodology is fruitful. Regularization is widely used in machine learning and the results
in this work therefore might also have implications for other areas of machine learning such
as artificial neural networks and Support Vector Machines. It is argued in this work that the
flexibility offered by the bayesian framework makes shrinkage priors a good choice, as they
allow to tailor the regularization procedure to the machine learning problem at hand. How-
ever shrinkage priors also pose new problems of both theoretical and computational nature
which need to be considered thoroughly.
Chapter 6 finishes with final remarks and implications of this work.
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2 Theory

2.1 Supervised Learning

Supervised learning is the task of predicting future observations on the basis of past data.
Usually only some aspect of the data is of interest. For example in genetic expression data the
main interest lays in understanding the relationship between DNA-expressions and certain
diseases.
Given a set of N past observations, for which we know the p-dimensional attribute vector x
as well as the outcome y, (xi, yi), i = 1, . . . , N, we seek to learn the underlying mechanism

y = F(x) + ε, (2.1)

where ε is an irreducible noise term which comes from random fluctuation as well as the ef-
fect of unobserved variables. This general framework is refered to as supervised learning, in
contrast to unsupervised learning, in which the objective is typically to find groups of similar
observations and the outcome is unknown.
The two major approaches to supervised learning are machine learning and statistical mod-
eling. There is no clear demarcation line between those approaches, however they typically
differ in the problem formulation. As this work borrows concepts from both areas it is worth
to go into more detail.
In machine learning one useually starts with the definition of a Loss function L(y, F(x)) which
meassures the lack of accuracy and seeks to minimize the predicion risk

R(F) = Ex,yL(y, F(x)). (2.2)

The estimated approximation of the true underlying function F(x) is then the solution to the
minimization problem

F�(x) = arg min
F(x)

Ex,yL(y, F(x)). (2.3)

As the distribution of y is unknown when doing prediction, equation (2.2) can only be es-
timated, useually done via cross validation. In this framework no assumptions about the
distributions of x, y and y|x are made. In fact many learners F(x) are motivated from an op-
timizational point of view, rather than a probabilistic. Examples of widely used learners F(x)
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2.2. Ensemble Learning

are decision trees, neural networks, support vector machines and linear models. The latter is
a good example to point out a difference between machine learning and statistics, as it can be
motivated from both perspectives.
In the machine learning framework a linear model is based on the minimization of the mean
squared error loss

L(y, F(x)) = (y� F(x))2 (2.4)

and

F(x) = xβ. (2.5)

Again no assumptions about the distributions are made. On the other hand the linear model
can as well be cast from the statistical framework as

y|X, β, σ2 � N (Xβ, σ2 In). (2.6)

If β and σ2 are seen as fixed but unknown values, the objective is to maximize the likelihood
of (2.6)

β̂ML = arg max
β

f (y|X, β, σ2) (2.7)

which is done by solving

B f (y|X, β, σ2)

Bβ
= 0 (2.8)

for β. In Bayesian statistics β and σ2 are seen as unknown and therefore random. Instead of
solving the maximization problem in equation (2.7) we are interested in the posterior distri-
bution

f (β, σ2|y, X)9 f (y|X, β, σ2) f (β|σ2) f (σ2). (2.9)

F� can then be defined as posterior mean, median or mode, or any other point estimate,
depending on the goal. When the priors f (σ2) and f (β|σ2) are chosen uninformative the
posterior mode is equivalent to the solution in (2.7). In this case the machine learning, the
maximum likelihood and the bayesian apporach lead to the same solution, but this is by no
means always the case. The solutions are based on very different theoretical foundations and
there seems to be a certain aversion against combining them. For example Leo Breiman, the
creator of Random Forest noted, that “when big, real, tough problems need to be solved,
there are no Bayesians.” Now that many computational restrictions are passed, Bayesian
methodology was succesfully applied to many, large scale, problems. As in my opinion the
bayesian approach is the most flexible as it allows to incorporate prior information, it is in
this work used for statistical modeling. Also the necessary machine learning concepts in this
work can be integrated in the (bayesian) statistical framework, while the opposite is not true.

2.2 Ensemble Learning

In supervised learing an often occuring problem is the overfitting of the training data. Over-
fitting is based on the Bias-Variance tradeoff. Reducing the Bias of a model by fitting every
part of the variation in the training data is not always a good idea, as the model might capture
random fluctuation rather than the true underlying function. This leads to poor generaliza-
tion to new unseen data. When training a model, a natural question is how far we seek to
reduce the Bias, hence fit to the training data.
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2.2. Ensemble Learning

There are many different approaches to find a good tradeoff for example Pruning in deci-
sion trees, early stopping in neural networks or regularization. One of the most powerful
solutions is to combine a number of models fl , l = 1, . . . , m to an ensemble

F(x) = α0 +
m̧

l=1

αl fl(x). (2.10)

f (x) is often refered to as weak learner. Equation (2.10) is only one way to combine models,
an exhaustive review of ensemble methods is given in [55]. Note that (2.10) can also be inter-
preted as a generalized additive model (GAM), whith f (x) as basis functions [24]. An often
used analogy is to view f (x) as experts, which come together as a commite. The influence
of their opinion is given by the individual weight αl , which is typically determined by some
quality criteria of this experts opinion. Predictions of unknown outcomes are based on the
weighted vote of the ensemble. Ensemble methods tend to work well, when the Bias of each
individual base learner is low and the Variance between the base learners is high. That is, ev-
ery base learner tries to explain a different aspect of the relationship between x and y. To stay
in the experts analogy, the ensembles accuracy improves with the diversity of its opinions,
which should build upon local knowledge. Also the more independent the opinions are from
each other the better. While the individual weak learners might be only slightly better than
random guessing, when blending the different opinions, the ensemble often generalizes very
well to unseen data, as the prediction is not based on one single explanation, which might be
only true for the training data.
Often utilized weak learners are decision trees. Decision trees are a highly adaptive method
able to approximate any linear or non-linear relationship between x and y through recursive
partitioning of the covariate space [61]. However the approximations of smooth functions,
especially linear functions, can only be achieved through a huge number of recursive par-
titionings. One problem with the usage of decision trees is their tendency to overfit. The
decision boundaries can change dramatically when only a single observation is added or re-
moved from the training data. Interestingly in the framework of ensemble learning this is not
a downside. The individual overfitting guarantees a diversity of the weak learners, if the local
knowledge criteria is fulfilled. Local knowledge can be induced by sampling strategies, most
prominent being aggregated bootstrapping (bagging) [10] and adaptive resampling (arcing)
[11] [58]. Each tree is then grown on a different subset of the data, leading to a high diversity
of trees.
Boosting and Random Forest can be both cast in this framework, however they differ in how
the weak learners are created. Friedman & Popescu [26] proposed with ISLE a unified frame-
work which covers the most popular tree based learning ensembles as special cases of an
importance sampling procedure, see Algorithm 1.

Algorithm 1 ISLE Ensemble generation

1: F0(x) = arg min
α

°N
i=1 L(yi, α)

2: for l = 1, . . . , k do
3: fl = arg min

f

°
iPSm(η) L(yi, Fl�1(xi) + f (xi))

4: Fl(x) = Fl�1(x) + ν fl(x)
5: end for
6: ensemble = t fl(x)uk

1

Sm(η) in line 3 denotes the usage of a sampling scheme with subsample size η and ν in line
4 is the memory, or shrinkage parameter, which determines at each step l how much the pre-
vious ensemble influences the next base learner fl(x). Different choices for base learners are
possible, but in the following only Classification and Regression Trees (CART)[13] are con-
sidered for the Ensemble of Tree methods. Using non-parametric bootstrap with replacement
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2.3. Rule Ensembles

for Sm(η), setting ν = 0 and L(y, f (x)) = (y� f (x))2 Algorithm 1 is equivalent to Random
Forest [26] [12]. In the same manner the AdaBoost for classification [23] can be constructed
via L(y, f (x)) = exp(y � f (x)), ν = 1 and η = N and finally gradient boosting by modifying
the Loss function appropriatly [26].

2.3 Rule Ensembles

A less prominent but steady tradition in machine learning research is to use decision rules
as base learners. Decision rules can be seen as a special case of a decision tree, by setting the
treedepth to one. Decision rules are also often referred to as decision (tree) stumps in this con-
text. A property of decision rules is its easy human comprehensability. Each rule is defined
by a simple if-else condition, which corresponds nicely with the human way of thinking. De-
cision trees on the other hand often consist of a very complex system of if-else conditions
which to evaluate at the same time is difficult. Through their simple structure decision rules
are also less prone to overfitting.
One approach to rule learning is called sequential-covering [28]. In each iteration a deci-
sion rule is induced, that tries to explain a set of observations, which are not covered any
of the previous decision rules. After inducing a new rule all observations that are correctly
classified are removed from the training set. Hence there is no overlaps, each observation
is explained by exactly one decision rule. A classic sequential covering algorithm is RIPPER
[18]. The disjunct set of rules allows very good interpretability. One problem is, that the un-
derlying assumption that every observation is determined by exactly one rule is questionable.
Imagine the situation where the goal is to predict a certain cancer given life-style predictors
and genetic predictors. It is very likely that the probability of getting cancer is determined
by different mechanisms, each potentially being a complicated combinations of lifestyle and
genetic dispositions. Using only one decision rule per observation can not take this into ac-
count.
Another research area is to utilze decision rules in Boosting, most prominent in the early
versions of AdaBoost [23] [57] and more recently ENDER [21] and SLIPPER [19]. Boosting
allows to capture more complex relationships, as observations can be described by a num-
ber of rules in an additive fashion. In experiments this algorithms tend to outperform the
sequential covering algorithms [21], however they lose in interpretability, as the ruleset often
contain of thousands of rules, which also might be overlapping.
Rule Ensembles offer high human comprehensability, through their simple and intuitive
structure. However the interpretability is highly dependent on the actual size of the en-
semble. A set of thousands of rules, which have a similar strong influence on predictions
becomes more or less a black box model. Therefore more compact rule sets are to prefer, if
interpretability is the goal.

2.4 RuleFit

A new approach to rule learning was introduced by Friedman & Popescu [27] as RuleFit. It
differs from traditional Rule Learning algorithms, in that it does not learn the rule ensemble
directly in an iterative fashion. Instead it consists of a two step procedure. First candidate
rules are generated with the tree ensemble methodology. Reason for this indirect approach
is that tree ensembles have been shown to belong to the most accurate machine learning
algorithms. This suggests that tree ensembles are capable of finding interesting subspaces,
defined through decision rules. In rule learning the big searchspace of possible decision rules
can be limiting. Exhaustive search for global optimal rules is not feasable for even medium
scale problems. Using decision rules created by decision trees adresses this problem, as effi-
cient algorithms are available here. It is possible that efficient direct rule induction algorithms
will be found, but at this state the tree ensemble methods are generally superior in terms of
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2.4. RuleFit

predictive performance [27]. The second step in RuleFit combines the found decision rules
from the tree ensemble to an rule ensemble and performs a reweighting. As the tree ensemble
methods use greedy search for constructing the tree, also the resulting rule set is not optimal.
Instead it contains a lot of redundant and uninformative rules. Regularization is applied to
melt down the set of rules to the truly informative ones. This is desirable both in terms of
prediction and interpretability. The following two sections describe the two stages of RuleFit
in detail.

2.4.1 From decision trees to decision rules

Figure 2.1: Decision Tree for the Boston Hous-
ing data.

Rules Conditions
r1 rm ¥ 6.94
r2 rm   6.94
r3 rm   6.94 & lstat   14.4
r4 rm   6.94 & lstat ¥ 14.4
r5 rm   6.94 & lstat   14.4 & crim   6.9
r6 rm   6.94 & lstat   14.4 & crim ¥ 6.9
r7 rm ¥ 6.94 & lstat   14.4 & dis   1.5
r8 rm ¥ 6.94 & lstat   14.4 & dis ¥ 1.5
r9 rm ¥ 6.94 & rm   7.45
r10 rm ¥ 6.94 & rm ¥ 7.45
r11 rm ¥ 6.94 & rm   7.45 & lstat   9.7
r12 rm ¥ 6.94 & rm   7.45 & lstat ¥ 9.7

Table 2.1: Corresponding rules, defining the
Decision Tree.

Every decision tree can be described by a set of decision rules which determnines its struc-
ture. A decision rule can be formally written through the subsets defining it. Let Sk denote
the set of possible values of x and sk,m denote a specific subset sk,m � Sk, then a decision rule
with p conditions can be written as

rm(x) =
p¹

k=1

I(x P sk,m), (2.11)

and I(x) is the indicator function. A decision rule rm P t0, 1u is 1 if all of its p conditions are
fulfilled and 0 otherwise. Let T denote a decision tree, rt, t = 1, . . . , J its terminal node, and
µt the value assigned to the t’th terminal node, then

T (x) =
J̧

t=1

rt(x)µt, (2.12)

and each rt(x) consists of a set of conditions as in equation (2.11). In RuleFit not only the
terminal nodes, but also the internal nodes are added to the ruleset. The reasoning is, that
often an easier explanation is enough. We prefer easier explanations but if necessary the more
complicated can be chosen by the model. Decision Trees have the tendency to overfit. Figure
2.1. shows a decision tree on the Boston Housing dataset, created with the rpart R-package.
Table 2.1. shows the corresponding decision rules defining the Tree. Using equation (2.11) for
example r11 can be expressed as

r11(x) =
3¹

k=1

I(xk P sk,11) = I(rm ¥ 6.94)I(rm   7.45)I(lstat   9.7).
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2.4. RuleFit

Note that functions of form (2.11) can be easily incorporated into a regression model as
dummy variables. In a way, the Decision tree can be seen as an exploratory step to find
interesting subspaces, which can be integrated in a linear model as dummy variables to cap-
ture non-linear effects. Decision rules can not only be extracted from Decision Trees. There
also exist clustering methods that produce results in the form of decision rules. However not
all subspaces, or groups, help to explain the target variable. Found clusters might be totally
unrelated with the goal of predicting y. In contrast the subspaces found by decision trees are
formed with respect to y.

2.4.2 Combing the rules to an ensemble

Once a suitable set of decision rules is generated, they can be combined in a linear regression
model of the form

y = α0 +
m̧

l=1

αlrl(x) + ε. (2.13)

As ri(x) P t0, 1u they already have the form of dummy variables and can be directly included
in the regression model. A simple extension is to also include linear terms and combine them
with the decision rules to the model

y = α0 +

p̧

j=1

β jxj +
ķ

l=1

αlrl(x) + ε. (2.14)

This extension addresses the difficulty of rule and tree based methods to capture linear effects.
The linear terms and decision rules complement each other, linear effects can be captured
with linear terms and non-linear effects through decision rules. Splines, polynomials, time
effects, spatial effects or random effects are straightforward extensions of equation (2.14).
Usually a large set of decision rules is necessary to have a high enough chance of finding
good decision rules. This leads to a lot of unimportant and redundant decision rules. In
terms of linear modeling, the ruleset induces a lot of noise covariates and multicolinearity.
Additionally model (2.14) will always be high dimensional and often p ¡ n. Regularization
is a necessity in this situation.
RuleFit use the Lasso penalty [27]:

(tαluk
0, tβ jup

1u) = arg min
tαuk

0,tβ ju
p
1u

Ņ

i

L

yi, α0 +

p̧

j=1

βkxik +
ķ

l=1

αlrl(x)

+ τ

 ķ

l=1

|αk|+
p̧

j=1

|β j|
 .

(2.15)

The Lasso penalty can be seen as a tradeoff between sparsity, measured in coefficient mag-
nitudes, and the model fit on the training data. The Lasso is the most widely used form of
regularization in machine learning literature and practice. It is easy to implement with very
efficient solvers available. Secondly the Lasso sets many coefficient exactly to zero if the data
is sparse or follows certain correlation structures. This is a desirable property as it allows
easy interpretation of which variables are important and which not. And lastly argueably
the Lasso enjoys its popularity by its formulation as an optimization problem. With that it
fits more natural in the machine learning tradition as no probabilistic assumptions are nec-
essary. On the other hand the Lasso can also be interpreted within the Bayesian framework.
This allows to study the behaviour in a theoretical fashion and allows comparison to other
regularization methods. One alternative is the horseshoe prior for regression. The following
section compares the theoretical properties in (a) removing uninformative decision rules, (b)
handling redundancy which leads to correlation between decision rules and (c) the solutions
produced. It is argued here, that these three goals are better achieved by using the Horseshoe
regression than by the Lasso.
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2.5. Bayesian Regularization with the Horseshoe prior

2.5 Bayesian Regularization with the Horseshoe prior

The Horseshoe Hierarchy Recently Park & Casella [50] introduced the Bayesian Lasso.
The Bayes Lasso is motivated by the observation that the Lasso can be interpreted as placing
double exponential priors on the coefficients

p(β) =

p¹
j=1

τ

2
e�τ|β j|, (2.16)

and an independent prior p(σ2) on σ2 ¡ 0. [63]. The Lasso estimate then corresponds to the
mode of the posterior distribution of β given the data [36]. Therefore in further comparison
the bayesian Lasso and the horseshoe prior are compared if not stated otherwise. The double
exponential distribution belongs to the family of scale mixture of normals. Another shrinkage
prior in this family is the Horseshoe prior [15] [14]. The Horseshoe prior leads to the Bayesian
Regression hierarchy

y|X, β, σ2 � Nn(Xβ, σ2In), (2.17)

β j|λj, τ2, σ2 � N (0, λjτ
2σ2), (2.18)

σ2 � σ�2dσ2, (2.19)

λj � C+(0, 1), (2.20)

τ � C+(0, 1). (2.21)

The main feature of the Horseshoe prior is that the shrinkage for β j is determined by a local
shrinkage parameter λj ¡ 0 and a global shrinkage parameter τ ¡ 0. By that the Horseshoe
prior can aggressively shrink noise through small values of τ, while allowing the signals to
have large coefficients through large λj.

The global scale parameter Lasso and Horseshoe prior have the global shrinkage pa-
rameter τ in common, but they assume different prior distributions for τ, inverse-Gamma 1

and half-Cauchy respectively. One argument in favor of the half-Cauchy distribution is that
it does not vanish at τ = 0 [53]. This is in contrast to the inverse-Gamma which vanishes at
τ = 0. Therefore the Posterior density is biased away from τ = 0 when the inverse-Gamma
prior is used, as the prior assigns zero probability to this area. It has to expected that the
half-Cauchy performs better especially in sparse situations, where the bias is the most im-
pactful [53]. This is also the case for data in which very small magnitudes for |β| are possible
[30]. Another interesting feature of the half-Cauchy distribution is its heavy tails allowing the
data to dominate through the likelihood, dispite our prior specification [30] and is therefore
weakly informative. In emprical comparisons the horseshoe prior leads to smaller values of
τ, when the data is sparse allowing a more aggressive shrinkage of noise covariates [15].

The local scale parameter The horseshoe prior is a global-local shrinkage prior. The
introduction of a separate individual shrinkage parameter leads to interesting properties.
Most importantly when τ is very small, individual β j can still be large through large λj. The
heavy tails of the half-Cauchy distribution on λj allow truly informative predictors to escape
the gravitation towards zero. The full conditional posterior distribution of λj depends on
both τ and β j. In situations when τ is small the model has to counteract with large λj, if a
predictor is informative. Therefore when both the true β j is large and τ is small the λj has to
become extremly large. The half-Cauchy prior distribution allows this and the horseshoe can
therefore adapt to a variety of different pattern of sparsity and effectsize.
Under the double-Exponential prior (Lasso) τ must balance between the risk of under-
shrinking the noise and the risk of over-shrinking large signals [15]. For small τ also

1The double Exponential is a special case of the inverse-Gamma distribution.
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2.5. Bayesian Regularization with the Horseshoe prior

Figure 2.2: The prior distribution of the shrinkage coefficient κ under the Horseshoe prior
and the Lasso (Double-Exponential). κ = 0 implies no shrinkage, κ = 1 total shrinkage.

informative predictors will inevitable be shrunken under the Lasso. In practice τ is usually
determined via cross validation, but the Lasso solution will be a compromise between these
two competing risks. If the level of noise is high, the double-Exponential will shrink the
informative predictors as well. This is problematic both in terms of interpretation and pre-
diction risk.

Shrinkage behaviour Shrinkage priors can be studied through the shrinkage coeffi-
cients defined as κj = 1

1+λ2
j
. κj = 0 implies total shrinkage and κj = 1 no shrinkage on

β j. This comes from the observation that if assuming fixed τ = σ2 = 1

E(β j|y) =
» 1

0
(1� κj)yi p(κj|y), (2.22)

= t1� E(κj|y)uyj. (2.23)

The horsehoe prior implies κj � Beta(0.5, 0.5), while the double-Exponential prior implies

p(κj) = k�2
j e

� 1
2κj [15]. Figure (2.2) shows the distribution of the κj under horseshoe and

double exponential prior. The shrinkage profile exhibits important differences. The double-
Exponential vanishes at κj = 0, which means that important predictors can not be left
unshrunk. Most probability mass is on small to medium values of κi and considerably high
mass on κi = 0. This allows to shrink unimportant predictors to zero.
In contrast the shrinkage implied by the horseshoe prior is unbounded at both κ = 0 and
κ = 1, giving it the U-shape. The unboundness at 0 allows predictors to be left unshrunk
and the unboundness at 1 produces a heavy pull of unimportant predictors towards zero.
Therefore when using the Horseshoe prior we expect a priori that predictors are either noise
or signal, that is: either removed from the model or left unshrunk. The shrinkage profile of
the double-Exponential prior with its high mass on intermediate values of κi is not that clear.
One interpretation might be, that we do not trust large effects and conservativly prefer to
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2.5. Bayesian Regularization with the Horseshoe prior

shrink large coefficients. In the context of Rule Ensemble learning the shrinkage profile of
the Horseshoe prior seems more appealing. As we seek to get a compact set of decision rules,
we would like to keep truly informative rules unshrunk and all other rules removed from
the set. Intermediate behaviour, which keeps more or less informative rules leads to a lower
interpretability.

Relationship to Spike and Slab The most commonly used method for variable selection
in the bayesian community is the Spike and Slab model where a discrete-mixture prior

β j � w � g(β j) + (1�w) � δ0, (2.24)

is asssumed and w denotes the inclusions probability of predictor xj [31]. The Spike and Slab
model always takes only a number of predictors in the model and goes through different
combinations of predictors while sampling. (2.24) is often refered to as two-group model,
one group of predictors that are included and one group of the predictors that are excluded.
Polson & Scott [51] show that the Horseshoe prior can be seen as an approximation of the
model (2.24), with τ as the analogous to w and g(�) being the Cauchy distribution. Bhat-
tacharya et al.[9] report that the marginal posterior distributions of β under the horseshoe
are similar to the result one would get by using the discrete-mixture model. However the
computations under the discrete-mixture model are much more demanding as it needs to
explore a modelspace of size 2p. Another advantage of the Horseshoe prior is its adaptivity.
The prior is only weakly informative, in contrast to Spike and Slab models, which are quite
sensitive to the hyperparameters. This property seems especially important in this work. The
rule ensemble will look differently in each run, varying in number of rules, number of un-
informative rules and covariance structure, even when run on the same data set. Specifying
hyperparameters in this situation is a Sisyphos task.

Handling noise The above stated theoretical differences result in different empirical be-
haviour in situations where X contains uninformative predictors. Generally the Horseshoe
prior performs better than the Lasso, when noise is present. The Lasso leads to overshrink-
age of large β due to the direct conflict between squelching the noise towards zero and not
shrinking important predictors [53]. The difference increases with the number of uninfor-
mative predictors, but depends on the structure of β as well. Especially the magnitude of
the non-zero predictors plays an important role. When the signal is large, it can lead to an
undershrinking of the noise components.

Simulation 1 This simulation illustrates the difference between Lasso and Horseshoe
regression when it comes to handling noise. Let

X1, . . . , Xp � N (0, 1), (2.25)

y = 8 � X1 + 5 � X2 + X3 + X4 + X5 + ε, (2.26)

ε � N (0, 1). (2.27)

Only the first 5 predictors effect y while the other predictors are noise. Figure 2.3 shows the
estimated coefficients under p = 100 and p = 1000 and n = 100. The Lasso estimation is
taken as the optimal under cross-validation and for the Horseshoe prior the posterior mean
is taken. With p = 100 the results are similar, but already the Horseshoe is a bit better in
squelching the noise towards zero. The difference becomes sincere with p = 1000. For the
Horseshoe there seems to be no difference, the noise components are still shrunk towards
zero. For the Lasso on the other hand the difference is quite visible, as many coefficients
escape zero. Even more sincere some of the noise components reach a magnitude close to 1.
This means that some of the true signals are no longer distinguishable from the noise. The
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2.5. Bayesian Regularization with the Horseshoe prior

(a) Coefficients of Lasso (green) and Horseshoe (or-
ange) with p=100.

(b) Coefficients of Lasso (green) and Horseshoe (or-
ange) with p=1000.

Figure 2.3: Difference between Horseshoe prior and Lasso in shrinking uninformative covari-
ates.

deterioration of the Lasso can be easily understood from the theoretical properties above. As
some of the coefficients are quite large τ can not be chosen to be very small, which would
be necessary to shrink the noise efficiently. With increasing p smaller values of τ are needed
which is in direct conflict with keeping the true β large.

Handling correlation Another problem with the lasso is that its optimality in finding
the right predictors is only guaranteed under the restrictive condition, that the correlation
between predictors is under a certain degree. This problem is well studied as the irrepre-
sentability condition [65]. The Lasso fails to select the right predictors, when the correlation
between important and unimportant predictors is too high. This stems from the previously
described over-shrinkage of the important predictors: The Lasso takes correlated predictors
to substitute for the overshrinkage. The irrepresentabily condition will be violated in most
cases, as the correlation between the decision rules is high.
On the other hand the horseshoe prior was shown to be relatively robust against correlated
predictors in terms of model constistency but even more so in terms of predictive perfor-
mance [64]. This can be understood from the above noted similarity to discrete-mixture
models. However most literature on global-local shrinkage priors focusses on sparsity with
noisy components and asssumes orthogonal Design. The behaviour in situations with non-
orthogonal X is understudied [9].

Simulation2 To illustrate the difference in handling correlated predictors let

x1, x2 � N (0, 1),

x3 � N (x1, 0.15),

y � N (x1 + x2, 0.5),

with n = 100. The predictors x1 and x3 are highly correlated (ρ = 0.99) and x1 and x2 in-
fluence y. Figure 2.4 shows the posterior distributions for β1, β2 and β3 under the Horseshoe
and under the Lasso. For the Lasso the β values obtained within the 95% quantile of τ are
considered. The reason is that in practice for the Lasso one value for τ is chosen and the cross
validated τ value is very likely to lay in this region. The joint posterior of β1 and β3 is clearly
bimodal under the horseshoe prior, with values in between due to the Gibbs Sampling. Note
that for each of the modes one of the predictors is exactly zero and the other has the true value
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2.5. Bayesian Regularization with the Horseshoe prior

(a) Joint-posterior of β1 and β3 under the Horseshoe (b) Posterior distribution β2 under Horseshoe

(c) Joint-posterior of β1 and β3 under the Lasso (d) Posterior distribution β2 under the Lasso

Figure 2.4: Posterior densities. The Horseshoe posterior leads to bimodal distributions, with
either x1 or x3 equal to zero. The Lasso more unimodal with mode in between the horseshoe
mode. Under Horseshoe uncorrelated predictor x2 not effected by multicollinearity.

1.5. In a way the horseshoe produces two different models. In each one of the correlated pre-
dictors is excluded. The posterior distribution of β2 is uneffected by the multicolinearity.
On the other hand the joint posterior under the Lasso has a mode in between the two horse-
shoe modes around (0.9, 0.6). The Lasso has to find a compromise: clearly not both predictors
can be included with full magnitude. However with higher global shrinkage there is no in-
dividual shrinkage parameter which allows one of the β1 or β3 to become large and by that
set the other coefficient to zero. Instead the found solution shrinks both coefficients equally.
Also under the Lasso the posterior distribution of β2 is slightly distorted from the overall
shrinkage.
Under Correlation the Horseshoe prior leads to multimodal distributions, one mode for each
correlated predictor. Each of these modes reflects a model, where one predictor is chosen,
with coefficient close to the true one, while the other coefficients are set to zero. Therefore
taking the posterior mean mimics bayesian model averaging over the models using different
predictor combinations. Uncorrelated predictors are generally uneffected under the horse-
shoe, as they can escape the global shrinkage through their local shrinkage parameter.
The Lasso on the other hand seeks to find a compromise and leads to a unimodal posterior
distribution between the true values. Also multicollinearity between predictors induces a
higher level of global shrinkage, which can distort the posterior distributions of uncorrelated
predictors as well.
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2.5. Bayesian Regularization with the Horseshoe prior

Multimodality It was pointed out in the previous paragraphs that the Horseshoe prior
can lead to multimodal posterior distributions of β. Predictors often will have one spike at
zero which represents their probability of being excluded from the model. If the predictor
is informative it will have a second spike at a non-zero value. Also if there is correlation
between predictors it will lead to multimodality, as discussed previously. This aspect of the
Horseshoe prior is understudied. Most studies focus on sparse or ultra sparse situations,
where multimodality is unlikely to occur, as in this situation predictors are either clearly
noise or signal.
It needs further clarification, but in my opinion it is exactly this multimodality which leads
to the similarity to the Spike and Slab models. Each mode can be interpreted as a model one
would obtain using discrete-mixture priors, with a number of predictors set to zero and a
number of non-zero predictors. Carvalho et al.[15] tackle this phenomenon by defining

ωj = E
( 1

1 + λ2
j

)
(2.28)

as pseudo-inclusion probability of a predictor β j in analogy to the inclusion probabilites in
discrete-mixture models. In discrete-mixture models the predictive performance depends on
the ability of the algorithm to explore the interesting regions of the modelspace. This implies
that, when using the Horseshoe prior, good predictive performance crucially depends on the
ability of the algorithm to explore the different modes [42]. The modelspace for discrete-
mixture models is 2p so it has to be expected that this is also the number of possible modes in
the posterior distribution of β. In practice that means, that it if posterior samples are obtained
via Markov Chain Monte Carlo (MCMC), the behaviour of the chain should be checked. Slow
mixing behaviour makes it unlikely for the model to visit all the different modes, if not a high
enough number of iterations is chosen.

Horseshoe+ An extension to the Horseshoe hierarchy is to introduce a further mixing
variable

λ|η � C+(0, η), (2.29)

η � C+(0, A), (2.30)

with A = 1 being the Horseshoe+ estimator [7]. The Horseshoe+ estimator pulls noise even
stronger towards zero and signals away from zero. Other choices of A will be discussed in
Section 3.2.
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3 Method

This chapter explains the details for the implementation of the Horseshoe RuleFit. It follows
the same structure as the previous chapter, starting with the used Ensemble of Tree method,
over to the rule extraction and considerations which rules to take, to the Gibbs Sampling and
further considerations about Hyperpriors and finally methods which allow easy interpretable
summary of the obtained rule ensemble. The reader will notice that at many points decisions
are made, for example which ensemble of tree method to choose. Decisions are always eval-
uated by the three criteria to (1) get an as compact and understandable ruleset as possible,
while (2) achieve high predictive accuracy and (3) keep the model computationally feasible.
As to my knowledge there has not been any Bayesian approaches to RuleFit I expect the here
presented method to be a starting point, with many improvements possible.

3.1 Implementation of the Rule Generating Process

3.1.1 Choice of Ensemble method

Friedman & Popescu [27] choose gradient boosting, as the best performing ISLE algorithm
in their previous experiments [26]. Most tree based rule ensemble methods follow this rea-
soning. However this choice might not be optimal. In gradient boosting, each tree is fit on
the pseudo residuals of the current ensemble [25]. This means that the produced trees and
decision rules are dependent on the rest of the ensemble. They try to correct, what the pre-
vious ensemble misclassified. It might not be possible to set a lot of this decision rules to
zero without destroying this dependency structure. The produced rules might often not be
individually informative but only when combined to an ensemble. In the rule ensemble we
would like to get a compact set of decision rules, which explain most of the variance, by set-
ting a vast amount of coefficients to zero. This means that, even though gradient boosting
works great as an ensemble method, it does not imply that it is also the best choice for gener-
ating decision rules.
In Random Forest on the other hand each tree is independent from all previous trees. Each
tree tries to find the individual best partitioning, given a random subset of observations and
covariates. The rules are therefore less dependent on each other. Random Forest will produce
more redundant, uninformative rules compared to gradient boosting, as it will often choose
very similar splits, and due to the covariate sampling is often forced to use uninformative
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predictors. At the same time, the good rules found in Random Forest will be individually
good and not dependent on other rules. The horseshoe prior is well suited to deal with re-
dundancy and with uninformative decision rules. Therefore Random Forest appears to be a
good choice for generating decision rules as well.
A second argument in favour of Random Forest is, that it was shown to be overall the most
reliable and stable classifier. Fernandez et al. [22] found in an extensive study on 121 real
world data sets that the most reliable classifiers when run with standard settings are Random
Forest and SVM.
As both Random Forest and Boosting seem to have data sets in which they work well and
they produce different kind of rules a compromise is to use rules generated from both Gradi-
ent Boosting and Random Forest. This makes the result less dependent on our choice. Also
the bigger variety of rules, makes the algorithm more adaptive to different data sets as it
increases the probability of finding good rules.

3.1.2 Rule Generation Hyperparameters

The shape of the rules obtained from the ensemble of trees is determind by the ensemble
method but as well by the parameters used. This aspect is not very explored in the litera-
ture. Usually of interest is how the parameter choices effect the predictive accuracy of the
whole tree ensemble, where the shapes of the actual rules is only of minor interest, as they
are hardly interpretable anyways. It was found in several studies that especially the number
of trees used, the number of variables used in each split and the shrinkage ν and tree depth
for the gradient boosting have the largest impact on the ensembles accuracy. The few studies
that investigate the effect of parameters on rule ensembles for example [46] focus on the same
parameters.
These results are certainly important, but it might be a mistake to focus on those exclusively.
Random Forest grows each tree to full depth, which useually is a severe overfitting. By that
the variance between the trees increases, which then decreases the bias. This ensemble effect
is well studied. The great predictive performance comes from averaging over all those indi-
vidually overfitted trees. But what happens if we decompose the ensemble and remove most
of them is not obvious. It is to be expected that the balancing effect that make Random Forest
and Boosting so stable disappears and overfitting might occur. Dembczynski et al. [21] argue
that in order to use tree generated rules more parameter tuning needs to be performed.
Friedman & Popescu [27] identified the maximum depth of the trees as important parameter,
as it determines the complexity of the produced rules. Choosing the maximum depth too
high will lead to very specific rules, which will result in overfitting. On the other hand, if the
relationship is highly non-linear but smooth very complex rules are necessary to approximate
this relationship. They recommend to chose the tree depth indirectly by defining the number
of terminal nodes for each tree as,

tm = 2 + f l(ψ) (3.1)

and drawing ψ from a exponential distribution with probability density function

p(ψ) =
1

L� 2
exp(

�ψ

L� 2
), (3.2)

where f l(x) is the largest integer less or equal than x [27] . L ¥ 2 controls the average number
of terminal nodes. Setting L = 2 will produce only tree stumps consisting of one split. With
this indirect specification the forest is composed of trees of varying depth, which allows the
forest to be more adaptive to the data and makes the choice of a suitable tree depth less im-
portant.
Another parameter to consider is the minimum number of observations in the terminal nodes.
Random Forest typically uses 1 for classification and 5 for regression, as it tries to achieve
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overfitting in the individual trees. Hence to avoid too specific rules the number of obser-
vations should not be chosen too small. Afterwards the rules with too low support can be
removed, but better rules might be found if the search in the tree focuses on actually usable
decision rules. In my experiments I found a minimum nodesize of 10 for regression and 6 for
classification to work well.
Friedman & Popescu [27] and Meza [46] state that the sample size η used for each tree does
not have a big effect, as long is it is chosen low enough η ¤ N

2 and η � ?
N as N becomes

large. This setting is also used in this work.

3.1.3 Rule Correlation

One challenge is the high correlation between the decision rules. Decision rules extracted
from tree ensembles inherit their correlation structure. That is:

1. The correlation between siblings in the first split is ρ = �1.

2. The correlation between parent node and child node is |ρ| P (0, 1).

3. Depending on the specific tree ensemble method the correlation between trees is usually
moderately high. There always is a lot of redundancy over the forest. Especially the
very informative variables are often used for splits, leading to highly correlated decision
rules.

4. Each parent node together with it’s childnodes are perfectly colinear.

Highly correlated features can pose big problems in regression models, even more so in the
p ¡¡ n situation. The horseshoe regression was shown to be relatively robust against cor-
related features, however in this extreme situation problems remain. If perfectly correlated
features are left in the rule ensemble the estimation gets unstable and extreme behavior can
occur. Also there is no information gain by keeping perfectly correlated features, as it is im-
possible for the model to decide which variable to keep.
To prevent this pathologies I decided to remove perfectly correlated predictors. If variables
are perfectly correlated it is only necessary to keep one of them. Additionally I chose to re-
move rules rl(x), rj(x) if their correlation ρ exceeds a threshold ρl,j ¡ c. As the variables are
slightly different it makes sense to keep the rule with the lowest error. The procedure is done
with the following steps:

1. For each decision rule rl(x), l = 1, ..., m calculate the correlation with the other decision
rules Cor(rl(x), rj(x))l � j

2. If the correlation is higher than the threshold c, keep only the decision rule with lowest
error.

As a standard setting I found c = 0.99 to work well, as it removes just enough rules, so that
the estimation remains stable. Also for each split I chose randomly only one of the two sibling
decision rules to include and drop the other. Doing that avoids the perfect multicollinearity
and also simplifies calculations greatly as only half of the rules are kept.

3.1.4 Rule Pruning

Another problem in decision rules can be best described as overcomplication. Consider a
decision rule where only the first condition is informative, while the second split does not
reduce the error significantly. This happens for example in Random Forest when a tree is
forced in a split to use an uninformative variable due to the covariate sampling. In terms
of interpretation this is very undesirable, as it suggests an interaction where in fact is most
likely none. It also might lead to overfitting. To prevent this behavior I decided to apply Rule
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Pruning. Each rule rl , l = 1, ...., m gets pruned if the change in error of this rule is lower than a
threshold t when using the pruned rule instead. Conditions are removed, if it does not make
a difference. This is desirable for both interpretability and better generalization. As threshold
I found that removing conditions, if the relative error increases less than 0.01 works well.

3.1.5 Rule Support

Also to consider is if it is useful to include Decision rules with very low support. In an
extreme it can happen that a rule consists only of one observation. This problem is especially
to consider when using the Horseshoe regression. The Lasso shrinks coefficients globally,
so that this rules most likely will get removed. The Horseshoe prior however allows the
signal to escape this global shrinkage and this single observation rules are most certainly
signal, as they help to explain the training data (perfectly). This might lead to overfitting
and also lower interpretablity. To prevent this I decided to remove all rules with a support
s(rl) =

1
N
°N

i=1 rl(x) lower than 0.01 or higher than 0.99. If prior information about the size
of potential groups in the data is available this setting can be adjusted.

3.1.6 Implementation in R

For creating the trees the R-packages randomForest and gbm were used and extended with
own code to allow the sampling of the tree depth described in 3.1.2. Extracting the rules was
done with the very convenient R-package inTrees which allows to decompose Forests into
decision rules.

3.2 Implementation of the Horseshoe Regression

3.2.1 Gibbs Sampling

Sampling from the standard horseshoe hierarchy (2.17) is not straightforward, as the condi-
tionals for the hyperparameters λj and τ do not follow standard distributions. Slice sampling
can be applied, as described in [48] and implemented in the R-package monomvrm, but is
computationally expensive.
This issue is of big importance as in RuleFit due to the induction of a large number of decision
rules X is always high dimensional. Computational efficiency is of special importance in this
context.
Makalic and Schmidt [44] propose a revised Horseshoe hierarchy that exploits the represen-
tation of a half-Cauchy distributed random variable x � C+(0, A) through

x2|a � IG
(1

2
,

1
a

)
, (3.3)

a � IG
(1

2
,

1
A2

)
(3.4)
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which leads to conjugate conditional posterior distributions. With introduction of the auxil-
iary variables ν1, ..., νp and ψ the horseshoe hierarchy becomes

y|X, β, σ2 � Nn(Xβ, σ2In), (3.5)

β j|λj, τ2, σ2 � N (0, λjτ
2σ2), (3.6)

σ2 � σ�2dσ2, (3.7)

λj
2|νj � IG

(1
2

,
1
νj

)
, (3.8)

τ2|ψ � IG
(1

2
,

1
ψ

)
, (3.9)

ν1, . . . , νp, ψ � IG
(1

2
, 1
)

. (3.10)

In their paper [44] they also present the full conditional distributions, required for Gibbs
sampling. The sampling scheme is to first sample β P Rp with

β|σ2, λ1
2, . . . , λp

2, τ2 � Np(A�1XTy, σ2A�1) (3.11)

where

A = (XTX + Λ�
�1), (3.12)

Λ� = τ2Λ,

Λ = diag(λ1
2, . . . , λp

2).

The full conditional for σ2 follows a Inverse-Gamma distribution of the form

σ2|β, λ1
2, . . . , λp

2, τ2 � IG
(n + p

2
,

ε2

2
+

βTΛ�
�1β

2

)
(3.13)

where ε2 P R is the sum of squared errors (SSE) ε2 = (y� Xβ)T(y� Xβ). After sampling β
and σ2 the shrinkage parameters can be sampled from

λ2
j |νj, β j, τ2, σ2 � IG

(
1,

1
νj

+
β j

2

2τ2σ2

)
, j = 1, . . . , p (3.14)

τ2|ψ, β, λ1
2, . . . , λp

2, σ2 � IG
( p + 1

2
,

1
ψ
+

1
2σ2

p̧

j=1

β j
2

λj
2

)
(3.15)

and the auxiliary variables from

νj|λ2
j � IG

(
1, 1 +

1
λ2

j

)
, (3.16)

ψ|τ2 � IG
(

1, 1 +
1
τ2

)
. (3.17)

Note that all distributions are easy to sample from and efficient sampling procedures are
implemented in standard statistical software. However the step (3.11) requires taking the in-
verse of a p� p matrix which is of complexity O(p3). This inverse can not be precomputed as
the Λ� changes in every iteration. Since through the induction of a large number of decision
rules p allways will be large this step can be computationally demanding.Bhattacharya et
al. [8] propose an alternative exact sampling algorithm for β in global-local prior regression
models such as the horseshoe regression. Suppose we want to sample

β � N (µ, Σ), Σ = (ΦTΦ + D�1)�1, µ = ΣΦTα. (3.18)
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3.2. Implementation of the Horseshoe Regression

Algorithm 2 Bhattacharya, Chakraborty and Mallick (2015)

1: Set Φ = 1
σ X, D = σ2Λ� and α = y

σ
2: Sample u � N (0, D) and δ � N (0, In)
3: Set v = Φu + δ
4: Solve (ΦDΦT + In)w = (α� v)
5: Set β = u + DΦTw

Instead of sampling from (3.11) directly, we can solve a series of linear systems, see Algorithm
2.

This indirect sampling can be carried out with O(n2 p) operations and therefore scales
especially well for p ¡¡ n. It is used in this work when p ¡ n. The details and a proof can
be found in the original paper. For the case of n ¡ p the Rue algorithm for Sampling from
Markov Random Fields [56] can be applied [8], as shown in Algorithm 3.

Algorithm 3 Rue (2001)

1: Compute the Cholesky decomposition ΦTΦ + D�1 = LLT .
2: Solve Lv = ΦTα.
3: Solve LTm = v.
4: Sample z � N (0, Ip).
5: Solve LTw = z.
6: Set β = m + w.

In any case taking the inverse directly for sampling should be avoided, as numerical in-
stabilities can occur. This is especially the case, as the values in Λ can get very high, when
the number of unimportant predictors increasing. Rues algorithm requires computing the
Cholesky decomposition therefore if possible Algorithm 2 is to prefer, when n and p are sim-
ilar.

3.2.2 Classification

In a Bayesian framework Classification is usually either done via the addition of a Metropolis-
Hastings step in the Gibbs sampler, or via data augmentation. The data augmentation ap-
proach has the clear advantage that it is computationally relatively inexpensive and can be
easily integrated in the Gibbs Sampling Scheme. The first and most commonly used data
augmentation is the Albert and Chibs (AC) algorithm for probit regression [4].
In practice the usage of the AC algorithm is problematic, as it leads to very slow conver-
gence. Additionaly the AC algorithm is only assured to converge if n ¡ p and X has full
rank. Chakraborty & Khare [16] recently proposed a novel data augmentation approach for
probit regression which leads to better convergence even when p ¡¡ n (Algorithm 4).

Algorithm 4 Haar PX-DA by Chakraborty and Khare (2016)

1: Sample independent zi � T N (xT
i β, 1, yi), i = 1, . . . , N

2: Calculate A(z) = zTX(In � (XTX + Λ�
�1)�1XT)z

3: Sample u � Gamma
(

n
2 , 2

A((z)

)
4: Set g =

?
u

5: Set y� = gz

Note that step 2 requires taking the Inverse, which can be daunting for big p, as previ-
ously discussed. However the improvement in mixing is substantial [16]. For sampling β
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3.2. Implementation of the Horseshoe Regression

Algorithm 3 can be applied, as the Cholesky already was computed, therefore the loss in
computational efficiency is only significant for p ¡¡ n situations.
A recently proposed alternative to the bayesian probit regression is the polya-gamma data
augmentation approach for bayesian logistic regression[52]. They extend the latent variable
idea of Albert and Chibs to binary regression with log-link and show that it has good mixing
properties. As the probit data augmentation it is easily implemented in a Gibbs sampling pro-
cedure. Let PG denote the Poly-Gamma distribution then X � PG(b, c) has the probability
density function

f (x) =
1

2π2

8̧

k=1

gk
(k� 1/2)2 + c2/(4π2)

(3.19)

with gk � Ga(b, 1). Polson et al. [52] implemented an efficient algorithm for sampling from
the distribution (3.19) in their R-package BayesLogit. Posterior Sampling for binary regres-
sion is done with the two-step procedure

wi|β � PG(1, xT
i β) (3.20)

β|y, w � N (mw, Vw) (3.21)

with

Vw = (XTΩX + B�1)�1 (3.22)

mw = Vw(XTκ) (3.23)

κ =
(

y1� 1
2

, . . . , yn � 1
2

)
Ω = diag(w1, . . . , wn)

Note that (3.22) differs from the standard sampling scheme for the Horseshoe regression.
The efficient sampling algorithms from the previous section cannot be used.

3.2.3 Separation

One problem that can occur specifically in binary classification is in the literature referred
to as separation. Albert & Anderson [3] make the distinction between complete separation
and quasi complete separation. Formally complete separation occurs if there exists a vector
α = (α1, . . . , αp) that for every i = 1, . . . , n,

xT
i α   0 i f yi = 0 , xT

i α ¡ 0 i f yi = 1, (3.24)

and quasi complete if for every i = 1, . . . , n,

xT
i α ¤ 0 i f yi = 0 , xT

i α ¥ 0 i f yi = 1. (3.25)

If complete separation in one covariate xj occurs the MLE estimate of its coefficient β j will go
to �8 or +8 [66]. This is intuitively understandable: if there is no negative examples y = 0
for xT

i α ¡ 0 limiting the log-odds, then the chance of y = 1 is infinity higher for xT
i α ¡ 0 and

vice versa. One can think of the table

y=0 y=1

xT
i α ¥ 0 a1,1 a1,2

xT
i α ¤ 0 a2,1 a2,2

If any of the cells is empty the quasicomplete condition is fulfilled. If both a1,1 and a2,2 are
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3.2. Implementation of the Horseshoe Regression

empty complete separation occurs. A covariate xj is a solitary seperator [32] if separation
occurs in this variable according to the above definitions and

αj � 0 , αr = 0 @ j � r (3.26)

which implies that for αj ¡ 0 for all i = 1, . . . , n

xi,j ¥ 0 @ yi = 1 , xi,j ¤ 0 @ yi = 0. (3.27)

Intuitively a solitary separator means, that the data is perfectly separated with a line at xj = 0,
while in the case of complete seperation an intercept is necessary in any case to separate the
data perfectly. Ghosh et al. [32] show that under Cauchy priors a posterior mean for β exists
only in the absence of solitary separators. In empirical studies [32] also show that in presence
of complete or quasi-complete separation the Cauchy prior leads to extreme behavior, namely
unreasonable high posterior means and sample auto correlation to an degree of unusability.
This stems from the fat tails of the Cauchy distribution, which allows the β to become very
large. On one hand, this property of the Horseshoe prior is very attractive for identifying
truly informative predictors, but in the context of classification it bares a risk and special at-
tention should be given to the phenomena of separation. This is especially true in the context
of rule ensembles. Decision trees try to separate the data perfectly. Therefore when combining
the resulting decision rules to the ensemble it is likely to have complete separation, especially
when the data is easy to separate and if p ¡¡ n. To see this imagine a tree leaf which contains
only y = 1 observations. This leads to the table As a11 is empty, the quasicomplete condition

y=0 y=1

rl(x)T = 0 0 a1,2
rl(x)T = 10 a2,1 a2,2

is fulfilled. Also note that if a decision rule separates the data perfectly it will be a solitary
separator, as no intercept is necessary to separate at rl(x) = 0. It therefore seems like a good
idea, to center the decision rules as well, as then rl(x) is no longer a solitary separator. Ghosh
et. al [32] show that after centering of dummy variables the corresponding MCMC-chains
for β do not diverge any more, but they are still effected by the separation. This means that
the Classification is not a straightforward extension, but the separation problem must be ad-
dressed.
There has been different approaches to adress this problem, however most of them being
concerned with the maximum likelihood estimate. Another often used approach is to simply
drop the covariates leading to perfect separation [66]. This approach seems unsatisfying as
those covariates are potentially the most informative ones. In the Bayesian framework one
way is to use lighter tailed priors, example given t-student priors or normal priors instead,
which show less extreme behaviour in presence of seperation [32].
Another Issue is that if p ¡ n the data always is quasi-complete separated, leading to poor
mixing under the Cauchy prior [32]. This follows from the linear dependency of X, which
always allows to find α such that the quasi complete separated condition holds with equality
for all observations. As a consequence the number of decision rules induced should not ex-
ceed the number of observations. If a high number of rules is necessary, for example when the
data is either very sparse or complicated, a higher number of MCMC-samples is necessary,
to substitute for the poor mixing. This tradeoff is limiting, as usually a high number of rules
is necessary to have a high enough chance of finding good rules.
Another consideration is to adjust the prior distribution

β � C(0, η) (3.28)

in case of logistic regression. Li & Yao [42] recommend using small values (η   0.1) for the
Cauchy distribution in logistic regression. They observe that for higher values the posterior
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Figure 3.1: Monte Carlo simulated prior density p(β) for τ � C+(0, 1)(standard) and τ �
C+(0, 0.01)(robust). The robust prior puts less mass on unreasonable values.

distribution becomes close to the likelihood. This is not desired, as the MLE goes to �8 in
the case of separation. They report in their experiments, that small scale values still allow
signals to become large [42]. In the Horseshoe hierarchy there is no analytic form available
for the marginal prior distribution p(β) [15]. Small scales can thus only be obtained indirectly
by adjusting the prior distribution for either λ or τ. As it is the indivduall shrinkage prior λj
which gives the Horseshoe its high adaptivity and we overall expect β values to be smaller
in logistic regression it makes sense to instead adjust the overall shrinkage level τ. Gelman et
al. [29] argue that in real data sets β coefficients higher than 5 are extremely rare as it means
a change in probability from 0 to 0.99 when fulfilled. Following this reasoning in this work

τ � C+(0, 0.01), (3.29)

is used for classification and referred to as robust Horseshoe prior1. Figure 3.1 shows the
resulting p(β) under the robust prior, using Monte Carlo Simulation (because of the unavail-
ability of the analytic expression). It puts much less mass on unreasonable high values. Li
& Yao [42] suggest using a fixed value for τ however in this work τ is sampled. This gives
the horseshoe its adaptivity and also frees the user from the need to specify a fixed value. It
has to be expected, that these compromise settings limit the ability of the Gibbs Sampler to
travel through the modes efficiently, compared to the regression setting. This might lead to
deterioration in performance, but is necessary to ensure a reasonable mixing.

Actions Taken: To summarize the actions taken to prevent extreme behavior of the
MCMC-chain in classification are:

1. Check if the number of predictors exceeds the number of observations and give out a
warning if it does. As a standard choice, only a random subset of the decision rules

1It is unrelated with the term robust prior in the literature even though there is some similarity.
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is kept so that n ¡ p. This is a compromise, as the convergence problems seem to
overwhelm the information gain by more decision rules.

2. Instead of the normal Horseshoe hierarchy the novel robust Horseshoe prior is used.

Computational aspect In my experiments the algorithms for probit and logistic regres-
sion lead to very similar results. From a computational point of view the probit regression is
less demanding. Even though the Polya-Gamma sampling is highly optimized with a rising
number of n the computational cost increases more than in the case of the Probit sampler. For
the empirical experiments I therefore used the probit regression, as it scales better for bigger
data sets. Logistic regression is often desired due to its interpretation through the log odds
and can be done without a big loss in efficiency.

3.2.4 Hyperpriors

Friedman & Popescu [27] leave the rl(x) unstandardized, in order to put extra shrinkage on
rules with low support. This comes from the Lasso loss function, which penalizes the mag-
nitude of the coefficients. Rules with low standard deviation (low support) have in average
higher coefficients and get penalized stronger by the Lasso. Implicitly that incorporates prior
knowledge - or more prior wish - to prefer decision rules with high support.
With the Horseshoe regression I chose to standardize the rl(x), as it is not clear how dif-
ferent scales will effect the complex interplay of the global and local shrinkage parameters
λl , l = 1, . . . , m and τ. Even more, the Bayesian framework allows to incorporate the prior
information to prefer simple rules explicitly. Recall, the prior setting for the local shrinkage

λl � C+(0, Al)

with Al = 1 l = 1, . . . , m leading to the standard Horseshoe regression. Al   1 will give a pre-
dictor a priori a lower probability of being treated as signal, but the heavy Cauchy tails will
allow truly informative predictors to still become big. An analogous to the RuleFit approach
can be achieved by giving the decision rules priors proportional to their support

Al 9 s(rl) =
1
N

Ņ

i=1

rl(xi). (3.30)

This gives rules with low support a priori less chance of being chosen by the model as
signal. Another way could be to consider both support and length of the rule. As described
before both rules which cover only a small number of observations, as well as decision rules
with a lot of conditions are very undesirable for interpretation and may also not generalize
well. If a rule consists of only a few observations and is defined by many conditions then it
is not very trustworthy, especially in the presence of noise. Such a rule should only be taken
into the model as last resort, if no other rule or linear term is able to explain this part of the
variation. One way to express this belief is due

Al = s(rl) � (1 + len(rl))
�η , (3.31)

where len(rl) denotes the length of rule l defined as its number of conditions, s(rl) P (0, 1)
and η P [0, inf) is a parameter controling how strong our prior belief is, that simple rules
are sufficient for this data. This is an analogous to the prior probability for a node being
non-terminal in BART [17]. One possible way is to set

Al =

d
2 �min(s(rl), 1� s(rl))a

len(rl)
. (3.32)
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Figure 3.2: The hyperparameter Al depending on the support of a rule and its length. The
function is slowly decaying to give complicated and specific rules still a non-zero prior prob-
ability of being used.

The resulting function can be seen in Figure 3.2. Al is exactly one when the support is 0.5 and
the length is one, as the ideal, while rules which are either more complicated or cover less
observations get a priori less probability of being signal. The square roots are used, to make
the function decay more slowly.
This allows to set the treedepth parameter L (section 3.1.2) in the rule generating process
higher, without necessarily overfitting, as through the prior settings simple rules which cover
a lot of observations are preferred by the model. However if the data requires it more com-
plex rules might be chosen. This should make the algorithm more adaptive to the data and
less dependent on the choice of the tree generating parameters.
An indirect way is to handle Al as random variable. This leads to the Horseshoe+ hier-
arachy by [7]. The idea of the horseshoe+ is to include a further mixing variable for the
local-shrinkage parameter

λl|ηl � C+(0, ηl) (3.33)

ηl � C+(0, Al). (3.34)

with Al = 1, l = 1, . . . , m is the Horseshoe+. This extension leads to a stronger push of the
noise towards zero and of the signal away from zero. The Horseshoe+ can be integrated in
the Horseshoe hierarchy described in section 3.2.1. Using the Inverse-Gamma representation
of the half-Cauchy the full-conditional of ν becomes

νl|λ2
l , η2

l � IG
(

1,
1

λ2
l
+

1
η2

l

)
, (3.35)

and the full conditionals of the newly introduced mixing variables are

η2
l |ψl , νl � IG

(
1,

1
νl

+
1
ψl

)
, (3.36)

ψl|η2
l � IG

(
1,

1
η2

l
+

1
A2

l

)
. (3.37)

26



3.3. Posterior Summary

The derivation can be found in Appendix A. The upper part of the the horseshoe hierarchy
remains unchanged [44]. In the context of rule ensembles it is a consideration to replace the
non-informative prior A = 1 with the prior considerations above. This leads a priori to a
stronger gravitation towards zero for complicated and very specific rules. Through incor-
porating the prior knowledge deeper in the hierarchy very good rules still can escape and
become big if the model needs it. Instead of dominating the model, the prior should only
guide the search for good predictors. Incorporating the informative prior deeper in the hier-
archy gives the model more flexibility to overwrite it if necessary.
Especially important is to adjust the prior for the linear terms as well, as they will be over-
represented otherwise. I chose to set the prior for linear terms to 0.875, which corresponds to
the prior of a rule with rule with support of 0.4 and a length of 1.5. Other choices would be
possible and should be tested in future work. Rules with support around 0.5 and one condi-
tion will have values around 1, while more complicated rules have a priori a lower chance to
become big. A is limited at 1, as higher values would force predictors into the model.
This use of the Horseshoe+ to incorporate prior knowledge is rather creative and not studied
in the literature yet. Given the specific setting of the rule ensemble in my opinion it makes
sense to use all prior knowledge available, in this case about the rule structure.

3.2.5 Implementation in R

As stated above the available implementation of the horseshoe regression in R does not scale
well for large p. Therefore I used own code for the Gibbs-Sampling, inspired by the matlab
code provided by Makalic & Schimdt [44]. Sampling the Polya-Gamma variables is done with
the package BayesLogit by Polson et al. [52] and the rest based on own implementations.

3.3 Posterior Summary

3.3.1 Thresholding

One problem in the context of shrinkage priors is to find a sparse summary of the posterior
distribution. The Horseshoe prior will shrink unimportant covariates, but not set them to
exactly zero as the Lasso.
The easiest way to address this problem is to define a threshold t and remove all covariates
whose β j   t, i = j, . . . , p. This approach creates the need of defining an appropriate thresh-
old, which only removes the covariates which do not contribute to the models performance.
Defining such a threshold a priori is a challenging task. Depending on the number of infor-
mative and uninformative predictors the magnitude of the β changes. If one adds informative
predictors to the model the overall shrinkage τ will increase and in average β will decrease,
as the model is now based on more predictors.
Carvalho et al. [15] recommend instead of thresholding the β directly use ω = E( 1

1+λ ¡ 0.5).
This can be interpreted as a pseudo-inclusion probability of a covariate. Covariates with
ω ¡ 0.5 are signal and ω   0.5 are noise. Including all and only covariates with inclusion
probability higher than 0.5 was shown to minimize squared error prediction loss under or-
thogonality [6]. However when predictors are correlated this approach might lead to poor
model choices. When there is high correlation between predictors the predictors will swap
place in the model from time to time. This will decrease the individual κj. In a extreme case
of many correlated predictors all of the κj values might fall under 0.5 and would be removed
as noise. In less extreme cases, removing one of the correlated predictors, will leave a hole.
Either the model has to be rerun to allow other predictor to fill that spot, or another predictor
has to be "unshrunk" accordingly.
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3.3.1.1 DSS Posterior Summary

Decoupling Shrinkage and Summary(DSS)[35] addresses the problem of finding sparse pos-
terior summaries in the context of linear models under shrinkage priors such as the Horse-
shoe. The main idea is to decouple Shrinkage and Summary. The Model fitting procedure
remains unchanged and after the posterior predictive distribution

f (Ŷ) =
»

f (Ŷ|βσ2) f (β, σ2|Y)d(β, σ2) (3.38)

is obtained, sparsity is induced by minimizing the cost function

L(Ŷ, γ) = λ‖γ‖0 + n�1‖Xγ� Ŷ‖2, (3.39)

for a given value of λ. ‖γ‖0 =
°

j I(γ � 0) denotes the count norm and ‖Xγ � Ŷ‖2 is the
euclidean norm. The DSS cost function explicitly trades of parsimony for predictive accuracy.
The first term measures the model complexity, while the second term measures the degrada-
tion in predictive performance using the sparsified solution γ. By that equation (3.39) tries to
reconstruct the solution obtained from the predictive posterior distribution with least covari-
ates as possible. DSS decouples the problem of finding a good summary in the two steps, one
statistical and one pure optimization. The sparsified solution is obtained by

βλ = arg min
γ

λ‖γ‖0 + n�1‖X β̄� Xγ‖2 (3.40)

The solution is dependent on the choice of λ which expresses how much predictive accuracy
one is willing to sacrifice in order to achieve better interpretability. This optimization pro-
cedure not only sets coefficients to zero, but also unshrinks coefficients if necessary, in the
case of correlated predictors. Setting λ = 0 will give the posterior mean β̄ as solution, while
large values of λ lead to the null model. Which value is appropriate to fulfill the users need
depends on the problem by hand as well as the data set. Hahn & Carvalho [35] recommend
to monitor two different measures, to guide the search of a suitable λ value. In analogous to
the variance explained in ordinary least squares regression

ρλ
2 =

n�1‖Xβ‖2

n�1‖Xβ‖2 + σ2 + n�1‖Xβ� Xβλ‖2 (3.41)

allows to observe the deterioration of the model fit on the training data, when using the
sparsified solution βλ. Note that in (3.41) β is a random variable therefore also ρλ

2 becomes a
random variable for which credible intervals can be calculated. On the other hand the excess
error

ψλ =
b

n�1‖Xβλ � Xβ‖2 + σ2 � σ (3.42)

gives an estimation of the amount of error in future predictions one has to expect due to the
sparsification. Again ψλ is a random variable for which credible intervals can be obtained. To
find a good value of λ it is helpful to plot the model size against ρλ and against ψλ . One rule
of thumb by [35] is to take the sparsest model which still contains ρλ=0 and ψλ=0 in their 90%
credible intervals.

28



4 Results

This chapter evaluates the performance of the Hs-RuleFit in relation to competing methods.
In the first part the predictive performance is examined on a variety of real data sets for
regression, classification and genetic expression data. The latter is also a classification task
but somewhat special, through the small sample sizes (p ¡¡ n), the sparsity of the data and
spurious relationships.
As stated above, predictive performance is usually not the only goal, but important to give
confidence in a model. The second part of the empirical evaluation will examine if Hs-RuleFit
is capable of producing easily interpretable models. In previous studies these two steps are
often combined and interpretability measured through model complexity, for example in [1].
Automatic model sparsification is not straightforward using the DSS approach described in
Section 3.3.2. The right amount of shrinkage is a tradeoff between accuracy and simplicity
and should be carefully chosen. It is also dependent on the data, therefore ad-hoc approaches
such as limiting the model size to p = 30 are not realistic. Two data sets are analyzed in detail
to showcase the capability of Hs-RuleFit to produce interpretable models.

4.1 Regression

This section gives a comparison of Hs-RuleFit with competing methods on a variety of real
regression data sets. The 16 data sets used for comparison are a subset of the data sets used in
[38] and [17]. The choice of data sets was guided by public availability not by its characteris-
tica. Table 4.2. gives a summary of the used data sets. N denotes the number of Observations,
Q the number of quantitative covariates and C the number of categorical covariates. This se-
lection represents a variety of size, dimensionality and problem difficulty. For this reason the
algorithms are compared using the relative root mean squared error (RRMSE)

RRMSE((x, y), Fk) =
RMSEk((x, y), Fk)

min
jPK

RMSE((x, y), Fj)
, (4.1)
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4.1. Regression

Table 4.1: The Settings for the used methods.

Method Parametersetting

Hs-Rulefit Number of Trees: 1000
L:4

Ensemble: GBM

Hs-Rulefit+ Number of Trees: 1000
L:5

Ensemble: GBM+RF

RuleFit Number of Rules: 2000
L:4

Random Forest Number of Trees: 500
Variables tried:

?p

BART (γ, q) = (3, 0.9)
µ prior:2

Number of Trees: 200

Table 4.2: The 16 Regression Data sets.

Name N Q C

Abalone 4177 7 1
Ais 202 11 1

Boston 506 13 0
Budget 1729 10 0

Cps 534 7 3
Cpu 209 6 1

Diamond 308 1 3
Hatco 100 6 4
Heart 200 13 3

Insurence 2182 4 2
Medicare 4406 21 0

Mpg 392 6 1
Ozone 330 8 0
Servo 167 2 2
Strike 625 4 1

Tecator 215 10 0

of model Fk and K is the set of compared algorithm. The root mean squared error (RMSE) is
defined as

RMSE((x, y), Fk) =

gffe 1
N

Ņ

i=1

(yi � Fk(xi))2. (4.2)

The RRMSE accounts for different scales of y, as well as different difficulty as it measures the
relative performance. On each data set 10-fold cross-validation is performed. In each split
9-folds are used for model building and one fold left out for prediction. For comparability
with other studies also the RMSE is reported.
The compared algorithms are Random Forest, BART, RuleFit, Hs-RuleFit and Hs-RuleFit+.
Hs-RuleFit uses only Boosting generated rules and the standard Horseshoe regression. This
allows a direct comparison with RuleFit to assess the performance of the Horseshoe prior and
the Lasso. Hs-RuleFit+ uses both Boosting and Random Forest generated rules together with
the rule-structure prior specifications from Section 3.2.4.. BART is chosen for comparison,
as it shares a similar idea to Hs-RuleFit and the Random Forest as a strong default choice
algorithm. BART and Random Forest were built using the R packages bartMachine and ran-
domForest respectively. No dummy coding of the categorical variables is necessary, as the
implementations can deal with categorical variables internally. RuleFit was built using the
package provided by [27]. For the Hs-RuleFit I used my own code in R.
No cross-validation for parameter tuning was performed for any of the algorithms. Instead
the default settings shown in Table 4.1 were used. This should allow a fair comparison, as all
algorithms could be tuned for a better performance.
All numerical covariates are scaled and y is centered. This has no effect on the tree based
methods Random Forest and BART which are scale invariant, but is important for the rule
ensemble methods, which use linear terms as well.

Results

Figure 4.1 shows the boxplot for the RRMSE of the 16 � 10 = 160 splits over all data sets.
Hs-RuleFit+ and Hs-RuleFit outperform its competitors overall by a wide margin. The Hs-
RuleFit performs significantly better than RuleFit. Therefore the empirical results confirm
the theoretical expectation that the Horseshoe prior is better suited for the task of Rule En-
sembles than the Lasso. There is minor differences in the implementation, e.g. the RuleFit
uses Huber-Loss on the Regression, but they cannot account for the substantial difference in
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4.1. Regression

Figure 4.1: Boxplots showing the RRMSE across the 160 train/test partitionings over the 16
data sets. There is still a considerably amount of values higher than 3 for Random Forest
(12.5%) and BART (6.1%)

accuracy.
The clear winner in this experiment is the Hs-Rulefit+. The increased adaptivity through the
mixture of tree ensembles in the rule generation, as well as explicitly using prior information
about the rules in the model fitting process, lead to superior predictive performance. Using
the rule-structure prior allows to grow deeper trees with L = 5 without the danger of over-
fitting. Looking at Figure 4.1 Hs-Rulefit+ has much tighter intervals and only a few splits in
which it is significantly worse than the best algorithm. This shows that it is able to adapt to
very different data sets of different complexity.
BART outperforms Random Forest overall, which confirms the results in [17]. Interestingly
the RRMSE median for Random Forest is lower. This means, that there is data sets where
Random Forest performs well compared to the other methods. Table 4.3 shows the RMSE re-
sults on the different datasets, together with a ranking on the dataset. In fact Random Forest
is the best method in two data sets. BART has overall the worst ranking in this experiment,
but the average RRMSE is significantly better than the average RRMSE of Random Forest.
Reason for this is, that in datasets in which BART performs well, the rule ensemble methods
perform even better. That speaks for a similarity between BART and the rule ensemble meth-
ods, while the working of Random Forest is fundamentally different. One reason might be,
that all methods except Random Forest are, to a certain degree, based on Boosting. Interest-
ingly the scores of BART and Hs-RuleFit+ are the most different ones. This is suprising, as
both apply bayesian methodology and the prior specification in Hs-RuleFit+ is inspired by
BART. An explanation could be the in [17] stated characteristic of BART to model spurious
relationships. In some data sets, especially when there is no clear pattern, such as very noisy
data like the Heart data set this leads to good performance as it puts less confidence on single
explanations. Hs-RuleFit+ works orthogonal to this. Spurious relationships get removed ag-
gressively, through the Horseshoe prior. When there is a clear pattern Hs-RuleFit+ tends to
perform better, as it is not distorted by spurious relationships. Looking at individual data sets
confirms this hypotheses. The Tecator and the Budget Data set contain highly correlated pre-
dictors. Notable these are the data sets where the difference between BART and Hs-RuleFit+
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Table 4.3: 10-fold Cross validation results over the 16 regression data sets. Each entry shows
the RMSE and in parentheses the rank on this data set. The best result is marked in bold.

Random Forest BART RuleFit Hs-Rulefit Hs-Rulefit+

Abalone 2.143 (3) 2.147 (4) 2.156 (5) 2.137(2) 2.129 (1)
AIS 0.097 (5) 0.080 (3) 0.085 (4) 0.055 (2) 0.055 (1)

Boston 3.157 (2) 3.324 (4) 3.300 (3) 3.470 (5) 3.054 (1)
Budget 0.075 (4) 0.179 (5) 0.037 (3) 0.025 (1) 0.026 (2)

CPS 4.362 (3) 4.331 (2) 4.323 (1) 4.383 (4) 4.593 (5)
Cpu 0.359 (3) 0.400 (5) 0.372 (4) 0.353 (2) 0.352 (1)

Diamond 1210.8 (5) 319.55 (4) 255.53 (2) 259.52 (3) 193.39 (1)
Hacto 0.343 (5) 0.259 (3) 0.257 (2) 0.300 (4) 0.250 (1)
Heart 27.938 (1) 28.370 (3) 28.147 (2) 31.852 (5) 30.880 (4)

Insurence 0.702 (5) 0.654 (3) 0.657 (4) 0.633 (1) 0.641 (2)
Medicare 11.614 (4) 12.045 (5) 11.543 (1) 11.586 (2) 11.611 (3)

MPG 2.727 (2) 2.968 (5) 2.784 (4) 2.739 (3) 2.701 (1)
Ozone 3.975 (1) 4.044 (2) 4.098 (3) 4.111 (4) 4.328 (5)
Servo 0.453 (5) 0.311 (4) 0.297 (3) 0.261 (2) 0.260 (1)

Strikes 0.702 (5) 0.654 (3) 0.657 (4) 0.633 (1) 0.641 (2)
Tecator 0.542 (3) 0.604 (5) 0.563 (4) 0.438 (2) 0.427 (1)

Average Rank 3.50 3.75 3.06 2.69 2.00

is the highest. The BART model is distorted by modeling spurious relationships, while Hs-
RuleFit is able to deal with them efficiently.
RuleFit performs suprisingly well on these datasets. This is in contrast to the findings in [1],
where Random Forest performs better than RuleFit. It should be noted that in [1] L = 6 and
5000 rules are used. The higher treedepth is likely to lead to overfitting and the high num-
ber of rules leads to suboptimal behavior of the Lasso as discussed previously. Using the
recommended standard settings RuleFit performs well, which is an indicator that the idea of
simplifying tree ensembles into rule ensembles can indeed increase predictive performance.
However the difference in performance also shows the sensitivity of RuleFit to its settings.
On 12 of the 16 data sets the Hs-Rulefit methods perform the best and have tight intervals, in-
dicating high stability of the produced models. The Hs-RuleFit+ improves both accuracy and
stability even further compared to Hs-RuleFit. This can be partly contributed to the usage
of Random Forest generated Rules. In the Boston and the MPG Data set where the differ-
ence between Hs-RuleFit and Hs-RuleFit+ is large Random Forest performs well, being the
second best method. Random Forest seems better on this data sets in finding informative
subspaces. On the other hand in the Diamond and Hatco Data the difference is quite large
as well, while Random Forest is by far the worst method on these Data sets. This indicates
that the incorporation of the rule structure as prior information gives the model improved
accuracy and stability as well. A last interesting observation is that the difference between
Hs-RuleFit and Hs-RuleFit+ is the biggest on the small data sets. The rule structure prior
specification seems to help on these small data sets to prevent overfitting, which is a smaller
problem in the bigger data sets.
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Table 4.4: The eight classification data sets used for evaluation.

Name N Q C Name N Q C

Australia Credit 690 6 8 Haberman 306 3 0
Diabetes 768 8 0 Heart 270 9 4

Ecoli 336 4 2 Hepatitis 155 6 12
German Credit 1000 7 13 Ionosphere 351 34 0

Table 4.5: 10-fold Cross validation results over the 8 classification data sets. Each entry shows
the average misclassificationrate and in parentheses the rank on this dataset. The best result
is marked in bold.

Random Forest BART RuleFit Hs-Rulefit Hs-Rulefit+

Australia Credit 0.128 (1) 0.145 (2) 0.134 (3.5) 0.145 (5) 0.134 (3.5)
Diabetes 0.237 (1) 0.240 (3) 0.239 (2) 0.261 (5) 0.254 (4)

Ecoli 0.032 (1) 0.033 (2.5) 0.042 (5) 0.035 (4) 0.033 (2.5)
German Credit 0.238 (1) 0.248 (4) 0.249 (5) 0.247 (3) 0.24 (2)

Haberman 0.272 (2) 0.268 (1) 0.282 (3) 0.288 (4) 0.30 (5)
Heart 0.314 (4.5) 0.295 (2) 0.300 (3) 0.314 (4.5) 0.291 (1)

Hepatitis 0.291 (1.5) 0.291 (1.5) 0.400 (5) 0.341 (4) 0.332 (3)
Ionosphere 0.068 (2) 0.08 (5) 0.065 (1) 0.072 (3.5) 0.072 (3.5)

Average Rank 1.75 2.65 3.38 4.125 3.06

4.2 Classification

In this section the performance on eight classification data sets is compared. Due to the data
augmentation the computations are more expensive. Therefore in this study only eight data
sets for classification were compared. However the eight data sets are of varying size and
dimensionality. Table 4.4. shows the characteristics of the data sets which are all taken from
the UCI machine learning repository [43].
The compared methods are the same as in the Regression setting (Section 4.1), all run with
standard settings. Only exception is the Hs-RuleFit+ which now uses the robust horseshoe
prior described in Section 3.2.3. For comparison the misclassification rate defined as the num-
ber of misclassified observations divided by the total number of observations is used for com-
parison. Again 10-fold cross validation is performed, as described in the previous chapter.

Results

The result on the classification data sets are very different to the regression results discussed
previously. The tree ensemble methods perform significantly better overall, with Random
Forest being the clear winner of this experiment. Random Forest has the best rank in four of
the eigth data sets and performs reasonable on all other data sets as well. Interestingly BART
performs worse than Random Forest. This is in contrast to [17] who compared BART and
Random Forest in Regression as well as to the findings in the regression experiments. The
BART implementation uses the Albert & Chib algorithm which might not be optimal and
could explain the different performance.
In the group of Rule Ensemble methods the Hs-RuleFit+ performs better than RuleFit, and
Hs-RuleFit is the worst method on these data sets. A likely explanation for this are the in
Section 3.2.2 discussed problems of the Horseshoe prior in the presence of separation. Check-
ing of traceplots clearly showed that the MCMC algorithm did not converge in many of the
data sets using the Hs-RuleFit. Instead slow mixing behavior and posterior means for β up
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to magnitudes of 200 could be observed.
The more robust settings in the Hs-RuleFit+ helped to improve convergence. Visual inspec-
tion of traceplots showed better mixing behavior in most of the data sets. However the mixing
was still visibly worse than in regression. The improvement in mixing is reflected in an in-
crease in performance, especially on some of the small data sets which are easily separated,
Heart and Hepatitis. On bigger data sets the difference is smaller, but Hs-RuleFit+ performs
better here as well.
Looking at the exact values in Table 4.4. the differences between the algorithms are overall
noteworthy but smaller compared to regression. In most data sets the difference between the
best algorithm and the worst is around 2%. Hs-RuleFit+ is at most 4% worse than the best
algorithm on the Hepatitis data set. The difference between RuleFit and the best algorithm
on this data set is 11%. Hs-RuleFit+ seems to be a bit more stable than RuleFit, however more
data sets should be evaluated to verify this hypothesis.
The results clearly indicate that the rule ensembles, despite their superior performance in re-
gression, do not work as well on classification. To my knowledge no systematic studies have
been conducted to explain the different performance of rule ensembles in regression and clas-
sification. However the here presented results are in concordance with the literature. In the
experiments in [21] RuleFit shows the worst performance in classification compared to other
rule learners and ensemble methods.
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Figure 4.2: The Traceplot for the 9 largest coefficients of Hs-Rulefit on the Boston Housing
data.

4.3 Applications

4.3.1 Social Science - Boston Housing Data

The Boston housing data available on the UCI machine learning repository [43] is widely used
in machine learning literature. It is also used in the RuleFit paper [27]. The Boston housing
data consists of N = 506 observations which are city areas in Boston. p = 13 variables are
recorded. These variables include ecological measures of nitrogen oxides (NOX), particulate
concentrations (PART) and proximity to the Charles River (CHAS), the socio-economic vari-
ables proportion of black population (B), property tax rate (TAX), proportion of lower status
population (LSTAT), crime rate (CRIM), pupil teacher ratio (PTRATIO), proportion of old
buildings (AGE), the average number of rooms (RM), area proportion zoned with large lots
(ZN), the weighted distance to the employment centers (DIS) and an index of accessibility to
key infrastructure (RAD). The dependent variable is the median housing value of the area.
For this data set the Hs-RuleFit+ with default settings (L=5, ntree=1000) is used. 90% of the
data is used for training and 10 % left out to check if the found sparse solution is reliable.
To monitor the convergence it makes sense to look at the coefficients of the most influential

predictors. Figure 4.2 shows the traceplots of the 9 most important coefficients. The impor-
tance of the coefficients is measured as the overall impact on predictions which is given as
the posterior mean weighted with its standard deviation. Generally in Bayesian regression
the plot would speak for a poor convergence, as some of the chains are not randomly moving
around one non-zero value, but also have considerable mass at zero. In the context of the
Horseshoe prior it indicates multimodality as discussed in Section 2.5. The traceplot indi-
cates, that the model visits different modes, which is desired. Therefore the traceplot speaks
for a good convergence.
Using the DSS-Sparsification leads to a model with 51 non-zero predictors with almost iden-
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Figure 4.3: RuleHeat for the Boston Housing Data.

tical fit on the training data. Interestingly the test error reduces slightly from 2.89 to 2.86.
As a reference, the RuleFit model for this data split consists of 243 non-zero terms and has a
test error of 3.44. For this dataset both accuracy and interpretability are clearly better using
Hs-RuleFit+.

One tool I found useful to get an insight about the decision rules is to draw a heatmap of
the most important Decision Rules. This use is novel and is called RuleHeat in the follow-
ing. The rows represent the observations, with the greyscale indicating their y-value. In this
case darker stands for more expensive areas, while the cheaper areas are colored white. The
columns represent the 10 most important decision rules, with the column color indicating the
direction of the coefficient (blue for negative, sand for positive). In the actual heatmap each
area represents rj(xi) and is green for rj(xi) = 1 and white otherwise. Therefore it shows if
a rule "fires" for an observation. Also it is possible to find similar observations, through the
dendogram on the rows 1. The RuleHeat allows to see which decision rules describe which
groups of observations. Looking at the group of very expensive houses (dark rows), we can
see that they are captured through Rule 10: RM ¡ 0.8 & RAD ¤ 0.7. Note that the data is
scaled. Expensive houses share therefore the characteristic that they have an above average
number of rooms and are not very well accessible from highways. Without knowing any de-
tails about Boston geographics it makes sense, as expensive houses are often a bit separated
from the main city and not that well accessible. Rule 2: RM ¡ 1.7 & PTRATIO ¤ 0.7, sep-
arates the expensive areas from the very expensive ones. This means that areas with very
big houses and a low pupil to teacher ratio are especially expensive. On the other hand
cheap areas are characterized by Rule 8:CRIM ¡ 0.7 & NOX ¡ 0.8, which means high
crimerate and strong air pollution. The overall most important rule on this dataset is Rule 1:
RM ¤ 0.6 & DIS ¡ 0.3, not too big houses which are a bit outside the city. This describes
perfectly the suburbs of Boston which are mostly average in their housing prices.

1The clustering is only based on the 10 most important rules as well.
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In my opinion the Hs-RuleFit finds very natural clusters with respect to the housing prices
and accurate rules describing these clusters. It is also possible to inspect the rules further by
looking at the subspaces they define.

(a) Rule 3:DIS ¤ �1.12 & LSTAT ¡ �0.43. Rule
indicates Top Left quadrant.

(b) Rule 5: LSTAT ¡ �0.42. Rule indicates right
area.

Rule 3 describes very cheap houses in the city center. Also it shows that there is a good sepa-
ration for expensive houses in the city center, which seem to be segregated from lower status
population. This information could be used in further models. Rule 5 shows the relation-
ship between LSTAT and the housing price. The relationship is clearly non-linear but could
possibly be well approximated with polynomials. One could use this information and rerun
the model with an appropriate term. In this low dimensional dataset it would have been
possible to spot this relationship by standard exploratory data analysis. Note however that
the Hs-RuleFit+ found this important variable automatically. This means that it can be very
well used in high dimensional data as a data exploration tool, which gives an educated guess
about the underlying mechanism and can guide further modeling.
The distribution of the coefficients before and after sparsification is interesting as well.

(a) Histogram for the posterior means of β. (b) Histogram for β after DSS-Sparsification.

Visibly the sparsification sets many coefficients that are close to zero to exactly zero. But also
the range changes. Before using the DSS-sparsification the largest coefficients are -4 and 2.5,
after DSS -1.5 and 1.3. A possible explanation is that in the full model the big coefficients
get balanced out by many small coefficients, while after simplifying it consists of individual
informative medium sized coefficients. This corresponds with the natural clusters discussed
above.
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Figure 4.6: RuleHeat for the Prostate Cancer Data set.

4.3.2 Medical - Prostate Cancer Data

One application of statistical learning that successively becomes more important is the anal-
ysis of gene expression data. Gene expression is usually characterized by an extreme p ¡¡ n
situation, due to the huge number of candidate genes and the high cost of obtaining samples.
The challenge is to find genes which are overexpressed for patients with a certain kind of
cancer, from this large number of candidate genes. Also due to the measurement the data is
potentially noisy, systematically biased and gene expressions are highly correlated. By that,
even though a classification task its a very different problem from the above described data
sets.

The often used Prostate Cancer data set by [59] consists of 102 gene expression tissues, of
which 52 are normal and 50 are cancerous. 12600 genetic expressions are measured for each
sample. After using the minimal preprocessing by [59] p = 5966 genetic expressions remain
for the analysis. The Hs-RuleFit was used with L = 3 and Random Forest generated rules.
Reason for this is: with the extreme ratio of n to p good separation in more than 2 variables is
very likely to occur just by chance and is hardly verifiable with the small number of observa-
tions, therefore simple rules are to prefer. Random Forest was chosen for the rule generation
because Boosting is computationally extremely expensive in this high dimensionality. Linear
terms were also excluded in the initial model, but will be considered in the model build upon
the graphical inspection of the Hs-Rulefit model called Hs-Selected.

Table 4.6: 10-fold Cross validation results on the Prostate Cancer data set.

Random Forest BART RuleFit Hs-Rulefit Hs-Selected

Average Error in % 10.81 12.83 13.87 6.81 3.82

The Hs-RuleFit performs very well on this data set. The 10-fold Cross-validated Error rate
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is significantly lower than for Random Forest, BART and Rulefit run with standard set-
tings. Typically of interest are the most important genes found. For this the Hs-RuleFit
was built on the whole training data. Again as a first step one can take a look at the Rule-
heat to get an insight about the structure of the found rules. Figure 4.6 shows the Rule-
heat for the ten most important rules with red rows indicating the cancer tissues. Inter-
estingly the normal tissues are separated into two groups, where one groups is easily sep-
arated with Rule 3: 38406_ f _at ¡ 3 while the other group is not that clear and requires
many rules to be separated. This might be an indicator that there is two groups of normal
patients, where one is characterized as risk group. Gene 38406_ f _at was found in previ-
ous studies to be associated with cancer, however the risk group interpretation is novel and
could be used for future investigation. Rule 5:37639_at ¤ 0.92 seems to overall discrimi-
nate best between cancer and normal tissues. Another rule giving good separation is rule4:
33961_at ¡ �0.83 & 32598_at ¤ 0.035. This rule consists of two conditions. As described
previously in the extreme p ¡¡ n setting one should be cautious about interactions as they
can occur just by chance in the training data. In fact looking at Rule 3, I would argue that

(a) Rule 3: 33961_at ¡ �0.83 & 32598_at ¤ �0.035.
Rule indicates Bottom right quadrant.

(b) Rule 5: 37366_at ¤ 1.32 & 926_at ¡ 0.13. Rule
indicates top left quadrant.

the split 32598_at ¤ 0.035 seems to be important, while the split 33961_at ¡ �0.83 seems not
really justified by the data and could very well just capture random fluctuation. On the other
hand rule6: 37366_at ¤ 1.32 & 926_at ¡ 0.13 gives a good separation and there seems to be
a tendency in the data, that cancer patients have low values in 37366_at and higher values in
926_at. This interaction could be a candidate to look into in further research. The Hs-RuleFit
also found more complicated rules with 3 or more conditions, but as stated above the data
is too small to justify this complicated rules. The most important rule found in this dataset
is Rule 1: 33677_at ¤ 3 & 33438_at ¤ 1.5 & 38024_at ¡ �1.2. Looking at the RuleHeat this
rule is used by the model to discriminate in between the previously described risk group.
It is however questionable if this rule reflects a true mechanism and should be investigated
with some caution. One option is to use only the rules which seem to be reasonable from the
visual inspection in term of discrimination as well as complexity. Rerunning the model with
Rule 3, Rule 4 (using only the first condition), Rule 5 and Rule 6 yields a CV-error of only
4.8%. This indicates that these rules are indeed of high quality and are sufficient to reflect the
underlying mechanism.
Another consideration is to include the important Genes as linear terms. Reason for this is,
that the hard boundaries defined through decision rules are based only on a small sample.
This means that we cannot be too certain about the exact position of the boundary. Looking
at Rule 2 and Rule 5 shows that the rules are indeed potentially unstable as small changes
in the training data could change the boundary, due to the small number of observations.
Including the variable as a linear term transforms the hard boundary into a soft boundary.
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Accordingly the model was rerun with the previously found genes as linear terms 37366_at,
926_at 32598_at, 38406_ f _at, 37639_at without the decision rules and the results reported as
Hs-selected. The following graph shows the fitted marginal probabilities compared to the
decision rules. It is interesting to note, that for Rule 3 both decision rule and cumulative dis-

(a) Rule 5: 37639_at ¤ 0.92. Blue line shows
marginal effect for the linear term (β̂ = 2.962).

(b) Rule 6 (first condition): 37366_at ¤ 1.32 (β̂ =
�1.22).

tribution function discriminate at x � 0.9 while they do not match for Rule 6. In my opinion
the soft boundaries reflect the uncertainty about this data set better. Indeed, rerunning the
model with only the selected important Genes included as linear terms reduces the CV-error
rate to 3.82%. This result is on par with the best results on this data sets found in the literature.
However it was found without any sophisticated data preprocessing and was computation-
ally inexpensive, as the regularization process was only run on the set of rules, never on the
full data. The inital model is built in about 2 minutes compared to 10 hours in [42] who apply
Bayesian regularization on the full data set and achieve a slightly better error rate of about
3%. On this data set Hs-RuleFit showed to be excellent as a data exploratory tool, that helps
to guide further modeling. Both the Hs-RuleFit model and the Hs-selected model achieve
a 3% error rate on a separate test-dataset, which indicates that indeed the right genes were
found.

4.4 Simulation Study -Rule Ensembles in Classification

Not much is known about the functioning of tree based Rule Ensembles in classification. Two
questions are of major concern: (1)How does the Hs-RuleFit work in classification? (2) How
do the rule ensembles create a margin between the groups? Question (2) has the following
motivation: Both Random Forest and Boosting use resampling schemes to increase the mar-
gin between y = 1 and y = 0 observations. Boosting uses a reweighting (arcing), which
gives previously misclassified cases a stronger weight in the next iteration. By that the next
rule/tree is tailored to discriminate between the hard to classify cases. Random Forest uses
non-parametric bootstrapping (bagging) to obtain a variety of trees. In some of the bootstrap
samples the hard to classify cases will dominate, hence the grown tree will be tailored for
them. Both resampling schemes increase the margin between y = 1 and y = 0 by stacking
Trees which are specialized on the hard cases. In contrast the Regularization methods aim to
find sparse solutions, which is directly orthogonal to the stacking approach. The expectation
is that, if possible only a few rules are chosen, that classify the whole set of observations and
no special attention is given to the margin.
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Figure 4.9: The generated data. It is not separated, but complete separated subspaces can be
found by Decision Trees.

The data is generated with

x1, x2 � N (0, 1),

z = 2 � x1 + (x2)
2 + ε,

ε � N (0, 0.5),

y = I(z ¡ 0.5),

and n=100. This experiments represents the situation with a true underlying latent variable
z from which we only observe the dichotomous outcome y. The quadratic term is used to
make the function more difficult and non-linear. The following methods are compared:

1. Random Forest

2. Hs-RuleFit with τ � C+(0, 1)

3. Hs-RuleFit with τ � C+(0, 0.01)

4. RuleFit

Figure 4.10 shows the fitted probabilities over the covariate space for the different meth-
ods. Comparing Random Forest and RuleFit, it becomes clear, that RuleFit uses only few
rules to discriminate between the classes. The transition at the boarder is very abrupt, chang-
ing from p � 0 to p � 0.8. The Rules found by RuleFit seem to discriminate very well on the
training data. The problem is, that through the hard boundary a new observation changes its
probability to be y = 1 from 0 to 0.8 by changing marginally in x. Such an apprupt change
seems to be not justified by the data, as it greatly overestimates the certainty of the model
about cases close to the boundary.
On the contrary under Random Forest the boundaries are defined by many rules. This comes
from the previously described special treatment of the boundary through resampling. The
transition is very smooth here, and especially the boundary seems to reflect the uncertainty
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(a) Predicted Probabilities with Random Forest. (b) Predicted Probabilities with RuleFit.

(c) Predictive posterior mean probabilities under Hs
with τ � C+(0, 1).

(d) Predictive posterior mean probabilities under
Hs with τ � C+(0, 0.01).

Figure 4.10: Comparison of the predicted probabilities of the different methods, darker blue
represents probabilities close to zero, while lighter blue indicates higher probabilities. Red
points are y = 0 yellow are y = 1.

well, as the probability gradually decreases.
The Hs-RuleFit with τ � C+(0, 1) shows problematic behavior. Especially the horizontal
stripe with p = 0 (dark stripe) is interesting. The corresponding rule separate perfectly in the
training data and the posterior mean becomes extremely high. This stripe however does not
capture any true underlying mechanism. New cases falling into this rules which are on the
right side of the plot will be misclassified. Overall the Hs-RuleFit predicts with an extreme
certainty, which is not justified by the data.
Adjusting τ � C+(0, 0.01) does not allow the coefficients to become unreasonable high and
overall captures the true pattern better. It seems that overall the uncertainty increases after
adjusting the τ, resulting in many areas having probabilities between 0.4 and 0.6. This might
be a direct result from the change of the prior distribution and could effect the predictive
performance negatively.
In this experiment the rule ensembles do not capture the uncertainty in the boundary regions
well, but seem to put too much certainty on single rules, reflected as extremely high β coeffi-
cients. The Hs-RuleFit clearly shows problems caused by separation.
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5 Discussion

This chapter discusses the theoretical and empirical results from the previous chapters to-
gether with problems encountered in this work. The problems are isolated as much as possi-
ble and possible solutions are discussed.

5.1 Results and Implications

Both RuleFit and Hs-RuleFit showed great performance for Regression. Especially the Hs-
RuleFit+, which used the Bayesian methodology to incorporate prior information about the
rule structure outperformed its competitors heavily. The empirical results together with the
theoretical arguments provide evidence that the horseshoe prior is a better choice of regular-
ization than the Lasso for Rule Ensembles in Regression. On the other hand the classification
results are not that clear. The Hs-RuleFit+ still performs better than the RuleFit, but both get
outperformed by the Tree Ensemble methods. The simulation study implies that the Rule
Ensembles put too much confidence on single rules. This partly is due to the separation
problem, which effects only the rule ensembles which are based on linear models. RuleFit is
less effected but still performance is worse for classification. In my opinion an even bigger
problem is the way the "close" cases are handled. Below figure shows the problem in a toy
example with five observations.

(a) Boundary when using all data. (b) Boundaries with Resampling.

When using a resampling procedure the one observation defining the boarder is not used in
all trees, leading to different boundaries. By averaging over the different trees and bound-
aries, as in Random Forest, the uncertainty in this region is captured naturally. On the other
hand when fitting rule ensembles which are based on linear models all observations are taken
into account. If there is one rule which separates all cases well, there is no need to take more
rules into the model. This is especially true when using regularization as we search for a
sparse solution. As a consequence close cases have the same estimated probability as the
more "sure" cases. The uncertainty in this region is therefore overestimated by the model.
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I would argue that the two problems even interact. Generally Bayesian methods should be
able to account for the uncertainty, by exploring the posterior distribution of β and by that
different rules and boundaries. This is not possible with the convergence problems in the
case of separation. If the boundary can be captured with a rule and this rule separates the
data, it will have a unreasonable high β coefficient and the model is unable to explore other
rules. What might happen is, that the prediction of cases which for which a seperating rule is
true, will be solely based on this rule, no matter of its values in other covariates. This is not
good, as intuitively it makes sense to look at other covariates if an observation is a close call.
Therefore the overestimation of certainty of regions directly translates into a deterioration of
predictive performance.
An exception is the Application on the Prostate Cancer data set, where the Hs-RuleFit showed
excellent performance. One explanation is that the main difficulty in gene expression data is
to find the right predictors. The convergence problems do not effect the sensitivity of the
Horseshoe prior, that is the ability to detect the strong signals. On the contrary, the strong
signals are potentially overestimated, which seems to be a minor concern in this context.
A conclusion could be that when fitting Rule Ensembles one might not seek to regularize as
drastically to account for the uncertainty about the measurement of y. As we did not observe
the underlying latent variable z we should be cautious about a found rule, even if it seems
to fit perfectly on the seen examples. Instead it might be a good idea to keep more compet-
ing rules than necessary in the model, especially when the number of observations is small.
There might be possibilities to incorporate this idea into the horseshoe framework, but it was
outside the scope of this work.
Another way to get more gradual boundaries would be to use "soft rules" instead of the hard
thresholding rules. "Soft Rules" for Rule Ensembles are used in [2]. The idea is to use the
logistic function, as done in the prostate cancer application. Instead of rk(x) P t0, 1u soft
rules take values on the interval between 0 and 1, which can be interpreted as the probabil-
ity that a rule is true for an observation. Observations close to the decision boundary of the
rule will have lower values. This captures the concept of close cases better, with which the
rule ensemble models seems to struggle and might help to get more realistic estimation of
uncertainty.

5.2 Method

Rule Generation and Hypotheses The empirical results imply that variety in the Tree
Ensembles helps the model to find good rules. Using a mixture of Random Forest and Boost-
ing generated rules decreased the prediction error in regression. Utilizing mixtures of Trees
is novel and is not used in the literature. To justify I would like to follow up with the inter-
pretation of rule ensembles as expert opinions. The Hs-RuleFit generates a set of competing
hypotheses about the data which afterwards get evaluated - very critically - by the horseshoe
regularization procedure. It is important to note that the evaluation of the hypotheses is al-
ways in context to all other hypotheses in the set, meaning the same rule can be either used
or removed depending on the remaining rules. An ideal would be to search for the set of
hypotheses which would be chosen even after seeing all other possible hypotheses, the glob-
ally best rules. Mixing different types of generating processes is a step in this direction, as it
creates a higher variety of hypotheses against which the rules are evaluated.
The terms hypotheses and Hypotheses testing are used very lose here, but in my opinion
this interpretation makes sense, due to the special shape of the horseshoe prior. A rule gets
either rejected or is taken into the model in full magnitude, while intermediate values are
unlikely a priori. This naturally gives an analogous to the testing and rejecting of hypothe-
ses [15][20]. The RuleFit framework offers an efficient way to create a variety of hypotheses
while the horseshoe prior offers a strong testing procedure. The Lasso does not allow this
interpretation, as it artificially overshrinks informative rules and takes uninformative rules
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to substitute for the shrinkage as discussed in Section 2.2.
For future work in my opinion especially three directions would be interesting:

1. Randomizing the Tree Generating parameters further, in the same manner as the
treedepth. That is for each tree also vary the minimum number of observations in the
nodes, the resampling strategy or the loss function used in a random manner. The op-
tions are manifold. Inducing more randomness into the Tree generating process would
create rule ensembles of even higher variety.

2. In this work only Rules generated from decision Trees were used. In theory any type
of learning method that partitions the data in some way could be utilized, with the
only constraint being the interpretability. An interesting candidate are neurons from
artificial neural networks. Neural networks showed to be strong in finding highly non-
linear but natural subspaces, for example faces in image recognition. If such a natural
interpretation of a neuron is possible it would be a great addition for the rule ensemble,
as this highly non-linear but smooth relationships are hard to approximate via decision
rules.

3. An interesting option could be to include user defined hypotheses in the ensemble to
see if the data verifies certain hypotheses in the light of alternative hypotheses produced
by the Hs-RuleFit. This could be interesting for example in social science to empirically
test hypotheses derived from theories.

MCMC-Sampling This study used Gibbs-Sampling to obtain posterior samples for the
horseshoe regression. Gibbs-Sampling is the easiest to implement and showed to be com-
putationally feasible for the examined problems. In the regression case the mixing and con-
vergence of the MCMC-chain was very good, however it showed problems in the case of
classification. This work mainly tried to improve the mixing through alternative prior spec-
ifications, which lower the tails of the half-Cauchy distribution, with moderate success. A
different approach could be to use alternative Sampling schemes especially the Hamiltonian
MCMC-Sampler [49]. The Hamiltonian could lead to big improvements through its ability
to jump between the modes as done in [42]. My theoretical expectation is that the predictive
performance of Hs-RuleFit depends crucially on the ability to visit the different modes of
the posterior of β. The problems in classification can in my opinion partly attributed to the
mixing problems. More efficient sampling schemes which do not get stuck in one mode for a
long time are therefore highly desirable and should be tested in future work.

Horseshoe Prior for classification The theoretical properties of the Horseshoe prior in
conjunction with binary regression are understudied, but [53] note that the half-Cauchy dis-
tribution as a prior for the scale of β might not be appropriate here. Problems seem especially
sincere when the posterior distribution has many modes, as the bad mixing hurts the ability
to visit the different modes. Potentially running the MCMC to obtain samples in the area of
millions could allow the sampler to visit the different modes, however this is not feasible for
medium scale problems. From my current point of view other shrinkage priors with slightly
lighter than Cauchy tails could be a better choice for doing classification. The great theoreti-
cal properties of the horseshoe prior in regression arise from the infinite probability spike at
κ = 0 which allows to keep signals unshrunk. It is also exactly this spike that causes the prob-
lems for classification. Thus within the Horseshoe prior there seems to be a direct conflict in
allowing the predictors to be large and at the same time prohibiting the predictors to become
unreasonable large in classification. As a consequence the performance of the Hs-RuleFit is
worse for classification.
Changing the hyperparamter settings discussed in Section 3.3. helped to improve perfor-
mance especially on smaller data sets, but it is unclear how it effects the functioning of the
horseshoe prior. It has to be expected that the robust prior overshrinks predictors which do
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not separate the data, as a side effect. In classification under the horseshoe seems to be a
trade-off between the overshrinking of effects and ensuring decent mixing properties.
An interesting alternative to the horseshoe prior is the double-Pareto prior by Armagan et.
al.[5]. The implied prior distribution on β under the double-Pareto prior has a tail heaviness
in between the exponential distribution and the Cauchy distribution. This could be highly
beneficial, as it might prohibit too large coefficients, without harming its ability to detect sig-
nals. The double-Pareto especially allows to chose hyper-parameters to manipulate the tail
heaviness directly. It also would be interesting to use a prior which puts less confidence on
single decision rules and encourages the model to explore more different rule configurations.
Therefore a more informative shrinkage prior than the horseshoe might be necessary in clas-
sification.
In general more research is necessary about the theoretical properties of shrinkage priors, es-
pecially for classification. As noted by Bhattacharya et. al. [9] practitioners operate in the
dark, when using shrinkage priors. Shrinkage priors show impressive empirical results, but
are not well understood yet. Further theoretical knowledge could help to bypass the prob-
lems encountered in this project.

Interpretability This work used mainly visualization tools to interpret the Hs-RuleFit.
Especially the novel RuleHeat was useful to evaluate which role a decision rule plays in the
ensemble. Looking at the rules which define a group of interest gives an easy way to extract
information from the Hs-RuleFit. Friedman & Popescu [27] use partial dependence plots for
interpreting the RuleFit. Partial dependence plots allow to analyze how changes in the co-
variates effect the predictions of the whole ensemble. In a way this is more correct, as it takes
into account all non-zero terms of the ensemble, not only the most important ones. On the
other hand it completely disregards the special decision rule structure, as partial dependence
plots can be as well used for black box models. The RuleHeat was only used on the ten most
important decision rules. Therefore it does not reflect the behavior of the whole ensemble,
but it grants an insight in the most important mechanisms in the data by exploiting the de-
cision rule structure. In my opinion the Hs-RuleFit promises to be a great data exploration
model. An interesting characteristic of decision trees and decision rules is that they are able to
approximate any kind of function. Even though the approximation is often unnatural, for ex-
ample in the case of linear effects, the rule ensemble is likely to find the interesting subspaces.
This subspaces can then be inspected to form new hypotheses about the data. Returning to
the question if the horseshoe prior leads to interpretable models, I would answer with a clear
yes. The produced set of rules are compact enough to identify the important decision rules
and give a good insight in the data.

Posterior Summaries The DSS-posterior summary used in this paper is helpful, but it
would be interesting to explore other options. It might be possible to choose some of the pos-
terior modes, which cover the most posterior density, directly. This is closer to the discrete-
mixture literature, which usually choose a number of models with high marginal posterior
probability. Adapting this approach would allow to utilize the vast amount of literature about
model selection in the discrete-mixture case. Exploring the modes directly could not be done
in this work and might be challenging, but would be interesting for further research, both in
the context of Hs-RuleFit but also for other shrinkage prior applications, where finding good
posterior summaries is still an open question.

Computational Limitations For small to medium scale data sets (up to N = 5000) the
Hs-RuleFit implementation was quite feasible. Running it on the Boston Housing data set
(N = 506) takes around 5 minutes. For Regression the computational complexity depends
mostly on the dimensionality of the ruleset and only linearly on the number of observations.
Therefore extensions to big scale data sets are possible, especially if the sampling procedure
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is emigrated in a faster programming language such as C++. Classification is more expensive
due to the Data augmentation, but still feasible for medium sized data sets. Interestingly for
very high dimensional data, like genetic expression data the Hs-RuleFit works quite efficient,
as the sampling procedure uses only the decision rules, not the original high dimensional
data.

5.3 Implications for other areas

Machine Learning In my opinion the here presented results imply that the horseshoe
prior and shrinkage priors in general could very well be applied in other machine learning
areas. Through the careful choice of prior distributions the horseshoe prior very clear cut
achieves what it is used for, in this case identifying very informative decision rules and re-
moving the rest. Each area of machine learning has potentially different requirements on the
regularization procedure. An example is the here used incorporation of the rule structure as
prior information. This makes Bayesian shrinkage priors a good choice, as it allows to model
this requirements explicitly. With the Lasso this is not straightforward, if not impossible.
At the same time shrinkage priors are highly adaptive, making it a good default choice for
many data situations. This is an advantage over discrete-mixture priors which are generally
quite dependent on the choice of suitable hyper parameter settings. Also shrinkage priors are
computationally more efficient, which is important in high dimensional settings. With this
the Bayesian shrinkage priors appear to be well suited for a broader field of regularization
problems in machine learning.

Science and daily life The results presented in this work promise, that highly accu-
rate and yet simple understandable models are indeed possible. This has implications for
both science and daily life. If models are simple enough, that it does not need a statistician
to understand them, they could be used for example in personalized medicine, in form of
cellphone applications. Already many people collect data about their health and try to find
pattern, which is an difficult task. An interpretable algorithm could assist in that.
The here proposed algorithm could be especially interesting in social sciences and medicine.
The algorithm is well suited to be used as an exploratory tool for big data sets, which become
more and more common. The interpretational form gives the option to compare a model with
existing theories and form novel hypotheses. In a sense interpretable classifiers could form a
bridge between machine learning and the very theory driven social sciences. They are much
more accurate than the traditionally used linear models and at the same time allow interpre-
tation, which is a requirement in this area.
Another interesting area of usage of the Hs-RuleFit and alike is artificial intelligence and
robotics. As pointed out before decision rules are easy interpretable for humans, but even
more so for computer systems. The simple logical form of the resulting model could be easily
integrated in a larger system consisting of perception, predictions and actions. The same way
the Hs-RuleFit can guide further human research it could be used to guide a robots interac-
tion with its environment.
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6 Conclusion

I have proposed Hs-RuleFit a new model for regression and classification. Hs-RuleFit
showed great empirical performance in regression. Together with novel visualization tools
it produced easy interpretable models, which have predictive accuracy on par or better than
the popular methods Random Forest, BART and RuleFit. Therefore the application of the
horseshoe prior on rule ensemble regression was successful. The empirical performance
suggest that Hs-RuleFit is a good choice in regression problems.
The success in the regression setting did not immediately carry over to classification where
problems occurred. Future work should focus on the classification aspect of shrinkage priors
which is still understudied, in order to make shrinkage priors applicable here. I think if a
shrinkage prior is designed to explicitly meet the requirements of classification as described
above, shrinkage priors could work well here as well. The good results in regression motivate
that it is worth the effort to investigate this line of research further.
Shrinkage priors showed a flexibility which could make it also a great choice for other ma-
chine learning methods, like neural networks and Support Vector machines. In this work
it was possible to incorporate prior information about the decision rule structure and by
that adapt the regularization procedure to prefer simple and easy interpretable rules. As a
consequence Hs-RuleFit is less prone to overfitting, which was one weakness of the original
RuleFit. Due to its flexibility and its adaptivity the horseshoe prior showed in this work
superior performance over the Lasso. The connection of machine learning and Bayesian
shrinkage priors is very promising and deserves further investigation.
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Appendix A

The full-conditional distribution for νi|� differs from the one presented by Makalic & Schmidt
[44].
Using the decomposition λ � C+(0, η) as inverse gammas leads to

λ2|ν � IG(0.5, ν�1), (6.1)

ν � IG(0.5, η�2), (6.2)

with the densities

f (λ2|ν) = ν�0.5

Γ(0.5)
λ�1.5exp(�ν�1λ�2), (6.3)

f (ν) =
η�1

Γ(0.5)
ν�1.5exp(�ν�1η�2). (6.4)

Using the Chainrule gives

f (λ2, ν) = f (λ2|ν) f (ν) (6.5)

=
η�1

π
λ�1.5ν�1�1exp(�ν�1(λ�2 + η�2)) (6.6)

=
η�1

π
λ�1.5 1

λ�2 + η�2 (λ
�2 + η�2)ν�1�1exp(�ν�1(λ�2 + η�2))loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

IG(1,λ�2+η�2)

(6.7)

Thus f (λ2) = η�1

π λ�1.5 1
λ�2+eta�2 and ν|λ2, η2 � IG(1, 1

λ2 + 1
η2 ) . Then using the same De-

composition on η P C+(0, A), which leads to

η2|ψ � IG(0.5, ψ�1), (6.8)

ψ � IG(0.5, A�2). (6.9)

Again using the Chain rule leads to

f (ψ|η2) =
1
π

η�1.5 A2�1.5 1
η�2 � A�2 (η

�2 + A�2)ψ�1�1exp(
1
ψ
(η�2 + A�2)looooooooooooooooooooooooomooooooooooooooooooooooooon

ψ|η2�IG(1,η�2+A�2)

(6.10)
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and

f (ν, ψ, η2) = f (ν|η, ψ) f (η|ψ) f (ψ) (6.11)

=
1
π

ν�1.5ψ�0.5 1
ν�1 + ψ�1loooooooooooooomoooooooooooooon

f (ψ,ν)

(ν�1 + ψ�1)η�1�1exp(
1
η
(ν�1 + ψ�1)loooooooooooooooooooooooomoooooooooooooooooooooooon

η|ψ,ν�IG(1,ν�1+ψ�1)

. (6.12)

The full-conditionals required for sampling are:

ν|λ2, η2 � IG(1,
1

λ2 +
1
η2 ), (6.13)

η|ψ, ν � IG(1,
1
ν
+

1
ψ
), (6.14)

ψ|η2 � IG(1,
1
η2 +

1
A2 ). (6.15)
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