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On Joint Range and Velocity Estimation in
Detection and Ranging Sensors

Hanna E. Nyqvist, Gustaf Hendeby and Fredrik Gustafsson
Dept. Electrical Engineering, Linköping University, Sweden

E-mail: firstname.lastname@liu.se

Abstract—Radar and sonar provide information of both range
and radial velocity to unknown objects. This is accomplished by
emitting a signal waveform and computing the round trip time
and Doppler shift. Estimation of the round trip time and Doppler
shift is usually done separately without considering the couplings
between these two object related quantities. The purpose of this
contribution is to first model the amplitude, time shift and time
scale of the returned signal in terms of the object related states
range and velocity, and analyse the Cramér-Rao lower bound
(CRLB) for the joint range and velocity estimation problem.
One of the conclusions is that there is negative correlation
between range and velocity. The maximum likelihood (ML) cost
function also confirms this strong negative correlation. For target
tracking applications, the use of the correct covariance matrix for
the measurement vector gives a significant gain in information,
compared to using the variance of range and velocity assuming
independence. In other words, the knowledge of the correlation
tells the tracking filter that a too large range measurement comes
most likely with a too small velocity measurement, and vice versa.
Experiments with sound pulses reflected in a wall indoors confirm
the main conclusion of negative correlation.

I. INTRODUCTION

In order to explain the problem formulation properly, we
immediately introduce the signal model for detection and
ranging sensors. Consider a known signal, s(t), received as

y(t) = αs
(
β(t− τ)

)
+ e(t), (1)

with a time scale, β, (in many cases due to a Doppler
shift), time shift, τ , and attenuation, α, observed at discrete
times with noise. The problem of estimating β and τ is
constantly solved in, e.g., cellular networks (the signal is a
the pilot symbol), and in radar and sonar processing (the
signal is the emitted pulse). In target tracking, these parameters
Θ = (α, β, τ)T relate to the target state vector through the
range and radial velocity.

Methods for time scale and time shift estimation have been
thoroughly studied and the solution is often to separate the
problems e.g. [1–3]. Today three common methods to estimate
both parameters are:
• Pulse-Doppler signal processing, where the idea is to

split the signal into shorter intervals. In each interval,
the fast Fourier transform is computed and the peaks are
detected. The phase shift at the peak frequency from one
interval to the next is proportional to the time delay. [4, 5].

• Frequency division, where the signal can be split into
a base band signal and the carrier signal. Then, the time
scale is estimated from the carrier frequency, and the time

shift from the base band signal, e.g., using correlation
analysis (where the time scale can be neglected). [6].

• Matched filters, where the known signal waveform is
reversed, with different time scales and time delays, and
applied as a matched filter. The maximum of the resulting
two-dimensional function, the ambiguity function, corre-
sponds to the sought delay and scale. In practice, this can
be seen as an exhaustive search on a 2D grid [7, 8].

These methods are well developed and Cramér-Rao lower
bound (CRLB) for the parameters are known both for the
simpler time delay estimation problem as well as for the more
complex joint time scale and time delay problem [9, 10].

In e.g. tracking contexts, information about range and ve-
locity are extracted from the time scale (Doppler) and time
delay estimates. In this paper we therefore parameterize the
problem in these variables rather than in the time scale and
time delay parameters. By doing so it is shown that joint
estimation of the range and velocity is advantageous compared
to treating it as independent problems. Nonetheless, the two
first methods mentioned above, disregard this and estimate the
parameters separately. The method used is to derive discrete
time CRLB for the range and velocity parameters under the
assumption of an unknown attenuation α. The structure of
the CRLB matrix along with the the ML estimator are then
studied in order to get important information about the nature
of the estimation problem. An important conclusion is that
usage of the correct correlation between range and velocity
measurements in a tracking filter can give a significant gain
in information compared to using the variance of range and
velocity assuming independence.

An interesting application is that of indoor localization,
tracking and mapping. In indoor environments, standard meth-
ods of outdoor localization with GPS lose their accuracy or
fail completely. Instead alternative methods and sensors must
be used. Multilateration via time of arrival or time difference
of arrival measurements from acoustic signals is such an alter-
native and has been used in several systems already [11–13].
The theory presented in this paper is confirmed in a practical
experiment where audible sound pulses are transmitted in an
indoor environment and ranges and velocities are estimated
based on recorded echoes.

This paper has the following outline. The signal model, as-
sumptions, and notation are given in Sec. II. Then the discrete
time CRLB for joint time shift and scale estimators is derived
and discussed in Sec. III. The maximum likelihood estimator



is then studied in Sec. IV both theoretically and through
simulations. Sec. V describes the conducted experiments and
the paper is concluded with a conclusions section.

II. SIGNAL MODEL

This section describes the signals used in this paper and the
assumptions made.

It is assumed that a stationary device, for example a sonar
or a radar, actively transmits a known signal s(t). This signal
must be twice continuous differentiable for the uncertainty
bounds derived in Sec. III to exist. The signal must also be
essentially time and band limited or in other words L1 and L2

integrable1.
The transmitted signal is reflected in a moving target and the

echo is received by the same device that transmitted the signal.
The distance between the device and the target is denoted
r(t) and the radial velocity between them, v, is assumed to
be constant. The velocity is positive when the distance is
increasing, hence when the target is moving away from the
device, and negative when the distance is decreasing. t = 0 is
the time when the tracking of the target starts, hence t < 0 is
not considered. The relative distance at t = 0 is denoted by
r0, that is

r(t) = r0 + vt. (2)

We now want to formulate a model for the returned echo signal
and relate the parameters Θ = (α, β, τ)T in (1) to the radial
distance and velocity x = (r0, v)T in (2), which belong to the
target state vector. For simplicity, we omit other possible states
in the state vector, and consider x to represent the target state,
and we will in the discussions further assume, without loss
of generality, that the state varies slowly in comparison to the
sampling rate. The relation between x and θ(x) is derived in
Sec II-A and the resulting model is approximated in Sec II-B.
The signal models are summarized in Sec. II-C.

A. Accurate signal model

The total time of flight for a signal received at time t is2

T (t) = 2
r(t)

c+ v
= 2

r0 + vt

c+ v
. (3)

This can be derived by realizing that the total round trip
distance of the signal can be expressed in two ways, as cT (t)

and as 2(r(t− T (t)) + v T (t)
2 ) where r(t− T (t)) corresponds

to the distance at the transmission time and v T (t)
2 corresponds

to the distance the target have time to travel between the
transmission time and the reflection time. An echo received
at time t was hence transmitted at time

t− T (t) = t− 2
r0 + vt

c+ v
=
c− v
c+ v

(
t− 2r0

c− v

)
(4)

The amplitude of the received echo differ from that of the
transmitted signal and there are mainly four factors affecting
the amplitude of the returning echo:

1A signal cannot have both compact support and be time-limited, though
with an exponentially decay in both domains this is a practical assumption.

2Equation (3) actually also holds for the case when the target is stationary
and the transmitter is moving but not if both are moving.

1) The gain of the receiver.
2) Signal absorption in the reflective surface.
3) Signal absorption by the propagation medium.
4) Spreading losses due to spherical propagation.

The factors 1–3 above typically depend on the frequency
content of the signal. However, since the signal s(t) is band
limited, we assume that the band is small enough for us to
neglect these effects. The factors 3–4 typically depend on the
travelled distance of the signal. The total travelled distance of
the signal is

cT (t) = 2c
r0 + vt

c+ v
. (5)

The losses due to energy spreading over a sphere increase
with the distance from the transmitter to the target to the
power of four, see for example the famous radar equation [14,
Ch. 1.3]3. This in turn means that the amplitude decreases
with the inverse squared distance. Note that the distance to the
target is half that of the distance in (5). Signal absorption by
the propagation medium is often referred to as attenuation or
path loss and is often modelled as an exponential decrease of
the amplitude of a planar wave as the total travelled distance
increases. The attenuation constant, a, describes the rate of
the decay in different media. All in all the amplitude of the
received echo is

KGR
e−a

2c(r0+vt)
c+v(

2c(r0+vt)
c+v /2

)2 =
KGR

c2
(c+ v)2

(r0 + vt)2
e−2ca

r0+vt
c+v , (6)

where G corresponds to the receiver gain, 0 ≤ R ≤ 1 is
the reflection constant of the surface and K is an unknown
proportionality constant. K, G and R can be combined into
a single constant, A. Then (4) and (6) together give that an
echo received at time t must correspond to

y(t) = α(t, A, r0, v)s
(
β(v)

(
t− τ(r0, v)

))
+e(t), (7a)

with

α(t, A, r0, v) =
A

c2
(c+ v)2

(r0 + vt)2
e−2ca

r0+vt
c+v (7b)

β(v) =
c− v
c+ v

, τ(r0, v) =
2r0

c− v
. (7c)

In this paper it is assumed that the measurement noise e(t) is
zero mean Gaussian distributed with variance σ2

e,c.
Sampling in the receiver leads to the discretized model

y[n] = α(tn, A, r0, v)s
(
β(v)

(
tn − τ(r0, v)

))
+e[n], (8)

where n = 0, 1, . . . , N − 1 and tn is the time instance for
sample number n. The corresponding time discrete measure-
ment noise e[n] has the variance σ2

e,d =
σ2
e,c
Ts

where Ts is the
sampling time.

3Assuming a point source transmitter



B. Approximate signal model

It is common to approximate α(t, A, r0, v) as just an un-
known constant

α(t, A, r0, v) ≈ ᾱ (9)

neglecting the fact that it actually carries some information
about both the distance r0 and the radial velocity v. By
intuition the approximation is reasonable because of several
reasons

1) The amplitude of the more accurate model contains
hyper-parameters that are not observable in a single
snapshot measurement. This can be handled by including
A for instance in the state vector. This is, however,
outside the scope of this contribution.

2) In frequency selective channels, where the narrowband
signal assumption does not hold, the amplitude is fre-
quency dependent and we need one parameter per
frequency band, similarly to how OFDM channels are
handled. Again, this is outside the scope.

3) The approximation is verified in the numerical experi-
ments in Sec. IV-C.

C. Summary of signal models

Two different signal models have been suggested, one more
accurate model and one approximate model. They are

y[n] = r[n;A, r0, v] + e[n], (10a)

where

r[n;A, r0, v] = α(tn, A, r0, v)s
(
β(v)

(
tn − τ(r0, v)

))
(10b)

β(v) =
c− v
c+ v

, τ(r0, v) =
2r0

c− v
(10c)

and where

α(tn, A, r0, v) = ᾱ (10d)

for the approximate model and

α(tn, A, r0, v) =
A

2c

c+ v

r0 + vtn
e−2ca

r0+vtn
c+v (10e)

for the accurate model. Here we have introduced the notation
r[n;A, r0, v] to simplify the equations later in the paper.
This paper mainly focuses on the approximate model but the
accurate model will be used in Sec. IV-C for comparison to
validate the approximation.

III. DERIVATION AND ANALYZE OF ESTIMATION BOUNDS

In this section we derive the Cramér-Rao lower bound
(CRLB) [15, Ch. 3] for the parameters corresponding to the
approximate model summarized in Sec. II-C as a way to
analyze some important properties of the estimation problem.
The theory states that for any unbiased estimator θ̂ of the
parameters θ = [θ1, . . . , θNθ ], the variance is bounded by

cov{θ̂} � PCRLB(θ0) = I−1(θ0), (11)

where I(θ0) is the Fischer information matrix (FIM). The
element in row i and column j of the FIM is given by

I(θ0)i,j = E
{(

∂
∂θi

log p(Y; θ)
)(

∂
∂θj

log p(Y; θ)
)}∣∣∣

θ=θ0

(12)

where log p(Y; θ) is the log4-likelihood of receiving the mea-
surements Y = {y[0], y[1], . . . , y[N − 1]}. The notation 0

indicates nominal parameters.

A. Derivation

In the considered problem (10a)–(10d), with the approxi-
mate signal model, the parameter vector is θ = [ᾱ, r0, v]T .
Hence, it partly coincide with of the states x = (r0, v)T

rather than the more common case where Θ = (α, β, τ)T is
considered. Under the assumption of additive Gaussian noise,
the log likelihood of the measurements is given by

log p(Y; θ) = −N2 log 2πσ2
e,d −

N−1∑
n=0

(y[n]− r[n; θ])2

2σ2
e,d

. (13)

The (i, j) element of the FIM then becomes

Ii,j(θ) = 1
σ2
e,d

N−1∑
n=0

(
∂
∂θi
r[n; θ]

)(
∂
∂θj

r[n; θ]
)∣∣∣∣
θ=θ0

. (14)

Computing the derivatives of r[n; θ] with respect to the un-
known parameters of the approximate model gives

∂
∂ᾱr[n; θ] = s

(
β(v)

(
tn − τ(r0, v)

))
(15a)

∂
∂r0

r[n; θ] = − 2ᾱ
c+v s

′
(
β(v)

(
tn − τ(r0, v)

))
(15b)

∂
∂v r[n; θ] = − 2ᾱc

(c+v)2

(
tn − r0

c

)
s′
(
β(v)

(
tn − τ(r0, v)

))
.

(15c)

Inserting this into (14) then gives

I1,1(θ0) = 1
σ2
e,d

N−1∑
n=0

s
(
β(v0)

(
tn − τ(r0

0, v
0)
))2

(16a)

I2,2(θ0) = 4(ᾱ0)2

σ2
e,d(c+v

0)2

N−1∑
n=0

s′
(
β(v0)

(
tn − τ(r0

0, v
0)
))2

(16b)

I3,3(θ0) = 4(ᾱ0)2c2

σ2
e,d(c+v

0)4

N−1∑
n=0

(
tn − r00

c

)2
s′
(
β(v0)

(
tn − τ(r0

0, v
0)
))2

(16c)

I1,2(θ0) = − 2ᾱ0

σ2
e,d(c+v

0)

N−1∑
n=0

s′
(
β(v0)

(
tn − τ(r0

0, v
0)
))

s
(
β(v0)

(
tn − τ(r0

0, v
0)
))

(16d)

I1,3(θ0) = − 2ᾱ0c
σ2
e,d(c+v

0)2

N−1∑
n=0

(tn − r00
c )

s′
(
β(v0)

(
tn − τ(r0

0, v
0)
))
s
(
β(v0)

(
tn − τ(r0

0, v
0)
))

(16e)

4log(·) is the natural logarithm



I(θ0)2,3

= 4(ᾱ0)2c
σ2
e,d(c+v

0)3

N−1∑
n=0

(tn − r00
c )s′

(
β(v0)

(
tn − τ(r0

0, v
0)
))2

(16f)

The I(θ0)2,1, I(θ0)3,1 and I(θ0)3,2 elements are given by
the symmetry of the FIM matrix. It can clearly be seen that
I(θ0)1,1, I(θ0)2,2 and I(θ0)3,3 are bigger than zero since
they sum over squared terms. It is more difficult to say
something about the cross terms. However, it is interesting
to take a closer look at them since nonzero cross terms
indicates mutual information between parameters and implies
that the estimation problem should be solved jointly for best
performance. This is done in the next section.

B. A closer look at the cross terms

Further information about the cross terms can be obtained
by interpreting the sums in (16) as Riemann sums. Continuous
time approximations of the discrete time FIM matrix elements
can then be obtained.

I1,2(θ0) ≈ − 2ᾱ0

σ2
e,c(c−v0)

∫ ∞
−∞

s′(t)s(t) dt = 0 (17a)

I1,3(θ0) ≈ − 2ᾱ0c
σ2
e,c(c−v0)2

∫ ∞
−∞

(t+
r00
c )s′(t)s(t) dt

= ᾱ0c
σ2
e,c(c−v0)2

∫ ∞
−∞

s(t)2 dt (17b)

I2,3(θ0) ≈ 4(ᾱ0)2c
σ2
e,c(c−v0)2

∫ ∞
−∞

(t+
r00
c )s′(t)2 dt. (17c)

The integration limits −∞ to ∞ can be used in the
integrals since the signal s(t) is time limited and thus
also integrable over this interval. In (17a) and (17b) the
properties

∫∞
−∞ s′(t)s(t) dt = 0 and

∫∞
−∞ ts′(t)s(t) dt =

− 1
2

∫∞
−∞ s(t)2 dt, derived in for example [10], is used.

It can clearly be seen that I1,2(θ0) is approximately zero
for any s(t) and that I1,3(θ0) is strictly bigger than zero for
any non-zero s(t). When looking at the I2,3(θ0) in (17c) we
have to remember our definition of time. The starting time of
the tracking is defined as t = 0 meaning that t < 0 is not
considered. Then, the integrand in (17c) t +

r00
c s
′(t)2 > 0, in

the whole integral interval. This means that I2,3(θ0), is bigger
than zero. We now know the sign of all the FIM elements and
can say somethings about the structure of the FIM and the
CRLB (inverse FIM) matrices.

FIM:

 + 0 +

0 + +

+ + +

 CRLB:
+ + −

+ + −
− − +


The FIM matrix shows that there is mutual information
(marked with blue) between ᾱ and v and also between r0

and v. There is however no mutual information (marked with
green) between ᾱ and r0. The CRLB matrix shows that
all variables are correlated. Notice especially the negative
correlation (marked with red) between r0 and v. This negative
correlation will show at several occasions in this paper.

C. Further observations

Except for the mutual parameter information pointed out
in previous section there are a few other things in equations
(16a)–(17c) worth noticing.

1) The diagonal elements of the FIM increases linearly
with the signal energy (I11) the energy in the signal
derivative (I22, I33). This means that a signal with a
lot of variations gives high accuracy in time delay and
Doppler.

2) The elements I3,3(θ0), I1,3(θ0) and I2,3(θ0) depend on
the time. The reason is that as time increases, the target
travels a longer distance from its original location r0

and hence the mutual information increases.
3) It was mentioned that there is mutual information be-

tween ᾱ and v but not between ᾱ and r0. The intuition
between this is that time scaling also scales the ampli-
tude, while the time shift does not affect amplitude.

IV. JOINT PARAMETER ESTIMATION

The CRLB shows that the cross information of the param-
eters are non-zero which indicates that joint estimation of the
parameters is to be preferred. Therefore the maximum likeli-
hood method (ML) is used in this paper. The ML estimator,
θ̂, is asymptotically efficient [16, Ch. 7.4] and is hence related
to the CRLB according to

√
N(θ̂ − θ0)→ N

(
0, I−1(θ0)

)
as N →∞. (18)

The ML estimate is obtained by maximizing the likelihood
p(Y; θ) with respect to θ. This is equivalent to minimizing
the negative log likelihood function (13). Our Gaussian noise
assumption, where the noise variance does not depend on the
parameters, leads to that the ML estimator simplifies to the
least squares estimator

θ̂ = arg min
θ

N−1∑
n=0

(y[n]− r[n; θ])2. (19)

Remember that r[n; θ] = ᾱs
(
β(v̂) (tn − τ(r̂0, v̂))

)
for the

approximate model.

A. Solving analytically for A

The ML estimator applied to the approximate model (10a)–
(10d) has, to the best of our knowledge, no analytic solution
exists under the assumption of unknown amplitude gain ᾱ but
has to solved numerically instead. The wide band ambiguity
function (WBAF) is often used instead for joint estimation of
Doppler and time delay effects [10, 17]. Then the unknown
amplitude gain constant ᾱ is completely eliminated from the
problem and the solution is reduced to finding the maximum
of the WBAF, a problem only in the two parameters β(v)
and τ(r0, v). [10] shows that finding the maximum peak of
the ambiguity function is a sub-optimal approximation of the
ML estimator that is asymptotically efficient under certain
conditions. In this paper we take another approach. Instead of
using the ambiguity function we notice that the ML estimator
actually has an analytic solution for the ᾱ parameter. In any



optima the derivative of the ML cost function with respect
to ᾱ must be zero. Computing this derivative and solving the
equation for ᾱ gives that, in any optima, the relation between
ᾱ and the other two parameters must be

ˆ̄α(r̂0, v̂) =

∑N−1
n=0 y[n]s

(
β(v̂) (tn − τ(r̂0, v̂))

)
∑N−1
n=0 s

(
β(v̂) (tn − τ(r̂0, v̂))

)2 . (20a)

This expression can be used in the ML optimization problem
(19) to obtain

(r̂0, v̂) = arg min
r0,v

N−1∑
n=0

(
y[n]− ˆ̄α(r0, v)s

(
β(v)

(
tn − τ(r0, v)

)))2

(20b)

Hence, the problem only has to be solved numerically for
the two parameters r0 and v according to (20b). This can
be accomplished with the same effort as maximizing the two
parameter ambiguity function. Once estimates for the distance
and velocity is computed these can be used in into (20a)
to numerically compute the corresponding estimate of ᾱ if
wanted. A similar procedure can also be applied to the more
accurate model (10e) in order to eliminate the parameter A
from the optimization problem. In this work the non-linear
least squares function called lsqnonlin in Matlab was used for
the numerical optimization.

B. Illustrative example of signal

In order to get more intuition about the theory presented
so far, the next section will take a closer look on the signal
model and the ML loss function in some simulation examples.
The simulations presented in the next section are made to
resemble the practical experiments described in Sec. V. Hence,
the transmitted signal and the model parameters presented here
below are used both in Sec. IV-C and in the data collection.

Values of all model parameters that are considered to be
known can be found in Tab. I. The transmitted signal is a
linear chirp pulse with limited frequency content. The signal
is multiplied with a Blackman window in order to make the
signal amplitude continuous. This produces a more realistic
signal that can be realized by the hardware used in the
experiments. The transmitted time continuous signal can be
mathematically expressed as

s(t) = w(t)c(t) (21a)

where w(t) is the Blackman window given by

w(t) =

{
0.42− 0.5 cos( 2πt

T ) + 0.08 cos( 4πt
T ), 0 ≤ t ≤ T

0, otherwise
(21b)

and where c(t) is the chirp pulse

c(t) =

{
sin
(
2π(f1t+ f2−f1

T t2)
)
, 0 ≤ t ≤ T

0, otherwise.
(21c)

The signal and its spectrum can be found in Fig. 1.

TABLE I
MODEL PARAMETERS WITH KNOWN VALUES.

Notation Explanation Value
c Signal propagation speed 343.6 [m/s]
a Sound propagation attenuation

constant
1.0 · 10−5 [m−1]

fs Sampling frequency 44100 [Hz]
T Length of transmitted sound

pulse
0.01 [s]

f1, f2 Frequency content of
transmitted chirp

500, 1500 [Hz]

0 0.002 0.004 0.006 0.008 0.01

t [s]

-1

0

1

s
(t
)

0 500 1000 1500 2000

f [Hz]

100

|S
(f
)|
2

Fig. 1. Transmitted signal and its spectra.

C. Observations

This section presents a closer study of the appearance of
the received echo y[n] and the ML loss function through
simulation examples. The approximate model (10d), where the
amplitude gain is simply a constant, and the more accurate
model (10e), where the amplitude gain depends on time as
well as r0 and v, are also further compared here.

Noise free measurements from the more accurate model
were simulated for some different sets of nominal parameters
r0
0 and v0. The ML loss function (20b), derived from the

approximate (10d), was computed in a grid around the nominal
parameter values. Fig. 2(a) shows contour plots of the ML loss
function for two cases and several things are worth noticing.

1) The loss functions have several local minima implying
that correct initialization of the numerical optimization
solver is crucial.

2) The valleys of the loss function are aligned diagonally,
implying a dependence between the optimal value of
the distance and the optimal value of the velocity. Joint
estimation of the both parameters is necessary to obtain
the best possible performance. Note that the diagonal
valleys indicates a negative correlation between the
parameters just as shown in Sec. III-B

3) The location of the global minimum is identified exactly
correctly for both cases even though the measurements
were generated with the more accurate model while
the parameter estimation was performed based on the
approximate model. This implies that the approximation
has no or very little effect on the estimation result.

The global minimum of the loss function gives estimates r̂0

and v̂ of the distance and velocity. These are used together
with (20a) to estimate also the unknown amplitude gain ˆ̄α.
All estimated parameters are then used to reconstruct the
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(a) Contour plot of ML loss function. The red star corresponds to the global
minimum of the loss function.
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Fig. 2. Illustration of the optimization problem of estimating ᾱ, r0 and v in
the approximate model using simulated, noise free measurements generated
from the more accurate model. Two different sets of nominal parameter values
are illustrated. High values of v is used in order to enhance the differences
between the more accurate and the approximate model.

simulated measurements. The reconstructed signals can be
seen in Fig. 2(b) together with the measurements. Again there
are several things worth noticing in the figure.

1) The error between the measurements, generated with
the mode accurate model, and the reconstructed signal,
generated with the approximate model, is very small
again implying that the approximation is minor.

2) The parameter r0 changes the time of arrival of the echo
but so does v, again indicating that r0 and v should be
estimated jointly.

3) Except for affecting the time of arrival v also has a
compressing or prolonging effect on the pulse depending
on the sign of v. This well known Doppler effect can
be seen as a frequency shift in the signal spectrum.

V. EXPERIMENTS AND RESULTS

This section describes and discusses the data collection
setup and the results obtained when applying the theory from
the previous sections to experimental data.

(a) The setup.
t

y
[n
]

Disturbing echoes from other surfaces than the wall
Direct sound
Fainter echo from wall

(b) The expected measurements.

Fig. 3. Schematic illustrations of the experimental setup and the expected
measurement. A strong pulse from the direct sound arrives first followed by
a fainter pulse from the echo. Disturbing echoes origin from multipath can
also be present in the measurements. An overlap between the echoes echo
can cause problems as they then superimpose.

A. Experimental design

During the data collection a simple setup based on audi-
ble sound was used. A computer loudspeaker of the model
Altec Lansing ACS90 transmitted audible sound pulses that
were reflected in a wall in an indoor environment. A Shure
PG58-XLR-B microphone connected to a sound card of type
Behringer Firepower FCA1616 recorded the sound. Since
the transmitted waveform was known, clock synchronization
between the transmitter and the receiver was accomplished
with sound of opportunity and rather than through hardware
or radio links. Analogies can be drawn to the synchronization
process for multistatic radar under line of sight conditions [18].
The microphone was placed at a short distance right in front
of the loudspeaker and hence one direct sound pulse and one
echo was recorded each transmission. The arrival time of the
first, direct sound pulse was used for synchronization purposes.
The microphone and the loudspeaker were rigidly connected
meaning that the radial velocity between the two devices was
always 0 m/s. An illustration of the experimental setup and the
expected measurement can be seen in Fig. 3.

The transmitted sound was created in Matlab and saved
in a 32 bit lossless wav file. The sound pulses described in
Sec. IV-B were transmitted once a second to ensure that all
echoes from the previous transmission had enough time to die
out.

The experiment was conducted at several distances between
the wall and the microphone, ranging from 2 m to 8 m. The
duration of the pulses and the pulse repetition time restricted
the operating range to [1.7, 170] m. However beyond 8 m
the ML estimator became unreliable owing to low signal to
noise ratio. At each distance 100 individual measurements
were made. all experiments were conducted during stationary
conditions to get velocity ground truth.

B. Parameter estimation

There are some minor differences in the parameter estima-
tion procedure for the first and the second sound pulse and
these will be explained here. The procedure described below
was used on each of the independent measurements collected
during the data collection.



1) First sound pulse: The first sound pulse arrived to
the microphone directly from the loudspeaker without first
being reflected in the wall. The radial velocity between the
microphone and the loudspeaker was known to be 0. Thus,
the optimization problem (20) was reduced from estimating
three parameters to estimating only the two parameters ᾱ and
r0.

Sec. IV-C showed the importance of correct initialization of
the numerical solver of (20b). Initial guesses of r0 was found
by peak matching. The peak in the recording with maximum
absolute amplitude was matched with the three largest largest
peaks in the known signal s(t) generating three different
guesses of r0. The optimization problem was solved for each
guess and the solution with the lowest associated cost was
chosen as the estimate.

The r̂0 for the first sound pulse corresponds to a distance
representation of the total time delay due to clock offset
together with distance offset between microphone and loud-
speaker. The estimate was used to compute the corresponding
time delay according to τ̂ = 2r̂0

c . This time delay estimate was
used to cut away the first part of the recorded data and the
time stamps for the measurements were adjusted accordingly.

2) Second sound pulse: For the second sound pulse all three
parameters ᾱ, r0, and v were unknown and had to be estimated
according to (20). Initial guesses of r0 and v were obtained
from the measured ground truth, to focus on the estimation
problem and not the problem of detecting the echo in the
signal.

C. CRLB computations

The extra complications due to the experimental setup with
the unknown clock offset between the loudspeaker and the
microphone means that the CRLB differed from that computed
in Sec. III. It can be shown that the CRLB of the amplitude and
the velocity estimate for the second sound pulse are unaffected
but that the distance estimate is not. The derived formulas for
the CRLB can nevertheless still be used to compute the new
modified CRLB. In practice the CRLB is a combination of
the CRLB for the first and second recorded pulses. Note that
the velocity is known for the first pulse meaning that only the
FIM elements I1,1, I2,2 and I1,2 = I2,1 are relevant.

D. Ground truth

The distance between the wall and the microphone was
measured with an accuracy of a couple of centimeters. The
exact value of the velocity was known at all times since all
measurements were taken at complete rest. The speed of sound
c in Tab. I was identified, by measuring the indoor temperature
and air humidity at several occasions during the experiment.
There were some parameters for which ground truth could
not be measured. These parameters were the amplitude gain
ᾱ for each recorded sound pulse, the true delay caused by the
clock offset and the loudspeaker to microphone distance and
the noise variance σ2

e,d. Estimated values of these parameters
were therefore used instead of true values when computing
the CRLB later in Sec. V-E.
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Fig. 4. Some examples of recorded and estimated first sound pulse.

E. Results

The results of the parameter estimation can be seen in
Fig. 6. Even though the estimates are quite consistent, the
estimation accuracy is about a factor 10 worse than implied
by the the CRLB for the distance and about a factor 100
for velocity. There are several possible explanations for why
the CRLB is not reached such as lack of modeling of the
hardware impact on transmitted and recorded sounds, that
the Gaussian measurement noise assumption is wrong or that
the transmitted signal is not narrowband as assummed in the
Sec. II. However, judging from Fig. 4 and 5 the most probable
explanation is not considering the multipath effects. The match
between fitted signal and measurements in the figures looks
good where the signal energy is larger but it seems like there
are disturbing echoes entering both from the right and the left
in the plots making the signal to measurement fit much worse
for low energy regions. However, even though the CRLB did
not give good information about the estimation accuracy, the
information it gave about the nature of the estimation problem
were correct. In the box plot a clear negative correlation
between the distance and the velocity estimates are visible,
when one estimate is to large the other is to small.

Examples of the ML loss function for the real data case can
be seen in Fig. 7 again clearly showing that joint estimation is
necessary for the best performance even for small velocities.
It is possible to see, both in this figure and in Fig 2a that,
even for small velocities, the optimal distance can vary several
centimeters or even decimeters if assuming a slightly wrong
v and solving the estimation problem only for r0 neglecting
the impact of v. Hence, even for indoor scenarios where
the Doppler effect is very small due to limited freedom of
movement, it is important to jointly estimate the distance and
velocity for accurate performance.

VI. CONCLUSION

In this paper we have studied the Cramér-Rao lower bound
(CRLB) for time delay and time scale (Doppler shift) estima-
tion velocity estimation based on measurements of reflected
signals. The problem was reparameterized into radial range
and velocity rather than time delay and time scale because
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distance and velocity information are needed for example in
localization and tracking applications. We have derived the
discrete time CRLB expressions and the joint range-velocity
maximum likelihood (ML) estimator for the additive Gaussian
measurement noise case to analyze the nature of the estimation
problem. It was shown that it is beneficial to estimate the

v [m/s]
-10 -5 0 5 10

r 0
[m

]

1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

r00 = 2m, v0 = 0m/s

v [m/s]
-10 -5 0 5 10

r 0
[m

]

7.6

7.7

7.8

7.9

8

8.1

8.2

8.3

8.4

r00 = 8m, v0 = 0m/s

46.521

46.536

Fig. 7. Examples off the ML loss function for two individual measurements
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parameters. The red stars corresponds to the estimates obtained with the
numerical optimization solver. The green crosses marks where the ML loss
function mimima are found for all the other measurements at the same
distances.)

range and velocity jointly instead of separately as done in
many state-of-the-art methods used today. The theory was
applied to real data collected in an experiment where audible
sound pulses where reflected in an indoor wall. The practical
experiments confirmed the theory and it was shown that even
scenarios with low velocities such as indoor scenarios, for
which neglecting the impact of v is tempting, joint estimation
has the potential to improve the estimation results.
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