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Abstract

In a recent paper, Bentzen proposes a semantically characterised logic called
Action Type Deontic Logic, where normative concepts are applied to action
expressions, rather than propositional statements. The logic offers solutions
to many of the paradoxes of deontic logic. In particular, Bentzen’s semantics
solves many puzzles involving the interaction of permission with conjunction
and disjunction. One of the reasons for these positive results is the assumption
that agents always act according to norm. This assumption means that only
agents with ideal behaviour are modelled; there is no possibility for norm-
violation. In this thesis, proof techniques and decision procedures for Action Type
Deontic Logic in the style of semantic tableau are investigated, and soundness,
completeness and termination results are obtained. In order to account for the
possibility of norm-violation, a new semantics based on a generalisation of Action
Type Deontic Logic models is proposed. The new semantics keeps the possibility
of norm-violation open, while many of the virtues of Action Type Deontic Logic
remain.
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1. Introduction

Deontic logic is an area of logic aiming to represent reasoning about norms,
captured in terms of normative concepts such as obligation, permission and
prohibition. Traditionally, deontic logic has been viewed as a branch of modal
logic, broadly conceived of as systems with some kind of possible worlds semantics.
Logics in this tradition treat the notions of obligation and permission as analogous
to alethic necessity and possibility, respectively, and apply normative concepts
to propositional statements.

Another tradition, beginning with von Wright’s [39] first system of deontic
logic, understands normative concepts as applying to action expressions, rather
than propositional statements; norms are understood as prescribing what agents
ought or may do. This tradition is continued in a recent paper by Bentzen, who
suggests a new deontic logic called Action Type Deontic Logic [6]. The main
motivation behind Bentzen’s approach is to avoid a large number of puzzles – in
the literature often referred to as ‘paradoxes’ – which crop up in many formal
deontic logics. These are not paradoxes in the strict mathematical sense, but
rather clashes between formal deontic logics and intuitively valid and non-valid
inferences as they occur in natural language and informal normative reasoning.

In this thesis, I analyse Bentzen’s logic along two lines of inquiry: the first
concerns proof techniques and decision procedures, while the other is conceptual.
In Chapter 2, I present the syntax and semantics of Action Type Deontic
Logic, and develop a semantic tableau calculus. Soundness, completeness and
termination results are obtained. Then, I argue that there are conceptual
problems with the logic, primarily arising from the assumption that agents
always choose to act according to norm. In Chapter 3, I generalise the models
of Bentzen’s semantics and suggest new interpretations of action expressions
and the concept of permission. My aim is to keep the positive results regarding
the deontic paradoxes obtained by Bentzen, while at the same time account for
the possibility of agents not acting according to norm. Chapter 4 contains a
concluding discussion and suggestions for further research.

1.1 Four puzzling principles

There are many different puzzles of deontic logic discussed in the literature, as
well as a vast range of proposed solutions (see e.g. [5, 14, 16]). These puzzles can
often be stated in terms of the validity and non-validity of certain principles: some
principles are intuitively valid, while others are intuitively non-valid. Bentzen [6]
considers a wide range of principles, and argues for a particular combination of
valid and non-valid ones based on what seems correct to infer in natural language
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contexts (see Tables 1, 2 and 3 in [6, p. 399]). In this thesis, I will mainly be
concerned with puzzles concerning the interaction of permission with disjunction
and conjunction. In particular, I will consider four principles which I take to
be of special importance. In the literature, the problems surrounding these
principles are often thought of as bearing on the interpretation of permission,
rather than the interpretation of ‘or’ and ‘and’. Accounting for the validity of
the free choice principle is, for example, one of the motivations behind the open
reading of permission discussed in the next section. In this thesis I will primarily
be concerned with the peculiarities of ‘or’ itself. In particular, I will argue
that Bentzen’s non-Boolean interpretation of disjunction captures an interesting
property of disjunctive action types, and in Chapter 3 I will investigate the idea
of interpreting disjunctive action types as introducing sets of alternative actions.

One puzzle that I take to be of particular interest revolves around the
principle of free choice.1 The principle of free choice states that a disjunction
being permitted entails that each disjunct is permitted. In semi-formal language,
the principle can be stated as

May(ϕ or ψ)⇒ May(ϕ) ∧May(ψ).

Arguably, this principle should, at least in some contexts, be valid. To see this,
consider the following example: ‘You may invite Xena or Ygritte, but you may
not invite Xena’. This sentence seems strange; the first part of the sentence
seems to convey a free choice (hence the name of the principle) between inviting
Xena and inviting Ygritte. Either option is fine – you act in accordance with the
permission by inviting Xena, and you act in accordance with the permission by
inviting Ygritte. The second part of the sentence, which states that you are not
allowed to invite Xena, thus seems to be in conflict with the first part. Although
intuitively valid, many deontic logics fail to validate the principle of free choice.

The problem concerning the principle of free choice has a negative half, which
revolves around the principle I call Ross’ principle:2

May(ϕ)⇒ May(ϕ or ψ).

Ross’ principle is often thought to be problematic on its own (for instance, the
sentence ‘If you may post the letter, then you may post the letter or burn it’
seems intuitively non-valid) and disastrous in combination with the free choice
principle. For suppose that both Ross’ principle and the free choice principle
are valid; then, if May(ϕ) holds, May(ϕ or ψ) holds by Ross’ principle. Then,
May(ψ) can be inferred by the free choice principle. Hence, given that something
is permitted, anything is permitted.

Incorporating the free choice principle (and excluding Ross’ principle) in
formal deontic logics has proven difficult, since its validity often entail other
problematic principles. Hansson [14, p. 208] shows that any deontic logic which
both validates the free choice principle and features an extensional permission
operator – meaning that logical equivalences can be substituted within the
scope of the operator salva veritate – also validates the implausible principle of

1The puzzle of free choice permission is discussed at length in [19] and [22]. See also [14,
pp. 206–218] for an overview of the various problems and solutions related to this puzzle.

2This is a variant of Ross’ paradox [30], which consists in the in many ways counter-intuitive
validity of Ought(ϕ)⇒ Ought(ϕ or ψ).
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Name Formula Should be

Principle of free choice May(ϕ or ψ)⇒ May(ϕ) ∧May(ψ) valid
Conjunction exploitation May(ϕ and ψ)⇒ May(ϕ) ∧May(ψ) valid
Ross’ principle May(ϕ)⇒ May(ϕ or ψ) non-valid
Conjunction introduction May(ϕ)⇒ May(ϕ and ψ) non-valid

Table 1.1: The combination of validities and non-validities favoured by Bentzen.

conjunction introduction:

May(ϕ)⇒ May(ϕ and ψ).

To see why this principle is problematic, consider the following instance: ‘If
you may take an apple, then you may take an apple and scratch the paint on
Xena’s car’. In addition to the validity of conjunction introduction, many deontic
logics validating the free choice principle also fail to validate the principle of
conjunction exploitation:

May(ϕ and ψ)⇒ May(ϕ) ∧May(ψ).

As with the principle of free choice and Ross’ principle, the principles of con-
junction introduction and conjunction exploitation should not be valid at the
same time, since that would entail that anything is permitted if something is
permitted.

When constructing a deontic logic, one has to decide whether to validate
the principle of free choice or Ross’ principle (or neither of them), and whether
to validate conjunction introduction or conjunction exploitation (or neither of
them). In order to avoid absurd consequences, all four principles cannot be valid.
Bentzen [6] argues that the principle of free choice should be valid, while Ross’
principle should be non-valid, and that conjunction exploitation should be valid,
while conjunction introduction should be non-valid. This particular combination
of validities and non-validities is summarised in Table 1.1. My main focus is not
to offer conclusive arguments to the effect that this combination of validities
and non-validities is the only right one, or one that any deontic logic should
or must satisfy. Different normative contexts might require different deontic
logics. For example, formalised legal reasoning might require a certain set of
valid inferences, while formalising norms of rationality might require a different
set of valid inferences. My focus is to investigate the possibilities for constructing
a logic satisfying the combination of validities and non-validities summarised in
Table 1.1. Even if one does not fully agree with the analysis in this section, this
kind of investigation is still an interesting and worthwhile exercise.

1.2 Deontic logic for action types

Even though normative concepts are prefixed to propositional statements in
many deontic logics, the traditional view is that normative concepts apply to
actions [15, p. 85]. Obligations and permissions tell agents what they ought or
may do. There are many suggestions of how to incorporate actions in deontic
logic, and I will only consider a specific tradition beginning with von Wright’s
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seminal paper [39], where normative concepts are applied to actions.3 Especially,
von Wright applies normative concepts to expressions for action types (or “act-
qualifying properties” [39, p. 2] as he calls them), rather than action tokens.
Norms tell agents what kinds or types of actions they ought or may perform,
but as action types can be predicated of action tokens, there is still implicit
reference to the individual action tokens falling under the relevant action types.
Normative concepts, then, are a kind of action modalities: expressions turning
action type expressions into normative sentences.

In this tradition, there are two approaches to interpreting normative con-
cepts. In the first approach – initiated by Meyer’s [24] deontic logic based on
Propositional Dynamic Logic (PDL) and continued by for example Broersen [7] –
deontic concepts are defined in an Anderssonian-Kangerian fashion by the use of
a propositional constant expressing some deontic fact.4 In the second approach,
exemplified by the systems of Segerberg [31], Trypuz and Kulicki [35], van der
Meyden [38], and Bentzen [6], normative concepts are treated as primitives. In
this thesis, I will focus on the second approach and treat normative concepts as
primitives.

Action tokens are particulars instantiating action types. Treating actions as
particulars is especially associated with Davidson and his analysis of the ‘logical
form’ of action sentences [10]. Nothing turns, however, on exactly how action
tokens are interpreted. Informally they can be thought of as events with special
properties, or as consisting of a particular agent acting at a particular time and
place. Formally, action tokens are similar to possible worlds in possible worlds
semantics. In particular, action type terms are interpreted as sets of action
tokens, much in the same way as propostions are interpreted as sets of possible
worlds; see [15]. As formal entities, action tokens can be interpreted in more
detail depending on the kind of formalism used. In PDL-based accounts, action
tokens are interpreted as transitions between states. On this view, an action
token can be seen as an element of an accessibility relation between possible
worlds. Treating actions as particulars is sometimes thought to be in conflict
with the modal view on action and agency advocated by the proponents of
stit theory [17, 18]. However, Horty [17] frequently refers to choice cells in stit
models as ‘actions’ (and these actions must be understood as action tokens, since
they can only be performed by specific agents at specific times), and in a recent
paper by Anglberger, Gratzl and Roy, it is suggested that outgoing branches at
a particular moment in a stit model provide a natural interpretation of action
tokens [4, p. 814, n. 8]. In this thesis, I will abstract away from details of specific
logics by introducing action tokens as primitives.

In his first system of deontic logic, von Wright uses a language for action
types analogous to the language of propositional logic [39]. Here, I introduce a
separate language for action-talk. Expressions in this language are called action
type terms and S, T, ... are used as general symbols for them. Action type terms
can be basic or complex. Complex action type terms are constructed from basic

3For an overview of action and agency in deontic logic, see [16, pp. 97–112]. For further
discussion of the tradition I am interested in, consult e.g. [15].

4Andersson [2] proposes a reduction of deontic logic to alethic modal logic by the definition

Pϕ
def
= 3(¬V ∧ ϕ), where P is an operator for expressing permission and V is a propositional

constant expressing that some violation of a norm has occurred. Meyer proposes the definition

P (α)
def
= 〈α〉¬V , where 〈α〉¬V is a PDL-formula meaning that some execution of the action α

results in a state where ¬V is true.
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action type terms togther with act-connectives. I will consider act-connectives
for expressing conjunction, disjunction and negation of action type terms:5

• T ∩ S: doing T and S together;

• T ∪ S: doing T or S;

• ∼S: omitting T .

Let W be a set of action tokens available to one single agent in one single
situation, and let V be an interpretation function assigning a subset of W to
every basic action type term. Thus, action type terms are interpreted as sets of
action tokens: V (T ), where T is an action type term, is the set of action tokens
of type T available to the agent in the situation. In order to interpret complex
action type terms, the function V can be extended in some appropriate way, for
example as follows:

V ((T ∩ S)) = V (T ) ∩ V (S);

V ((T ∪ S)) = V (T ) ∪ V (S);

V (∼T ) = W \ V (T ).

On the right hand side, ∩, ∪ and \ are symbols representing the usual set-
theoretical operations: intersection, union, and complement, respectively. On the
left hand side, ∩, ∪ and ∼ are symbols in the formal language. An interpretation
using the standard Boolean set operations may be called a Boolean theory of
action types.6 Segerberg’s [31] logic features a full Boolean theory of action types,
while van der Meyden’s [38] logic features the Boolean disjunction act-connective.

Deontic operators can now be interpreted as quantifiers over action tokens
(in Chapter 3, an alternative interpretation of permission based on sets of sets
of action tokens is developed and discussed). Suppose that G ⊆W is a subset
of the available action tokens consisting of action tokens which are normatively
acceptable (or legal, right, good, etc.). A concept of permission analogous to
the normal existential modal operator can be defined in the present framework.
Under the existential reading of permission, an action type is permitted if and
only if there is some acceptable action token instantiating the action type:

(ER). May(T ) is true iff there is some α ∈ G such that α ∈ V (T ).7

How does this concept of permission cope with the puzzles discussed in the
previous section? Under a Boolean theory of action types, the existential reading
of permission validates the principle of conjunction exploitation and avoids the
principle of conjunction introduction; on the other hand, Ross’ principle is valid
and the free choice principle fails. In order to avoid this, Segerberg [31] and
van der Meyden [38] take an action type to be permitted if and only if every

5Other act-connectives in the literature do not have any corresponding propositional
counterpart. For example, act-connectives for expressing sequences and iterations of actions
are often used in PDL-based accounts [7, 24, 38].

6Deontic logics based on Boolean algebras of action types are extensively studied in [31, 35].
In these works, basic action type terms are terms, complex action type terms are equations
between terms, and substitution of equals by equals is the rule of inference for the action
algebra.

7Here and elsewhere in the thesis, ‘iff’ is shorthand for ‘if and only if’.
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OR-permission ER-permission

Principle of free choice valid non-valid
Conjunction exploitation non-valid valid
Ross’ principle non-valid valid
Conjunction introduction valid non-valid

Table 1.2: Some of the validities and non-validities of ER- and OR-permission
under a Boolean theory of action types.

action token instantiating the action type is normatively acceptable. Formally,
the open reading of permission can be stated as follows:8

(OR). May(T ) is true iff for every α ∈ V (T ), α ∈ G.

Van der Meyden refers to this kind of permission concept as free choice per-
mission, since it validates the free choice principle under the Boolean theory of
action types. It also blocks Ross’ principle. However, any deontic action logic
featuring a Boolean conjunctive act-connective together with an OR-permission
operator validates the principle of conjunction introduction, and fails to validate
conjunction exploitation. In addition, the open reading of permission has been
criticised by Bentzen [6, p. 402] and Fusco [13, p. 101] for being too strong.
In general, their arguments go as follows. There are many ways to eat an
apple, and some of these possible ways to eat an apple involve killing someone.
Presumably, killing someone is not permitted (or at least, assume so for the
sake of the argument); every way to carry out a killing is non-acceptable. In the
present framework, there is some action token of the apple eating type which is
non-acceptable, since it is an instance of the killing type. But then, not every
action token of the apple eating type is acceptable, and thus it can be concluded
from (OR) that it is not permitted to eat an apple. This result seems absurd,
and Bentzen and Fusco conclude that OR-permission is a too strong requirement.
One might object by arguing that it was not eating an apple that was permitted
in the first place; what was actually permitted was to eat an apple and omit
killing someone. However, this response can be met by noticing that there are
many cases of fronted alternatives [13, p. 101]: ‘Xena may not bring wine to the
party, but she may bring something’. Given that it is not permitted to bring
wine to the party, it follows by (OR) that it is not permitted to bring something
to the party (since bringing wine to the party is a way to bring something to the
party). Hence, OR-permission renders the sentence inconsistent, even though it
sounds perfectly natural.

In summary, if the Boolean theory of action types is used, neither (ER) nor
(OR) get all the validities and non-validities discussed in the previous section
right (see Table 1.2). In addition, at least OR-permission is open to critique
independently from the puzzles discussed in the previous section. This calls for
another analysis of the matter, either by going non-Boolean, or by interpreting
permission in a non-standard way.

8See [3] for further discussion of the open reading of permission. The term ‘open reading’
was, to my knowledge, coined in [7], and derives from the concept of ‘open interpretation of
concurrency’ (see [7, p. 163]). This interpretation of action execution can be illustrated by the
PDL-formula [α]ϕ→ [α ∩ β]ϕ. The formula is understood as saying that if ϕ holds after any
execution of action α, then ϕ holds after any execution of the action α ∩ β.



2. Action Type Deontic Logic

In a recent article, Bentzen [6] proposes a semantically characterised deontic
logic of action types – called Action Type Deontic Logic – which satisfies the
combination of validities and non-validities in Table 1.1 in the previous chapter.
In this chapter, I will develop a semantic tableau system for Action Type
Deontic Logic. The tableau system is proved to be complete and terminating.
I will also discuss some of the features and problems of the logic, in particular
the interpretation of disjunctive action types and the ideal agent assumption,
according to which agents always act according to norm.

2.1 Logic

The basic permission operator in Bentzen’s logic is defined according to (ER).
In order to account for the special interaction between permission and disjunc-
tion, Bentzen introduces a non-Boolean disjunctive act-connective, which has
the feature of being non-empty: a disjunctive action type (S or T ) is instanti-
ated by an action token α if and only if α instantiates T or α instantiates S
and there are action tokens instantiating T and action tokens instantiating S.
Bentzen interprets this non-emptiness condition as a “a criterion of relevance
or availability” [6, p. 405]. I discuss this interpretation further in Section 2.3.1.
The negation and conjunction of action types are interpreted according to the
Boolean theory of action types; that is, an action token is of the omitting T type
if and only if it is not of type T , and an action token is of type (T and S) if and
only if it is of both types. By assuming that there are only acceptable action
tokens available, Bentzen obtains the validity of the free choice principle and the
principle of conjunction exploitation, and avoids Ross’ principle and the principle
of conjunction introduction. Suppose that (T or S) is permitted; then, there
is some acceptable action token of type (T or S). Due to the non-emptiness
condition, this is only possible if there are action tokens of type T and action
tokens of type S, and these action tokens must be acceptable since there are
only acceptable action tokens available. Thus, both T and S are permitted.

The logic also features a propositional language, allowing for non-normative
talk.

2.1.1 Syntax

The language is generated from the following symbols:

• a countable set ATM = {p1, p2, ...} of atomic proposition symbols;

Nygren, 2016. 7
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• a countable set BT = {T1, T2, ...} of basic action type terms;

• negation, conjunction, and disjunction act-connectives ∼,∩,];

• the deontic operators may, must;

• propositional connectives ¬,∧,∨,→,↔;

• parentheses ) and (, square brackets ] and [.

Lower case letters p, q, ... will be used to denote atomic propositions, and upper
case letters S, T, ... will be used to denote action type terms.

Complex action type terms are constructed from basic action type terms and
act-connectives. The set of well-formed action type terms (hereafter referred to
simply as action type terms) is defined as follows.

Definition 2.1.1. The set of well-formed action type terms ACT is the smallest
set such that:

• for all Ti ∈ BT , Ti ∈ ACT ;

• if T, S ∈ ACT , then ∼T , (T ∩ S), (T ] S) ∈ ACT .

It is assumed that negation of action type terms takes precedence over
conjunction and disjunction.

Well-formed formulas (hereafter referred to simply as formulas) are recursively
defined as follows.

Definition 2.1.2. The set of well-formed formulas WFF is the smallest set
such that:

• for all p ∈ ATM , p ∈WFF ;

• if T ∈ ACT , then may[T ], must[T ] ∈WFF ;

• if ϕ,ψ ∈WFF , then ¬ϕ, (ϕ ∧ ψ), (ϕ ∨ ψ), (ϕ→ ψ), (ϕ↔ ψ) ∈WFF .

2.1.2 Semantics

Definition 2.1.3. A deontic action model M is a triple 〈G,V, θ〉, where G is a
non-empty set, V : BT → P(G) is a function assigning to each atomic action
type term a subset of the set G, and θ : ATM → {t, f} is a function assigning
to each atomic proposition one of the truth values t (true) or f (false).

The set G in a model M represents the set of acceptable action tokens
available to one single agent in one single situation, and it will sometimes be
referred to as the domain of the model M . Greek letters α, β, ... are used to
denote the elements in G.

Presumably, the agent also has available a set of non-acceptable action tokens
in the situation; however, these are not modelled in the formal semantics. It is
assumed that the agent always chooses to execute some acceptable action token.
This is a substantial assumption, which I discuss in depth in Section 2.3.

In order to interpret disjunctive action type terms, a non-Boolean set opera-
tion – the union of non-empty sets – is used.
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Definition 2.1.4. Let X,Y be sets. The union of non-empty sets of X and Y ,
denoted X ] Y , is defined as

X ] Y =

{
∅ if X = ∅ or Y = ∅,
X ∪ Y otherwise.

The function V is extended to ACT according to the following definition,
where ∩ and \ on the right-hand side denote the usual set-theoretical operations
of intersection and complement, respectively, and ] denotes the union of non-
empty sets. On the left-hand side, ∩, ], and ∼ are symbols in the formal
language.

Definition 2.1.5. Where T, S ∈ ACT ,

V ((T ∩ S)) = V (T ) ∩ V (S);

V ((T ] S)) = V (T ) ] V (S);

V (∼T ) = G \ V (T ).

The notion of a formula ϕ being true in a model, denoted M � ϕ, is defined
as follows.

Definition 2.1.6. Where p ∈ ATM, T ∈ ACT , and ϕ,ψ are any formulas:

• M � may[T ] iff there is some α ∈ G such that α ∈ V (T );

• M � p iff θ(p) = t;

• M � ¬ϕ iff M 2 ϕ;

• M � ϕ ∧ ψ iff M � ϕ and M � ψ.

Truth conditions for the other propositional connectives ∨, →, and ↔ are

defined as usual. The definition must[T ]
def
= ¬may[∼T ] results in the semantic

clause

• M � must[T ] iff for any α ∈ G, α ∈ V (T ).

The concepts of satisfiability, validity, and logical consequence are defined as
follows.

Definition 2.1.7. A formula is satisfiable if it is true in some model. A formula
is valid if it is true in all models. A set of formulas Σ is true in a model (denoted
M � Σ) if M � ψ for all ψ ∈ Σ. A set of formulas Σ is satisfiable if Σ is true
in some model. A formula ϕ is a logical consequence of a set of formulas Σ
(denoted Σ � ϕ) if, for any M , if M � Σ, then M � ϕ.

2.1.3 Some logical considerations

Bentzen motivates his logic by showing that it solves many of the puzzles of
deontic logic. As the theorems below show, the logic validates the free choice
principle and the principle of conjunction exploitation, and non-validates Ross’
principle and the principle of conjunction introduction. A few other interesting
properties are also highlighted in these theorems. For further discussion on the
intuitive adequacy of the logic, see [6, pp. 399, 408–409].
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Theorem 2.1.1. 1. � must[T ]→ may[T ];

2. � may[T ] S]→ may[T ] ∧ may[S];

3. � may[T ] ∧ may[S]→ may[T ] S];

4. � may[T ∩ S]→ may[T ] ∧ may[S].

Proof. Let M be some arbitrary model.

1. Suppose that M � must[T ]. Then, since G 6= ∅, V (T ) ∩ G 6= ∅, which
entails that M � may[T ].

2. Suppose that M � may[T ] S]. Then, V (T ] S) = V (T ) ] V (S) ∩G 6= ∅;
this implies that V (T ) ∩ G 6= ∅ and V (S) ∩ G 6= ∅, so M � may[T ] and
M � may[S].

3. Suppose that M � may[T ]∧may[S]. Then, V (T )∩G 6= ∅ and V (S)∩G 6= ∅,
so V (T ) ] V (S) = V (T ] S) ∩G 6= ∅, which implies that M � may[T ] S];

4. Suppose that M � may[T ∩ S]. Then, V (T ∩ S) = V (T ) ∩ V (S) ∩G 6= ∅.
This entails that V (T ) ∩ G 6= ∅ and V (S) ∩ G 6= ∅, so M � may[T ] and
M � may[S].

Theorem 2.1.2. 1. 2 may[T ]→ may[T ] S];

2. 2 must[T ]→ must[T ] S];

3. 2 may[T ]→ may[T ∩ S];

4. 2 may[T ] ∼T ]→ may[S].

Proof. The proof consists of a countermodel to the formulas. Let M = 〈G,V, θ〉
be any model satisfying the following: G = {α1, α2}, V (T1) = {α1}, V (T2) = ∅,
and V (T3) = {α1, α2}.

1. It holds that M � may[T1], but V (T1 ] T2) = V (T1) ] V (T2) = ∅, so
M 2 may[T1 ] T2].

2. V (T3) = G, so M � must[T3], but V (T3 ] T2) = V (T3) ] V (T2) = ∅, so
M 2 must[T3 ] T2].

3. Again, M � may[T1], but V (T1 ∩ T2) = V (T1) ∩ V (T2) = ∅, so M 2
may[T1 ∩ T2].

4. It holds that V (∼T1) = G \ V (T1) = {α2}, so M � may[T1 ] ∼T1], but
M 2 may[T2].
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2.2 Tableau calculus

In this section, I will present a complete and terminating tableau calculus in the
style of Priest’s modal tableau systems [29]. In a sense, the proposed tableau
system simulates a tableau proof procedure for first-order logic (see e.g. [21, 34]).

A tableau formula is a formula of Action Type Deontic Logic or a structure
of the form a : [T ] called a prefixed formula, where T ∈ ACT and a is a prefix
from a set of prefixes P = {ai : i ∈ N}. Tableau formulas which are not prefixed
formulas are called non-prefixed formulas. A tableau is a rooted tree. The
construction of a tableau starts with a set of non-prefixed formulas called the
initial list, to which tableau rules are applied. A tableau constructed by applying
tableau rules to an initial list Σ is called a tableau for Σ. A tableau for an initial
list {ϕ}, i.e. where the initial list contains only one formula, is called a tableau
for ϕ. A branch B of a tableau is a path from the root to some leaf of the
tableau. An initial section of a branch B is a path from the root to some node.
When a tableau rule has been applied to a formula on a branch B, the resulting
branches are called extensions of B. A branch B is closed if and only if p and
¬p is on B, for p ∈ ATM , or a : [Ti] and a : [∼Ti] is on B, for Ti ∈ BT and a
prefix a; otherwise it is open. A tableau is closed if and only if all of its branches
are closed, otherwise it is open. A branch is complete if and only if no more
rules can be applied to expand it or applying a rule adds no new formulas to
the branch. A tableau is complete if and only if all of its branches are complete.
The following definition is worth highlighting.

Definition 2.2.1. A formula ϕ is provable from a set of formulas Σ (denoted
Σ ` ϕ) if and only if there is a closed tableau for Σ ∪ {¬ϕ}.

In general, tableau rules are written on the form

name
X0

X1 | ... |Xn
(side conditions)

where X0, ..., Xn are sets of formulas. X0 is called the antecedent of the rule,
and X1, ..., Xn are called the conclusions of the rule. The ‘|’ symbol indicates
branching; applying a rule where the conclusions are separated by ‘|’ symbols
results in a splitting of the original branch into multiple branches.

Let TabAT DL denote the tableau calculus consisting of the rules in Figure 2.1.
Rules are named in the style of Smullyan’s notation [34]. Every rule is also
named after the kind of formula to which the rule can be applied; for example,
the rule for negated disjunctions is called α¬∨ and the rule for disjunctive action
type terms is called β]. Rules with similar properties are grouped together;
for instance, the rules γmust and γ¬may are referred to as γ-rules. In addition,
propositional α- and β-rules (i.e. the rules α¬, α∧, α¬∨, α¬→, β∨, β¬∧, β→, β↔

and β¬↔) are separated from the deontic α- and β-rules (i.e. the rules α∼, α∩,
β∼∩, β] and β∼]) by referring to the latter as αD- and βD-rules. It will also
be convenient to use the name of a rule to refer to its antecedent formula. For
instance, formulas to which the α∧-rule can be applied are called α∧-formulas,
formulas to which the β]-rule can be applied are called β]-formulas, etc.

The following conventions are adopted for applying rules. All rules except
γ-rules are applied only once to one and the same formula. Moreover, γ-rules
use only prefixes already on the branch, except when there are no prefixes on
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α¬
¬¬ϕ
ϕ

α∧
ϕ ∧ ψ
ϕ, ψ

α¬∨
¬(ϕ ∨ ψ)

¬ϕ, ¬ψ α¬→
¬(ϕ→ ψ)

ϕ, ¬ψ

β∨
ϕ ∨ ψ
ϕ
∣∣ψ β¬∧

¬(ϕ ∧ ψ)

¬ϕ
∣∣¬ψ β→

ϕ→ ψ

¬ϕ,
∣∣ψ

β↔
ϕ↔ ψ

ϕ, ψ
∣∣¬ϕ, ¬ψ β¬↔

¬(ϕ↔ ψ)

ϕ, ¬ψ
∣∣¬ϕ, ψ

δmay
may[T ]

a : [T ]
(a new to the branch) δ¬must

¬must[T ]

a : [∼T ]
(a new to the branch)

γmust
must[T ]

a : [T ]
(for any a) γ¬may

¬may[T ]

a : [∼T ]
(for any a)

α∼
a : [∼∼T ]

a : [T ]
α∩

a : [T ∩ S]

a : [T ], a : [S]

β∼∩
a : [∼(T ∩ S)]

a : [∼T ]
∣∣ a : [∼S]

β∼]
a : [∼(T ] S)]

a : [∼T ], a : [∼S]
∣∣ must[∼T ]

∣∣ must[∼S]

β]
a : [T ] S]

a : [T ], may[S]
∣∣ a : [S], may[T ]

Figure 2.1: The tableau rules for TabAT DL.

the branch, in which case a new prefix can be introduced once by applying a
γ-rule. In addition, if application of a rule yields an expression which is already
on the branch, the rule is not applied.

2.2.1 Examples

Two theorems are proved in Figures 2.2 and 2.3, and an open tableau is presented
in Figure 2.4. The ⊗ symbol indicates branch closure, and the # symbol indicates
a complete and open branch. In Figure 2.4, the rightmost branch is open and
complete, since it is not closed and there are only two rules that can be applied,
both of them introducing conclusions already present on the branch. In general,
a countermodel M = 〈G,V, θ〉 can be constructed based on the information in a
complete and open branch B by letting G = {a : a is a prefix occurring on B},
defining V such that a ∈ V (T ) if a : [T ] occurs on B and a 6∈ V (T ) if a : [∼T ]
occurs on B for T ∈ ACT , and defining θ such that θ(p) = t if p occurs on B
and θ(p) = f if ¬p occurs on B for p ∈ ATM . A countermodel M = 〈G,V, θ〉 to
the formula may[T ]→ may[T ] S] can be constructed based on the information
in the rightmost open branch in the tableau in Figure 2.4 by letting G = {a},
V (T ) = {a}, and V (S) = ∅.
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¬(may[T ] ∨ may[∼T ])

¬may[T ],¬may[∼T ]

a : [∼T ]

a : [∼∼T ]

a : [T ]

⊗

Figure 2.2: A proof of ` may[T ] ∨ may[∼T ].

¬(must[T ] S]→ may[T ] ∧ may[S])

must[T ] S], ¬(may[T ] ∧ may[S])

¬may[T ]

a : [∼T ]

a : [T ] S]

a : [T ], may[S]

⊗
a : [S], may[T ]

b : [T ]

b : [∼T ]

⊗

¬may[S]

a : [∼S]

a : [T ] S]

a : [T ], may[S]

b : [S]

b : [∼S]

⊗

a : [S], may[T ]

⊗

Figure 2.3: A proof of ` must[T ] S]→ may[T ] ∧ may[S].

¬(may[T ]→ may[T ] S])

may[T ],¬may[T ] S]

a : [T ]

a : [∼(T ] S)]

a : [∼T ], a : [∼S]

⊗
must[∼T ]

a : [∼T ]

⊗

must[∼S]

a : [∼S]

#

Figure 2.4: A complete and open tableau for ¬(may[T ]→ may[T ] S]).
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2.2.2 Soundness and completeness

The proofs of soundness and completeness are modelled after proofs found in [29].
A more careful distinction between a branch and the set of formulas appearing on
the branch leads to the well-known notion of a Hintikka set (see e.g. [11, 21, 34]).

The tableau system is said to be sound if and only if for every set of sentences
Σ and every sentence ϕ, if Σ ` ϕ, then Σ � ϕ.

The tableau system is said to be complete if and only if for every set of
sentences Σ and every sentence ϕ, if Σ � ϕ, then Σ ` ϕ.

Soundness

Definition 2.2.2. Let M = 〈G,V, θ〉 be a model, B a branch in a tableau, and
P = {ai : i ∈ N} the set of prefixes. B is said to be realisable in M if and only if

• M � ϕ for any non-prefixed formula ϕ on B, and

• there is a function I : P → G such that if a : [T ] is on B, then I(a) ∈ V (T ).

A branch B is said to be realisable if there exists a model M such that B is
realisable in M . A tableau is realisable if at least one of its branches is realisable.

Lemma 2.2.1. Let B be any tableau branch and M be any model. If B is
realisable in M and a tableau rule is applied to B, then there is at least one
resulting extension that is realisable in M .

Proof. Let B be a tableau branch realisable in some model M , with I being
a function from the set of prefixes to the domain of M satisfying the second
condition in the definition of realisability. It is shown that for any tableau rule,
if it is applied to B, then at least one of the resulting extensions is realisable in
M . The proofs for the propositional α- and β-rules are completely standard,
and I have omitted them here (see e.g. [29, p. 16] for proofs).

• Suppose that may[T ] is on B and the δmay-rule is applied, resulting in B′
containing a : [T ]. Since B is realisable in M , there is an α ∈ G such that
α ∈ V (T ). Let I ′ be the same as I except that I ′(a) = α. Then, B′ is
realisable in M . The case for ¬must[T ] on B is similar.

• Suppose that must[T ] is on B and the γmust-rule is applied, resulting in B′
containing a : [T ]. Since B is realisable in M , for all α ∈ G, α ∈ V (T ). If a
occurs in B, then I(a) = α for some α ∈ G. Since for all α ∈ G, α ∈ V (T ),
so I(a) ∈ V (T ). Thus, B′ is realisable in M . If a does not occur on B,
define a function I ′ which is just like I except that I ′(a) = α for some
α ∈ G. Consequently, B′ is realisable in M . The case for ¬may[T ] on B is
similar.

• Suppose that a : [∼∼T ] is on B and the α∼-rule is applied, resulting in
B′ containing a : [T ]. Since B is realisable in M , I(a) ∈ V (∼∼T ) = V (T ).
Consequently, B′ is realisable in M .

• Suppose that a : [T ∩ S] is on B and the α∩-rule is applied, resulting in B′
containing a : [T ] and a : [S]. Since B is realisable in M , I(a) ∈ V (T ∩ S).
Then, I(a) ∈ V (T ) and I(a) ∈ V (S). Consequently, B′ is realisable in M .
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• Suppose that a : [T ] S] is on B and the β]-rule is applied, resulting in B′
containing a : [T ] and may[S], and B′′ containing a : [S] and may[T ]. Since
B is realisable in M , I(a) ∈ V (T ] S). Then, I(a) ∈ V (T ) and V (S) 6= ∅,
or I(a) ∈ V (S) and V (T ) 6= ∅. Thus, at least one of B′ or B′′ is realisable
in M .

• Suppose that a : [∼(T ∩ S)] is on B and the β∼∩-rule is applied, resulting
in B′ containing a : [∼T ], and B′′ containing a : [∼S]. Since B is realisable
in M , I(a) ∈ V (∼(T ∩ S)). This means that I(a) 6∈ V (T ∩ S), which
means that either I(a) 6∈ V (T ) or I(a) 6∈ V (S), i.e. I(a) ∈ V (∼T ) or
I(a) ∈ V (∼S). Consequently, at least one of B′ and B′′ is realisable in M .

• Suppose that a : [∼(T ] S)] is on B and the β∼]-rule is applied, resulting
in the three extensions B′ containing a : [∼T ] and a : [∼S], B′′ containing
must[∼T ], and B∗ containing must[∼S]. Since B is realisable in M , I(a) ∈
V (∼(T ] S)). This means that I(a) 6∈ V (T ] S). Thus, I(a) 6∈ V (T ) and
I(a) 6∈ V (S) or V (T ) = ∅ or V (S) = ∅. If I(a) 6∈ V (T ) and I(a) 6∈ V (S),
B′ is realisable in M . If V (T ) = ∅ or V (S) = ∅, then for all α ∈ G,
α ∈ V (∼T ) or for all α ∈ G, α ∈ V (∼S), so B′′ or B∗ is realisable in M .
Consequently, at least one of B′, B′′ or B∗ is realisable in M .

Theorem 2.2.1 (Soundness theorem). TabAT DL is sound. That is, for finite
Σ, if Σ ` ϕ, then Σ � ϕ.

Proof. Suppose, for a proof of the contrapositive claim of the Soundness theorem,
that Σ 2 ϕ. This means that there is a model M = 〈G,V, θ〉 such that M � ψ
for every ψ ∈ Σ, and M 2 ϕ. Let Σ ∪ {¬ϕ} be the initial list of a tableau. Since
the initial list does not contain any prefixed formulas, M realises the initial list.
When a tableau rule is applied, Lemma 2.2.1 shows that at least one of the
resulting extensions is realisable in M . By repeated application of Lemma 2.2.1,
a whole branch B can be found in which every initial section of B is realisable in
M . Now, suppose that B is closed. Then, some initial section of B contains p and
¬p for some p ∈ ATM , or a : [Ti] and a : [∼Ti] for some prefix a and some basic
action type term Ti ∈ BT . If p and ¬p are in an initial section of B, then, since
the initial section is realisable in M , θ(p) = θ(¬p) = t. If a : [Ti] and a : [∼Ti]
are in an initial section of B, then, since the initial section is realisable in M ,
I(a) ∈ V (Ti) and I(a) ∈ V (∼Ti), i.e. I(a) ∈ V (Ti) and I(a) 6∈ V (Ti) for some
function I. Since both cases produce contradictions, B is open, so Σ 0 ϕ.

Completeness

Definition 2.2.3. Let B be an open branch in a complete tableau. The model
MB = 〈G,V, θ〉 induced by B is defined as follows.

• G = {a : a is a prefix occurring on B}.

• V : BT→ P(G) is defined such that:

– a ∈ V (Ti) if a : [Ti] occurs on B;

– a 6∈ V (Ti) if a : [∼Ti] occurs on B;
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– a ∈ V (Ti) if neither a : [Ti] nor a : [∼Ti] occur on B.

• θ : ATM→ {t, f} is defined such that:

– θ(p) = t if p occurs on B;

– θ(p) = f if ¬p occurs on B;

– θ(p) = t if neither p nor ¬p occur on B.

It is straightforward to check that the model MB induced by a branch B
is well-defined. Since B is assumed to be open, there are no pairs p and ¬p
and no pairs a : [Ti] and a : [∼Ti] occurring on B. Further, every atomic
proposition symbol in ATM is interpreted, and every basic action type term in
BT is interpreted.

Lemma 2.2.2. Let B be an open branch of a complete tableau, and MB =
〈G,V, θ〉 be the model induced by B. Then, if a prefixed formula a : [T ] occurs
on B, then a ∈ V (T ).

Proof. The complexity of a prefixed formula is defined as the number of act-
connectives in the action type term appearing in the formula. The proof is by
induction over the complexity of prefixed formulas.

Induction base. If a : [Ti] occurs on B for a basic action type term
Ti ∈ BT , then a ∈ V (Ti). If a : [∼Ti] occurs on B for Ti ∈ BT , then a 6∈ V (Ti),
so a ∈ V (∼Ti).

Induction step. Suppose that a ∈ V (T ) for all prefixed formulas a : [T ]
occurring on B of complexity lower than n. Suppose that ϕ is a prefixed formula
of complexity n occurring on B.

• If ϕ = a : [∼∼T ], then a : [T ] occurs on B. The induction hypothesis
applies to this formula, so a ∈ V (T ) = V (∼∼T ).

• If ϕ = a : [T ∩ S], then a : [T ] and a : [S] occur on B. The induction
hypothesis applies to these formulas, so a ∈ V (T ) and a ∈ V (S), which
implies that a ∈ V (T ) ∩ V (S), hence a ∈ V (T ∩ S).

• If ϕ = a : [T ]S], then either a : [T ] and may[S], or a : [S] and may[T ] occur
on B. By the induction hypothesis, a ∈ V (T ) or a ∈ V (T ). In addition, in
the first case b : [S] occurs on B for some prefix b, and in the second case
b : [T ] occurs on B for some prefix b. Note that the induction hypothesis
applies to these formulas, so either a ∈ V (T ) and b ∈ V (S), or a ∈ V (S)
and b ∈ V (T ). Thus, a ∈ V (T ] S).

• If ϕ = a : [∼(T ] S)], then either a : [∼T ] and a : [∼S], or must[∼T ]
or must[∼S] occur on B. If a : [∼T ] and a : [∼S] occur on B, then, by
the induction hypothesis, a ∈ V (∼T ) and a ∈ V (∼S), i.e. a 6∈ V (T ) and
a 6∈ V (S), so a 6∈ V (T ]S). If must[∼T ] occurs on B, then, a′ : [∼T ] occurs
on B for any prefix a′ occurring on B. Note that the induction hypothesis
applies to these formulas. This means that V (T ) = ∅, so V (T ] S) = ∅.
Thus, a 6∈ V (T ] S). The third case is similar. Thus, a 6∈ V (T ] S), i.e.
a ∈ V (∼(T ] S)).

• If ϕ = a : [∼(T ∩ S)], then a : [∼T ] or a : [∼S] occur on B. The induction
hypothesis applies to these formulas, so a ∈ V (∼T ) or a ∈ V (∼S). This
implies that a 6∈ V (T ∩ S). Thus, a ∈ V (∼(T ∩ S)).
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Lemma 2.2.3. Let B be an open branch on a complete tableau, and MB =
〈G,V, θ〉 the model induced by B. Then, if a non-prefixed formula ϕ occurs on
B, then MB � ϕ.

Proof. The complexity of a non-prefixed formula is defined as the number of
propositional connectives appearing in the formula. The proof is by induction
over the complexity of non-prefixed formulas. Let ϕ be a non-prefixed formula
occurring on B.

Induction base. If ϕ is an atomic proposition p, then θ(p) = t, so MB � ϕ.
If ϕ is a negated atomic proposition ¬p, then θ(p) = f . This entails that
θ(¬p) = t, so MB � ϕ. If ϕ = may[T ], then a : [T ] occurs on B for some prefix
a. By Lemma 2.2.2, it follows that a ∈ V (T ), so MB � ϕ. If ϕ = ¬may[T ], then
a : [∼T ] occurs on B for all a occurring on B. By Lemma 2.2.2, a ∈ V (∼T )
for all a ∈ G. Hence, MB 2 may[T ], which implies that MB � ϕ. The cases for
ϕ = must[T ] and ϕ = ¬must[T ] are analogous.

Induction step. Suppose that MB � ϕ for all non-prefixed formulas ϕ
occurring on B of complexity lower than n. It is shown by induction on the
complexity of non-prefixed formulas that MB � ψ for a non-prefixed formula ψ
of complexity n.

• If ψ = ¬¬θ, then θ occurs on B. The induction hypothesis applies to θ, so
MB � θ, which implies that MB � ψ.

• If ψ = θ ∧ ζ, then θ and ζ occurs on B. The induction hypothesis applies
to these formulas, so MB � θ and MB � ζ, which implies that MB � ψ.
The cases for ψ = ¬(θ ∨ ζ) and ψ = ¬(θ → ζ) are similar.

• If ψ = θ ∨ ζ, then θ or ζ occurs on B. The induction hypothesis applies
to these formulas, so MB � θ or MB � ζ, which implies that MB � θ ∨ ζ.
The cases for ψ = ¬(θ ∧ ζ), ψ = θ → ζ, ψ = θ ↔ ζ and ψ = ¬(θ ↔ ζ) are
similar.

Theorem 2.2.2 (Completeness theorem). TabAT DL is complete. That is,
for finite Σ, if Σ � ϕ, then Σ ` ϕ.

Proof. The proof is by contraposition. Suppose Σ 0 ϕ. Then there is a complete
tableau for Σ ∪ {¬ϕ} with at least one open branch. Choose an open branch B
and let MB be the model induced by B. By Lemma 2.2.3, MB � ψ for all ψ ∈ Σ,
and MB 2 ϕ, hence Σ 2 ϕ.

Corollary 2.2.1. If one complete TabAT DL tableau for a set of formulas Σ ∪
{¬ϕ} is open, then every TabAT DL tableau for Σ ∪ {¬ϕ} is open.

Proof. Suppose that there is both a complete and open tableau for Σ∪{¬ϕ}, and
a complete and closed tableau for Σ ∪ {¬ϕ}. From the first conjunct it follows,
by Lemma 2.2.3, that Σ 2 ϕ. From the second conjunct, by Theorem 2.2.1, it
follows that Σ � ϕ. Hence, the assumption is contradictory.
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2.2.3 Termination

Inspired by Mints’ termination proof for modal-like formulas of monadic first-
order logic [26, pp. 28–30], I will show that every TabAT DL tableau terminates.

For the following proofs, a precise notion of an action type term subformula
is needed. The set Sub(T ), for any T ∈ ACT, is recursively defined as follows,
where Ti ∈ BT :

Sub(Ti) = {Ti};
Sub((T ∩ S)) = {(T ∩ S)} ∪ Sub(T ) ∪ Sub(S);

Sub((T ] S)) = {(T ] S)} ∪ Sub(T ) ∪ Sub(S);

Sub(∼T ) = {∼T} ∪ Sub(T ).

The rules in TabAT DL induces an ordering on ACT which is not captured by
Sub. Therefore, the sets Sub∼(T ) for T ∈ ACT are defined as

Sub∼(T ) = Sub(T ) ∪ {∼S : S ∈ Sub(T )}.
The action type terms occurring in a formula ϕ are extracted using the following
definition:

Act(ϕ) = {T : may[T ] or must[T ] appears in ϕ}.
With these definitions in place, a set containing all action type terms introduced
by application of tableau rules to an initial list containing ϕ can be defined as

SubAct(ϕ) =
⋃

T∈Act(ϕ)

Sub∼(T ).

The length of an action type term T ∈ ACT , denoted L(T ), is recursively defined
as follows, where Ti ∈ BT :

L(Ti) = 1;

L((T ∩ S)) = 1 + L(T ) + L(S);

L((T ] S)) = 1 + L(T ) + L(S);

L(∼T ) = 1 + L(T ).

Let |X| denote the cardinality of the set X.

Lemma 2.2.4. 1. |Sub(T )| ≤ L(T );

2. |Sub∼(T )| ≤ 2 · L(T );

3. |SubAct(ϕ)| ≤ 2 ·∑T∈Act(ϕ) L(T ).

Proof. 1. The proof is by structural induction over the construction of action
type terms.

• |Sub(Ti)| = 1 ≤ 1 = L(T ) if Ti ∈ BT;

• The cases for ∩ and ] are analogous. I will consider ∩ here. Assume
that |Sub(T )| ≤ L(T ) and |Sub(S)| ≤ L(T ). Then

|Sub((T ∩ S))| = |{(T ∩ S)} ∪ Sub(T ) ∪ Sub(S)|
≤ 1 + |Sub(T )|+ |Sub(S)|
≤ 1 + L(T ) + L(S)

= L(T ∩ S).
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• Assume that |Sub(T )| ≤ L(T ). Then

|Sub(∼T )| = |{∼T} ∪ Sub(T )|
≤ 1 + |Sub(T )|
≤ 1 + L(T )

= L(∼T ).

2. The proof uses property 1.

|Sub∼(T )| = |Sub(T ) ∪ {∼S : S ∈ Sub(T )}|
≤ |Sub(T )|+ |{∼S : S ∈ Sub(T )}|
≤ 2 · |Sub(T )|
≤ 2 · L(T ).

3. The proof uses property 2.

|SubAct(ϕ)| = |
⋃

T∈Act(ϕ)

Sub∼(T )|

≤
∑

T∈Act(ϕ)

|Sub∼(T )|

≤ 2 ·
∑

T∈Act(ϕ)

L(T ).

In order to simplify the presentation, the initial lists in the following proofs
are assumed to be sets containing one formula only. The results generalise to
initial lists that are sets of multiple formulas, since a set of formulas can be seen
as a conjunction of the formulas in the set.

Theorem 2.2.3 (Termination theorem). Any TabAT DL tableau terminates.

Let B be any branch in a TabAT DL tableau for a formula ϕ. The theorem is
proved by finding a finite number such that the the number of rule application
steps in the construction of B is less than that number. Let k be the number of
propositional connectives occurring in ϕ, let l be the number of deontic operators
occurring in ϕ, and let

n =
∑

T∈Act(ϕ)

L(T ).

I will show that the number of rule application steps in B is strictly less than

k + 2n+ (l + 4n)(2 + l + 6n).

First, a couple of lemmas are needed.

Lemma 2.2.5. The number of times a γ-rule is applied to the same formula in
B is bounded by

1 + the number of applications of δ-rules in B.
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Proof. In order to apply a γ-rule, there has to be a new prefix. A prefix can
be introduced once by application of a γ-rule, which accounts for the 1 in the
sum. Then, a γ-rule can be applied to the same formula once for each prefix
introduced by a δ-rule.

Lemma 2.2.6. The number of applications of δ-rules in B is strictly less than

l + 4n.

Proof. First, there are at most l δ-formulas appearing as subformulas in ϕ, and
new δ-formulas may be introduced by application of the β]-rule. Application of
the β]-rule to a formula of the form a : [T ]S], where a is any prefix, introduces
either may[T ] or may[S] to B; these conclusions are independent from the prefix
occurring in the β]-formula to which the rule is applied. Hence, at most two
distinct δmay-formulas are introduced for each action type term of the form (T ]S)
in SubAct(ϕ). Since |SubAct(ϕ)| ≤ 2n (by Lemma 2.2.4), and the number of
formulas of the form (T ] S) in SubAct(ϕ) is strictly less than |SubAct(ϕ)|,
applications of the β]-rule in the construction of B introduce strictly less than
2 ·2n = 4n δ-formulas. Consequently, there are strictly less than l+4n δ-formulas
on B. Since a δ-rule is applied at most once to the same formula in B, there are
strictly less than l + 4n applications of δ-rules in the construction of B.

Lemma 2.2.7. The number of applications of γ-rules in B is strictly less than

(l + 4n)(1 + l + 4n).

Proof. First, there are at most l γ-formulas appearing as subformulas of ϕ. New
γ-formulas may be introduced by the β∼]-rule. Application of the β∼]-rule
to a formula of the form a : [∼(T ] S)], where a is any prefix, may introduce
must[∼T ] or must[∼S], regardless of the prefix occurring in the formula to which
the β∼]-rule is applied, so at most two γ-formulas are introduced for each
action type term of the form ∼(T ] S) in SubAct(ϕ). Since |SubAct(ϕ)| ≤ 2n
(by Lemma 2.2.4), and the number of action type terms of the form ∼(T ] S)
in SubAct(ϕ) is strictly less than |SubAct(ϕ)|, the number of γ-formulas on
B introduced by application of the β∼]-rule is strictly less than 2 · 2n = 4n.
Hence, the total number of γ-formulas on B is strictly less than l + 4n. From
Lemmas 2.2.5 and 2.2.6, it follows that the number of applications of γ-rules in
the construction of B is strictly less than (l + 4n)(1 + l + 4n).

Proof of Theorem 2.2.3. First, the number of applications of α- and β-rules does
not exceed k since α- and β-rules are only applied once to the same formula in B.
αD- and βD-rules are applied to formulas of the form a : [T ], where a is a prefix,
and T ∈ SubAct(ϕ). From Lemmas 2.2.5 and 2.2.6, it follows that there are no
more than 1 + l+ 4n prefixes occurring on B. From Lemma 2.2.4, it follows that
|SubAct(ϕ)| ≤ 2n, so there are at most 2n(1 + l + 4n) αD- and βD-formulas on
B. Since every αD- and βD-rule is applied only once to the same formula in B,
there can be no more than 2n(1 + l + 4n) applications of αD- and βD-formulas
in B. Now, the total number of rule application steps in the construction of B
is the sum of the numbers of applications of α-, β-, αD-, βD-, δ-, and γ-rules
in the construction of B. Thus, the number of rule applications steps in the
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construction of B is strictly less than

k + 2n(1 + l + 4n) + l + 4n+ (l + 4n)(1 + l + 4n)

= k + 2n+ (l + 4n)(2 + l + 6n).

This concludes the proof.

These results show that the tableau calculus could be implemented as a
decision procedure for satisfiability of formulas.

2.3 Discussion

As shown in Theorems 2.1.1 and 2.1.2, Action Type Deontic Logic validates
the free choice principle and the principle of conjunction exploitation, and non-
validates Ross’ principle and the principle of conjunction introduction. Two
components of the logic are of special interest with regard to these positive
results: the interpretation of disjunctive action type terms, and the assumption
that there are only acceptable action tokens in the domains of deontic action
models.

2.3.1 Disjunctive action types

Action Type Deontic Logic features a non-Boolean interpretation of disjunctive
action type terms. Disjunctive action types are governed by a non-emptiness
requirement intended as a “criterion of relevance or availability.” [6, p. 405]: an
action token is of type T ] S if and only if it is of type T or of type S and there
are action tokens instantiating each disjunct. The non-emptiness requirement
can be seen as a special case of rejecting additivity :1

(ADD). If an action token α is of type T , then α is of type (T or S).

Additivity is a characteristic property of the Boolean disjunction act-connective.
Anglberger, Dong and Roy [3] argue that additivity is undesirable in a theory of
action types, since there are well-known and well-developed formal theories of
action for which it fails. These cases offer indirect support for the interpretation
of disjunctive action types in Action Type Deontic Logic. Incorporating a
criterion of relevance or availability does not result in an absurd theory of action
types; rather, such a criterion captures an interesting property of action types.

A (partial) theory of action types for which additivity fails is represented by
the deliberative stit (dstit) operator in stit semantics [3, pp. 26–27]. Stit semantics
is constructed with the aim of reasoning about agents acting in indeterministic
branching time. There are no special expressions for talking directly about actions
in stit semantics; instead, actions are implicitly represented in expressions of
the form [i stit : ϕ], meaning ‘agent i sees to it that ϕ’.2 However, some action
types can be identified by the results they bring about when some action token
instantiating them is executed [3, p. 27]. Prime examples of such action types

1The term ‘additivity’ is borrowed from Linear Logic, where a distinction between additive
and multiplicative disjunction is made.

2Many different stit operators have been proposed in the literature; some of them are
normal modal operators, as the chellas stit (cstit), and some of them are non-normal modal
operators, as the dstit. See e.g. [17, 18] for more on stit semantics.
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are achievements, such as ‘winning’ or ‘breaking’. One cannot execute an action
of the ‘breaking’ type without bringing about a state of affairs where something
has been broken. An agent executing some action of the ‘breaking’ type can
thus be represented by the formula [i dstit : p], where p expresses that something
is broken. The dstit operator is a non-normal modal operator, and the formula
[i dstit : p]→ [i dstit : p ∨ q] is not valid. This shows that additivity fails for the
(partial) theory of action types based on the dstit operator.

Another example comes from game and decision theory [3, pp. 27–28]. Given
that α and β are two available actions (action tokens), a mixed action T over
the set containing α and β consists in doing α with probability p and β with
probability 1−p. A mixed action is non-trivial over a set if non-zero probabilities
are assigned to each member of the set. Non-trivial mixed actions require that
each action token of the mixed action is available, and the agent must be able to
randomise between them. These requirements seem much like Bentzen’s criteria
of availability or relevance. In some games, non-trivial mixed actions in the form
of mixed strategies are important in proving the existence of Nash equilibria [3,
p. 28]. Hence, non-trivial mixings represent another kind of disjunctive action
type for which additivity fails. Even though some agent has an action token of
type T available, it does not follow that the agent has available some instance
of a non-trivial mixing between T and S. For example, the agent might not be
able to randomise, or there might not be any action token of type S available.

An interesting point is that the action language in Action Type Deontic Logic
has the expressibility of a full Boolean theory of action types as discussed in
Section 1.2. The Boolean disjunctive act-connective can be defined from negation

and conjunction of action type terms: the definition T ∪S def
= ∼(∼T ∩∼S) results

in the interpretation V ((T ∪S)) = V (T )∪V (S). Hence, in Action Type Deontic
Logic, there are (at least implicitly) two distinct notions of action type disjunction.
This could result in conceptual confusion, unless satisfactory interpretations of
the two distinct disjunctive act-connectives are presented. One such explanation
is offered by Meyer [25] (see also [37] and the discussion in [38, p. 470]). Meyer’s
logic features two disjunctive act-connectives: + and ⊕. An expression of the
form T + S is essentially analogous to the Boolean interpretation of disjunctive
action types in the present framework, and it expresses an external choice
between T and S, meaning that the choice is made by the agent’s environment.
An expression of the form T ⊕ S, on the other hand, represents an internal
choice: a choice made by the agent. With this distinction in place, Meyer obtains
the free choice principle: P (T ⊕ S)→ P (T ) ∧ P (S).3 However, it is not clear
whether the two notions of action type disjunction in Action Type Deontic Logic
fit into a similar explanation based on internal and external choices.

2.3.2 The ideal agent assumption

The main idealising assumption of Action Type Deontic Logic is that the
agent always chooses to perform an acceptable action token [6, p. 406]. This
is manifested in the fact that there are only acceptable action tokens in the

3Actually, Meyer’s account validates the biconditional P (T ⊕ S)↔ P (T ) ∧ P (S), which is
a stronger version of the free choice principle. It should also be noted that Meyer’s account
cannot handle cases where other act-connectives take scope over ⊕-terms, and it is not clear
how the semantics could be generalised in order to account for permission sentences such as
P (T ∩ (S ⊕R)).
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semantics. Accordingly, I call this assumption the ideal agent assumption. The
ideal agent assumption rules out the possibility of norm-violations. A norm-
violation occurs when an agent does something contrary to what is prescribed
by the norms, i.e. when an agent performs some action of a forbidden (i.e. a
non-permitted) action type. This is only possible if there are non-acceptable
action tokens in the semantics. Bentzen motivates the choice to model only ideal
behaviour as follows:

Presumably, the agent also has available a set of actions which are not
acceptable, but since we are only concerned with idealized deontic
reasoning here, we have no need to model these non-ideal actions. [6,
p. 407, n. 3]

However, modelling ideal agents has been looked upon with suspicion in the
literature. For example, Segerberg notes that when there are only acceptable
action tokens, “there is no need for deontic logic.” [31, p. 277]. In Segerberg’s
logic, if there are only acceptable action tokens available, every action type is
permitted. In Action Type Deontic Logic, on the other hand, forbidden action
types are interpreted as the empty set. There may still be forbidden action types,
even though there is no possibility of norm-violation. Hence, Segerberg’s claim
that deontic logic becomes irrelevant when only ideal agents are modelled does
not obviously affect Action Type Deontic Logic. The logic can still be used for
evaluation of legal or moral arguments, or as a part of an artificial agent’s (for
example an ethical robot’s) own reasoning capacities. However, the logic must
be extended if norm-violations are to be modelled.

Norm-violations are central to many instances of normative reasoning, as
well as an important feature of some applications of deontic logic. The most
well-known example of normative reasoning where norm-violations are present is
contrary-to-duty obligation [8, 28]. Contrary-to-duty obligations are obligations
which come in force when some other obligation is violated, and it is thus
important to be able to model norm-violations. An example of an area of
application where the possibility of norm-violation plays a crucial role is the
modelling of multi-agent systems. Deontic logic has proven to be a useful tool
when modelling systems where agents act and interact in situations governed by
norms [32]. Carmo and Jones argue that the possibility of norm-violation is of
uttermost importance in this field:

If agents can always be assumed to behave in conformity to norm,
the normative dimension ceases to be of interest: the actual does not
depart from the ideal, so nothing is lost by merely describing what
agents in fact do. [8, p. 265]

Similar arguments are put forth by Parent, who states that

... it would be a mistake to assume that agents always behave as
they should. Thus, the possibility of norm violation must be kept
open. [27, p. 297]

If agents always behave as they should, there is no need for regulating them –
the normative dimension collapses into a descriptive representation of how things
are, rather than how things ought to be.

These remarks need not be seen as criticism of Action Type Deontic Logic –
in general, it seems to be a good idea to start off by constructing a simple core
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logic, which can then be extended in certain directions depending on the area of
application. When an adequate core logic has been developed, the logic could
be extended in order to account for norm-violations. However, there are some
inherent problems in Action Type Deontic Logic which can be traced back to
the ideal agent assumption.

One problem is that every forbidden action is identical to any other forbidden
action. Assuming that it is forbidden to kill and to steal, the ‘killing’ action type
is identical to the ‘stealing’ action type; both these action types are interpreted
as the empty set in the semantics. This effectively rules out reasoning about
relations between forbidden action types. For example, if it is forbidden to
steal, one can (arguably) infer that it is forbidden to steal Xena’s bicycle. A
reasonable explanation of this inference is that every way to steal Xena’s bicycle
is also a way to steal in general – in the present framework, every action token
of the ‘stealing Xena’s bicycle’ type is a an action token of the ‘stealing’ type.
This kind of explanation is not possible in Action Type Deontic Logic. Every
forbidden action type is also identical to every impossible action type; that is, if
the ‘killing’ action type is forbidden, then the ‘killing’ action type is identical to,
for example, the ‘going to the beach and not going to the beach’ action type.

A much more pressing issue is that the validity of the free choice principle
seem accidental, since it only holds under the ideal agent assumption. When
non-acceptable action tokens are incorporated in the semantics, the free choice
principle is no longer valid. Suppose, for example, that there is some action token
(acceptable or not) of type T , and that there is some action token (acceptable or
not) of type S. Then, there is some action token of type T ]S (since neither V (T )
nor V (S) equal ∅). However, if one of the action tokens of type T is acceptable
but all of the action tokens of type S are non-acceptable, T ]S is permitted, but
S is not. Hence, as soon as non-acceptable action tokens are introduced, the free
choice principle fails to be valid. The particular formalisation of relevance or
availability criteria is not sufficient for validating the free choice principle when
the ideal agent assumption is given up. There is no straight-forward explanation
of how and why the rejection of additivity or the incorporation of relevance or
availability criteria are relevant to the validity of the free choice principle, apart
from the validity in the limit case when there are only acceptable action tokens
available.4 The upshot is that the particular formalisation of the criterion of
relevance or availability governing disjunctive permissions seems to be too crude
to account for the possibility of norm-violation.

4This point does not apply to systems of OR-permission; as shown in [3], additivity is the
culprit for the validity of the free choice principle in such systems.



3. Accounting for norm-violations

This chapter is devoted to developing an alternative formal semantics allowing for
the agent to have non-acceptable action tokens available. The semantics I propose
keeps the possibility of norm-violation open, while many of the characteristic
features of Action Type Deontic Logic remain. In particular, the free choice
principle and the principle of conjunction exploitation are valid, while Ross’
principle and the principle of conjunction introduction are avoided. Although
the account to be presented is not a conservative extension of Action Type
Deontic Logic, the underlying ideas are similar in spirit. In particular, the
semantics developed in this chapter can be seen as an alternative formalisation
of Bentzen’s idea that a criterion of availability or relevance governs disjunctive
permissions. The semantics is intended as a basis for further extensions, and I will
not explicitly model any cases of norm-violation. This would require considering
extensions, for example by introducing dyadic deontic operators for expressing
conditional permission and obligation. The introduction of non-acceptable action
tokens is an important step towards making such extensions possible. I return
to this question briefly in the concluding chapter.

The basic idea behind the semantics is based on Simons’ work on free choice
permissions [33]. In Simons’ semantics, instead of being a property of the single
sentence (ϕ or ψ), free choice permission is a property of the set containing
the two sentences ϕ and ψ. Disjunction functions as a set formation operator,
introducing a set containing the propositions denoted by each disjunct, and
disjunctive permissions are interpreted with reference to such a set of propositions.
Congenial approaches are found in the works of Kratzer and Shimoyama [20] and
Aloni [1]. Other similar ideas are proposed by Hansson [14, p. 208], although he
does not develop the idea further, and Makinson [22], whose ‘checklist’ approach
to disjunctive permissions represents one way to interpret a set of propositions.

3.1 Simons on disjunctive permissions

In the standard modal deontic framework, for every possible world w there is
a subset of all possible worlds, consisting of those worlds which are deontically
accessible (or ideal) from the point of view of w. The standard modal truth
conditions for permission sentences are stated as follows (I have left out any
reference to specific models in order to increase readability):

• May(ϕ) is true at w iff there is a w′ ∈ d(w) such that w′ ∈ ‖ϕ‖.

Here, d(w) is the set of deontically accessible worlds from the point of view of
w, and ‖ϕ‖ denotes the proposition expressed by ϕ, i.e. the set of worlds in

Nygren, 2016. 25
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which ϕ is true. Without loss of generality, the standard truth conditions can
be modified in the following way [33, p. 275]:

• May(ϕ) is true at w iff there is X ⊆ d(w) such that X 6= ∅ and X ⊆ ‖ϕ‖.

On Simons’ proposal, ‘or’ functions as set formation operator, introducing
a set of alternative propositions. Disjunctive permissions are interpreted as
denoting sets of propositions, rather than single propositions (see also Aloni [1]
and Kratzer and Shimoyama [20]). In order to account for the free choice phe-
nomena, the truth conditions are supplemented with a distribution requirement
that guarantees that for every proposition in the set of propositions denoted
by the disjunctive permission sentence, there is some world where that proposi-
tion is true.1 As an illustration of the basic idea, consider the sentence ‘Xena
may sing or dance’. On Simons’ account, ‘or’ introduces a set containing the
proposition denoted by ‘Xena sings’ (i.e. the set of ‘Xena sings’-worlds) and the
proposition denoted by ‘Xena dances’ (the set of ‘Xena dances’-worlds). The
‘may’ is then interpreted as an operator which divides up some subset of the
deontically accessible worlds between the set of ‘Xena sings’-worlds and the set
of ‘Xena dances’-worlds. In terms of truth conditions, a sentence May(ϕ or ψ)
has truth conditions of the following general form [33, p. 275]:

• May(ϕ or ψ) is true at w iff there is X ⊆ d(w) such that X 6= ∅ and X is
divided up into ϕ-worlds and ψ-worlds.

Now, the notion of ‘dividing up’ must be made precise. There are two standard
tools for dividing up a given set: partitions and covers. Requiring May(ϕ or ψ)
to be true if and only if there is a subset X ⊆ d(w) which can be partitioned
into ϕ-worlds and ψ-worlds causes there to be no intersection between ϕ-worlds
and ψ-worlds. This is clearly too strong, since a sentence May(ϕ or ψ) does
not on its own exclude the possibility that ϕ and ψ are permitted together. In
addition, both the notion of a partition and that of a cover requires that every
element of the partition or cover of X ⊆ d(w) is a subset of X. Hence, if the
notion of a partition or that of a cover is used to divide up a set X ⊆ d(w) of
deontically possible worlds between the ϕ-worlds and the ψ-worlds, it would
follow that every ϕ-world and every ψ-world are in d(w) – this is clearly too
strong.2 Instead, Simons proposes the notion of a supercover [33, p. 276].

Definition 3.1.1. Let A be a set. A non-empty set of sets S is a supercover of
A if and only if:

1. every member of S contains some member of A;

2. every member of A belongs to some member of S.

The notion of a supercover satisfies some desirable properties. A supercover
of a given set A divides up the members of A into possibly overlapping categories.
The definition also guarantees that the empty set is not a member of a supercover
and that the set of which there is a supercover is non-empty. While the union of

1On Simons’ account, this distribution requirement is incorporated in the semantics; Kratzer
and Shimoyama, on the other hand, treat the distribution requirement as a pragmatic add-on.

2Compare with the open reading of permission discussed in Section 1.2. Similar arguments
may be used to argue that both covers and partitions are too strong.
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a partition or a cover of a set A is equal to A itself, the union of a supercover S
of a set A is a superset of A:

⋃
S ⊇ A.

The truth conditions for May(ϕ or ψ) sentences can now be stated as fol-
lows [33, p. 276]:

• May(ϕ or ψ) is true at w iff there is X ⊆ d(w) such that {‖ϕ‖, ‖ψ‖} is a
supercover of X.

This semantic clause guarantees that there are deontically accessible worlds
in both ‖ϕ‖ and ‖ψ‖; hence, if May(ϕ or ψ) is true, then May(ϕ) is true and
May(ψ) is true. Simons’ idea thus offers an explanation of free choice phenomena.

In the following section, I will incorporate aspects of Simons’ semantics in the
framework of action types and action tokens. The main motivation for this move
is to keep the virtues of Action Type Deontic Logic; in particular, I want to keep
Bentzen’s idea of attaching a criterion of relevance or availability to disjunctive
permissions. Note that there is a similarity between Action Type Deontic Logic
and Simons’ semantics: in Action Type Deontic Logic, that (T ] S) is permitted
entails that T is permitted and that S is permitted; in Simons’ semantics, that
(ϕ or ψ) is permitted entails that ϕ is permitted and that ψ is permitted. An
aspect of this similarity is formally captured in the following result.

Theorem 3.1.1. Let M be a deontic action model. Then,

• M � may[T ]S] iff there is X ⊆ G such that {V (T ), V (S)} is a supercover
of X.

Proof. ‘⇒’. Suppose that M � may[T ] S]. Then, by definition, there is some
α ∈ G such that α ∈ V (T ] S) = V (T ) ] V (S). This implies that either (1)
α ∈ V (T ) and there is β ∈ G such that β ∈ V (S), or (2) α ∈ V (S) and there is
δ ∈ G such that δ ∈ V (T ).

Consider (1) first. Let X = {α, β}. Of course, X ⊆ G. Now, it must be
shown that Y = {V (T ), V (S)} is a supercover of X. This is easy, since every
element of Y contains some element of X, and every element in X belongs to
some element of Y . The case for (2) is analogous; just let X = {α, δ} and show
that {V (T ), V (S)} is a supercover of X. It follows that there is an X ⊆ G such
that {V (T ), V (S)} is a supercover of X.

‘⇐’. Suppose that there is X ⊆ G such that {V (T ), V (S)} is a supercover
of X. From this, it follows that there is some x ∈ X such that x ∈ V (T ) and
there is some x′ ∈ X such that x′ ∈ V (S). This entails that V (T ) 6= ∅ and
V (S) 6= ∅, so V (T ) ] V (S) = V (T ] S) 6= ∅. It follows that there is α ∈ G such
that α ∈ V (T ] S); consequently, M � may[T ] S].

3.2 Logic

In this section, I will introduce a semantically characterised deontic logic for
action types. I will introduce an interpretation of action type terms which treats
them as sets of sets of action tokens, similar to the interpretation of propositional
sentences as sets of propositions in Simons’ semantics. The notion of a supercover
will play a crucial role in the interpretation of permission operators. Since I have
almost exclusively focused my discussions to interpretations of permission, I will
only include an operator for permission in the logic.
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3.2.1 Syntax

The language is generated from the following symbols:

• a countable set BT = {T1, T2, ...} of basic action type terms;

• negation, conjunction, and disjunction act-connectives ∼,∩,∪;

• the deontic operator may;

• propositional connectives ¬,∧,∨,→,↔;

• parentheses ) and (, square brackets ] and [.

Well-formed action type terms (hereafter referred to as action type terms) are
defined as follows.

Definition 3.2.1. The set of well-formed action type terms ACT is the smallest
set such that:

• for all Ti ∈ BT , Ti ∈ ACT ;

• if T, S ∈ ACT , then ∼T , (T ∩ S), (T ∪ S) ∈ ACT .

Well-formed formulas (hereafter referred to simply as formulas) are defined
as follows.

Definition 3.2.2. The set of well-formed formulas WFF is the smallest set
such that:

• if T ∈ ACT , then may[T ] ∈WFF ;

• if ϕ,ψ ∈WFF , then ¬ϕ, (ϕ ∧ ψ), (ϕ ∨ ψ), (ϕ→ ψ), (ϕ↔ ψ) ∈WFF .

3.2.2 Semantics

In order to account for the possibility of norm-violation – and thus giving up the
ideal agent assumption – I will use a generalisation of the deontic action models
used for Action Type Deontic Logic.

Definition 3.2.3. A general deontic action model M is a structure 〈W,G, V 〉
such that W is a non-empty set, G ⊆ W is a non-empty subset of W , and
V : BT → P(W ) is a function assigning a subset of W to every basic action
type term.

W represents the set of available action tokens in the situation, and G
represents the set of available normatively acceptable action tokens in the
situation. It is required that G is non-empty, which amounts to the agent always
having the option of executing an acceptable action token. Models where G is a
proper subset of W allow for norm violations – in these models, the agent has
some non-acceptable action token available. The deontic action models of Action
Type Deontic Logic – minus the function for interpreting atomic proposition
symbols – can be seen as a special case of general deontic action models, where
W = G.
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Action sets

A sentence of the form may[T ] is evaluated with reference to a set of sets of
action tokens associated with the action type T . I will refer to this set as the
action set associated with T . Roughly put, the idea is that every disjunctive
action type term is associated with an action set containing the action types
denoted by each disjunct. Action sets are recursively defined so that every action
type term is associated with exactly one action set, ultimately depending on
the interpretations of the basic action type terms occurring in the action type
term. Interpreting the action set for any action type term requires some special
machinery, and I will make use of the notion of the pairwise intersection of sets
of sets.

Definition 3.2.4. Let X and Y be sets of sets. The pairwise intersection of X
and Y , denoted X e Y , is defined as:

X e Y = {x ∩ y : x ∈ X and y ∈ Y }.

The definition of an action set runs as follows.

Definition 3.2.5. The action set associated with an action type term T ∈ ACT
in a model M = 〈W,G, V 〉, denoted ‖T‖M , is recursively defined as follows.
Where Ti ∈ BT :

‖Ti‖M = {V (Ti)};
‖(T ∩ S)‖M = ‖T‖M e ‖S‖M ;

‖(T ∪ S)‖M = ‖T‖M ∪ ‖S‖M ;

‖∼Ti‖M = {W \ V (Ti)};
‖∼(T ∩ S)‖M = ‖∼T‖M ∪ ‖∼S‖M ;

‖∼(T ∪ S)‖M = ‖∼T‖M e ‖∼S‖M ;

‖∼∼T‖M = ‖T‖M .

Whenever the model M in which an action set ‖T‖M is defined is clear from
the context, I will omit the reference to M and write ‖T‖ instead of ‖T‖M .
This kind of interpretation is familiar from inquisitive semantics [9] (see also [23,
p. 97]), and formalises the idea that disjunctive action expressions are associated
with sets of action types. The interpretation of an action set is related to the
Boolean theory of action types. Suppose that the evaluation function V is
extended to ACT in accordance with the Boolean theory of action types as
discussed in Section 1.2. The following result holds by standard set-theoretical
principles.

Lemma 3.2.1. Let V be an evaluation function for basic action type terms
extended in accordance with the Boolean theory of action types, and let T ∈ ACT .
Then V (T ) =

⋃ ‖T‖.
Proof. The proof is by structural induction over the construction of action type
terms. It holds that V (Ti) =

⋃ ‖Ti‖ for any Ti ∈ BT ; this fact serves as the
induction base. The induction step consists in considering cases for all the
possible forms of a complex action type term T ∈ ACT . Here, I consider only
two such cases; the rest of them are similar.
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• T = S ∪R. Assume that V (S) =
⋃ ‖S‖ and V (R) =

⋃ ‖R‖. Then

V (S ∪R) = V (S) ∪ V (R)

=
⋃
‖S‖ ∪

⋃
‖R‖

=
⋃

(‖S‖ ∪ ‖R‖)

=
⋃
‖S ∪R‖.

• T = ∼(S ∪ R). Assume that V (∼S) =
⋃ ‖∼S‖ and V (∼R) =

⋃ ‖∼R‖.
Then

V (∼(S ∪R)) = V (∼S ∩ ∼R)

= V (∼S) ∩ V (∼R)

=
⋃
‖∼S‖ ∩

⋃
‖∼R‖

=
⋃

(‖∼S‖ e ‖∼R‖)

=
⋃
‖∼(S ∪R)‖.

Evaluation of formulas

The truth of a formula ϕ in a model M , abbreviated M � ϕ, is defined as follows.

Definition 3.2.6. Where M is a general deontic action model, T ∈ ACT , and
ϕ,ψ are any formulas:

• M � may[T ] iff ‖T‖M is a supercover of some X ⊆ G;

• M � ¬ϕ iff M 2 ϕ;

• M � ϕ ∧ ψ iff M � ϕ and M � ψ.

Truth conditions for the other propositional connectives are defined as usual.

Definition 3.2.7. A formula is satisfiable if it is true in some model. A formula
is valid if it is true in all models. A set of formulas Σ is true in a model (denoted
M � Σ) if M � ψ for all ψ ∈ Σ. A set of formulas Σ is satisfiable if Σ is true
in some model. A formula ϕ is a logical consequence of a set of formulas Σ
(denoted Σ � ϕ) if, for any M , if M � Σ, then M � ϕ.

3.2.3 Some logical considerations

The proposed semantics validates many desirable properties, while many unde-
sirable properties are non-valid. Many of the characteristic features of Action
Type Deontic Logic hold in the present semantics, in particular the validity of
the principles of free choice and conjunction exploitation, and the non-validity
of Ross’ principle and the principle of conjunction introduction.

The following lemma highlights some interesting properties of supercovers
used in the proofs of the following theorem.
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Lemma 3.2.2. Let S and S′ be non-empty sets of sets. Then the following hold.

1. If S is a supercover of X and S′ is a supercover of X ′, then S ∪ S′ is a
supercover of X ∪X ′.

2. If S ∪ S′ is a supercover of X, then there are X ′, X ′′ ⊆ X such that S is a
supercover of X ′ and S′ is a supercover of X ′′.

3. If S e S′ is a supercover of X, then S and S′ are both supercovers of X.

Proof. 1. Assume that S is a supercover of X and S′ is a supercover of X ′.
Then, every member of S ∪ S′ contains either some member of X or some
member of X ′, so every member of S∪S′ contains some member of X ∪X ′.
Second, every member of X ∪X ′ belongs to some member of S or some
member of S′, so every member of X ∪ X ′ belongs to some member of
S ∪ S′. Hence, S ∪ S′ is a supercover of X ∪X ′.

2. Assume that S∪S′ is a supercover of X. It is shown that S is a supercover
of X ∩⋃S and S′ is a supercover of X ∩⋃S′. Let X ′ = X ∩⋃S. Then,
X ′ ⊆ X and every member of X ′ belongs to some member of S. It remains
to show that every member of S contains some member of X ′. Suppose
not: then there is some x ∈ S such that x ∩X ′ = ∅. But by the definition
of X ′, it follows that x = ∅, which contradicts the assumption that S ∪ S′
is a supercover of X. Hence, S is a supercover of X ′. The case for X ′′ and
S′ is analogous.

3. Assume that S e S′ is a supercover of X. Then, every member of S e S′ =
{x∩y : x ∈ S and y ∈ S′} contains some member of X, and every member
of X belongs to some member of S e S′. First, it is shown that every
member of S contains some member of X. Suppose not: then there is some
x ∈ S such that x ∩X = ∅. But then it holds that (x ∩ y) ∩X = ∅ for
any y, which contradicts the initial assumption. Since

⋃
(S e S′) ⊆ ⋃S,

it follows that every member X belongs to some member of S. It follows
that S is a supercover of X. By analogous reasoning, it holds that S′ is a
supercover of X.

With this result in place, a couple of validities of the semantics can be shown
to hold.

Theorem 3.2.1. 1. � may[T ∪ S]→ may[T ] ∧ may[S];

2. � may[T ] ∧ may[S]→ may[T ∪ S];

3. � may[T ∩ S]→ may[T ] ∧ may[S];

4. � may[T ∩ (S ∪R)]→ may[T ∩ S] ∧ may[T ∩R].

Proof. 1. Assume that M � may[T ∪ S] for some arbitrary model M . Then,
there is some X ⊆ G such that ‖T ∪ S‖ is a supercover of X. Since
‖T ∪ S‖ = ‖T‖ ∪ ‖S‖, it follows by Lemma 3.2.2 that there are X ′, X ′′ ⊆
X ⊆ G such that ‖T‖ is a supercover of X ′ and ‖S‖ is a supercover of X ′′;
hence M � may[T ] and M � may[S].
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2. Assume that M � may[T ] ∧ may[S] for some arbitrary model M . Then,
there are X,X ′ ⊆ G such that ‖T‖ is a supercover of X, and ‖S‖ is a
supercover of X ′. It follows by Lemma 3.2.2 that ‖T‖ ∪ ‖S‖ = ‖T ∪ S‖ is
a supercover of X ∪X ′. Since X ∪X ′ ⊆ G, it follows that M � may[T ∪S].

3. Assume that M � may[T ∩ S] for some arbitrary model M . Then, there
is some X ⊆ G such that ‖T ∩ S‖ is a supercover of X. Since ‖T ∩ S‖ =
‖T‖e‖S‖, it follows by Lemma 3.2.2 that ‖T‖ and ‖S‖ are both supercovers
of X, so M � may[T ] and M � may[S].

4. Assume that M � may[T ∩ (S ∪ R)] for some arbitrary model M . Then,
there is some X ⊆ G such that ‖T ∩ (S ∪ R)‖ is a supercover of X.
Since ‖T ∩ (S ∪ R)‖ = ‖T‖ e (‖S‖ ∪ ‖R‖) = (‖T‖ e ‖S‖) ∪ (‖T‖ e ‖R‖),
it follows by Lemma 3.2.2 that there are X ′, X ′′ ⊆ X ⊆ G such that
‖T‖ e ‖S‖ = ‖T ∩ S‖ is a supercover of X ′ and ‖T‖ e ‖R‖ = ‖T ∩R‖ is a
supercover of X ′′. Hence, M � may[T ∩ S] and M � may[T ∩R].

Theorem 3.2.2. 1. 2 may[T ]→ may[T ∪ S];

2. 2 may[T ] ∧ may[S]→ may[T ∩ S];

3. 2 may[T ∪ ∼T ]→ may[S].

Proof. The theorem is proved by a countermodel to the formulas. Let M =
〈W,G, V 〉 be a model satisfying the following conditions: W = {a1, a2, a3},
G = {a1, a3}, V (T1) = {a1}, V (T2) = {a2}, and V (T3) = {a3}. In this model,
‖T1‖ = {{a1}}, ‖T2‖ = {{a2}} and ‖T3‖ = {{a3}}.

1. ‖T1‖ is a supercover of {a1} ⊆ G, so M � may[T1], but there is no X ⊆ G
such that ‖T1 ∪ T2‖ = ‖T1‖ ∪ ‖T2‖ = {{a1}, {a2}} is a supercover of X, so
M 2 may[T1 ∪ T2].

2. Again, M � may[T1]. ‖T3‖ is a supercover of {a3} ⊆ G, so M � may[T3].
But ‖T1 ∩T3‖ = ‖T1‖e ‖T3‖ = {{a1}}e {{a3}} = {∅}, so ‖T1 ∩T3‖ is not
a supercover of any subset of G; hence, M 2 may[T1 ∩ T3].

3. ‖T1 ∪ ∼T1‖ = ‖T1‖ ∪ ‖∼T1‖ = {{a1}, {a2, a3}} is a supercover of G ⊆ G,
so M � may[T1 ∪∼T1]. But there is no X ⊆ G such that ‖T2‖ = {{a2}} is
a supercover of X, so M 2 may[T2].

3.3 Discussion

As shown in Theorems 3.2.1 and 3.2.2, my semantics gets the desirable combi-
nation of validities and non-validities right. Unlike Action Type Deontic Logic,
the semantics presented here allows for the possibility of norm-violation. In the
present framework, norm-violations are possible only if the agent has at least
one non-acceptable action token available. This possibility is accounted for in
the general deontic action models considered in this chapter. There are, however,
several questions requiring further discussion.
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3.3.1 Comparison with Action Type Deontic Logic

The semantics presented in this chapter is not a a conservative extension of Action
Type Deontic Logic. Rather, it should be seen as an alternative formalisation
of Bentzen’s idea of a criterion of availability or relevance. A formal similarity
between the account presented here and Action Type Deontic Logic is established
in Theorem 3.1.1. Theorems 3.2.1 and 3.2.2 establish a connection on the level
of valid and non-valid formulas: many of the characteristic properties of Action
Type Deontic Logic also hold in the semantics in this chapter. There are, however,
also several differences between the two accounts.

One point worth highlighting is that Bentzen’s logic contains a principle
stating that for any action type T , either T or its negation is permitted. In
a general deontic action model M satisfying the conditions W = {α1, α2},
G = {α1}, V (T1) = {α1} and V (T2) = {α2}, it holds that

M � ¬(may[T1 ∪ T2] ∨ may[∼(T1 ∪ T2)]).

This shows that, in the present semantics,

2 may[T ] ∨ may[∼T ].

The reason for this result is the special interpretation of disjunctive action type
terms: it is possible that the agent is both forbidden (not permitted) to choose
freely between executing an action of type T or executing an action of type S,
and forbidden to execute an action of type ∼(T ∪ S).

In the semantics presented here,

� may[T ∩ (S ∪R)]→ may[T ∩ S] ∧ may[T ∩R]

hold (see Theorem 3.2.1). In Action Type Deontic Logic, the corresponding
formulas of the form

may[T ∩ (S ]R)]→ may[T ∩ S] ∧ may[T ∩R],

are not valid. Consider the following inference, where ‘and’ in the first sentence
takes scope over ‘or’:

You may sit on the sofa and read a book or watch TV. Therefore,
you may sit on the sofa and read a book, and you may sit on the
sofa and watch TV.

This inference is, I think, intuitively valid. If an occurrence of ‘or’ within the
scope of a permission concept is understood as a free choice permission, then it is
natural to think that the conjunction of some action type T with the disjunction
of some other action types S and R being permitted entails that T is permitted
in combination with the free choice between S and R. In general, it seems that
free choice effects are not cancelled when a free choice ‘or’ is embedded within
a conjunction. This is a point that I think have received less attention than it
deserves – for example, it is not addressed by Bentzen [6], and in Meyer’s [25]
semantics, it is not even possible to express an internal choice embedded within
other act-connectives.
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3.3.2 Obligation

A serious limitation is that I have only considered the concept of permission,
and ignored other deontic concepts such as obligation and prohibition. Following
Simons [33, p. 277], a concept of obligation can be characterised by the following
truth conditions.

• M � must[T ] iff ‖T‖M is a supercover of G.3

This construction avoids Ross’ paradox in terms of obligation: must[T ] →
must[T ∪ S] is not valid. It also validates must[T ∪ S]→ may[T ] ∧ may[S], and
non-validates must[T ∪ S] → must[T ] ∨ must[S]. These results agree with the
validity and non-validity of the corresponding formulas in Action Type Deontic
Logic. The suggested truth conditions for must-sentences also rule out the
possibility of conflicting norms. Suppose that, for some arbitrary model M ,
M � must[T ] and M � must[∼T ]. Then, both ‖T‖ and ‖∼T‖ are supercovers of
G. This implies that G ⊆ ⋃ ‖T‖ and G ⊆ ⋃ ‖∼T‖. However, by Lemma 3.2.1,
G ⊆ ⋃ ‖T‖ and G ⊆W \⋃ ‖T‖, which implies that G = ∅. This contradicts the
definition of the model M , which states that G 6= ∅. Hence, it holds that

� ¬(must[T ] ∧ must[∼T ]).

On the other hand, must and may fail to be duals on this account. To see this,
consider a model satisfying the following conditions: W = {α1, α2}, G = {α1},
V (T1) = {α1} and V (T2) = {α2}. In this model, ‖T1 ∪ T2‖ = {{α1}, {α2}} and
‖∼(T1 ∪ T2)‖ = {∅}, so M � ¬may[∼(T1 ∪ T2)] and M � ¬must[T1 ∪ T2]. Hence,

2 ¬may[∼T ]↔ must[T ]

holds. This is a point which is potentially problematic – Bentzen notes that the
duality of permission and obligation seems to be quite natural, and results in
intuitively valid equivalences [6, p. 401]. However, it is a natural consequence of
interpreting permission based on the notion of an action set.

3.3.3 Action sets and disjunctive action types

While the introduction of action sets enables a neat formal framework and
provides solutions to many problems, one might be worried about the lack of
philosophical justification. An indirect justification for introducing action sets
consists in noticing the problems for the single sentence interpretation of free
choice permission. Hansson argues that the single sentence interpretation of
free choice permission “may be faulty in itself” [14, p. 208] and “free choice
permission should be represented as a property of the action-describing sentences
... rather than a property of the disjunction of these sentences” [14, p. 218]. I
agree with Hansson that an accurate representation of free choice phenomena

3It might also be of interest to observe that the truth conditions for may and must, as
proposed above, could be unified by interpreting the deontic concepts as denoting sets of sets
of action tokens (see [33, p. 277, n. 10]). Let dmay = P(G) and dmust = {G}. Then, truth
conditions for may- and must-sentences can be stated as follows:

– M � may[T ] iff there is X ∈ dmay such that ‖T‖M is a supercover of X;

– M � must[T ] iff there is X ∈ dmust such that ‖T‖M is a supercover of X.
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must go beyond the single sentence interpretation of action type disjunction.
The introduction of action sets represents one way to do this.

There are also many different views on how to conceive of disjunctive action
types. According to the Boolean theory of action types, disjunctive action types
are simply reduced to the Boolean union of the disjunct action types. Although
Action Type Deontic Logic tries to move away from this particular interpretation
of disjunctive action type terms, the idea of reducing disjunctive action types to
(non-Boolean) disjunctions of types remains. Contrary to this view, Tuomela
holds that “there are no disjunctive action types” but that “we may use ...
disjunctive action descriptions” [36, p. 94]. A similar thesis may be adopted
within the present theory: there are disjunctive action type terms – that is,
expressions in the form of disjunctions used to talk about action types – but
these might not refer to action types conceived of as disjunctions of types.

I will not try to resolve this issue here. Untangling the conceptual problems
regarding disjunctive action is beyond the scope of this thesis. However, the
semantics developed in this chapter is general enough to account for different
views on disjunctive action types. In the present semantics, there might be
disjunctive action types, but they are not relevant for the interpretation of
permissions; on the other hand, the semantics allows for a view where disjunctive
action types can be discarded with – disjunctive action type terms, yes; disjunctive
action types, no.

Ultimately, I think that further formal developments in the logic of action
types should be preceded by a careful and thorough conceptual analysis of the
notion of disjunctive action types.



4. Conclusion

This thesis is about deontic logics for action types, and how different interpreta-
tions of permission and disjunctive action types handle the problems surrounding
the interaction of permission with disjunction. In particular, I analysed Bentzen’s
Action Type Deontic Logic. I proposed a semantic tableau calculus for Bentzen’s
semantics, and proved that it is sound, complete and terminating. I also argued
that the ideal agent assumption, which is central for the validity of the free choice
principle in Action Type Deontic Logic, is problematic. It limits the applicability
of the logic, and confuses the role played by the non-classical interpretation of
disjunctive action types in the analysis of free choice phenomena. I suggested a
new semantics for permission based on ideas from research in formal semantics
of natural language, and developed a new deontic logic based on a generalisation
of Action Type Deontic Logic models. The new semantics keeps the possibility
of norm-violation open, while most of the virtues of Action Type Deontic Logic
remain.

The tableau calculus defined in Section 2.2 is very similar to first-order
tableau systems. In a sense, it simulates tableau procedures for first-order logic.
As noted by Bentzen, Action Type Deontic Logic is similar to monadic first-
order logic, in that the deontic operators must and may behave like first-order
universal and existential quantifiers, respectively, and action type terms behave
as monadic predicates [6, p. 409]. This similarity is utilised by Bentzen to prove
the decidability of satisfiability of Action Type Deontic Logic formulas [6, pp. 411–
413]. The similarity could also be utilised by adopting existing first-order proof
techniques and decision procedures. One suggestion is to define a translation
from formulas of Action Type Deontic Logic into formulas of monadic first-order
logic.

The new semantics proposed in Chapter 3 is limited in a number of ways.
The most obvious limitation is the lack of operators for expressing other de-
ontic concepts such as obligation or prohibition. On the account suggested in
Section 3.3.2, permission and obligation fail to be duals; this might be seen
as a deficit, and further research is needed in this area. Another point, which
is potentially problematic, is that the semantics is sensitive to syntax, in the
sense that even though the unions of two action sets X and Y may be equal, i.e.⋃
X =

⋃
Y , it is not necessarily the case that the action type terms associated

with the action sets are interchangeable within the scope of a deontic operator.
This is a natural consequence of treating free choice as a property of sets of
alternative action types, rather than a property of single action types. Also, I did
not consider any proof techniques or decision procedures for the new semantics.
I leave these problems for further research.

Despite these limitations, the semantics I propose solves many of the problems
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surrounding the principle of free choice. The main advantage of my semantics
over Action Type Deontic Logic is that the possibility of norm-violation is kept
open. This opens up ways to handle cases and applications where norm-violations
are central, for example contrary-to-duties [8, 28]. One idea in this direction is
to introduce a notion of a settled decision, inspired by Forrester’s work on the
gentle murder paradox.

... let us consider Smith’s own meditations before committing the
crime. He says to himself: “I am going to kill Jones; that much is
settled. The only question is how. Now I don’t want to infringe any
more duties than is absolutely necessary. And as I read the law, if I
do murder Jones, I ought to do so gently. So, as a logical fellow, I
can see that I ought to murder Jones gently.” [12, p. 196]

As is clear from this quote, the question is how the murdering ought to be
carried out, given that Smith’s decision to murder Jones is settled. In the
present framework, a settled decision could be interpreted as a restriction of
the set of available action tokens; instead of considering all available action
tokens, normative sentences could be evaluated with reference to a subset of all
available action tokens, resulting in normative concepts which are conditional on
a previous decision of the agent. This is, I think, a quite natural interpretation
of conditional normative concepts. Contrary-to-duties could then be seen as
a special case of conditional obligation: when there are non-acceptable action
tokens available, a settled decision could restrict the domain of evaluation to a
set of non-acceptable action tokens only, thus giving rise to a situation where the
agent will inevitably violate a norm. There are many existing techniques in modal
logical accounts of contrary-to-duties and conditional obligation, e.g. [8, 17, 28],
which could act as starting points for further developments of this idea.

Finally, it would be interesting to integrate the two logics considered in this
thesis with logics for actions and agency, for example PDL or stit semantics (see
e.g. [7, 17, 18, 24, 38]), thus arriving at a considerably more expressive theory.
In the latter case, action tokens interpreted as outgoing branches at a particular
moment in a model for indeterministic branching time might serve as a starting
point for further research in this area [4, p. 814, n. 8].
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5. Åqvist, L., Deontic Logic, in Handbook of Philosophical Logic: Volume
2 (D. Gabbay and F. Guenthner, eds.), D. Reidel Publishing Company,
Dordrecht, pp. 605–714, 1984.

6. Bentzen, M. M., Action Type Deontic Logic, Journal of Logic, Language
and Information 23 (2014), 397–414.

7. Broersen, J., Action Negation and Alternative Reductions for Dynamic
Deontic Logic, Journal of Applied Logic 2 (2004), 153–168.

8. Carmo, J. and Jones, A. J. I., Deontic Logic and Contrary-to-Duties, in
Handbook of Philosophical Logic: Volume 8 (D. Gabbay and F. Guenthner,
eds.), Springer, Dordrecht, pp. 265–343, 2002.

9. Ciardelli, I. and Roelfsen, F., Inquisitive Logic, Journal of Philosophical
Logic 40 (2011), 55–94.

10. Davidson, D., The Logical Form of Action Sentences, in his Essays on
Actions and Events, Oxford University Press, Oxford, pp. 105–148, 1980.

11. Fitting, M., Tableau Methods of Proof for Modal Logics, Notre Dame
Journal of Formal Logic 13 (1972), 237–247.

12. Forrester, J. W., Gentle Murder, or the Adverbial Samaritan, The
Journal of Philosophy 81 (1984), 193–197.

13. Fusco, M., Factoring Disjunction Out of Deontic Modal Puzzles, in DEON
2014 (F. Cariani, D. Grossi, J. Meheus, and X. Parent, eds.), Springer,
Heidelberg, pp. 95–107, 2014.

Nygren, 2016. 38



Bibliography 39

14. Hansson, S. O., The Varieties of Permission, in Handbook of Deontic Logic
and Normative Systems (D. Gabbay, J. Horty, X. Parent, R. van der Meyden,
and L. van der Torre, eds.), College Publications, pp. 195–240, 2013.

15. Hilpinen, R., Actions in Deontic Logic, in Deontic Logic in Computer
Science: Normative System Specification (J. J. Meyer and R. J. Wierenga,
eds.), Wiley, Chichester, pp. 85–100, 1993.

16. Hilpinen, R. and McNamara, P., Deontic Logic: A Historical Survey
and Introduction, in Handbook of Deontic Logic and Normative Systems (D.
Gabbay, J. Horty, X. Parent, R. van der Meyden, and L. van der Torre,
eds.), College Publications, pp. 3–136, 2013.

17. Horty, J. F., Agency and Deontic Logic, Oxford University Press, Oxford,
2001.

18. Horty, J. F. and Belnap, N., The Deliberative Stit: A Study of Action,
Omission, Ability, and Obligation, Journal of Philosophical Logic 24 (1995),
583–644.

19. Kamp, H., Free Choice Permission, Proceedings of the Aristotelian Society
74 (1973), 57–74.

20. Kratzer, A. and Shimoyama, J., Indeterminate Pronouns: The View from
Japanese, in Proceedings of the Third Tokyo Conference on Psycholinguistics
(Y. Otsu, ed.), 2002, pp. 1–25.

21. Letz, R., First-Order Tableau Methods, in Handbook of Tableau Methods
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