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Abstract

The family of sets with the Baire property of a topological space X, i.e., sets
which differ from open sets by meager sets, has different nice properties, like being
closed under countable unions and differences. On the other hand, the family of
sets without the Baire property of X is, in general, not closed under finite unions
and intersections. This thesis focuses on the algebraic set-theoretic aspect of the
families of sets without the Baire property which are not empty. It is composed
of an introduction and five papers.

In the first paper, we prove that the family of all subsets of R of the form
(C\ M) UN, where C is a finite union of Vitali sets and M, N are meager, is
closed under finite unions. It consists of sets without the Baire property and it is
invariant under translations of R. The results are extended to the space R™ for
n > 2 and to products of R"™ with finite powers of the Sorgenfrey line.

In the second paper, we suggest a way to build a countable decomposition
{X;}2, of a topological space X which has an open subset homeomorphic to
(R™,7),n > 1, where 7 is some admissible extension of the Euclidean topology,
such that the union of each non-empty proper subfamily of {X;}$°, does not
have the Baire property in X. In the case when X is a separable metrizable
manifold of finite dimension, each element of {X;}?°; can be chosen dense and
zero-dimensional.

In the third paper, we develop a theory of semigroups of sets with respect
to the union of sets. The theory is applied to Vitali selectors of R to construct
diverse abelian semigroups of sets without the Baire property. It is shown that in
the family of such semigroups there is no element which contains all others. This
leads to a supersemigroup of sets without the Baire property which contains all
these semigroups and which is invariant under translations of R. All the considered
semigroups are enlarged by the use of meager sets, and the construction is extended
to Euclidean spaces R™ for n > 2.

In the fourth paper, we consider the family V;(Q) of all finite unions of Vitali
selectors of a topological group G having a countable dense subgroup Q. It is
shown that the collection {G\ U : U € V;(Q)} is a base for a topology 7(Q) on
G. The space (G,7(Q)) is T1, not Hausdorfl and hyperconnected. It is proved
that if @1 and Q)2 are countable dense subgroups of GG such that @1 C @2 and the
factor group Q2/Q1 is infinite (resp. finite) then 7(Q1) € 7(Q2) (resp. 7(Q1) C
7(Q2)). Nevertheless, we prove that all spaces constructed in this manner are
homeomorphic.

In the fifth paper, we investigate the relationship (inclusion or equality) be-
tween the families of sets with the Baire property for different topologies on the
same underlying set. We also present some applications of the local function de-
fined by the Euclidean topology on R and the ideal of meager sets there.






Popularvetenskaplig sammanfattning

Den familj av méngder som har Baire-egenskapen i ett topologiskt rum X, det
vill siga mangder som &ar differensen mellan en Sppen och en mager mangd, &ar
som bekant en o-algebra. Daremot &r familjen av méngder som inte har Baire-
egenskapen i X i allménhet inte sluten under nadgon av de vanliga méangdoperatio-
nerna. Denna avhandling, bestdende av en inledning och fem artiklar, handlar om
de algebraiskt méngdteoretiska aspekterna hos familjen av méngder som inte har
Baire-egenskapen.

I den forsta artikeln visar vi att familjen av delméngder av rummet R av formen
(C\M)UN, dér C éar en éndlig union av Vitali-mangder och M och N &r magra, ar
sluten under dndliga unioner. Familjen bestar av méngder utan Baire-egenskapen
och den ar invariant under translationer. Vi utvidgar ocksa dessa resultat till rum
som &r dndliga produkter av R och Sorgenfrey-linjen.

I den andra artikeln konstruerar vi, for ett topologiskt rum X som har en
6ppen delméngd homeomorf med (R™, 1), dir 7 &r en tilliten utvidgning av den
euklidiska topologin, en uppriknelig uppdelning {X;}5°, av X sadan att unionen
av varje icketom &kta delfamilj inte har Baire-egenskapen i X. Om X &r en dndlig-
dimensionell, separabel och metriserbar mangfald s& kan varje X; véljas att vara
tat och nolldimensionell.

I den tredje artikeln utvecklar vi en teori for semigrupper av méngder, med
union som gruppoperation, och tillimpar denna teori pa Vitali-selektorer i R for
att konstruera olika semigrupper av mangder som inte har Baire-egenskapen. Vi
konstruerar sedan en semigrupp av mangder som innehaller alla dessa semigrup-
per och som bestar av méngder utan Baire-egenskapen och &r invariant under
translationer. Semigrupperna kan utvidgas med hjilp av magra méangder, och vi
generaliserar resultaten till rummet R™.

I den fjarde artikeln betraktar vi familjen V;(Q) bestédende av dndliga unioner
av Vitali-selektorer i en topologisk grupp G med en uppréknelig tiat delgrupp Q.
Vi visar att {G\ U : U € V1(Q)} ér en bas for en topologi 7(Q) pa G. Rummet
(G, 7(Q)) ar Ty och hypersammanhéingande men inte Hausdorff. Vi visar ocksa
att om @1 och @ &r upprikneliga téta delgrupper av G sadana att Q1 C @2 och
kvotgruppen Q2/Q1 #r odndlig (respektive &ndlig) s& géller att 7(Q1) ¢ 7(Q2)
(respektive 7(Q1) C 7(Q2)). Vi visar dock att alla topologiska rum konstruerade
pa detta sétt d&r homeomorfa.

I den femte artikeln undersdker vi relationen mellan familjerna av méngder
med Baire-egenskapen for olika topologier pa samma underliggande méngd. Vi
ger ocksa nagra tillampningar av den lokala funktionen horande till den euklidiska
topologin pa R och idealet av magra méngder.
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1

Introduction

In the early decades of the twentieth century, the work of French analysts E. Borel,
R. Baire and H. Lebesgue provided the foundations of modern measure and inte-
gration theory as well as descriptive set theory. In their respective doctoral theses,
they introduced the fundamental concepts related to measurability and category
on the real line. Ever since, these concepts and their generalizations have been
subject to intense investigation.

In his thesis, "Sur quelques points de la théorie des fonctions", (1894), Borel
created the first effective theory of measure [FK|, extending the notion of length of
intervals to a measure on a wide class of subsets of R. Borel considered measurable
sets to be those subsets of R which are obtained by starting with intervals and
forming the closure with respect to complementations and countable unions. The
family of such sets is a o-algebra and its elements are known as the Borel sets or
the Borel-measurable sets on the real line.

A few years later, Baire introduced basic concepts related to category and set
up a classification of functions [GW]. In his thesis "Sur les fonctions de variables
réelles", (1899), Baire defined nowhere dense sets, first category sets and second
category sets on the real line, and proved the "Baire Category Theorem", a funda-
mental theorem in topology and functional analysis. Furthermore, he introduced
the concept known today as the "Baire property". A set with the Baire property
is a set which differs from an open set by a set of first category. The family of sets
with the Baire property is a o-algebra on R which contains all Borel sets as well
as all first category sets on the real line.

Inspired by Borel’s results, Lebesgue further extended the family of measur-
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able sets on the real line [GW]. In his thesis, "Intégrale, longueur, aire", (1902),
Lebesgue defined the outer measure of a subset E of R as the infimum, taken over
all sequences of intervals covering F, of their total lengths. He also defined the
inner measure of a set by using the outer measure and the operation of comple-
ment of sets. He then defined a set to be measurable if its outer measure equalled
its inner measure, and the Lebesgue measure as their common value. In this way,
he obtained a complete measure extending the Borel measure. The family of all
Lebesgue measurable sets on R is a o-algebra which contains all Borel-measurable
subsets of the real line.

In 1905, using the Axiom of Choice, the Italian mathematician G. Vitali con-
structed a first example of a subset of R which is neither Lebesgue measurable
nor has the Baire property [Vi]. This set is known today as the Vitali set and
its appearance has stimulated further developments in mathematics. Apart from
Vitali sets, there exist other types of subsets of R (for example Bernstein sets and
sets associated with Hamel bases) which are neither Lebesgue measurable nor have
the Baire property [Ox| [Khi|. In fact the literature on such kind of sets is huge.

We note that there exists a model of set theory in which every subset of the real
line is Lebesgue measurable and has the Baire property. Indeed, in 1970, Solovay
[So] showed that the existence of a non-Lebesgue measurable subset of the real
line (or the existence of a subset of the real line without the Baire property) is
unprovable if the Axiom of Choice is disallowed.

1.1 Statement of the problem

Consider the set R of real numbers endowed with the Euclidean topology and
denote by Z(R) the family of all subsets of R. Let %, be the subfamily of Z(R)
consisting of sets with the Baire property in R and let £ be the subfamily of Z(R)
consisting of Lebesgue measurable subsets of R. The families %, and £ have a
number of similarities. Namely, they are o-algebras of sets on R (and hence they
are closed under all basic set operations) and they are invariant under the action of
the group 7(R) of all translations of R, i.e., if A € B, (resp. A € L) and h € 7(R)
then h(A) € B, (resp. h(A) € L). As a o-algebra, the family 2, is generated by
the open sets of R together with the o-ideal of all first category sets on R while
the family £ is generated by the open sets of R together with the o-ideal of all
subsets of R having the Lebesgue measure zero. Therefore, each of the families
2%y, and L contains the o-algebra of all Borel sets of the real line.

As mentioned above, the complement % of %, in Z(R), as well as the com-
plement £¢ of £ in Z(R), is non-empty. In fact, each Vitali set, as well as each
Bernstein set, does not have the Baire property on the real line and it is not
measurable in the Lebesgue sense.

Since each subset of R can be decomposed into a disjoint union of a first
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category set and a set having the Lebesgue measure zero [Ox], none of the families
2%y, and L contains the other. More precisely, if we decompose a Vitali subset of
R (or a Bernstein subset of R) into a disjoint union of a meager set and a null set,
then one of the sets in this decomposition will be non-Lebesgue measurable but
with the Baire property, and the other will be Lebesgue measurable but without
the Baire property.

It also follows that none of the families % and L° contains each other. How-
ever, unlike %), and L, the families %) and L are not closed under basic set
operations.

The intensive study of the families %, and £ was mostly concentrated on the
construction of their elements with peculiar properties (cf. [Khl]). For example,
there are subgroups G of the additive group (R, +) of reals which are Bernstein sets
(and hence such G belong to both families % and £¢) and for which cardinality
of the factor group (R,+)/G is continuum. However, this thesis was stimulated
by the following question, posed by Chatyrko:

Do there exist rich subfamilies of %, (respectively, L), which are invariant
under the action of an infinite subgroup of the group S (R) of all homeomorphisms
of R and on which we can define some algebraic structure from the set-theoretic
point of view?

One answer to this question was given by Chatyrko in [Chl] where he showed
that each finite union of Vitali sets does not possess the Baire property on the
real line. He also observed that the family Sy of all finite unions of Vitali sets is
invariant under translations of R. From these facts, it follows that the family Sy
is an abelian semigroup of sets with respect to the operation of union of sets, that
it is invariant under translations of R, and that Sy C %;.

Furthermore, it can be shown that the dual family S5, = {R\ S : S € Sy} is
also an abelian semigroup of sets with respect to the operation of intersection of
sets, that it is invariant under translations of R, and that Sy, C Zy.

Similarly, in [Kh2] Kharazishvili showed that each finite union of Vitali sets is
not measurable in the Lebesgue sense. Hence, we have also examples of semigroups
of non-Lebesgue measurable sets (the same families Sy and S3;) which constitute
answers to the question posed above.

Let us note that one can produce other subfamilies of %, N L which are
invariant under translations of R and which are even abelian groups in some natural
sense. For that, it is enough to consider the family F of all cosets (which are
Bernstein sets) of a subgroup G mentioned above (the group operation on F is
defined by a natural way).

Moreover, the family Fg, consisting of all finite unions of elements of F is
an abelian semigroup of sets with respect to the operation of union of sets, it is
invariant under translations of R and Fg, C ,@; N Le.
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Similarly, the dual family 7 = {R\F : F' € Fgy,} is also an abelian semigroup
of sets with respect to the operation of intersection of sets, it is invariant under
translations of R and Fg C %, N L.

Let us point out some simple difference between elements of Sy and elements
of Fsn. Each element of Fg, as a Bernstein set must be everywhere dense in R
however each element of Sy, does not need to be everywhere dense in R.

For more details and other results regarding elements of the families %,,, %, £
and £¢ we refer to [Kul [Ox| [Kh1].

1.2 Aim of the thesis

The aim of this thesis is to present our contribution in the study of the families
of sets with(out) the Baire property, and the family of non-measurable sets in the
Lebesgue sense. Inspired by Chatyrko’s results [Chll [Ch2] related to sets with(out)
the Baire property on the real line, and Kharazishvili generalization of Vitali sets
to Vitali selectors [Kh1], we obtain more extended results on the real line and even
in more general topological spaces.

Our contribution can be summarized into the following four points.

Firstly, on the real line R we consider Vitali selectors related to different count-
able dense subgroups of the additive group (R, +). Following Chatyrko’s method
and using subideals of meager sets on R, we produce diverse abelian semigroups
with respect to the operation of union of sets. Those semigroups consist of sets
without the Baire property, and they are invariant under translations of R. The
dual semigroups of sets with respect to the operation of intersection of sets possess
the same properties. We then extend these results to Euclidean spaces R",n > 2,
and to the products of R” with finite powers of the Sorgenfrey line. Using the ideal
of null sets, we also produce semigroups which consist of non-Lebesgue measurable
sets, and which are invariant under translations of R (see Paper I and Paper III).

Secondly, we study countable families of sets without the Baire property. We
consider a topological space X, which has an open subset homeomorphic to the
space (R™, 1) for some admissible extension 7 of the Euclidean topology on R",
and suggest a way of constructing a countable decomposition {X;}°, of X such
that the union of each non-empty proper subfamily of {X;}$2; does not have the
Baire property in X (see Paper II).

Thirdly, we show that Vitali selectors related to an abelian Hausdorff nonmea-
ger without isolated points topological group having countable dense subgroups
can be used in the construction of a new topology on the underlying set. We then
study properties of the new topological space, and show that any space obtained
in this manner is hyperconnected and 77, and that any infinite product of such
spaces with the box topology is hyperconnected, in particular, connected. Fur-
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thermore, we show that any two spaces obtained in this way are homeomorphic,
but that no such a space can be a topological group (see Paper IV).

Fourthly, we consider two topologies 7 and ¢ on the same set X, and study
conditions on 7 and o that imply a relationship (inclusion or equality) between
the family of sets with the Baire property in (X, 7) and the family of sets with the
Baire property in (X, o). In particular, we consider the case in which 7 and o are
x-topologies formed by using the local function and ideals of sets. Furthermore,
we study the same problem for the families of nowhere dense sets and meager sets
respectively (see Paper V).

There are still many open problems to be further investigated. In this thesis
we point out a few of them.






2

Background

The purpose of this chapter is to fix notation and terminology, and to present some
auxiliary facts from set theory, topological groups and dimension theory that are
extensively used in our research papers.

2.1 Algebraic notions in Set Theory

In this section, we give a short introduction to families of sets with algebraic
properties. By a family of sets we mean any set whose elements are themselves
sets. Families of sets are mostly denoted by capital scripts letters like o7, 4, and
so forth.

Let X be a set and &2(X) be the family of all subsets of X.

Definition 2.1. A family & C (X)) of sets is called a o-algebra on X if the
following conditions are satisfied:

(i) X e #.
(ii) If A € & then A° € o/, where A° = X \ A is the complement of A in X.

(iii) If Ay, Ao, --- is a countable collection of sets in ./ then the union (Ji=, A; is
also in &7.

From the De Morgan’s laws, each c-algebra is also closed under countable
intersections of sets and it contains also the empty set ().
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Definition 2.2. (a) A non-empty family .# C (X)) of sets is called an ideal of
sets on X if it satisfies the following conditions:

(i) fAe # and B€ .# then AUB € .7.
(ii) f A€ .# and B C A then B € .¥.

(b) If an ideal of sets . is closed under countable unions, then it is called a o-ideal
of sets on X.

Example 2.3. If A is a subset of X then the family .4 of all subsets of A forms
a o-ideal of sets on X. The family .#; of all finite subsets of X forms an ideal of
sets on X, but not a o-ideal whenever X is infinite. The family .7, of all countable
subsets of X forms a o-ideal of sets on X.

Given a family &7 of subsets of X, the smallest o-algebra containing <7 is called
the o-algebra generated by <f. It is the intersection of all o-algebras containing
the family o7

Example 2.4. Let (R, 7g) be the real line, i.e., the set of real numbers R endowed
with the topology 7 defined by all open intervals of R. The o-algebra generated
by the collection of all open intervals of R is called the Borel o-algebra, and
its elements are called the Borel sets. The o-algebra generated by the ideal of
Lebesgue measure zero sets (null sets) together with the Borel sets equals the
collection L of all Lebesgue measurable subsets of R.

Another type of family of sets which is important in this work is a semigroup
of sets.

Definition 2.5. A non-empty family S C (X)) of sets is called a semigroup of
sets with respect to the operation of union (resp. intersection) of sets on X if S is
closed under finite unions (resp. intersections) of sets, i.e., if Ay, Ag, -+, A, € S
then |J!_; 4; € S (resp. N, A; €5).

Note that if S is a semigroup of sets with respect to the operation of union of
sets then the dual family $* = {X \ S : S € S} is also a semigroup of sets with
respect to the operation of intersection of sets, and vice versa.

In this thesis we will discuss only semigroups of sets with respect to the oper-
ation of union of sets (shortly, semigroups of sets).

Example 2.6. Let &/ be a non-empty family of subsets of X. Define S,y =
{UL, Ai + A; € o/ ,n € N}, where N is the set of positive integers. It is clear that
S,y is a semigroup of sets on X. We will call S,y the semigroup of sets generated
by < .

We now present two ways of extending a given semigroup by the use of an ideal
of sets. Let o/ and % be families of subsets of X. Define &/ V# ={AUB: A€
o BeRB}and of x B={(A\B1)UBs: A€ &/,B € B,By € B}.
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Proposition 2.7. Let S be a semigroup of sets and let & be an ideal of sets on
X. Then the families SV .7 and S x & are semigroups of sets on X such that
SCSV.ICS*I. Moreover, (Sx F)x I =8*.F and (SV I)V I =8V 7.

The proof is elementary and it is based on the definition of ideals of sets.

2.2 Sets with the Baire property

In this section, we recall some definitions and basic facts related to sets with the
Baire property. This property is a classical topological notion which is originated
in the thesis of R. Baire.

Below X is assumed to be a non-empty topological space. For a subset A of
X, the notation Clx(A) (resp. Intx(A)) stands for the closure (resp. interior) of
Ain X.

Definition 2.8. Let A be a subset of X.

The set A is said to be a nowhere dense set in X if its closure has an empty
interior, i.e., Intx Clx(A) = 0.

The set A is said to be dense in X if the closure of A is X, i.e., Clx(4) = X.

It can be shown that every subset of a nowhere dense set is also a nowhere
dense set, and that any finite union of nowhere dense sets is again a nowhere
dense set. Hence, the family of all nowhere dense sets in X forms an ideal of sets.

Note that if A is dense in X and A C B C X then B is also dense in X.

Example 2.9. Let R be the real line. The set Z of all integers is a nowhere dense
subset of R. However, the set Q of rational numbers, as well as its extensions
Q(a) = {a+ba :a € Q,b € Q} for each irrational number «, is a (countable)
dense subset of R.

It is not true in general that a countable union of nowhere dense sets is a
nowhere dense set. In fact, the set QQ is a union of countably many nowhere dense
sets in R, however Intg Clg(Q) = R.

Definition 2.10. A subset A of X is called meager (or of first category) in X if
A can be represented as a countable union of nowhere dense sets in X. Any set
that is not meager in X is called nonmeager (or of second category) in X.

The family of all meager subsets of X forms a o-ideal of sets. The fundamental
theorem of R. Baire asserts the following [KF].

Theorem 2.11 (Baire Category Theorem). Let X be a complete metric space.
Then X cannot be covered by countably many nowhere dense subsets of X. More-
over, the union of countably many nowhere dense subsets of X has a dense com-
plement.
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Recall that the real line R is a complete metric space. Consequently, by the
Baire Category Theorem, R is of second category.

Note that meager sets (resp. sets with Lebesgue measure zero) on R are small
in a topological point of view (resp. in a measure theoretical point of view).
Nevertheless, a set that is small in one sense may be large in some other sense.

Theorem 2.12 ([Ox]). The real line R can be decomposed into two complementary
sets A and B such that A is of first category and B is of Lebesque measure zero.

It follows from Theorem [2.12] that every subset of the real line can be repre-
sented as a disjoint union of a null set and a set of first category.

Definition 2.13. A subset A of X is said to have the Baire property in X if it
can be represented in the form A = (O \ M) U N, where O is an open set of X
and M, N are meager sets in X.

Note that a subset A of X has the Baire property in X iff there are an open set
O of X and a meager set M of X such that A = OAM, where A is the symmetric
difference set operation.

The family %,(X) of sets with the Baire property in X is a o-algebra of sets,
which is generated by the family M of all meager sets in X together with the
family O of all open sets in X. Furthermore, it is invariant under the action of
the group J#(X) of all homeomophisms of X, i.e., if A € B,(X) and h € H#(X)
then h(A) € #,(X). Let us also notice that the family O is a semigroup of sets
on X such that Sp = O, and that %,(X) = O« M.

An important question is to know whether every subset of X possesses the
Baire property in X. There exist topologies on X such that the family of sets
having the Baire property in X contains every subset of X, whereas there exist
topologies on X such that the family of sets with the Baire property in X does
not contain every subset of X. In Section [2.7, we will present examples of sets
without the Baire property on the real line.

For a more detailed description of sets with the Baire property, we refer to
Kul, [O].

2.3 Elements of topological groups

The results which are presented in the fourth paper partially concern topological
groups. Thereupon, in this section, we present some notions and concepts which
are related to topological groups.

Definition 2.14. A set G which is endowed with the structures of a(n abelian)
group and a topological space is called a(n abelian) topological group if the
multiplicative mapping G x G — G, (x,y) — x -y, and the inverse mapping



2.3 Elements of topological groups 13

G—Grr— 2!

by using the product topology.

are continuous, where G x G is viewed as a topological space

Note that we have used a multiplicative group notation for the group operation.

We give some examples of abelian topological groups. The real numbers R with
the addition =z +y : x,y € R as the group operation endowed with the standard
topology, the non-zero real numbers R \ {0} with the product z-y : z,y € R
as the group operation endowed with the subspace topology from the standard
topology on R, the set T of complex numbers of modulus one with the product
z1- 29 21,22 € T as the group operation endowed with the subspace topology from
the complex plane, finite products R, T" and the products R*xT™,n > 1,m > 1,
where the group operations and topologies are defined naturally.

Recall that a topological space X is called:

a Tp-space if for any two distinct points of X, there is an open set which
contains one point but not the other;

a Ti-space if each point of X is a closed set;

a Hausdorff space if for any two distinct points p, ¢ of X there are disjoint open
sets U,V such that p € U and q € V;

a regular Ti-space if X is T and for any point p and any closed set F' such
that p ¢ F' there are disjoint open sets U,V such that p € U and F C V;

a Tychonoff space if X is a T-space and for each closed set ' C X and each
point z € X \ F, there exists a continuous function h : X — [0,1] such that
h(F) =0 and h(z) = 1;

a normal Hausdorff space if X is Hausdorff and for any disjoint closed sets F
and G there exist disjoint open sets U,V such that FF C U and G C V.

Let us recall that each normal Hausdorff (resp. Tychonoff, regular 77, Haus-
dorff or T7) space is Tychonoff (resp. regular T, Hausdorff, 77 or Tp). The
existence of a compatible group structure on a topological space guarantees good
topological properties of the space.

Proposition 2.15 ([HR]). Let G be a topological group. If G is a Ty-space then
G is Tychonoff.

Let us note that not every topological group is normal Hausdorff. For instance,
the group Z", where m is any uncountable cardinal number, is a Tychonoff space
but it is not normal [HR]. However, if our group is additionally locally compact
the situation will be changed.

Proposition 2.16 ([HR]). Every locally compact Ty-topological group is normal
Hausdorff.

Let us note that not every topology on a group makes it into a topological
group. For example, let G be an arbitrary infinite group endowed with the topol-



14 2 Background

ogy 7 ={U C G:U = or G\U is finite}. It can be shown that 7 is the
weakest possible topology on G which makes G into a Tj-space. However, G is
not a topological group. In fact, G satisfies the Ty-separation axiom but G is not
Hausdorff.

For other notions and facts, we refer the reader to [HRI] Mo.

2.4 Topological products of an infinite family of
spaces

Let X, a € I, be a nondegenerated topological space for each o € I and I infinite.
Then

the product topology on the product [],.; Xa, is that topology which has a
basis for its open sets the collection of all sets of the form [].; U, where each
U, is open in X,, and U, # X, for only finitely many «;

acl

the box product topology on the product [],.; X is that topology which has
a basis for its open sets the collection of all sets of the form Hael U,, where U,
is open in G, for each a € I.

It is well known that if each topological space X,,a € I, is connected then
[I.c; Xo with the product topology is also connected as a topological space.

However, [[,c; Xo with the box product topology is disconnected as a topo-
logical space whenever each X, is regular T7. If a similar statement holds for
Hausdorff spaces it is unknown.

Let us note that there are examples of [ ], .; X« with the box product topology
which are connected. In the fourth paper we present such products where all spaces
are T7.

2.5 Extension of topologies via ideals

In this section, we describe a method which is used to extend topologies by using
ideals of sets. The method was introduced by Jankovi¢ and Hamlett in their
joint work [JH]|. Many results which are presented in the fifth paper are based on
topologies which are constructed by the use of this method.

Let (X, 7) be a topological space, .# an ideal of sets on X and let A be a subset
of X. For each element z of X denote by A4 (x) = {U € 7: 2 € U} the family of
all open neighborhoods at the point x.

Definition 2.17 (JHa]). The set A*(#) ={r € X : ANU ¢ .7 for every U €
A (x)} is called the local function of A with respect to the ideal of sets .# and
the topology 7.
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The following theorem establishes some basic properties of the local function.

Theorem 2.18 ([JH]). Let (X,7) be a topological space, & and ¢ be ideals of
sets on X and let A and B be subsets of X. The following statements hold:

(i) If AC B then A*(F) C B*(F).  (iv) [A*(F)]*(F) C A*(F).

(v) If I € 7 then (AUI)*(S) =

(iii) A*(F) = CIA*(F)) C CI(A). (vi) If 7 C _F then A*(_#) C A*(.5).

Recall that a point € X is said to be an w-accumulation (resp. a conden-
sation) point of A C X if every neighborhood of z contains an infinite (resp.
uncountable) number of points of A.

Example 2.19. We present some examples of local functions: If .# = {0} then
A (F) =ClA). If F = P(X) then A*(SF) = 0. If & = F; then A*(.F) is the
set of all w-accumulation points of A. If ¥ = .7, then A*(.¥) is the set of all
condensation points of A. If A is an element of .# then A*(.#) = () for every ideal
of sets .# on X.

It is well known [Ku| that if Cl is a Kuratowski closure operator, i.e., Cl is
an operator from 2(X) to £(X) such that C1(f)) = §, A C Cl(A),Cl(AU B) =
Cl(A)UCI(B) and CI(Cl(A)) = CI(A) for all A, B C X, then there exists a unique
topology on X whose closed sets are given by the collection {F' C X : CI(F) = F'}.

By Theorem 2.18] the operator C1*(.) from 2(X) to &(X) defined by CI*(A) =
AU A*(F) for every subset A of X, is a Kuratowski closure operator. Hence
the family {U C X : CI"(X \U) = X \ U} is a topology on X, which is de-
noted by 7%(.#). The topology 7*(.#) is called the x-topology (or new topol-
ogy) from the old topology 7 and the ideal of sets .#. It has the collection
B(r,#) ={O\I: 0 € 1,I € .} as a base. Hence 7 C 7*(.#). One of the
basic properties of the s-topologies is that each element I € .# is closed and
discrete in (X, 7*(5)).

By Example it follows that if .# = {(} then C1*(A) = CI(A), and hence
7*(#) = 7. Furthermore, if .# = Z(X) then CI"(A) = A, and hence 7%(.%) =
Tdisc, Where Tgisc is the discrete topology on X.

It follows from the Theorem (vi) that if #; and %, are ideals of sets on
X such that #; C 4 and A C X is closed in 7*(#) then A is also closed in
T(S), e, 75(SF1) C 7%(H). Hence, 7 C 7%(F) C Tqisc for every ideal .# of sets
on X. Moreover, there exist ideals of sets .# different from .# = {0} such that
7*(#) = 7 and there exist ideals .# of sets on X different from &?(X) such that
T*(I) = Tdisc-

For other notions and facts, we refer the reader to [Kul, [JTH].
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2.6 Admissible extensions of topologies

Given two different topologies 7 and o on the same underlying set X, one can be
interested in the study of conditions on 7 and o that imply some relationship (for
example inclusion or equality) between the family of sets with the Baire property
in (X, 7) and the family of sets with the Baire property in (X, o).

Definition 2.20 (JCN]). Let 7 and o be topologies on a set X. The topology o
is said to be an admissible extension of the topology 7 on X if

(i) 7 C o, and

(ii) 7 is a m-base of o, i.e., for each non-empty element O of o there is a non-
empty element V' in 7 such that V C O.

Now we explain why the concept of admissible extension is important.

Theorem 2.21. Let X be a set, T and o be topologies on X such that o is
an admissible extension of 7. Then the spaces (X,7) and (X,0) have the same
families of nowhere dense sets (resp. meager sets or sets with the Baire property).

Proof. Let N be a nowhere dense set in the space (X, 7). We will show that N is
also a nowhere dense set in the space (X, o). Consider a non-empty set O, € o.
Since ¢ is an admissible extension of 7, there exists a non-empty set O, € 7 such
that O, C O,. Since N is a nowhere dense set in the space (X, 7), there is a
non-empty set V, € 7 such that V., C O, and V., N N = ). Note that V, € o
and V; C O,. Hence we get that N is a nowhere dense set in the space (X, o).
The inverse implication can be proved by a similar simple argument. The case of
meager sets is obvious.

Since 7 C o, it is clear that each subset A of X with the Baire property in
(X, 7) also has the Baire property in (X,0). We refer to [ACN] for the other
inclusion. 0

Example 2.22 (Sorgenfrey line). The first example of an admissible extension
of the Euclidean topology 7z is the Sorgenfrey topology 75 on R. Recall that the
base of g is given by the collection {[a,b) : a,b € R,a < b} and the topological
space (R, 7g) is called the Sorgenfrey line. In general, for each integer k¥ > 1 and
each integer m > 0 the topology 7& x 7' on R**™ where 7§ = H?zl(’l's)j and

(15); = Ts for each j < k, is an admissible extension of 7™ on RF+™.

More general examples of admissible extensions of the Euclidean topology 75
on R can be found in [CHJ.

Example 2.23 (Hattori spaces). Let A be a subset of R. In his work [Ht],
Hattori defined a topology 7(A) on R in the following way:
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(i) for each z € A,{(x —e,2 +¢) : € > 0} is the neighborhood base at x.

(ii) for each x € R\ A, {[z,z +¢) : € > 0} is the neighborhood base at z.

In their joint work [CH|, Chatyrko and Hattori continued to study the topo-
logical spaces (R,7(A)), A C R. They observed that for any subsets A, B of R,
A D B iff 7(A) C 7(B), in particular, 7(R) = 7g C 7(A) and 7(B) C 7(0) = 75.
Furthermore, they showed that for every A C R the topology 7(A) is an admissible
extension of 7y on R. Hence the collection {7(A) : A C R} is a poset of topolo-
gies on R, which consists of admissible extensions of the topology 7z on R. The
topological spaces (R,7(A)), A C R are known as Hattori spaces. All the spaces
(R,7(A)), A C R are regular hereditarily Lindel6f and hereditarily separable.

Other examples of admissible extensions of the topology 7 on R, for which
the construction is different from the previous ones, can be obtained by using the
family of nowhere dense sets on the real line.

Example 2.24 (Admissible extensions via nowhere dense sets). Consider
a subideal .# of the family of nowhere dense sets of the real line. The topology
75(F) is an admissible extension of 77 on R. In fact, since 7 C 75(.F), it is
enough to show that 7 is a m-base of 75 (.#). Let O be a non-empty element of
75(#). We can assume that O = U\ I where ) #U € 7g and I € .#. Since [ is a
nowhere dense set in (R, 7g), there exists a non-empty element V of 7g such that
VCUand VNI=0. It is clear that V C O.

Note that each topology 7(A), A C R from the Example cannot be a *-
topology from the Euclidean topology on the reals. Hence the topologies described
in Example 2.23] are different from those described in the Example [2.24]

2.7 Vitali selectors on the real line

In this section, we present two types of sets which cannot be Lebesgue measurable
and which cannot have the Baire property on the real line.

The first type of such sets is called Vitali selectors. The Vitali selectors are
closely related to Vitali sets which were introduced by G. Vitali in 1905.

Let @ be a countable dense subgroup of the additive group (R,+). For an
element = € R, denote by T, the translation of R by z, i.e., T,(y) = y + = for
each element y € R. If A is a subset of R and z € R, denote the set T,(A) =
{a+x :a € A} by A,. Define the equivalence relation E on R as follows: for
xz,y € R, let zFy if and only if x — y € Q, and let {E,(Q) : a € I} be the set of
all equivalence classes, where I is some indexing set. Observe that the cardinality
|| of I is equal to ¢ (the continuum), and that for each o € I and each x € E,(Q)
we have F,(Q) = Q + x. Therefore, each equivalence class E,(Q) is dense in R.
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Definition 2.25 ([Khl]). A Vitali Q-selector of R is any subset V of R such
that [V N E,(Q)| =1 for each a € I.

A Vitali Q-selector is called a Vitali set [Vi] whenever the subgroup @ coincides
with the group Q of rational numbers.

For Vitali selectors, the following statements hold.

Proposition 2.26. Let V be a Vitali Q-selector of R. Then we have the following.

(i) If 1,62 € Q and q1 # g2 then (V +q1) N (V +q2) = 0.
(1) R=U,cq(V+q).
(i) The set V is not meager in R.

(iv) The set V + x is also a Vitali Q-selector for each v € R.

Let us point out that there exist Vitali Q-selectors of the real line which have
some additional properties. In fact, there exist bounded Vitali @-selectors and
there exist Vitali @-selectors which are dense in any non-empty open subsets of R
(see [Ch2], Propositions 3.1 and 3.3).

Theorem 2.27 ([Khil). Any Vitali Q-selector of R is non-Lebesgue measurable
and does not have the Baire property on the real line.

Let us note that Theorem [2.27]is a particular case of the following more general
result; which is valid also for Vitali selectors of the real line.

Theorem 2.28 ([Chll). Let V; be a Vitali set for each i < n where n is some
integer such that n > 1. Then the set U = J;_, Vi does not contain the difference
O\ M, where O is a non-empty open set and M is meager. In particular, the set
U does not possess the Baire property on the real line.

A similar result to Theorem about non-Lebesgue measurability of finite
unions of Vitali sets was proved by Kharazishvili. For a proof, we refer to [Kh2].

Let us notice that in the light of Proposition m (ii), the results of Theorem
2.28| cannot be extended to all countable union of Vitali sets. However, Chatyrko
proved the following statement which is valid not only for Vitali sets but also for
Vitali selectors of R.

Theorem 2.29 ([Ch2|). If V is a Vitali set and T is a non-empty proper subset
of Q then the set quF(V—Fq) does not possess the Baire property on the real line.

The second type of sets which neither possess the Baire property on the real
line, nor are measurable in the Lebesgue sense, is called Bernstein sets. Bernstein
sets were constructed by F. Bernstein in 1908 and they are defined as follows.
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Definition 2.30 (cf. JOx]). A subset B of R is called a Bernstein set if FNB # ()
and F'N(R\ B) # () for every uncountable closed subset F' of R.

This definition shows directly that the complement R\ B of a Bernstein set B
in R is also a Bernstein set. The construction of Bernstein sets is based on the

method of transfinite induction. For the construction of Bernstein sets, we refer
to [Ox|, [Khi].

Theorem 2.31 (cf. [Ox]). Any Bernstein set B is non-measurable in the Lebesgue
sense and does not have the Baire property. Indeed, every Lebesgue measurable
subset of either B or R\ B is a null set, and any subset of B or R\ B that has
the Baire property is of first category.

Remark 2.32. Apart from Vitali selectors and Bernstein sets, there are other
types of sets which are neither Lebesgue measurable, nor have the Baire property
on the real line. For instance, non-Lebesgue measurable sets (or sets without the
Baire property) associated with Hamel bases. Moreover (see for instance [Khl]),
there exist non-Lebesgue measurable sets (or sets without the Baire property)
which have algebraic structure of subgroups of the additive group (R, +).

In a similar way, we can construct Vitali selectors in higher-dimensional Eu-
clidean spaces R". However, for n > 2, there exists a subclass of Vitali selectors
that we called rectangular Vitali selectors in [N]. These are Vitali selectors which
are related to countable dense subgroups of (R"™, 4) that are assumed to be product
of n countable dense subgroups of (R, +). Hence, each rectangular Vitali selector
of R™ is a product of n Vitali selectors of R.

2.8 Lebesgue covering dimension

In this section, we review some basic properties of the Lebesgue covering dimension
dim in separable metrizable spaces.

Let X be a topological space and let &7 = {A, }aer be a family of subsets, not
all empty, of X, where I" is some indexing set.

The order of the family &7 = {A,}aer is the largest integer n for which there
exists a subset I of I' with n + 1 elements such that (1, .; Aq is non-empty, or oo
if there is no such largest integer.

The family & = {A, }aer is said to be a cover of X if | A, =X.

A cover & is a refinement of another cover &7 of the same space X (in other
words A refines ), if for every B € 9 there exists an A € & such that B C A.

acl

Definition 2.33. Let X be a topological space. Then

e dim X = —1 if and only if X = 0.
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e dim X <n, where n = —1,0,1,---, if every finite open cover of the space X has
a finite open refinement of order not exceeding n.

e dim X = n if it is true that dim X < n but it is not true that dim X <n — 1.

e dim X = oo if for every integer n it is false that dim X < n forn =-1,0,1,---.

If dim X = n, then X is called an n-dimensional topological space. Let us
remind that a topological space X is said to be separable if it contains a countable
dense subset. The space X is said to be metrizable if there exists a metric on X
which induces the topology on X.

For separable metrizable spaces, some basic properties of the Lebesgue covering
dimension are summarized in the following theorems [Enl|.

Theorem 2.34 (Fundamental Theorem of Dimension). For every natural number
n, we have dimR"™ = n.

Theorem 2.35 (Subspace Theorem). IfY is a subspace of a separable metrizable
space X, then dimY < dim X.

Theorem 2.36 (Countable Sum Theorem). Let X be a separable metrizable space
and X = Uzl F;, where F; is closed in X for each i. If dim F; < n for each 1,
then dim X < n.

Theorem 2.37 (Decomposition Theorem). A separable metrizable space X sat-
isfies the inequality dim X < n if and only if X can be represented as the union of
n+ 1 subspaces Z1,Za, -+ , Zpt1 such that dim Z; <0 fori=1,2,--- ;n+ 1.

Theorem 2.38 (Brouwer Dimension Theorem). Let Y be a subset of R",n € N.
Then dimY = n if and only if Intga(Y) # 0.

Theorem 2.39 (Product Theorem). For every pair X,Y of separable metrizable
spaces, not both empty, we have dim(X xY) < dim X 4+ dim Y.

Apart from the Lebesgue covering dimension, there exist other dimension func-
tions; for instance the small inductive dimension ind and the large inductive di-
mension Ind. The three dimensions coincide in the class of separable metrizable
spaces, i.e., ind X = Ind X = dim X for every separable metrizable space X.
However, in general spaces, the three functions ind, Ind and dim do not need to
coincide.

We refer to [En| for other facts related to the three dimension functions.
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Summary of main results

Paper I: On the families of sets without the Baire property generated by the
Vitali sets

It is well known that the family of sets with the Baire property on the real line
is invariant under translations of R, and that it is closed under all basic set oper-
ations. On the other hand, the family of sets without the Baire property is also
invariant under translations of R but it is not closed under basic set operations.

One can pose the following question: Do there exist rich families of subsets of
R without the Baire property, which are invariant under the action of an infinite
subgroup of the group .7 (R) of all homeomorphisms of R, and on which we can
define some algebraic structure from the set-theoretic point of view?

In this paper, we present a positive answer to this question, not only on the
real line, but also in higher-dimensional Euclidean spaces R™,n > 2. Furthermore,
similar results are derived in the case where R™ is endowed with some admissible
extensions of the Euclidean topology.

On the real line R, we define the family Vo = {(U\M)UN : U € V;; M, N € A},
where V; is the family of all finite unions of all Vitali sets of R, and A is the o-ideal
of meager subsets of R. We prove that the family Vs, consists of zero-dimensional
sets without the Baire property, that it is invariant under translations of R, and
that it is an abelian semigroup of sets with respect to the operation of union of
sets.

For the Euclidean spaces R™,n > 2, we define a Vitali set of R™ as a product
[T;, Vi of Vitali sets V;,i = 1,2,--- ,n of the real line R (see |[N| for a general

21
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case of Vitali sets), and put V§ = {(U\ M)UN : U € VJ; M, N € A"}, where
V1 is the family of all finite union of all Vitali sets of R”, and A" is the o-ideal of
all meager sets on R”. We prove that the family VJ consists of sets without the
Baire property in R™, that it is invariant under translations of R™, and that it is
an abelian semigroup of sets with respect to the operation of union of sets. We
also prove that 0 < dim A <n — 1 for each element A of V3.

Finally, we introduce a notion of an admissible extension of a topology 71 on a
set X as a new larger than 7, topology 7o with some peculiar property on the same
set X. With the help of the notion we extend the mentioned above results from
the Euclidean spaces R™ to products of R™ with finite powers of the Sorgenfrey
line.

Paper II: On countable families of sets without the Baire property

It is well known that any Vitali set does not possess the Baire property on the
real line. The same result is valid for finite unions of Vitali sets. It was proved
by Chatyrko [Ch2| that if V' is a Vitali set and I' is a non-empty proper subset
of the set Q of rational numbers, then the set {J (V' + ¢) does not possess the
Baire property on the real line. He also extended the result to higher-dimensional
Euclidean spaces R™ for n > 2.

In this paper, we generalize Chatyrko’s result by replacing Vitali sets by Vitali
selectors, and by changing the Euclidean spaces to the spaces (R™,7) for some
admissible extension 7 of the Euclidean topology on R”, where n is some positive
integer.

Let @ be a countable dense subgroup of the additive group (R™,+). We prove
that if V' is a Vitali @-selector of R™ (see the description of Vitali sets in R™, Paper
I) and T is any non-empty proper subset of @ then the set qu(V + q) does not
possess the Baire property in (R™,7), where 7 is any admissible extension of the
Euclidean topology on R™.

Furthermore, let X be a topological space which has an open subset home-
omorphic to the space (R™,7) for some admissible extension 7 of the Euclidean
topology on R™. We prove that there exists an infinite disjoint countable family
{X;}22, of sets in X such that (J;o; X; = X, and such that the union of each
non-empty proper subfamily of {X;}5°, does not have the Baire property in X. In
case X is a separable metrizable finite-dimensional manifold, we prove that each
element of the family {X;}3°, can be chosen dense and zero-dimensional.

Paper Ill: The Algebra of semigroups of sets

In the first paper, we constructed an abelian semigroup consisting of sets without
the Baire property on the real line. In this paper, we continue the study by
looking for other families which consist of sets without the Baire property, which
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are invariant under translations of R, and which are semigroups of sets with respect
to the operation of union of sets.

We develop a theory of semigroups with respect to the operation of union of
sets and ideals of sets. By applying this theory to Vitali selectors of R, we obtain
diverse abelian semigroups which consist of sets without the Baire property, and
which are invariant under translations of R. In particular, many results from the
first paper can be proven within this theory.

So first, we consider any countable dense subgroup @ of the additive group
(R,+), and the family V;(Q) of all finite unions of Vitali @-selectors of R (ana-
logues of Vitali sets of R). We note that the family V; (Q) is an abelian semigroup
which consists of sets without the Baire property in R, and that it is invariant
under translations of R.

Next, we consider the collection {V;(Q) : @ is a countable dense subgroup of
(R,+)} of those semigroups, and study the relationship (in the sense of inclusion)
between members of this collection. In particular, we prove that there is no semi-
group V;(Q) which contains all others. This leads us to define a semigroup V;"?
based on all Vitali selectors which we call a supersemigroup of Vitali selectors.
Naturally, the supersemigroup V;"* contains all semigroups V;(Q), where Q is
any countable dense subgroup of (R, +). We prove that the supersemigroup Vi"?
consists of sets without the Baire property in R, and that it is invariant under

translations of R.

Finally, all the above mentioned semigroups are enlarged with the help of
meager sets on R to semigroups whose elements are of the form (U \ M) U N,
where U € V;(Q) and M, N are meager subsets of R. We then generalize the
construction to finite-dimensional Euclidean spaces R™ for n > 2. Note that a
more extended description can be found in [N].

Paper IV: Vitali selectors in topological groups and related semigroups of sets

Let G be an abelian Hausdorff nonmeager without isolated points topological group
having countable dense subgroups. In this paper, we use Vitali selectors of G to
define a new topology on GG, and then study its topological properties.

Let @ be a countable dense subgroup of G, and let V;(Q) be the family of all
finite unions of Vitali selectors of G related to the subgroup Q. We prove that the
collection {G\ U : U € V1(Q)} is a base for a topology 7(Q) on G, which makes
G into a new topological space that is denoted by G(Q).

Furthermore, we study the topological properties of the space G(Q). We prove
that G(Q) is a Ty-space but it is not Hausdorff (and hence it cannot be a topological
group), and that it is hyperconnected. As a consequence, any infinite product of
the spaces G(Q), where @ is a countable dense subgroup of G, in the box topology,
is also hyperconnected, in particular, connected. This is a step to answer a question
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posed by Chatyrko and Karassev [CK|: Let X,,a € A, be an infinite system of
nondegenerated connected Hausdorff spaces. Under what conditions on the system

is the space HieA X,, (dis)connected?

We also study the relationship (inclusion or equality) between the topologies
7(Q1) and 7(Q2), when @ and Q2 are countable dense subgroups of G such that
Q1 C Q2. We proved that if the factor group Q2/@; is finite then 7(Q1) C 7(Q2),
and that if the factor group Q2/Q is infinite then 7(Q1) € 7(Q2). Moreover, we
prove that for any given countable dense subgroups @1 and Q5 of G the topological
spaces G(Q1) and G(Q2) are homeomorphic.

Paper V: Sets with the Baire property in topologies formed from a given
topology and ideals of sets

Let X be a non-empty set and let 71, 75 be topologies on X. It is well known that
the family of sets with the Baire property in (X, 7;) contains all open sets and
all meager sets of (X, 7;),i = 1,2. However, depending on the topology 7;, the
family of sets with the Baire property in (X, 7;) can contain or not contain every
subset of X. This implies that neither the family of sets with the Baire property
in (X, 71) nor the family of sets with the Baire property in (X, 72) needs to contain
the other.

One can pose the following question: What relationship between the topologies
7;,4 = 1,2 implies a relationship (inclusion or equality) between the families of sets
with the Baire property in (X, 7;),i = 1,27

In this paper, we focus on answering this question, with a particular attention
to the case in which the topology 7o is formed with the help of a local function
defined by the topology 71 and an ideal of sets on X.

We first introduce a concept generalizing the notion of admissible extension,
that we call the m-compatibility. Two topologies 7 and 75 on X are said to be
m-compatible if for each non-empty element O € 75 there is a non-empty element
V' € 711 which is a subset of O, and vice versa. We prove that if 71 and 75 are
m-compatible then the spaces (X, 71) and (X, 72) have the same families of sets
with the Baire property.

We next consider the case where 7 is defined from 7; and an ideal of sets .#
on X, that is, 7o = 74 (.#). For this case, we study conditions under which (%)
is an admissible extension of 7;. We prove that if .# is a subideal of nowhere
dense sets in (X, 1) then 77(.#) is an admissible extension of 71 on X, and hence
the spaces (X, 1) and (X, 75(.#)) have the same families of sets with the Baire
property. In addition, we prove that if (X, 7;) is a second countable topological
space and .# is a o-subideal of meager sets in (X, 1) such that 71 N.¥ = {0} then
the spaces (X, 71) and (X, 7y (.#)) have the same families of sets with the Baire

property.
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Several other conditions implying a relationship between sets with the Baire
property in (X, 7;) and sets with the Baire property in (X, 7 (.#)) are derived.
We also provide conditions under which different ideals of sets produce the same
topologies on X.

We note that a similar question can be posed for any other families of sets
obtained by using the topologies, and the opposite question can be also posed.
In this paper, we also consider the question for nowhere dense sets and meager
sets. However, we observe that the results for sets with the Baire property do not
always carry over nicely to nowhere dense sets and to meager sets.
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