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Abstract

The kernel-based regularization method has two core issues: kernel design and hyperparameter estimation. In this paper,
we focus on the second issue and study the properties of several hyperparameter estimators including the empirical Bayes
(EB) estimator, two Stein’s unbiased risk estimators (SURE) (one related to impulse response reconstruction and the other
related to output prediction) and their corresponding Oracle counterparts, with an emphasis on the asymptotic properties of
these hyperparameter estimators. To this goal, we first derive and then rewrite the first order optimality conditions of these
hyperparameter estimators, leading to several insights on these hyperparameter estimators. Then we show that as the number
of data goes to infinity, the two SUREs converge to the best hyperparameter minimizing the corresponding mean square error,
respectively, while the more widely used EB estimator converges to another best hyperparameter minimizing the expectation
of the EB estimation criterion. This indicates that the two SURESs are asymptotically optimal in the corresponding MSE senses
but the EB estimator is not. Surprisingly, the convergence rate of two SUREs is slower than that of the EB estimator, and
moreover, unlike the two SURESs, the EB estimator is independent of the convergence rate of ®7® /N to its limit, where ® is the
regression matrix and N is the number of data. A Monte Carlo simulation is provided to demonstrate the theoretical results.
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1 Introduction

The kernel-based regularization methods (KRM) from
machine learning and statistics were first introduced
to the system identification community in Pillonetto &
De Nicolao (2010) and then further developed in Chen
et al. (2014, 2012); Pillonetto et al. (2011). These meth-
ods attract increasing attention in the community and

have become a complement to the classical maximum
likelihood /prediction error methods (ML/PEM) (Chen
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et al., 2012; Ljung et al., 2015; Pillonetto & Chiuso,
2015). In particular, KRM may have better average ac-
curacy and robustness than ML/PEM when the data is
short and/or has low signal-to-noise ratio (SNR).

There are two core issues for KRM: kernel design and hy-
perparameter estimation. The former is regarding how to
parameterize the kernel matrix with a parameter vector,
called hyperparameter, to embed the prior knowledge of
the system to be identified, and the latter is regarding
how to estimate the hyperparameter based on the data
such that the resulting model estimator achieves a good
bias-variance trade-off or equivalently, suitably balances
the adherence to the data and the model complexity.

The kernel design plays a similar role as the model struc-
ture design for ML /PEM and determines the underlying
model structure for KRM. In the past few years, many
efforts have been spent on this issue and several kernel-
s have been invented to embed various types of prior
knowledge, e.g., Carli et al. (2017); Chen (2018b); Chen
& Pillonetto (2018); Chen et al. (2014, 2016, 2012); D-
inuzzo (2015); Marconato et al. (2016); Pillonetto et al.
(2016, 2011); Pillonetto & De Nicolao (2010); Zorzi &
Chiuso (2017). In particular, two systematic kernel de-
sign methods (one is from a machine learning perspec-
tive and the other one is from a system theory perspec-
tive) were developed in Chen (2018a) by embedding the
corresponding type of prior knowledge.
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The hyperparameter estimation plays a similar role as
the model order selection in ML/PEM and its essence
is to determine a suitable model complexity based on
the data. As mentioned in the survey of KRM Pillonetto
et al. (2014), many methods can be used for hyperpa-
rameter estimation, such as the cross-validation (CV),
empirical Bayes (EB), C), statistics and Stein’s unbiased
risk estimator (SURE) and etc. In contrast with the nu-
merous results on kernel design, there are however few
results on hyperparameter estimation except Aravkin
et al. (2012a,b, 2014); Chen et al. (2014); Pillonetto &
Chiuso (2015). In Aravkin et al. (2012a,b, 2014), two
types of diagonal kernel matrices are considered. When
®T®/N is an identity matrix, where ® is the regression
matrix and N is the number of data, the optimal hy-
perparameter estimate of the EB estimator has explic-
it form and is shown to be consistent in terms of the
mean square error (MSE). When ®7® /N is not an iden-
tity matrix, the EB estimator is shown to asymptotical-
ly minimize a weighted MSE. In Chen et al. (2014), the
EB with linear multiple kernel is shown to be a differ-
ence of convex programming problem and moreover, the
optimal hyperparameter estimate is sparse. In Pillonet-
to & Chiuso (2015), the robustness of the EB estimatior
is analyzed.

In this paper, we study the properties of the EB estima-
tor and two SUREs in Pillonetto & Chiuso (2015) with
an emphasis on the asymptotic properties of these hy-
perparameter estimators. In particular, we are interest-
ed in the following questions: When the number of data
goes to infinity,

1) what will be the best kernel matrix, or equivalently,
the best value of the hyperparameter?

2) which estimator (method) shall be chosen such that
the hyperparameter estimate tends to this best val-
ue in the given sense?

3) what will be the convergence rate of that the hyper-
parameter estimate tends to this best value? and
what factors does this rate depend on?

In order to answer these questions, we employ the regu-
larized least squares method for FIR model estimation
in Chen et al. (2012). As a motivation, we first show
that the regularized least squares estimate can have s-
maller MSE than the least squares estimate for any data
length if the kernel matrix is chosen carefully. We then
derive the first order optimality conditions of these hy-
perparameter estimators and their corresponding Oracle
counterparts (relying on the true impulse response, see
Section 3.2 for details). These first order optimality con-
ditions are then rewritten in a way to better expose their
relations, leading to several insights on these hyperpa-
rameter estimators. For instance, one insight is that for
the Oracle estimators, for any data length, and without
structure constraints on the kernel matrix, the optimal
kernel matrices are same as the one in Chen et al. (2012)
and equal to the outer product of the vector of the true
impulse response and its transpose. Moreover, explicit
solutions of the optimal hyperparameter estimate for t-
wo special cases are derived accordingly. Then we turn
to the asymptotic analysis of these hyperparameter es-

timators. Regardless of the parameterization of the k-
ernel matrix, we first show that the two SUREs actual-
ly converge to the best hyperparameter minimizing the
corresponding MSE, respectively, as the number of data
goes to infinity, while the more widely used EB estima-
tor converges to the best hyperparameter minimizing the
expectation of the EB estimation criterion. In general,
these best hyperparameters are different from each other
except for some special cases. This means that the two
SURESs are asymptotically optimal in the corresponding
MSE senses but the EB estimator is not. We then show
that the convergence rate of two SURES is slower than
that of the EB estimator, and moreover, unlike the two
SURESs, the EB estimator is independent of the conver-
gence rate of T ®/N to its limit.

The remaining parts of the paper is organized as fol-
lows. In Section 2, we recap the regularized least squares
method for FIR model estimation and introduce two
types of MSE. In Section 3, we introduce six hyper-
parameter estimators, including the EB estimator, two
SURESs, and their corresponding Oracle counterparts. In
Section 4, we derive the first order optimality condition-
s of these hyperparameter estimators and put them in
a form that clearly shows their relation, leading to sev-
eral insights. In Section 5, we give the asymptotic anal-
ysis of these hyperparameter estimators, including the
asymptotic convergence and the corresponding conver-
gence rate. In Section 6, we illustrate our theoretical re-
sults with Monte Carlo simulations. Finally, we conclude
this paper in Section 7. All proofs of the theoretical re-
sults are postponed to the Appendix.

2 Regularized Least Squares Approach for FIR
Model Estimation

2.1 Reqgularized Least Squares and Two Types of MSEs

Consider a single-input single-output linear discrete-
time invariant, stable and causal system

y(t) = Go(q)u(t) +ov(t), t=1,...,N (1)

where ¢ is the time index, y(t), u(t), v(¢) are the output,
input and disturbance of the system at time ¢, respec-
tively, Go(q) is the rational transfer function of the sys-
tem and ¢ is the forward shift operator: qu(t) = u(t+1).
Assume that the input w(t) is known (deterministic)
and the input-output data are collected at time instants
t =1,---,N, and moreover, the disturbance v(t) is a
zero mean white noise with finite variance o2 > 0. The
problem is to estimate a model for Gy(q) as well as pos-
sible based on the the available data {u(t —1),y(¢)}Y,.

The transfer function Go(g) can be written as

(oo}
Golg) =) gla™* (2)
k=1
where g{,k =1, -+ , 0o form the impulse response of the

system. Since the impulse response coefficients {g%} of



the stable rational transfer function Go(q) decays expo-
nentially, it is possible to truncate the infinite impulse
response at a sufficiently high order, leading to the finite
impulse response (FIR) model:

G = ga ™" 0=ln. g7 €R" (3)
k=1

With the FIR model (3), system (1) is now written as
y(t) =" ()0 +o(t), t=1,...,N

where ¢(t) = [u(t — 1), ,u(t — n)]T € R", and its
matrix-vector form is

Y = ®0 + V, where (4)
Y =[y(1) y(2)--- y(N)]T
@ =[p(1) ¢(2) -+ ¢(N)]"
V=[v(1)v(2) - o))

The well-known least squares (LS) estimator

'S = arg min Y — @0 (5a)
OcR™
= (7o) oY (5b)
where || - || is the Euclidean norm, is unbiased with re-

spective to the FIR model (4) but may have large vari-
ance and mean square error (MSE) (e.g., when the in-
put is low-pass filtered white noise). The large variance
can be mitigated if some bias is allowed and traded for
smaller variance and smaller MSE.

One possible way to achieve this goal is to add a regular-
ization term 02607 P=16 in the LS criterion (5a), leading
to the regularized least squares (RLS) estimator:

6% =argmin ||Y — ®6||> + o267 P10 (6a)
OcR™
=P3T(®PDT + 5% IN)"Y (6b)

where P is symmetric and positive semidefinite and is
called the kernel matrix (02 P~ is often called the regu-
larization matrix), and Iy is the N-dimensional identity
matrix.

Remark 1 As is well known, the RLS estimator (6b)
has a Bayesian interpretation. Specifically, assume that
0 andv(t) are independent and Gaussian distributed with

0~ N(0,P), v(t)~.H(0,0%) (7)

where P is the prior covariance matriz. Then 6 andY are
jointly Gaussian distributed and moreover, the posterior
distribution of 0 given'Y is

)Y ~ . (6%, PR)

g% = POT(®PDT + o2Iy) 'Y

PR =P — PoT(®@P3T + 02Iy) '®P.

Two types of MSE could be used to evaluate the perfor-
mance of the RLS estimator (6b). The first one is the
MSE related to the impulse response reconstruction, see
e.g., Chen et al. (2012); Pillonetto & Chiuso (2015),

MSEg(P) = E||6% — 6, (8)

where 0y = [¢9,---, g7 with ¢%,i = 1,...,n, defined
in (2) and E(-) is the mathematical expectation with
respective to the noise distribution. The second one is
the MSE related to output prediction, see e.g., Pillonetto
& Chiuso (2015),

MSEy(P) = E | 3 (7 (t)00 +v*(t) — 5(t)*|  (9)

t=1

where 7j(t) = ¢7 (£)0% and v*(t) is an independent copy
of the noise v(t). Interestingly, the two MSEs (8) and (9)
are related with each other through

MSEy (P)=Tr(E (6% —6,) (8% —6,)"®T®) + No® (10)

where Tr(+) is the trace of a square matrix. Moreover,
they have explicit expressions, which are given in the
following proposition.

Proposition 1 For a given kernel matriz P, the two
MSEs (8) and (9) take the following form

MSEg(P) = ||[P®" Q"' ®6y — fl|*
+*Tr(PRTQ '@ ToPT) (11a)

MSEy(P) = || ®P®T Q@0 — ®y||> + No?
+o?Tr(@PPTQ Q" ToPT®T) (11b)

where A=T means (A=1)T for a nonsigular matriz A and

Q=dPd" + 5%1y. (12)

2.2 RLS estimator can outperform LS estimator

It is interesting to investigate whether the RLS estimator
(6b) with a suitable choice of the kernel matrix P can
have smaller MSEs (8) and (9) than the LS estimator
(5b). The answer is affirmative for MSEg (8) and for
the ridge regression case, where P~! = (3/0?)I,, with
8 > 0, Hoerl & Kennard (1970); Theobald (1974). In
what follows, we further show that this property also
holds for more general P for MSEg (8) and MSEy (9).

Proposition 2 Consider the RLS estimator (6b) and
the LS estimator (5b). Suppose that P~ = BA/a?, where
B > 0 and A is symmetric and positive semidefinite.
Then for the given A, there exits B > 0 such that (6b) has
a smaller MSEg (8) and MSEy (9) than (5b). Moreover,
if A is positive definite, then (6b) has a smaller MSEg (8)
and MSEy (9) than (5b) whenever0 < 8 < 202 /(6 Aby).



Proposition 2 shows that for any data length N, the RL-
S estimator (6b) can have smaller MSEg (8) and MSEy
(9) than the LS estimator (5b) with a sufficiently small
regularization “in any direction” and this merit moti-
vates to further explore the potential of the RLS esti-
mator (6b) by careful design of the kernel matrix P. It
is worth to note the paper (Zorzi, 2017) also shows the
Bayesian estimator is still optimal when a priori infor-
mation is known with some uncertainty.

3 Design of Kernel Matrix and Hyperparame-
ter Estimation

The regularization method has two core issues: kernel
matrix design, namely parameterization of the kernel
matrix by a parameter vector, called hyperparameter,
and hyperparameter estimation.

8.1 Parameterization of Kernel Matriz

For efficient regularization, the symmetric and positive
semidefinte kernel matrix P has to be chosen carefully. It
is typically done by postulating a parameterized family
of matrices

P(n), neQCRP (13)

where 7 is called the hyperparameter and the feasible set
Q of 1 is assumed to be compact. The choice of parame-
terization is a trade-off of the same kind as the choice of
model class in identification: On one hand it should be
a large and flexible class to allow as much benefits from
regularization as possible. On the other hand, a large set
requires larger dimensions of 7, and the estimation of
these comes with their own penalties (much in the spirit
of the Akaike’s criterion). Since P is the prior covariance
of the true impulse response, the prior knowledge of the
underlying system to be identified, e.g., exponential sta-
bility and smoothness, should be embedded in the pa-
rameterized matrix P(n).

A popular way to achieve this goal is through a parame-
terized positive semidefinite kernel function. So far, sev-
eral kernels have been invented, such as the stable spline
(SS) kernel (Pillonetto & De Nicolao, 2010), the diagonal
correlated (DC) kernel and the tuned-correlated (TC)
kernel (Chen et al., 2012), which are defined as follows:

ak+j+max(k,j)
SS: Pyji(n) = c( 5 - 5
n=IlcaleQ={c>0,0<a<l1}; (14a)
DC: Pyj(n) = calFt/2pli=Hl
n=lc,a,pl € Q={c>0,0<a<l1,|p <1}; (14b)
TC: Pyi(n) = coax(k.5)
n=IlcaleQ={c>0,0<a<1}. (14c)

o max(k,j) )

Remark 2 The optimal hyperparameter should be locat-
ed in the interior of the set ). To justify this, we take the
DC kernel as an example. For the case where either ¢ = 0
ora =0, P(n) = 0 and thus (6b) is trivially 0. For the

case where o = 1, this violates the stability of the system.
For the case where |p| = 1, the coefficients of the im-
pulse response is perfectly positive or negative correlated,
but this is impossible for a stable system. In fact, more
formal justification regarding this issue can be found in
Pillonetto & Chiuso (2015, p. 115), which shows that the
measure of the set containing all optimal estimates lying
on the boundary of Q is zero and thus can be neglected
when making almost sure convergence statement.

3.2 Hyperparameter Estimation

Once a parameterized family of the kernel matrix P(n)
has been chosen, the task is to estimate, or “tune”, the
hyperparameter 1 based on the data.

Several methods are suggested in the literature, see e.g.,
Section 14 of Pillonetto et al. (2014), including the em-
pirical Bayes (EB) and SURE methods. The EB method
uses the Bayesian interpretation in Remark 1. It follows
from the assumption (7) that Y is Gaussian with mean
zero and covariance matrix (). As a result, it is possi-
ble to estimate the hyperparameter n by maximizing the
(marginal) likelihood of Y, i.e.,

EB : igp = argmin Zgp(P(n)) (15a)
neQ

Fep(P) =YTQ7Y + logdet(Q) (15b)

where @ is defined in (12) and det(-) denotes the deter-
minant of a square matrix. The SURE method first con-
structs a Stein’s unbiased risk estimator (SURE) of the
MSE and then estimates the hyperparameter by mini-
mizing the constructed estimator. Two variants of the
SURE method were considered in Pillonetto & Chiu-
so (2015), which construct the SUREs for MSEg(P) in
(11a) and MSEy(P) in (11b), and are referred to as
SUREg and SUREy, respectively:

Fs(P) = [0°° — 0| + o> Tr(2R™ — (0T ®) 1)
_ 0,4yTQ—T(I)((I)T(I)>—2(I)TQ—1Y
+o*Tr(2R™ ! — (@7 @) 1) (16a)
Fsy(P)=|]Y— 96724202 Tr (0 POTQ )
=o'YTQ TQ 'Y +20°Tr (®P®" Q") (16b)

where
R=0"Td +o2P L. (17)

Then the hyperparameter 7 is estimated by minimizing
the SUREg (16a) and SUREy (16b):

SUREg : 7jsg = argmin Fge(P(7)) (18a)
neQ
SUREy : 7jsy = arg min Fg,(P(n)). (18b)
ne
In the following sections, we will study the properties

of the above three estimators EB, SUREg and SUREy.
To set reference for these estimators, we introduce their



corresponding Oracle counterparts that depend on the
true impulse response 6:

MSEg : fMseg = arg min B [Fse(P(n)]
ne
= arg min MSEg(P(n)
neQ

) (19)
MSEy : vsgy = arg min E[Fs, (P(n))]
)

neQ
= arg min MSEy(P(n)
neQ
EEB: 7ggpp = argmin E[Fgg(P(n))]
neqQ

= argergin EEB(P(n)) (19¢)

(19b)

where MSEg(P) and MSEy(P) are defined in (11a) and
(11b), respectively, and

EEB(P) = 05 @7 Q' ®0y+0°Tr(Q ") + log det(Q).
(20)

The hyperparameter estimators (19a) and (19b) give the
optimal hyperparameter estimates for any data length
in the corresponding MSE sense and thus provide refer-
ence when evaluating the performance of hyperparame-
ter estimators.

Remark 3 Among these hyperparameter estimators,
only SUREg (18a) depends on (®T®)~1. When (®T®)~!
is ill-conditioned, SUREg (18a) should be avoided for
hyperparameter estimation. One may also note that
(®T®)~1 in the second term is independent of P and
thus can actually be removed in the calculation.

Remark 4 [tis interesting to note that the first terms of
Fsg(P), Fsy(P), and Frg(P) givenin (16a), (16b), and
(15b) contain the same factors Y and Q~'. Moreover,
similarto (10), Fss(P) and Fsy(P) are related with each
other through

Fsy(P) = Tr{ (VS — %) (8% — ™) T
+o?2rR' = (@"®)" )T @}
+YT0(07®) Ty —YTY —no? (21)

independent of the kernel matriz P

In what follows, we will investigate the properties of
the hyperparameter estimators EB, SUREg, and SUREy
and their corresponding Oracle estimators EEB, MSEg
and MSEy. Before proceeding to the details, we make,
without loss of generality, the following assumption.

Assumption 1 The hyperparameter estimates g, sy ;
NEB, TMSEg, TMsEy and NegB are interior points of §).

4 Properties of Hyperparameter Estimators:
Finite Data Case

In this section, focusing on the finite data case we first
give the first order optimality conditions of the hyper-
parameter estimators and then we consider two special

cases for which closed-form expressions of the optimal
hyperparameter estimates are available.

4.1 First Order Optimality Conditions

The hyperparameter estimates 7jsg, 7sy, and 7 in
(18a), (18b), and (15a) should satisfy the first order
optimality conditions if they are interior points of 2.
For convenience, we let € to denote one of the following
estimation criteria Fg,, Fsy, Fun, MSEg, MSEy or
EEB. Then the corresponding hyperparameter estimate
is a root of the system of equations:

Jd€(P(n))

ety (22)

By the chain rule of compound functions, we have

Tr (8<§§3P) <8§7§:7))T) —0,1<i<p  (23)

where, for convenience, when calculating aggp) the sym-

metry of P is ignored according to Lemma B1, that is,
the elements of P are treated independently. One merit
of using acgfpp) without imposing the structure informa-
tion on P is that explicit expressions for the estimation

criteria (16a), (16b), and (15b) are available.

Proposition 3 The first order partial derivatives of
(16a), (16b), and (15b) with respect to P are, respective-

ly,

aySg(P) A5T T T 25T H—1 TH-T
————==—20"0 P(P"P) "D YY d
o =—20"TQ T R(@TR) 2TQ T YYTQ
+ 2wl HTH " (24a)
aySy(P)_ 45T T -1 T T
+20%0TQ T "o (24b)
[
0Fen(P) SJBD(P ) _eTOTYYTQ T+ 07O T (24c)
where

H = P®"® + 0°I,, H=®"®P + 0°I,. (25)
Similarly, the partial derivatives of MSEg(P), MSEy(P),
and EEB(P) with respect to P are also available.

Proposition 4 The first order partial derivatives of
(11a), (11b), and (20) with respect to P are, respectively,

73M58E1§(P ) _ —20*H "H 0,0, 9" Q~"®
+20'HTH'POTQ T (26a)
aMisang’(P ) 20187 TQ 00,61 BT QT D

+2010TQ TQ 'oPd”TQ Td (26b)



OEEB(P)

op = 0 QT 2T Qe

+oTQTorPToTQ "o (26¢)
where H is defined in (25).

In order to better expose the relation among the partial
derivatives derived in Propositions 3 and 4, we define

S=P+c*dTd)"L (27)

With the use of (27) and the identities (B.11)—(B.13) in
the appendix, we rewrite the partial derivatives derived
in Propositions 3 and 4 as follows.

Corollary 1 The partial derivatives derived in Proposi-
tions 3 and 4 can be rewritten as follows:

78MS’8E;§(P) = 20157 (@7 ®) 2571 (P — o605 )S ™"
(28a)
0Fsg(P) _ 204S—T(@T¢)—2S—1 (S _ §Ls(§LS)T)S—T
oP
(28b)
781\4%%3(13) =208 T(@T®) ISP — ,08)S~T
(28c¢)
afngy(P) :2U4S—T((I)T(I))—1S—1 (S _ é\LS(é\LS)T)S—T
oP
(28d)
"’Ei%i(” =577 (PT — 6065 )S ™" (28¢)
0FeB(P) _ (-T(qr _ ALSFLS\T\ o—T
—ap— =STI(ST -0 @S)T) s (28f)

It follows from Corollary 1 that the difference between
the partial derivatives of Fgs(P), Fsy(P), Frp(P) and
that of their Oracle counterparts is that the factor S —
1S (6V)7 is replaced by P — 6y6% . Moreover, the differ-
ence between the partial derivative of Fg,(P) and that
of gy (P) is that there is one extra factor (7 ®)~1. The
difference between the first order derivative of Fgy (P)
and that of Fgp(P) is that there is one extra factor
204 (T ®)~1571 = 20* H~1. The above relations extend
to the partial derivatives of their Oracle counterparts.

Remark 5 [t is important to note from Propositions 3

and 4 that only the first term of % depends on the

possibly ill-conditioned (®T®)~1. With the use of S in
(27), all partial derivatives of the hyperparameter esti-
mators seemingly depend on the possibly ill-conditioned
term (®T®)~1. However, it should be stressed that the
partial derivatives derived in Corollary 1 are not intend-
ed for numerical calculation but for theoretical analysis
and for better exposition of the relation among the partial
derivatives derived in Propositions 8 and 4.

Remark 6 We keep the transpose notation for symmet-
ric matrices in Propositions 3 and 4 and Corollary 1 be-
cause they are derived by using Lemma B1 without im-
posing the symmetric assumption on P. After we have

€ (P)

derived and made the symmetric assumption on
P, the first optimality condition (23) can be written as

0% (P) OP(n)
E ( opP on;

)=0,1§i§p

where the transpose notation appearing in 8?55) can

be dropped for symmetric matrices, e.g. ST = S, and
Q= TQ™" can be written as Q2.

Setting MSEE(P) _ o OMSER(P) _ 5 55 JEEB(P) _

in Corollary 1 leads to the next proposition.

Proposition 5 The optimal kernel matriz that mini-
mizes MSEg(P), MSEy(P), and EEB(P) without struc-
ture constraints on P is

P =0,67. (29)

It was found in Chen et al. (2012) that (29) minimizes the
MSE matrix E(gR - 90)(@R —00)T in the matrix sense.
Here we further find that (29) is optimal for MSEg(P),
MSEy(P) and EEB(P), and for any data length N.

4.2 Two special cases

In general, there is no explicit expression of these hyper-
parameter estimators. However, there exist some specific
cases, for which it is possible to derive the explicit solu-
tion based on Corollary 1. In the following, we consider
two special cases.

4.2.1 Ridge Regression with ®7® = N1,

Let P(n) = nl, with n > 0 and assume ®7® = NI,.
Then we have the following result.

Proposition 6 Consider P(n) = nl, withn > 0. Fur-
ther assume that ®T® = NI,,. Then we have

R (@JS)T@JS 2
TIsg = Tlsy = TlEB = IMax (Ov — ﬁ) (30)

Moreover,
MsEg = TMsEy = Tees = 6 0o/n. (31)

Remark 7 It is worth noting that the optimal hyperpa-
rameter 6% 0o /n holds for any N . Moreover, one has

7’LO’2 ’IlO'2

0

where no? /N is the MSEg of the LS estimator (5b). This
means that the ridge regression with P = 0% 0y /nl,, has a
smaller MSEqg than the LS estimator (5b) when ®T® =
N1,,. Finally, (50) is a consistent estimate of 6% 0o/ if

§L5—>90 as N — oo.



4.2.2 Diagonal Kernel Matriz with ®T® = NI,

Let P(n) be a diagonal kernel matrix (in this case we
have p = n.), i.e.,

where 71, --- , 7, are the main diagonal elements of the
diagonal matrix diag[n;,---,n,]. Then under the as-
sumption ®T® = NI,,, we have the following result.

Proposition 7 Consider P(n) in (32) and assume that
®T® = NI,,. Then we have

fisg = sy = Nep = [max{0,g; —o?/N},

- max{0,52—0%/N}]"  (33)
where §; is the i-th element of the LS estimate (5b),
1=1,...,n. Moreover,

T34

ﬁMSEg :ﬁMSEy =7EEB = [(9(1))2, Tty (92)2]
Remark 8 In the papers (Aravkin et al., 2012b, 2014),
the linear model (4) but with a slightly different setting
is considered, where the parameter 0 is partitioned into
m sub-vectors 6 = [0(1)T, e ,H(m)T]T and the dimen-
sion of 8% is n; so that n = Z?ll n;. In addition, the
prior distribution of 0 is set to be A (0,1;1,,) and n;
s an independent and identically distributed exponen-
tial random variable with probability density p(n;) =
~yexp(—vyn; ) x(n:) where v is a positive scalar and x(t) =
1 fort > 0 and 0 otherwise. Under the setting given above,
the solution mazximizing the marginal posterior of n giv-
en the data and the optimal solution of the MSEg are de-
rived in Aravkin et al. (2012b, 2014) when ®T® = N1,.
When m = 1,n1 = n,vy = 0, their estimates become
(80) and (31), respectively. When n = m, n; = 1 for
i=1,---,n, andy = 0, their solutions become (33) and
(84), respectively. In contrast, we study here the SUREg,
SUREy, MSEy, and EEB estimators besides the EB and
MSEg estimators and find their solutions are the same
under the simplified setting. Clearly, max{0,9? —o?/N}
is a consistent estimator of (¢9)%,i=1,...,n.

5 Properties of Hyperparameter Estimators:
Results as Data Length Increases to Infinity

In this section, we investigate the asymptotic properties
of these hyperparameter estimators. For this purpose,
it is useful to first consider the asymptotic property of
the partial derivatives derived in Corollary 1. Noting the
finding of Corollary 1 and that S — @“S(@“S)T converges
to P — 6p0¢ under proper conditions, we can derive the
following Proposition.

Proposition 8 Consider the partial derivatives de-
rived in Corollary 1. Assume that P is nonsingular and
®T®/N — ¥ almost surely as N — oo, where ¥ is
positive definite. Then we have as N — 0o

N2 OMSEg(P)

5P —20 ' P7TE 2P (P—0,00 ) P~1(35a)

Fsg(P
N207ssP) o ap-rs-2po (P—606T)P~T (35b)

oP
NaM%Lg(P) =20 P~TS T P (P =005 ) P~ T
(35¢)
NOZAD) L opt p= Tt P (Pt )P (354)
aEgi};(P) — P7T(PT —fobg ) P~ (35e)
%}BD(P) P T (PT—0,07 P~ T (35f)

almost surely.

Proposition 8 shows that the three pairs, IV 2 OMSEg(P)

and Ngaé’zsg(P) NaMS;ig'(P) and N&?’sy(P)

9P
BEEB];’,(P) and agg%(P)7 have respectively the same limit

as IV goes to oco. This observation motivates to explore
if this property also holds for the estimation criteri-
a of these hyperparameter estimators. The answer is
affirmative and we have the following result.

, and

)

Proposition 9 Consider the hyperparameter estima-
tion criteria SUREg (16a), SUREy (16b), and EB (15b),
and their corresponding Oracle counterparts MSEg
(11a), MSEy (11b), and EEB (20). Assume that P is
nonsingular and ®* ®/N — % almost surely as N — oo,
where X is positive definite. Then we have as N — 0o

N%(MSEg(P) — o*Tr((®7®)™1)) — W,(P, %, 90)( |
36a
N%(Fse(P) — o*Tr((®T®) 1)) — W, (P, %, 0,) (36b)
N(MSEy(P) — (n+ N)o?) — W, (P, %, 6p) (36¢)
N(Zsy(P)+YT®(®7®) 10Ty — YTY — 2n0o?)
— W, (P, %, 6)) (36d)
EEB(P) — (N —n)
— (N—n)logo?—log det(®T®) = Wg(P,6,) (36e)
Fep(P) +YT0(0T0) 10Ty /o? — Y'Y /0?
— (N —n)logo? —log det(®T ®) = Wg(P,0,) (36f)

almost surely, where

Wy (P, %,00) = o*ol P~'x~2P 19,
— 20T (271 PIE Y (37a)

W, (P, %,00) = o*ol P~'x"1P~ 14,
—20'Tr (S P (37b)
Wg(P,00) = 01 P~'0y + log det(P). (37c)

Remark 9 For these hyperparameter estimation crite-
ria, Wy(P,%,6p), Wy (P, X,600) and Wg(P,6y) contain
all information about the asymptotic benefits of reqular-
ization: how it depends on any kernel matriz P, any true
impulse response vector Oy and any stationary properties
of the input covariance matriz 2.

Proposition 9 enable us to derive asymptotic properties
of these hyperparameters estimator for any parameter-



ization P(n) of the kernel matrix. Moreover, it also im-
plies that the estimators 7sg, sy, and g possibly share
the same limits with their corresponding Oracle coun-
terparts ﬁMSEg, ﬁMSEy’ and 7ggg, respectively.

To state the result, we need an extra assumption. It is
worth to note that the limit functions Wy (P(n), X, 6),
Wy (P(n),%,6p) and Wg(P(n),6p) may not have a u-
nique global minimum, respectively. In this case, the
analysis of how minimizing elements of a sequence of
functions My (n) converge to the minimizing element of
the limit function lim My (n), i.e.,

“lim arg min My (n) = arg min lim My (n)” (38)

where My (n) denotes any function on the left handside
of “—” in (36), follows the same idea as for prediction er-
ror identification methods, see, e.g. Lemma 8.2 and The-
orem 8.2 in Ljung (1999). Accordingly, it is useful in this
context to let “arg min” denote the set of minimizing ar-
guments in case where Wy (P (1), X, 6o), Wy (P(n), %, 0)
and Wg(P(n),0y) do not have a unique global minimum,
respectively,:

. _ I, /
arg {711618 M(n)={nneQ,M(n) = 7111}6115 M)} (39)

where M (n) could be any one of Wy(P(n),X,6),
Wy(P(n)vzaHO) and WB(P(T,)an)

Now we define

1y = arg min Wy (P(n), %, o) (40)

ny = arg min Wy(P(n), 3, 6) (41)
neQ

ng = arg min Wg(P(n), 00). (42)
neQ

Remark 10 The optimal hyperparameter ng  has
the following interpretation: under the assumption
0o ~ A (0, P(n)), ns mazimizes the value of the proba-
bility density function of 6.

The following assumption is also needed.

Assumption 2 The sets ng,n, and np consist of inte-
rior points of 1, and are discrete, i.e., made up of only
isolated points, respectively.

Then we have the following theorem.

Theorem 1 Assume that P(n) is any parameterization
of the kernel matriz such that P(n) is positive definite
and moreover, ®T®/N — X almost surely as N — oo,
where X is positive definite. Then we have as N — oo

MSEg = Tgs T15g — g (43a)
IMSEy — Ny Nsy — Ny (43b)
NEEB — N5, TEB — 1B (43c)

almost surely. Moreover, 0z, ny, and ng are roots of the

system of equations, respectively, i = 1, ..., p:
Te(P(n) =72 P ()~ (P(n) - 9093)13(77)‘18;5:7) =0
1 (Pl) 1P (Pln) = 0085 Py 25 ) =0
1 (P) ™ (Plo) — 6065 Py 25 2 ) =0

The Oracle estimators Nvseg and Nuvseg are optimal for
any data length N in the average sense if we are con-
cerned with the ability to reproduce the true impulse
response and predict the future outputs of the system
respectively, while the SUREg s and the SUREy 7s,
are not optimal in general. Surprisingly, a nice property
of fjgg and 7y is that they converge to the best possible
hyperparameter n; and 7, respectively, for any chosen
parameterized kernel matrix P(n). It is so to speak that
the two SURE methods are “asymptotically consistent
or asymptotically optimal”. This means that when N is
sufficiently large, 7ge and 7, perform as well as Nuseg
and 7usky, respectively. It is also worth noting that even
with increasing number of data the EB estimator 7jgp
has another preference than to minimize MSEg and M-
SEy.

Remark 11 In contrast withWy(P, %, 6y) and W, (P, X, 6y),
a unique property of Wg(P, 0y) is that it does not depend
on the limit Y of @7 ® /N . This can to some extent explain
why the EB estimator is more robust than the SUREg
and SUREYy especially when ®T® is ill-conditioned. In-
terested readers can find experimental evidence for this
in Pillonetto & Chiuso (2015). However, in contrast
with the SUREg and SUREy, the EB estimator is not
asymptotically optimal in the MSEq/MSEy sense.

Remark 12 The different expressions of the lim-
it functions Wy(P(n),%,60), Wy(P(n),%,6y), and
Wg(P(n),00) imply that the optimal hyperparameters
Ngs My, and ng may be different. To check this, we con-
sider a special case: P = nK, wheren > 0 and K is fixed
and positive definite. In this case, (40), (41) and (42)

become

ot T 20*
ny = arg min — 6, K'Y 2K 10— —Tr(S'K'x 1)
n>0 n n

_OTKT'ST2K 1,
T Tr(STKTRT)

ag

‘ T 1g—1 1 20" 1 1
77; = arg min ZQOK_ YK HO—TTr(Z_ K™

n>0 17
_OTKTISTIR 16,
O Tr(STlKY)
Ny = arg IJI;BI 08 K~100/n + logn™ + log det(K)

=0 K00 /n

which shows that n;,n; and ng can be different. Clearly,
when K = I, and¥ = dl, withd > 0, n; = ng = ng. For



this case, the optimal value n has been given in Theorem
7.3 of Pillonetto € Chiuso (2015).

Corollary 2 Assume that 7 ®/N — dI,, almost surely
with d > 0 and P(n) is any positive definite parameteri-
zation of the kernel matriz. Then we have

T = 1y = arg min g P(n)~*60 — 2Tx(P(n) ")
"
ng =argmin 62 P(n) 0y + log det(P(n))
neQ

and further ng and ng are roots of the following system
of equations, respectively:

Te (P(n)~2 (P(n) — 6003 ) P(n) "~ 61;5:7)) —0,i=1,...,p
TY(P(n)‘l(P(n) - 909§)P(n)‘18§£:7)) =0,i=1,...,p.

In addition, for the diagonal kernel matriz (32), we have
ok _ % _ [(0\2 0\217
ng*ny*nB*[(gl)a"'v(gn)] :

In Theorem 1, we have considered the convergence of
those hyperparameter estimators. In fact, we can further
derive their corresponding convergence rate. To this end,
we let {ny = op(an) denote that the sequence {{n/an}
for nonzero sequence {ay} converges in probability to
zero, i.e., Ve > 0,P(|¢x/an] > €) = 0 as N — oo,
while 5 = Op(an) denote that {x/an} is bounded in
probability, i.e., Ve > 0,3L > 0 such that P(|¢x/an| >
L) < e, YN. Then we have the following theorem.

Theorem 2 Assume that |[®T®/N — I|| = 0,(dn),
where || - || denotes the Frobenius norm for a square ma-
triz, oy — 0 as N — oo and P(n) is any positive definite
parameterization of the kernel matriz. Then we have

[MsEg — 77;” = Op(wn), IInsg — 77;” = Op(pun) (44a)
Iasey — 05l = Op(@n), [liisy — m5ll = Op(un) (44b)
Aes = nill = Op(1/N), |l7ies = nsll = Op(1/VN)

(44c¢)

where
wy=max (Op(dn), Op(1/N)) (45a)
[N =max (Op((SN),Op(l/\/ﬁ)). (45b)

Theorem 2 shows that the convergence rate of Jggp and
NEp to 05 depends only on the fact ®7®/N — X as
N — 00 (®T® = O,(N)) but not on the rate |7 ®/N —
Y|l = Op(6n). Moreover, we have

e the convergence rate of fJgrp to 1} is faster than
that of ysgeg to 1 and that of MsEy tO Ny

o the convergence rate of g to 7y is faster than that
of 7)sg to m; and that of 75y to ;.

e the convergence rate of ﬁMSEgv ﬁMSEy and ﬁEEB to
N> 1y and 7, respectively, is faster than that of

Nsgs sy and g to 7y, 7y and 7y, respectively.
Theorem 2 has the following corollary.

Corollary 3 Assume that |®T®/N — || = 0,(6n),
where y — 0 as N — oo and P(n) is any positive
definite parameterization of the kernel matrix. Then

||ﬁMSEg - ﬁSgH = Op(MN) (46a)
msEy — Tsyll = Op(un) (46b)
|feEs — sl = Op(1/VN) (46¢)

where uy is defined in (45b).

This corollary shows that the convergence rate of
|meEB —NEB|| to zero is faster than that of ||mseg — 7sg |
and ||msey — Tsy || to zero.

6 Numerical Simulation

In this section, we illustrate the theoretical results with
numerical simulation.

6.1 Test data-bank

The method in Chen et al. (2012); Pillonetto & Chiuso
(2015) is used to generate 1000 30th order test systems.
Then for each test system, we consider four different test
inputs:

e The first two test inputs are implemented by the
MATLAB command idinput choosing the ban-
dlimited white Gaussian noise with normalized
bands [0,0.6] and [0, 1], respectively, and denoted
by IT1 and IT2, respectively.

e The third and fourth test inputs are the white Gaus-
sian noise of unit variance filtered by a second order
rational transfer function 1/(1—ag™!)? with a cho-
sen to be 0.95 and 0.05, respectively, and denoted
by IT3 and IT4, respectively.

To generate the data set, we simulate each system with
one of the four test inputs to get the output, which is
then corrupted by an additive white Gaussian noise. The
signal-to-noise ratio (SNR), i.e., the ratio between the
variance of the noise-free output and the noise, is uni-
formly distributed over [1,10], and is kept the same for
the four test inputs.

Finally, in order to test the finite sample and asymptotic
behavior of the hyperparameter estimators, we consider
data sets with different data lengths N = 500 and 8000,
respectively.
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Table 1
Average fits for 1000 test systems and data sets.
MSEg Sg MSEy Sy EEB EB
IT1
N =500 80.34 -2.4E9 78.07 53.83 77.98 77.26
N =8000 90.63 -8.6E8 88.08 78.39 88.39 88.36
1T2
N =500 87.11 84.46 87.02 86.03 86.60 86.16
N=8000 96.67 96.60 96.67 96.60 96.47 96.44
1T3
N =500 46.95 -2220 41.61 -146.4 39.47 39.03
N=8000 57.67 -176.8 53.63 38.86 51.05 50.86
1T4
N =500 86.78 83.89 86.69 85.66 86.24 85.84
N=8000 96.57 96.49 96.56 96.49 96.38 96.35

6.2  Simulation Setup

The performance of the RLS estimator (6b) is evaluated
by the measure of fit (Ljung, 2012) defined as follows :

Fit =100 x <1 —

16 -

160 — ol

Oo|

)7

1 n
= 2k

where n is set to 200. This fit is actually to evaluate the
RLS estimator in the MSEg sense.

Here the unknown inputs u_j,--- ,u_,+1 are not used
(nonwindowed). The TC kernel (14c) is considered and
its hyperparameter n = [c, o] is estimated by using the
estimators SUREg (18a), SUREy (18b), and EB (15a),
respectively. For reference, we also consider their corre-
sponding Oracle counterparts, i.e., the estimators MSEg
(19a), MSEy (19b), and EEB (19c), respectively. The
notations Sg, Sy, EB, MSEg, MSEy, and EEB are used
to denote the corresponding simulation results, respec-
tively.

6.8 Simulation results

The average fits are given in Table 1. The boxplots of
the 1000 fits for IT1 and IT2 are displayed in Figs. 1-2,
respectively. The boxplots for IT3 and IT4 are skipped
because of their similarity with IT1 and IT2.



6.4 Findings

Firstly, for all tested cases and in terms of average accu-
racy and robustness, the Oracle estimators MSEg and
MSEy (not implementable in practice) are better than
Sg and Sy, respectively, while EB is just a little bit worse
than but very close to its Oracle estimator EEB.

Secondly, we consider the cases with input IT1, where
®T'® is very ill-conditioned for both N = 500 and N =
8000. In this case and in terms of average accuracy and
robustness, Sg performs badly because it depends on
(®T®)~1. Moreover, Sy is better than Sg, but worse than
EB.

Thirdly, we consider the case with input I'T2 and N =
500, where ®T'® is much better conditioned than the
cases with input IT1. In this case and in terms of aver-
age accuracy and robustness, Sg behaves much better in
contrast with the cases with input I'T1. Moreover, EB
and Sy are quite close though EB is a little bit better,
and they are all better than Sg.

Lastly, we consider the case with input IT2 and N =
8000, where ®7® is very well-conditioned and in terms
of average accuracy and robustness, Sg behaves much
better in contrast with all the other cases, and performs
as well as Sy and better than EB. Moreover, Sg and Sy
are very close to the corresponding Oracle estimators
MSEg and MSEy. These observations coincide with the
results found in Theorem 1 and Corollary 2. Namely, Sg
and Sy are asymptotically optimal but EB is not in the
MSEg/MSEy senses and moreover, Sg and Sy give the
same optimal hyperparameter estimate as their Oracle
counterparts MSEg and MSEy, because the limit ¥ = I,
of ®T®/N as N — oo. It can also be seen from Figs. 1
and 2 that the boxplots of EEB and EB are closer than
that of MSEg and Sg and that of MSEy and Sy. This
observation coincides with the result found in Corollary
3, that is, the convergence rate of |Jggs — NEB|| to zero
is faster than that of ||fmseg — 7sg |l and || msey — Tsy ||
to zero.

Based on the theoretical and simulation results, we have
the following suggestions for choosing the hyperparam-
eter estimators:

i) When the regression matrix is well-conditioned and
the data is sufficiently long, the two SUREs should
be used since they are asymptotically optimal;

ii) When the regression matrix is ill-conditioned or the
data is short, the EB estimator should be used.

7 Conclusions

Kernel matrix design and hyperparamter estimation are
two core issues for the kernel based regularization meth-
ods. In contrast with the former issue, there are few re-
sults reported for the latter issue. In this paper, we fo-
cused on the latter issue and studied the properties of

several hyperparameter estimators including the empir-
ical Bayes (EB) estimator, two Stein’s unbiased risk es-
timators (SURE) and their corresponding Oracle coun-
terparts, with an emphasis on the asymptotic properties
of these hyperparameter estimators. Our major results
are the following:

e The first order optimality conditions of these hy-
perparameter estimators are put in similar forms
that better expose their relation and lead to several
insights on these hyperparameter estimators.

e As the number of data goes to infinity, the two
SURESs converge to the best hyperparameter min-
imizing the corresponding mean square error, re-
spectively, while the more widely used EB estima-
tor converges to another best hyperparameter min-
imizing the expectation of the EB estimation crite-
rion. This indicates that the two SURESs are asymp-
totically optimal in the corresponding MSE sense
but the EB estimator is not.

e The convergence rate of two SUREs is slower than
that of the EB estimator, and moreover, unlike the
two SURES, the EB estimator is independent of the
convergence rate of ®T® /N to its limit.

The results enhance our understanding about these hy-
perparameter estimators and is one step forward toward-
s the goal of building a theory of the hyperparameter
estimation for the kernel-based regularization methods.

Appendix A

Appendix A contains the proof of the results in the pa-
per, for which the technical lemmas are placed in Ap-
pendix B. The proofs of Propositions 1, 5, 7, 8 and Corol-
laries 1, 2, and 3 are straightforward and thus omitted.

A.1  Proof of Proposition 2

Under the setting P~! = A/0?, the MSEg (11a) of the
RLS estimator (6b) is a function of 5 for a given A:

MSEg(5) = Bias(8) + Var(8) where (A1)
Bias(8) = 5207 A(®T® + BA)"H(@T® + BA) L Ab,
Var(8) = o?Tr((@7® + BA) ‘o7 @ (27 @ + BA) ).

Note that MSEg(0) = o?Tr((®7®)~!) corresponds to
the MSEg of the LS estimator (5b). The derivatives of
Bias() and Var(8) with respect to 8 are as follows:

(ﬁjg(m = 2605 A(®" @ + SA) T (@7 + SA) 1 Ab,
— 2807 A(BT® + BA) T A®TD + 4) !

x (&7 + BA) 7! Ad, (4.2)

%rg(ﬂ) = — 20°Tr((®7® + BA) T ADTP + fA)

x T(@T P + BA)!) (A.3)



where the formula dc(;i;(ﬁ) =

—C7H(B) TGO (B) for

an invertible matrix C(8) is used. Then we have

dBias(p)
dg

dVar(pB)
dg

’5—)0+ a

‘ﬁ_w = 20T ((®7®) T A(BTD) 1) < 0.

%@g(m‘ < 0. This means
B—r0t
that MSEg(8) < MSEg(0) in some small right neigh-

borhood of the origin 5 = 0.

Therefore, we have

Under the assumption that A is positive definite, denote

M(B) £ BB — 00) (0™ — 6"

We first prove M(0) — M(8) > 0 for 0 < B <
202 /(0A0,). A straightforward calculation gives

M(0) = M(B)
=2 (®T®) "' — o*(@T P + BA)1oT O (@7 D + BA) !
— B2(@T® + BA) T A0 OL A(DTD + BA) !
=B(®T® + BA) ! (0?24 + BA(T )1 A] — BAOO; A)
x (®Td + At

As a result, to prove M(0)
show

— M(B) > 0, it suffices to

0224+ BA(PTD) T A] - BAOOTA >0  (A4)

which is true if 2021, — BAY2050F A2 > 0 due to

o224 + BA(®T D)1 A
> 20%A — BAGHT A
= AY2(20°1, — BAM20,05 A/2) AV > 0

— BAGOL A

where A'/? is the symmetric and positive definite square
root of A when A is positive definite. In addition, the
cigenvalues of A'/20,0% A'/? are 67Af, and zero (with
multiplicity n—1). This shows 2021, — A/ 20,00 A'/? >
0 for 0 < 8 < 202/(0FAby).

Note that MSEg(8) = Tr(M(3)). One has proved that
M(0)—M () is positive definite if 0 < B < 202 /(61 Aby),
so we have MSEg(0)—MSEg(8)=Tr(M(0)—M (5)) > 0.

The proof for the MSEy (11b) is similar to that for the
MSEg (11a) by using the connection (10).

Remark A1 When 8 — oo, from the MSEg (A.1) we
have

1) Bias(8) — 676y and 222 _ o,
2) Var(8) — 0 and dvaz(ﬁ) — 0,

3) MSEg(8) — 676 and 8 s
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A.2  Proof of Proposition 8
To prove (24a), let us set

Fsg, (P) = o'YTQ T0(070) 207 QY
Fsg,(P) = o> Tr(2R™! — (@7®) 7).
By (B.1) and (B.4), the derivative of .Fg_, (P) is

0Fsg, (P)
or

= —2042

= —204<I>TQ To@Te) 20T 'YYTQ e (A5)

Q™Y

=o' Z (20(070)eTQTYYT) s

(bT(b Q(DTQ lny)”‘I)TQ TJUQ T(p

and using (B.16) implies the derivative of Fg_, (P)

fQJQZ

:2a4P*TR*TR*TP*T N 2a4H*TF‘T

&/ng

(A.6)
Combining (A.5) with (A.6) derives (24a).

The proof of (24b) and (24c) is similar by using Lemma
B1 and so it is omitted.

A.8  Proof of Proposition 4:

Recall that R = ®T® +02P~! and V is the noise vector.
Tt follows from (6b) that

R0, = R'3TY — 0,
—0’R7'P70y+ R1OTV
—0?H Y9y + R o7V

which derives

MSEg(P) = 6"t H-TH 0y + o*Tr(R'®T®RT)
= MSEgl1(P) + MSEg2(P).

For the term MSEgl(P), using the formulas (B.1) and
(B.4) gives

OMSEgl(P) B OH),,
ey = ot zj: (2H 13093’)UTJ
—ot Z (2H‘16000T)ij( - HTJ5,;H ToT9)
i,j

=—20"H TH 00l H To"®
—20'HTH 000 0T QT ®. (A7)

By using the formulas (B.6) and (B.16), one derives

a(Ril)ij

oP

MSEg2(P)
oP

_ 2 15T
=0 Z(QR '),
2



=02 Z (2R'0"®) (o*P TR J;RTTPT)
3

=20'P "TRTR'®TOR TP T

=20'HTH'POTQ " o. (A.8)

Combining (A.7) with (A.8) implies the conclusion
(26a).

The proof of (26b) and (26¢) is similar by using Lemma
B1 and so it is omitted.

A.4  Proof of Proposition 6

Let us first consider the EB estimator. Under the as-
sumptions that P(n) = nl, and ®T® = NI, we have
S—1 =1/(n+0?/N)I,. Further, by using (28f) and (23),
we obtain

nN?2 o?

dFes(P(n) _
EB — (nN+02)2 (77+ﬁ,

dn

By using the Lagrange multiplier, the resulting La-
grangian is

Zes(n,A) = Fes(P(n)) — An
where ) is the Lagrange multiplier. Thus the correspond-

ing Karush-Kuhn-Tucker (KKT) conditions (Boyd &
Vandenberghe, 2004) are

L( Lo (0)Ter
(NN + 02)? TN n
Ap=0, A>0, 7>0

and its solution is

R ALS\THLS 2 o~ .. (gLS\TpLs P
=0 -5 A=0 if 0 > o
~ PLS\THLS PLS\THLS
~_ _nN? (o2 _(07)70 e (07°)76 a?
n=0A= " (W 0 if = N

Therefore, we obtain the hyperparameter 7 estimated
by the EB estimator is

max (O, ('g\LS)nT@IS — J—;)

Under the same setting ®7® = NT,,, the KKT condi-
tions corresponding to the SUREg and SUREy estima-
tors derive that the arguments minimizing Fg.(P (7))
and Zgy (P(n)) under the constraint n > 0 are also (A.9),
respectively.

(A.9)

Likewise, by using (28a), (28c), and (28e) we have al-
1 the hyperparameters minimizing the MSEg(P(n)),
MSEy(P(n)), and EEB(P(n)) satisty the equation

Tr (nl, — 6065) =0

and its solution is 67 6y /n.
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A.5  Proof of Proposition 9

Under the assumptions that ®7®/N — ¥ > 0 and the
white noise v(t), we have (®T®)~! = O,(1/N) — 0,
S~! & P! NR7! = 21, R-19T® — [,,, and 65 —
0y almost surely as N — oo.

Let us first prove (36a). Using (27), we rewrite MSEg(P)
in (11a) as follows:

MSEg(P) = o*0t s~ (@7 ®)~257 14,
+o*Tr(ROTOR™).

The limit

N?*(R'@"eR™' — (@7®) ")
=—0’N’R™' (2P '+0?P 1 (®"T®)"'P )R
— —20?%"tpinTt (A.10)

yields that

N%(MSEg(P) — o?Tr((®7®)~ 1))
=o'05 STH(N?(@T®)7) S,
+ 0’ N*Tr(R™'®T®R™ — (@7®) ")
—ol0i PSP 0y — 20 Tr (S PTIRTY)
=Wy(P, %, 6). (A.11)
To prove (36b), note that the first term of Fgg(P) can
be rewritten as 04(@15)TS_1(<I>T(I>)_2S_1@JS. Thus one
derives
N*(Fsg(P) = o*Tr((@7@)71))
:0,4(§I_JS)TS71N2(@T¢)72S71§LS
+20°N?Tr(R™— (@7 @)™ 1)
—W4(P, %, 0) (A.12)

where we use the limit

N*(R'—(®7®)™') = -’ NR'PIN(®T®) !
— —o?ylpTinTth

Similarly, we can rewrite MSEy(P) as

MSEy(P) = ¢*03 S~ (&7 ®)"157 10y + No?

+Tr(R'®"®R 0" D) (A.13)
and hence the assertion (36¢) is proved by
N(MSEy(P)—(n+N)o?)
=o'l STIN(®T®) 1S 10,
+0’NTr(R'®TOR'®T®d—1,) (A.14)

—Wy(P, %, 0)



where we use the formulas

N(R'®TOoR'®T® - I,,)
=—0c’NR'[2P ' +o°P 1 (@"®) ' P R'0T®
— —20?271ph

To prove (36d), we need some identities. A straightfor-
ward calculation shows that

QIy — ®(@T®)10T)Q = o*(Iy — ®(®T®) 10T,
This means that
QN Iy —o(@Te) e Q7 = Iy— (@7 D) TaT
and hence we derive

cYTQ 2y +vYTo(@T0) 1o’y —YTY
=o'YTQ 'o(@Te) oTQ Y.

It follows from (B.11) and (B.14) that

N[Zsy(P)+YT®(@"®)'@"Y — Y'Y — 2no?|

=N[o'YTQ 'o(®"®) 'oTQ 'Y+20°Tr(R ' ®—1,)]
=N[o?(@")T5 (@7 ®) 1S 10"+ 20 Tr(R 10T D 1,,)]

—W, (P, S, 6) (A.15)

where we use the limit
N{R'®T® - 1,) = —¢’NR'P™! = o2 1p7 L.
Similarly, we need two identities to prove (36e). Using

the Sylvester’s determinant identity det(l,, + AB) =
det(Iny + BA) derives

det(Q) = o>V~ det(®T ®) det(P + o2 (®Td) 1)
which implies

log det(Q) — (N —n)logo? — log det(®” ®)
=logdet(S) — logdet(P). (A.16)
Starting with the identity Iy =0?Q 1+ ®P®T Q! gives

A2Tr(Q™Y) = N — Tr(ePOTQ™1)
=N-Tr(R'®T®) = N —n.

Therefore, the limit (36e) is proved by
EEB(P)— (N —n)—(N —n)log 0®—log det(®” ®)
=055 0o+ (*Tr(Q ") — (N —n))

+ log det(Q) — (N — n)log o* — log det(®T @)
— 08 P10y + log det(P) = Wg(P, o). (A7)

At last, we finish the proof by checking (36f). The iden-
tity

QIy — ®(@®T®) 10T /0? = Iy — ®(®T ) 10T
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implies that

YIQ 'y +YTo(@Te) oY/ /o? — YTY/o?
=YTQ'o@Te) 'oTY. (A.18)

It follows from (A.16), (A.18), and (B.11) that

Fep(P) +YT®(@70) 107y /o? —YTY/0?
— (N —n)log o —log det(®T @)
=YTQ 'y +vTo@'e) toTy/o? — YTV /0?
+logdet(Q) — (N —n)logo? — log det(®7 ®)
=YTQ '®(®T®) 1dTY + log det(S)

—Wi(P, 6). (A.19)

A.6  Proof of Theorem 1

Firstly, we prove fvsgg — 7, as N — oo. Define

MSEg(P) = N?(MSEg(P) — o> Tr((®7®)1)). (A.20)
Clearly, we have fmsgg also minimizes MSEg(P(n)), i.e.,

MsEg = arg min MSEg(P(n)).
neq

Under Assumption 2, there exists a compact set

Qcn (A.21)

containing 7; such that 0 < di < [[P(n)| < d2 < o0

for all n € Q. Then by Lemma B3 in Appendix B, to
prove Nuseg — 77; as N — oo, it suffices to show that

MSEg(P(n)) converges to Wy(P(n), %, 6y) almost surely
and uniformly in ©, as N — oc.

It follows from (A.11) and (A.10) that

mg(P(n)) - WG(P? %, 6o)
=071 + 20" Tr(Z2) — 0T (Z3) (A.22)
71 = 0L STH(N? (2T ®)"2)S7 10, — L P71E 2P~ 10,
Zy=%"tP vt - N2RTIPTIRT! (A.23)
Zy=—N*R'P~HoT®)" PR

For the term Z;, we have

Zy = 0L (S — P7Y(N2(@T®)"2)S 710,
+ 0P H(N*(@T®) 2 - n72%)S 710,

+ 05 P25 = P, (A.24)

where
St pl= g2 1 (@T@)" 1Pt (A.25)

Note that ®7®/N — ¥ implies that |[N(®T®)~!| =
O,(1). Then further noting that dy < ||P(n)| < d2 and



IS ~HE < [1(Pm)) M| < 1/dy for n € Q, we have Z;
converges to zero almost surely and uniformly in 2.

For the term Z5, we have

stply Tt - N?ROIPTIRTY

=(Z'-NR HPIZT' 4 NRIPTH(ETI-NRTY).
The assertions NR™! — ¥~ and |[NR™! —
Op(1) yields that Zy converges to zero almost surely
and uniformly in . Finally, by noting (®7®)~! — 0 as
N — o0 it is easy to see that Zs also converges to zero
almost surely and uniformly. Making use of these facts
shows that MSEg(P(n)) converges to Wy (P(n),%,6p)
almost surely and uniformly in  and hence, by Lemma
B3, Museg — 7, as N — oo almost surely.

57 =

Secondly, we prove that 7js; — 75 as N — oo and the
proof is similar to that of fimsgg — 7, as N — oo. Define

Fsg(P(n) 2 N*(Fsg(P() — o> Tr((37®)1)).

Then, we have

Tgg = arg min?sg(P(n)). (A.26)

neQ
It follows from (A.12) that

Fsg(P(n)) = Wy(P.,00) = 0" Z] + 20" Tr(23)
Z, = (0%)TSTIN2(37$) 251V — gL P 2P g,
Zé:E_lP—lz—l _ NR_lP_lN(ch(I))—l

For the terms Z] and Z), we have

7, =(0" — 6,)" SN (3T d) 25 1S
+07 (S - P N2 (@T9) 25198
+OT P (N2 (9T )2 — n72) 5 1gts
NN i V] (e S Ve
+OLPTIRTEPTL(6M — 6p) (A.27)
Zy=(x"'=NR )P 'x!
+NR'PHET - N(@T®)T).  (A28)

Then, noting that #-5 — gy, S=1 — P~1, N(®T®)~!

Y1, NR™! — ¥~! almost surely as N — oo, and
INR™Y[| = 0p(1), |65 = O,(1), and dy < ||P(n)] <
da, [[S(n) = < |(P(n)) || < 1/dy, for n € Q, one can
show that each term of (A.27) and (A.28), and thus both
7} and Z} converge to zero almost surely and uniform-
ly in Q. Therefore, #g,(P(n)) converges to Wy (P, %, 6y)
almost surely and uniformly in Q. It then follows from
Lemma B3 that 7jgg — 1y almost surely as N — oo.

The proof of (43b) and (43c) can be done similarly and
thus is omitted. The first order optimality conditions of
Mg My» and 7 can be derived in a similar way as Propo-
sition 4 and thus is omitted. This completes the proof.
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A.7  Proof of Theorem 2

We first prove that |[vseg — ;1| = Op(@n)-
Noting (A.11), the i-th elements of the gradient vectors

of MSEg(P(n)) and W,(P(n),X,6y) with respect to n
are, respectively, for 1 < i < p,

OMSEg(P(n)) 42T a1 T a2 09
— 2~ =20"N*0; ST (®' P 0
37]7 o 0 ( ) 8771 0
—|—202N2Tr(8R dTOR" )
i
an(P(n)aE700) 40T 1 28P—
=200 P X" *“—0
an; 0 on; 0
opP~!
o4 1 1
2% Tr(E T ).(A.zg)
Using the identity ag; =—R! g—f;R_l = —02R_1%R_1,

:
we see their difference is

8mg(P(ﬁ)) _an(P(n)72700) _

=204 (Y1 +Tr (Y
on; on; G( 1T 2))
where Tl—o S (N ((p (I)) ) ) 00
s
) 2t
ofpix—2 i 0o,
-1 -1
YTo= 2—18L2—1 - NR—laLR—1¢T@NR—1.
ani 3%‘
Noting | N(®7®)~! — %71 =O p(On), |S7H =P~ =
O;D(I/N)v {agm o 8{1;7],; | = 1/N ||R 1Ty —
L Op(1/N), |INR™* 1| 0,(dy), and

dy < ||[P(n)]| < dy and [S(n)~H] < [I(P()~ M < 1/d
for n € Q yields

T1| = Op(wn), [Tr(T2)| = Op(wn) (A.30)

uniformly in Q, where Q is defined in (A.21). Therefore,

uniformly for any 1 € Q. Since Nysgg and 7y Minimize
MSEg(P) and Wy(P, %, 6y), respectively, we have

OWy(P(n), %, bo)
on

H OMSEg(P(n))

on Op(@n)

RO g MalPD5M)
877 n:;MSEg 317 "
It follows that
ONSEg(P
L))~ — 0, ()
877 n=ng

In addition, by using (A.29), the
Hessian matrix of Wy(P(n), %, ) i

WQ(P(T])7 27 90)
OniOn;

(i, j)-element of the
s

82




92 p-1 op-1 op-1
=205%9T p~1y.—2 -0o + 20 gl =2 6
7% omom; ° 270 Ty, o, 0
92p- !
— 25Ty (DT —— 1), A.31
7 r< onion; ) (4.-31)

The Hessian matrix % of MSEg(P(n)) is

omitted here for simplicity. Then, it can be shown that

H O°MSEg(P(n)) 9*W,

Wy (P(n), %, bo)
ononT H = op(1)

ononT

uniformly for any n € Q. Applying the Taylor expansion

to %ép(")) yields
ONSES(P) _ ONSE(P)
on n=mnsEe on n=ng
9°MSEg(P(n))

anonT ‘77:77 (UMSEg - 77g)

where 7] lies between Nvsgg and Ng-
Clearly,

0*W,(P(n), %, 00)
onon™ n=ng

= 0,(1).

Wy (P(n),%,00)
ononT

Then under Assumption 2, we have
n=ng
is positive definite. For sufficiently large N, 77 would be

Wy (P(n),%,600)

close to n;. In this case, we also have Do T .
is positive definite. Then it follows that
ﬁMSEg - 77;
__ (9°MSEg(P(n)) —1 OMSEg(P (1))
o ( onon™ ’n:ﬁ) n ‘n:n;
=0,(1)Op(wn) = Op(w@n).

O,(pn) and the proof is
wy). By (A.12),

sg(P(n)) is

Now, we prove [[7jsg — 75| =
similar to that of ||mseg — 75| = Op(
the i-th element of gradient vector of .7

0F54(P(N) o 4, 3L8\Ta—1nr2/ 4T 057 4 g
S =20t 0TS TN @ )
OR™1
2 A2
+ 202N Tr( o ) (A.32)

. . . -1 — -1 p—
Using the identity % =—0?R™! %R L we see

8?3 P’I7 ow, P777270
sLP) PR g0t + 20 Tu (1))
/_ ALS\To—1n2 T a—299 ' ALs
where T = (07°)'ST'N*(®" D) T@
i
P—l
- egp—lz—QLeo (A.33)

om;

-1 -1
0P~y g1 0P

NR™L
on; om;

Ty=x""

Since ®T®/N — ¥ and v(t) is a white noise, we
have [|fUS — g| = O,(1/v/N). Then noting that

IN(@T®)~! -1|| = O,(dn), ISF — P7Y| =
Op(1/N), ||2%5—~ a,,L || = Op(1/N), | | =
Op(dn), and |[NR'| = op< ), 1“5 = 0,(1), and

dy < [Pl < da and [|S(n) 7| < [I(P(m) 7| < 1/d
for n € ), yields

1T} |=max (O, (1/VN),0
Tr(15) =0y (o)

p(1/N), 0p(0n)) = Op(pn)

uniformly in Q. It follows that

Hays%<:<n>> - 6Wq<PgZ]>’Z’90> | = 0(0u)

uniformly for any 1 € Q. This implies

8§Sg(P(77))

=0 .
an n=n P(/’LN>

(A.34)

Similarly, one can obtain the Hessian matrix of
Fsg(P(n)) and can show that

(P(n),%,00)
onon™

9 Fsy(P(n)  O*W,
— =o0,(1) (A.35

H ononT H op(1) ( )
uniformly for any n € €. Applying the Taylor expansion

of %f(")) shows

0= w’ _ M’
877 n:;]\Sg 677 77:77;
9*MSEg(P(n)

87787]T ’n:;(ﬁMSEg - 77;)

where 7 lies between 7)s; and 7;. For sufficiently large
N, we have

ﬁSg _'n;
_ (62?&;(?’(77))’ )*18?Sg(P(n))
onon™ n=n on n=ng
=0p(1)O0p(pn) = Op(pn)-

The proof of (44b) and (44c) can be done in a similar
way and thus is omitted. This completes the proof.

Appendix B

This appendix contains the technical lemmas used in the
proof in Appendix A.



B.1  Matriz Differentials and Related Identities

This section introduces the differentiation of a function
f(X) where X is a matrix. It is assumed that X has no
special structure, i.e., that the elements of X are inde-
pendent. For convenience and readability, the formulas
used in the paper are stated in the following lemmas.

Lemma B1 (Petersen & Pedersen, 2012) Assume that
b is a column vector, and A, B and X are matrices with
compatible dimensions. Then we have

w — (A+ AT)XBOT (B.1)
% I (B.2)
w _x-T (B.3)
‘W = (X Hr(X (B-4)
%);_13) = (X 'BAX YT (B.5)
6Tr(A);§XTAT) — ATAX(B+BT)  (B.6)

where (-);; denotes the (i, j)th element of a matriz.

Lemma B2 We have the following identities:

> Wiy = A (B
Y — 0% = 52Q7 'Y (B.
ovS — % = 02T )T QY (B
A(Iy + BA) ' = (I, + AB)™'4A
(PTQ—I(I) _ S—1 <I>TQ_1Y _ S—lé\LS
(I)TQfTQfT(I) _ SfT((I)T(I))flsz
dTQTQ 1y = SfT(q)T(I))flsfl’e\LS

(B.14)
Qi 17 AT
—ap = QT (B.15)
=1y
LIZP)” =o’P "R J;RTTPT (B.16)

where J;; is the matriz whose (i, j)-element is one and
zero for all other elements.

Proof. The identities (B.7)—(B.14) can be verified by a
straightforward calculation. Using (B.4) gives

Q1) :Z Q1) 0Qup
8Pst @b 8C?ab aPst

== D@ ia@ oy Pas ()
a,b

== (@)@ Mai(@ ") jp®u
a,b

17

=—(@"Q Nu(Q T2);

which implies (B.15). While (B.16) can be proved in a
similar way. ]

B.2  Convergence Result for Extremum Estimators

Lemma B3 (Ljung, 1999, Theorem 8.2) Assume that

1) M(n) is a deterministic function that is continuous
inn € Q and minimized at the set

2 =argmin M (n)={nln € Q, M(n)=min M(n')}
neq n’'eQ

where € is a compact subset of RP.
2) A sequence of functions {My(n)} converges to M(n)
almost surely and uniformly in  as N goes to co.

Then Ny = argmin,cq My(n) converges to 7 almost
surely, namely,

inf ||7n —n*|| =0, as N — .
n*€eg
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