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Abstract

In this work, dipolar Bose-Einstein condensates in multiwell potentials
placed to form different geometrical structures are studied theoretically in
order to determine how the ground state population of the particles in the
potential wells changes depending on the relative strength of the particles
dipole moment. In the analytical limit (neglecting intersite tunneling), a
symmetry-breaking change in the number of wells that are populated by
particles is observed for all studied systems for a certain value of the rela-
tive strength of the particles dipole moment. The numerical calculations
for nonzero intersite tunneling show a non-degenerate bifurcation which
is not seen in the analytical limit.
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1 Introduction

1.1 Background

When the temperature of bosonic gases (gases made of bosons) goes towards
0K there is a “cut-off” temperature where the majority of particles will occupy
the lowest energy state (ground state) with respect to the other energy states.
This shift to the ground-orbital state is called (Bose-) Einstein condensation
and results in the gas becoming a so-called Bose-Einstein condensate (BEC). [1]

All BEC’s have contact interaction between its particles and dipolar BEC’s
have not only contact interaction, but dipole-dipole interaction as well. The
dipole-dipole interaction gives dipolar BEC unique properties due to its long-
ranged and anisotropic nature. There are two different types of dipolar BEC,
those that have a magnetic dipole moment and those that have an electrical
dipole moment. [2]

There are three different ways electrical dipole moment for dipolar BEC
can be achieved: polar molecules, Rydberg atoms and light induced dipoles [2].
BEC has been achieved for the polar molecules 23Na87Rb [3], and RbCs [4].
However, Rydberg atoms suffer from a short lifespan and light-induced dipoles
are usually very small [2].

Alkaline metals have a relatively weak magnetic dipole moment in their
ground state (≈ 1µB), although (recently) dipolar effects have been observed in
spinor 97Rb condensates [2]. Some other elements, like Chromium, Dysprosium,
Erbium and Europium have much higher magnetic dipole moment in the ground
states [2]. BEC has been achieved for Chromium [2], Dysprosium [5] and Erbium
[6].

Dipolar BEC is mainly produced by laser cooling the substrate in a (optical)
trap potential and is then further cooled by different methods. For example,
dipolar BEC of Dysprosium is further cooled by exciting electrons to an orbital
with slightly higher energy and is then forced to de-excite to an orbital with a
lower energy by selection rules in an optical dipole trap. Details in Ref.[2, 3, 5,
6].

BEC’s in optical lattices and multiwell potentials are of great interest since
it allows for recreation of problems traditionally encountered in solid states
physics with a much higher control of system parameters [2]. It has been shown
analytically that double- and triple periodic patterns exist for BEC’s in optical
lattices [7].

By adjusting the technique used to create BEC loaded onto optical lattices,
BEC loaded onto optical potentials with more arbitrary forms can be created
[8],[9]. Using such potentials and isolating systems with the desired number of
sites, at least the 2-D systems in this work might possibly be achieved.

Symmetry breaking is referring to when the state of a system is suddenly
changed from a symmetric state to an asymmetric state. There are two types of
symmetry break that can be observed in our system: break of the phase sym-
metry and break of the occupation number symmetry. Breaks in occupation
number symmetry will be referred to as bifurcations (in space). In this work,
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symmetric states are referred to as the states when all potential wells are oc-
cupied by the same number of particles, in contrast to asymmetric states when
not all potential wells are occupied by the same number of particles. Phase
symmetry is broken if a difference in phase (sign if real) of the wave function
between different sites alters the total energy for the system.

1.2 Purpose

Systems of BEC’s are of interest since they are considered to offer more control
of experimental setup than solid state physics and complicated settings have
been simulated/recreated with BEC’s loaded into optical lattices. Furthermore,
BEC systems may be applicable in quantum simulators and quantum metrology.
[2]

In this work, we will conduct a theoretical study (analytically and numer-
ically) of dipolar BEC with repulsive contact and dipole-dipole interactions in
multiwell potentials in simple geometrical structure(s) with the goal to see if,
how and for which values of the control parameter (that corresponds to the rel-
ative strength of the dipole-dipole interaction) spontaneous symmetry breaking
can be observed in these system(s) and to analyse how the geometry influences
the symmetry breaking bifurcations.

1.3 Goal

The questions we want to answer in this work are:

• Can symmetry breaks occur in these systems?

• For which values of the control parameter that corresponds to the rela-
tive strength of the dipole-dipole interaction does the symmetry breaking
bifurcation(s) occur(s)?

• What type of bifurcation do we observe (two-periodic bifurcation, three-
periodic bifurcation etc.)?

• How does the geometry of the system influence the symmetry breaking
bifurcation(s)?
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2 Method

We are studying systems of dipolar BEC with potential wells placed in dif-
ferent geometrical structures. The particles of the system are confined inside
the potential wells which will be referred to as the systems sites from now on.
The entire BEC in each site can be described by a single wave function Ψ as
a consequence of quantum degeneracy (most particles in the BEC are in the
ground state) [10].We assume that enough time has passed for the system to
have reached a time equilibrium in all sites i.e. the occupancy number in each
state does not change with time.

Most of the systems studied in this work can be approximated as a one-
dimensional system of dipolar BEC in multiwell potentials with periodic bound-
aries. Dipolar BEC’s in optical lattices are one-dimensional systems of dipolar
BEC’s in multiwell potentials so we expect that our systems can be described
by the same discrete nonlinear Schrödinger equation (DNLSE) (with smaller
adjustments) as the DNLSE for dipolar BEC’s in optical lattices. From Ref. [7]
we adopt the DNLSE

i
dΨn

dt
= −C(Ψn+1+Ψn−1−2Ψn)+σ|Ψn|2Ψn−Γ

∑
m 6=n

|Ψm|2

|m− n|3
Ψn, (~ = 1), (1)

where σ > 0 corresponds to the repulsive contact interaction, C is the intersite
coupling constant accounting for the tunneling of particles between the wells,
Γ < 0 is the relative strength of the repulsive dipole-dipole interaction and
|m − n| is the relative distance between site m and site n. The sign and site-
independence of Γ is achieved by having all dipole moments point in the same
direction perpendicular to the plane (see Ref. [2]).

The general expression for the Hamiltonian function H that gives equation
(1) has been derived for a similar system (dipolar BEC in optical lattice) in
Ref. [11]. By adjusting that expression for the Hamilton function, the general
Hamiltonian function that gives equation (1) through the relation idΨn

dt = ∂H
∂Ψ∗

n

for our system is

H = −C
k∑

n=1

(Ψ∗nΨn+1+c.c−2Ψ∗nΨn)+

k∑
n=1

σ

2
|Ψn|4−Γ

∑k
n=1(|Ψn|2

∑
m 6=n |Ψm|2)

2|m− n|3
,

(2)
where n = k + 1 is replaced by n = 1 (periodic boundary condition) and k is
the number of potential wells in the system.

By assuming stationary states, the time dependence can be separated from
the site dependence in the wave function:

Ψn = ψnϕ(t), ϕ(t) = e−iµt, (3)

where µ is the chemical potential of the system. µ is used since each wave
function describes a many-particle system [10].

To find the ground state of the system, the expression of the Hamiltonian
function for each state that solves equation (1) must be known. This is because
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the state of the system with the lowest value of the Hamiltonian function will
correspond to the ground state of the system for a fixed number of particles in
the system. The normalized total number of particles is defined as

N =

k∑
n=1

|ψn|2. (4)

Analytical solutions to equation (1) can be found for C = 0. For C 6= 0 the
numerical Newton-Raphson method is used to find solutions.

2.1 Analytical model

For stationary states there is another way to derive the Hamilton function if µ
as a function of N is known. From Kittel and Kroemer’s book, ch.5 p.119 [1]
following relation between µ and Helmholtz free energy(F) is derived:

µ(τ, V,N) = (
∂F

∂N
)τ,V , (5)

where τ is the fundamental temperature (in J) and V is the volume of the sys-
tem. Helmholtz free energy can be written as F = U − TS by making the
switch from the fundamental units τ and σ to the conventional units T and
S respectively, where U is the system’s potential energy, T is the conventional
Kelvin temperature of the system and S is the system’s conventional entropy.
Since the temperature in BECs is low, both the Helmholtz free energy and the
Hamiltonian can be approximated to the potential energy, i.e. F ≈ H. By inte-
grating both sides of equation (5), following relation between the Hamiltonian
function and µ is derived

H =

∫ N

0

µ(N ′) dN ′. (6)

2.2 Numerical model

The numerical calculations are performed in MATLAB R2017a (for academic
use) [12], using the code for numerical Newton-Raphson calculations from Ref.
[13] as a base. (Our code can be found in Appendix A.) The Newton-Raphson
method is used to find roots to functions with the iterative formula

xm = xm−1 − f(xm)

f ′(xm)
, (7)

where m is the iteration index.
For a discrete system with k sites, we replace xm, xm−1 with Xm, Xm−1,

f(xm) with F (Xm) and f ′(xm) with J(Xm), where Xm, Xm−1 is a 1×k matrix
with Xm(n) corresponding to xm in site n. F (xm) is a k dimensional system of
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equations and J(Xm) is the Jacobian of F (Xm). With these replacements, the
Newton-Raphson method for k-dimensional problems has the formula

J(Xm)(Xm −Xm−1) = −F (Xm).

Inserting equation (3) in equation (1) and assuming ψ ∈ R, results in the fol-
lowing definition of F (Xm), where Xm = (ψm1 , ψ

m
2 , ..., ψ

m
k )

F (Xm(n)) = −µψmn − C(ψmn−1 + ψn+1 − 2ψn) + σψ3
n − Γψn

∑
j 6=n ψ

2
m

|j − n|3
. (8)

With these definitions of Xm and F (Xm) the Newton-Raphson method can
be used to numerically solve a k dimensional equation system if the initial
conditions (test solution) are close enough to a solution quickly i.e. few ( 4)
iteration steps. For this work, the Newton-Raphson was set to continue the
iteration process until an accuracy of 10−8 was achieved i.e. ||Xm −Xm+1|| <
10−8. (A more detailed explanation of how the numerical Newton-Raphson
method works can be found in Ref. [13])
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3 Results

3.1 Three-well potential system

Figure 1: Schematic image of the studied geometric system with the potential
wells marked as blue circles. The direction of the dipole moment in each site is
marked as black ”arrows” (out from the paper/screen).

Consider a multiwell system of dipolar BEC with the potential wells placed
like the geometrical structure in fig.1. For our system, (see fig.1) we have the
following relation between the different sites:

Ψ1+3n = Ψ1

Ψ2+3n = Ψ2

Ψ3+3n = Ψ3

, n ∈ Z. (9)

Since this system can be approximated to a 1D multiwell system with periodic
boundaries, we obtain that the DNLSE for our system is (1). Note that equation
(9) leads to that |m− n| is 1 ∀m,n. So equation (1) can be rewritten as

i
dΨn

dt
= −C(Ψn+1 + Ψn−1 − 2Ψn) + σ|Ψn|2Ψn − Γ

∑
m 6=n

|Ψm|2Ψn. (10)

3.1.1 Analytical three-well potential

If the total number of particles N is large, |Ψn|2 and |Ψm|2 will dominate
equation (10) so we can set the intersite coupling constant C = 0 giving us

i
dΨn

dt
= σ|Ψn|2Ψn − Γ

∑
m 6=n

|Ψm|2Ψn. (11)

For stationary states (3), there are three cases of interest:

• Case 1: Only one ψn is non-zero i.e. ψ1 = ψ2 = 0, ψ3 6= 0 (for instance)

• Case 2: ψn 6= 0 ∀n
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• Case 3: ψn = 0 for only one n i.e. ψ1 = 0, ψ2, ψ3 6= 0 (for instance)

There is also the case ψn = 0 ∀n. However, such a state is interpreted as the
state of a system without any particles. We will now derive an expression of
|ψn|2 and the Hamiltonian function H for each of these cases.

For Case 1, inserting equation (3) in equation (11) and using the conditions
of ψn from case 1 we obtain:

µ = σ|ψ3|2 i.e. |ψ3|2 =
µ

σ
, ψ1 = ψ2 = 0. (12)

Inserting ψ1 = ψ2 = 0, ψ3 6= 0 in equation (4) results in |ψ3|2 = N . Inserting
|ψ3|2 = N in equation (12) results in the following expression for µ as a function
of N (and Γ).

µ = σN. (13)

Inserting equation (13) in equation (6) the expression

H =
σN2

2
(14)

is derived, which is the Hamiltonian function as a function of N (and Γ) when
the system is described by Case 1.

For Case 2, inserting equation (3) in equation (11) and dividing with ψn, ψn 6=
0 (as in Case 2) result in the following equation

µ = σ|ψn|2 − Γ
∑
m 6=n

|ψm|2 ⇒
µ = σ|ψ1|2 − Γ|ψ2|2 − Γ|ψ3|2

µ = σ|ψ2|2 − Γ|ψ1|2 − Γ|ψ3|2

µ = σ|ψ3|2 − Γ|ψ1|2 − Γ|ψ2|2
(15)

and by applying standard linear algebra we derive that

|ψ1|2 = |ψ2|2 = |ψ3|2 =
µ

σ − 2Γ
. (16)

By inserting |ψ1|2 = |ψ2|2 = |ψ3|2 in equation (4), |ψ1|2 = |ψ2|2 = |ψ3|2 = N
3

is derived. Inserting |ψ1|2 = |ψ2|2 = |ψ3|2 = N
3 in equation (16) results in the

following expression for µ as a function of N and Γ

µ =
σ − 2Γ

3
N. (17)

Inserting equation (17) in equation (6) results in

H =
σ − 2Γ

6
N2, (18)

where H is the Hamiltonian function as a function of N and Γ when the system
is described by Case 2.
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For Case 3, equation (3) in (11) as well as the conditions for ψn in Case 3
results in the following equation

µ = σ|ψ2|2 − Γ|ψ3|2

µ = σ|ψ3|2 − Γ|ψ2|2
⇒ |ψ1|2 = 0, |ψ2|2 = |ψ3|2 =

µ

σ − Γ
. (19)

Inserting |ψ1|2 = 0, |ψ2|2 = |ψ3|2 in equation (4), |ψ2|2 = |ψ3|2 = N
2 is derived.

Inserting |ψ2|2 = |ψ3|2 = N
2 in equation (19), result in the following expression

for µ as a function of N and Γ

µ =
σ − Γ

2
N. (20)

Inserting equation (20) in equation (6) results in

H =
σ − Γ

4
N2, (21)

where H is the Hamiltonian function as a function of N and Γ when the system
is described by Case 3.

Figure 2: a) plot of H as a function of N for Γ = 0. b) plot of H as a function
of N for Γ = −1. c) plot of H as a function of N for Γ = −2. For all of these
plots σ has been set to 1.

Comparing the equations (14),(18) and (21), we observe that for 0 ≥ Γ >
−σ (fig.2a)), Case 2 gives the lowest value of the Hamiltonian function. For
Γ = −σ the Hamiltonian function has the same value for all cases (fig.2b)) and
for Γ < −σ (fig.2c)) Case 1 gives the lowest value of the Hamiltonian function.
From this we conclude that the ground state of the system will go from the
symmetric Case 2 to the asymmetric Case 1 as |Γ| increases and at the ”point”
Γ = −σ the change from Case 2 to Case 1 occurs, i.e. a symmetry break occurs
at Γ = −σ when N is large. For illustration see fig. 2 .

Note that the sign of the wave function cannot be derived from these cal-
culations (in fact the wave function cannot be derived to a phase constant in
these calculations). Therefore, in Case 2 whether the system is in the state
ψ1 = ψ2 = −ψ3 or ψ1 = ψ2 = ψ3 cannot be determined.
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3.1.2 Numerical three-well potential

By adjusting equation (2) to the three-well potential system, the Hamiltonian
function for the system can be written as

H = −C
3∑

n=1

(Ψ∗nΨn+1 + c.c− 2Ψ∗nΨn) +

3∑
n=1

σ

2
|Ψn|4 −

3∑
n=1

Γ|Ψn|2|Ψn+1|2 (22)

First, the following parameters are set: the contact interaction σ = 1 and
the normalized total number of particles in the system N = 3. Setting the the
vector dimension k = 3 in equation (8), the equation system that we want to
solve using the Newton-Raphson method is the DNLSE for the system with the
condition that the total ”normalized” number of particles are conserved

−µψn − C(ψn−1 + ψn+1 − 2ψn) + σ|ψn|2ψn − Γ
∑
m6=n

|ψm|2ψn = 0,

3∑
n=1

|ψn|2 −N = 0.

. (23)

In order to find numerical solutions to the equations (23), the field is initiated
with different test solutions corresponding to the possible analytical solutions
for ψn and a value of µ that is (at least close to) the analytical value of µ given
the start values of all other parameters. A loop where Γ goes from −4 to 0 with
the step of Γ = 0.01 is performed. Explicitly, for Case 1,

[ψ1, ψ2, ψ3, µ] = [0,
√

3, 0, 3] and [ψ1, ψ2, ψ3, µ] = [−
√

3, 0, 0, 3]

are our test solutions. Although they represent equivalent states, they are both
tested to see if the program is incorrect. For Case 2,

[ψ1, ψ2, ψ3, µ] = [1, 1, 1, 12] and [ψ1, ψ2, ψ3, µ] = [1,−1, 1, 12]

are our test solutions. For Case 3,

[ψ1, ψ2, ψ3, µ] = [0,
√

3/2,
√

3/2, 8] and [ψ1, ψ2, ψ3, µ] = [0,
√

3/2,−
√

3/2, 8]

are our test solutions. Test solutions with one negative-valued wave function
will be referred as Case #− and test solutions with only positive-valued wave
functions will be referred to as Case #+, where # is the number of the case the
test solution belongs to. This is repeated for different values of C from 0 to 1
with steps of 0.1.

Since we want to find the ground state of the system, all numerical solutions
are inserted in the expression for the generalised Hamiltonian function for our
system (22). For each initial condition the Hamiltonian function is then plotted
as a function of Γ so that the state with the lowest energy value for a certain value
of Γ can be obtained. We observe that as the value of C increases, the Γ value
for when the ground state goes from being ψ1 = ψ2 = ψ3 to |ψ2| >> |ψ1| = |ψ3|
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decreases (fig.3,4). In fact, the bifurcation points as a function of C appears to
be

Γ ≈ −σ − 1.3C

for σ = 1. We also observe that ψ1 = ψ3 = −ψ2 is (unlike the analytical
solution) never the ground state of the system for C > 0 and thus we conclude
that the phase symmetry is broken for C > 0.

In fig.5, an energy gap between the bifurcation point and the asymmetric
statse is observed, i. e. Case 3+ and Case 1± is never degenerate with the
symmetric solution (Case 2+) at the bifurcation point. This is observed for all
tested values of C 6= 0, but not for C = 0 (see fig.2b)).

Some analogies:

• Cooling water: when the water reaches its freezing point the temperature
of the water will no longer be lowered as more energy is extracted from
the system (first order phase transition).

• Ferromagnets: as the temperature of a ferromagnet increases, the dipole
moments in the ferromagnet will continuously get more and more disor-
dered until it is completely paramagnetic (second order phase transition).

In comparison, for C = 0 we have a continuous bifurcation (second order phase
transition) and for C 6= 0 we have a discontinuous bifurcation (first order phase
transition).

When Γ approaches the value for Γ which would result in a bifurcation, the
Newton-Raphson method becomes less accurate and more iteration steps are
required. This issue has been reduced by decreasing the steps in Γ close to the
bifurcation point. However, it is the cause of the discrepancy in energy values
between different C values for some cases when Γ = 0 in figure 3 and 4.
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Figure 3: Plots of the Hamiltonian function as a function of Γ for different initial
condition inserted in the numerical calculation where N = 3, σ = 1 and for a)
C = 0.1,b) C = 0.2, c) C = 0.3, d) C = 0.4, e) C = 0.5. The graphs that are
not visible for certain intervals are overwritten by a later graph in the legend.
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Figure 4: Plots of the Hamiltonian function as a function of Γ for different initial
condition inserted in the numerical calculation where N = 3, σ = 1
and for a) C = 0.6, b) C = 0.7, c) C = 0.8, d) C = 0.9, e) C = 1. The graphs

that are not visible for certain intervals are overwritten by a later graph in the
legend.
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Figure 5: A more detailed image of the bifurcation point for C = 0.4. The
magenta coloured dot is believed too be an error due to being too close the
bifurcation point.
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3.2 Four well potential system in 2-D

Figure 6: Schematic image of the studied system with the potential wells po-
sitioned as the blue circles. The direction of the dipole moment in each site is
marked as black ”arrows” (out from the paper/screen).

Consider a multiwell potential system of dipolar BEC in a quadratic geo-
metrical structure with the potential wells placed as in figure 6. Note that site 1
can be seen as site 5 and that site 4 can be seen as site 0. Since this system can
be approximated to a 1D multiwell system with periodic boundaries, we obtain
that the DNLSE for our system is (1).

Analytically, this system can be investigated with or without the approx-
imation that we only have dipole-dipole interaction for the nearest neighbour
sites, i.e without next-nearest neighbour interaction.

3.2.1 Without next-nearest neighbour interaction

By applying the approximation that there is only dipole-dipole interaction with
the nearest neighbour, all terms with |m − n| > 1 are set to zero in equation
(1), resulting in following equation

i
dΨn

dt
= σ|Ψn|2Ψn − Γ

∑
m 6=n

|Ψm|2(2− |m− n|)
|m− n|3

Ψn, (24)

where the intersite coupling constant C has been set to zero (by assuming that
|Ψn|2 and |Ψm|2 are large). Setting stationary states (3), in equation (24) results
in the following DNLSE

µψn = σ|ψn|2ψn − Γ
∑
m 6=n

|ψm|2(2− |m− n|)
|m− n|3

. (25)

For this system we have 5 different cases:

• Case A1: ψn 6= 0 ∀n

• Case B1: one site is zero e.g. ψ1 = 0, ψm 6= 0,m = 2, 3, 4
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• Case C1: two neighbouring sites are zero e.g. ψ1 = ψ2 = 0, ψ3, ψ4 6= 0

• Case D1: two sites diagonally to each others are zero e.g. ψ1 = ψ3 =
0, ψ2, ψ4 6= 0

• Case E1: all sites but one are zero e.g. ψ1 = ψ2 = ψ3 = 0, ψ4 6= 0

Note that Case C1 gives the same equations as Case 3 and Case E1 gives the
same equations as Case 1 in section 3.1.1.

For Case A1, equation (25) can be rewritten as

µ = σ|ψ1|2 − Γ(|ψ2|2 + |ψ4|2)

µ = σ|ψ2|2 − Γ(|ψ1|2 + |ψ3|2)

µ = σ|ψ3|2 − Γ(|ψ2|2 + |ψ4|2)

µ = σ|ψ4|2 − Γ(|ψ1|2 + |ψ3|2).

(26)

By applying standard linear algebra we derive that |ψ1|2 = |ψ2|2 = |ψ3|2 =
|ψ4|2. Inserting |ψ1|2 = |ψ2|2 = |ψ3|2 = |ψ4|2 in equation (4), |ψ1|2 = |ψ2|2 =
|ψ3|2 = |ψ4|2 = N

4 is derived. µ as a function of N and Γ can therefore be
written as

µ =
N(σ − 2Γ)

4
. (27)

Inserting equation (27) in equation (6) the Hamiltonian function for Case A1 is
derived as

H =
N2(σ − 2Γ)

8
. (28)

For Case B1, equation (25) can be rewritten as

µ = σ|ψ2|2 − Γ(|ψ3|2)

µ = σ|ψ3|2 − Γ(|ψ4|2 + |ψ2|2)

µ = σ|ψ4|2 − Γ(|ψ3|2)

(29)

and by applying standard linear algebra, following relation is derived

|ψ2|2 = |ψ4|2 =
|ψ3|2(σ + Γ)

σ + 2Γ
. (30)

Inserting equation (30) in equation (4) results in

|ψ3|2 =
(σ + 2Γ)N

3σ + 4Γ
.

Thus, µ can be written as the following function of N and Γ

µ =
σ2 − 2Γ2

3σ + 4Γ
N. (31)

16



Inserting equation (31) in equation (6), the Hamiltonian function for Case B1
is derived as

H =
σ2 − 2Γ2

6σ + 8Γ
N2. (32)

For Case D1, equation (25) can be rewritten as

µ = σ|ψ2|2

µ = σ|ψ4|2,
(33)

which results in |ψ2|2 = |ψ4|2. Inserting |ψ2|2 = |ψ4|2 in equation(4) results in
|ψ2|2 = |ψ4|2 = N

2 . Therefore, µ as a function of N is derived as

µ =
σN

2
. (34)

Inserting equation (34) in equation (6) results in the following expression for
the Hamiltonian function in Case D1

H =
σN2

4
. (35)

Note that for Case B1, the Hamiltonian function (32) has a singularity for
Γ = − 3σ

4 which is highly remarkable! However, equation (30) gives ψ3 = 0 at
Γ = −σ2 , i.e. transition to Case D1 and Γ = −σ gives a transition to Case E1 in
equation (30. For −σ < Γ < −σ2 we must have ψn = 0∀n, i.e. no particles in the
system. Therefore, we conclude that there is a forbidden region Γ /∈ [−σ,−σ2 ]
for Case B1.

Figure 7: Graph of the Hamiltonian for each case as a function of Γ where σ = 1
and N = 1 (since we want to compare the different values of the Hamiltonian
functions as Γ varies)
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Comparing equations (28),(32),(21),(35) and (14) for a fixed value of N (see
fig.7),we observe that Case A1 has the Hamiltonian function with the lowest
value i.e. lowest amount of total energy when −σ2 < Γ ≤ 0 and Case D1 has the
lowest value of the Hamiltonian function when Γ < −σ2 i.e. a period-doubling
bifurcation occurs at Γ = −σ

2

3.2.2 With next-nearest neighbour interaction

Let us investigate the four well system where we include next-nearest neighbour
dipole-dipole interactions. Note that the relative distance |m−n| for site 1 and
3 etc. is

√
2 so we rewrite equation (1) as

i
dΨn

dt
= σ|Ψn|2Ψn − Γ

∑
m6=n

|Ψm|2

|m− n|3/2
Ψn, (36)

where the intersite coupling constant C has been set to zero (by assuming that
|Ψn|2 and |Ψm|2 are large). Setting stationary states (3) in equation (36) results
in the following equation

µψn = σ|ψn|2ψn − Γ
∑
m 6=n

|ψm|2

|m− n|3/2
ψn. (37)

For this system we have 5 different cases:

• Case A2: ψn 6= 0 ∀n

• Case B2: one site is zero e.g. ψ1 = 0, ψm 6= 0,m = 2, 3, 4

• Case C2: two neighbouring sites are zero e.g. ψ1 = ψ2 = 0, ψ3, ψ4 6= 0

• Case D2: two sites diagonally to each others are zero e.g. ψ1 = ψ3 =
0, ψ2, ψ4 6= 0

• Case E2: all sites but one are zero e.g. ψ1 = ψ2 = ψ3 = 0, ψ4 6= 0

Note that Case C2 gives the same equations as Case 3 and Case E2 gives the
same equations as Case 1 in section 3.1.1.

For Case A2, equation (37) can be rewritten as

µ = σ|ψ1|2 − Γ(|ψ2|2 +
|ψ3|2

23/2
+ |ψ4|2)

µ = σ|ψ2|2 − Γ(|ψ1|2 + |ψ3|2 +
|ψ4|2

23/2
)

µ = σ|ψ3|2 − Γ(|ψ2|2 + |ψ4|2 +
|ψ1|2

23/2
)

µ = σ|ψ4|2 − Γ(|ψ1|2 + |ψ3|2 +
|ψ2|2

23/2
).

(38)
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By applying standard linear algebra we derive from equation (38) that |ψ1|2 =
|ψ2|2 = |ψ3|2 = |ψ4|2. Inserting |ψ1|2 = |ψ2|2 = |ψ3|2 = |ψ4|2 in equation (4),
|ψ1|2 = |ψ2|2 = |ψ3|2 = |ψ4|2 = N

4 is derived. Therefore, µ as a function of N
and Γ is derived as

µ =
(
σ − Γ(2 +

1

23/2
)
)N

4
. (39)

Inserting equation (39) in equation (6) the Hamiltonian function for Case A2 is
derived as

H =
N2
(
σ − Γ(2 + 1

23/2 )
)

8
. (40)

For Case B2, equation (37) can be rewritten as

µ = σ|ψ2|2 − Γ(|ψ3|2 +
|ψ4|2

23/2
)

µ = σ|ψ3|2 − Γ(|ψ4|2 + |ψ2|2)

µ = σ|ψ4|2 − Γ(|ψ3|2 +
|ψ2|2

23/2
)

(41)

simplified to

µ = σ|ψ2|2 − Γ(|ψ3|2 +
|ψ4|2

23/2
)

0 = (σ − Γ
1

23/2
)(|ψ2|2 − |ψ4|2)⇒ |ψ2|2 = |ψ4|2

µ = σ|ψ3|2 − Γ(|ψ4|2 + |ψ2|2)⇒ µ = σ|ψ3|2 − 2Γ|ψ2|2,

(42)

which results in

|ψ2|2 = |ψ4|2 =
(σ + Γ)|ψ3|2

σ + Γ(2− 2−3/2)
. (43)

Inserting equation (43) in equation (4) results in

|ψ2|2 =
(σ + Γ)N

3σ + 4Γ− 2−3/2Γ
.

Inserting the expression above and equation (43) in equation (42), µ as a func-
tion of N and Γ for Case B2 is derived as

µ = N
σ2 − Γσ

23/2 − 2Γ2

3σ + 4Γ− 2−3/2Γ
. (44)

Inserting equation (44) in equation (6) results in the following expression for
the Hamiltonian function in Case B2

H = N2
σ2 − Γσ

23/2 − 2Γ2

2(3σ + 4Γ− 2−3/2Γ)
. (45)
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For Case D2, equation (37) can be rewritten as

µ = σ|ψ2|2 − Γ
|ψ4|2

23/2

µ = σ|ψ4|2 − Γ
|ψ2|2

23/2

, (46)

which results in |ψ2|2 = |ψ4|2. Inserting |ψ2|2 = |ψ4|2 in equation (4) results in
|ψ2|2 = |ψ4|2 = N

2 . Therefore, µ as a function of N and Γ is derived as

µ =
N

2
(σ − Γ

23/2
). (47)

Inserting equation (47) in equation (6) results in following expression for the
Hamiltonian function for Case D2

H =
N2(σ − 2−3/2Γ)

4
. (48)

Note that in Case B2, the Hamiltonian function (45) has a singularity when
3σ + 4Γ − Γ

23/2 = 0, which is highly remarkable! However, from equation (43)
we see that for Γ = −σ we have |ψ2| = |ψ4| = 0 which would transfer us to Case
E2 and for Γ = − σ

2−2−3/2 we have |ψ3| = 0 which would transfer us to Case D2.

In the interval −σ < Γ < − σ
2−2−3/2 we see that |ψ2|2 = −X|ψ3|2, where X is

some positive function of Γ which results in ψn = 0 ∀n (the ”no particles in the
system” case). Therefore, we conclude that Γ /∈ [−σ,− σ

2−2−3/2 ] for Case B2.

Comparing the equations (40),(45),(21),(48) and (14) (see fig.8), we observe
that for a constant value of N, − σ

2−2−3/2 < Γ ≤ 0, Case A2 gives the lowest

value of the Hamiltonian function, for −23/2σ < Γ < − σ
2−2−3/2 Case D2 gives

the lowest value of the Hamiltonian function and for Γ < −23/2σ Case E2 gives
the lowest value of the Hamiltonian function. We observe a period-doubling at
Γ = − σ

2−2−3/2 from each site being populated with the same number of particles
to only two sites that are diagonal to each other being populated by the same
number of particles and at Γ = −23/2σ a second period-doubling occurs where
all particles in the system populate a single site.
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Figure 8: Plot of the Hamiltonian for each case in the studied system as a
function of Γ, where the Hamiltonian with the lowest value gives what state
the system prefers to be in. For these simulations σ and N have been set to 1
(since we want to compare the different values of the Hamiltonian functions as
Γ varies).
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3.3 Four-well potential system in 3-D

Figure 9: Schematic image of the studied geometric system with the potential
wells marked as blue spheres. The direction of the dipole moment in each site
is marked as red arrows. Note that the lines are only there to help visualize the
3-D structure.

Consider a 3-D system with potential wells placed as the geometrical struc-
ture in fig. 9.

The DNLSE for this system cannot be written as equation (1) since the C
term only includes two coupling terms. However, since we need to set C = 0 to
be able to solve the system analytically equation (1) serves as a good base.

Note that adjusting the dipole moments so that Γ is repulsive and site-
independent might be a difficult task. In order for Γ repulsive and site-independent,
the dipole moments need to be perpendicular to the planes between each site
or at least act as if they are. This might be achieved by having dipole moments
that are pointing towards or away from the centre of the structure (see fig.9).
If the dipole moments are directed as suggested above they would have compo-
nents that are equal sized and perpendicular to each plane for each site. For
simplicity we will assume that this issue has been solved.

Furthermore, the distance between each site is the same so |m−n| is 1 ∀n,m.
By assuming stationary states (3) and setting the intersite coupling constant C
to zero the DNSLE for this system can be written as

µψn = σ|ψn|2 − Γ
∑
m 6=n

|ψm|2ψn. (49)

For this system there are 4 different cases of interest:

• Case α: ψn 6= 0 ∀n

• Case β: one site is zero e.g. ψ4 = 0, ψm 6= 0,m = 1, 2, 3
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• Case γ: two sites are zero e.g. ψ1 = ψ4 = 0, ψ2, ψ3 6= 0

• Case δ: all sites except one is zero e.g. ψ1 = ψ2 = ψ4 = 0, ψ3 6= 0

Note that Case β results in the same equations as Case 2, Case γ results in the
same equations as Case 3 and Case δ results in the same equations as Case 1 in
section 3.1.1.

For Case α, equation (49) can be rewritten as

µ = σ|ψ1|2 − Γ(|ψ2|2 + |ψ3|2 + |ψ4|2)

µ = σ|ψ2|2 − Γ(|ψ1|2 + |ψ3|2 + |ψ4|2)

µ = σ|ψ3|2 − Γ(|ψ1|2 + |ψ2|2 + |ψ4|2)

µ = σ|ψ4|2 − Γ(|ψ1|2 + |ψ2|2 + |ψ3|2).

(50)

By applying standard linear algebra, we derive that |ψ1|2 = |ψ2|2 = |ψ3|3 =
|ψ4|2. Inserting |ψ1|2 = |ψ2|2 = |ψ3|3 = |ψ4|2 in equation (4), |ψ1|2 = |ψ2|2 =
|ψ3|3 = |ψ4|2 = N

4 is derived. Therefore, µ as a function of N and Γ is derived
as

µ =
σ − 3Γ

4
N. (51)

Inserting equation (51) in equation (6) the Hamiltonian function for Case α is
derived as

H =
σ − 3Γ

8
N2. (52)

Comparing the equations (52),(18),(21) and (14) for a fixed value of N (see
fig.10), we observe that Case α gives the lowest value of the Hamiltonian function
for −σ < Γ ≤ 0 and Case δ gives the lowest value of the for Γ < −σ.

Note that for Case α we have rotation symmetry with respect to 120o rota-
tion for all four rotation axis, but for Case δ we only have rotation symmetry
with respect to 120o rotation for one rotation axis. Thus, we conclude that a
break of the full rotation symmetry occurs at Γ = −σ.
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Figure 10: Graph of the Hamiltonian function as a function of Γ for each case
in the studied system. The Hamiltonian function with the lowest value gives
the ground state of the system. For these simulations σ and N have been set to
1 (since we want to compare the different values of the Hamiltonian functions
as Γ varies).
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4 Discussion

Even though the 2-D potential well systems of dipolar BEC might be created
as suggested, it is not certain that such setup will result in a system decribed
by the DNLSE (1), since the spatial dimensions must be correct. For example,
if the spatial dimention is too large the potential wells will be isolated and we
would only have one-well systems.

The direction of the dipole momemts can be set with an external magnet-
ical/electrical field. For a 3-D system, creating an optical trap potential and
isolating potential wells is probably more difficult. In the analytical limit C = 0
there are alternatives to the suggested method on how to align the dipole mo-
ment for the system illustrated by fig.9. For instance, by using an external
magnetic/eletric field to have all dipole moments point perpendicular to one of
the structure’s plane and adjusting the structure’s height, a negative Γ which is
non-site dependent might be achieved.

In the analytical calculations for the three-well potential system, for Γ = −σ
we cannot derive |ψn|2 for Case 2 and 3 (with n = 1, 2, 3 for Case 2 and n = 2, 3
for Case 3). Similarly, |ψn|2 for Case α,β and γ cannot be derived for Γ = −σ
in the analytical four-well potential system in 3-D.

Similarly, for the four-well potential system, the lower limit value of Γ for
the forbidden region of Case B(1,2) corresponds to the value of Γ where |ψn|2
cannot be determined for Case A(1,2). Additionally, the upper limit value of
Γ for the forbidden region of case B(1,2) corresponds to the value of Γ where
|ψn|2 cannot be determined for Case C(1,2). However, there isn’t a bifurcation
at these values since the Hamiltonian function for Case C is not the Hamiltonian
function with the lowest value prior to Γ = −σ. For Case D2 when Γ = −23/2σ,
|ψn|2 cannot be determined. Here we would see a bifurcation since Γ 6= −23/2σ
for Case D2 and the Hamiltonian function for Case D2 has the lowest value
prior to that.

We see an extra bifurcation in the four-well potential system when next-
neighbour dipole-dipole interactions are included. This is due to the fact that
in Case D1 the diagonal sites are isolated, but in Case D2, as the strength of
the dipole-dipole interactions increases the system will minimize its energy by
transporting all particles to a single potential well.

It is possible that forbidden regions can be found in all systems of dipolar
BEC’s in multiwell potentials for states where the occupied potential wells ”de-
scribes” an asymmetric geometrical structure. For example, see Case B(1,2) for
the four-well potential system in 2-D.

For some initial conditions in Figure 3 and 4, the Newton-Raphson method
will sometimes find another solution than the solution that is closest to the test
solution for non ground state cases.

The non degeneracy at the bifurcation point for C 6= 0 might suggest that
photons are released when the system goes from Case 2+ to Case 1±.
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5 Conclusion

If we allow all variables except our control parameter Γ to be fixed, we find
analytically that for large N (C = 0) a three-periodic bifurcation (periodic in
space) occurs at Γ = −σ for the system with three potential wells.

For the three-well potential system where C 6= 0, numerical calculations
shows that a three-periodic bifurcation occurs at Γ ≈ −σ − 1.3C. We also
observe that the phase symmetry is broken.

In the four-well potential system in the limit C = 0, there is a region of the
control parameter Γ where we cannot have only one unpopulated site, i.e. Case
B(1,2). This is likely a consequence of the asymmetrical geometric structure in
that specific case (one site has two close neighbours while the other two only
have one).

For the four-well potential system in the limit C = 0 without next-nearest
neighbour interaction, a period doubling (two-periodic bifurcation) occurs at
Γ = −σ2 and for the four-well potential system with next-nearest neighbour in-
teraction, there is a two-periodic bifurcation (period doubling) at Γ = − σ

2−2−3/2

and at Γ = −23/2σ there is another period doubling (four-periodic bifurcation).
For the system with four potential wells in a 3-D structure in the limit

C = 0, a symmetry break is observed when Γ = −σ as the system goes from
being symmetric with respect to each of the four rotational axes to only being
symmetric with respect to one of the rotational axes.
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6 Further studies

For further studies one can study systems with multiwell potentials in more
complex geometrical structures or perhaps systems with different elements or
parity-time systems. Experimentally, even if all technical difficulties with setting
up the system and manufacturing a variable dipole moment have been solved,
symmetry breaks might not be possible to observe if Γ cannot reach the desired
value. Therefore, a theoretical study to derive the physical relation for Γ and
σ is suggested. It may then be possible to do an experimental study of the
system. Experimentally, adjusting the density of the BEC in each site would
change the value of σ and using different elements would change the value of Γ
and possibly σ as well.

Furthermore, it might be relevant to consider other additional interactions
e.g. spin or a system where we do not have steady states i.e. parity-time
systems.
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7 Appendix A

7.1 Matlab codes used in numerical calculations

clear; format long;
sigma=1;
s=1;
% number of sites;
n=3;
% lattice index
x=linspace(1,n,n)-n/2;
% gamma interval
g start=-4;
g step=0.01;
g stop=-0;
gamma=g start;
% total number of particles
N=3;
for C=0:0.1:1
for X=1:6
figure
% field initialization
if X==1
mu=12;
u1=[1 1 1 mu];
elseif X==2
mu=12;
u1=[1 -1 1 mu];
elseif X==3
mu=8;
u1=[0 sqrt(3/2) sqrt(3/2) mu];
elseif X==4
mu=8;
u1=[0 sqrt(3/2) -sqrt(3/2) mu];
elseif X==5
mu=3;
u1=[0 sqrt(3) 0 mu];
elseif X==6
mu=3;
u1=[-sqrt(3) 0 0 mu];
end
while gamma<g stop
% iteration index
it=1;
u=zeros(1,4);
while (norm(u− u1) > 1e− 08)
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u=u1;
% equation that we are trying to solve (f=0)
f=[−u1(4) ∗ u1(1) + 2 ∗C ∗ u1(1)−C ∗ u1(2)−C ∗ u1(3) + sigma ∗ u1(1)3−

gamma ∗ u1(1) ∗ (u1(2)2 + u1(3)2)...
-u1(4)*u1(2)+2*C*u1(2)-C*u1(1)-C*u1(3)+sigma*u1(2)3−gamma∗u1(2)∗

(u1(1)2 + u1(3)2)...
-u1(4)*u1(3)+2*C*u1(3)-C*u1(2)-C*u1(1)+sigma*u1(3)3−gamma∗u1(3)∗

(u1(2)2 + u1(1)2)...
((u1(1))2 + (u1(2))2 + (u1(3))2 −N)];
% Jacobian for our system
jj1 = [3 ∗ sigma ∗ u1(1)2 + 2 ∗ C − u1(4)− gamma ∗ (u1(2)2 + u1(3)2) −

C − 2 ∗ gamma ∗ u1(1) ∗ u1(2) −C − 2 ∗ gamma ∗ u1(1) ∗ u1(3) − u1(1); ...
-C-2*gamma*u1(1)*u1(2) -u1(4)+3*sigma*u1(2)2+2∗C−gamma∗(u1(1)2+

u1(3)2) − C − 2 ∗ gamma ∗ u1(2) ∗ u1(3) − u1(2); ...
-C-2*gamma*u1(1)*u1(3) -C-2*gamma*u1(2)*u1(3) -u1(4)+3*sigma*u1(3)2+

2 ∗ C − gamma ∗ (u1(2)2 + u1(1)2) − u1(3); ...
2*(u1(1)) 2*(u1(2)) 2*(u1(3)) 0];
% Newton correction step
cor=( jj1 \f’ )’;
u1=u-cor;
% To prevent infitesimal gamma steps
if (abs(g step)< 1/40000)
g step=0.01;
end
% To increase precicion near bifurcation points
if it>4
g step=g step-g step/2;
end
% to prevent infinity loops
if it>450
u=u1;
disp(’Error’);
disp(gamma);
end
it = it+ 1;
end
% after getting our solution,to speed up calculations
if it<5
g step=0.01;
end % construction of stability matrix
jj2= [2 ∗ C − u1(4) + 2 ∗ abs(u1(1).2) − gamma ∗ abs(u1(2)2 + u1(3)2) −

C − C; ...
-C 2*C-u1(4)+2*abs(u1(2).2)− gamma ∗ abs(u1(1)2 + u1(3)2) − C; ...
-C -C 2*C-u1(4)+2*abs(u1(3).2)− gamma ∗ abs(u1(2)2 + u1(1)2)];
jj3=diag(u1(1 : 3).2);
jj4=[jj2, jj3;−conj(jj3)− conj(jj2)];
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% eigenvalues d and eigenvectors v of stability matrix
[v,d]=eig(full(jj4));
d1=diag(d);
% store solution and stability
if X==1
u1 store(:,s)=u1;
elseif X==2
u2 store(:,s)=u1;
elseif X==3
u3 store(:,s)=u1;
elseif X==4
u4 store(:,s)=u1;
elseif X==5
u5 store(:,s)=u1;
elseif X==6
u6 store(:,s)=u1;
end
N1=0;
for I=1:3
N1=N1+abs(u1(I))2;
end
H=(sigma/2) ∗ (u1(1)4 + u1(2)4 + u1(3)4) − (gamma) ∗ (u1(1)2 ∗ u1(2)2 +

u1(2)2 ∗u1(3)2 +u1(1)2 ∗u1(3)2)...−C ∗ (u1(1) ∗u1(2) +u1(2) ∗u1(3) +u1(1) ∗
u1(3)− u1(1)2 − u1(2)2 − u1(3)2);

H store(s)=H;
g store(s)=gamma;
if X==1
H1 store(s) = H;
g1 store(s)=gamma;
elseif X==2
H2 store(s) = H;
g2 store(s)=gamma;
elseif X==3
H3 store(s) = H;
g3 store(s)=gamma;
elseif X==4
H4 store(s) = H;
g4 store(s)=gamma;
elseif X==5
H5 store(s) = H;
g5 store(s)=gamma;
elseif X==6
H6 store(s) = H;
g6 store(s)=gamma;
end
N store(s)= N1;
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mu store(:,s)=u1(4);
u store(:,s)=u;
d store(:,s)=d1;
e store(s)=C;
% visualize the continuation profiles and stability on the fly
subplot(2,1,1);
plot(x,u1(1:3),’*’);
title([’gamma=’ num2str(gamma) ’ C=’ num2str(C) ’ mu=’ num2str(u1(4))

’ it=’ num2str(it)]);
drawnow;
subplot(2,1,2);
plot(imag(d1),real(d1),’o’);
drawnow;
xlabel(’imaginary’);
ylabel(’real’); % increment indices and gamma
s=s+1;
gamma=gamma+gstep;
end
gamma=gstart;
s=1;
end
figure
hold on
title([’C= ’ num2str(C)]);
plot(g2 store,H2 store,’r.’);
plot(g3 store,H3 store,’k.’);
plot(g6 store,H6 store,’m.’);
plot(g5 store,H5 store,’b.’);
plot(g4 store,H4 store,’c.’);
plot(g1 store,H1 store,’g.’);
legend(’Case 2-’,’Case 3+’,’Case 1-’,’Case 1+’,’Case 3-’,’Case 2+’);
xlabel(’gamma’)
ylabel(’Hamiltonian’);
% clearing stored values for next value of C
clear H1 store;
clear H2 store;
clear H3 store;
clear H4 store;
clear H5 store;
clear H6 store;
clear u1 store;
clear u2 store;
clear u3 store;
clear u4 store;
clear u5 store;
clear u6 store;
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clear g1 store;
clear g2 store;
clear g3 store;
clear g4 store;
clear g5 store;
clear g6 store;
end
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