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Abstract

The flow of blood in the human body is a very important component in un-
derstanding a number of different ailments such as atherosclerosis and a false
aneurysm. In this thesis, we have utilized Poiseuille’s solution to Navier-Stokes
equations with a Newtonian, incompressible fluid flowing laminar with zero ac-
celeration in a pipe with non-flexible walls in order to study blood flow in an
arterial tree. In order to study and simulate a larger arterial tree we have uti-
lized a primitive building block, a bifurcation with one inlet and two outlets,
joined together forming a tree. By prescribing an inlet flow and the pressure
at every outlet at the bottom of the tree we have shown that we may solve
the system by fixed-point iteration, the Matlab function fsolve, and Newton’s
method. This way of using primitive building blocks offers a flexible way to do
analysis as it makes it possible to easily change the shape of the tree as well as
adding new building blocks such as a block that represents arteriosclerosis.
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Chapter 1

Introduction

All systems that deal with the flow of fluids, such as the blood flow in the
cardiovascular system, are governed by the laws of mass, momentum and en-
ergy conservation, described by a set of equations. In contrast to traditional
engineering piping networks, the blood vessels in the human body are relatively
flexible and the equations that describe this elasticity strongly influences the
blood flow dynamics [1].

The cardiovascular system in the human body consists of a large number of
blood vessels. These vessels together form a system which may be viewed as a
tree network. Accurate simulations of subject-specific blood flow down to indi-
vidual blood cells and in large complex arterial networks have been developed
due to advances in computational methods and medical imaging techniques. In
the past, simulations were limited to a single arterial bifurcation in the model,
today the models can account for networks that consist of more than hundreds
of arteries [2, 3].

Each segment in an arterial network can be viewed as a structure with one
inlet and two outlets, connected at a bifurcation. This allows for the possibility
of combining multiple bifurcations and thus being able to create a tree structure
which may be used to simulate blood flow in the tree. This structure is simply
called a bifurcation tree or sometimes an arterial tree.

The application of bifurcation trees in order to carry out simulations of blood
flow has been studied in comparison to traditional methods such as magnetic
resonance measurements and has shown consistent results [4].

The bifurcation tree network is a tree network which consists of many bi-
furcation trees, each with one inlet and two outlet, consequently the network
has one inlet and many outlets, and thereby a single inflow at the top of the
tree, which would represent the flow out from the heart, and many outflows
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2 Chapter 1. Introduction

at the terminal branches of the tree, which would represent the capillary beds.
Therefore, we are only concerned with a single flow into the tree, which is then
distributed by the tree network down to the terminal outlets of the tree network.

Since the system is very complex, a thorough analysis and simulation of it
would be very difficult to achieve. Therefore, it is interesting to look at a sim-
plified model that can give, not entirely accurate, but satisfactory approximate
solutions. We call the points which are located midway between two bifurca-
tions for interior points, at these points we seek the unknown variables of flow
and pressure by solving the model equations.

With the application of bifurcation trees, all we need to find the flow at every
interior point in this tree is the pressure at the inlet as well as the pressure at the
outlet of each pipe. The same applies if we know the pressure at the terminal
outlets and the flow into the inlet, then we may calculate the pressure and flow
at each interior point.

If we assume that the blood flow is periodic, moving from a time-dependent
solution to a time-independent solution is not of great concern, since Fourier
transformation may be utilized and we get a similar one for each frequency
component. It is thus a great starting point to look at the time-independent
case.

Thus, the goal of our model is to find pressure and flow at interior points,
points located at the intersection of two bifurcations, this allows us to study a
local area of the tree and to obtain reasonable boundary data for other more
complicated models, these include models of medical conditions such as those
represented by a false aneurysm, atherosclerosis, and others where the blood
flow play an important role. Other areas where the model may be useful is in
understanding how medicine is dispersed in the body by the blood.

The use of computational simulation in order to simulate blood flow has been
widely used for a long time and numerous studies dealing with computational
simulation of blood flow as well as the study of other effects relating to the
cardiovascular system in the human body have previously been conducted [3, 4,
5, 6, 7].

The models that deal with the computational simulation of blood flow in
the human body are often divided into different categories depending on the di-
mensional used by the model. The dimension ranges from 0-dimensional models
(0-D), also known as lumped parameter models where spatially distributed sys-
tems are approximated by discrete entities, to the most realistic models which
naturally are three-dimensional (3-D). The reason for using lower dimensional
models is that they are easier to model and simulate, moreover may the results
simulated by the 0-D and 1-D models provide boundary conditions for the more
sophisticated 2-D and 3-D models [1].

The first application of one-dimensional models to study the human arterial
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Figure 1.1: A basic example of an arterial tree.

system was first introduced by Euler in 1775, see [8]. He derived the partial dif-
ferential equations that dealt with the conservation of mass and momentum. Nu-
merical simulations to study arterial pulse propagation, one-dimensional models
of blood flow in vessels have also been deemed useful and resourceful in the study
of the local narrowing of an artery as well and flow and wave propagation [8].

One-dimensional models have also been used to model and study the effect
of flow pattern caused by the local stiffening of an artery, arising from circum-
stances such as a stent implantation or vascular prosthesis, causing disruption
or in a worst-case scenario, a stop of the blood flow [9].

It has also been shown that a one-dimensional model of blood flow in a vessel
segment with an elastic wall by numerical simulation on a straight segment of
a blood vessel can produce realistic flow fields in a healthy blood vessel [10].

A patient-specific one-dimensional model was developed and was able to
predict pressure and flow waveforms in great precision compared to in vivo
measurements, the results were compared to a generic one-dimensional model
and showed that a patient-specific approach resulted in better predictions of
flow and pressure profiles [11].





Chapter 2

Preliminaries of fluid flow

We have two different kinds of fluid flow, compressible and incompressible. In
this thesis, we will be concerned with incompressible flow also known as isochoric
flow. It means that the fluid density is essentially constant within the flow, and
an incompressible fluid will always result in an incompressible flow. In the
human body, the flow is determined by pressure differences but it can also be
driven by external forces, such as gravity.

Fluids in motion are governed by a set of equations that are formally known
as the Navier-Stokes equations, named after Claude-Louis Navier and George
Gabriel Stokes [12]. The equations are derived from applying Newton’s second
law to fluid motion and they are used in a wide range of areas to study and
model phenomena such as weather, flow in a pipe, the flow of air on an aircraft
wing among many other things. [13, 14]

Navier-Stokes equations in a pipe with a no-slip boundary condition give
a unique solution, formally known as the Poiseuille solution. The underlying
assumptions behind the Poiseuille solution are the following [13, 15]:

• Incompressible fluid

This means that the effect of pressure on the fluid density is zero and
thus that the density of the fluid is constant throughout the fluid and
consequently that the flow is divergence-free.

• Newtonian

A fluid that is Newtonian is a fluid whose viscosity is not dependent
on the stress state or velocity of the fluid, fluids that are Newtonian are
for example water, alcohol, and gasoline. An example of a non-Newtonian
fluid is a solution of water and cornstarch [16].

Ottosson, 2019. 5
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Figure 2.1: A cross-section and a pipe block with length L and radius R.

• Laminar Flow

The flow is flowing in parallel layers and is turbulence-free. This is
in contrast to turbulent flow where the velocity of the fluid is changing
erratically and is mathematically very hard to predict and model.

• The fluid flows through a pipe with a constant radius, i.e. the pipe is
non-deformable.

• The acceleration of the fluid in the pipe is zero.

Now we introduce the variables that we need to describe the system. We have
two different physical quantities, the first one is the pressure p. However, we are
interested in the average pressure over the cross-section, p̄(z), and it is implied
that when we write p, that we are referring to p̄, i.e. p = p̄ and is measured
in Pascal [Pa] and the velocity v of the fluid, measured in meters per second
[ms−1]. We represent the position in cylindrical coordinates, τ = (r, θ, z) ∈ R3,
and the domain of the pipe as

ΘR
L = {τ = (r, θ, z) : 0 < r < R, 0 < z < L, 0 < θ < 2π}. (2.1)

The flow of a fluid in a pipe is described by the Navier-Stokes equation [17], in
convective form it may be expressed as

∂v

∂t
+ (v · ∇)v − µ

ρ
∇2v = −∇p + g, (2.2)

where ρ is the density and µ is the dynamical viscosity of blood. However, we
are solely concerned with pressure driven flow and thus we may disregard the
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effect of gravity and have the following equation

∂v

∂t
+ (v · ∇)v − µ

ρ
∇2v = −∇p, (2.3)

and the equation may be written [18] component wise as

r : ρ(∂vr∂t + vr
∂vr
∂r + vθ

r
∂vr
∂θ + vz

∂vr
∂z −

v2θ
r ) =

−∂p∂r + µ
(
∂
∂r

1
r
∂
∂r (rvr) + 1

r2
∂2vr
∂θ2 + ∂2vr

∂z2 −
2
r2
∂vθ
∂θ

)
θ : ρ(∂vθ∂t + vr

∂vθ
∂r + vθ

r
∂vθ
∂θ + vrvθ

r + vz
∂vθ
∂z ) =

−∂P∂θ + µ
(
∂
∂r

1
r
∂
∂r (rvθ) + 1

r2
∂vθ
∂θ + ∂2vθ

∂z2 + 2
r2
∂vr
∂θ −

1
r
∂p
∂θ

)
z : ρ(∂vz∂t + vr

∂vz
∂r + vθ

r
∂vz
∂θ + vz

∂vz
∂z ) =

−∂p∂z + µ
(

1
r
∂
∂r (r ∂vz∂r )) + 1

r2
∂2vz
∂θ2 + ∂2vz

∂z2

)
.

(2.4)

Also, we have the continuity equation

∇ · v = 0, (2.5)

due to the fact that the fluid is incompressible. This follows from the divergence
theorem in vector analysis, which states that the flow of a vector field through a
closed surface is equal to the volume integral of the divergence inside the volume
enclosed since the net flow is zero due to incompressibility it implies that the
divergence is also zero.

It is also important to distinguish different kinds of flow, when we model
Poiseuille flow we are solely concerned with pressure driven flow, i.e. what we
call a closed flow. This is in contrast to for example the flow of a river, where
the flow is mainly governed by gravitational forces.

2.1 Fluid flow in a pipe

In the previous chapter, we described the general case of how fluid flows are
mathematically described. In this chapter, we will deal with the flow of fluids
in a straight pipe with non-deformable walls. We need boundary conditions
in order to obtain unique solutions from Navier-Stokes equations, therefore we
introduce a no-slip condition at the boundary, i.e. the velocity of the fluid is
zero at the pipe wall, while in reality, it might not always hold it offers a good
enough approximation to justify its application. We write

v(r, θ, z)|r=R = 0 (2.6)
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Figure 2.2: Flow profile inside the pipe.

and it states is that the fluid has a zero velocity at the boundary and the
flow profile has a similar shape as in Figure 2.2.

As mentioned in the previous chapter, we will be solely concerned with a
solution to the Navier-Stokes system introduced in (2.3), known as the Poiseuille
equation, which has for a long time been used to model blood flow in the human
body [5, 9]. The time-dependent Poiseuille flow may be written in the form

vz(r, θ, z, t) =
1

4µ
(r2 −R2)∂zp(z, t), (2.7)

where p(z, t) denotes the average pressure over the cross-section, µ is the dy-
namical viscosity of the fluid, and R is the radius of the pipe. Due to friction
between the flow and pipe walls, the flow profile has a parabolic shape as can
be seen in Figure 2.2. We have from Poiseuille equation,

vz(r, z, t) =
1

4µ
(r2 −R2)∂zp(z, t) (2.8)

and we simplify to a solution that is constant in time, and thus we get

vz(r, z) =
1

4µ
(r2 −R2)∂zp(z). (2.9)

In what follows we consider the case when the solution does not depend on the
time, t. For this case, the situation is somewhat simplified.

Lemma 1. The Poiseuille solution, v = (0, 0, vz), vz = 1
4µ (r2 − R2)∂zp(z)

satisfies the Navier-Stokes equations (2.4) under the no-slip condition.
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Proof. Since vr = 0 and vθ = 0 as well as the fact that we can discount the
effects of gravity and that the time derivative is null. Also, we have the fact
that ∂zp(z) is constant, and ∇ · v = 0.
This gives us the following result,
r : ρ(0 + 0 + 0 + 0 + 0) = −∂p∂r + µ

(
0 + 0 + 0− 0

)
+ ρ(0)

θ : ρ(0 + 0 + 0 + +0) = −∂p∂r + µ
(

0 + 0 + 0 + 0− 1
r
∂p
∂θ

)
+ ρ(0),

z : ρ(0 + 0 + 0 + vz
∂vz
∂z ) = −∂p∂z + µ

(
1
r
∂
∂r (r ∂vz∂r )) + 1

r2
∂2vz
∂θ2 + ∂2vz

∂z2

)
+ ρ(0).

(2.10)

However, since vz does not depend on θ, and the fact that the acceleration in
the pipe is zero it follows that ∂vz

∂θ = 0 and that ∂vz
∂z = 0 such that

r : ρ(0 + 0 + 0 + 0 + 0) = −∂p∂r + µ
(

0 + 0 + 0− 0
)

+ ρ(0)

θ : ρ(0 + 0 + 0 + +0) = −∂P∂r + µ
(

0 + 0 + 0 + 0− 1
r
∂p
∂θ

)
+ ρ(0)

z : ρ(0 + 0 + 0 + 0) = µ
(

1
r
∂
∂r (r ∂vz∂r )) + 0 + 0

)
− ∂p

∂z + ρ(0),

(2.11)

since p is constant over the cross-section, it follows that ∂p
∂r = 0 and that ∂p

∂θ = 0
and therefore it only remains to show that

µ
(1

r

∂

∂r
(r
∂vz
∂r

)
)

=
∂p

∂z
. (2.12)

We get the following result

r
∂vz
∂r

=
r2

2µ

∂p

∂z
, (2.13)

and it follows that
∂

∂r
(
r2

2µ

∂p

∂z
) =

r

µ

∂p

∂z
, (2.14)

consequently

µ
(1

r

( r
µ

∂p

∂z

))
=
∂p

∂z
, (2.15)
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and we conclude that the Poiseuille solution, v = (0, 0, vz), vz = 1
4µ (r2 −

R2)∂zp(z) does in fact satisfy the Navier-Stokes equations in (2.4) and the
boundary condition (2.6).

The flux inside the pipe is the average flow velocity v̄ times the area of the pipe
which is πR2 and thus we have

F = v̄πR2, (2.16)

and the average velocity of the flow v̄ is calculated as following

v̄ =
1

R

∫ R

0

v(r, z)rdr

=
1

R

∫ R

0

1

4µ
(r2 −R2)∂zp(z)dr

=
1

4µR
∂zp(z)

∫ R

0

(r3 −R3)rdr

=
1

4µR
∂zp(z)

[
r4

4
− r2R2

4

]R
0

=
1

4µR
∂zp(z)(

−2R3

4
)

= −R
2

8µ
∂zp(z)

consequently we have the flow F as

F = v̄πR2 = −R
2

8µ
∂zp(z)(πR

2) = −πR
4

8µ
∂zp(z), (2.17)

thus we may now formulate an expression for the pressure drop ∆p over an
arbitrary pipe section.

Lemma 2. The pressure drop ∆p over a given pipe with length L and radius R
as a function of the flux F is given by ∆p = − 8µL

πR4F
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2.2 Transmission Conditions at a bifurcation
In order to understand how the flow in the tree is distributed, we need a model
that deals with how the flow is divided when one branch of the tree is split
into two. We will in this thesis use a law that has long been used in electrical
engineering, namely Kirchhoff’s law.

Kirchhoff’s law was originally developed with electrical circuits in mind, and
it states that the current into a node must be equal to the current out of the same
node, it is based on the theory of conservation of charge and can be interpreted
as corollaries of Maxwells equations [19].
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Figure 2.3: A bifurcation tree.

In a similar way, we need a way to describe how the flow is distributed into each
branch at the bifurcation. Thus in a similar way we can talk about Kirchhoff’s
law in fluid flow at a bifurcation [20], given that the fluid is incompressible and
that the pipe wall is non-deformable, the fluid that flows into the bifurcation
must be equal to the fluid that flows out of the same bifurcation, such that

F = Fl + Fr. (2.18)

However, in reality, it does not hold exactly for fluid flows as it does for currents
in electrical circuits. Nonetheless, it offers a simple representation of a bifurca-
tion and an easy way to model a bifurcation even though it does not take into
account the geometry and in particular, the angles involved in the bifurcation.
It also disregards the elasticity of the pipe walls, those effects cause local effects
to both pressure and velocity inside the bifurcation, which plays a large role in
how the flow is governed inside the bifurcation [20].
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Alternative methods have been introduced in order to deal with the bifurcation
geometry, one of the methods is the application of using a 2x2 symmetric pres-
sure drop matrix Q in order to describe the pressure changes that the Kirchhoff
condition does not take into account, it was able to significantly increase the
quality of the bifurcation model [20].

Since we are in this thesis solely dealing with a bifurcation that is a single
point, it is reasonable to make the assumption that

p(+L) = pl(−Ll) = pr(−Lr), (2.19)

holds at the bifurcation and due to the fact that the pressure drop over a segment
of the tree is linear, it means that the pressure is continuous at the bifurcation.
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2.3 A model of a bifurcation tree

In this section, we will describe how the flow is modeled inside the tree. We do
this by breaking down the tree into smaller components which we call primitive
building blocks. These primitive building blocks are essentially one inlet pipe
and two outlet pipes connected at a bifurcation as can be seen in Figure 2.4.

Then we can solve the flow and pressure for every primitive building block
if we know the flow into the primitive building block as well as the pressure at
the end of the two outlet pipes. This method offers us a way to methodically
construct a larger tree by using primitive building blocks. It also offers the
possibility to add other types of blocks, such as a block that consists of a pipe
with variable radius or a segment of pipe that is bent.

We formulate the problem as such that we want to the find the pressure Pi
and the flow Fi at the middle of the pipe at the intersection of two primitive
building blocks, at what we call an interior point.

The method then offers us a way to solve the whole tree if we know the flow
into the tree, i.e. the flow into the first primitive building blocks as well as the
pressure at the terminal outlets. This is a reasonable approximation since it is
possible to measure the flow of blood out from the heart and the pressure at the
terminal outlets can be approximated by atmospheric pressure in the capillary
beds.

�
�
�
�
�

@
@
@
@
@

F

pl pr

Figure 2.4: A primitive building block with inbound flux F , pressure Pl and Pr
at the end of the pipe outlets.
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2.4 Analysis of the primitive blocks
We start by analyzing a simple tree with one inlet and two outlets, i.e. a primi-
tive building block, as shown in Figure 2.5. Here F is the flux into the primitive
building block, pl and pr represent the pressure at the left and right branches of
the tree, respectively, and P∗ represents the pressure at the bifurcation. In the
same way, F represents the flow into the first inlet while Fl and Fr represent
the flow out of the left and right outlet, R is the radius of the pipe and L is the
length of the pipe.

�
�
�
�
�

@
@
@
@
@

@@��

F

prpl

p∗
Fl Fr

Ll, Rl Lr, Rr

L,R

Figure 2.5: A tree building block with all parameters introduced.

Since under the assumptions of non-deformable walls and continuous pressure
as we discussed in the previous section, the Kirchhoff condition holds at the
bifurcation, and it follows that

F = Fl + Fr, (2.20)

and

F =
πR4

8µ
∂zp(z) =

πR4

8µL
(p− p∗), (2.21)

since
∂zp(z) =

∆p

∆z
=
p− p∗
L

, (2.22)

where ps denotes the pressure at the beginning of the pipe and pe at the end.
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Define
α =

8µ

π
, (2.23)

and

γ =
R4

L
, (2.24)

which gives
F =

γ

α
(p− p∗). (2.25)

Also define,
β =

γ

α
, (2.26)

and in the case of the bifurcation tree we thus get the following equations:

F = β(p− p∗) (2.27)

Fl = βl(p∗ − pl) (2.28)

Fr = βr(p∗ − pr) (2.29)

We are also interested in knowing the pressure p∗ at the bifurcation point.

F = Fl + Fr = βl(p∗ − pl) + βr(p∗ − pr) (2.30)

Solving for p∗ gives,

p∗ =
F + βlpl + βrpr

(βl + βr)
. (2.31)

To get the pressure at the inlet of the tree we may utilize the fact that we now
have an expression for p∗. And we can thus write

F = β(p− p∗)⇒ p = β−1F + p∗, (2.32)

and now we have expressions for all parameters of the tree.
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Let g represent a function that takes the flow F into the building block and
pressure pl and pr at the end of the outlet pipes and solves for the pressure p
at the inlet, as well as the flow Fl at the left branch and also the flow Fr at the
right branch. Then we define g as

(p, Fl, Fr) = g(F, pl, pr). (2.33)

For f : Rn → Rn the Jacobian matrix is a n× n-matrix defined as [21],

Jf = ( ∂f
∂x1

, . . . , ∂f
∂xn

) =


∂f1
∂x1

. . . ∂f1
∂xn

...
. . .

...

∂fn
∂x1

. . . ∂fn
∂xn

 ,

thus the Jacobian for our function g : R3 → R3 is a 3× 3-matrix and may be
formulated as

Jg =


∂p
∂F

∂p
∂pl

∂p
∂pr

∂Fl
∂F0

∂Fl
∂pl

∂Fl
∂pr

∂Fr
∂F0

∂Fr
∂pl

∂Fr
∂pr

 ,

which by differentiation of the expressions in Jg gives us

Jg =


α( 1

γ0
+ 1

γl+γr
) γl

γl+γr

γr
γl+γr

γl
γl+γr

γl
α ( γl

(γl+γr)
− 1) γlγr

α(γl+γr)

γr
γl+γr

γlγr
α(γl+γr)

γr
α ( γr

(γl+γr)
− 1)

 .

Corollary 1. The only geometric parameter we need to solve the system is γ.

What this implies is that we may replace R and L with a single parameter γ,
the implications of this fact is that for some flow F a change in the length L
of the pipe which is flow is flowing trough, may be compensated by a change
in its radius R, or alternatively the other way around. Thus we can reduce the
physical parameters from two to one.
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2.5 A small bifurcation tree

In this section we will start formulating and solve the system for a small tree,
consisting of three primitive building blocks. We therefore have a system with
three bifurcations and two interior points where the pressure and flow are un-
known.
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1 2

Figure 2.6: A small bifurcation tree consisting of three bifurcations; 0, 1 and 2.

Here p3, p4, p5, p6 as well as F0 are known and we want to find the pressure
and flow at the two interior points as well as formulate the problem so that
we can solve it by fixed-point iteration. Also, we have two interior points, an
interior point is a point where two primitive building blocks intersect, in this
case, p1, F1, p2 and F2 are unknown variables at the interior points.

We also note that the flow of each outlet pipe of the parent primitive building
block is the inlet flow of the corresponding child primitive building block.

For example, the left outlet flow F1 of bifurcation 0 is the same as the inlet
flow of bifurcation 1, which is also F1, this follows from the result that the radius
is constant and that there is no acceleration of flow in the pipe. We introduce
a vector x of the unknown variables such that,

x = (x1, x2, x3, x4)T = (p1, F1, p2, F2)T (2.34)
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we also define a function y = G(x), which deals with the whole system, this is
in comparison to the previous function g we introduced earlier in the previous
section, which only deals with a single bifurcation.

The G function is calculated by evaluating every gi function, starting at
the top of the tree and then calculating the inlet flow to each child tree and
repeating this process until we have reached the bottom of the tree.

Thus we need a starting guess for every unknown variable at the interior
points, in order to generate better guesses at every iteration, so that for the case
of three primitive building blocks we will get an approximate solution vector y
as following,

y = (y1, y2, y3, y4)T = (p̃1, F̃1, p̃2, F̃2)T (2.35)

where each variable are approximate solutions to corresponding variable in x.
For example, in the case of three primitive building blocks, the G function

uses g0, g1, g2 in order to solve for x. We first solve

[p0, y2, y4] = g0(F0, x1, x3), (2.36)

where F0 is known and thus get a new iteration of x2 and x4, in a similar way

[y1, F3, F4] = g1(x2, p3, p4), [y3, F5, F6] = g2(x4, p5, p6), (2.37)

and since p3, p4, p5, p6 are given we have everything we need to evaluate G(x).
We claim that y is a solution to the problem if,

‖yi − xi‖ < εi, for some εi > 0 (2.38)

for all yi in y. We have the Jacobian matrix JG for the whole system as

JG =


∂y1
∂x1

∂y1
∂x2

∂y1
∂x3

∂y1
∂x4

∂y2
∂x4

∂y2
∂x4

∂y2
∂x4

∂y2
∂x4

∂y3
∂x4

∂y3
∂x4

∂y3
∂x4

∂y3
∂x4

∂y4
∂x4

∂y4
∂x4

∂y4
∂x4

∂y4
∂x4

,

where each element is a element from the gi-Jacobian matrices Jgi

JG =


0 Jg1(1, 1) 0 0

Jg0(2, 2) 0 Jg0(2, 3) 0
0 0 0 Jg2(1, 1)

Jg0(3, 2) 0 Jg0(3, 3) 0

,

where the advantage of using the G-function is that the Jacobian matrix JG is
sparse and easy to calculate.
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Remark 1. The solution to the flow problem in the tree can be formulated as
x−G(x) = 0.

Lemma 3. The equation x = G(x) has a unique solution.

Proof. Let x(1) = (x
(1)
1 , x

(1)
2 , x

(1)
3 , x

(1)
4 ) and x(2) = (x

(2)
1 , x

(2)
2 , x

(2)
3 , x

(2)
4 ) be two

unique solutions to x = G(x). Let p1 represent the pressure at the first interior
point and p∗ the pressure at the bifurcation point of the first bifurcation, then
it follows that

F1

(8µL

πR4

)
+ p∗ = p1, (2.39)

define
∆p =

8µL

πR4
, (2.40)

and we have

x
(1)
2 ∆p + p∗ = x

(1)
1 and x

(2)
2 ∆p + p∗ = x

(2)
1 , (2.41)

thus
x
(1)
2

x
(1)
1

∆p +
p∗

x
(1)
1

= 1 and
x
(2)
2

x
(2)
1

∆p +
p∗

x
(2)
1

= 1, (2.42)

and consequently
x
(1)
2

x
(1)
1

∆p +
p∗

x
(1)
1

=
x
(2)
2

x
(2)
1

∆p +
p∗

x
(2)
1

, (2.43)

which simplifies to

(x(1)2

x
(1)
1

− x
(2)
2

x
(2)
1

)
∆p + p∗

( 1

x
(1)
1

− 1

x
(2)
1

)
= 0, (2.44)

which is true only when x
(1)
1 = x

(2)
1 and x

(1)
2 = x

(2)
2 . Since the process is

independent on which branch we look at, it follows that x(1)3 = x
(2)
3 and x(1)4 =

x
(2)
4 , and thus we have shown that x(1) = x(2) and that x = G(x) has a unique

solution.
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Example: A small bifurcation tree and fixed-point iteration.

Here we will do an example of solving the tree mentioned earlier, we use the
following parameters, our goal with this example is to show that the fixed-point
iteration may be modified for cases where it does not converge.

R = [5, 4, 3.9365, 3.2, 3.1492, 3.1492, 3.2] · 10−3, [m]
L = [5, 5, 5, 5, 5, 5, 5] · 10−2, [m]

µ = 0.0035, [kg · s−1 ·m−1]
F0 = 0.0025, [s−1m3]

p3 = p4 = p5 = p6 = 0, [kPa]
x0 = [1, 1, 1, 1]

We will first try and solve the problem with fixed-point iteration without any
modification, thus we have each iterated solution as

x(k+1) = G(x(k)), (2.45)

however, we will also employ a modified fixed-point iteration with a parameter
α > 0 in order to modify the method to converge for cases were the unmodified
fixed-point iteration does not converges, thus we define the modified fixed-point
iteration as

x(k+1) =
G(x(k)) + αx(k)

1 + α
, (2.46)

Figure 2.7: Plot of the norm
∥∥x(k+1) − x(k)

∥∥
2
to show divergence of fixed-point

iteration with α = 0.

Case 1: α = 0.0
For α = 0, which is equal to the unmodified fixed-point iteration, the solution
does not converge, as can be seen in Figure 2.7.
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Figure 2.8: Convergence of fixed-point iteration with α = 0.8

Case 2: α = 0.8
We can see that for α = 0.8 the fixed-point iteration with modification converges
on the solution x = [x1, x2, x3, x4] with

x1 = 1.2895 [kPa], x2 = 1.2748 · 10−3 [s−1m3]
x3 = 1.2755 [kPa], x4 = 1.2252 · 10−3[s−1m3].

as can be seen in Figure 2.8. Thus, by simply changing the parameter α we
have a fixed-point iteration that converges.
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2.5.1 An alternative method
We will also mention another method of solving the problem. Instead of solving
for both the pressure and flow we may solve for only the pressure or the flow.
In a similar way to the method described previously we use x to represent the
unknown variables at the interior points,

x = (x1, x2) = (p1, p2), (2.47)

or alternatively if we start with solving for pressure,

x = (x1, x2) = (F1, F2), (2.48)

the method varies from the one we previously described since it first solves the
primitive building blocks by the same gi functions as in the G-function but
instead starts at the bottom of the tree for either pressure or flow and works
its way up, and then solves the tree downward for the other variable. We may
thus formulate a similar equation as we did in Lemma 3, namely

x = H(x), (2.49)

and consequently,
x−H(x) = 0. (2.50)



Chapter 3

A larger bifurcation tree and
Simulations

The purpose of this chapter is to give an introduction to the different methods
we employ in order to solve the system f(x) = x − G(x) = 0. We extend the
previous model from a case with three primitive building blocks, to one with
n primitive building blocks with a g-function for each bifurcation expressed in
general notation as,

[pi, F2i+1, F2i+2] = gi(Fi, p2i+1, p2i+2), i = 0, 1, 2, . . . , n− 1 (3.1)

the n-case offers a similar structure to the three bifurcation case. This means
that we start at the top of the tree and for each layer, we calculate the g-function
for that layer and return new flow parameters for the child bifurcation tree.

We maintain the same requirements as we did before, i.e., that we know the
flow F0 into the first primitive building block, as well as all pressures of the
terminal outlets in the tree.

3.1 Numerical algorithms for flow in bifurcation
trees

In this section we will discuss the iterative methods we will use to solve the
problem, these include fixed-point iteration, a standard method and Newton’s
method.

Ottosson, 2019. 23



24 Chapter 3. A larger bifurcation tree and Simulations

3.1.1 Fixed-point iteration
The first method we have used is Fixed-point iteration. Fixed-point iteration is
a method that follows the pattern

x(k+1) = f(x(k)), (3.2)

in other words, the value of the next iteration of a variable x is a function of
the current iteration. In our case we will introduce a constant α for the purpose
of convergence such that

x(k+1) =
G(x(k)) + αx(k)

1 + α
. (3.3)

We have from linear algebra the result that if the Jacobian matrix of the iterated
function has a spectral radius ρ(Jf ) < 1, then the iteration converges. The
spectral radius ρ(Jf ) is defined as,

ρ(Jf ) = max
1≤i≤n

|λi| (3.4)

where λi are the eigenvalues of Jf .

Lemma 4. A fixed-point iteration x(k+1) = f(xk) converges if ρ(Jf ) < 1.

Proof. See [22].

Remark 2. If x is real, the eigenvalues λi may still be complex. In such cases
it makes sense to replace the spectral radius ρ(Jf ) by

max
x 6=0

‖Jfx‖2
‖x‖2

, (3.5)

when determining the convergence of the method.

3.1.2 A standard method
We will also utilize a standard solver, in the form of fsolve included in the
Matlab software, it solves a system of nonlinear equations

f(x) = 0, (3.6)

the solver utilizes as default, the trust-region-dogleg algorithm for solving the
system. The sub-problem of the trust-region-dogleg algorithm is formulated as
[23],

min
dk

[1

2
f(x(k))T f(x(k)) + (dk)TJ(x(k))T f(x(k)) +

1

2
(dk)TJ(x(k))TJ(x(k))dk

]
(3.7)
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where the the purpose of the sub-problem is to find d(k) such that

x(k+1) = x(k) + d(k), (3.8)

with the stopping criterion Sk =
∥∥f(x(k+1))− f(x(k))

∥∥
2
≈ 10−8.

3.1.3 Newton’s method
Newton’s method is a method for finding the root of a linear system f(x) = 0,
the method works by adding a step for every iteration such that

x(k+1) = x(k) + s(k), (3.9)

where we want to find the new step s(k) that improves the solution. We may
write

f(x(k) + ∆x) = f(x(k)) + J(x(k)) s(k), (3.10)

where

s(k) = J−1(x(k))(f(x(k+1))− f(x(k))) = −J−1(x(k))f(x(k)). (3.11)

therefore we may formulate the iteration as

x(k+1) = x(k) − J−1(x(k))f(x(k)). (3.12)

Newton’s method in general offers fast convergence but however requires the
Jacobian matrix to be calculated. We define the convergence rate as,

lim
k→∞

‖ek+1‖
‖ek‖r

= C > 0

for some constant C. Where the method has a quadratic convergence rate if
r = 2 [24].

Remark 3. Newton’s method has a quadratic convergence rate.

If Newton’s method is convergent, then typically the convergence rate is quadratic.
In order to see this, we assume that f(x) is twice continuously differentiable near
x∗. Then we can write a Taylor series the following way

f(x∗) = f(x(k)) + J(x(k))(x∗ − x(k)) +G(x∗ − x(k)), (3.13)

where J(x(k)) is the Jacobian and the remainder term G(x∗ − x(k)) is bounded
such that for some constant c > 0 we have∥∥∥G(x∗ − x(k))

∥∥∥
2
≤ c
∥∥∥x∗ − x(k)

∥∥∥2
2
. (3.14)
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Now assume that J is non-singular near x∗ and set

e(k) = x(k) − x∗, (3.15)

we also note that f(x∗) = 0. Then we may rewrite equation (3.13) as

0 = f(x(k)) + J(x(k))(x∗ − x(k)) +G(x∗ − x(k)), (3.16)

which gives us

0 = J−1(x(k))f(x(k)) + J−1(x(k))J(x(k))(x∗ − x(k)) + J−1(x(k))G(x∗ − x(k)),
(3.17)

and consequently

0 = J−1(x(k))f(x(k))− e(k) + J−1(x(k))G(−e(k)). (3.18)

We seek the relation between e(k) and e(k+1), remember that

x(k+1) = x(k) − J−1(x(k))f(x(k)), (3.19)

which means that

e(k+1) = e(k) − J−1(x(k))f(x(k)), (3.20)

and therefore
e(k) = e(k+1) + J−1(x(k))f(x(k)), (3.21)

combining the result from equations (3.18) and (3.21) gives us

0 = J−1(x(k))f(x(k))−(e(k+1)+J−1(x(k))f(x(k)))+J−1(x(k))G(−e(k)) (3.22)

and lastly
e(k+1) = J−1(x(k))G(−e(k)) (3.23)

thus it follows that ∥∥∥e(k+1)
∥∥∥
2
≤
∥∥∥J−1(x(k))

∥∥∥
2
· c
∥∥∥e(k)∥∥∥2

2
(3.24)

which shows quadratic convergence, see [25] for more detailed convergence proofs
using different assumptions.
In order to calculate the Jacobian, we need both the pressure and the flow at the
pipe intersection, and we then get three elements at each row in the Jacobian
matrix that is not 0 since every component yi in y = f(x) = x − G(x) is
calculated by calling a function gi with three parameters.
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3.1.4 Stopping criterion
Since we are dealing with iterative methods that compute approximate values
to the solution of f(x) = 0, we need to determine a stopping criterion Sk, which
determines when the approximate solution of a method is close enough to the
real solution of the system. One might argue that

Sk =
∥∥∥x(k+1) − x(k)

∥∥∥
2
, (3.25)

might be a reasonable choice of criterion, and it is in fact that when we look at
each method in isolation. However, we want to use a stopping criterion that is
better suited for comparing the efficiency of each method in comparison to each
other, therefore we instead use the following criterion

Sk =
∥∥∥x(k) −G(x(k))

∥∥∥
2
, (3.26)

which gives us a way to compare the efficiency of each method in comparison
to one another. Thus we have the following result, we claim that the method
has converged to a solution, whenever

Sk =
∥∥∥x(k) −G(x(k))

∥∥∥
2
< ε, (3.27)

for some ε > 0. In addition, we will also add another method to compare the
efficiency of the methods, and that is to count the number of times each method
needs to calls a gi function in order to solve the system.

3.2 Two larger bifurcation trees
In this section, we will give two examples of bigger bifurcation trees, one with
7 bifurcations and one with 15 bifurcations. While it may seem unrealistic to
have a pressure that is zero at the end of the tree, we may justify its application
based on the fact that we may easily add a constant C at every pressure at the
interior points and get the same result.

3.2.1 Tree with 7 bifurcations
Here we have the case with a 7 bifurcation tree. Similar to the case with 3
bifurcations, we have a vector x with unknown variables at the interior points
i = (1, . . . , 6) as

x = (x1, x2, . . . , x12)T = (p1, F1, p2, F2, . . . , p6, F6)T , (3.28)
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Figure 3.1: A tree with seven bifurcations and with each pipe numbered.

and a vector L defined as

L = (L1, L2, . . . , L14), (3.29)

with all the pipe lengths Li > 0 in the tree, as well as a vector R defined as

R = (R1, R2, . . . , R14), (3.30)

where each element represents the pipe radius Ri > 0 of each pipe.
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Example 1: Constant length and radius

In this case we will keep the radius of the pipe constant trough out the whole
tree such that

R0 = R1 = . . . = R14 = CR, (3.31)

where Cr > 0 is some constant. We also have that the length of the pipes are
constant such that

L0 = L1 = . . . = L14 = CL, (3.32)

for some constant CL > 0. We also need an initial guess vector

x0 = (x
(0)
1 , x

(0)
2 , . . . , x

(0)
12 )T , (3.33)

with the initial guessed solution for our iterative methods.
In order to understand how the solution depends on the initial guessed solu-

tion, we will here use two different guesses. One where every element xi = 1 so
that x0 = (1, 1, . . . , 1)T , and another guess vector x0 with more realistic values
in the same order of magnitude as the solution. We use the following values,

Quantity Symbol Value Unit
Dynamical viscosity µ 0.0035 kg · s−1 ·m−1

Inlet flux F0 0.0025 m3 · s−1
Stopping criterion ε 10−8 unitless
Outlet pressure Pi 0 kPa

Table 3.1: Table with quantities.

where i = 7, . . . , 14 and we have the lengths and radius of each pipe as,

Pipe index: 0 1 2 3 4 5 6 7
Length, L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
Radius, R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000

Pipe index: 8 9 10 11 12 13 14 -
Length, L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
Radius, R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000

Table 3.2: Table with length and radius of all pipes in the tree.
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Case 1: x0 = [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1]

Pipe index: 1 2 3 4 5 6
Physical parameter, P: P1 P2 P3 P4 P5 P6

Variable, xi: x1 x3 x5 x7 x9 x11
Value (103): 1.5040 1.5040 0.5013 0.5013 0.5013 0.5013

Physical parameter, F: F1 F2 F3 F4 F5 F6

Variable, xi: x2 x4 x6 x8 x10 x12
Value (10−3): 1.2500 1.2500 0.6250 0.6250 0.6250 0.6250

Table 3.3: Solution of all the unknown variables.

Since the branches of the tree were uniform in length and radius, it is logical
that also the flow inside the tree is uniformly distributed, and in this case, it
also is, as can be seen in Table 3.3.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes

Number of calls: 35 175 245 308 371 427 1589 5908 1092 14
Number of iterations: 7 25 35 44 53 61 227 844 11 2

Spectral radius 1.2247 1.0341 0.9203 0.8524 0.8127 0.7906 0.8862 0.9648 - -

Table 3.4: Convergence and performance measures of the method.

For these values, all the methods converged on the solution presented in Table
3.4. We can tell that Newton’s method offered the overall most efficient solu-
tion at 14 function calls, followed by the unmodified fixed-point iteration which
needed 35 function calls. Here fsolve performed much worse than the other
two methods, and fixed-point iteration with larger α performed much worse
than the methods with smaller α. We also note that for two α, when α = 0
and for α = 0.2, the method does converge even though the spectral radius
ρ(Jf ) > 1. Which should not be possible, however this arise from the fact that
all vectors are real, and Jf should be replaced with

max
x 6=0

‖Jfx‖2
‖x‖2

< ρ(Jf ). (3.34)
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Case 2: x0 = [104, 10−4, . . . , 104, 10−4]

Pipe index: 1 2 3 4 5 6
Physical parameter, P: P1 P2 P3 P4 P5 P6

Variable, xi: x1 x3 x5 x7 x9 x11
Value (103): 1.5040 1.5040 0.5013 0.5013 0.5013 0.5013

Physical parameter, F: F1 F2 F3 F4 F5 F6

Variable, xi: x2 x4 x6 x8 x10 x12
Value (10−3): 1.2500 1.2500 0.6250 0.6250 0.6250 0.6250

Table 3.5: Solution of all the unknown variables.

In this case, as expected, we arrived at the same solution as in the previous
case, shown in Table 3.5. Such that the flow in the tree is uniformly distributed
along the branches of the tree.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes

Number of calls: 35 147 203 252 308 357 1302 4823 1365 14
Number of iterations: 7 21 29 36 44 51 186 689 14 2

Spectral radius 1.2247 1.0341 0.9203 0.8524 0.8127 0.7906 0.8862 0.9648 - -

Table 3.6: Convergence and performance measures of the method.

From Table 3.6 we can tell that just as in Case 1 all methods converged. New-
ton’s method was again the most efficient solution followed by the unmodified
fixed-point solution, using the same amount of function calls as in the previous
case. We can tell that the fixed-point iterations with parameter α used 15-20%
less function calls in Case 2 compared to Case 1, and here fsolve was the only
method that performed worse than in Case 1.
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Example 2: Constant length and decreasing radius

In this example, the radius of the pipe is not constant, instead, the pipe radius
is decreasing along the depth of the tree. In order to determine the decrements
in pipe radius, we will utilize Murray’s Law which states that a pipe R that
splits into two child pipes Rl and Rr approximately follows the pattern [26, 27],

R3 = R3
l +R3

r . (3.35)

For this example we will use the same values as in Example 1,

Quantity Symbol Value Unit
Dynamical viscosity µ 0.0035 kg · s−1 ·m−1

Inlet flux F0 0.0025 m3 · s−1
Stopping criterion ε 10−8 constant
Outlet pressure Pi 0 kPa

Table 3.7: Table with quantities.

and the lengths and radius in [m] at each pipe index as,

Pipe index: 0 1 2 3 4 5 6 7
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 5.0000 4.0000 3.9365 3.2000 3.1492 3.1492 3.2000 2.5600
Pipe index: 8 9 10 11 12 13 14 -
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 -
R (10−3): 2.5194 2.5194 2.4794 2.5194 2.4794 2.5600 2.5194 -

Table 3.8: Table with length and radius of all pipes in the tree.
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Case 1: x0 = [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1]

Pipe index: 1 2 3 4 5 6
Physical parameter, P: P1 P2 P3 P4 P5 P6

Variable, xi: x1 x3 x5 x7 x9 x11
Value (103): 9.7494 10.1322 5.2701 5.3770 4.7543 3.2339

Physical parameter, F: F1 F2 F3 F4 F5 F6

Variable, xi: x2 x4 x6 x8 x10 x12
Value (10−3): 1.4319 1.0681 0.7317 0.7002 0.6191 0.4490

Table 3.9: Solution of all the unknown variables.

Since the length and radius of the tree are no longer uniform, we have a different
flow distribution within the tree. We can tell that a slightly larger flow has been
distributed to the right side of the tree compared to the left side.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No No No No Yes Yes Yes Yes Yes Yes

Number of calls: - - - - 12852 4452 2555 7504 1365 14
Number of iterations: - - - - 1836 636 365 1072 14 2

Spectral radius 1.4790 1.2437 1.1062 1.0316 0.9829 0.9508 0.9149 0.9696 - -

Table 3.10: Convergence and performance measures of the method.

As can be seen in Table 3.10, changing the radius from being constant to variable
caused all fixed-point iterations with α < 0.8 to diverge. We also note that these
cases coincides with ρ(Jf ) > 1. We can tell that both fsolve and Newton’s
method offer a more efficient solution, where the performance of Newton is
unaffected by changing the radius of the pipes.
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Case 2: x0 = [104, 10−4, . . . , 104, 10−4]

Pipe index: 1 2 3 4 5 6
Physical parameter, P: P1 P2 P3 P4 P5 P6

Variable, xi: x1 x3 x5 x7 x9 x11
Value (103): 9.7494 10.1322 5.2701 5.3770 4.7543 3.2339

Physical parameter, F: F1 F2 F3 F4 F5 F6

Variable, xi: x2 x4 x6 x8 x10 x12
Value (10−3): 1.4319 1.0681 0.7317 0.7002 0.6191 0.4490

Table 3.11: Solution of all the unknown variables.

From Table 3.11 we can see that changing the starting guess did not impact the
solution. And just as in Case 1 we arrived at a solution with a flow in the tree
that is not uniformly distributed.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No No No No Yes Yes Yes Yes Yes Yes

Number of calls: - - - - 9898 3409 1988 5782 1197 14
Number of iterations: - - - - 1414 487 284 826 14 2

Spectral radius 1.4790 1.2437 1.1062 1.0316 0.9829 0.9508 0.9149 0.9696 - -

Table 3.12: Convergence and performance measures of the method.

From Table 3.12 we can tell that just as in Case 1, all fixed-point iterations with
α < 0.8 did not converge. Here, we can see that Newton’s method once again
converges with the same function count as in the previous Case 1, where the
fixed-point methods which converged, converge with around 30% fewer calls.
The performance of fsolve is also improved by about 15%.
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3.2.2 Tree with 15 bifurcations

Figure 3.2: A tree with 15 bifurcations, with each pipe numbered.

In Figure 3.2 we have the case with a 15 bifurcation tree. Similar to the previous
case in Section 3.2.1, we have a vector x with unknown variables at the interior
points i ∈ {1, 2, 3, 5, 6, 7, 10, 14, 15, 16, 17, 22, 23, 24} as

x = (x1, x2, . . . , x28)T = (p1, F1, p2, F2, . . . , p24, F24)T , (3.36)

and a vector
L = (L0, L1, . . . , L30), (3.37)

which represents all the pipe lengths Li in the tree, as well as a vector

R = (R0, R1, . . . , R30), (3.38)

that represents all the pipe radius Ri, where Ri, Li > 0.
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Example 1: Constant length and radius

Similar to the tree with seven bifurcations we have

R0 = R1 = . . . = R30 = CR, (3.39)

where CR > 0 is some constant. We also have that the length of the pipes are
constant such that

L0 = L1 = . . . = L30 = CL, (3.40)

for some constant CL > 0. We also need an initial guess vector

x0 = (x
(0)
1 , x

(0)
2 , . . . , x

(0)
28 )T , (3.41)

with the initial guessed solution for our iterative methods. In order to under-
stand how the solution depends on the initial guessed solution, we will here
use two different guesses. One where every element xi = 1 so that x0 =
(1, 1, . . . , 1)T , and another guess vector x0 with more realistic values in the
same order of magnitude as the solution. We have the parameters

Quantity Symbol Value Unit
Dynamical viscosity µ 0.0035 kg · s−1 ·m−1

Inlet flux F0 0.0025 m3 · s−1
Stopping criterion ε 10−8 constant
Outlet pressure Pi 0 kPa

Table 3.13: Table with quantities.

and the length and radius at each pipe index as

Pipe index: 0 1 2 3 4 5 6 7
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
Pipe index: 8 9 10 11 12 13 14 15
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
Pipe index: 16 17 18 19 20 21 22 23
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
Pipe index: 24 25 26 27 28 29 30 -
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 -
R (10−3): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 -

Table 3.14: Table with length and radius of all pipes in the tree.
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Case 1: x0 = [1, 1, . . . , 1, 1]

Pipe index: 1 2 3 5 6 7 10
Physical parameter, P: P1 P2 P3 P5 P6 P7 P10

Variable, xi: x1 x3 x5 x7 x9 x11 x13
Value (103): 1.2691 1.3977 0.3401 0.5068 0.4761 0.0912 0.1534

Physical parameter, F: F1 F2 F3 F5 F6 F7 F10

Variable, xi: x2 x4 x6 x8 x10 x12 x14
Value (10−3): 1.3702 1.1298 0.3671 0.5362 0.5936 0.0983 0.1247
Pipe index: 14 15 16 17 22 23 24

Physical parameter, P: P14 P15 P16 P17 P22 P23 P24

Variable, xi: x15 x17 x19 x21 x23 x25 x27
Value (103): 0.0246 0.0521 0.0548 0.0074 0.0137 0.0025 0.0025

Physical parameter, F: F14 F15 F16 F17 F22 F23 F24

Variable, xi: x16 x18 x20 x22 x24 x26 x28
Value (10−3): 0.0261 0.0649 0.0598 0.0061 0.0171 0.0031 0.0031

Table 3.15: Solution of all the unknown variables.

Here we can tell that the flow into the right branch of the tree is slightly larger
than the flow into the left branch.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No Yes Yes Yes Yes Yes Yes Yes Yes Yes

Number of calls: - 49770 3660 2505 2460 2580 5685 18840 4785 30
Number of iterations: - 3318 244 167 164 172 379 1256 10 2

Spectral radius 1.2247 1.0341 0.9203 0.8524 0.8233 0.8263 0.9163 0.9740 - -

Table 3.16: Convergence and performance measures of the method.

From Table 3.16 we can see that the unmodified fixed-point iteration is the only
method that does not converge, once again Newton’s method offers the most
efficient solution, while fsolve is less efficient. We also note that the fixed-point
iteration is convergent for all α > 0 when the spectral radius, ρ(Jf ) < 1, as well
as when ρ(Jf ) ≈ 1 for α = 0.2.
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Case 2: x0 = [104, 10−4, . . . , 104, 10−4]

Pipe index: 1 2 3 5 6 7 10
Physical parameter, P: P1 P2 P3 P5 P6 P7 P10

Variable, xi: x1 x3 x5 x7 x9 x11 x13
Value (103): 1.2691 1.3977 0.3401 0.5068 0.4761 0.0912 0.1534

Physical parameter, F: F1 F2 F3 F5 F6 F7 F10

Variable, xi: x2 x4 x6 x8 x10 x12 x14
Value (10−3): 1.3702 1.1298 0.3671 0.5362 0.5936 0.0983 0.1247
Pipe index: 14 15 16 17 22 23 24

Physical parameter, P: P14 P15 P16 P17 P22 P23 P24

Variable, xi: x15 x17 x19 x21 x23 x25 x27
Value (103): 0.0246 0.0521 0.0548 0.0074 0.0137 0.0025 0.0025

Physical parameter, F: F14 F15 F16 F17 F22 F23 F24

Variable, xi: x16 x18 x20 x22 x24 x26 x28
Value (10−3): 0.0261 0.0649 0.0598 0.0061 0.0171 0.0031 0.0031

Table 3.17: Solution of all the unknown variables.

From Table 3.17 we can confirm that we get the same solution as we did in Case
1, with a slightly higher flow into the left side of the tree.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No Yes Yes Yes Yes Yes Yes Yes Yes Yes

Number of calls: - 42720 3180 2130 2100 2175 4890 16080 6960 30
Number of iterations: - 2848 212 142 140 145 326 1072 15 2

Spectral radius 1.2247 1.0341 0.9203 0.8524 0.8233 0.8263 0.9163 0.9740 - -

Table 3.18: Convergence and performance measures of the method.

From Table 3.18 we can tell that all methods except the unmodified fixed-point
iteration converged. We can also tell that fixed-point iteration offered relatively
good performance in comparison to fsolve, however, Newton’s method was
the overall fastest solution. We also note that for α = 0.2 the spectral radius
ρ(Jf ) > 1 but the method is still convergent, albeit very slow.
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Example 2: Constant length and decreasing radius

We apply the same principles as we did with the seven bifurcation tree, namely
the branching of the tree follows Murray’s Law such that the radius of the tree
is decreasing trough out the depth of the tree. We have the parameters

Quantity Symbol Value Unit
Dynamical viscosity µ 0.0035 kg · s−1 ·m−1

Inlet flux F0 0.0025 m3 · s−1
Stopping criterion ε 10−8 constant
Outlet pressure Pi 0 kPa

Table 3.19: Table with quantities.

and the lengths and radius in [m] at each pipe index as,

Pipe index: 0 1 2 3 4 5 6 7
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 5.0000 4.0000 3,9365 3,2000 3,1492 3,1492 3,2000 2,5600
Pipe index: 8 9 10 11 12 13 14 15
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 2,5194 2,5194 2,4794 2,5600 2,5194 2,0480 2,0155 1,9835
Pipe index: 16 17 18 19 20 21 22 23
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000
R (10−3): 1,9520 1,6124 1,5868 1,5868 1,5616 1,5616 1,5368 1,2899
Pipe index: 24 25 26 27 28 29 30 -
L (10−2): 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 -
R (10−3): 1,2694 1,2294 1,2099 1,03193 1,0155 1,0155 0,9994 -

Table 3.20: Table with length and radius of all pipes in the tree.
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Case 1: x0 = [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1]

Pipe index: 1 2 3 5 6 7 10
Physical parameter, P: P1 P2 P3 P5 P6 P7 P10

Variable, xi: x1 x3 x5 x7 x9 x11 x13
Value (103): 6.2225 6.9429 3.1563 4.2678 3.9032 1.5919 2.4553

Physical parameter, F: F1 F2 F3 F5 F6 F7 F10

Variable, xi: x2 x4 x6 x8 x10 x12 x14
Value (10−3): 1.5571 0.9429 0.3242 0.4010 0.5419 0.0683 0.0509
Pipe index: 14 15 16 17 22 23 24

Physical parameter, P: P14 P15 P16 P17 P22 P23 P24

Variable, xi: x15 x17 x19 x21 x23 x25 x27
Value (103): 0.8092 1.3903 1.4907 0.4662 0.6766 0.2599 0.2599

Physical parameter, F: F14 F15 F16 F17 F22 F23 F24

Variable, xi: x16 x18 x20 x22 x24 x26 x28
Value (10−3): 0.0124 0.0285 0.0224 0.0018 0.0050 0.0010 0.0009

Table 3.21: Solution of all the unknown variables.

From Table 3.21 we can read that the left side of the tree receives a higher flow.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No No No No No No Yes Yes Yes Yes

Number of calls: - - - - - - 20880 51690 6090 45
Number of iterations: - - - - - - 1392 3446 13 3

Spectral radius 1.5032 1.2637 1.1111 1.0645 1.0369 1.0180 0.9746 0.9896 - -

Table 3.22: Convergence and performance measures of the method.

As can be seen in Table 3.22, all fixed-point iterations with α < 5 do not
converge, this also corresponds to all fixed-point iterations where ρ(Jf ) < 1.
However, the fixed-point iterations that do converge are very slow in comparison
to fsolve and especially Newton’s method.
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Case 2: x0 = [104, 10−4, . . . , 104, 10−4]

Pipe index: 1 2 3 5 6 7 10
Physical parameter, P: P1 P2 P3 P5 P6 P7 P10

Variable, xi: x1 x3 x5 x7 x9 x11 x13
Value (103): 6.2225 6.9429 3.1563 4.2678 3.9032 1.5919 2.4553

Physical parameter, F: F1 F2 F3 F5 F6 F7 F10

Variable, xi: x2 x4 x6 x8 x10 x12 x14
Value (10−3): 1.5571 0.9429 0.3242 0.4010 0.5419 0.0683 0.0509
Pipe index: 14 15 16 17 22 23 24

Physical parameter, P: P14 P15 P16 P17 P22 P23 P24

Variable, xi: x15 x17 x19 x21 x23 x25 x27
Value (103): 0.8092 1.3903 1.4907 0.4662 0.6766 0.2599 0.2599

Physical parameter, F: F14 F15 F16 F17 F22 F23 F24

Variable, xi: x16 x18 x20 x22 x24 x26 x28
Value (10−3): 0.0124 0.0285 0.0224 0.0018 0.0050 0.0010 0.0009

Table 3.23: Solution of all the unknown variables.

From Table 3.21 we can confirm that we have the same solution as we did in
Case 1.

FPI(0) FPI(0.2) FPI(0.4) FPI(0.6) FPI(0.8) FPI(1) FPI(5) FPI(20) fsolve Newton
Convergent No No No No No No Yes Yes Yes Yes

Number of calls: - - - - - - 15450 38025 6525 30
Number of iterations: - - - - - - 1030 2535 14 2

Spectral radius 1.5032 1.2637 1.1111 1.0645 1.0369 1.0180 0.9746 0.9896 - -

Table 3.24: Convergence and performance measures of the method.

From Table 3.24 we can tell that just as for Case 1, the only fixed-point iterations
that do converge are those for α = 5 and α = 20. We can also tell that those
methods but also Newton’s method, showed significant improvement compared
to Case 1, while in reverse, fsolve actually performed worse. However, the
fixed-point iterations were much much slower than the other methods.
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3.3 Numerical Simulations
In this section we will look at experiments with the model of the tree, for
example, it is interesting to confirm that if the flow into the tree changes, that
the flow out of the tree also changes appropriately. It is also interesting to study
how the flow in the tree is affected if there is a higher pressure at one side of the
tree. We use the same parameters and tree as we did in Example 2 in Section
3.2.1.

3.3.1 Flow at outlet pipes as a function of F0

In this subsection we look at what happens with the flow at the terminal outlets
of the tree when we change the flow into the tree. Such that

F̂0 = λF0, (3.42)

where λ ∈ [0, 2]. As expected, we find in Figure 3.3 that a change λ in F0,

Figure 3.3: Plot of outflow from the tree with varying F0.

will result in a change λ in the flow out of the tree. This verifies that all flow
into the tree also flows out from the tree, and consequently that we have a
zero-divergence flow.
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3.3.2 Increased pressure at one outlet.
Here we will conduct a test to see what happens if we put a very high pressure
at all the outlet pressure points on one side of the tree in order to study what
happens with the flows F1 and F2 out of the first bifurcation.

Figure 3.4: The flow of F1 and F2 as a function of p4.

From Figure 3.4 we can tell that increasing the pressure p4 at the terminal outlet
causes the flow to be redirected to the other side of the tree. This is in line with
what is to be expected since pressure is the driving force of the flow.





Chapter 4

Properties of Bifurcation Tree
Model

In this chapter we will look into how the model behaves when we add a new
type of block in the system, as well as do simulations on the tree with this new
block.

4.1 Effect of Atherosclerosis

In this section we will investigate a model of atherosclerosis, a condition in the
human body that involves the build-up of plaque inside the artery, effectively
narrowing the radius of a segment of the artery which blood can flow through,
thus putting a constraint on the flow. This flow is still modeled with Poiseuille’s
solution to the Navier-Stokes equation and all other conditions apply as previ-
ously, except the obvious exception that the radius is now variable in a region
of one pipe. Since we are solely concerned with non-deformable walls, we have
the equation [28],

∂z

(
R4(z)∂zp(z)

)
= 0, (4.1)

which is the condition for a non-deformable wall.

4.2 Simulation of Atherosclerosis

In this section, we will explore what happens when we introduce an obstruction
in the form of Atherosclerosis, in one of the pipes. We will for this example
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R

Ra

Figure 4.1: Section of pipe with plaque buildup on the pipe wall.

utilize constant radius and length in the tree, except for the obvious case where
the obstruction is, where the radius will be variable. All other parameters use
the same values we used in Example 1 for the 15 bifurcation tree in Section
3.2.2. We introduce a variable called Ra, defined as

Ra = κR, (4.2)

which corresponds to the radius at the point of the obstruction with the smallest
radius, as shown in Figure 4.1. The parameter κ ∈ [0, 1] represents a fraction
of the pipe radius without the obstruction.

Thus we can see this obstruction as a new type of block in our model,
where instead of the g-function introduced in Section 2.4, we now introduce a
h-function formulated as

[p0, F1] = h(F0, p1), (4.3)

and represents the obstruction shown in Figure 4.1.

Case 1: Obstruction in Pipe 2
From Figure 4.2. we can tell that a small decrease of the effective pipe radius
caused by an obstruction such as Atherosclerosis causes a small effect on the
flow through out the pipes below that pipe. A larger effect is seen for κ < 0.7
where there is a rapid decline of the flow until κ = 0.2, where the curve flattens
out, approaching zero which is to be expected since fluid can not flow through
the pipe when it is completely obstructed.

Case 2: Obstruction in Pipe 7
In this case we instead look at an obstruction inside pipe 7.
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Figure 4.2: Total flux through the outlet pipes with index i ∈
{9, 11, 12, 19, 20, 21, 24, 25}, located below pipe 2 in the tree.

We note that the shape of the graph in Figure 4.3 has a similar shape as the
curve that we saw in Case 1.
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Figure 4.3: Total flux through the outlet pipes with index i ∈
{13, 18, 27, 28, 29, 30}, located below pipe 7 in the tree.



Chapter 5

Conclusions

We have shown that the flow problem in an arterial tree may be solved by the
use of primitive building blocks, along with the application of Poiseuille’s law
of fluid flow in a pipe and a Kirchhoff condition at the bifurcation point. This
method, by the use of primitive building blocks that may be easily changed or
replaced, offers an easy way to model and simulate flow in a bifurcation tree.

The experiments conducted in Chapter 3 show that the performance of the
Fixed-point iteration is far worse than the most efficient solution, Newton’s
method. However, fixed-point iteration offers an alternative method in order
to solve the problem whenever the Jacobian is hard or expensive to calculate.
In comparison to fsolve, the fixed-point method offers an alternative with
competitive performance depending on the problem.

We have also applied the model in order to study what happens to the
outflow from a branch when there is an obstruction in that branch, in this
case representing Atherosclerosis, the buildup of plaque inside the artery, and
found that the flow follows a logistic curve as a function of the radius of the
obstruction.

Further studies that may be conducted is extending the size of the tree and
looking into a time-dependent model, which can offer a way to study conditions
such as a false aneurysm.
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