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Abstract

The objective of this thesis is to model and solve the problem of placing thermal
imaging camera for monitoring piles of combustible bio-fuels. The cameras, of
different models, can be mounted at discrete heights on poles at fixed positions
and at discrete angles, and one seeks camera model and mounting combinations
that monitor as much of the piles as possible to as low cost as possible. Since
monitoring all piles may not be possible or desired, due to budget or customer
constrains, the solution to the problem is a set of compromises between coverage
and cost. We denote such a set of compromises a frontier.

In the first part of the thesis a way of modelling the problem is presented.
The model uses a discrete formulation where the area to monitor is partitioned
into a grid of cells. Further, a pool of candidate camera placements is formed,
containing all combinations of camera models and mounting positions. For each
camera in this pool, all cells monitored are deduced using ray-casting. Finally,
an optimization model is formulated, based on the pool of candidate cameras
and their monitoring of the grid. The optimization model has the two objectives
of minimizing the cost while maximizing the number of covered cells.

In the second part, a number of heuristic optimization algorithms to solve
the problem is presented: Greedy Search, Random Greedy Search, Fear Search,
Unique Search, Meta-RaPS and Weighted Linear Neighbourhood Search. The
performance of these heuristics is evaluated on a couple of test cases from ex-
isting real world depots and a few artificial test instances. Evaluation is made
by comparing the solution frontiers using various result metrics and graphs.
Whenever practically possible, frontiers containing all optimal cost and cover-
age combinations are calculated using a state-of-the-art solver.

Our findings indicate that for the artificial test instances, the state-of-the-
art solver is unmatched in solution quality and uses similar execution time as
the heuristics. Among the heuristics, Fear Search and Greedy Search were the
strongest performing. For the smaller real world instances, the state-of-the-
art solver was still unmatched in terms of solution quality, but generating the
frontiers in this way was fairly time consuming. By generating the frontiers
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using Greedy Search or Random Greedy Search we obtained solutions of similar
quality as the state-of-the-art solver up to 70-80% coverage using one hundredth
and one tenth of the time, respectively. For the larger real world problem
instances, generating the frontier using the state-of-the-art solver was extremely
time consuming and thus sometimes impracticable. Hence the use of heuristics
is often necessary. As for the smaller instances, Greedy Search and Random
Greedy Search generated the frontiers with the best quality. Often even better
full coverage solutions could be found by the more time consuming Fear Search
or Unique Search.

Keywords:
Camera planning, camera placement, large scale multi-objective optimiza-
tion, large neighbourhood search, SCP heuristics



Sammanfattning

Syftet med detta examensarbete är att modellera och lösa kameraplaceringspro-
blemet då IR-kameror ska användas för brandövervakning av fastbränslehögar.
Problemet består i att givet ett antal kamera modeller och monteringsstolpar
bestämma de kombinationer av placeringar och modeller sådana att övervak-
ningen av högarna är maximal, för alla möjliga kostnadsnivåer.

I den första delen av examensarbetet presenteras en modell för detta ka-
meraplaceringsproblem. Modellen använder sig av en diskret formulering, där
området om ska övervaras är representerad av ett rutnät. De möjliga kamera-
valen beskrivas med en diskret mängd av möjliga kameraplaceringar. För att
utröna vilka celler inom rutnätet som en kameraplacering övervakar används
metoden “ray-casting”. Utifrån mängden av möjliga kameraplaceringar kan en
optimeringsmodell med två målfunktioner formuleras. Målet i den första mål-
funktionen är att minimera kostnaden för övervakningen och i den andra att
maximera storleken på det övervakade området.

Utgående från denna modell presenteras därefter ett antal algoritmer för att
lösa modellen. Dessa är: Greedy Search, Random Greedy Search, Fear Search,
Unique Search, Meta-RaPS och Weighted Linear Neighbourhood Search. Algo-
ritmerna utvärderas på två konstgjorda testproblem och ett antal problem från
verkliga fastbränslelager. Utvärderingen baseras på lösningsfronter (grafer över
de icke-dominerade lösningarna med de bästa kombinationerna av kostnad och
täckning) samt ett antal resultatmått som tid, lägsta kostnad för lösning med
full täckning, etc...

Vid utvärderingen av resultaten framkom att för de konstgjorda testinstan-
serna presterade ingen av heuristikerna jämförbart med en standardlösare, var-
ken i termer av kvalitén på lösningarna eller med hänsyn tagen till tidsåtgången.
De heuristiker som presterade bäst på dessa problem var framförallt Fear Se-
arch och Greedy Search. Även på de mindre probleminstanserna från existerande
fastbränslelager hittade standardlösaren optimala lösningsfronter och en lösning
med full täckning, men tidsåtgången var här flera gånger större jämfört med vis-
sa av heuristikerna. På en hundra- respektive en tiondel av tiden kan Greedy
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Search eller Random Greedy Search heuristikerna finna en lösningsfront som är
jämförbar med standardlösare, upp till 70-80% täckning. För de största proble-
minstanserna är tidsåtgången vid användning av standardlösare så pass stor att
det i många fall är praktiskt svårt att lösa problemen, både för att generera
fronten och att hitta en lösning med full täckning. I dessa fall är heuristiker
oftast de enda möjliga alternativen. Vi fann att Greedy Search och Random
Greedy Search var de heuristiker som, liksom för de mindre probleminstanser-
na, genererade de bästa lösningsfronterna. Ofta kunde dock en bättre lösning
för full täckning hittas med hjälp av Fear Search eller Unique Search.

Nyckelord:
Kameraplanering, kameraplacering, storskalig flermålsoptimering, lokal-
sökning, övertäckningsproblemsheuristiker
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Nomenclature

Notation Explanation
α Abortion criterion parameter.
β Discretization factor.
M Set of camera models.
|M | = K Cardinality of set M .
k ∈ {1, ...,K} Camera model index.
mk ∈M Camera model.
mFP
k ,mFT

k Field-of-view along pan and tilt di-
rection for camera model k.

mRP
k ,mRT

k Resolution in pan and tilt.
mIP
k ,mIT

k Instantaneous field-of-view along
pan and tilt direction.

mC
k Cost for camera model k.

C Set of positioned and aimed camera
model (PAM).

|C| = I Cardinality of set C.
i ∈ {1, ..., I} PAM index.
ci ∈ C PAM
cPi The pan angle of the PAM.
cTi The tilt angle of the PAM.
xci , y

c
i , z

c
i Position along x and y axes and

mounting height of the PAM.
cFPi , cFTi Field-of-view along pan and tilt di-

rection of the PAM.
cRPi , cRTi Resolution in pan and tilt direction.
cIPi , cITi Instantaneous field-of-view along

pan and tilt direction.
cCi Cost for the PAM.
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Parameter Explanation
cVi Set of 3-tuples (x, y, z) of the coor-

diantes (x, y) and layer index z of all
cells that PAM covers.

Nx Number of cells (horizontally).
Ny Number of cells (vertically).
N∆x Cell size X.
N∆y Cell size Y.
L The set of layers.
|L| = Z Cardinality of set L.
lz ∈ L Layer.
lhz Layer height.
lz,xy Monitor matrix, a binary matrix of

size Nx ×Nz.
P The set of poles.
|P | = Q Cardinality of set P .
pPq , p

P
q The minimum and maximum pan

angle of mounted PAMs on the pole.
pTq , p

P
q The minimum and maximum tilt an-

gle of mounted PAMs on the pole.
xpq , y

p
q Position along x and y axes for pole.

Hq Set of different mounting heights per
pole.

t Iteration step of the algorithm.
St ⊂ C The current solution (a set of PAMs)

in step t of the algorithm.
Ω(St) The set of uncovered cells for solu-

tion St.
V (St) The set of covered cells for solution

St.
Γ(St) The set of unused PAMs for solution

St.
ρ(St) The cost of the solution St.



Abbreviations

IFOV Instantaneous Field-of-View

SCP Set Covering Problem

FOV Field-of-View

MO Multi-Objective

AGP Art Gallery Problem

ILP Integer Linear Program

BIP Binary Integer Program

LNS Large Neighbourhood Search

VNS Variable Neighbourhood Search

MOSCP Multi-Objetive Set Covering Problem

LP Linear Program

RW Real World problem instance

PAM Positioned and Aimed camera Model

Lindell, 2019. xi





Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Problem description . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Objectives and limitations . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Related work 5
2.1 The camera placement problem . . . . . . . . . . . . . . . . . . . 5
2.2 Modelling of the camera placement problem . . . . . . . . . . . . 7
2.3 Methods for solving the multi-objective camera placement problem 8

3 Methodology and modelling 13
3.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Input . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Prepare . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4 Objective and formulation . . . . . . . . . . . . . . . . . . . . . . 37

4 Theory 39
4.1 Pareto optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2 Generation of the Pareto front . . . . . . . . . . . . . . . . . . . 40

5 Heuristics 43
5.1 Greedy Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.2 Fear Search and Unique Search . . . . . . . . . . . . . . . . . . . 45
5.3 Meta-RaPS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.4 WLNS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6 Implementation details 57
6.1 Choice of programming environment and

implementation of parallelization . . . . . . . . . . . . . . . . . . 57

Lindell, 2019. xiii



xiv Contents

6.2 Software architecture . . . . . . . . . . . . . . . . . . . . . . . . . 57

7 Computational experiments 61
7.1 Experiment settings . . . . . . . . . . . . . . . . . . . . . . . . . 61
7.2 Result metrics and reference Pareto front . . . . . . . . . . . . . 64
7.3 Problem instances . . . . . . . . . . . . . . . . . . . . . . . . . . 67
7.4 Full coverage solutions . . . . . . . . . . . . . . . . . . . . . . . . 74
7.5 Solution frontiers . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
7.6 Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . 82

8 Summary and conclusions 87
8.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
8.2 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

9 Future work 91

A List of real world problem instances 95

B Solution frontiers 119



Chapter 1

Introduction

This master thesis work was conducted by Hugo Lindell at Linköping University
during the spring/summer 2019. In this first chapter an introduction to the
studied problem will be given.

1.1 Background

Handling and storage of solid bio-fuels increase constantly and larger handling
facilities with larger stocking capabilities are being built. In these facilities,
the bio-fuels are stored in large outdoor piles. When storing large quantities
of solid fuels in this way during long periods of time there is always a risk of
spontaneous self-combustion and fire since the solid fuels are exposed to high
temperatures, direct sunlight and winds. To avoid costly fires there exists today
many different solutions for surveillance of solid fuel. Notably systems based
on thermal imaging is advantageous in these applications since it is possible to
detect hot spot signatures in the fuel depots before the fires actually start and
stop fires before they burst out. One drawback with thermal imaging cameras
in these kind of applications is that they are, compared to visual cameras, quite
expensive.

The performance of thermal imaging systems is directly dependent of the
placement of the cameras. If the camera placement is made poorly such that
the cameras are not monitoring all the desired piles with fuels, naturally the
system will fail to detect fires in non-monitored piles. The problem of the
camera placement is non-trivial since the fuel storages often can be vast and the
number of piles, mounting positions for cameras and camera types are large.

Despite these facts many camera placement problems in the industry today
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2 Chapter 1. Introduction

are solved by humans through trial and error with results of varying quality.
The aim of this thesis is to provide an alternative to manual approaches for

solving the camera placement problem using mathematical optimization. The
derived model will be Multi-Objective (MO), to mimic the fact that man-made
solutions often contain trade-offs between coverage (percentage of all piles that
are monitored) and price, stemming from practical reasons such as budget and
customer constraints.

1.2 Problem description

In this section we give a more rigorous description of the problem. It is from
now on referred to as the camera placement problem.

To solve the camera placement problem it is natural to divide it into two
parts, first the modelling of the problem and thereafter solving it. The input to
the problem can be formulated as follows.

Suppose that we have an area with a set of piles to monitor, such as bio-fuel
depots and a set of poles at fixed positions where cameras can be placed at
discrete heights (see Figure 1.1).

Figure 1.1: Example of bio-fuel depots with piles to monitor marked in green
(A–I) and placement of fixed poles marked in black (1–12).

Furthermore suppose that we are given a set of camera models with differ-
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ent costs and properties such as field-of-view and resolution. We assume that
the cameras are punctiform, hence we can place any number of cameras at one
pole at the same height. Additionally there is no restriction on the number of
cameras available of any camera type. Due to practical reasons, the cameras
can only be installed with a minimal discretization in pan and tilt angles. Given
this conditions, the first part of the thesis will consist of modelling the camera
placement problem for thermal image monitoring of solid fuels.

Based on the formulated model the second part consists of answering the
question of how the placement of the cameras should be made? As previously
mentioned it is natural to formulate this as a MO problem with two objectives,
which are minimizing the cost while maximizing the covered area. The motive
for this is that due to the relatively high price of the cameras one can be willing to
relax the constraint on full coverage, since one can combine camera monitoring
with other measures to cope with the lack of coverage. Examples of such actions
are manual inspection, watering and/or non-use of some areas. Also, in certain
cases it may not even exist a solution with 100% coverage. Hence the problem
can now be formulated as finding the solutions which cover as much as possible
to as low cost as possible. The notion of “solution” and “to cover as much as
possible to as low cost as possible” must clearly be more well defined. We define
a solution as a way of mounting a set of cameras associated with a certain cost
and percentage of coverage. We denote a solution as non-dominated if there
exists no other solution with either lower or equal cost and higher coverage, or
higher or equal coverage and lower cost. Ideally, answering the question of how
the placement of the cameras should be made would be to generate the set of
all non-dominated solutions, which is known as the Pareto frontier. Generating
this frontier may not always be possible in practice and thus the second part
of this thesis consists of generating a frontier of solutions on, or close to, the
frontier of non-dominated solutions.

1.3 Objectives and limitations

In this section the objectives and limitations are presented.

1.3.1 Objectives

The aim is to provide a novel approach for modelling and solving the camera
placement problem by using mathematical optimization. Hence the objectives
of the thesis can be formulated as follows:
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• Objective 1: Modelling the camera placement problem for thermal mon-
itoring of solid fuels.

• Objective 2: Develop fast solution methods for generating a frontier of
solutions on, or close to, the frontier of non-dominated solutions without
using costly state-of-the-art-solvers.

1.3.2 Limitations
Due to restrictions of time and resources we had to impose some limits on our
work. Notably we decided to lay our focus mostly on the second part of the
work, evaluating different methods for generating the frontier, rather than the
first part, modelling the problem. Thus we restricted the modelling to one model
that contains multiple parameters and modification possibilities. On purpose we
decided to not investigate the choice of parameters and modification possibilities
in any detailed way. This can be subject for future work.

Regarding different algorithms for generating the frontier we evaluated a
restricted number of algorithms. The selection of the algorithms is based on the
most promising findings from Chapter 2, together with discoveries regarding
the problem structure in Chapter 4. Obviously not all parameter values and
settings for all the algorithms could be evaluated. This can be subject for future
work.

1.4 Outline
In this chapter an introduction to the thesis and the problem are presented,
paired with the objectives and limitations of the work. In Chapter 2, related
work in direct or indirect relation to our camera placement problem is presented.
In the following chapter we present the used methodology and modelling of
the camera placement problem. The general theory for the notion and theory
behind Pareto optimality is introduced in Chapter 4, with some alternative ways
of modelling the problem. All heuristics used are presented in Chapter 5, and in
Chapter 6 we describe our implementation of the heuristics. The computational
experiments, the parameter values and the problem instances used in these
experiment are described in Chapter 7. Also the results of the experiments are
presented in this chapter, followed by a discussion. Finally we give summary
and conclusion of the thesis in Chapter 8, and some ideas for future work in
Chapter 9.



Chapter 2

Related work

In this section we describe findings in direct or indirect relation to the camera
placement problem we are aiming to solve. First we briefly discuss the origin
of the problem and thereafter present a common methodology for solving the
camera placement problem. Thereafter we look at different ways of modelling
the problem, and finally in the last part we take a closer look on different
opimization strategies.

2.1 The camera placement problem

The camera placement problem is quite new with the earliest work stemming
from the 1970s with [3] study of the Art Gallery Problem (AGP). AGP consists
of assigning guards to different positions in an art gallery in order to achieve
the maximum visual coverage of the assets. The AGP has obvious similarities
with the camera placement problem but in the AGP the cameras are replaced
with guards and the areas to monitor with arts. Since this first study, the
camera placement problem has evolved and become linked to a large variety
of fields, from wireless sensor networks to robotics, where cameras are used
as a means of acquiring information for robot control and navigation. When
we talk about the camera placement problem we restrict our scope to camera
placement problem suitable for use in the surveillance industry. This narrowing
of the scope is natural given the objectives for this thesis. The research on
the camera placement problem in the surveillance industry is impacted heavily
from widespread deployment of video surveillance camera networks, which has
resulted in a shift of focus from problems of mainly theoretical interest like the
AGP to more applied real world camera placement problem [13].

Lindell, 2019. 5



6 Chapter 2. Related work

The change of focus towards complex real world camera placement problems
has made that the recent research on camera placement problem is split into two
main directions. In the first direction, the focus is on improving the modelling
of camera properties, user objectives, and system constraints etc. to closer
mimic the real-world conditions. In the second direction, focus is on designing
optimization algorithms that solve problems more efficiently enabling larger or
more complex models to be solved faster. As mentioned previously we focus
on the first direction in Section 2.2 and on the second in Section 2.3. But first
we will look at the common methodology used in almost all camera placement
problems by [13].

2.1.1 A common methodology for the camera placement
problem

In this section we will describe a common methodology for solving the camera
placement problem proposed by [13]. The methodology is divided in four steps:
Input, Prepare, Solve and Output. They follow on one another, which can be
seen in Figure 2.1. According to [13] this methodology is used in almost all
modeling and solving approaches for the camera placement problem.

Input

In the first step, the set of inputs, requirements and constraints for the problem
to be solved should be specified. The step is divided into four areas: Camera
specifications, Task and necessary data, Environment models and User require-
ments. In the first area, Camera specifications, the cameras to use and their
parameters are specified. If the objective(s) includes tasks such as object track-
ing, then additional object space data must be supplied. This is treated in
Task and necessary data. An appropriate model for the environment in the cur-
rent application is devised in Environment models. Finally user requirements
and constraints such as the percentage of the area that needs to be covered or
minimal pixel resolution for the system is evaluated in User requirement.

Prepare

The second step, called Prepare, consists of preparing and pre-prossessing the
inputs for use in the the coming step Solve. First in this step, one has to decide
if a discrete or continuous formulation of the problem should be used. Which
formulation to use should according to [13] be based on if the number of cameras
is known a priori. When the number of cameras is known a priori, the problem
can be formulated in either a discrete way or in a continuous way, but when the
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number of cameras is not known the camera placement problems usually adopt
a discrete formulation. The reason for this is that in a continuous formulation
the number of cameras must be know a priory since in a continuous formulation
a feasible solution is a vector of known dimension that contains all camera
parameters. In a discrete formulation on the other hand a feasible solution
consists in choosing a subset of candidates from a pool of candidate cameras.
Thus in a discrete domain, extra preparation steps need to be taken to form
a pool of candidate cameras. First must the camera, object and enviroment
parameters be discretized. Then the second and final step consist of forming
the pool of candidate cameras based on the discretized parameters.

Solve

The third step, Solve, consists of first expressing mathematically all user objec-
tives and requirements as an optimization problem (Objective and formulation).
Thereafter in Optimization the problem is solved with an appropriate optimiza-
tion technique. This can include use of both optimizing algorithms, guaranteed
to find an optimal solution, or heuristic algorithms. A heuristic algorithm is an
algorithm typically used for large difficult optimization problems, which finds
a solution often close to optimal (sometimes optimal) in a restrained time but
without any guarantees of optimality of the solution [14].

Output

In the final step, Output, an optimal placement strategy (or strategies) is pre-
sented to the user.

2.2 Modelling of the camera placement problem
Several authors have studied modelling of the optimal camera placement prob-
lem for monitoring/surveillance of areas. For example [7] investigated how to
design an optimal video camera network using visual cameras and with ap-
plications in monitoring of public areas such as parking lots. These kind of
surveillance applications resemble the application studied in this thesis with
large open outdoor areas. The modelling presented in [7] is interesting is many
ways. First, a mesh of eligible granularity is used to represent the area to moni-
tor. Further, cameras can only be mounted at pre-defined points of interest and
they have no depth of field or spatial resolution limitations. This last fact is
interesting since it differs from many authors. The proposed optimization model
is multi-objective with three objectives: maximizing the coverage, maximizing
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the backup-coverage (area covered by at least two sensors) and maximizing the
number of regions with a lower N-scopic localization error than the threshold
value specified by the user. At the end all these objectives are combined in
a weighted-sum model which should be optimized under a constraint in the
number of available camera. Also this choice of optimization model is of great
interest since there is no requirement on full coverage. This is motivated by [7]
as a way to ensure that problem instances are feasible.

Another interesting camera placement model is proposed by [6]. In this
application the objective is to optimize and evaluate the placement of an indoor
human presence detector. Although this is not an outdoor-application it is still
of interest since the method used for calculation of the view can also be used
for infra-red sensors also according to its authors. The method devised for
calculating the view is based on ray tracing where for each camera all points
representing the vertices of the intersection point with the first obstacle met for
the sensor is added to a list. Using this method for calculating the view provides
many advantages since it is possible to express the precision of information as the
number of pixels per millimeter. Hence constraints on the minimal resolution
necessary to attain sufficient precision in various applications can be set. In [6]
the environment to monitor is represented by a scene of primitives of vertices,
edges and polygons. From this scene, a description vector is created representing
the scene where each element in the vector carry information about the nature
of the corresponding point belonging to the scene. The points to be supervised
are coded with a 1 in the element that carries their index and with a 0 if they
do not represent an objective to be covered. The proposed optimization model
is single-objective, minimizing the total cost under the constraint of covering all
points to be supervised in the scene.

2.3 Methods for solving the multi-objective cam-
era placement problem

As we have seen previously, there exists many different formulations of cam-
era placement problems, both single- and multi-objective variants. Since our
interest lies primarily on generating a frontier of solutions with different combi-
nations of cost and coverage, our problem is multi-objective. We will therefore
mainly focus on multi-objective problems but with some inclusion of promising
approaches for closely related problems, such as the mono-objective set covering
problem.

Several common solutions approaches for the camera placement problem
are presented by [13]; Linear Program (LP)-relaxations, Greedy Search based
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heuristics and population algorithms.

2.3.1 LP-relaxations

In the case of camera placement, the majority of authors formulate the problem
in such a way that a candidate pool of placements is first created and then
a binary decision variable is associated with each candidate, indicating if it
should be used (1) or not (0). This makes it naturally to formulate the problem
as a Binary Integer Program (BIP). A BIP is typically NP-hard and often the
binary constrains are relaxed to make the problem solvable in polynomial time.
However, in general the solution to the relaxation cannot be guaranteed optimal
in BIP since the optimal solution is not automatically binary. Nonetheless, many
exact algorithms to solve BIP problems are inspired by LP-relaxations, such as
branch-and-bound [13].

2.3.2 Greedy Search heuristics

Greedy algorithms are deterministic iterative algorithms that never reconsider
their choices made previously and may therefore not converge to the global
optimum despite always taking locally optimal steps. Despite this, they are
widely used due to their superior computational efficiency. Many attempts
have been made to improve greedy algorithms such, as GRASP, COMSOAL
and Meta-RaPS. Among these candidates [12] found that Meta-RaPS was most
efficient and could be viewed as a general form of all three.

2.3.3 Population-based algorithms

Population-based algorithms are very popular for solving the camera placement
problem. They are called population-based since they start from a set of initial
solutions, an initial population, which one then seeks to improve using vari-
ous techniques such as crossovers and mutations. This makes the variety of
population-based algorithm large and one can categorize the population-based
algorithms in many sub-groups such as Genetic algorithms and Swarm intelli-
gence algorithms [13]. An example of Genetic algorithm is proposed by [19].
Here each member of the population is a set of cameras and the way to improve
the members are by mutation combined with randomization. The mutations is
done by swapping a subsets of cameras between two members of the population.
Also randomisation of some of the camera parameters by a Gaussian distribu-
tion is used. Performance-wise this approach does not seem very fruitful since
[19] states that selecting a more efficient minimizer is of high priority.
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Another population-based approach relying on large neighbourhood search
is proposed by [15]. Here a large neighbourhood search is used to improve the
population, instead of mutation. The large neighbourhood search is a general
technique witch consists of two phases. First a destroy operator is applied
which removes parts from the solution. Then a repair operator is applied which
replaces the parts removed from the solution. In the method proposed by [15]
the destroy operator consists of removing a fixed number of columns according
to a chosen semi-random performance metric. The repair operator is similar to
the destroy operator. A fixed number of columns that are covering at least one
of the rows rendered uncovered due to the destroy operation is added to the
solution. The columns are chosen based on another semi-random performance
metric. Performance-wise [15] finds that Large Neighbourhood Search (LNS) is
particularly well suited to multi-objective optimization, since with this approach
a set of new potentially efficient solutions can be easily produced from one
solution. Further he adds that “The integration of Variable Neighbourhood
Search (VNS) and LNS ... allowed to obtain new state-of-the-art results for the
Multi-Objetive Set Covering Problem (MOSCP)”.
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Figure 2.1: Overview of the camera placement methodology proposed by [13].
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Chapter 3

Methodology and modelling

In the first part of this chapter we present the methodology we used in this thesis
to solve the camera placement problem. The methodology is based on the four
step method from [13] and describes how all steps from modelling to solving the
problem should be performed. Based on this method, we describes the process
of modelling the problem for the steps Input to Objective and formulation of
the methodology. The final steps of the methodology, Optimization and Output,
are presented in Chapters 4,5 and 7.

3.1 Methodology

The basis for our methodology is the four step method from [13] that we de-
scribed in Section 2.1.1. In this section we describe how we designed our method-
ology in each of the four steps in the method. Apart from the method proposed
by [13] we base our methodology on the findings from Chapter 2.

The first step of the method, Input, is treated in Section 3.2. Our cameras’
specifications are presented in Section 3.2.1 and our environment model in Sec-
tion 3.2.2. The environment model is based on discretizing the environment,
as in [6] and [7], motivated by the fact that this is a common and well used
approach. User requirements and constraints on minimal pixel resolution for
the system are considered in Section 3.2.3. These requirements are stemming
from discussions with installation and infrared camera professionals. Since in
our case we have no requirements on performing tasks, such as object tracking,
we do not include or discuss the part Task and necessary data.

The second step of the method, Prepare, is presented in Section 3.3. First, we
discuss and motivate, using [13], our choice of a discrete problem formulation.

Lindell, 2019. 13
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Thereafter, in Section 3.3.1, we describe the process of creating the pool of
candidate cameras and describe how we discretized the camera parameters. We
will not go through the discretization of objects (poles) and the environment
here, although it is devised in the method by [13], since this is already treated
in Section 3.2.2. The method for calculating the view of the cameras will be
based on the ray-tracing method from [6] although we will call it ray-casting to
distinguish it.

The third step of the method, Solve, is not contained in one chapter but
instead spread out over several chapters. The first part, Objective and formula-
tion is treated in Section 3.4 where we present our complete optimization model
which mathematically captures all user objectives and requirement. The second
part, Optimization, which consists of solving the problem with an appropriate
optimization technique is fairly complex and is treated in several chapters. To
choose an appropriate optimization technique one must first consider useful the-
ory for the problem one tries to solve. This is investigated in Chapter 4. Then a
couple of promising heuristics to solve the problem are presented in Chapter 5.
The choice of the heuristics is based on the theory, the structure of the problem
and the findings in Section 2.3, where Meta-RaPS and population-based LNS
seem to be the most promising alternatives.

Finally, as devised in step Output, we will evaluate the output for all heuris-
tics in Chapter 7 and their performance.

3.2 Input

In this section, the inputs to the problem is described. These are based on three
out of four components listed in [13] under input: camera specifications, environ-
ment models and user requirements. The component Task and necessary data is
omitted since the purpose of the camera network does not include tasks such as
object tracking. The component camera specifications should explain the model
and the parameters for the cameras. This is done in Section 3.2.1. Likewise the
component environment models should explain the model for the environment.
This is done in Section 3.2.2. Finally the component user requirements should
describe the user requirement for surveillance, such as the constraints on the
coverage for the considering an area monitored. This component is treated in
Section 3.2.3.
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3.2.1 Camera specifications

Camera model specification

In this thesis we use a pinhole camera model which is a simplified camera model
where we assume that a camera is punctiform and that the camera character-
istics can be described by the parameters listed in Table 3.1. We denote a
camera model by mk and let M be the set of all camera models. The parame-
ters mFP

k and mFT
k describe the Field-of-View (FOV) of the camera in degrees

in pan and tilt directions (see Figure 3.1). Likewise the parameters mRP
k and

mRT
k describe the resolution in pan and tilt directions, and mC

k is the cost of
the camera model. By dividing the FOV with the corresponding resolution one
can derive the Instantaneous Field-of-View (IFOV) of the camera. This derived
measure is often of great interest and shows how much a single detector pixel
can see in terms of FOV. Thus we introduce the IFOV in both pan and tilt
direction in our camera model specification defined as mIP

k = mFP
k /mRP

k and
mIT
k = mFT

k /mRT
k , respectively.

TABLE 3.1: Camera model parameters.

Parameter Explanation
M Set of camera models.
|M | = K Cardinality of set M .
mk ∈M Camera model.
mFP
k ,mFT

k Field of view along pan and tilt di-
rection for camera model k.

mRP
k ,mRT

k Resolution in pan and tilt.
mIP
k ,mIT

k Instantaneous field of view along pan
and tilt direction.

mC
k Cost for the current camera model.

The purpose of this model is to capture the different performance character-
istics of various real camera models.

Positioned Aimed camera Model specification

Finally we introduce a Positioned Aimed Camera Model (PAM) specification
with the purpose to describe the position and direction of a mounted camera.
Hence we define PAM as a specific camera model, mounted at a specific position
and height, aimed in specific pan and tilt angles. Our model for the PAM is
derived from the camera model specification by adding parameters for position
and for pan and tilt angles. Thus, each camera model will be manifested as
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y

x

z

Direction of camera tip

mFT
k

mFP
k

Figure 3.1: Definition of the parameters mFP
k and mFT

k for camera model mk.

multiple PAMs at different positions and heights with different pan and tilt
angles. We introduce the notion ci for a PAM and in total each problem instance
contains I different PAMs.

Camera models

Model A

PAM c1 PAM c2 ...

Model E

... ... PAM cI

Figure 3.2: For each problem instance a subset of the camera models is chosen
and for each camera model a PAM is derived for each position, pan and tilt
angle. The PAMs are enumerated from 1 to I.

The position for a PAM is defined in Cartesian coordinates denoted xci , y
c
i

and zci . The pan angle is defined as the angle between the camera and the
x-axis and the tilt angle as the angle between the x-y plane and the camera (see
Figure 3.3). All parameters for a PAM is listed in Table 3.2.
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TABLE 3.2: PAM parameters.

Parameter Explanation
C Set of PAMs.
|C| = I Cardinality of set C.
ci ∈ C PAM i.
cPi The pan angle of the PAM.
cTi The tilt angle of the PAM.
xci , y

c
i , z

c
i Position along x and y axes and

mounting height of PAM.
Derived from camera model:
cFPi , cFTi Field of view along pan and tilt di-

rection of PAM.
cRPi , cRTi Resolution in pan and tilt direction.
cIPi , cITi Instantaneous field of view along pan

and tilt direction.
cCi Cost for the current PAM.

x

y

z

Direction of camera tip

cPi
cTi

cFTi
cFPi

xci , y
c
i , z

c
i

Figure 3.3: Definitions of the parameters xci , yci , zci , cPi , cTi , cFPi , cFTi for PAM i.

3.2.2 Environment model
The environment consists of piles to monitor and poles for mounting cameras.
The environment model used is based on a Cartesian coordinate system with the
origin at the upper left corner. We set the coordinate of the lowest point to zero.
We use a 2D floorplan model for the piles which is based on a number of grids of
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quadratic cells of equal size on given heights, similar to the model in [6]. Such
a grid can be seen in Figure 3.4. As stated in [13] an advantage of this model is
that it is vastly simpler than the full 3D model and will thus incur significantly
less computational cost. It is worth to point out that a major drawback is the
lack of ability to model obstacles not at full height, which may occlude cameras’
vertical FOV angles partially. Since in our application the areas to monitor
often are open and outdoor, this drawback might not be prominent. The basis
for the environment model consists of deciding its discretization factors. Hence
one has to decide the number of cells in horizontal and vertical direction and the
size of each cell in horizontal and vertical direction. These parameters describe
the basis of environment and are shared among all grids (see Table 3.3).

TABLE 3.3: The base parameters for the environment.

Parameter Explanation
Nx Number of cells (horizontally).
Ny Number of cells (vertically).
N∆x Cell size X.
N∆y Cell size Y.

x

y

z

Ny

Nx

N∆y
N∆x

Figure 3.4: The basis for the model of the environment.

Model of piles

To model the piles to monitor we use a model based on Nz layers on given
heights. We denote a layer by lz. Each layer has an Nx × Ny binary matrix
lz,xy, denoted monitor matrix, in which each element correspond to a 2D-cell of
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size N∆x × N∆y. We introduce three indices x, y and z, where x ∈ {1, ..., Nx}
represents the index of a cell in the horizontal direction of a layer, y ∈ {1, ..., Ny}
represents the index of a cell in the vertical direction of a layer and z ∈ {1, ..., Nz}
represents the index of the layer. These are used for indexing within or to a
layer. For each layer we also define its height lhz over the zero level. Each
element in the binary matrix for a layer represents if the corresponding cell
should be monitored: one (1) indicates that it should be monitored, zero (0)
that it should not. Based on this model a pile can be represented by assigning
ones to all matrix elements for which it occupies the corresponding cell. By
repeating this process for all piles and all layers, each layer will have ones in all
elements where at least one pile is occupying the corresponding cell. Finally,
it is convenient to collect all layer matrices in one new matrix called axyz, to
represent all piles in the environment using only one structure, see Figure 3.5.
An example describing the process of creating the axyz matrix can be found in
the next section.

axyz =



l1,xy =


a111 a121 ... a1Ny1

a211
. . . a2Ny1

...
. . .

...
aNx11 aNx21 ... aNxNy1


...

lNz,xy =


a11Nz

a12Nz
... a1NyNz

a21Nz

. . . a2NyNz

...
. . .

...
aNx1Nz

aNx2Nz
... aNxNyNz





Figure 3.5: Layout of the axyz matrix containing all piles in the environment.
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TABLE 3.4: The parameters for the layers.

Parameter Explanation
L The set of layers.
|L| = Z Cardinality of set L.
lz ∈ L Layer.
lhz Layer height.
lz,xy Monitor matrix, a binary matrix of

size Nx ×Ny. 1 implies correspond-
ing cell should be monitored.

Artificial example

Figure 3.6: An artificial model of a pile (in green).

Based on the model previously introduced, this small example shows how a pile
can be modelled. Suppose that we have an area of size 5 × 5 area units (a.u.)
which contains one pyramidal pile of height 2.2 a.u. and base area 2.75 × 2.75
a.u. The area including the pile can be seen in Figure 3.6.
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Figure 3.7: Example on how the piles can be monitored. Axes represents the
x, y and z indices.

To model this area it is natural use the parameters N∆x = N∆y = 1 a.u.
and Nx = 5, Ny = 5 based on the size of the area. We decide to use Nz = 2 to
capture the height of the pile and introduces two layers of size Nx×Ny. We let
the layer heights be lh1 = 0 and lh2 = 2. Based on theses parameter values we
decide to monitor all cells in those layers that intersect with the pile, hence all
cells marked in black in Figure 3.7. Based on this setting we get the following
axyz matrix:

axyz =




0 0 0 0 0
0 0 0 0 0
0 0 1 1 1
0 0 1 1 1
0 0 1 1 1


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0




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It should be stressed that this example only shows one of many ways of
how to choose the axyz matrix. The purpose of this example is not to state
exactly how the axyz matrix should be constructed but rather provide better
understanding of how the axyz matrix is linked to the geometry of the problem.

Model of poles

A pole is denoted pq and the coordinate pair (xpq , y
p
q ) describes its position. The

subscript q ∈ {1, ..., Q} denotes its index among the Q poles. A pole allows
for cameras to be mounted on it. To reflect real world conditions it is natural
to pole-wise discretize the mounting positions for cameras on the pole. This is
done by the pole-wise set Hq of mounting heights. Hence a camera can only
be mounted at the discrete heights defined in this set. Further, cameras are
mounted within certain intervals for pan and tilt angles which are given by
the parameters pPq and pPq and pTq and pPq . These parameters can be used to
reflect the fact that large obstacles may hide parts of the view from the pole
and avoid mounting of PAMs looking outside the environment. The complete
set of parameters are listed in Table 3.5.

TABLE 3.5: The parameters for the pole.

Parameter Explanation
P The set of poles.
|P | = Q Cardinality of set P .
pPq , p

P
q The minimum and maximum pan

angle of PAMs mounted on the pole.
pTq , p

P
q The minimum and maximum tilt an-

gle of PAMs mounted on the pole.
xpq , y

p
q Position along x and y axes for pole.

Hq Set of different mounting heights per
pole.

3.2.3 User requirements

In this part the user requirements for the system are analysed. We have to ensure
that the temperature monitoring measurement can be done with satisfactory
precision and that constrains on mounting and installation precision is taken
into consideration.
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User requirement on measurement confidence

Since we aim to solve the optimal camera placement problem for fire monitoring
systems it is important that:

• the pixel resolution in each cell is sufficient to measure the temperature
with satisfactory precision, and

• the pixels are evenly spread within the cell to avoid large dead spots.

Based on these user requirements on measurement confidence we decided
to use the criterion where a cell is considered monitored by a camera if it has
at least α2 pixels with at least one pixel in each of the α2 number of subgrids
of equal size in the cell. We use α = 3 as default. An example of two cells
that are considered monitored and not monitored, respectively, can be found
in Figure 3.8. It is worth stressing that this choice of cover criterion and the
parameter α were choose as a “rule of thumb”, and that an evaluation of these
value lie outside the scope of this thesis.

Figure 3.8: Example of a cell considered as monitored (left) and not monitored
(right).
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User requirement on installation confidence

To reduce the computational cost but also to reflect the fact that in real world
applications cameras cannot be mounted with arbitrary precision, we introduce
a parameter β which defines the smallest increment angles in pan and tilt. What
we want to reflect with this parameter is the fact that it is not possible for an
operator in the real life application to accomplish precise mounting within β
degrees more than 10 meters above the ground using screws and nuts. This
implies that with β = 3 and a pole with one mounting height, a pan range of
90◦ and a tilt range of 30◦, there will be 90·30

3·3 = 300 different ways of mounting
a camera.

3.3 Prepare
In this section the process of preparing and prepossessing the inputs for use in
the optimization model are described. First one has to decide if the problem
should to be tackled in a discrete or continuous domain. Thereafter, based on
this decision, the given input have to be transformed to fit into the model. In our
case this transformation consist of calculating the covering matrix, denoted A,
to be used in the optimization model based on the given camera models, poles,
piles and parameters. The transformation consist of three steps. First all PAMs
must be generated. Second, using a ray-casting algorithm, all pixels for each
PAM is calculated. Third, once all pixels for each PAM has been calculated, all
cells it sees can be deduced. Each PAM then corresponds to one column in the
A-matrix. In this chapter we describe this process in detail and motivate the
choice of the discrete problem formulation.

Discrete or continuous formulation

Like mentioned in [13] one can choose between a discrete or continuous formula-
tion when modelling camera placement problems. In a continuous formulation,
a feasible solution is a vector of known dimension that contains the camera
placement parameters, while in a discrete formulation a given set of discretized
parameters is used to calculate a pool of candidate cameras. A subset among
these candidates that optimizes the objective and meets the constraints is then
selected. According to [13] the formulation to use depends on whether the num-
ber of cameras is known a priori. When the number of cameras is known a priori,
the problem can be formulated in either a discrete domain or in a continuous
domain; but when the number of cameras is not known the camera placement
problems usually adopt a discrete formulation. Since in our case the number of
cameras is not known, a discrete formulation is choosen.
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α, βPoles, piles Camera models

Generate
PAMs

From
input:

Calculate
pixels

Trans-
formation
steps:

Calculate
covered
cells

Cover
matrix ATo model:

Figure 3.9: The transformation process from Input to A-matrix.

3.3.1 Pool of candidate cameras

In this section we describe how the pool of candidate cameras, that is, the pool
of PAMs, is generated which use to create the A-matrix. One PAM corresponds
to one column in the A-matrix.

Generation of PAMs

The generation of the PAMs can be seen as populating the world with all possible
ways of mounting a camera for all camera models. Hence in this step we do not
calculate all the pixels and deduce all cells a PAM sees. Instead this step can
be see as enumerating all columns in the A-matrix. For generation of all PAMs
the set of models (M) and poles (P ) and the discretization factor β must be
known. As mentioned previously these are given as inputs. The generation of
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the set of all PAMs is done using Algorithm 1 which systematically goes through
all pole positions and mounting heights. The position is given by the pole and
the different heights are given by the set of mounting heights for each pole. For
each pole we generate all mounting angles in the pan and tilt directions. Thus in
Algorithm 1 the variables pan and tilt represent the middle of the FOV for the
PAM in respective direction. In the pan direction we take steps of magnitude
∆pan = mIP

k d
β

mIP
k

e from pPq to pPq . Likewise, in the tilt direction we take

steps of size ∆tilt = mIT
k d

β
mIT

k

e from pTq to pTq . The reason why the step size

is an integer times mIP
k and mIP

k is to be able to reuse calculations, which is
described later. Algorithm 2, CreatePAM, is used to assign camera model and
pole parameters to the new PAM. Finally, each created PAM is added to the
set of PAMs.

Algorithm 1 InstanceGeneration: Returns a set C of all PAMs
for all poles pq ∈ P do
for all mounting heights h ∈ Hq for current pole pq do
for all camera models mk ∈M do
Set ∆pan = mIP

k d
β

mIP
k

e
for pan = pPq : ∆pan : pPq do

Set ∆tilt = mIT
k d

β
mIT

k

e
for tilt = pTq : ∆tilt : pTq do
ci = CreatePAM(pan, tilt,mk, p

x
j , p

y
j , h)

C = C ∪ {ci}
end for

end for
end for

end for
end for
return C
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Algorithm 2 CreatePAM: Create new PAM ci with properties induced from a
camera model mk, a pole position (xpq , y

p
q ) and mounting height h and pan and

tilt angels pan and tilt.

Require: Angles pan and tilt, camera model mk and pole position (xpq , y
p
q ) and

mounting height h
cPi ← pan
cTi ← tilt
xci ,← xpq
yci ← ypq
zci ← h
cFPi ← mFP

k

cFTi ← mFT
k

cRPi ← mRP
k

cRTi ← mRT
k

return ci

Calculation of the pixel coordinates

In the next step, all the pixel coordinates that are seen by a PAM are calculated
using ray-casting, to deduce where the pixel intersects each layer, see [6]. All
pixels are seen as a ray starting from the position of the PAM, (xci , z

c
i , z

c
i ), with

the direction given by the angles φ and θ in pan respectively in tilt direction.
Since the aim is to calculate where a particular ray intersects all layers, the z-
coordinate will always be equal to the height for the current layer, such that z =
lhz . Hence only the x and y coordinates of the intersection must be calculated.
The problem can be stated as follows using spherical coordinates with definition
of φ as the angle from the x-axis counter-clock wise and θ as the angle from the
x-y plane and downwards (as in Figure 3.3):

 x
y

z = lhz

 =

xciyci
czi

+ t

 cos(φ) sin(90 + θ)
sin(−φ) sin(90 + θ)

cos(90 + θ)

 . (3.1)

Since z = hlz and φ and θ are given we have three unknown variables, x, y and
t, and three equations, hence the system is solvable with the following solution:

t =
lhz−c

z
i

cos(90+θ)

x = t · cos(φ) sin(90 + θ)
y = t · sin(−φ) sin(90 + θ).

(3.2)
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Using Equation (3.2) the coordinate where a ray intersect a layer can be
calculated. To calculate the intersections for each pixel with all layers we have
to generate the angles φ and θ for each pixel in the PAMs field-of-view starting
from the mounting angle of the PAM minus half the FOV in both pan and tilt
angle, up to the mounting angle of the PAM plus half the FOV in both pan and
tilt. This implies that we have to generate (cRPi ) × (cRTi ) combinations of pan
and tilt angles. We do this using equation (3.3) where we enumerate the angles
using f ∈ {0, 1, ..., cRPi − 1} and g ∈ {0, 1, ..., cRTi − 1}.

φf = cPi −
cFP
i

2 + (f + 0.5)
cFP
i

cRP
i

θg = cTi −
cFT
i

2 + (g + 0.5)
cFT
i

cRT
i

(3.3)

the first terms, cPi and cTi , define the centre of the cameras field-of-view. The
second terms, c

FP
i

2 and cFP
i

2 , reflect the fact that we start from outer-edge of the

field-of-view in both pan and tilt direction. The last terms, (f + 0.5)
cFP
i

cRP
i

and

(g + 0.5)
cFT
i

cRT
i

, represent that we for each value of f and g moves one unit out
from the starting edge of the field-of-view. Finally, to calculate the coordinates
for all the intersections between with layers and pixels in the field-of-view for a
PAM, the value of the coordinates x and y in equation (3.2) has to be calculated
for all combinations of angles φf and θg.

Elimination of certain PAMs

The calculations of the pixel coordinates is often fairly time-consuming. In some
cases it is possible by easy pre-evaluation to eliminate some of the candidates
from the set of PAMs, C, before doing the pixel calculation. Apart from saving
the cost of the pixel calculation it is also advantageous to eliminate instances
from the set C, since it saves calculations during the optimization. We imple-
mented one criterion for pre-elimination of PAMs that we call Look outside area
criterion.

Look outside area criterion

The idea behind the Look outside area criterion are to remove PAMs which
are positioned inside the area to monitor and are looking completely or partly
outside the area to monitor and whose view in the area of cells to monitor is
covered by another PAM (of same model and tilt angle). Such PAMs can be
removed since the PAM that dominates it will cover everything to the same
cost. An example of can be seen in Figure 3.10.
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Figure 3.10: The view of the red PAM is dominated by the view of the blue
PAM and thus the red PAM can be omitted.

This criterion requires only a few calculations and can therefore easily be
evaluated. For this criteria to hold, and thus being able to remove the PAM
must fulfill the following three constraints:

• its position (xci , y
c
i ) must lie inside the rectangle spanned by the cells to

monitor,

• at least one of two closest pixels in its view measured as distance from the
pole must lie outside the rectangle spanned by the cells to monitor, and

• there exists another PAM of the same model mounted at the same position
with same tilt angle that dominates it view.

In practice the first constraint is checked by first verifying the position of
the PAM, that is that:

xci ≥ 0 and xci ≤ Nx ·N∆x and yci ≥ 0 and yci ≤ Ny ·N∆y.
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Then the second constraint is verified by calculation of the coordinates of
the PAMs two closest pixels, which we denote (x1

min, y
1
min) and (x2

min, y
2
min).

These are calculated as follows.

First the pan and tilt angles and the parameters t and lhz are calculated using
the following formulas.

lhz = min lhz ∀ lz ∈ L
θ = 90 + cTi + (cRTi − 0.5)

cFT
i

cRT
i

φ1 = cPi −
cFP
i

2 + (0.5)
cFP
i

cRP
i

φ2 = cPi −
cFP
i

2 + (cRPi − 0.5)
cFP
i

cRP
i

t =
lhz−c

z
i

cos(tilt)

(3.4)

Then using these angles, the coordinates of the PAMs two closest pixels can
be calculated, using the expressions

(x1
min, y

1
min) = (xci + t · cos(φ1) sin(θ), yci + t · sin(−φ1) sin(θ))

(x2
min, y

2
min) = (xci + t · cos(φ2) sin(θ), yci + t · sin(−φ2) sin(θ))

. (3.5)

Finally it can be checked if any of the coordinates lies outside the area to
monitor, that is, that either

x1
min < 0 or x1

min > Nx ·N∆x or y1
min < 0 or y1

min > Ny ·N∆y

or
x2
min < 0 or x2

min > Nx ·N∆x or y2
min < 0 or y2

min > Ny ·N∆y

is true.

If also the third criterion is true, which can easily be checked by searching
the set of all generated PAMs, the PAM is removed.

Elimination of certain pixel calculations

Apart from skipping calculations of whole PAMs, certain pixel calculations can
be omitted. The motive for calculating all pixels that each PAM sees is to be
able to verify which cells that is monitored by the PAM. Since we a priori know
the criterion for a cell to be considered covered we can use this knowledge to
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skip calculations of certain pixels. We introduce an Abortion criterion which
tells if it is fruitful to continue with the pixel calculations for the current PAM.

Abortion criterion

We abort the calculations if the distance between the previous and next pixel
in pan and tilt direction is greater than N∆x/α along the x-axis and N∆y/α
along the y-axis, which is a necessary criterion for our current cover criterion.
In Algorithm 3, the algorithm for the Abortion criterion is presented.

Algorithm 3 AbortionCriterion: Returns true if calculations should be
aborted.
Require: A PAM ci, the current layer height lhz , the change in pan direction

∆φ and the current (θcurr) and previous (θprev) tilt angle.
tprev =

lhz−c
z
i

cos(θprev+90)

xprev = xci + t · cos(∆φ) sin(θprev + 90)
yprev = yci + t · sin(−∆φ) sin(θprev + 90)

tcurr =
lhz−c

z
i

cos(θcurr+90)

xcurr = xci + t · cos(2∆φ) sin(θcurr + 90)
ycurr = yci + t · sin(−2∆φ) sin(θcurr + 90)

if |xcurr − xprev| > N∆x

α and |ycurr − yprev| > N∆y

α then
return true

else
return false

end if

It is worth to notice that a different Abortion criterion can also be used. The
only requirement is that the criterion must be necessary, that is, that a cameras
fulfilling the criterion cannot be monitoring any cells. Hence it is possible to skip
the abortion criterion but with more time consuming calculations as a result.

Reuse of certain pixel coordinates calculations

Apart from reducing some of the time consuming calculations by using an Abor-
tion criterion and a Look outside area criterion, one can also reuse some of the
calculations for the pan and tilt angles. This is done by once calculating all pix-
els coordinates for all pan and tilt values for a specific camera model mounted
at a particular pole and mounting height using equation (3.2) and save these
values in a large matrix. The calculation of all pixels that an individual PAM
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sees will now be reduced to copying the specific section of pan and tilt angles
in the matrix, as seen in Figure 3.11. It is even possible to reuse calculations
between cameras with different resolution, as long as the values of mIP

k and
mIT
k are the same. For this to work, the pan angle between the PAMs must

correspond to an exact number of rows in the large matrix containing all pixels.
Further, the tilt angle between the PAMs must correspond to an exact number
of columns in the large matrix containing all pixels. Hence one has to use step
size ∆φ = mIP

k dβ/mIP
k e in the pan direction and ∆θ = mIT

k dβ/mIT
k e in the tilt

direction as mentioned in Section 3.3.1.

(a) The whole view for a specific camera
model mounted at a particular pole and
height in red. The view for one partic-
ular PAM in blue.

x, y x2, y1 ... . . .

x1, y2
. . .

... x(φ1), y(θ1) ... x(φ), y(θ1)

...
. . .

...
... x(φ1), y(θg) ... x(φf ), y(θg)


(b) Matrix containing all pixel coordinates for the view (red). The subset
of the coordinates for the particular PAM are marked with blue

Figure 3.11: The calculation of all pixels for the blue PAM is reduced to copying
the corresponding blue coordinates in the matrix
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The complete VisiblePixels algorithm

We can now present the complete algorithm that generates a list of all pixels
in the PAM vision needed for deducing all cells it monitors. The calculations
along tilt direction will be done going from large tilt values to smaller. The
reason behind this is that we know that once the abortion criterion is met we
can abort the calculations for this PAM, since the distances between the pixels
will be increasing. The complete algorithm can be seen in Algorithm 4.

Algorithm 4 VisiblePixels: Returns a list coordinates of 3-tuples (x, y, z)
with all pixels a PAM ci sees.
Require: A PAM ci and the set of layers L
θcurr = cTi +

cFT
i

2 − 0.5
cFT
i

cRT
i

, θprev = θcurr

for all lz ∈ L do
for all g ∈ cRTi − 1, cRTi − 2, ..., 0 do
θg = cTi +

cFT
i

2 − (g + 0.5)
cFT
i

cRT
i

∆φ =
cFP
i

2cRP
i

if AbortionCriterion(ci, l
h
z , ∆φ, θcurr, θprev) then

return coordinates
end if
for all f ∈ 0, 1, ..., cRPi − 1 do
φf = cPi −

cFP
i

2 + (f + 0.5)
cFP
i

cRP
i

t =
lhz−c

z
i

cos(θg+90)

x = xci + t · cos(φf ) sin(θg + 90)
y = yci + t · sin(−φf ) sin(θg + 90)
add (x, y, lhz ) to coordinates

end for
θprev = θcurr, θcurr = θg

end for
end for
return coordinates

Calculation of covered cells

The final step of the transformation process consists of determining the cells that
a PAM monitors, based on the coordinates of the camera’s pixels. As mentioned
previously, for a cell to be considered monitored it must have at least α2 pixels
inside it with at least one pixel in each of the α2 number of sub-cells in the cell.
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In Algorithm 5 this cover criterion is implemented. The algorithm returns true
if the cell is monitored and false if not.

Algorithm 5 CoverCriteria: Returns true if a cell with the upper left coor-
dinates x′, y′ is monitored given a vector of coordinates coordinates

Require: x′ and y′, the upper left coordinates of the cell to monitor and the
list of coordinates coordinates
∆x← N∆x

α

∆y ← N∆y

α
for all x = x′ : ∆x : x′ +N∆x do
for all y = y′ : ∆y : y′ +N∆y do
for all coordinate in coordinates do
if coordinate.x ∈ [x, x+ ∆x] and coordinate.y ∈ [y, y + ∆y] then

covered = true
break

end if
end for
if not covered then
return false

end if
end for

end for
return true

By applying Algorithm 5 to all cells to be monitored we can deduce all the
cells a particular PAM monitors, as shown in Algorithm 6. Only cells desired
to monitor are of interest, hence the check lz,xy = 1 is performed.
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Algorithm 6 MonitoredCells: Returns a set monitoredcells of all cells that
PAM is monitored given a list coordinates of all coordinates it sees.
Require: List coordinates of seen coordinates.
Let monitoredcells = ∅
for z = 1 : 1 : Z do
for x = 0 : N∆x : Nx do
for y = 0 : N∆y : Ny do
if lz,xy = 1 and CoverCriteria(x, y, coordinates) then
add (x, y, z) to monitoredcells

end if
end for

end for
end for
return monitoredcells

Generation of the pool of candidate cameras

Finally the pool of candidate cameras, complete with all PAMs and the cells
they monitor, can be generated based on the Algorithms 1, 4 and 6. We will
introduce a new parameter cVi for each PAM, which is a set of 3-tuples (x, y, z)
of the coordinates (x, y) and the layer indices z for all cells a particular PAM
covers. Hence the definition of the PAM indices in Table 3.2 is extended with
this parameter:

TABLE 3.6: Definition of the cVi parameter for the PAM

Parameter Explanation
cVi Set of 3-tuples (x, y, z) of the coordi-

nates (x, y) and layer indices z of the
cells that PAM i covers.

Also in this step measures for saving calculations can be undertaken by
removing all PAMs which do not monitors any cells. This is made by checking
the cardinality of the cVi parameter in Algorithm 7 for generating the pool of
PAMs.
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Algorithm 7 PoolOfPAMs: Calculates and return all useful PAMs, complete
with all cells it covers.
Require: The set of layers L
Generate the set of PAMs: C = InstanceGeneration()
for all PAMs ci ∈ C do
Set visibleP ixels = V isibleP ixels(ci, L)
cVi = MonitoredCells(visibleP ixels)
if |cVi | = 0 then
Remove ci and re-enumerate C

end if
end for
return C

3.3.2 Generation of the A matrix

In this section we introduce the cover matrix A, which we will use in our opti-
mization model. The A-matrix is a binary matrix in which each row corresponds
to a cell to monitor and each column to a PAM. We index it using j (row index)
and i (column index). The elements Aji indicates if the cell j is monitored by
PAM i where one (1) corresponds to the cell being monitored and (0) to it not
being monitored. An example can be found below (Figure 3.12).

A =


1 0 0 0 0
0 1 0 0 1
0 0 1 1 1
0 1 0 1 1
0 0 1 0 1


Figure 3.12: Example of a small A-matrix. Cell one (1) is seen by PAM one
(1). Cell two (2) is seen by PAM two (2) and five (5). Cell three (3) is seen by
PAM three (3), four (4) and five (5) and so forth...

From PAMs to A-matrix

The basis for generating the A-matrix is the generated set of PAMs, C, and
all the cells to monitor, which have previously been collected in a large matrix
called axyz. From the set C we get the number of columns in the A-matrix,
which is equal to the number of PAMs (I). The number of cells to monitor, J ,
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is given by the number of ones in axyz. We can now construct the A-matrix
using Algorithm 8.

Algorithm 8 GenerateAMatrix: Generates the A-matrix based on the matrix
axyz of cells to monitor and the set of PAMs C.

Require: The matrix axyz of cells to monitor and the set of PAMs C
Let j = 1
Let A be a zero matrix of size J × I.
for all x, y, z : axyz = 1 do
for i = 1 : 1 : I do
if (x, y, z) ∈ cVi then
Aj,i = 1

end if
end for
j = j + 1

end for
return A

3.4 Objective and formulation
In this section our objective is to express mathematically all user objectives and
requirements as an optimization problem, like described in the method proposed
by [13]. This is the first part of the step Solve. The second part, Optimization,
which consists of solving the problem with an appropriate optimization tech-
nique is discussed in the chapters 4 and 5.

3.4.1 Optimization model
In our model we want to mathematically capture all user objectives. We have
two user objectives, minimising the cost while maximising the coverage. We
make the model multi-objective to capture the fact that a user might be willing
to give up coverage in favour for lower cost. By building a frontier of current
non-dominated solutions with cost on one axis and the coverage on the other,
the user is presented the best found solutions for various combinations of cost
and coverage. From this frontier the user can then choose a suitable solution
according to his current cost and coverage constraints and preferences. Another
motivation for using this multi-objective model is, as stated in [7], that there
are no guarantees that a full-coverage solution exists for these types of problem.
Hence using a single-objective model requiring full coverage render many of the
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problem instances infeasible, although in practice solutions without full cover-
age may be of interest. Its worth noticing that since the unicost Set Covering
Problem (SCP) is NP-hard [8], this also holds for the multi-objective variant.
Since our problems contain thousand of rows and columns, it would thus most
likely be very time consuming to rely on algorithms guaranteeing to find opti-
mal solutions and hence we use heuristic algorithms. A heuristic algorithm is an
algorithm typically used for large difficult optimization problems, which often
finds a solution close to optimal (sometimes optimal) in a restrained time but
without any guarantees on optimality of the solution [14].

Below, the complete optimization model is presented:

Parameters Explanation
I Number of PAMs
J Number of cells to monitor
cCi Cost of PAM i
Aj,i Binary covering matrix

Variables
vi 1 if PAM i should be used, 0 if not.

min f1, maxf2 (3.6)

f1 =

I∑
t=1

cCi vi (3.7)

f2 =
1

J

J∑
j=1

max
i=1,...,I

Aj,ivi (3.8)

vi = 0/1 ∀i = 1, ..., I (3.9)

The objective function (3.7) represents the total cost of the solution. The
objective function (3.8) measures the percentage of monitored cells as a value
between 0 and 1. Constraints (3.9) define that we can use a PAM or not.
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Theory

In this chapter we introduce the notion and theory behind Pareto optimality,
followed by some alternative ways of modelling the problem presented in Sec-
tion 3.4.1 and show how this can be used to generate the whole frontier of Pareto
optimal solutions.

4.1 Pareto optimality

For single objective optimization the notion of a optimal solution is well defined.
Given the general optimization problem

min
x∈X

f(x)

. An optimal solution is an x∗ ∈ X such that the function f(x∗) is minimized
over X [14].

On the other hand, for a general multi-objective optimization problem,

min
x∈X

f(x) = (f1(x), f2(x), ...fn(x)),

one cannot use the same definition of an optimal solution, due to the typically
conflicting objectives. Since we have multiple-objective functions a solution that
is optimal for one objective function may not be optimal for the others. Hence
we dedicate the rest of this section to present theory of optimality for multi-
objective optimization problem from [15]. First we introduce the definition of
dominance.

Lindell, 2019. 39
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Definition 4.1.1 (Dominance) A solution x ∈ X dominates a solution x′ ∈
X iff fi(x) ≤ fi(x

′), ∀i ∈ {1, ..., n}, and fi(x) < fi(x
′) holds for at least one

index i. We denote this dominance relation by f(x) ≺ f(x′).

Using this we can define a Pareto optimal solution:

Definition 4.1.2 (Pareto optimal solution) A solution x ∈ X is called a
Pareto optimal solution if @ x′ ∈ X : f(x′) ≺ f(x).

Hence, a Pareto optimal solution is a feasible non-dominated solution. Often
the set of all Pareto solutions, is called the Pareto froniter,

Definition 4.1.3 (Pareto frontier) The Pareto frontier is the set F = {x ∈
X : @ x′ ∈ X : f(x′) ≺ f(x)}.

Further the solutions in the Pareto frontier can be divided in two categories,
supported and non-supported Pareto optimal solutions. The set of supported
Pareto optimal solutions consists of the solutions that are optimal solutions of
weighted single objective problems. All Pareto optimal solutions which do not
belong to the set of supported solutions are non-supported.

Definition 4.1.4 (Supported Pareto optimal solutions) The supported Pareto
optimal solutions is the set Fsupported = {x∗ ∈ F such that x∗ solves the problem
minx∈X

∑n
1 λifi(x), λ ∈ Rn+}

Definition 4.1.5 (Non-supported Pareto optimal solutions) The non-
supported Pareto optimal solutions is the set Fnon−supported = F \ Fsupported

4.2 Generation of the Pareto front
In this section we show how one can in principal generate the complete Pareto
frontier. We start with the naive way of using a weighted objective function,
which will give all supported Pareto optimal solutions. Thereafter an approach
to generate all Pareto optimal solutions, both supported and non-supported, is
presented.

4.2.1 Generation of supported Pareto optimal solutions
To generate all supported Pareto optimal solution is in principal quite straight-
forward. First we reformulate our model presented in Section 3.4.1 to a single-
objective problem by introducing a weighted objective function with weights
λ1, λ2 ≥ 0 such that λ1 + λ2 = 1.

f = min λ1f1 − λ2f2 (4.1)
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f1 =

I∑
t=1

cCi vi (4.2)

f2 =
1

J

J∑
j=1

max
i=1,...,I

Aj,ivi (4.3)

vi = 0/1 ∀i = 1, ..., I (4.4)

From Definition 4.1.4 it follows that all supported Pareto optimal solutions
can be found by varying the weights λ1 and λ2 and solving the corresponding
single objective optimization problem.

4.2.2 Step-wise generation of all Pareto optimal solutions
The method presented in Section 4.2.1 is simple but has some drawbacks. First,
by definition, none of the non-supported Pareto optimal solution will be found.
Second, to find all non-supported Pareto optimal solutions, infinitely many prob-
lems with different weights of λ1 and λ2 need to be solved. Hence we present
an approach for generating the complete Pareto frontier requiring only a finite
number of single-objective optimization problems to be solved. This is done by
exploiting the fact that the camera costs are discretizied and that the cost for
all camera models are greater then zero. First we should formulate the problem
as a single-objective SCP. We assume that the problem is feasible and that an
optimal solution v∗i exists with optimal objective value z∗.

z∗ = min

I∑
i=1

cCi vi (4.5)

I∑
i=1

Aj,ivi ≥ 1 ∀j = 1, .., J (4.6)

vi = 0/1 i = 1, ..., I (4.7)

The optimal objective value z∗ to this problem gives an upper limit for our
costs on the frontier. We can now formulate the set MC of all different cost
levels δ for all potential Pareto optimal candidates on the frontier. A cost level
can be written a sum of the cost for using ak cameras of each model, mk,

MC = {δ : δ =

K∑
k=1

ak ·mC
k , δ ≤ z∗, ak ∈ Z+

0 }
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By stating and solving the following problem for all values of δ ∈ MC , we
find all candidate solutions to the Pareto frontier.

f = max{ 1

J

J∑
j=1

max
i=1,...,I

Aj,ivi} (4.8)

I∑
i=1

cCi vi = δ (4.9)

vi = 0/1 ∀i = 1, ..., I (4.10)

It is worth to notice that not all these solutions is Pareto optimal, but that
all Pareto optimal solutions is a solution to at least one of the solved problems.
Hence the complete Pareto frontier is all the non-dominated solutions.
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Heuristics

In this section the heuristics are presented. The following notation will be used.

TABLE 5.1: Notations for heuristics.

Variable Explanation
t The iteration step of the algorithm.
St ⊂ C The current solution (a set of PAMs) in step t of

the algorithm.
Ω The set of uncovered cells for solution(s) St.
V The set of covered cells for solution(s) St.
Γ The set of unused PAMs for solution(s) St.
ρ The cost of the solution(s).

5.1 Greedy Search

The Greedy Search algorithm is a well known algorithm for SCP applications,
see for example [4], [12] and [5]. The main idea of the algorithm is to (at each
iteration) add the new camera that has the lowest cost per covered cell that is
not already covered. The complete algorithm is presented in Algorithm 9.

Lindell, 2019. 43
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Algorithm 9 Greedy Search

Let t = 0, S0 = ∅ and hence V (S0) = ∅.
while Γ(St) 6= ∅ or Ω(St) 6= ∅ do
Find the PAM ci such that:

ci = arg min
ci∈Γ(St)

cCi
|V ({ci}) \ V (St)|

t = t+ 1, St+1 = St ∪ {ci}
end while

For the unicost SCP it is well known that the Greedy Search algorithm
produces a solution within a factor 1 + ln(n) of the optimal objective value [5].
An even tighter bound of ln(m)− ln(ln(m)) +O(1) is provided by [18].

5.1.1 Random Greedy Search

During initial testing we found that the Greedy Search algorithm performed
very well for finding solutions very close to the frontier up to 70-80% cover-
age. Further, it is also guaranteed to terminate with a solution with maximal
coverage. At the same time some major drawbacks were found. Notably the
Greedy Search performed very poorly for finding solutions close to 100% cov-
erage, and the algorithm is sequential and therefore unable to take advantage
of the many cores in current computers. Based on these findings we devel-
oped a version of the Greedy Search incorporating randomness called Random
Greedy Search. The algorithm is based on ranking the candidates based on
the greedy measure but instead of always choosing the camera with the low-
est measure, a randomized choice is used with higher probability of choosing
a candidate with a low greedy measure. The randomized choice is made by
iterating through the list of all candidates ranked according to the greedy mea-
sure cCi /|V ({ci}) \ V (St)| (with the best candidate, that is, lowest value, first)
until the criterion random(0, 1) ≤ proba · exp(−nfactorΩ(St)/Ω(St) + V (St))
is met. The criterion is affected by the two parameters proba ∈ [0, 1] and
nfactor ∈ [0,∞]. The parameter proba affects the likelihood to choose an early
candidate in the list. A high value close to 1 favours choices of candidates with
low greedy measure. The parameter nfactor affects the choice of candidates by
controlling the impact of the factor exp−nfactorΩ(St)/Ω(St) + V (St). This
factor contributes to increasing the likelihood of choosing low-ranked candi-
dates when few cells are covered, while decreasing it when a full cover solution
is approached. In case no candidate fulfilled the criterion, the best candidate
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according to the greedy measure is chosen. Due to the randomness, multi-
ple runs in parallel is motivated since they may give different solutions. The
number of runs are controlled by the parameter iterations. It is worth to no-
tice that by choosing iterations = 1, proba = 1 and nfactor = 0 one obtains
the classic Greedy Search. In Algorithm 10 the complete algorithm is presented.

Algorithm 10 Random Greedy Search
Require: Number of iterations iterations, probability of choice proba and nar-
rowing factor nfactor.
Let t = 0, S0 = ∅ and hence V (S0) = ∅.
for iterations do
while Γ(St) 6= ∅ or Ω(St) 6= ∅ do
for ci ∈ C ranked according to the greedy measure cCi

|V ({ci})\V (St)| do

if random(0, 1) ≤ proba · e−nfactor
Ω(St)

Ω(St)+V (St) then
t = t+ 1, St+1 = St ∪ {ci}
break

end if
end for
t = t+ 1, St+1 = St ∪ {ci} where

ci = arg min
ci∈Γ(St)

cCi
|V ({ci}) \ V (St)|

end while
end for

5.2 Fear Search and Unique Search

The Fear Search and Unique Search are two presumably novel algorithms. They
are both inspired by two facts that are notable in the real world problems. The
first is that since the PAMs for each pole is generated by changing the pan
and tilt angle by moving the camera β degrees, the FOV of one PAM often is
mostly covered by another PAM. Hence there are often many pairs of almost
similar columns in the A-matrix. The second is that since we have different
camera models with different FOV and resolution it is also common that when
mounted at same position and at the same pan and tilt angle, one PAM of
a better (often with higher price) camera model sees everything that a worse
(often cheaper) camera model sees, and typically even more. Hence it is common
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in the A-matrix that one column might dominate another, that is, it covers the
same cells as another column and some more.

To use these two facts, a new ranking measure for the PAMs was invented,
called the uniqueness measure. The uniqueness for a PAM is obtained by for
each cell dividing the value of the cell by the PAM with the total number of
PAMs and then summing the values for all cells. Hence, covering a cell that can
be covered by many other PAMs makes a smaller contribution to the unique-
ness measure compared to covering a cell that few other PAMs can cover. Not
covering a cell always gives no contribution. The formula for the uniqueness
measure is

µ(ci, Aj,i) =

J∑
j=1

Aj,i∑
i=1,..,I Aj,i

. (5.1)

5.2.1 Unique Search

The Unique Search algorithm is an iterative algorithm based on the uniqueness
measure. In each step the uniqueness measure for each non-used PAM is cal-
culated and then the PAM which has the current highest uniqueness measure
is added to the solution. The algorithm aborts when all PAMs are used or all
cells are covered. The complete algorithm is presented in Algorithm 11.

Algorithm 11 Unique Search

Let t = 0, S0 = ∅ and hence V (S0) = ∅.
while Γ(St) 6= ∅ or Ω(St) 6= ∅ do
Calculate µ(ci, Aj,i) for all PAMs in Γ(St)
Find the PAM ci such that:

ci = arg max
ci∈Γ(St)

µ(ci, Aj,i)

t = t+ 1, St+1 = St ∪ {ci}
end while

A drawback with this algorithm might be that it is price insensitive and may
therefore choose extremely costly cameras. However this may not be a problem
since by always choosing a PAM with high uniqueness measure we are seeking
to reduce the total number of cameras and thereby the cost.
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5.2.2 Fear Search
One drawback with the Unique Search algorithm is, as mentioned, that it is
price insensitive and hence may choose extremely costly cameras. To overcome
this we introduce the uniqueness-cost measure, to take into consideration that
a (presumable) advantageous PAM has low cost per unit uniqueness

µc(ci, Aj,i) =
cCi

µ(ci, Aj,i)
. (5.2)

Based on this measure we introduce Fear Search algorithm. The Fear Search
algorithm is an iterative algorithm where in each step the uniqueness-cost mea-
sure for each non-used PAM is calculated and then the PAM which has the
current highest uniqueness-cost measure is added to the solution. The algo-
rithm aborts when all PAMs are used or all cells are covered. The complete
algorithm is presented in Algorithm 12.

Algorithm 12 Fear Search

Let t = 0, S0 = ∅ and hence V (S0) = ∅.
while Γ(St) 6= ∅ or Ω(St) 6= ∅ do
Calculate µci for all PAMs in Γ(St)
Find the PAM ci such that:

ci = arg min
ci∈Γ(St)

µc(ci, Aj,i)

t = t+ 1, St+1 = St ∪ {ci}
end while

The motive for this algorithm and its name is that by always adding the most
price efficient camera per unit uniqueness we are trying to cover the unique cells
directly, to avoid having to use many cameras at the end covering many small
gaps in the coverage. The algorithm “fears” doing mistakes in the beginning,
leaving cells only seen by a few cameras unmonitored which may be costly in the
future. This is in contrast to the Greedy Search which picks the cameras that
give most “bang-for-the-bucks” in the beginning and hence often struggle at the
end with many distant uncovered blind spots. Thus the Fear Search algorithm
will, by design, not generate solutions with high coverage per unit cost at the
beginning of the front, and will typically be dominated by the Greedy Search in
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the early phase. Instead we expect it to perform well at the end of the frontier,
when Greedy Search struggles.

5.3 Meta-RaPS

The Meta-RaPS (Meta-heuristic for Randomized Priority Search) is a meta-
heuristic algorithm developed by [12] for solving the traveling salesman prob-
lem and later SCP problems. According to [12], Meta-RaPS ranks in the top
three among all known SCP heuristics for non-unicost problems in terms of the
solution quality. The Meta-RaPS can be seen as an extension of the previously
presented Greedy Search algorithm and uses randomness as a mechanism to
avoid local optima.

The Meta-RaPS is an iterative search procedure that uses a two-step ap-
proach. The first step consists of constructing a feasible solution through the
utilization of a construction heuristic in a randomized fashion. Further, depend-
ing on random factors and the quality of the solution found, the second step
may be run, where a local search is performed to improve the feasible solution.
Finally the best solution is reported after a specified number of local search
iterations, with eventual redundant PAMs removed. A PAM is redundant if all
cells it monitors are already monitored by at least one other PAM in the solu-
tion. The Meta-RaPS algorithm features a number of parameters which can be
used for trimming its behaviour, these are listed in Table 5.2.

TABLE 5.2: Parameters for the Meta-RaPS algorithm

Parameter Explanation
priority Determines the percentage of time that the best

feasible basic element will be chosen.
restriction Determines whether a feasible basic element is acceptable and

therefore should appear on the candidate list.
improvement Used to define how many feasible solutions will be improved.
maxIteration Number of iterations.
impIteration The number of neighboring solutions to explore.
searchMagnitude Used to control how many columns that will be

removed from the solution.
timeout Minutes that can be spent in main loop before aborting next

iteration.

In the greedy inspired construction heuristic in Meta-RaPS, a random choice
of one of four cost functions is made. We denote the selected cost function πc.
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The motive for this random choice of cost function is to counteract the bias
introduced by the single cost function used in the Greedy Search heuristic, that
is, cost per covered cell, which in certain cases forces the solution to give a local
optimum. By changing the cost function randomly, it is believed that this will
lead to a global optimum. The different cost functions considered can be found
in Table 5.3.

The complete Meta-RaPS algorithm is presented in Algorithm 13. It is worth
to notice that we have imposed a limit on the number of minutes the algorithm
could spend in the main loop. This differs from the algorithm proposed by
[12]. After the timeout is reached the algorithm is allowed to finish the current
iteration but not to continue afterwards. The motive for this is that for large
problem instances it is reasonable to set a soft upper limit on the execution
time.

TABLE 5.3: Cost functions for the Meta-RaPS algorithm

Cost function(πc) Explanation
cCi

|V ({ci})\V (St)| Price per covered cell (as in Greedy Search).
cCi

|V ({ci})\V (St)|2 Price per covered cell squared.
cCi√

|V ({ci})\V (St)|
Price of PAM divided by the square root of

number of covered cells.√
cCi

|V ({ci})\V (St)| Square root of price of PAM divided by
the number of covered cells.

Algorithm 13 Meta-RaPS

Let ρ∗be =∞ be the cost of the solution before improvement. Let S0 = ∅
for maxIterations or until timeout reached do
S1
t = MetaRapsConstruction(St,Γ(St),Ω(St))

if ρ(S1
t ) < ρ∗be then

ρ∗be = ρ(S1
t )

end if
if ρ(S1

t ) ≤ ρ∗be(1 + improvement/100) then
S2
t = NeigbourHoodSearch(St)

if ρ(S2
t ) ≤ ρ∗be then

S=
t S

2
t , ρ∗be = ρ(S2

t )
end if

end if
end for



50 Chapter 5. Heuristics

Algorithm 14 NeigbourHoodSearch
Require: Initial solution St
for impIterations do
Let S1

t = MetaRapsConstruction(St)
Given St construct a new solution S′t by removing |St| × searchMagnitude
columns from St.
Create a reduced SCP for S′t that is made up of the uncovered cells Ω(S′t)
and the columns that could cover these rows Γ(S′t).
Solve the reduced SCP: S′1t = MetaRapsConstruction(S′t,Ω(S′t),Γ(S′t))
Construct the neighboring solution: S′t = S′t ∪ St
Remove redundant columns from S′t
if ρ(S′t) ≤ ρ(St) then
St = S′t

end if
end for
return St

Algorithm 15 Meta-RaPS Construction

Require: Initial solution S′t ⊂ St, set of candidate PAMs Γ′ ⊂ Γ(St), set of
uncovered cells to cover Ω′ ⊂ Ω(St)
while Ω′ 6= ∅ do
Randomly select one of the cost functions and find the candidate cbest ∈ Γ′

that minimize the selected cost function πc
Set P = random(1, 100)
if P > priority then
Construct the candidate list:
CL = {ci : ci ∈ Γ′ and ci ≤ πc(cbest) · (1 + restriction

100 )}
Randomly select one element ci from the candidate list and add it to the
solution S′t.
Remove ci from Γ′ and remove all cells it covers from Ω′.

end if
end while
Remove redundant PAMs from S′t
return St
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5.4 WLNS

As mentioned in Section 2.3, population-based algorithms are one of the most
popular types of heuristics. Thus it is natural to evaluate a population-based
heuristic, which we will denote WLNS (Weighted Large Neighbourhood Search).
This population-based algorithm is based on the algorithm proposed by [15]
using Large Neighbourhood Search which seem to be the best population algo-
rithm based on the literature reviewed in Section 2.3.3. A difference between
our problem setting and that used in [15] is the type of multi-objective model.
In [15] the different objectives are related to multiple column costs. Since this
is not the case for us, our WLNS is also influenced by the Large Neighbourhood
Search based algorithm proposed by [17]. In the bi-objective algorithm pro-
posed by [17] a weighted objective function is used. As we have seen in Section
4.2.1 our objective functions can easily be transformed into a weighted objective
function. Hence this approach works in our case.

Algorithm 16 WLNS

Require: Starting population S1 = {S1
1 , S

2
1 , ..., S

K
1 }

Set Stfrontier = ∅
for maxIterations or timeout reached do
Set Sfrontiert = non-dominated solutions in {St ∪ Sfrontiert−1 }
for all Skt ∈ St do
Determine weights (λ1, λ2) based on the current frontier Sfrontiert and
solution Skt
S′kt = WLNSCore(Skt )
if S′kt 6= Skt (i.e. it has improved) then
St+1 = S′kt ∪ St

end if
end for

end for

The outline for the WLNS algorithm follows. First a starting population is
generated. This can be done randomly or using a heuristic algorithm. Then
one seeks to improve the starting solution by running the Large Neighbourhood
Search WLNSCore (Algorithm 17) for each individual in the population. The
WLNSCore can be run in parallel and is guided by randomly initialised weights
(λ1, λ2) which determine the weighting of the components in the objective func-
tion. This improvement procedure is run maxIterations times or until a timeout
is reached. After the timeout is reached the algorithm is allowed to finish the
current iteration but not continue afterwards. If a solution is not improved by
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the Large Neighbourhood Search it is omitted for the remaining iterations. The
reason behind this is to avoid spending time on solutions presumably stuck at
a local optimum. In Algorithm 16 the main outline of the WLNS algorithm is
presented.

5.4.1 Determination of weights

The search is guided by randomly initialised weights λ̂ = (λ1, λ2). These weights
decide the weighting of the components in the objective function where λ1 is
the weight for the cost component, see Equation (4.2), and λ2 for the coverage
component, see Equation (4.3). The choice of later weights is based on the
current frontier of non-dominated solutions, Stfrontier, and the current solution,
Skt . The weights are set to a random linear combination of the two vectors
denoted v̂1 and v̂2 between the current solution Skt and the outer points of the
current frontier (see Figure 5.1). In Equation (5.3) the complete expression for
setting the weights is presented.

λ̂ =

[
(v̂1

2 − v̂2
2)2 0

0 (v̂1
1 − v̂2

1)2

]
· (Θv̂1 + (1−Θ)v̂2) (5.3)

Here, Θ is a random value between 0 and 1. Since the magnitude of the cost
component (between 0 and ∞) typically is far greater than the magnitude of
the coverage (between 0 and 1) the cost and coverage is scaled by the squared
difference between the opposite component of vectors v1 and v2 (the coverage
is scaled using the cost and vice versa). Hence the introduced 2 × 2-matrix in
Equation (5.3).
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Figure 5.1: Based on the current frontier (black dots) and solution (green dot),
the weights λ̂ = (λ1, λ2) are determined as a random linear combination of
the vectors v̂1 (blue) and v̂2 (red). The dashed black line shows all possible
combinations and the dashed green one of the realisations.

5.4.2 The Large Neighbourhood Search

The purpose of the Large Neighbourhood Search is to improve the solution by
first destruct some part of the current solution with a destroy operator and
then rebuild the destroyed solution with a repair operator. To destruct the
solution we will use multiple destroy operator as in [17]. The destroy operator
is chosen randomly, where all destroy operators initially are given the same
probability (equal to 1 divided by number of destroy operators). A destroy
operator destructs the solution S1

t by removing a set of PAMs from it. The
number of PAMs to be removed (nToRemove) is decided as a percentage of
the number of cameras in the initial solution to improve, S1

0 . The parameter
percentage is used to specify this, that is nToRemove = dpercentage · |S1

0 |e
After the solution has been destroyed it is repaired using a repair operator,
which adds cameras that monitor the cells that are not longer monitored, due
to the cameras removed by the destroy operator.

If the new solution, S2
t , is better according to the current weighted objec-

tive function the probability of the destroy operator being used is increased and
the probability for the other destroy operators are decreased. The probability
of the destroy operator improving the solution is increased with probaChange
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times the number of destroy operators minus one. To maintain the total prob-
ability distribution, the probability of the other destoy operators is decreased
by probaChange. The motive for this mechanism is to increase the likelihood
of using a successful destroy operator [17]. This schema of repeated destroying
and repairing is repeated innerIterations times, or until all destroy operators
have been used without any further improvement. In Algorithm 17 the complete
algorithm for the Large Neighbourhood Search is presented.

Algorithm 17 WLNSCore

Require: Starting solution S1
0 and weights (λ1, λ2) for objective function

Set nToRemove = dpercentage · |S1
0 |e

for innerIterations do
randomly select destroy operator
S2
t = Destroy(S1

t , nToRemove)
Set Ω′ as the set of removed cell
Set Γ′ as the set of unused PAMs covering at least one of the removed cells

S2
t = Repair(S2

t ,Ω
′,Γ′)

if S2
t is better than S1

t according to objective function using (λ1, λ2) then
Set S1

t = S2
t

Update probabilities for destroy operators
if All destroy operators have been selected without improvement then
return S1

t

end if
end if

end for
return S1

t

Destroy operators

Inspired by [17] we use a random destroy operator called RandomDestory which
randomly removes nToRemove PAMs from the solution. This destroy operator
is presented in Algorithm 18.
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Algorithm 18 RandomDestroy
Require: Starting solution S0 and parameter nToRemove as number of PAMs
to remove
for nToRemove do
Randomly select a PAM ci ∈ St
St+1 = St \ {ci}

end for
return St

Inspired by [15] we also use a destroy operator which is based on an inverted
greedy metric called ReverseGreedyDestroy. Here the PAM with the lowest
number of unique covered cells (cells not covered by any other PAM in the
current solution) per unit cost is removed. The complete outline of this destroy
operator is presented in Algorithm 19.

Algorithm 19 ReverseGreedyDestroy
Require: Starting solution S0 and parameter nToRemove as number of PAMs
to remove
for nToRemove do
Select ci such that:

ci = arg min
ci∈Γ(St)

|V ({ci}) \ V (St \ {ci})|
cCi

St+1 = St \ {ci}
end for
return St

Repair operator

To rebuild the solution we basically use the same repair and ranking method of
the PAMs as in [15]. Since we do not have multiple costs for each column, our
method consists of ranking all cameras that cover at least one of the destroyed
cells and picks the best one according to the greedy measure. This procedure is
the repeated until all cells are covered or there are no PAMs left. The complete
outline of the destroy operator is presented in Algorithm 20.
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Algorithm 20 GreedyRepair

Require: Solution S0 to repair, set Ω′ as the set of cells to repair and set Γ′ of
PAMs covering at least one of the cells to repair.
while Γ′ 6= ∅ or Ω′ 6= ∅ do
Find the PAM ci such that:

ci = arg min
ci∈Γ′

cCi
|V ({ci}) \ V (St)|

t = t+ 1, St+1 = St ∪ {ci}, Γ′ = Γ′ \ {ci}, Ω′ = Ω′ \ (V ({ci}) \ V (St))
end while
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Implementation details

In this chapter we describe our implementation and the principles behind it. We
also describe the programming language that was used in the implementation
and discuss the use of third party software.

6.1 Choice of programming environment and
implementation of parallelization

All component and heuristics of the program were implemented and run in a
Microsoft Windows environment using the .Net library 4.5.2 and C# as pro-
gramming language. For some of the algorithms, WLNS and Random Greedy
Search, it was possible to parallelize parts of the algorithm. For implementa-
tion of the parallelization, we used parallelized LINQ-statements [16]. Since the
other algoritms were sequential no use of parallelization was implemented in
these.

6.2 Software architecture

This section aims to explain the architecture of the implementation. In Figure
6.1 the major components of the implementation is shown. The “use” and “has”-
relations are marked by solid arrows, starting in the having/owning objects.
The line marks that the communication between the commands and the solution
plotter is two-way.

Lindell, 2019. 57
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Figure 6.1: The major components of the implementation

The SolutionPlotter is a command line tool for controlling the operations
in the program and also in real time view the solutions; it can be seen in Fig-
ure 6.2. It has a list of IProblemInstance objects which are objects fulfilling the
IProblemInstance interface. Each object represents a problem instance such as a
real world problem instance or one from the OR-library. The SolutionPlotter
also has a ISolutionHandler instance which handles the current solutions. All
commands that can be executed from the command line fulfills the ICommand
interface. Notably three kinds of commands are of interest. Firstly a number of
commands for reading instances to objects of type IProblemInstace was devel-
oped. One example of such a command is the one for reading the OR-library
files. Further the CalculatePAMs command is of interest. This command gener-
ates all PAMs and calculates all cells that a particular PAM sees, like described
in Section 3.3. By implementing the ICoverCriteria one can decide what criteria
for a cell to be considered to be monitored. In our case the criterion described
in Section 3.2.3 were used. The IAbortCritera can be implemented to avoid cal-
culating certain PAMs not fulfilling the criterion. We ignored calculating PAMs
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where the distance between the pixels most far away from the camera was so
large that the current requirement for the ICoverCriteria would not be met.

Figure 6.2: Image of the solution plotter

Finally commands for executing algorithms are of interest. For all algo-
rithms an individual command was implemented. To reduce repetition of code
and ensure equal performance comparison all these command used the Algo-
rithmHandler class for the execution and all algorithms implement the IAl-
gorithm interface. The purpose of these commands where to parse the given
parameters for the algorithm and feed the AlgorithmHandler with the cor-
rect IProblemInstance and IAlgorithm objects. The AlgorithmHandler class
then handles the execution of the algorithm by first transferring the object im-
plementing IProblemInstance to a AlgorithmProblemInstance object and
then starts the execution of the algorithm. The transformation to Algorithm-
ProblemInstance is done to ensure that all algorithms use the same underlying



60 Chapter 6. Implementation details

data structure. Furter a couple of interfaces for modifying the behaviours of the
algorithms were implemented, such as a IDestroyOperator for diffrent destroy
operators.
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Computational experiments

In this chapter we describe the conducted computational experiment.

7.1 Experiment settings
In this section we discuss the experiments settings, especially how to analyse
feasibility of the problem instances, the choice of parameters values used and
our hard- and software setup.

7.1.1 Analysis of infeasible problem instances
As pointed out by [7], there is no guarantee that all problem instances are
feasible. Further, some of the instances we present in Section 7.3 are indeed
infeasible. But as we mentioned earlier infeasability is not a problem for the
heuristics or in the optimization model presented in Section 3.4.1. It will how-
ever become a problem when generating the Pareto frontier using the method
presented in Section 4.2.2, since feasibility is then assumed. We will therefore
only include feasible problem instances in our computational experiments, to
ensure that all algorithms are run on the same data sets. All infeasible prob-
lem instances will be transformed to feasible ones by removing all cells (rows)
which cannot be monitored. In the results these are presented with the suffix
“feasible”.

7.1.2 Choice of parameter values
Below we discuss and motivate our choice of the parameter values used in Ran-
dom Greedy Search, Meta-RaPS and WLNS.

Lindell, 2019. 61
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Choice of parameter values for the Random Greedy Search algorithm

Since the algorithm was derived from the Greedy Search algorithm and not
adopted from literature, the parameter values had to based on empiricism.
Given the results from tests the values that we decide to use are presented
in Table 7.1.

TABLE 7.1: Parameters used for the Random Greedy Search algorithm

Parameter Value
proba 0.2
nfactor 1
iterations 20

Choice of parameter values for the Meta-RaPS algorithm

For the parameters in the Meta-RaPS algorithm we decided to use the same
values as [12] used for the non-uni-cost instances, except for the parameters
maxIteration and impIteration. Due to the size of our problems we used only
10 maxIterations and 75 impIterations, compared to 100 and 400 used in [12],
to get acceptable solution times. Further we set the timeout to 300 minutes.
In Table 7.2 all values of the parameters used in the Meta-RaPS heuristic are
presented.

TABLE 7.2: Parameters used for the Meta-RaPS algorithm

Parameter Value
priority 5
restriction 35
improvement 15
maxIteration 10
impIteration 75
searchMagnitude 0.3
timeout 300 [min]

Choice of parameter values for the WLNS heuristic

For the parameters in the WLNS algorithm we tried to mimic the choices made
in [17] and [15] in all cases when this was applicable. For the algorithm used
to generate the starting solution we tried multiple options. Using a random
starting solution as in [17] was not fruitful since often the random solutions
contained vastly more PAMs than the optimal solution. Hence many iterations
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were needed only to get somewhere close to the Pareto frontier. Meta-RaPS,
as used in [15], was good in terms of solution quality, but the long run times
made it impossible to use it in practice. The starting population was there-
fore initialized using the Random Greedy Search heuristics with parameters
proba = 0.2, nfactor = 1 and iterations = 12. Using Random Greedy Search
we could capture the randomness in [17] and the greedy-like approach used by
Meta-RaPS with a practically working run time. The parameter percentage is
based on the findings in [15] where 4 columns are removed during destroy opera-
tions. As we have seen, often a full coverage solution for our real world problem
instances contains around 10-100 cameras. Hence, using 0 and 1 as value for
percentage about the same magnitude of cameras is removed. For the values of
probaChange, innerIterations and maxIterations we had to base our choice on
empiricism combined with practically workable solution times. For the timeout
we used same value as for Meta-RaPS.

TABLE 7.3: Parameters used for the WLNS algorithm

Parameter Value
Starting solution algorithm Random Greedy Search with proba = 0.2,

nfactor = 1 and iterations = 12
percentage 0.1
probaChange 0.1
innerIterations 10
maxIterations 10
timeout 300 [min]

7.1.3 Hard- and software choices

Below we discuss our soft- and hardware choices used in the experiments.

Hardware choices

Since the sizes of the problem instances were so large that it could in practice
take up to several days to run certain algorithms, the testing had to be per-
formed on several computers simultaneously. In Table 7.4 the specifications of
all the different computers used in the simulation are listed. The field Id is
used later in the report to refer to a specific computer. To ensure that perfor-
mance comparisons can be done between algorithms, all algorithms were run on
the same machine for each problem instance, which means that relative compar-
isons of performance between algorithms can be done for each problem instance.
One exception to this rule was the generation of the reference optimal frontier
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and full coverage solutions using the state-of-the-art solver CPLEX. Due to the
heaviness of these calculations they often had to be done on an extra powerful
computer (Id 99) at the National Supercomputer Centre at Linköping Univer-
sity.

TABLE 7.4: The computers used in the computational experiments

Id CPU Hyper- Number RAM
Threading of cores [GB]

99 Intel Xeon Gold 6130 2.10 GHz Yes 16 96
100 Intel Xeon Silver 4110 2.10 GHz Yes 8 16
118 Intel Core i7-7700K 4.20 GHz Yes 4 32
126 Intel Core i7-8700 3.20 GHz Yes 6 16
143 Intel Core i5-4310 2.00 GHz Yes 2 8
167 Intel Core i7-3770 3.40 GHz Yes 4 8
171 Intel Core i5-4310 2.00 GHz Yes 2 8

Software choices

To solve the problem to (or close to) optimum and generate step-wise Pareto
frontiers the CPLEX solver from IBM was used alongside with AMPL as mod-
elling language [11]. The CPLEX solver is a well known solver of high quality
used for example in [7], [2] and [12] and hence it was our first choice. For the
problem instances RW7(feasible) and RW11(feasible) we did not manage to get
the CPLEX solver to work of unknown reason. Thus we used the same settings
and model but used Gurobi 8.1 as solver instead of CPLEX [10]. Since we only
used the Gurobi solver to find the full coverage solution for these two examples,
they will still be presented in the same column as the CPLEX solutions but
marked with an star. The data files used were generated from a program im-
plemented in C# and exported to a text file formatted to fit the AMPL model.
Neither the CPLEX nor the C# implementations had any constraints on the
use of number processor cores used, memory or degree of parallelism.

7.2 Result metrics and reference Pareto front

To be able to evaluate the performance of our heuristics it is of great interest to
compare the frontiers generated by the heuristics with the Pareto frontier and
consider different result metrics. In this section we explain how we, using the
result from Section 4.2.2, were able to generate the Pareto frontier for many of
the problem instances. Further we discuss the result metrics used.
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7.2.1 Generation of the complete Pareto frontier using
CPLEX

As shown in Section 4.2.2, the complete Pareto frontier can be generated by
solving a finite number of single-objective Integer Linear Program (ILP)s. Using
this method and CPLEX for solving the ILPs we have been able to generate the
complete or almost complete Pareto frontiers for many of the problem instances.
During the generation we let CPLEX “warm start” from previous found solutions
and restrained CPLEX to use a maximum of 1 hour per solution in the frontier
to get acceptable overall solution times. Since ILPs are often both NP-hard
and/or very time-consuming to solve, it was not possible to generate a frontier
using CPLEX for some of the larger problem instances.

7.2.2 Result metrics

Below we present the result metrics used for evaluating the performance of our
heuristics.

Graphs over solution frontiers

For each problem instance we present graphs over the solution frontiers with
cost on the x-axis and percent of full coverage on the y-axis. The solution
frontier consists of all solution found by the heuristics which are not dominated
by any other found solution. To draw the graph, linear interpolation was used.
Some graphs will lack the solution frontier from CPLEX since, as mentioned
previously, it was not practically possible to generate the frontier with CPLEX
for some of the larger problem instances.

Execution time

The execution time was measured as the time from algorithm start to finish.
For CPLEX we measured two execution times, both for generating the complete
Pareto frontiers and finding the full coverage solution. The execution time for
the generated Pareto frontiers is measured as the sum of all execution times for
all solved ILPs. The execution time for the full coverage solution is measured
as the time for CPLEX solving the full coverage problem from scratch. For all
heaturistics, both the execution time for generating the frontier and full coverage
solution were measured as the time from the algorithm starts until it finishes.

Lowest cost

The cost of the solution found with lowest cost and 100% coverage.
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Number of cameras

The number of cameras used in the solution with lowest cost and 100% coverage.

AAF (Area Above Frontier)

Figure 7.1: The AAF measure is equal to the green area in the figure. The
frontier is presented in red using linear interpolation.

The purpose of this result metric is to quantify how good the frontiers generated
by the heuristics are. It is done by calculating the area of a lower staircase
interpolation of each heuristic frontier as shown in Figure 7.1. The staircase
interpolation is used instead of linear interpolation to penalize frontiers lacking
solutions. Regarding the values of the AAF-measure, lower is better, and with
the actual Pareto frontier having lowest possible value.
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7.3 Problem instances

In this section we present our solved problem instances. The majority of the
problem instances come from existing bio fuel depots and are typically very
large. We name these RWX, which stands for Real-World (problem instance)
number X. For alla RW problems, the origin is at the upper left hand corner.
Some of the We have also included some problem instances from the Beasly
OR-library [1]. We use the same naming convention as used in [1], and thus
they are named SCPX.X where X.X it its instance number.

7.3.1 The RW problem instances

All RW instances are based on two-dimensional maps or drawings over existing
bio fuel depots with pole and pile information given. Based on these maps or
drawings, all pole parameters could be deduced. The layers were based on a
discretized versions of the maps or drawings, using cells of size 1 × 1 meter,
that is, N∆x = 1 and N∆y = 1. Using these values, the parameters Nx and
Ny are equal to the actual length and width of the depot i meters. Due to
practical constraints on time and computational power we decided to use only
one layer. Based on customer and installation constraints, some or all of the
following camera models (Table 7.5) were used. These stem from existing cam-
era models with parameters taken from the manufacturer’s specification (except
for the price, due to confidentiality). All camera models can be mounted both
in landscape and portrait view. Hence each real model will be represented as
two models internally, one landscape model with resolution and FOV as in the
table below and one portrait model with the pan and tilt values for resolution
and FOV interchanged. Two problem instances are presented below, RW2 and
RW5, which we found representative for the complete set of problem instances
which can be found in Appendix A.
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TABLE 7.5: The parameters for the camera models for the real world problem
instances

Number Name Cost Resolution in pixels FOVin degrees
(k) (mC

k ) (mRP
k , mRT

k ) (mFP
k , mFT

k )
1 Model A 15 640, 512 90, 72
2 Model B 15 640, 512 45, 36
3 Model C 15 640, 512 90, 72
4 Model D 41 640, 480 80, 60
5 Model E 36 640, 480 45, 33.75
6 Model F 36 640, 480 25, 18.75
7 Model G 25 320, 240 90, 73
8 Model H 24 320, 240 45, 33.75
9 Model I 18 320, 240 25, 18.75
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Sample instance: RW2

1 • 2 •• 3

• 4 • 5 • 6• 7

Figure 7.2: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW2
PAMs: 31926
Cells to monitor: 2266
Feasible: Yes
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
Layers:

Number Nx Ny Height
1 278 97 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 29, 26 17, 20
2 0, 360 3, 80 44, 23 17, 20
3 0, 360 3, 80 50, 22 17, 20
4 0, 360 3, 80 78, 60 17, 20
5 0, 360 3, 80 101, 61 17, 20
6 0, 360 3, 80 172, 63 17, 20
7 0, 360 3, 80 118, 62 17, 20

Camera models: D, E, F, G, H, I
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Sample instance: RW5

• 1

• 2

• 3

• 4

• 5

Figure 7.3: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW5
PAMs: 36696
Cells to monitor: 10418
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
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Layers:

Number Nx Ny Height
1 216 207 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 75, 131 17
2 0, 360 3, 80 94, 202 17
3 0, 360 3, 80 181, 53 17
4 0, 360 3, 80 62, 6 17
5 0, 360 3, 80 169, 139 17

Camera models: A, B, C, D, E, F, G, H, I
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7.3.2 The Beasly OR-library problem instances
The OR-library is a well known library containing a wast variety of data sets
for different optimization problems [1]. From these data sets we decided to use
the instances SCP4.1 and SCP4.10. We restricted the number of instances to
two since our main focus is on solving real world instances. We however wanted
to include some other instances for comparison. The motive behind the choice
of these particular problem instances is that both are used extensively in the
literature. For example have [9] solved both instances using Greedy Search and
[12] have solved both instances using Greedy Search and Meta-RaPS. Hence we
could easily verify our implementations of Greedy Search and Meta-RaPS by
solving both instances with the same parameters as [12] and [9], and compare
the solutions. We obtained similar result. It is however worth to notice that
the solutions produced in our result may differ from those in [12] since we
restrained some parameter values for the Meta-RaPS algorithm as motivated in
Section 7.1.2. The problem instances from the OR-library are listed in Table 7.6.

TABLE 7.6: The problem instances from the Beasley OR-library

Problem instance Rows Columns
SCP41 200 1000
SCP410 200 1000
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7.3.3 Summary
In Table 7.7 a summary of all problem instances is found.

TABLE 7.7: Summary of all problem instances.

Instance Rows Columns Maximum
(Cells) (PAMs) coverage %

RW1 7680 19290 76.60
RW1(feasible) 5883 19290 100

RW2 2266 31926 100
RW3 12202 42382 100
RW4 15746 44588 86.16

RW4(feasible) 13566 44588 100
RW5 10418 36696 85.78

RW5(feasible) 8937 36696 100
RW6 43342 160796 93.21

RW6(feasible) 40400 160796 100
RW7 39150 203154 99.94

RW7(feasible) 39128 203154 100
RW8 49671 129307 84.85

RW8(feasible) 42144 129307 100
RW9 88390 137496 87.59

RW9(feasible) 77419 137496 100
RW10 73330 132030 79.74

RW10(feasible) 58475 132030 100
RW11 59810 264090 88.27

RW11(feasible) 52795 264090 100
RW12 15118 88791 99.99

RW12(feasible) 15116 88791 100
SCP41 200 1000 100
SCP410 200 1000 100
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7.4 Full coverage solutions
In this section the solutions and execution times for all full coverage solution
are presented. Further, as an example of how the solutions can be visualized in
practice, we show the full coverage solution obtained for RW2 by Unique Search
followed by each solution for each iteration of the algorithm. Since each iteration
represents a point on the solution frontier, one can see this as a visualization of
the frontier.
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(a) Iteration 0: Cost 0, coverage 0%. (b) Iteration 1: Cost 41, coverage 41.8%.

(c) Iteration 2: Cost 82, coverage 74.6%. (d) Iteration 3: Cost 123, coverage 99.7%.

(e) Iteration 4: Cost 159, coverage 100%.
The fourth camera is used to cover the final
cells in the lower left corner. corner

Figure 7.4: The iterations for the Unique Search algorithm solving RW2. Each
iteration represents a point on the solution frontier.
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7.5 Solution frontiers
In this section we present the solution frontiers and result metrics for the
problem instances RW2 and RW5, which we found representative for the RW-
instances. First the complete frontiers with all result metrics is presented. Then
the frontiers for 75-100% coverage is presented, which is typically the most inter-
esting part of the frontier in practical applications. In Appendix B the complete
set of solution frontiers for all problem instances is found.
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7.6 Summary and discussion

In this section we summarize and discuss the results in Chapter 7.

7.6.1 Discussion

Based on the results of the experiments, many interesting observations can be
made. First and foremost, we got different results for the artificial and the real
world test instances. This is not surprising given their differences. The artificial
SCP instances were much smaller than the RW instances and for those instances
around a tenth of all possible columns were used in the optimal solution for full
coverage, while the corresponding ratio for the RW instances was around a
thousand. Further, the optimal solution frontiers generated by CPLEX for the
RW instances tended to be almost flat when approaching 100% coverage, which
was not the case for the SCP instances. Often this “flattening” are occurring
around 95% of coverage, which is interesting in practices since assuring 100%
coverage instead of, for example, 97% often results in around 1.5 times higher
cost. Given these differences between the problems instances, it is not surprising
that certain heuristics that performed well on the SCP instances struggled with
the RW instances. Below, we first discuss the result for the SCP instances and
later the RW instances.

SCP instances

For the two artificial SCP instances we saw that CPLEX outperformed all
heuristics, finding all the optimal solutions on the frontier within a second.
None of the other algorithms came close to this combination of efficiency and
solution quality. Fear search and Greedy Search were closest to CPLEX in
terms of mean AAF measure. Also their full coverage solutions were superior,
compared to the other heuristics and their results followed one another closely
along the whole frontier. This can be explained by the structure of the problem
instances. If the coverage of the cells is evenly spread out between the columns,
such as in the SCP instances, all cells have almost the same uniqueness measure,
which implies that the Fear Search will use the columns with most covered cells
per unit cost. Under such circumstances, Fear Search tends to do the same
camera choices as Greedy Search, which explains the similarities between the
frontiers.

The two algorithms that performed poorly on the SCP cases, especially
taking their time budget into account, were Meta-RaPS and WLNS. The Meta-
RaPS algorithm did in neither of the test cases manage to find a full coverage
solution. It must however be stressed that it is not surprising that this result
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differs from that obtained by [12], since we have used restrained parameter
values for impIteration and maxIteration. The motive behind this is, as already
mentioned, to have conformity in the use of parameter values between all tests.
A restriction on these iteration parameters was needed to be able to solve larger
problem instances. It is also worth to notice that in the conducted tests, when
using the exact same parameter values as [12], full coverage solutions of same
quality as in [12] were obtained.

Likewise the performance of WLNS was poor. Despite running around 100
times longer than Greedy Search it did not manage to generate a better frontier
or full coverage solution. Since it started with 12 iterations of Random Greedy
Search and performed in line with the Random Greedy Search algorithm using
20 iterations, it seems that it either is more “unlucky” or that it lacks variation
in the solutions and therefore get stuck at local optima. In order to increase
variations maybe a more “random” Random Greedy Search would be beneficial,
or a different choice of destroy and repair operators. Utterly worst was how-
ever the Uniqueness search for which the full coverage solutions produced were
around four times as costly as those produced by the other algorithms. This can
easily be explained by the fact that Unique Search algorithm is completely price
insensitive, which was clearly manifested. Finally, it should be emphasized that
since the performance evaluation was based on only two SCP instances, one
should not draw definite conclusions.

RW instances

Based on the fact that the RW instances differ form the SCP ones, one should ex-
pect that so should also the performance of the algorithms on the RW instances.
This was also clearly seen in the solutions, but there were also differences be-
tween the individual RW instances. If we start by looking at the small problem
instances, RW1 to RW5, with less than 50 000 PAMs it is clear that, focusing
on full coverage solutions, CPLEX manages to produce solutions of superior
quality within relatively short times. None of the other heuristics are anywhere
close in terms of solution quality per unit time. Further, the differences among
the instances are clearly manifested, and which of the heuristics that produces
the best full coverage solutions is not clear. The best full coverage solutions
for respective problem are found by Meta-RaPS for RW1 and RW2, WLNS for
RW3, Greedy Search for RW4 and Fear Search for RW5. Even though Meta-
RaPS seems to perform best, it does not find any full coverage solution at all
for RW4 and only rather bad ones for RW3 and RW5. Hence there is a ten-
dency that Meta-RaPS with the current parameter settings seems to be good
at solving smaller problem problems but struggles with the larger. Possibly one
has to decrease the number of neighbor solutions to explore and spend more
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iterations on widening the search space. If one excludes Meta-RaPS and calcu-
lates the mean for each heuristic which always finds a full coverage solution for
the problem instances RW1 to RW5, one finds that WLNS has the lowest mean
followed by Random Greedy Search. Since WLNS has lower mean cost than
the Random Greedy Search, the choice of destroy and repair operator in WLNS
seems to work better for these problem instances than for the SCP instances.

If we shift focus from full coverage solutions to complete solution frontiers
produced for problem instances RW1 to RW5, we can establish that generating
the frontier using CPLEX is still possible, but rather time consuming. Alter-
natives can be the Greedy Search algorithm, which take around one hundredth
of the time used by CPLEX, or Random Greedy/Fear Search/Unique Search,
which takes around one tenth of the time. WLNS and Meta-RaPS would are
not viable alternatives since they do not provide better result than CPLEX with
almost the same run time. Based on the mean AAF for all frontiers, one would
discard both Fear Search and Unique Search since these are outperformed by
both Greedy Search and Random Greedy Search. Greedy Search is ten times
faster than Random Greedy Search but has a slightly higher mean AAF measure
of 92.8, compared to 90.2, for Random Greedy Search. It should be noted that
results for Random Greedy are not deterministic. As one can see in the frontiers,
Greedy and Random Greedy produce results in-line with CPLEX up to 70-80%
coverage, but then they start to differ. Finally, if we study the solution times for
these problem instances (RW1 to RW5), Greedy Search is by far fastest while
Meta-RaPS and WLNS are by far slowest, and around hundred times slower
than Greedy Search. Random Greedy Search, Fear Search and Unique Search
are almost equally fast, around ten times slower than Greedy Search. Hence
the choice of algorithm should be based on which part of the frontier that is
of interest. If one is interested of the frontier up to 70-80%, Greedy Search or
possibly Random Greedy Search seem to be the natural choice, but for generat-
ing the complete frontier of high quality, one should use CPLEX if possible. A
good and efficient compromise would be to generate the frontier up to 70-80%
with Greedy Search and then use CPLEX for the last 20-30%.

If we now shift focus to the larger problem instances, with more than 50
000 PAMs (RW6 to RW12) it is obvious that it is in these cases extremely
time consuming to generate the frontier using CPLEX and thus rarely possible
in practice. Often this also applies for finding just an optimal full coverage
solution, especially when not using a super computer such as the computer with
Id 99. Hence for these problem instances efficient heuristics would be of great
interest. To start with, one can directly conclude that WLNS and Meta-RaPS
are not of interest, since their results are not superior to the other heuristics
and their execution times are far longer. It is clear that both these algorithms,
although performing rather well in terms of solution quality compared to the
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other heuristics for the smaller instances, struggle when the problems are getting
bigger. There can be several reasons why their performance diminishes when the
problems get bigger, such as poor implementation, poor parameter values, etc.
However, it is interesting that these algorithms share certain similarities, and are
different from the other algorithms, such as that they are both more complex
with many parameters and they rely on versions of neighbourhood search to
improve the solution. Hence, one reason for their poor performance on larger
problem instances can be that parameter values must be adjusted to retain
a good performance when the problem sizes increase. This can be subject for
future work. Another reason can be the fact that both use neighbourhood search
based approaches and that such may not be efficient for larger problems. Among
the other heuristics the pattern is similar to that seen for the smaller instances.
For generating a solution frontier, Greedy Search and Random Greedy Search
are the best. Even though Greedy Search uses far less time than Random
Greedy it sometimes outperforms Random Greedy Search, both in terms of
AAF measure and cost of full coverage solutions, such as in RW6 and RW10. In
RW12 we can see indications that, even for these larger problems, the frontier
generated by Greedy Search and Random Greedy Search seem to be in-line
with CPLEX up to 70-80% coverage. If we focus on full coverage solutions, the
most interesting is the varying results of Unique Search and Fear Search. For
RW6, Fear Search finds, by far, the best full coverage solution while Unique
Search finds, by far, the worst among all heuristics. In RW12, the situation
is reversed. One reason why Unique Search performs far better on certain
instances, compared to the other heuristics, may be that it is the only heuristic
that is completely price insensitive and therefore often uses the fewest cameras,
which sometimes seems to be a winning strategy. For Fear Search, its varying
behaviour is harder to explain. Looking at the execution times, these algorithms
seem to scale far worse than Greedy Search and Random Greedy. Despite this,
for finding good full coverage solutions, using Fear Search and/or Unique Search
can be of interest, because they can in many cases find solutions that are clearly
better than those found by Greedy Search and Random Greedy Search, but
often in shorter time compared to CPLEX.

7.6.2 Summary

In this chapter we have presented our computational experiments. They have
been conducted on a suite of problems containing both artificial and real world
instances, which are all feasible. Eventual non-feasible real world problem in-
stance have been converted to feasible ones by removing all non-feasible rows.
The result metrics used to evaluate the performance of the heuristics were ex-
ecution time, AAF measure, and cost and number of cameras for the solution
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with full coverage and lowest cost. Further, some graphs over the frontiers were
presented with cost on the x-axis and coverage on the y-axis.

When looking at the experimental result for the artificial SCP instances we
saw that CPLEX outperforms all heuristics, and finds all the optimal solutions
on the frontier within a second. None of the other algorithms came close to this
efficiency and solution quality.

Further, for the smaller RW instances RW1 to RW5 with less than 50 000
columns, CPLEX still managed to produce solutions of superior quality in short
time, if focusing only on full coverage solutions. None of the other heuristics are
anywhere close in terms of solution quality. If we shift focus from full coverage
solutions to the complete solution frontiers, we can establish that generating the
frontier using CPLEX is still possible, but rather time consuming. Using Greedy
Search and Random Greedy Search one can get results in-line with CPLEX up
to 70-80% coverage, within around one hundredth respectively one tenth of the
time.

For the larger problem instances, with more than 50 000 columns (RW6 to
RW12), it is obvious that generating the frontier using CPLEX is extremely
time consuming and sometimes not possible in practice. Often this also applies
for just finding an optimal full coverage solution. Hence, use of heuristics for
these problems instances are often motivated. To generate the solution frontier,
similarly as for the smaller instances, Greedy Search and Random Greedy Search
seem to be the best candidates, with results that indicate that their respective
frontiers are comparable to the results of CPLEX up to 70-80% coverage. The
full coverage solutions generated by these algorithms are however often far from
being optimal. Often better full coverage solutions can be found using Fear
Search or Unique Search, but these are far more time consuming.



Chapter 8

Summary and conclusions

In this chapter we give a summary of the thesis and present our conclusions.

8.1 Summary

The objective of this thesis is to model and solve the camera placement problem
introduced in Section 1.2. In this problem a set of piles should be monitored
using thermal imaging cameras of various models. The cameras can be placed
at discrete heights on poles in fixed positions. Monitoring all piles might not
be possible and may neither be desirable due to budget or customer constrains.
The problem is multi-objective with two objectives: minimizing the cost while
maximizing the monitored area. Thus the solution will consist of a frontier
of solutions on or close to the frontier of non-dominated solutions. To solve
the problem we use the camera placement methodology proposed in [13]. This
methodology consists of four steps, Input, Prepare, Solve and Output, following
on one another. The first part of the thesis gave the modelling of the problem.

8.1.1 Problem modelling

The problem modelling was based on the steps Input, Prepare and mostly Solve
in the methodology proposed in [13].

In the step Input, the camera specifications, the environment models and
the user requirements were specified. Our camera specifications consisted of a
camera model specification which captures performance characteristics of real
camera models and a PAM specification that represented a camera model in-
stalled on a specific pole and height with specific pan and tilt angles. Common
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parameters for both these specifications were the camera resolution in pixels,
cost and FOV. The environment model had two objects, piles to monitor and
poles for mounting cameras. To model the piles we discretized the area to be
monitored by introducing a grid of quadratic cells of equal size and on given
heights. We represented each grid layer with a binary matrix of the same size
as the grid. Each element in the binary matrix for a layer describes if the cor-
responding cell should be monitored or not. The set of piles was modelled by
assigning the value one to all matrix elements for which the corresponding cell
was occupied by a pile. A pole is modelled using a coordinate pair describing its
position and a discrete set of heights where a camera can be mounted. The user
requirements was to ensure that the temperature monitoring measurement can
be done with satisfactory precision and certain restrictions on installation preci-
sion. To ensure temperature monitoring with satisfactory precision we required
that at least one pixel located in each of the α2 number of subgrids of equal size
in the cell is monitored if the cell should be considered to be monitored. The
restrictions on installation precision is that cameras can be mounted with pan
and tilt angles in steps of β degrees.

Based on the inputs a pool of candidate cameras was calculated. This corre-
sponded to step two, Prepare, in the methodology. This calculation was done in
three steps. First all PAMs was generated, that is, all possible ways of placing
a camera for all camera models. Thereafter, for each PAM, all the coordinates
where each pixel in the FOV of the camera intersects with each of the layers
were calculated. Based on these coordinates all cells that each PAM monitors
can be deduced, by for each cell checking if the coverage criterion was fulfilled.
From this set of PAMs the A-matrix was generated. The A-matrix is a binary
matrix in which each row corresponds to a cell to monitor and each column
corresponds to a particular PAM. In the generated matrix, each element Aj,i
indicates if cell j is monitored by PAM i, where one (1) corresponds to the cell
being monitored and (0) to it not being monitored.

The A-matrix is used in the final optimization problem presented in Sec-
tion 3.4.1. Presenting an optimization problem that mathematically captures
all user objectives is the first part in the third step, Solve, in the methodology
in [13]. Our optimization model has two objectives: minimize the cost while
maximizing the coverage (in percent). There are no constraints except that the
decision variables vi, which describe which PAMs that are actually used.

8.1.2 Problem solving

The second part of the thesis consisted of solving the problem and evaluating
the output. This corresponds to the later part of Solve and the part Output
in the methodology in [13]. As mentioned the solution consists of presenting a
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frontier of non-dominated solutions. To generate the frontier we used different
heuristics since the problem is NP-hard.

The first heuristic was the Greedy Search. At each iteration of this algo-
rithm a camera which has the lowest cost per not already covered cell is added.
The algorithm finishes when all cells are covered. Based on this Greedy Search
heuristic we also developed a version of the Greedy Search incorporating ran-
domness called Random Greed. At each iteration a camera was added to the
solution but instead of always choosing the camera with the lowest measure as
in Greedy Search, a randomized choice is used with higher probability of choos-
ing a candidate with a good greedy measure. Due to the randomness, running
multiple instances of the algorithm at the same time is motivated, since they
are likely to give different solutions.

Also to presumably novel heuristics Fear and Unique Search were used. They
are both based on the uniqueness measure. The Unique Search adds at each
iteration the new camera that has the highest uniqueness measure for all not
already covered cells. The Fear Search adds at each iteration the new camera
that has the lowest cost per uniqueness measure for all not already covered cells.
Both algorithms finish when all cells are covered.

Further, the Meta-RaPS algorithm which according to [12] ranks in the top
three among all known SCP heuristics for solving non-unicost problems was
used. The Meta-RaPS is an iterative search procedure that uses a two-step
approach. The first step consists of constructing a feasible solution through
the utilization of a construction heuristic in a randomized fashion. Further,
depending on random factors and the quality of the solution the second step
may be run, where a local search is performed to improve the feasible solution.
Finally the best solution found after a number of iterations is reported.

Finally a population based heuristic, denoted WLNS was used. Given an
initial starting population the algorithm seeks to improve the population by
performing a Large Neighbourhood Search for each individual of the population
for a number of specified iterations. This search is guided by a weighted objective
function with randomly initialized weights. The Large Neighbourhood Search
seeks to improve the solution by first destroying some parts of the solution
and then rebuilding the destroyed solution with a repair operator. To destroy
the solution a number of cameras is removed from the solution. Two destroy
operators were used, where one removed the worst cameras according to the
inverse greedy measure and the other one removed them randomly. The choice
of destroy operator to use was based on a random decision influenced by its
earlier performance. To repair the solution, cameras that monitor the cells that
are no longer monitored are added. The repair operator iteratively adds the
best camera according to the greedy measure.

The performances of the heuristics were evaluated on a set of problem in-
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stances. The majority of these (with subfix RW) were derived from existing
bio-fuel depots and were typically very large. Not all of these instances were
feasible and all infeasible ones were transformed into feasible ones by removing
all cells (rows) which could not be monitored. The remaining two problem in-
stances (subfix SCP) were from the Beasly OR-library [1]. These were smaller
and feasible.

The result metrics used were execution time, AAF measure, and cost and
number of cameras for the full coverage solution. Further, graphs of all fron-
tiers were presented. Whenever practically possible the complete, or a close
to complete, Pareto frontier generated using CPLEX was also presented in the
graph.

The results showed that for the artificial instances from the OR-library
CPLEX outperformed all heuristics, finding all the optimal solutions on the
frontier within a second. None of the other algorithms came close to this effi-
ciency and solution quality. On the smaller RW instances CPLEX managed to
produce solutions of superior quality, but the generation of the complete frontier
was rather time consuming. Using Greedy Search or Random Greedy Search
one can get results in line with CPLEX up to 70-80% coverage within around
one hundredth respectively one tenth of the time. For the larger RW instances,
generating the frontier using CPLEX was extremely time consuming and some-
times not even possible in practice. As for the smaller instances, Greedy Search
and Random Greedy Search seem to be the best candidates for generating the
complete solution frontier. Also here, results in-line with CPLEX up to 70-80%
coverage are found. Using the far more time consuming Fear Search or Unique
Search, better full coverage solutions can often be found, as compared to using
Greedy Search and Random Greedy Search.

8.2 Conclusion
We have in this thesis presented a novel approach for modelling the camera
placement problem for thermal monitoring of solid fuels. The presented model
incorporates the most important user requirements, and is able to tell if a cell is
considered to be monitored or not. Further, we have presented solution methods
for generating a frontier of solutions on, or close to, the frontier of non-dominated
solutions. For existing real world fuel depots we have shown that using Greedy
Search or Random Greedy Search we quickly can generate a frontier close to
the frontier of non-dominated solutions up to 70-80% coverage, and without
using costly state-of-the-art-solvers. We have also shown that good full coverage
solutions can often be obtained by Fear Search or Unique Search.
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Future work

One area where there is significant room for improvement, is in the first part
in the modelling of the problem. As mentioned in Section 1.3.2 we decided to
focus more on the second part, and evaluate different methods for generating
the frontier of solutions. In the presented model of the problem, few of the
choices are investigated further. Research on different kinds of coverage criteria
to use would be of particular interest. Also, for the cover criterion used, the
value of the parameter α and its impact on the quality of the thermal moni-
toring deserve more work. Following one of the current research trends for the
camera placement problem mentioned in Section 2.2, more constrains could be
introduced to more closely mimic real world conditions. Such constraints can
involve taking in account mounting costs. Also, work on how to extend the
current layer-based model to a 3D model would be of interest, to be able model
that certain parts of the piles may cover other parts. We expect that in this case
one can still use the proposed pole model and ray-casting method with some
minor modifications.

Even though we have focused on different ways of generating the frontier,
this topic deserves more work in the future. First and foremost, it was obvi-
ously not possible to evaluate all parameter values and settings in all algorithms.
The WLNS algorithm has many different parameters to test. For example, the
destroy operators deserve more research. A starting point could be destroy
operators based on uniqueness, or uniqueness cost, measures. Further, based
on our promising findings of introducing random factors in the Greedy Search
algorithm, it would also be of interest to introduce similar random components
in Fear Search and Unique Search. Also the degree of randomness of the Ran-
dom Greedy Search algorithm itself deserves more attention, since it might be
advantageous to allow even more randomness in the algorithm. Finally, the
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observation that our problems have different characteristics compared to the
problems from the OR-library would be a great starting point for future work,
and there is a need for developing algorithms that further consider these differ-
ences in structure. One example of such a difference is that an optimal solution
often includes only some small percentage of all the available cameras place-
ments. Also, further investigations into the problem structure itself and the
structure of the solutions are needed. What is happening to the optimal solu-
tions around 70-80%, which causes all heuristics to give results that differ from
optimality? How can the performance during the last percentages of coverage
be improved?
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Appendix A

List of real world problem
instances

Starting on the following page, all real world problem instances are listed.
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RW1

• 1

Figure A.1: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW1
PAMs: 19290
Cells to monitor: 7680
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
Layers:

Number Nx Ny Height
1 230 150 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 75 98, 66 14, 15, 16, 17

Camera models: A, B, C
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RW2

1 • 2 •• 3

• 4 • 5 • 6• 7

Figure A.2: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW2
PAMs: 31926
Cells to monitor: 2266
Feasible: Yes
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
Layers:

Number Nx Ny Height
1 278 97 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 29, 26 17, 20
2 0, 360 3, 80 44, 23 17, 20
3 0, 360 3, 80 50, 22 17, 20
4 0, 360 3, 80 78, 60 17, 20
5 0, 360 3, 80 101, 61 17, 20
6 0, 360 3, 80 172, 63 17, 20
7 0, 360 3, 80 118, 62 17, 20

Camera models: D, E, F, G, H, I
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RW3

• 1

• 2

• 3

• 4
• 5

Figure A.3: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW3
PAMs: 42383
Cells to monitor: 12202
Feasible: Yes
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
Layers:

Number Nx Ny Height
1 221 145 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 75 61, 90 15
2 0, 360 3, 75 134, 46 15
3 90, 270 3, 75 217, 23 15
4 90, 220 3, 75 183, 131 15
5 0, 180 3, 75 100, 138 15

Camera models: D, E, F, G, H, I
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RW4

• 1• 2

• 3

• 4

• 5 • 6• 7

• 8

• 9

• 10

• 11

• 12

• 13
• 14

• 15

Figure A.4: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW4
PAMs: 44588
Cells to monitor: 15746
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 440 289 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 395, 187 16
2 0, 360 3, 80 342, 189 16
3 0, 360 3, 80 272, 150 16
4 0, 360 3, 80 199, 122 16
5 0, 360 3, 80 224, 25 16
6 0, 360 3, 80 308, 28 16
7 0, 360 3, 80 148, 31 16
8 0, 360 3, 80 71, 59 16
9 0, 360 3, 80 126, 104 16
10 0, 360 3, 80 89, 183 16
11 0, 360 3, 80 31, 118 16
12 0, 360 3, 80 148, 233 16
13 0, 360 3, 80 228, 253 16
14 0, 360 3, 80 385, 263 16
15 0, 360 3, 80 355, 99 16

Camera models: A, B, E, F
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RW5

• 1

• 2

• 3

• 4

• 5

Figure A.5: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW5
PAMs: 36696
Cells to monitor: 10418
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
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Layers:

Number Nx Ny Height
1 216 207 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 75, 131 17
2 0, 360 3, 80 94, 202 17
3 0, 360 3, 80 181, 53 17
4 0, 360 3, 80 62, 6 17
5 0, 360 3, 80 169, 139 17

Camera models: A, B, C, D, E, F, G, H, I
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RW6

• 1

• 2

• 3

• 4
• 5 • 6

• 7 • 8

• 9

Figure A.6: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW6
PAMs: 160796
Cells to monitor: 43342
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 554 154 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 7, 23 17
2 0, 360 3, 80 84, 126 17
3 0, 360 3, 80 181, 44 17
4 0, 360 3, 80 352, 16 17
5 0, 360 3, 80 446, 7 17
6 0, 360 3, 80 549, 18 17
7 0, 360 3, 80 361, 144 17
8 0, 360 3, 80 456, 144 17
9 0, 360 3, 80 548, 103 17
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Camera models: A, B, C, D, E, F, G, H, I
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RW7

• 1
• 2

• 3

• 4

• 5

• 6

• 7

• 8

Figure A.7: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW7
PAMs: 203154
Cells to monitor: 39150
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 441 297 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 127, 198 17
2 0, 360 3, 80 197, 185 17
3 0, 360 3, 80 245, 175 17
4 0, 360 3, 80 332, 148 17
5 0, 360 3, 80 388, 169 17
6 0, 360 3, 80 371, 86 17
7 0, 360 3, 80 293, 52 17
8 0, 360 3, 80 238, 120 17

Camera models: A, B, C, D, E, F, G, H, I
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RW8

• 1

• 2

• 3

• 4

• 5

• 6

• 7

• 8

• 9

• 10

• 11

• 12

• 13

Figure A.8: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW8
PAMs: 129307
Cells to monitor: 49671
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 572 484 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 117, 122 17
2 0, 360 3, 80 58, 186 17
3 0, 360 3, 80 200, 221 17
4 0, 360 3, 80 221, 111 17
5 0, 360 3, 80 149, 48 17
6 0, 360 3, 80 150, 140 17
7 0, 360 3, 80 557, 31 17
8 0, 360 3, 80 483, 141 17
9 0, 360 3, 80 356, 186 17
10 0, 360 3, 80 303, 74 17
11 0, 360 3, 80 342, 39 17
12 0, 360 3, 80 229, 312 17
13 0, 360 3, 80 279, 352 17

Camera models: D, E, F, G, H, I
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RW9

• 1

• 2
• 3

• 4

• 5

• 6

• 7

Figure A.9: The areas to monitor are marked in black. Pole positions are marked
with red dots

Problem facts:
Name: RW9
PAMs: 137496
Cells to monitor: 88390
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 566 432 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 -45, 90 3, 80 252, 51 17
2 0, 100 3, 80 333, 127 17
3 0, 360 3, 80 455, 108 17
4 0, 360 3, 80 400, 292 17
5 0, 360 3, 80 512, 424 17
6 0, 360 3, 80 257, 265 17
7 0, 360 3, 80 172, 355 17

Camera models: D, E, F, G, H, I
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RW10

• 1

• 2

• 3

• 4

• 5

• 6

• 7

• 8
• 9

• 10

• 11

• 12

Figure A.10: The areas to monitor are marked in black. Pole positions are
marked with red dots

Problem facts:
Name: RW10
PAMs: 132030
Cells to monitor: 73330
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3
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Layers:

Number Nx Ny Height
1 646 589 0

Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 38, 511 17
2 0, 360 3, 80 121, 415 17
3 0, 360 3, 80 226, 475 17
4 0, 360 3, 80 216, 558 17
5 -190, 90 3, 80 298, 490 17
6 0, 360 3, 80 321, 327 17
7 0, 360 3, 80 367, 476 17
8 0, 360 3, 80 510, 399 17
9 0, 360 3, 80 435, 381 17
10 0, 360 3, 80 633, 215 17
11 0, 360 3, 80 530, 7 17
12 0, 360 3, 80 453, 55 17

Camera models: D, E, F, G, H, I
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RW11

• 1

• 2

• 3

• 4

• 5

• 6

• 7

Figure A.11: The areas to monitor are marked in black. Pole positions are
marked with red dots

Problem facts:
Name: RW11
PAMs: 264090
Cells to monitor: 59810
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 490 284 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 68, 105 17
2 0, 360 3, 80 137, 165 17
3 0, 360 3, 80 181, 52 17
4 0, 360 3, 80 266, 32 17
5 0, 360 3, 80 278, 115 17
6 0, 360 3, 80 340, 32 17
7 0, 360 3, 80 470, 98 17

Camera models: A, B, C, D, E, F, G, H, I
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RW12

• 1
• 2

• 3

• 4

• 5

• 6• 7 • 8

• 9

Figure A.12: The areas to monitor are marked in black. Pole positions are
marked with red dots

Problem facts:
Name: RW12
PAMs: 88791
Cells to monitor: 15118
Feasible: No
Cellsize(N∆x, N∆x): 1,1 [m]
Alpha: 3
Beta: 3

Layers:

Number Nx Ny Height
1 366 169 0
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Poles:

Number Pan(min, max) Tilt(min, max) Position(x ,y) Mounting heights
[◦] [◦] [m] [m]

1 0, 360 3, 80 25, 78 15
2 0, 360 3, 80 108, 70 15
3 0, 360 3, 80 219, 7 15
4 0, 360 3, 80 225, 36 15
5 0, 360 3, 80 314, 101 15
6 0, 360 3, 80 228, 147 15
7 0, 360 3, 80 25, 151 15
8 0, 360 3, 80 131, 154 15
9 0, 360 3, 80 185, 71 15

Camera models: D, E, F, G, H, I





Appendix B

Solution frontiers

Here, the set of solution frontiers for all problem instances is found. First the
complete frontiers with all result metrics is presented. Thereafter the frontiers
for 75-100% coverage is presented, which typically are the most interesting part
of the frontier in practical applications. In cases when generating the frontier
using CPLEX were not possible due to computational complexity, this is marked
by a strike-out in the legend.

Lindell, 2019. 119
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