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ABSTRACT ARTICLE HISTORY
Traces of Wishart matrices appear in many applications, for example Received 30 December 2018
in finance, discriminant analysis, Mahalanobis distances and angles, Accepted 28 October 2019
loss functions and many more. These applications typically involve
mixtures of traces of Wishart and inverse Wishart matrices that are
concerned in this paper. Of particular interest are the sampling limi o

A S . R imit theorem; eigenvalue
moments ar)d thelril!mltlng joint (jlstrlbutlon. The covariance matrix distribution; inverse Wishart
of the marginal positive and negative spectral moments is derived in Matrix; Wishart matrix
closed form (covariance matrix of Y = [p~'Tr{W'}, p 'Tr{W},
p'Tr{W?}]', where W ~ % ,(Z =1n)). The results are obtained = MATHEMATICS SUBJECT
through convenient recursive formulas for IE[HLOTr{W*”"'}] and CLASSIFICATION
E[Tr{W~™} [T) Tr{W™}]. Moreover, we derive an explicit central 15B52; 60B20; 60F05
limit theorem for the scaled vector Y, when p/n — d < 1,p,n — oo,
and present a simulation study on the convergence to normality and
on a skewness measure.
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1. Introduction

Many application areas consider traces of Wishart (W) and inverse Wishart (W~!)
matrices. In particular the sample covariance matrix S, where nS ~ #'(X,n), is often
involved. Finance is an example of an application area where such traces appears
(Glombek 2014; Okhrin and Schmid 2006). Similarly, discriminant analysis (Girko and
Pavlenko 1989), results regarding Mahalanobis distances and angles (Mardia 1977; Dai
and Holgersson 2018) and derivations on loss functions (Efron and Morris 1976) evalu-
ate expressions built on traces of Wishart matrices. These applications typically involve
mixtures of Tr[W*] and Tr[W—*],k = 1,2, ... whose expectations can be seen as positive
and negative spectral moments. Those mixtures are our concerns in this paper. Notice
that a particular case of trace of Wishart matrix was discussed earlier in Glueck and
Muller (1998) where the spectral decomposition was utilized to obtain the underlying
characteristic function.

Such traces appear, for example, in the problem of finding an estimator of £~' which

is optimal with respect to the loss function L(H) := p’lTr[(ﬁl_1 — =7 1’H]. Common
choices of H include H=I, H=S and H = X? where S is the traditional sample
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o1
covariance matrix. Estimators of X! are typically of the general form ¥ = aS~! +
Pg(S)I, where o and f§ are scalar constants whose optimal values are to be determined

through L(H), and g(S) is a mapping g : RP*?—R™. Specific choices such as e.g., g(S) =
1/4/Tr[$?] or g(S) = Tr[S]/Tr[S?] will then involve functions of traces of Wishart and

inverse Wishart matrices (Efron and Morris 1976; Haff 1979).
The covariance matrix of the vector of marginal traces

Y = [p ' Te{s"}, p'Te{S}, p'Tr($?}]
where nS ~ W ,(X = I,n) (Wishart distribution), is derived in this paper whereas the
asymptotic normality is well established (see, for example, Theorem 3.4, Yao, Zheng,
and Bai (2015)). Explicit derivations of normality of random variables
V/p(p~'Tr{S} — E[p~!Tr{S"}]) for k=1, 2 can be found in Pielaszkiewicz, von Rosen,

and Singull (2018). The asymptotic distribution of (smooth) functions of the elements
in our CLT can be established through the delta method (Birke and Dette 2005). The

result for the scaled covariance matrix of Y is derived under p/n P,

This paper is organized as follows. Section 2 describes earlier results on moments and
distributions on linear spectral statistics as a background for the article. In Section 3
some recursive results, utilized later for calculations regarding the covariance matrix of
Y in Section 4, are derived. Asymptotic results are presented in Section 4 together with
some graphs illustrating the rate of convergence. Section 5 contains a simulation study
on normality and skewness of the scaled vector Y, further simulations on results for
expectations of mixed traces of Wishart and Inverse Wishart matrices can be found in
Appendix A. Section 6 summarizes the paper.

2. Background

Formulas for E[(Tr{W})"] and E[Tr{Wk}], W ~ W »(Z, n) have been proposed in a num-
ber of publications, for both complex and real Wishart matrices. The techniques used to
reach desired results are rather diverse, including moment methods and combinatorics,
Stieltjes transforms, density expansions, free probability and others. A survey of some
methods for deriving properties of linear spectral statistics are given in Bai and Silverstein
(2004). Here, we shall only mention a few, which are of particular relevance for this paper.

The marginal expectations of powers of the trace of the Wishart matrix has been derived
by Nel (1971) and then extended to the formula involving zonal polynomials by Gupta and
Nagar (2000). The case of real Wishart matrices with X = I was considered by among others
Subrahmaniam (1976) (using zonal polynomials) and Letac and Massam (2004).

In a similar way the expectation of the trace of the power of the Wishart matrix, i.e.,
E[Tr{W*}], was studied. Results for a non-central Wishart distributioned W can be
found in Gupta and Nagar (2000) and for Wishart matrix with general covariance
matrix X, i.e., W~ % ,(Z,n), we refer to results by Fujikoshi, Ulyanov, and Shimizu
(2011) and Letac and Massam (2008).

The analog formulas for complex Wishart matrices (where conjugate transpose
exchanges matrix transpose) are derived in explicit form by Hanlon, Stanley and
Stembridge (1992) and in recursive form by Haagerup and Thorbjornsen (2003).
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A recursive formula for expectations of products of traces of powers of Wishart was
given by Pielaszkiewicz, von Rosen, and Singull (2017), in the following form.

Theorem 2.1. (Pielaszkiewicz, von Rosen, and Singull 2017). Let W ~ % (I, n).
Then, the following recursive formula holds for all k € N and all my, my,...,my such
that mog=0,m, €N, m; € Ng,i = 1,...k—1

k k—1
E HTr{W'““}} =(n—p+m—1)E Tr{W’”k‘l}llTr{Wm"}
1= =
k-1 kL
+2) mE | Te{wmem ) T Te{wm} .
" fr (1)
J#i
mr—1 ) ) k—1
+ Y E|Te{wTe{wm ] [Te{w™}
i=0 j=0

Theorem 2.1 above is of particular interest here as it is to be generalized to also include
the case of inverse Wishart matrices and mixed traces of Wishart and inverse Wishart
matrices in Section 3 to follow. Although the mixed moments are of primary import-
ance in this paper we are also interested in the joint limiting (weak) convergence of the
sample Wishart traces. While rigorous central limit theorems for linear spectral statistics
are available elsewhere in the literature, we shall here refer to a simplified result which
is sufficient for our purpose.

Proposition 2.1. (Bai and Silverstein 2004). Let Xy denote a linear spectral statistic, i.e.,
Xp=p! Zlef(/lj), where /;(X'TX) is the eigenvalue of a random matrix X = (Xj),<; ;<,

such that X,-jilgN(O,l) and T a nonrandom matrix. Let fi,...,fx be continuous functions.
Then (Xj,, ..., Xy,), with suitable normalizer, converges weakly to a gaussian vector.

Remark 2.1. Proposition 2.1 is a simplified version of Bai and Silverstein (2004)
Theorem 1.1. Their original theorem does not require Xj; to be gaussian, nor does it
require f to be continuous or independent of {/;}. However, unlike most other available
results on weak limits of Wishart traces, the above theorem allows us to use negative as
well as positive powers, ie., f(1) = i, k € Z, which in turn is necessary for our pur-
pose. Hence, although the limiting normality of (X, ..., X;) is merely a consequence of
Bai and Silverstein (2004), the explicit covariance matrix of the limiting normal distri-
bution is currently unavailable in explicit form.

3. Recursive results

In this section we present recursive formulas for
ki ka
E[J]Tef(wz=) "} T] Te{(wz ™')™}
=0 =0

where W ~ #,(Z,n) in two cases:
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e foranyk, € N, when k =0 and m;,m;, €Ny, i1 =1,...,ki,ia=1,...,k;,
o foranyk, € N, when ky =1 and m;,m;, €Ny, i1 =1,...,ki,ia=1,...,k.

In other words we present an extension of results Pielaszkiewicz, von Rosen, and
Singull (2017) to the negative spectral moments and to mixtures of positive and nega-
tive spectral moments of real Wishart matrices. The proofs of Theorems 3.1-3.2 to fol-
low hold in multivariate settings when #n > p+k, where k € N} is an increasing
number depending on the degree of power traces to be included. For example, in order
to get a nonsingular covariance matrix of Y = [p~'Tr{S™'}, p~!Tr{S}, p~' Tr{S?}], we
need n > p + 4 as shown in Section 4 to follow.

The operator diX is used to differentiate the Wishart density function with respect to
a symmetric matrix X. For Y € R?”" and X € RP*? we define our differential operator
as

dY ayl 1 . k - l;
== I&;®®&qu®@c W—{% k#1 @)

where I ={i,jk,1:1<i<g1<j<r1<k<p1<I<n}, d, ¢ and g are i-th,
j-th and k-th column of I, I, and I, respectively, and ® denotes the Kronecker prod-
uct. The properties of the operator (2) are listed in Appendix of Pielaszkiewicz, von
Rosen, and Singull (2017) or originally in Kollo and von Rosen (2005). In the deriv-
ation presented further in the paper the rule of differentiating of negative power of the
matrix will be essential due to the appearance of inverse Wishart matrix in our formu-
lations.

dy—" dy . '

&Koo 2 Yem”t Q
i+j=n—1
Lzo

We will use also notion of vec-operator vec(e) and of the commutation matrix K, ,
defined as

Ky, = Z eie; @ eje;
I

where I = {i,j:1<i<p,1<j<p} and ¢ is i-th column of I,. Then, assuming sizes
are appropriate,

Tr{AB} = vec'(A")vec(B) (4)
Tr{A ® B} = Tr{A}Tr{B} (5)
TH{K, (A © B)} = Tr{AB} ©

Let us first prove the recursive formula for the expectation of the product of powers of
inverse Wishart matrices as given in Theorem 3.1.

Theorem 3.1. Let W ~ W ,(1,n). Then, the following recursive formula holds for all k €
N and all my, my, ...,my such that my = 0,m €N, m; € Ng,i=1,....,k— 1
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k k—1
(” —p— WIk)E HTI’{W‘mi} —E Tr{W—mk+1}HTr{W_mi}]
=0 i=0
k—1 5
+ ZZmIE Tr{W‘mk—mf} H Tr{W_mf} (7)
7
mg—2 ‘ . 1
+ ZE Tr{W7171}Tr{WﬁmkHH}HTr{W*”'J}
i=0 =0

Proof. The proven formula is recursive with respect to the power my. We denote by X
the covariance of a Wishart matrix W ~ W, (Z, n) as we derive result though differenti-
ating over X. For such matrix W we have the following equality.

k=1

k—1
HTr{<w21>’"f}<wzl>mk] = = L aetovs s aw @

i=0

>IE

L R

where fy denotes the density function for W.
The trace function, Tr{e} is applied after differentiation using operator #. Then,
since E[[T) Tr{(WZ1)"™}(WZ~')"™] does not depend on T we obtain the follow-

ing equation system

AU oty

k—1
waz—l)mf}Tr{<Wz—1)mk}]

dz! 2 p
Tr{jéR)l} = TrB+ TrC

where

k-1
B= J%vec’ (ZlgTr{(WZl)m"}(WZl)mk>dW,

k-1 ©)
d(HTr{(Wz—l)mf}z—l(wz—l)mk)
c= |2 R fwdW

d2d*1 applied to the density function fy gives the following identity

The operator

dfw 1
S T3 (nvecZ — vecW)fw
which in turn gives
n_ |4 L= 1
o —1\—m; —1\—m; —1\—m+
TrB=_E gTr{(WZ )" - 5E gTr{(WZ ) Te{ (WY Ty

Applying the elementary properties of the differential operator, such as (3), we may
rewrite C in (9) to a sum C = C; + C,, where
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d (’ﬁ Tr{(wzl)—mf}>
CZ _E i=0

ved (ZH(WZ 1))

ax!
and
B d(Z‘l(WZ‘l) k 1 —m‘
C=E S HTr{ (wz! }1
—1\—mg+1 k—1
=E %(I ® WI)HTr{(WZI)""}]

For m; = 1 we have C; = 0, while for m; > 2 we obtain

-1 k—1
c =g | dWZ)) )){ 3 (Wz—l)"1®(W2—1)’f1}(1®W—I)HTr{(wz—l)m"}

1
dz i+j= mk 2 i=0
hj>

2 b
i+j=m—2 i=0
i,j>0

T4+K o N k-1 o
—_E _N(1®w){ d>o(wE)y e (wsT) ‘}(1®W1)HTr{(W21) iy

i+j=m—2
i,j>0

:—%E{ S owz ) lew(ws! }HTr{(Wz !

itj=m—2
i,j>0

—%]E Kp,p{ dooowEH) T lewwz T w ! }HTr{ (wzH™m}

Hence,

Tr{cl}:—1 3

z+; mk 2 =
ihj> (10)

_ k=1
mkz lElTr{(WZl)mk}HTr{(WZI)”’"}]

k—1
Tr{<W21)‘“}Tr{<wz1>—f‘1}HTr{<wz1)"""}1

Next, the expectation C, can be rewritten as C, = D; + D,, where

k—2
d (Hn{(wz*)%})

D, =E o Tr{(Wz—l)—mH}Vec/(z—l(wz_l)—mk) ’
d(Tr{(WE1) ")) Iy iy Sy
D,=FE 5 gTr{(WZ Hmidved (21 (WE ) ™)

using the relation 4 = 94X 4 9Z4W where W =W(Y(X),Z(X)), for operator —L:.

Using the chain rule we obtain
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DZI—]E

1+]7mk72
hj 2>

;(HKp)p){ > (WZ_I)_i_1®W(WZ‘1)"f‘1}

k=2
vecl H Tr{(WZ™") " }ved (7! (WE_I)mk)]

i=0

The corresponding expectation of the trace is given by

Tr{D,} = —m;_E

k—2
Tr{(Wx 1)~ ™11 H Tr{(Wz )™ }1 :

Repeating a similar calculation as for D; we have

Tr{C} = — kiim,-E Tr{(WZ )™ ™ ]i_[ )"} (11)
i=0 29
Taken together we reach the final equation
— ﬁ )T (W) W}]
1:
11 )T (WETh) m"}]
—11@ kH Tr{(WE"! m"}Tr{(WZl)m"“}]
2 i

k-1
> E[wwz1>“}Tr{<wz1>'“}1_1Tr{<wzl>mf}

l+]i,]:‘2m(‘)_ 2

mk—l

k—1
E Tr{(WZ‘I)_mk}HTr{(WZ_l)_m"}]

k-1 k-1
=Y mE | Te{(wz ) [ Tr{(wE ) )
i=0 =0
jFi
which is equivalent to the statement of the theorem. 0O

Examples 3.1-3.2 below demonstrate the use of Theorem 3.1 above. Example 3.1
gives E[Tr{W~'}] while Example 3.2 gives E[Tr{ W' }Tr{W~'}] and E[Tr{ W?}].

Example 3.1. Using formula (7) we obtain E[Tr{ W~'}] as follows
(n—p — DE[Te{W°}Tr{W'}] = E[Tr{W°}Tr{W°}]
(n—p—DpE[Te{W™"}] =p*
- __ P
E[Tr{w'}] = pa——
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Example 3.2. Using formula (7) and Example 3.1 we obtain closed form expression for
E[Tr{W '}Tr{W~'}] and E[Tr{W?}] as solution to the following system of equations

(n—p = DE[TEWOyTe Wy )] = L 2w ()]
(n=p = DE[TWOTAW Y] = L+ E[Te(wTr(wTx(w?)]
that can be simplified to
(n =~ DE[T(WyTe(w Y] = L+ 28 [re{w )]
(n—p ~ 2B[Tr{W )] = B[T{w Te(w )]

We then obtain

-1 1] _ 1 P’ 2p
E[Tr{W '} Tr{w }]—n_p_l_ 5 (n_p_1+(n_p_l)(n_p_2)>

n—p—2
_ plp(n—p—2)+2)
(n—p=3)(n—p—1)(n—p)

and

L (n—1)p
E[Tr{w?}] C(n—p—=3)(n—p—1)(n—p)

Next, we will establish results for products of traces of Wishart and Inverse Wishart

matrices. This is obtained as follows:

Theorem 3.2. Let W ~ W ,(I,n). Then, the following recursive formula holds for all k €
N and all my, my, ..., my such that mg = 0,mp € N, m; € No,i=1,..,k—1

k-1
Tr{W‘m"“}HTr{W’”"}]

i=0

k=1
(n—p—m)E Tr{W_m"}HTr{W'”"}] =E

- ZZm B | Tr{w—mtmy H Tr{Ww™}

J.
j

\H\H

mg—2

ZElTr{W ST WY HTr{W’"J}}
(12)

The proof is omitted due to its analogy to the proof of Theorem 3.1. However, for the
purpose of demonstration we present an example as follows:
Example 3.3. Using formula (12) and E[Tr{W}] = np we get

1 (”P 2)
Blre(wyre(w ) - 222
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4. Covariance matrix and a Central limit theorem
Let us consider the vector
Yw = [p ' Te{w '}, p ' Te(w}, p ' Tr{W?))
= [(np) ' Tr{S™ ) mp7'Te(S}, m’p i Tr{s}]

where nS=W ~ ¥ ,(I,n),n > p+4. By Theorem 3.1 given by Pielaszkiewicz, von
Rosen, and Singull (2017) we obtain the following moments.

E[p~' Tr{W}]
E[p?Tr{W}Tr{W}]

—
—_

—

it

(np+2)

Var[p~ ' Tr{ W}

np +2 —nz=2ﬁ
(np+2) »

—
—

Bl Te(we))
E [p_zTr{ W2ITr{ WZ}]

nn+p+1)

—
—
=

S+ )0+ p+1)°
Famp+ (n+p+D(n+p+2)+2))
4n(2n2 +5n(p+1)+p(2p+5) + 5)
p

Var[p ' Tr{W?}] =

E[p2Te{w}Tr{w?}] ¥ g(np+4)(n +p+1)
(Cov[pilTr{W},pflTr{Wz}] = g(np +4)(n+p+1)—nr(n+p+1)
- 4§(n +p+1)

By applying Theorems 3.1-3.2 we are now able to to give a closed form expression for
the covariance matrix of Y as a function of #n and p.

1
R
-1 “1y -1 _1y] Ex32 pln—p—2)+2
Bl W W S = - D —p)
2(n—1)

p(n—p—=3)(n—p)(p—n+1)
} Ex33 np — 2

E[p 'Tr{w1}] ™!

Var[p~'Tr{w™'}] =

E[p ' Tr{Wlp 'Tr{w}

pln—p—1)
- - - 2
Corlp Te(Whp T (W Y] =
2
Elp ' Te{ W2}, p ' Te{w1}] 22 ninp +p> +p—4)
ot T pln—p—1)
4n

Covlp 'Tr{W*},p ' Tr{Ww '} = ———
ovlp  THWhp  THW ] =
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Presented in a covariance matrix we have thus obtained the following:

2(n—1) 2 e 1
pin—p—3)(n—p)p—n+1)° pPP—np+p pp—n+1
Xy, = —— 2" 4ﬁ(n +p+1)
p p

4;) (2n2 +5n(p+1) +p(2p +5) + 5)

In terms of sample covariance matrices (i.e., replacing W with S) we finally reach the
covariance matrix for the random vector Y = [p~'Tr{S~'},p~' Tr{S}, p ' Tr{S*}],

2(n— 1)n? 2 RN
pln—p=3)(n—p)(p—n+1)* pP—np+p pp—n+1
1 1
v = _ 7 -
Y znp 4pn2(n+P+1)
— — 4 (2 45 (p+1)+p2p+5)+5
i pn3<n " p\ep )_

The matrix Xy vanishes asymptotically as the sample size n and dimension p increase.
Although proper scaling can be applied so that covariance matrix of scaled Y converges
asymptotically to a non-trivial matrix with elements being functions of d (asymptotic is
under the Kolmogorov condition %n’P—_;ood). We propose a symmetric scaling ,/np of
the vector Y that leads to the asymptotic covariance matrix in form presented below.

2 2 4

d—1
4(1+4d)
4(2 + 5d + 2d%)

(1—d)' d-1
Z\/@Y: 2

while p,n — oo and p/n — d < 1.
Finally, we state a result on the covariance matrix in form of a theorem:

Theorem 4.1. Let nS ~ W (I, n). Then, the random vector
Y = [p'Te{S'}, p ' Tr{S}, p ' Tr{$*}]

has covariance matrix

[ 2(n—1)n? 2 1 T
pln—p=3)(n—p)(p—n+1)" P —np+p pp—n+1
1 1
Y, = __ il il
Y 2 4pn2(n—|—p+1)

np

1 2
4ﬁ(2n +5n(p+1)+p(2p+5)+5)

(13)

and hence the covariance matrix of \/npY converges asymptotically to
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2 2 4

s _|la-at d-1 d—1

Z Y —— 2 4(1+d)
— ——  4(2+5d+2d%)

while p/n PEd <1

Let nS ~ W y(Ln),n > p+4, Y = [p~'Te{S7'}, p~!Tr{S}, p~!Tr{S*}]" and let =y be
defined as in Theorem 4.1. We summarize the paper in the following central

limit theorem:

Theorem 4.2. Let nS ~ % ,(I,n) as in Theorem 4.1. Then it holds that

V(Y —ElY]) - N(0.2 )

as n,p — oo, p/n —d < 1.

Proof. Follows from Theorem 4.1 and Proposition 2.1. O

Although the exact covariance matrix X sy and the simplified version ) JApY are
asymptotically equivalent, we wish to investigate the rate of convergence to better
understand the difference between those matrices and hence of Theorem 4.2. For this

- 2
purpose we will use ¢(p,d) —%Tr[<2¢@y(2\/@y)_l - I) ] as a measure of the dis-

crepancy between X sy and ) yapy- In Figure 1 below, we display the graphs of
¢(p,0.2) and ¢(p,0.8). All values are obtained analytically.
As expected the faster convergence X Jipy to ) /apy is observed for small values of

ratio d, i.e., when p is significantly smaller than n.

|

[ - d=0.2
| o . d=0.8
|

eoag
CDQOG

t ® o 0 9 o
—L’—'—’—'—'—‘—‘—‘—‘—.—.—‘—O—.—‘—‘—.—O—Q—.—.—.—Q#H#H_—Q%p

15 20 25 30 35 40 45

- 2
Figure 1. ¢(p,d) = 2—,Tr {(Z\/@Y(Z\/,,—M)*1 - I) } as a function of p with ratio d € {0.2,0.8}.
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Figure 2. Simulation for p=20, d=0.4. (a) Empirical and theoretical distribution function (b)
Difference between empirical and theoretical distribution function.

Remark 4.1. Since applications of Theorem 4.1 (or Theorem 4.2) are likely to involve
the delta method in one way or another it should be noticed that the delta method gen-
erally does not work for d = lim,,, pﬂoo*% =0, Birke and Dette (2005). For example, it is
directly seen that Xy becomes singular in this case. There are, however, at least three
ways to handle the case d =0: (i) For random quantities which are essentially chi-square
distributed we may represent the distribution in terms of sums of independent chi-
square variables, as suggested by Birke and Dette (2005), Lemma 1. (ii) the case d=0
essentially represents a fixed-dimension asymptotic case, and we may therefore treat it
by using the traditional fixed-dimension asymptotic machinery, rather than insisting on
deriving a unified theory for {d: d =0} U {d : d > 0}. (iil) Since any real-data analysis
will necessarily involve finite values of n and p we may condition our analysis on the
event d = p/n according to the conditionality principle, Cox and Hinkley (1974). This
approach is in all senses equivalent to assuming d >0, i.e., that d = lim,, p_.oc £ > 0.

5. Simulation study

In this section we present a simulation study on asymptotic normality of the vector Y
(as given in Theorem 4.2) as well as on its skewness. Simulations confirming the results
of Theorems 3.1, 3.2 and 4.1 are presented in Appendix A.

5.1. Normality

Theorem 4.2 in Section 4 states that the vector

Y = [p (s ™), p Te{s) p ()]

is asymptotically Gaussian, in the sense that ,/an?/)%ZY(Y - ,uY)—l>N (0,I). In order to

investigate the rate of this convergence we will conduct a simulation study by using a suit-

able measure of the difference between the distribution of the vector , /an?/%ZY(Y — Uy)

and the standard normal distribution. It is well-known that a linear combination of a ran-
dom vector (say a'z) is normally distributed for any nonrandom a iff is multivariate
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Figure 3. Kolmogorov distance d4 as a function of p. The distance d4 is obtained based on 1000
simulated Wishart matrices. (a) d=0.2 (b) d=0.4.
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Figure 4. Measure of sampling skewness 7 as a function of p for d € {0.1,0.6}. The results are based
on 1000 pair of simulated independent realizations of vector Y.

p

normally distributed (see Anderson (2003)). We may use a weaker version of this charac-

terization and assess the closeness of X = % 1 Z;%ZY(Y — [iy) to a univariate normal dis-

tribution. Let F(x) = P(X < x) and ®(x) denote the cumulative distribution function
(CDF) of X and of a standard normal variate, respectively. We then apply the Kolmogorov
distance (KD) defined by d4 = sup, |F(x) — ®(x)|, as our measure of normality of

\ /an;%ZY(Y — ty). The simulations results for KD distance are displayed in Figures 2a
and b, 3a and b below for some p and d.

The simulation confirms convergence to normality under p — oo,p/n — d < 1.

5.2. Skewness

To investigate the weak convergence further, we will also consider the skewness of Y =
[P Tr{S '}, p " Tr{S},p ' Tr{S?}]'. This quantity is of great importance since the rate
of convergence to the normal distribution is often determined by the skewness (which
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appear as the dominating term in the expansion of the characteristic function).

Moreover, since the exact mean and covariance matrix is a known function of #n and p,
we may consider X = \/an\f/%ZY(Y — [ty) and use Mardias skewness measure which is
defined by § = E[(X,X;)’], where X, and X are two independent realizations of X.
When X : g x 1 is normally distributed the sample skewness measure has mean zero
and variance 8¢(g + 2). To simplify interpretation of the simulations we will use the

standardized statistic 7 :\/%—O(X/aXﬁf as our measure of skewness of X. Figure 4

presents simulation results for y with d € {0.1,0.6}. See Mardia (1977) for further
details about this measure.

6. Summary

In this paper we provide a recursive tool for obtaining moments of traces of Wishart
matrices. Previous work in the field are extended to involve mixtures of Wishart and
inverse Wishart matrices. Such spectral statistics in turn appear in risk functions,
finance, classification analysis and many other applications. Some exact moments are
derived while a scaled version of the underlying vector of linear spectral statistics is
shown to satisfy a multivariate central limit theorem which is valid under increasing
dimension asymptotics, i.e., as n,p — oo such that p/n < 1. Simulations of the rate of
weak convergence, which shows that the normality approximation deteriorate as the
ratio p/n gets larger, are presented.
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Appendix A. Simulation study on Theorem 3.1, 3.2 and 4.1

In the appendix, we will illustrate proven results of Theorem 3.1, 3.2 and 4.1. We perform simu-
lation studies for the Wishart matrices W ~ #",(I, n) with n=10 and p =4 for results regarding
matrices of fixed size, and keep the ratio p/n = 0.4. while increasing n and p. The Mathematica
code used to generate the Wishart matrices and hence for calculating expectations of traces of
powers is given below.

Repl = 10"4;
datamatrixX = RandomVariate [MatrixNormalDistribution[IdentityMatrix[p], IdentityMatrix
[n]], Repl];
WIi__]: = datamatrixX[[i, All, All]]. Transpose[datamatrixX[[i, All, All]]]
(**Wishart matrix XX**)
ExpectationTrace[k__]: = Table[Product[Tr[MatrixPower[W/[i], k[[j]]]], {j, 1, Length[k]}],
{i,1, Repl}];
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Table A1. Theoretical and estimated values of E[Tr{W~'}], E[T{W°}Tr{W~"}] and E[Tr{W~2}] for
100, 1000, 10000 simulated Wishart matrices W with n=10, p=4.

No. of replicates E[Tr{W}] ETe{W}Tr{W"}] E[Tr{W-2}]

100 0.790619 3.16247 0.460621
(-0.009381) (-0.03753) (0.060621)

1000 0.805752 3.22301 0.391524
(0.005752) (0.02301) (-0.008476)

10000 0.799844 3.19938 0.408825
(-0.000156) (~0.000624) (0.008825)

i P_ — A (n-1), —
Theoretical value =08 nqu —32 m =04

In brackets (light gray color) the difference between those values is given.

Table A2. Theoretical covariance matrix Xy as presented in Theorem 4.1 and its estimate base on
10, 100 and 1000 simulated Wishart matrices W with n=10, p=4.

. & [
No. of replicates Xy ST £
10 0.180095  —0.0599653 —0.134392 0.754446

—0.0599653  0.0273467  0.0693022
—0.134392  0.0693022 0.18785

100 0.85547  —0.127183 —0.249362 0.192749
—0.127183  0.0460792  0.120738
—0.249362  0.120738 0.354638

1000 0.870109  —0.102145 —0.204345 0.109794
—0.102145 0.0503067  0.150253
—0.204345 0.150253 0.503454

Theoretical Xy 1. -0.1 -0.2
—0.1 0.05 0.15
—-0.2 0.15 0.507

Table A3. Convergence of simulated covariance matrix to the theoretical asymptotic covariance

matrix 2’\%_700 given in Theorem 4.1. Averages of 1000 simulated Wishart matrices W with n =

5k,p = 2k,ﬁ € {1,2,4,10,20} are presented.

(n, P) 2 VnpY HZ".P*YTW

v e

11211 —4.66102 —9.69508) 3.6268

szn‘py*ZmLHX Il

(2, 5)
—4.66102  1.90553 6.0842
—9.69508  6.0842 22.7998

(4,10) 33.6838 —4.30948 —8.91127 0.705047
—4.30948  2.10385 6.19747

—8.91127  6.19747 20.3428

(20, 50) 20.4182 —3.99165 —8.0334 0.203291
—3.99165 2.06537  5.72042
—8.0334  5.72042  17.4649

(100, 40)
—3.19128  1.84435 5.1616
—6.26881 5.1616 16.0745

Theoretical ">

VY 15.4321  —3.33333 —6.66667

—3.33333 2. 5.6

16.41 —3.19128 —6.26881) 0.0666588
—6.66667 5.6 17.28 )
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Estimates for E[[]"_, Tr{W™}], for m; € Z can be obtained though the command
Mean [ExpectationTrace[list_of_powers]];

In Table Al, we present the comparison between theoretical values of
E[Tr{W™'}], E[Tr{W°}Tr{W~'}] and E[Tr{W~2}] derived in Ex. 3.1 and Ex. 3.2 and the ones
estimated from the average of 10°,t € {2,3,4} simulated Wishart random matrices.

Finally, to illustrate results regarding the mean and covariance matrix in Theorem 4.1 we gen-
erate a vector of Y = [p~!Tr{S™'},p ' Tr{S},p~!Tr{S?}] and provide its covariance matrix in
Table A2. We observe reasonable fit to the theoretical result already while averaging over 100
Wishart  matrices as  relative error in Xy given by ratio of Frobenius
norms |2y — Zy||z/ || Zy ]| < 0.2.

We continue the simulation in Table A3 to confirm the asymptotic result given in Theorem
4.1 for particular case of d=0.4. The rightmost column visualizes the rate of convergence to the
limiting matrix.
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