
 

 

Learning to differentiate 
Oskar Ålund, Gianluca Iaccarino and Jan Nordström 

The self-archived postprint version of this journal article is available at Linköping 
University Institutional Repository (DiVA): 
http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-170279 
  
  
N.B.: When citing this work, cite the original publication. 
Ålund, O., Iaccarino, G., Nordström, J., (2021), Learning to differentiate, Journal of Computational 
Physics, 424, 109873. https://doi.org/10.1016/j.jcp.2020.109873 

Original publication available at: 
https://doi.org/10.1016/j.jcp.2020.109873 

Copyright: Elsevier 
http://www.elsevier.com/ 

 
 

 
 

 

http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-170279
https://doi.org/10.1016/j.jcp.2020.109873
http://www.elsevier.com/
https://creativecommons.org/licenses/by-nc-nd/4.0/
http://twitter.com/?status=OA%20Article:%20Learning%20to%20differentiate%20http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-170279%20via%20@LiU_EPress%20%23LiU


Learning to Differentiate

Oskar Ålunda, Gianluca Iaccarinob, Jan Nordströma,c

aDepartment of Mathematics, Computational Mathematics, Linköping University, SE-581
83 Linköping, Sweden

bDepartment of Mechanical Engineering and Institute for Computational Mathematical
Engineering, Stanford University, Stanford, California 94305

cDepartment of Mathematics and Applied Mathematics, University of Johannesburg, P.O.
Box 524, Auckland Park 2006, South Africa

Abstract

Artificial neural networks together with associated computational libraries pro-
vide a powerful framework for constructing both classification and regression
algorithms. In this paper we use neural networks to design linear and non-linear
discrete differential operators. We show that neural network based operators can
be used to construct stable discretizations of initial boundary-value problems by
ensuring that the operators satisfy a discrete analogue of integration-by-parts
known as summation-by-parts. Our neural network approach with linear activa-
tion functions is compared and contrasted with a more traditional linear algebra
approach. An application to overlapping grids is explored. The strategy devel-
oped in this work opens the door for constructing stable differential operators
on general meshes.

1. Introduction

Discrete differential operators serve as the basic building blocks of numerical
schemes for solving partial differential equations (PDEs). A variety of differ-
ent discretization techniques exist, e.g. Finite Element (FEM), Finite Volume
(FVM), and Finite Difference (FDM) methods, each with their own benefits and
drawbacks. A central property for any kind of discretization is stability. That is
the existence of an estimate of the solution to the discretized problem in terms
of boundary and/or initial data. For a well-posed Initial Boundary Value Prob-
lem (IBVP), stability ensures that errors in the discrete solution do not grow
uncontrollably as time progresses. For consistent linear problems, stability also
guarantees convergence of the numerical solution to the exact solution of the
original IBVP.

Summation-By-Parts (SBP) is a method-agnostic property that has been
applied extensively in the literature in order to show stability of a wide variety
of numerical schemes, including FDM, FVM, and Discontinuous Galerkin (DG)
methods [1, 2, 3, 4, 5, 6]. As the name suggests, SBP is a discrete analogue
of integration by parts and, together with weak boundary conditions imposed
using the so-called Simultaneous Approximation Terms (SATs), forms a cohesive
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and systematic approach to stable discretization design known as the SBP-SAT
technique.

Artificial neural networks (hereafter referred to as neural networks) are rudi-
mentary models of cerebral subsystems. The networks are typically built as
successive layers of computational neurons, with the first layer corresponding to
the inputs and the last layer yielding the outputs. Mathematically, the outputs
are obtained as nonlinear combinations of the inputs and the values stored in
the intermediate layers. It is not uncommon to build networks with dozens of
layers and tens of neurons per layer. The determination of the structure of the
layers (number of layers, neurons, and type of connections) is typically based
on experience while the values stored in the neurons are obtained by solving an
optimization problem aimed at minimizing the error incurred when reproducing
known input/output relations (supervised learning). Neural networks have seen
an explosive growth in popularity in the recent decades, both in terms of efficacy
and accessibility. The applications span a wide range of fields, such as computer
vision, natural language processing, autonomous driving, games, etc. Further-
more, state of the art, open source computer libraries such as Tensorflow [7] and
Keras [8] provide powerful high level abstractions for implementing and training
neural networks. The title “Learning to Differentiate” is a play on words, using
the fact that “learning” in a machine learning setting means to derive weights
through optimization—something that will be leveraged throughout the paper.

In this paper we lay the groundwork for constructing stable discretizations of
IBVPs using SBP operators based on neural networks. Some previous attempts
at incorporating machine learning techniques for PDEs have emerged in the
literature recently. For example, a neural network can be used as a PDE solution
ansatz by leveraging the universal approximation theorem [9]. A similar idea
have been used to solve fractional PDEs [10]. Conversely, certain classes of
neural networks can be interpreted as discretizations of ordinary differential
equations (ODEs), allowing one to use existing ODE solvers to train them [11].
Another application is to train a neural network to discover governing equations
by processing experimental data (i.e. parameter estimation) [12]. However, to
the best of our knowledge, it is not known how to systematically construct stable
schemes based on neural networks for IBVPs.

Our approach focuses on the discretization of the differential operator. That
is, given an IBVP ut + L(u) = 0, we want to construct a discrete version of L
using a neural network, such that the resulting discrete scheme is stable. We
demonstrate the present method by solving an IBVP in one physical dimension
and incorporating the SBP property using a neural network with linear activa-
tion functions. More precisely, for a given grid we train a quadrature followed
by an operator which satisfies the SBP property with respect to this quadrature.
Even though for a given quadrature an SBP operator can be found by solving a
linear system [1], finding quadratures (with positive weights) on arbitrary grids
is a nontrivial task, especially in higher dimensions. However, it has been shown
that certain optimization problems related to quadrature construction (similar
to those used in this paper) can be readily extended to multiple dimensions
[13]. The possibility of generating quadratures on arbitrary meshes could po-
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tentially pave the way for a systematic stable treatment of overlapping meshes
[14, 15, 16], or general unstructured grids [2, 17].

To illustrate the potential of using neural networks in operator construction,
we describe an application to overlapping grids in one dimension. Overlapping
grids are notoriously difficult to work with, but a number of successful ap-
proaches based on interpolation has been shown to be practical [16, 18, 19, 20,
21]. Proofs of stability for low order interpolation based methods in one dimen-
sion can be found in [22, 23, 24], in higher dimensions stability is not known. In
this paper we explore a different approach, based on a hybrid FDM/FEM for-
mulation. A one-dimensional overlap, formed by two uniform grids, is split into
elements, and the available nodes are used to solve for element-specific SBP op-
erators. The non-overlapping parts are treated using traditional finite difference
based SBP operators. Due to the general nature of SBP-SAT couplings, this
approach leads to a class of high order, provably stable schemes for overlapping
meshes in one dimension.

We also discuss and compare two methods of computing the element-specific
operators—one based on traditional linear solvers, and another one based on
Tensorflow.

The paper is structured as follows. In Section 2 we give a brief introduction to
SBP operators. In Section 3 we show how to represent SBP operators as neural
networks, and how to train them on irregular grids. We demonstrate how the
networks can be used to construct a stable discretization of the linear advection
equation. Section 3 also includes a conventional linear algebra formulation of
these operators. In Section 4 the custom operators are interpreted as solutions to
constrained linear systems that can be solved using either a classical linear solver
or a Tensorflow approach. The splitting of overlapping grids into FDM parts
and FEM parts are discussed in Section 5. Section 6 shows numerical results
for two model problems, as well as a comparison between the Matlab and the
Tensorflow approaches to solve for the element-specific operators. Conclusions
are outlined in Section 7.

2. SBP Operators

SBP operators are discrete differential operators that satisfy a discrete ver-
sion of integration by parts. Given a grid x0 < x1 < · · · < xN , an SBP operator
D = P−1Q is built from a (typically diagonal) quadrature matrix P and a
matrix Q such that

Q + Q> = diag(−1, 0, 0, ..., 1) . (1)

We assume for simplicity that the endpoints of the discretized interval are
included in the grid points {xi} (although this is not necessary [1]). The
quadrature matrix P defines an inner product (u,v) := u>Pv on RN+1. If
u and v are evaluations on the grid of some smooth functions u and v, then
(u,v) ≈

∫ xN

x0
uvdx. Furthermore, it follows from (1) that

(u,Dv) = uNvN − u0v0 − (Du,v) . (2)
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Note that (2) is a discrete analogue of the integration by parts relation∫ xN

x0

uv′dx = u(xN )v(xN )− u(x0)v(x0)−
∫ xN

x0

u′vdx . (3)

SBP operators are widely used to construct provably energy stable discretiza-
tions of partial differential equations. They were originally conceived as finite
difference based operators with a modified boundary stencil that provided the
SBP property. Diagonal quadrature matrices lead to a class of operators known
as SBP(2q, q), where q denotes the order of accuracy at boundary nodes, and
2q the order of accuracy at interior nodes. It can be shown that this is the op-
timal relationship between the boundary and interior accuracy. SBP operators
also span element based methods, and we can think of them as polynomial dif-
ferentiators that operate on quadrature nodes inside the elements. The (2q, q)
relation resurfaces in this setting as the optimal relation between the order of
accuracy of the quadrature and the order of accuracy of the SBP operator (more
precisely, a quadrature of order 2q is a necessary and sufficient condition for the
existence of an SBP operator of order q) [1].

3. Machine Learning and Differentiation

Consider the task of differentiating quadratic polynomials on a three point
grid. This is a well defined linear operation—three point values uniquely de-
termine a quadratic polynomial and its derivative. Let us fix the grid points
Ωh = {−1, 0, 1} in the interval Ω = [−1, 1]. It is straightforward to compute the
matrix D that differentiates quadratic polynomials on Ωh. Let

1 =
[
1 1 1

]>
, x =

[
−1 0 1

]>
, x2 =

[
1 0 1

]>
.

Then D is uniquely determined by the relations D1 = 0, Dx = 1, and Dx2 =
2x. Or, in matrix form,

D

1 −1 1
1 0 0
1 1 1

 =

0 1 −2
0 1 0
0 1 2

 =⇒ D =

−1.5 2 −0.5
−0.5 0 0.5

0.5 −2 1.5

 . (4)

What does it mean for a neural network to learn this operation? A rudi-
mentary approach is to consider an input layer with three neurons, a single
fully connected layer, linear activation functions and zero bias. This means
that the neural network is a linear map described by a 3 × 3 weight matrix
W = (wij). The network can then be trained by minimizing a loss function de-
pending on known input and output vectors. For example, if we use the mean
square error loss function, training is equivalent to minimizing the quantity∑2

i=0 ‖p′i −Wpi‖22, where pi and p′i are the basis polynomials and its deriva-
tives in P2, evaluated in the grid nodes. The solution to this minimization
problem is the matrix D above.
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Remark 1. The choice of the network architecture (connections, layers) is
independent to the transfer of information between neurons which is governed
by the activation function. We have focused on simple linear laws and single-
layer structures to contrast the present strategy to more classical approaches.

Remark 2. The matrix D can be used to differentiate quadratic polynomials on
an arbitrary interval [a, b] by a transformation. The matrix 2

b−aD differentiates
quadratic polynomials evaluated in x0 = a, x1 = (a+ b)/2, x2 = b.

Remark 2 implies that we can formulate refinable semi-discretizations of
PDEs using D. Consider the linear advection equation

ut + ux = 0, x ∈ (0, 1), t > 0, (5)

with u(0, x) = f(x) and u(t, 0) = g(t). We subdivide the unit interval into
N elements, In = ((n − 1)/N, n/N), n = 1, 2, . . . , N . Each element is dis-
cretized into three equidistant points associated with a solution vector u(n) =

(u
(n)
0 , u

(n)
1 , u

(n)
2 )> and a discrete differential operator D(n) based on D and Re-

mark 2. Let e0 = (1, 0, 0)> and consider the system

u
(1)
t + D(1)u(1) = σ1(u

(1)
0 − g)e0

u
(2)
t + D(2)u(2) = σ2(u

(2)
0 − u

(1)
2 )e0

...

u
(N)
t + D(N)u(N) = σN (u

(N)
0 − u(N−1)2 )e0 .

(6)

The elements are coupled weakly by the penalty terms on the right-hand
sides. The relation (6) is essentially a nodal discontinuous Galerkin scheme
[25], but it is not clear how to choose the penalty coefficients σn such that the
scheme is stable (i.e. such that u is bounded in terms of g and f).

We might by an intuitive argument guess the sign of σn: If u(n)0 − u(n−1)2

is positive, then we should add a negative contribution to the time-derivative
of u(n)0 to push the solution toward continuity—hence σn < 0. However, the
required magnitude of σn is difficult to guess at this stage—if it is too small, the
scheme will not be stable, and if it is too large, the scheme will be stiff. Effects of
penalty coefficients with insufficient magnitude can be seen to the left in Figure
1; the boundary and interface conditions are not imposed at sufficiently high
rate, in this case causing the solution to lag behind inflow data. In general,
the behavior of an unstable scheme is unpredictable. Depending on initial and
boundary data the solution may grow uncontrollably or lose energy, or it may
be accurate for an unknown period of time. In any case, if we cannot prove
stability of the scheme, we cannot trust it to produce accurate results.

In order to produce a differentiation operator which can be used to construct
provably stable discretizations one may define a quadrature matrix P ∈ R3×3.
More precisely, let P be a diagonal matrix with a quadrature along the diagonal
such that 1>Pxk =

∫ 1

−1 x
kdx for k as large as possible. We can then train the
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Figure 1: Left: The solution to system (6) with too small penalty coefficients and g(t) =
sin(πt). Right: The solution to system (6) with appropriate penalty coefficients and g(t) =
sin(πt).

network on the inputs pi and the outputs Pp′i. This will result in a weight
matrix Q such that D = P−1Q is a differential operator. If, in addition, we
impose the property that Q + Q> = diag(−1, 0, 1), then D will satisfy the
SBP property with respect to P. This means that it can be used to construct
provably stable schemes using the standard SBP-SAT framework [3, 1]. The
penalty coefficients in (6) can be determined by using a discrete version of
the energy method, see [3] for details. A plot of a stable solution to (6) with
appropriate penalty coefficients is shown to the right in Figure 1. Note that it
is smooth and conserves the energy.

If our grid points are arbitrarily placed and we do not have an a priori
known quadrature, we can train a quadrature matrix P just like we trained D
before, by using basis polynomials as inputs and their integrals as outputs. This
procedure of training a quadrature matrix P followed by determining a matrix
Q, such that D = P−1Q, is a straightforward way to compute SBP operators on
arbitrary grids using standard machine learning software. A word of warning:
during our training sessions we found out that we must be careful in choosing
the training data. Recall that there is a unique operator that differentiates all
polynomials in P2 exactly on any 3-point grid (it is derived as in the beginning of
this section). Therefore, if we impose additional requirements such as an SBP
property, we should expect our trained operator to lose at least one order of
accuracy, unless we happen to find a quadrature for which the unique uniformly
second order operator is an SBP operator.

In our specific example, it turns out that the matrix D in (4) is in fact
an SBP operator with respect to a particular quadrature—the Gauss–Lobatto
quadrature [4]. Note that both the Gauss–Lobatto quadrature and the deriva-
tive matrix D in (4) is recovered by training P on the basis in P2 and by training
Q on the basis in P1. That is, even though the neural network represented by
Q was only trained on affine polynomials, it still converged to the second order
accurate operator. In general we cannot expect to be this lucky. The order of an
SBP operator can be no larger than half the order of its associated quadrature
(rounded up) [1], so if our trained quadrature ends up being second order (and
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not third order as in the Gauss–Lobatto case), our SBP operator must neces-
sarily be first order. Indeed, if the interior grid node x1 is randomly placed
inside the interval (−1, 1), then training a quadrature P followed by a matrix
Q results in a first order operator D = P−1Q.

3.1. Neural Network Based Differential Operators
Next, we demonstrate how to use single-layer linear neural networks for solv-

ing IBVPs in a stable manner. Suppose we are given a grid Ωh = {−1,−0.3, 0, 0.7, 1}
(there is nothing special about this grid, the interior points can be chosen ar-
bitrarily). Our first step is to look for a diagonal quadrature matrix P on this
grid. Or, equivalently, to train a neural network with five input neurons, a
single output neuron (where the five neural weights represent the quadrature
weights), a linear activation function, and zero bias. We will do this by training
on polynomials as described above. As a side condition, our quadrature weights
must be positive since negative quadrature weights will lead to instabilities in
SBP-SAT schemes. For a five point grid, a fourth order quadrature is guaran-
teed to exist, but not necessarily with positive weights. For this specific Ωh, it
turns out that we need to drop to third order to find a quadrature with positive
weights.

We compute such a quadrature using Tensorflow [7] with positive weight
constraints and polynomials in P3 as training data (see Section 4.1 for details).
More precisely, the input training data consists of the polynomials 1, x, x2, x3,
evaluated in the grid nodes, i.e. the vectors

1.000
1.000
1.000
1.000
1.000

 ,

−1.000
−0.300

0.000
0.700
1.000

 ,


1.000
0.090
0.000
0.490
1.000

 ,

−1.000
−0.027

0.000
0.343
1.000

 .
The output training data set consists of the corresponding integrals of the same
polynomials over the interval [−1, 1]. We exit the training loop when the loss
function stops decreasing. When the training halts, the mean squared error on
the training set is ≈ 5 × 10−31, and the resulting quadrature, truncated to 7
decimals, is

P = diag(0.2758077, 0.5015049, 0.6813768, 0.3835038, 0.1578065) .

Next we train the matrix Q. Recall that we want to enforce the identity
Q + Q> = diag(−1, 0, 0, 0, 1) (i.e. the SBP property). A classical machine
learning approach is to add a term to the loss function known as a regularizer.
In this case we add the squared Frobenius norm

‖Q + Q> − diag(−1, 0, 0, 0, 1)‖2F

to the loss function, penalizing deviation from the SBP property.
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As stated above, the order of our resulting SBP operator can be no larger
than 2. Hence, our input training data will be the polynomials 1, x, and x2

evaluated in the grid nodes, and our output training data will be their respective
derivatives 0, 1, and 2x evaluated in the grid nodes. Note that the matrices
P and Q are typically not unique—the solutions we find will depend on the
optimizer and on the initial weights.

Remark 3. It may be tempting to throw more training data at the problem, e.g.
higher order polynomials. This is not a good idea and will result in a useless
operator, since we would be searching for an operator that does not exist. This
issue generalizes to any kind of neural network which is not rich enough to
capture the training data. In our case there is a clear theoretical basis for the
choice of training data (we know that an SBP operator of half the order of the
quadrature exists and any operator of higher order than that cannot be SBP), but
that is almost never the case in general. Determining appropriate training data
for a neural network usually involves guesswork and trial and error attempts.

Remark 4. The choice of polynomials as training data has a straightforward
justification due to Taylor’s formula—it will make our operator accurate for
any smooth function on a small interval. It is conceivable that training on other
kinds of functions could be effective, but so far we have seen no such indication.

We compute an operator based on the regularizer described above. The
weights in Q are initialized to 1. When the training halts, the mean squared
error on the training set is 1.8220×10−16 and the resulting matrix Q, truncated
to 7 decimals, is

Q =


−0.5000000 0.3744424 0.2753372 −0.1264006 −0.0233790
−0.3744424 0.0000000 0.1709185 0.2548713 −0.0513474
−0.2753372 −0.1709185 0.0000000 0.3049724 0.1412834

0.1264006 −0.2548713 −0.3049724 0.0000000 0.4334430
0.0233790 0.0513474 −0.1412834 −0.4334430 0.5000000

 .
Note that this matrix does not satisfy the SBP property exactly, even though
it does not show in the truncated version above since the maximum error is
≈ 10−16. Note also that it is essential that the training set is not too large. If
the polynomial x3 is added to the training set, the resulting operator:

Q =


−0.5053358 0.3481000 0.1073104 −0.0461702 0.0619085
−0.3449816 −0.0017785 0.4340986 −0.1159564 0.0554273
−0.1056009 −0.4354396 0.0002329 0.7239845 −0.1924932

0.0444963 0.1182323 −0.7223384 −0.0001103 0.5268234
−0.0595074 −0.0566643 0.1899691 −0.5263598 0.5030312


is very inaccurate with a mean squared error of ≈ 10−2.

Remark 5. It is also possible to solve for Q using Keras (a high level API
built on top of Tensorflow) and hard coded weight constraints. Keras is easier
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in terms of implementation, but we found that the accuracy of the resulting
operators were much lower, and was increased by several orders of magnitude by
directly using Tensorflow. High floating point precision is not a major concern
in deep learning, hence some routines in Keras may be suboptimal in terms of
accuracy.

3.2. Linear algebra based differential operators
The problem being solved in Section 3.1 can be phrased more succinctly in

terms of two constrained linear systems—one to solve for the quadrature matrix
P, and one to solve for Q. Suppose we would like to find positive quadrature
weights based on the points {xi} such that the resulting quadrature is exact
for polynomials up to order p. Finding such a quadrature is equivalent to the
problem of finding p such that

V>p p = b, p > 0 , (7)

where Vp is the p:th order Vandermonde matrix:

Vp =


1 x0 x20 · · · xp0
1 x1 x21 · · · xp1
...

...
... · · ·

...
1 xN x2N · · · xpN

 , (8)

p is a vector of quadrature weights (i.e. the diagonal elements of P), and b
is a vector of integrals of the monomials over the reference element. As stated
earlier, the existence of solutions to (7) is not guaranteed in general; in practice
we may have to either increase the number of points in the element, or lower the
order of accuracy in order to find a solution (see [26, 27] for a more thorough
discussion).

Suppose further that, given a quadrature matrix P, we would like to find a
matrix Q such that the discrete differential operator D = P−1Q is exact for
polynomials up to order q, and such that Q + Q> = diag(−1, 0, 0, . . . , 1). The
problem of finding Q can be stated more explicitly in the form of a constrained
matrix equation:

QVq = PV′q, Q + Q> = diag(−1, 0, 0, . . . , 1) , (9)

where Vq is the q:th order Vandermonde matrix and V′q is the derivative of the
q:th order Vandermonde matrix:

V′q =


0 1 2x0 · · · qxq−10

0 1 2x1 · · · qxq−11
...

...
... · · ·

...
0 1 2xN · · · qxq−1N

 . (10)
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4. Solution Procedures

The resulting systems of equations by the two procedures in Sections 3.1
and 3.2 can be solved in different ways. In this section we discuss the pros and
cons of traditional methods and a machine learning approach.

4.1. Solving for P and Q with Tensorflow
Tensorflow is an open source machine learning software library that can

be used to implement and solve a wide range of optimization problems. As
the name suggests, Tensorflow is a suitable tool for problems formulated in
terms of tensors. In particular, both equation (7) and equation (9) can be
straightforwardly implemented as the minimization problems

min
p

‖V>p p− b‖22 (11)

subject to p > 0 (12)

and

min
Q

‖QVq −PV′q‖2F (13)

subject to Q + Q> = diag(−1, 0, 0, . . . , 1) (14)

respectively. In Tensorflow parlance we may define the loss functions

Lp = ‖V>p p− b‖22 + λp min{min(p), 0} (15)

and

Lq = ‖QVq −PV′q‖2F + λq‖Q + Q> − diag(−1, 0, 0, . . . , 1)‖2F , (16)

where λp and λq are so-called regularization parameters (note that if λp < 0
and λq > 0, then the penalty terms λp min{min(p), 0} and λq‖Q + Q> −
diag(−1, 0, 0, . . . , 1)‖2F add positive contributions to the loss functions as long
as the constraints are not satisfied). The loss functions Lp and Lq are then
minimized using Tensorflow’s automatic differentiation. More precisely, Tensor-
flow computes the exact gradient of Lp with respect to p; then p is updated
as p(n+1) = p(n) − δ∇Lp (i.e. by gradient descent), where δ is chosen by one
of Tensorflow’s optimization algorithms (in our case the Adam method [28]).
Once p is found (i.e. Lp = 0), it is used in Lq, which is also minimized using
automatic differentiation and gradient descent to find Q.

Note that P and Q can be thought of as single-layer linear neural networks,
and minimizing Lp and Lq is equivalent to training the networks. With this
perspective, the input training sets consist of polynomial evaluations at the
grid nodes (i.e. the columns of Vp and Vq respectively). Similarly, the output
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training sets are the integrals (i.e. the elements of the vector b in (7)), and the
derivatives (i.e. the columns of V′q). We will consider another neural network
style formulation applied to Burgers’ equation in Section 6.2.

Remark 6. Note that it is possible, but not straightforward, to convert the
matrix equation (9) to a vector equation (primarily due to the need for the
commutation matrix in the constraints conversion). This conversion may be
highly nontrivial in certain situations. In higher dimensions we may lose the
structure necessary to perform such a conversion in a straightforward manner.
Tensorflow is a viable alternative to traditional linear solvers in such contexts,
since it makes it simple to implement and solve matrix/tensor-based problems.

4.2. Solving for P and Q with linear solvers
In order to solve the matrix equation (9) using a linear solver, it is more

appropriately formulated as a vector equation. Let q = vec(Q) be the columns
of Q stacked on top of each other. Then (9) is equivalent to the vector equation

(V>q ⊗ I)q = vec(PV′q), (I + K)q = (−1, 0, 0, . . . , 1)> , (17)

where K is a commutation matrix such that Kq = vec(Q>).
Using a standard linear solver like Matlab’s lsqlin to solve (17) is much

faster than the Tensorflow approach (about two orders of magnitude in our
tests). However, as mentioned above, to apply a linear solver we must reformu-
late the problem as a matrix-vector equation, which may be highly nontrivial
in more complicated settings.

Solving (7) and (9) (or (17)) will yield an SBP operator D = P−1Q with
respect to the points {xi}.

Remark 7. In practice the equations (7), (9), and (17) are often ill-conditioned.
For numerical accuracy it is recommended to always rescale elements to the
reference element [−1, 1] before solving for P and Q.

5. Overlapping Grids

In higher dimensions it may be infeasible to compute elementwise custom
operators for an entire domain. However for overlapping grids we may only need
to use this approach in a small (the overlapping) region of the domain. Let us
study a one-dimensional proof of concept.

Consider two overlapping uniform grids {xli} and {xrj} as seen at the top
of Figure 2. Transitioning from one grid to the other in a simulation requires
special treatment of the overlap. The non-overlapping parts are well suited for
finite difference based SBP operators due to the uniformity of the grids, whereas
the overlap can be treated using the element based operators described in Section
3.2. More precisely we split the grids into two uniform sections and one irregular
section at the overlap (as seen in the middle of Figure 2), introducing interfaces
where the grid transitions from uniform to non-uniform. The overlap is further
subdivided into suitably sized elements as seen at the bottom of Figure 2.
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Figure 2: Two overlapping equidistant grids, producing a non-uniform grid on the overlapping
part. The grids are split into two uniform parts and one irregular part at the overlap. The
overlap is then further subdivided into elements.

Choosing the number of points per element in the overlap is a balancing
act. More points leads to larger elements and higher order of accuracy. Fewer
points leads to smaller elements and lower order of accuracy, but possibly better
conditioned elements for the solution process. To each element in the overlap
we associate an SBP operator by solving for P and Q as in Section 3.2, and to
the uniform grids we associate standard finite difference based SBP operators.
This means that all the sections of the grid can be coupled using stable SAT
based interface treatments. For example, the advection–diffusion equation

ut + aux = εuxx (18)

and Burgers’ equation
ut + uux = 0 (19)

both have known stable interface treatments given in [29, 4], that we can directly
copy and get stability.

Remark 8. It is tempting to stop at the middle part of Figure 2 and compute
a single custom operator for the entire overlap. While this strategy is viable
for small overlaps with few gridpoints, the operators described in the previous
sections are not well suited for elements with a large number of gridpoints. It is
more difficult to solve for high order operators, and if the order is too large the
solver may fail to converge. Even if a high order operator is found, it typically
makes more sense to subdivide the overlap into smaller, low order elements to
avoid problems such as the one seen in Figure 3.

6. Numerical Experiments

In this section we explore the idea from Section 5 by considering two model
problems; advection–diffusion and Burgers’ equation. The SBP operators can
be computed using either of the methods from Section 4 and yield similar results

12



Figure 3: Advection computations on two overlapping domains Ωl = (−1, 0.3) and Ωr =
(−0.2, 1), where Ωl is discretized with 41 points and Ωr is discretized with 61 points. In
the left panel, a single 10th order operator is used in the overlapping section. This causes
inaccuracy because the solution is not well approximated by a 10th order polynomial on the
whole overlap. In the right panel, the overlap is subdivided into eight elements using 2nd order
operators. Since the solution is well approximated locally in the elements, the disturbances
seen in the left panel disappear.

in terms of convergence. We also discuss the difference in numerical accuracy
between Matlab and Tensorflow, where SBP operators computed with Matlab
performs slightly better. Finally we explore an accuracy relation between the
quadrature P and the SBP operator D.

6.1. Advection–Diffusion
Let a = 1 and ε = 0.01 and consider equation (18) posed on the domain Ω =

(−1, 1). The domain is split into two overlapping subdomains Ωl = (−1, 0.3) and
Ωr = (−0.2, 1). For well-posedness and stability, we impose a Robin condition
au − εux = g at x = −1, and a Neumann condition εux = h at x = 1. The
domain Ω = Ωl ∪ Ωr is discretized using two uniform overlapping grids xl =
{xl0, xl1, . . . , xlN} and xr = {xr0, xr1, . . . , xrM}, which are subdivided as described
in Section 5 (see Figure 2). We start with the grid sizes N = 21 and M = 31,
and compute numerical solutions on increasingly fine resolutions by doubling
the number of grid points. Recall that for the elements in the overlap we must
choose the parameters p (the quadrature order), q (the differentiation order),
and n (the number of points per element). Since a quadrature of order p is
necessary and sufficient for the existence of an SBP operator of order q = dp/2e
[1], for a given p we always select q = dp/2e. Convergence rates for a few
different configurations can be found in Tables 1, 2, and 3. Numerical solutions
are computed using data from the manufactured solution u = sin(2π(x+t)). The
convergence rates are computed as (ln ‖ek‖L2− ln ‖ek+1‖L2)/ ln 2, where ‖ek‖L2

and ‖ek+1‖L2 are the errors at time t = 1 for two successive grid resolutions.
The order of convergence is determined by the lowest order operators used

in the scheme. A pure finite difference scheme based on SBP(2q, q) operators
will have a theoretical convergence rate of q + 1 (using wide operators for the
diffusion term). Similarly, a purely element based method such as discontinuous
Galerkin typically achieves a convergence rate of q + 1 when using q:th order
operators. Indeed, we see in Table 1 that the overall convergence rate will not
exceed 2 due to the SBP(2, 1) operators used in the uniform parts, even if third

13



order operators are used in the overlap. Similarly, in Table 2, the convergence
rate will not exceed 3 due to the SBP(4, 2) operators used in the uniform parts.
Finally, in Table 3, where SBP(6, 3) operators are used in the uniform parts, we
see that optimal order of convergence is only achieved with third order operators
in the overlap.

6.2. Burgers’ equation
Consider Burgers’ equation

ut + uux = 0, x ∈ (−1, 1), t > 0 , (20)

with a Dirichlet boundary condition u = g imposed at x = −1 if u(−1) > 0,
and a Dirichlet boundary condition u = h imposed at x = 1 if u(1) < 0. It can
be shown that an SBP-SAT discretization of the equivalent split formulation

ut +
1

3
(uux + (u2)x) = 0, x ∈ (−1, 1), t > 0 , (21)

is stable [30, 31]. More precisely, let Q(u) = UQ + QU, where U = diag(u)
and Q is the almost skew-symmetric matrix associated with an SBP operator
D = P−1Q, and let L(u) = 1

3P
−1Q(u). Then the (single element) scheme

ut + L(u)u = σlP
−1(u0 − g)e0 + σrP

−1(uN − h) , (22)

where σl = min(0,−u0) and σr = min(0, uN ), is stable. The scheme (22) can
be extended in a straightforward manner to multiple elements as in Section 3
using the coupling procedure described in [4].

The operation Q(u)u can be seen as a computational graph formed by split-
ting its components into different layers as illustrated in Figure 4. Decomposing
discrete operators as computational graphs make them simple to implement in
the Tensorflow/Keras framework [7].

We repeat the convergence study from the previous section. The results can
be seen in Table 4, showing the same kinds of patterns seen in Tables 1–3

Remark 9. In the graph in Figure 4, all the components are precomputed. One
may be tempted to train this network from scratch. If the underlying equation has

nodes error rate
21/31 3.51e-02
41/61 8.58e-03 2.1
81/121 2.13e-03 2.05
161/241 5.22e-04 2.05
321/481 1.30e-04 2.01

nodes error rate
21/31 3.32e-02
41/61 8.33e-03 2.07
81/121 2.08e-03 2.04
161/241 5.18e-04 2.02
321/481 1.29e-04 2.01

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3

Table 1: Advection–diffusion convergence rates for overlapping grids using SBP(2, 1) operators
on the uniform parts.
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nodes error rate
21/31 1.43e-02
41/61 2.98e-03 2.34
81/121 3.99e-04 2.95
161/241 4.72e-05 3.11
321/481 7.03e-06 2.76

nodes error rate
21/31 1.09e-02
41/61 1.23e-03 3.26
81/121 1.70e-04 2.9
161/241 1.79e-05 3.28
321/481 2.21e-06 3.03

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3

Table 2: Advection–diffusion convergence rates for overlapping grids using SBP(4, 2) operators
on the uniform parts.

nodes error rate
21/31 1.33e-02
41/61 2.90e-03 2.27
81/121 3.78e-04 2.99
161/241 4.39e-05 3.13
321/481 6.68e-06 2.73

nodes error rate
21/31 1.02e-02
41/61 7.39e-04 3.92
81/121 1.09e-04 2.81
161/241 4.49e-06 4.65
321/481 3.10e-07 3.87

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3

Table 3: Advection–diffusion convergence rates for overlapping grids using SBP(6, 3) operators
on the uniform parts.

a known stable discretization, then we strongly advise against such an approach.
It would severely reduce accuracy and introduce stability problems (it is not
clear how to impose the SBP property for example). However, with no prior
knowledge of the operator, and access to experimental data, training a discrete
operator from scratch may be a reasonable approach.

6.3. Matlab versus Tensorflow
We study the efficacy of solving (7) and (17) using Matlab’s lsqlin function

versus a Tensorflow based implementation of (11)–(14). Consider for example
the case where N = 41, M = 61, and n = 11, resulting in an overlapping
section composed of four elements. Differentiation errors for the elements in
the overlap can be seen in Figure 5. Our Tensorflow implementation uses the
natural problem formulation (9) together with a gradient descent method. The
fact that we can readily implement and solve matrix/tensor-based problems
is the main attraction of Tensorflow; as stated earlier, the conversion from a
constrained matrix equation to a vector equation is nontrivial, and should be
avoided if possible. Things like the regularization parameters and step sizes must
be manually tweaked in order to ensure convergence (in the sense that there is
no built in system that does this for us—of course, in a more sophisticated
implementation such parameter tweaking should be automated).

Typically the Matlab solver outperforms our Tensorflow approach by about
an order of magnitude in terms of accuracy. It should also be noted that there
is significant overhead in the Tensorflow optimization loop (likely because it was
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nodes error rate
21/31 6.51e-02
41/61 2.30e-02 1.55
81/121 6.66e-03 1.82
161/241 2.02e-03 1.74
321/481 5.86e-04 1.79

nodes error rate
21/31 6.89e-02
41/61 2.32e-02 1.63
81/121 6.64e-03 1.84
161/241 2.02e-03 1.73
321/481 5.87e-04 1.79

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3
SBP(2,1) in uniform part SBP(2,1) in uniform part

nodes error rate
21/31 2.35e-02
41/61 9.92e-03 1.29
81/121 6.29e-04 4.05
161/241 8.95e-05 2.84
321/481 1.33e-05 2.76

nodes error rate
21/31 3.51e-02
41/61 3.49e-03 3.45
81/121 4.09e-04 3.15
161/241 5.01e-05 3.06
321/481 5.84e-06 3.11

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3
SBP(4,2) in uniform part SBP(4,2) in uniform part

nodes error rate
21/31 1.25e-01
41/61 1.07e-02 3.67
81/121 6.32e-04 4.16
161/241 8.09e-05 2.99
321/481 1.22e-05 2.74

nodes error rate
21/31 1.25e-01
41/61 6.10e-03 4.52
81/121 4.09e-04 3.97
161/241 3.23e-05 3.69
321/481 2.10e-06 3.96

n = 6, p = 3, q = 2 n = 11, p = 5, q = 3
SBP(6,3) in uniform part SBP(6,3) in uniform part

Table 4: Burgers’ convergence rates for overlapping grids.

16



Figure 4: A computational graph representing the Burgers operation Q(u).

designed to operate on massive problems with millions of weights, where such
overhead would be negligible). This results in execution times of around 200
times that of the Matlab solver. In our case the operators are still found in a
matter of seconds, but for larger overlaps this will be an issue. The Tensorflow
codebase is open source however, so it may be possible to adapt it smaller scale
problems and remove the overhead.

6.4. P and D numerical accuracy relation
The numerical accuracy of P and D are closely linked. If the quadrature

matrix P does not accurately integrate, then the SBP operator D = P−1Q
does not accurately differentiate. To see this effect, consider the family of nodal
distributions {−1,−0.7, 0.1 + δ, 0.7, 1}, where δ ∈ [0, 0.2]. In other words, from
the starting nodal distribution {−1,−0.7, 0.1, 0.7, 1}, we shift the node located
at 0.1 to the right toward 0.3. Let p = 3 be the desired order of the quadrature,
and q = 2 the desired order of the SBP operator. We know from experiments
that for some members of this family of nodal distributions, an accurate 3rd
order quadrature with positive weights cannot be found. In Figure 6 we illustrate
how the numerical accuracy of D follows the numerical accuracy of P .

7. Conclusions

We have shown that existing IBVP discretization theory can be combined
with machine learning techniques to produce stable discretizations. By building
the SBP property into a neural network we were able to use the network to
construct provably stable schemes for a number of IBVPs.
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Figure 5: Maximum pointwise differentiation errors (i.e. maxp∈P3 ‖Dp−px‖∞) produced by
computed operators on the elements in an overlapping section consisting of four elements. In
terms of accuracy, the Matlab solver works better than the Tensorflow solver in this case.

Figure 6: Maximum integration and differentiation errors for P and D on the nodal distribu-
tion {−1,−0.7, 0.1 + δ, 0.7, 1}.

18



We have constructed provably stable, high order schemes for overlapping
one-dimensional grids based on a hybrid FDM/FEM approach. Two methods
of solving for SBP operators on elements with irregular nodal distributions were
presented; one based on Matlab and a constrained vector equation, and another
based on Tensorflow and a constrained matrix equation.

The Matlab approach outperforms the Tensorflow approach in terms of accu-
racy and efficiency—however, the convenience of being able to solve the matrix
equation directly should not be underestimated, especially for multidimensional
problems.
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