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To Sally



Popularvetenskaplig sammanfattning

Sjalvkorande fordon testas idag i olika pilotprojekt varlden oGver. Ett
sjalvkorande fordon kan inte forlita sig pa att det finns en férare som &r
uppmarksam och snabbt kan ta 6ver, utan det maste sjalv kunna ta sig an
alla situationer som kan uppsta. Med sikte pa framtida sdkerhetssystem
som kan utféra undanmandvrar i utmanande situationer, studeras hér
autonoma fordonsmanévrar déar dackens friktion mot marken utnyttjas
till fullo. Dessa sidkerhetssystem kan rddda manga liv med sin potential
att kora béattre dn en professionell forare.

I den forsta delen av avhandlingen studeras hur ett fordon pa bésta
mojliga sdtt kan hantera kritiska situationer som en undanmanéver. Ge-
nom att de optimala mandvrarna riknas fram av optimeringsalgoritmer
pa en dator, kan man identifiera beteenden som kan ligga till grund for
utformningen av nya sidkerhetssystem. Nér optimal bromsning jamfors
med hur det hade gatt att bromsa annorlunda, visar det sig att dédcken
ska bromsas sa att kraften blir den storsta méjliga i en given riktning.

Ett fordon som utnyttjar alla tillgdngliga krafter mot marken &r be-
gransad av friktionen mellan déck och mark. Genom att férenklat beskriva
fordonet som en partikel med begriansad acceleration, kan man skatta
i vilken riktning fordonets acceleration ska maximeras for att minime-
ra risken for en kollision. Man behover sedan bestdmma hur fordonet
ska styras och bromsas for att maximera accelerationen i denna riktning.
For att gora detta utan alltfor detaljerad kunskap om déckens egenska-
per, utnyttjas bland annat att ddcken i en kritisk manoéver framfors pa
friktionsgrinsen. Genom att manoévrera enligt den minsta friktion som
kravs for att kollision 6verhuvudtaget ska kunna undvikas, sa kan man
genomfora autonoma undanmanévrar utan kunskap om vigens faktiska
friktion.

Vid ett autonomt filbyte som genomfoérs pa minsta mojliga tid sa
visar det sig otillréckligt att modellera bilens accelerationsbegransning
vid skattning av onskad accelerationsriktning, utan det kréaver dven att
man tar hénsyn till bilens troghet att rotera. Detta gar att hantera genom
att man i modellen begréansar hur snabbt accelerationen kan fordndras.
Kan man inte analytiskt bestdmma onskad accelerationsriktning, inte ens
med en forenklad modell, s& kan man lata en optimeringsalgoritm gora
det &t en. En sddan losning tillater en avvigning mellan styrning och
bromsning som minimerar risken for kollision i utmanande situationer.



Abstract

Without a driver to fall back on, a fully self-driving car needs to be able
to handle any situation it can encounter. With the perspective of future
safety systems, this research studies autonomous maneuvering at the tire—
road friction limit. In these situations, the dynamics is highly nonlinear,
and the tire-road parameters are uncertain.

To gain insights into the optimal behavior of autonomous safety-
critical maneuvers, they are analyzed using optimal control. Since an-
alytical solutions of the studied optimal control problems are intractable,
they are solved numerically. An optimization formulation reveals how the
optimal behavior is influenced by the total amount of braking. By study-
ing how the optimal trajectory relates to the attainable forces throughout
a maneuver, it is found that maximizing the force in a certain direction
is important. This is like the analytical solutions obtained for friction-
limited particle models in earlier research, and it is shown to result in
vehicle behavior close to the optimal also for a more complex model.

Based on the insights gained from the optimal behavior, controllers for
autonomous safety maneuvers are developed. These controllers are based
on using acceleration-vector references obtained from friction-limited par-
ticle models. Exploiting that the individual tire forces tend to be close to
their friction limits, the desired tire slip angles are determined for a given
acceleration-vector reference. This results in controllers capable of oper-
ating at the limit of friction at a low computational cost and reduces the
number of vehicle parameters used. For straight-line braking, ABS can
intervene to reduce the braking distance without prior information about
the road friction. Inspired by this, a controller that uses the available
actuation according to the least friction necessary to avoid a collision
is developed, resulting in autonomous collision avoidance without any
estimation of the tire-road friction.

Investigating time-optimal lane changes, it is found that a simple
friction-limited particle model is insufficient to determine the desired
acceleration vector, but including a jerk limit to account for the yaw
dynamics is sufficient. To enable a tradeoff between braking and avoid-
ance with a more general obstacle representation, the acceleration-vector
reference is computed in a receding-horizon framework.

The controllers developed in this thesis show great promise with low
computational cost and performance not far from that obtained offline by
using numerical optimization when evaluated in high-fidelity simulation.
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Chapter 1

Introduction

ODERN passenger cars are not only defined by their hardware, but
Malso by the millions of lines of code used to control and monitor their
systems. Cars are traditionally controlled by human drivers, who have
to rely on their senses and driving knowledge to handle any situation
that may arise. Today, there are many pilot projects around the world
with self-driving cars being tested on public roads. Without being able
to fall back to a driver, a self-driving car needs to autonomously handle
any situation it encounters. Although this is a monumental task, self-
driving cars have the potential to outperform the driving performance of
even professional drivers. With the perspective of future high-performing
autonomous safety systems, this thesis studies vehicle maneuvering at the
limit of friction, where all the available tire-road friction is being utilized
to mitigate danger. To this end, optimal behavior in safety-critical vehicle
maneuvers is studied, and insights from this are used to design controllers
that operate at the limit of the tire-road friction.

1.1 Background

Since the mid-20th century, the number of fatalities due to automotive
accidents in Sweden have decreased in number even though the number
of vehicles on the road have increased dramatically. In the year 1950,
automotive accidents in Sweden resulted in 172.5 fatalities per 100,000
cars; the year 2018 that number was 5.8 fatalities per 100,000 cars [1].
Up until the 1960s, the focus in automotive safety was to improve the

1
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Figure 1.1: Number of cars, fatalities, and injured in traffic by year in Sweden
between 1950 and 2018 [1].

road quality, but not until regulatory changes introduced speed limits on
country roads, mandatory vehicle inspections, laws on seat belts, laws
on minimum tire-thread depth, and more, did the increasing number of
fatalities each year slow down to reach its peak in 1966-1967 [2]. Improve-
ments of the vehicles themselves, such as designing the interior of a vehicle
from a safety standpoint can drastically increase the chance of survival
in the case of an automotive accident [3]. These safety improvements are
referred to as passive safety systems, which include safety features such
as seat belts, air bags, and deformation zones. However, passive safety
systems do not prevent accidents from happening, but significantly reduce
the risk of serious injury or death. This contributes to the fact that the
number of injured in traffic are not decreasing as fast as the number of
fatalities (see Figure 1.1).

Driver-assistance systems that can reduce the risk of accidents are
referred to as active-safety systems. A commonly cited example is the
anti-lock braking system (ABS), which prevents the loss of steering ability
during heavy braking and can decrease the stopping distance [4]. Fitting
a motorcycle with ABS reduces the risk of accidents and the risk of an
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accident being severe or fatal [5]. For cars, it is harder to prove that ABS
reduces the risk of driver injury [6]. Specifically, ABS is not significantly
reducing the risk of run-off-road crashes [7]. Thankfully, modern cars are
also equipped with Electronic Stability Control (ESC), which reduces the
risk of run-off-road crashes [8]. An ESC system uses differential braking
to keep the vehicle response to steering input predictable for the driver [9],
which is especially helpful in scenarios where the desired vehicle behavior
is close to or beyond the capabilities of the vehicle.

Classic active-safety systems such as ABS and ESC rely on the driver
to take in and process information about the surrounding vehicles and
the road ahead, and provide appropriate input in terms of braking and
steering. A driver-assistance system that adapts based on information
about the surrounding vehicles is adaptive cruise control (ACC) [10].
ACC is an advancement of the classic cruise-control systems that in
addition to keeping the vehicle driving at a reference velocity, also keeps
the distance to the vehicle in front. ACC does still rely on being able to fall
back on driver control and is not directly designed to prevent collisions.
A corresponding function specifically designed for accident prevention
is autonomous emergency braking (AEB), which applies heavy braking
without any input from the driver to avoid collisions [11]. Cars with AEB
have reduced risk for front-to-rear crashes and many injuries are estimated
to be prevented as the function gains more widespread use [12].

More recently, systems for assisted driving have become available that
can help with steering to keep the vehicle in its lane and more, but these
still rely on an alert driver who pays attention and react promptly to
challenging scenarios [13]. Even though these systems are getting more
capable, they are not fully self-driving systems and require an engaged
driver [14, 15]. In an automated driving system as defined by SAE In-
ternational [16] and adopted by the European Road Transport Research
Advisory Council (ERTRAC) [17], the American agency National High-
way Traffic Safety Administration (NHTSA) [18], and many others, the
human driver is not required to monitor the driving environment and is at
most only conditionally required to intervene. This definition means that
these systems cannot rely on falling back on the driver when an unex-
pected safety-critical situation occurs, putting high requirements on their
robustness, and creating a demand for autonomous solutions to critical
situations.
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Figure 1.2: Car sliding on wet asphalt. Copyright © Raimond Spekking /
CC BY-SA 4.0 (via Wikimedia Commons) [19].

1.2 Motivation

A necessary enabler of systems for assisted driving is the increased amount
of sensors available in modern vehicles. The increased situational aware-
ness required for assisted driving functions and future self-driving vehicles
enables a new generation of autonomous active-safety systems. These use
information about the location of obstacles, such as pedestrians and lane
borders, not only to aid the driver in maintaining stability over the ve-
hicle, but also to actively avoid obstacles. In self-driving vehicles, these
obstacle aware active-safety functions help to increase the robustness of
the self-driving system by handling critical situations, where comfort and
other criteria secondary to safety are no longer of major importance.

To this end, the vehicle should utilize all available tire—road friction
to minimize danger. Considering AEB, which given information about
objects in front can initiate heavy braking without any driver command,
there is the possibility to expand the capabilities of these systems to
handle the more general task of collision avoidance by both braking and
steering. Braking in a situation where only longitudinal dynamics has
to be considered is relatively straightforward, where close to optimal
performance can be achieved by relying on the ABS to keep the tire
forces close to the limit of friction. When also lateral dynamics has a
significant impact on the task of collision avoidance, perhaps requiring
vehicle maneuvers similar to what is depicted in Figure 1.2, the problem
becomes more complex.
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At a high level, the system needs to adaptively make a trade-off
between controlling the longitudinal, lateral, and rotational dynamics of
the vehicle in such a way that the risk of collision is minimized. The
dynamics of a vehicle operating at the limit of friction is highly nonlinear
and dependent on the in general unknown parameters characterizing the
road. This is a challenge, both in terms of real-time planning and control
under computational constraints, and in terms of real-time estimation of
necessary parameters. In analogy with how the vehicle behavior under
mild driving conditions can be explained by simplified models, it is of
interest to find control principles that support the development of future
active-safety systems capable of operating at the limit of friction. Optimal
control has many applications related to vehicle dynamics [20-23], and
can in this case be used to find control principles that capture the essential
behavior of optimal vehicle maneuvering in safety-critical situations. Such
control principles can lead to simplifications in the problems of planning,
control, and parameter estimation for autonomous vehicle maneuvering
at the limit of friction.

1.3 Outline

An introduction to the vehicle models used is given in Chapter 2 along
with some examples of the models’ usage in literature. The chapter con-
cludes with a discussion on model usage from the perspective of the
thesis. A summary of the papers in this thesis and their contributions
are given in Chapter 3. The chapter ends with a reflection on the con-
tent of the thesis and areas of further exploration. The papers included
in the thesis can be categorized into the three parts: analysis of opti-
mal maneuvers, computing appropriate steering and braking commands
from an acceleration-vector reference, and computing acceleration-vector
references in challenging scenarios.

In Papers I-II, autonomous safety-critical maneuvers are analyzed
using optimal control to gain insights into the optimal behavior. Paper I
uses a linear combination of the initial and final velocity of the maneuver
as the optimization criterion to investigate how the behavior depends on
the level of braking. Paper II compares the optimal trajectories with the
attainable forces to examine the trade-off between the forces acting on
the vehicle.

In Papers III-1V, insights gained from the optimal behavior are used
to develop controllers capable of operating at the limit of friction. These
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are based on following an acceleration-vector reference obtained using
friction-limited particle models, and use this reference to compute appro-
priate steering and braking commands. Paper III introduces the controller
structure used, while Papers IV expands on it to develop a controller for
evasive maneuvering that does not use any estimation of the tire-road
friction coefficient.

Finally, Papers V-VI handle computing of acceleration-vector refer-
ences in challenging scenarios, which are used in acceleration-based con-
trollers like those in Papers III-1V. Paper V considers a minimum-time
lane change where a simple friction-limited particle model proves insuf-
ficient to provide a good reference, while Paper VI considers a general
road with obstacles and uses a receding-horizon approach to generate the
acceleration-vector reference.

Licentiate Thesis

In partial fulfillment of the Doctor’s degree, a Licentiate Thesis was
presented [24]. It contains earlier versions of Chapters 1-3 and Papers I-11,
studying the optimal behavior in safety-critical vehicle maneuvers. Since
then, the focus has been on real-time control with a clear connection to
the research and ideas presented in the Licentiate Thesis.



Chapter 2

Vehicle Modeling

HIS chapter describes a number of models commonly used for vehicle

motion control. Except for the higher-fidelity models available in
the software CarMaker [25] used to verify controllers in simulation, this
chapter includes descriptions of components composing all the models
used in this thesis. The chapter aims to complement the papers included in
this thesis with details about the models used and provide context for their
use by highlighting their properties and giving examples of their usage in
literature. The chapter starts off by describing different representations of
the vehicle position, then continues with describing the different chassis
models and tire models. Finally, the chapter concludes with a discussion
about some of the model usage in the thesis.

2.1 World Coordinate Systems

Regardless of how the dynamics of the vehicle is modeled, it is important
to relate its position to other objects in the world. There are two common
ways to describe the vehicle position, in a global coordinate frame that is
fixed with respect to the earth, or in a curvilinear road-aligned coordinate
frame that turns along with a specified path. In this thesis, only flat roads
without slopes are considered.
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Figure 2.1: Vehicle position and orientation in the earth-fixed coordinates and
in the road-aligned coordinates at the position s = s; along the specified path.

2.1.1 Earth-Fixed Coordinate System

In an earth-fixed coordinate system, the position (X, Y}) and orientation
1 of the vehicle are, given an initial state, obtained from the differential
equations

X = vy cos(h) — vy sin(v), (2.1a)
Y, = v, sin(¢) + vy cos(t), (2.1b)
Y =r, (2.1c)

where v, is the longitudinal velocity, v, is the lateral velocity, and r is
the yaw rate as defined in Figure 2.1. By using the state variables X,
Y, and v, the interaction of the vehicle with the world can be defined by
putting constraints on these states of the form f(X,,Y,,¢) <0, e.g., to
model the space outside lane borders or inside obstacles that the vehicle
can not occupy.

For long vehicles such as buses, it becomes especially important to con-
sider the constraints they impose because of their physical size [26]. This
thesis considers passenger cars traveling at relatively high velocity, and
the physical size is accounted for by enlarging the obstacle region, making
it sufficient to impose constraints on the vehicle position f(X,,Y},) <0.
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This representation is used in Papers I-II to model a constant-radius turn
with limited lane width and a double lane-change track [27]. The earth-
fixed coordinate system gives simple dynamic equations, but can lead to
a complicated representation of the obstacle region when compared to
the road-aligned coordinate system. It is the natural representation when
considering unstructured roads with possibly maze-like characteristics,
see, e.g., [28, 29].

2.1.2 Road-Aligned Coordinate System

A path specification in the earth-fixed coordinate system can be defined
by its starting position (X;(0), Y5(0)), starting direction 14(0), and path
curvature k(s) where s specifies the distance along the path. The path
can then be recovered from the differential relations

dX,

P = cos(1s), (2.2a)
(gj = sin(vs), (2.2b)
dys

;{; = Kk(s). (2.2¢)

In the road-aligned coordinate system, the vehicle position (s,e) and ori-
entation A are used as defined in Figure 2.1. The equations of motion
are not as straightforward to write down for this road-aligned coordi-
nate system as it is for the earth-fixed coordinate system. To derive §,
expressions for the change of path direction s using the curvature and
velocity obtained at the path centerline are compared with those obtained
at the vehicle position. Denoting the parallel movement of the vehicle
with respect to the tangent of the path (2.2) as 3. (see Figure 2.2), the
corresponding curvature ke (s, €) from the path-parallel movement is given
by
1 1 1

Ke(s,€) = Ro(s.¢) = Ris) —e = ﬁ . (2.3)

where R.(s,e) and R(s) are the radii of the curvatures k.(s,e) and x(s),
respectively (see Figure 2.2). The time derivative of s can then be re-
trieved from:

oA, dgds
= T as @ s 4
o dys dipgdse . g cos(Ay) — vy sin(Ay)

s = & ds, df = Re(s,€)8¢ = i . (2.5)

w(s) ~ ©
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Figure 2.2: Kinematic relation between radii of curvatures R and R, and the
corresponding velocities $ and $, parallel to the tangent of the path.

The time derivative of the orientation At can be calculated as
A =) — 1) =1 — K(s)3. (2.6)

The resulting equations describing the motion in the road-aligned coor-
dinate system are

s U cos(Av) — vy sin(Avy)

T~ n(s)e , (2.7a)
é = vy sin(Avy) + v, cos(Av), (2.7b)
At =1 — K(s)s. (2.7¢)

While the equations (2.7) are more complicated than those for the
earth-fixed representation (2.1), the road-aligned coordinate system allows
for a natural encoding of the lane boundaries as epin(s) < e(s) < emax($).
In Paper VI, this representation is used to plan the motion of the vehicle.
It is also used in [30] for online planning and control and in [31] to ensure
affine lane boundaries. Similar representations are also used for path
following, e.g., [32], where the error dynamics can be linearized around
the path.
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2.2 Chassis Models

Depending on the type of vehicle and its configuration, different models of
the chassis are required to capture its essential dynamics. Here, a typical
car with four wheels is considered that can be modeled as a complex multi-
body system with individual dampers. Considering the planar motion
studied in this thesis the complexity is limited to, in addition to the
planar dynamics, also consider the influence of pitch and roll. The section
starts with simpler chassis models where the forces between the tires
and the road are not explicitly modeled. It then continues by describing
chassis models that incorporate tire models such as those described in
Section 2.3. Finally, it describes a model for aerodynamic resistance.

2.2.1 Friction-Limited Particle Model

The simplest representation of a vehicle is to disregard the fact that a
vehicle cannot freely travel in any direction. This means that the longi-
tudinal and lateral accelerations, a, and a,, respectively, of the vehicle
can be directly controlled as

by = ag, (2.8)

Uy = ay. 2.9)

The orientation of the vehicle does in this case not limit its movement.
While the above model can be used as is, in this thesis it is always used in
conjunction with an acceleration constraint given by the limited friction
1 between the vehicle and the road, and the gravitational acceleration
constant g:

a2 + a2 < (ug)?, (2.10)

which is illustrated in Figure 2.3.

Even though this model is the simplest considered, it is a good repre-
sentation of vehicle motion when operating at the limit of the tire-road
friction. When operating in regions with high acceleration, the constraints
on the acceleration become the limiting factor rather than limitations
in, e.g., wheel angle. On the other hand, the model does not provide any
relation for how the steering of the vehicle relates to its motion.

In this thesis, the friction-limited particle model is used to plan the
vehicle motion in Papers III-VI. Other constraints than (2.10) on the
accelerations can be used to model for example effects of load transfer and
limited engine power [33]. An advantage of the friction-limited particle
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az/g

Figure 2.3: Illustration of the friction limit (2.10).

model is that for some scenarios there exist analytical solutions [34-36]
and in other scenarios the solutions can be efficiently computed [37, 38].

2.2.2 Kinematic Model

The kinematic vehicle model is not used in this thesis, but is presented
for completeness considering its common use in literature. By assuming
that the velocity of each wheel is parallel to the wheel’s ego direction, a
purely kinematic model describing the lateral vehicle motion is obtained,
meaning that it does not contain derivatives of the velocities v;, vy, and
r. This model is commonly referred to as the kinematic bicycle model or
to as the kinematic single-track model, with the model typically being
described by only one wheel on each axle. In the Ackermann steering
geometry [39], the inner front wheel has a larger steering angle than
the outer wheel, such that none of the wheels has lateral movement. As
illustrated in Figure 2.4, the resulting equations for the kinematic single-
track model will also describe the equivalent vehicle with four wheels with
Ackermann steering geometry.

With the kinematic single-track model, the rear wheel is commonly
used as the reference point. For the rear wheels to have no lateral move-
ment, this leads to

Vg =V, (2.11a)
vy =0, (2.11D)
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Figure 2.4: Kinematic model with illustration of Ackermann steering.

A relation between the steering angle § and the yaw rate r can be found
from the geometry in Figure 2.4 as

v tan(d)
r=gp=v—g - (2.11¢)

=l

The model can now be used in either coordinate system (2.1) or (2.7).
Using the earth-fixed coordinate system (2.1) gives

X, = vcos(v), (2.12a)
Y, = vsin(y), (2.12b)
b= vtarz(é), (2.12¢)

If the distance traveled by the vehicle is denoted by s and replace the
time ¢ as the free variable in (2.12), then the path traveled by the vehicle
is obtained from

dX, dX,dt X,
—LE - _—P_ _F_ 2.1
ds dt ds v cos(¥), (2.13a)

vy, dy,dt Y,
= @A v sin(v)), (2.13b)

v
dy _dydt _ ¥ _ tan(d) (2.130)
v ’ ’

ds dt ds
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which is independent of the velocity v. Further, if the curvature of the
vehicle path is denoted by s and is used as a virtual input

tan(d) = % = Lk, (2.14)

then the resulting control-affine system is equivalent to the path definition
(2.2). Because of this, it is typical in the application of this model to
decouple the tasks of longitudinal and lateral motion planning in a path—
velocity decomposition [40]. For example, a path can first be planned
using (2.13), afterwards the velocity can be planned with respect to, e.g.,
acceleration limits [41].

Using the kinematic model to generate a set of motion primitives, it
can be used for efficient lattice-based path planning with A* [42]. With its
no-slip assumption limiting the accuracy at higher lateral accelerations,
the kinematic model is suitable for low-velocity scenarios such as parking
[43], but it has also successfully been used for control in scenarios with
moderate accelerations [44].

2.2.3 Single-Track Model

It is now considered that the vehicle can have an orientation and rotation
independent of the vehicle path. To simplify, it is common to lump the
tires on the same axle together, which is often referred to as the single-
track model or the bicycle model. At steady-state, this can be compared
to the kinematic model, but now the turning radius is influenced by the
slip angles oy and « of the front and rear tires. The kinematics described
in Figure 2.5 gives the approximate relation [39]:

L
5%§+af—ar, (2.15)

which can be compared with the relation for the kinematic model (2.14).

These slip angles give rise to the lateral tire forces F, y and Fy ;. at
the front and rear wheel, respectively (see Figure 2.6). Together with the
longitudinal tire forces F, ; and F ,, these forces determine the motion
of the vehicle. Different models of the relation between the tire slips and
the tire forces are described in Section 2.3. The total forces and moment
acting on the vehicle center of mass are given by:

Fy =cos(8)Fy 5 —sin(0)Fy r + Fyr, (2.16a)
Fy = cos(0)Fy s +sin(0)Fy ¢ + Fyr, (2.16D)
M, =lrcos(8)Fy s+ lpsin(6)Fyf — 1, Fy . (2.16¢)
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Figure 2.5: Single-track model during steady-state cornering.

In an inertial frame of reference, Newton’s second law applied on the
forces and moments (2.16) gives rise to the accelerations

F
az = ﬁ’ (2.17a)
F,
ay = Ey (2.17b)
£= MZ, (2.17¢)
IZZ

where a, is the longitudinal acceleration, a, is the lateral acceleration, ¢
is the yaw acceleration, m is the vehicle mass, and I, is the yaw moment

of inertia.

Since the noninertial coordinate frame of the vehicle is moving and
rotating, the relative velocities will differ when compared with the iner-
tial global coordinate frame, and so will also the relative accelerations.
Denoting the unit vectors of the vehicle coordinate frame as e, and e,,
and the unit vectors of the global coordinate frame as ex, and ey, , the
transformation between these are dependent on the vehicle orientation v

(see Figure 2.1) as

ex = ex, cos(¥) + ey, sin(y), (2.18a)
ey = —ex, sin(y) + ey, cos(v). (2.18Db)
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Figure 2.6: Single-track model.

The time derivatives of e, and e, in the inertial global coordinate frame
are

ér = —ex,Psin(¥) + ey, P cos(1h) = rey, (2.19a)
€y = —eXp¢ cos(v) — eypi/} sin(y) = —reg. (2.19b)

Given the velocity v;e, 4 vyey, the acceleration is computed by

dt
= Ugey + Vply + Vyey + Vyey

agey + ayey = —(vpey + vyey)

(2.20)
= Ugly + VgpTey + Vyey — VyTey.

Collecting the terms in front of each unit vector e, and e, the resulting
equations of motion for the center of mass are!

F,
Uy = Az + VyT = — + vyr, (2.21a)
m
) F
Uy = Gy — Vg = Ey — Vg, (2.21b)
M
= === (2.21c)

'In general, given a reference frame and another frame rotating relative to this
reference frame with the angular velocity w, the rate of change of a vector u observed
in each frame is related by [45]:

du __du

= — +w X u
dt reference dt rotating
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Because the tire traction is heavily dependent on the vertical tire
loads [39], it is important to consider these. Let h denote the vertical
position of the center of mass above the ground plane, then the vertical
tire forces I, y and I, of the front wheel and the rear wheel, respectively,
are governed by the vertical force and pitch-moment equilibria

F.;+ F., =mg, (2.22a)
l¢F, y — 1, F, . = hF,, (2.22b)

where the vehicle is assumed to be a rigid body. By calculating the moment
equilibrium around each wheel, the vertical tire forces are calculated
explicitly to

r F.

F.;= %’ (2.23a)
— hF,

F., = "l —hle 7 M. (2.23b)

where the first term is the static load distribution, and the second term is
resulting from braking or accelerating and can be estimated by measuring
the longitudinal acceleration a, (F, = may).

Compared to the kinematic vehicle model, the single-track model
requires modeling of the tire forces as a function of the slip angles oy
and «,, which comes at the gain of much increased model accuracy at
higher lateral accelerations. The single-track vehicle model is often able
to accurately capture the behavior of the vehicle [46]. While the steady-
state cornering behavior can be incorporated in the parameterization of
the dynamic single-track model, other phenomena such as differential
braking cannot. In this thesis, the rear wheels are lumped together in a
single-track like simplification when determining references for the yaw
controllers developed in Papers III, IV, and VI. It is a suitable model
choice when the lateral dynamics of v, and r are assumed to not be
heavily influenced by the longitudinal dynamics. Examples of its use can
be found in numerous designs of lateral control systems, e.g., [47-51].

2.2.4 Double-Track Model

In the double-track model, the forces from each of the four wheels are
explicitly modeled. Each tire influences the chassis dynamics by its in-
teraction with the road, see Section 2.3. Counted from left to right and
front to rear in the vehicle ego orientation, the vehicle has four wheels
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Figure 2.7: Double-track model.

denoted with subscript i € {1,2,3,4}, see Figure 2.7. The variables F, ;
and F),; denote the force components from the tire traction of each wheel
7 in the local coordinate system of the wheel, which is determined by the
steering angle d; of the wheel relative to the vehicle body. Each wheel i is
fixed in the ground plane, at a longitudinal and lateral position ({5 i,y ;)
from the center of mass. For example, for the double-track model illus-
trated in Figure 2.7, the wheel positions are given by l,1 = l,2 = Iy,
lz73 = lx’4 = —I,, ly71 = ly’g = w/2, and ly’g = ly,4 = —w/2. Written in
matrix form for compactness, the total forces and moments acting on the
vehicle center of mass are given by:

F, 4 1 0 .
V| = cos(d;) —sin(&;)| |Fui
JZ\Zy N ; (l) ll [Sln(dz) COS((SZ‘) Fy,i . (224)
# LTy g

Like for the single-track model, the resulting equations of motion for the
center of mass are then given by (2.21).

The steering angles of the rear wheels are zero (though there are cars
with rear-wheel steering), i.e.,

83 =64 = 0. (2.25)
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On real cars, the steering-wheel angle influences the angles of the front
wheels differently, typically in accordance with Ackermann steering geom-
etry [39] (described for the kinematic model in Figure 2.4). A simplifying
assumption is that the front wheels have the same wheel angle, §, accord-
ing to

01 = do = 6. (2.26)

This simplification has little effect on the driving performance [52]. The
vertical tire loads F ; influence the tire traction and are modeled to fulfill
the vertical force and moment equilibria

4
> F.;=mg, (2.27a)
=1
4
> lpiF.i = —hF,, (2.27b)
=1
2
hF,
S lyiFi=——2, (2.27¢)
=1 2
4
hF,
S lyiFi=——2, (2.27d)
=3 2

where there is some freedom in modeling how the lateral load transfer
interacts with the longitudinal load transfer by selection of the last two
equations. This system can be solved explicitly for each vertical load F, ;.
Assuming that the wheels are located as in Figure 2.7, the vertical load
at each wheel is given by

mgwl, — hwkF, — hLF,

F.1= 9wl , (2.28a)
Py = 90 = ;Zfz ThLE, (2.28D)
Ll ;Zf‘” —hLE, (2.28¢)
Py mgwly + lefx + hLFy. (2.984)

The double-track model is extensively used in this thesis because of
its ability to model differential braking, which is heavily influenced by
the lateral load transfer [53]. Some uses for the double-track model are
studying the effects of differential braking [54] or torque vectoring [31],
and when utilizing differential braking for control [55].
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Figure 2.8: Coordinate transform from vehicle coordinates to vehicle-body
coordinates. In this figure, x is the longitudinal axis of the vehicle frame, y is the
lateral axis of the vehicle frame, and z is the vertical axis of the vehicle frame.
The pitch angle @ is the rotation around the y-axis and the roll angle ¢ is the
rotation around the transformed zlaxis.

2.2.5 Five Degrees-of-Freedom Model

Here the addition of pitch and roll dynamics are considered as derived
in [56], resulting in two additional degrees of freedom. The pitch and roll
are governed by rotational springs and dampers that model the effect of
the suspension system. While the pitch and roll centers of rotation on
real cars are located at different positions, this is simplified such that the
vehicle position (Xp,Y),) marks the center of rotation in the vehicle frame
and is fixed in the ground plane. The vehicle center of mass is located at
a fixed distance h from this point, with its position dependent on both
the pitch and the roll. The pitch angle # and the roll angle ¢ are defined
in Figure 2.8 as the coordinate transformation from the vehicle frame
(x,y, 2), to the suspended vehicle body frame (z”,y", z"). The position of
the vehicle center of mass is constant in the fixed frame of the vehicle body,
positioned a distance h along the z’-axis in Figure 2.8. The suspension is
modeled as independent spring-damper systems acting on the rotational
degrees of freedom 6 and ¢. This modeling means that coupled effects
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of the suspension system from combined roll and pitch motion are not
taken into account, but for the purpose of this thesis it is sufficient to
model the characteristics of the investigated load-transfer effects.

A summary of the motion equations, derived by Berntorp [56], is given
below. The reader is referred to that reference for further details regarding
the derivation of the model. From the moving coordinate systems of the
vehicle in Figure 2.7, and the roll and pitch motion illustrated in Figure 2.8,
the planar equations of motion can be written as

Fy

Uy = P + vyr — hfy, (2.29a)
Uy = % — U — hfy, (2.29Db)
s M If bty (2.29¢)

fo = sin(0) cos(¢) (12 + $2 + 62) — sin(0)r — 2 cos(p)pr
+ sin() sin(¢)ér — sin(¢)? + cos(¢) e, (2.294d)

= —sin(#) cos(p)i — sin(¢)r? — 2 cos(h) cos( )0+
+ sin() sin(¢)dr — sin(¢)? + cos(¢) b, (2.29¢)
T, = Fysin(¢) + F), sin(0) cos(¢), (2.291)
I = Iz sin®(0) + cos®(0) (I, sin®(¢) + I.. cos*(¢)), (2.29¢)

where hf, and hf, are the contributions to ¥, and v, from the roll and
pitch dynamics, I, is the moment of inertia associated with r, h7,. is the
additional external yaw moment from the deflection of the center of mass,
I is the roll moment of inertia in the fixed frame of the vehicle body,
I, is the pitch moment of inertia in the fixed frame of the vehicle body,
and I, is the yaw moment of inertia in the fixed frame of the vehicle
body. The equation of motion for the pitch dynamics is given by

01y + vg = —(Dyd + K40) + hry, (2.30a)
Iy = I, cos?(¢) + I, sin?(¢), (2.30D)
Vo = r(r sin(6) cos(0) (AL, + cos®(¢)AL,.)
— ¢ cos?(0) I,y + sin?(¢) sin?(0) I,
+ sin?(6) cos?(¢) L. — O(sin(0) sin(4) COS((;S)AIyZ)), (2.30c)
Tp = mgsin(#) cos(¢p) — Fy cos() cos(¢), (2.30d)
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where Iy is the moment of inertia associated with 6, vy is the lower-
order inertial terms, Dy + Ky models a spring-damper system in the
f-direction, and h7y is the external torques from the deflection of the
center of mass. The equation of motion for the roll dynamics is given by

0Ly + vy = —(Dypo + Kpo) + hy, (2.31a)
Iy = Iy cos*(0) + Iy sin®(0) sin®(¢) + I, sin?(#) cos®(4), (2.31b)

vy = rAlL, (rsin(p) cos(¢) cos(0) + ¢sin(6) sin(¢) cos @)
+70(I,y cos?(¢) + I, sin*(¢)), (2.31c)
Ty = mgsin(¢) + Fy cos(¢) cos(8), (2.31d)

where Iy is the moment of inertia associated with ¢, vy is the lower-
order inertial terms, D¢¢b + K¢ models a spring-damper system in the
¢-direction, and h7y is the external torques from the deflection of the
center of mass.

The vertical tire load on each wheel, F, ;, influences the tire traction
and can be solved from force and moment equilibria. Applied to the
double-track model in Section 2.7, these are given by

4
Z F,; =myg, (2.32a)
=1

Mrp

lx ze i = Ko + Dgg (2.32b)
1

Y lyiFei = Ko$/2 + D)2, (2.32¢)
1

@
ol

-
I

lyiF.i= Kyp/2 + Dy /2. (2.32d)

M-

s
Il
w

and will result in similar tire loads as the static-load transfer relations
(2.27) when at steady state. Compared to those relations, (2.32) cap-
tures transients and dynamic effects in the vertical forces because of the
suspension system, and the effects from the deflection of the center of
mass.

2.2.6 Aerodynamic Resistance

When driving at speed, the aerodynamic resistance results in a force that
slows the car down, and cross winds can influence the lateral motion
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of the car. Here, it is primarily the former that is addressed to enable
direct comparisons with high-fidelity models such as those available in
CarMaker [25]. The aerodynamic resistance R, can be expressed by [39]

R, = chAva, (2.33)

where p is the mass density of the air, Cp is the coefficient of aerodynamic
resistance, Ay is the characteristic area of the vehicle, and v, is the speed of
the vehicle relative to the wind. This model of the aerodynamic resistance
is used in Papers IV-VI under some simplifying assumptions. Assuming
that the wind speed is zero, (2.33) gives the longitudinal and lateral
aerodynamic resistances

Roz = Kpavey/v2 + 03, (2.34a)
Ra,y = KD,yUy\/m, (234b)

where the aerodynamic parameters are lumped together into the param-
eters Kp, and Kp,. Assuming that the aerodynamic resistance force
acts on the center of mass so that the moments are not influenced, these
can be incorporated into the vehicle model by replacing F, and F, in
(2.24) with F, — R, and Fy — Rg,, respectively.

In this thesis, the longitudinal velocity v, is typically much larger
than v,, leading to the lateral velocity having little effect on the total
aerodynamic resistance. To simplify, the aerodynamic parameters are
approximated to be the same in the longitudinal and lateral directions
Kp. = Kpy = Kp. As mentioned initially, the main purpose of including
aerodynamics in this thesis is to achieve similar velocity decreases as in
CarMaker to enable comparison, and for that purpose the even simpler
model R, , = K DU% is sufficient.

2.3 Wheel and Tire Modeling

The tire model employed is an important component determining the
overall vehicle behavior. They come in a wide range of complexity, where
more complex models aim at capturing high-frequency phenomena and
are used to analyze comfort and noise [57]. Here, to capture the essential
dynamics governing maneuvering, steady-state tire models are employed.
An effect not directly modeled is the force resulting from the camber angle,
the angle with which the wheel leans. Instead its steady-state effects on
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the vehicle are included in the parameterization of the lateral tire-force
models.

First, the rotational wheel dynamics are described, then common defi-
nitions for tire slips that are used when modeling tire forces are described.
After that some tire models for pure slip conditions are described, which
are valid for a tire experiencing only purely longitudinal or purely lat-
eral tire traction. Finally, models of the behavior under combined slip
conditions are described.

2.3.1 Wheel Dynamics

The rotational dynamics of a wheel is illustrated in Figure 2.9(a). By
adding up the total torque contribution to the wheel rotation, the dy-
namics for the wheel states, i.e., the rotational speeds w;, are given by

Iyis; = T — ReFy s, (2.35)

where T; is the applied driving or braking torque on wheel i, I, is the
rotational wheel inertia, and R, is the effective wheel radius.

To model a brake system in Papers I-II, a first-order system with
time constant v is used, where the braking of each wheel is individually
actuated by the commanded torque T, ;:

Ty + Ti = T (2.36)

In this thesis only braking is considered. If both braking and driving
torques are to be considered, different time constants are appropriate to
reflect the different dynamics.

2.3.2 Tire Slip

The tire—road interaction is dependent on the movement of the tire’s con-
tact patch with the road. The velocity of each wheel in its local coordinate
Vg

system, (vgi, vy,), is described by
Uzpi| | cos(d;)  sin(dy) —lyi
|:Uy77j‘| B [— sin(d;) cos(;) v lei | ] (2.37)

To model the tire-road interaction, the definitions from [58] are used to

+r

Y
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(a) Side view. (b) Top view.

Figure 2.9: Wheel model.

describe the longitudinal tire slip and the lateral tire slip. The longitudinal
slip ratios k; are defined as
R R .
gy = e T Y (2.38)
Ve,i

With this definition, a locked wheel has the slip ratio x; = —1 and a
free-rolling wheel has the slip ratio x; = 0. The lateral slip angles «; are
defined as the angle between the wheel ego direction and the velocity
vector v; of the wheel, see Figure 2.9(b), i.e.,

a; = —arctan <vyz> . (2.39)

Ug,i

To account for the transient behavior in the tire where it takes some time
for it to deform, the relaxation length o is used, which is the longitudinal
distance traveled by the tire before the lateral tire forces are at steady-
state. This transient extension of the otherwise steady-state tire models

used is defined by [58]

7 &; + a; = — arctan (1@@) : (2.40)

Ug,i Vg,i

B
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There are alternative slip definitions such as [59]

Vei — Rewi
== 2.41
Oz Rewi ’ ( )
Uy 7
= 2.42
%y Rew;’ (242)

which are physically motivated by their correspondence to the deformation
of the tire. These are used in Paper IV when considering the modeling
of combined slip. For braking (which is a focus in this thesis), they are
not as convenient as (2.38) and (2.39) because of the singularity at wheel
lock (w; = 0).

2.3.3 Brush Tire Model

In the brush tire models, the tire thread elements are modeled as elastic
bristles on a brush, which leads to both adhesive forces from the brush
elements’ extension, and to sliding forces when the brush elements lose
their grip and start sliding [58]. This gives rise to an adhesive region and
a sliding region on the contact patch between the tire and the road. With
the contact patch extending +a; in the wheel ego direction, the adhesive
region stretches from the front of the contact patch a; to a point z ;
where the thread elements start sliding, and the sliding region stretches
from x4, to a point —a;. The resulting lateral tire force is computed
from

Tst,i a;i
Fyoi = / Qys,i(x) do + Qyt,i(x) dz, (2.43)
—a; Tty
where gys;(x) is the traction force at point z in the sliding region along
the tire’s ego direction, and gy ;() is the traction force at point x in the
adhesive region along the tire’s ego direction.

Modeling the brush elements as linear springs with stiffness ¢, ;, the
lateral displacement of the brushes in the adhesive region is proportional
to the tangent of the slip angle. This lateral displacement produce the
force

Qyti(x) = ¢y i(a; — x) tan(oy). (2.44)

Assuming a parabolic distribution of the total vertical load, gives at each
point x along the contact patch the vertical load

Gei(x) = SFo 5 p (2.45)
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For a given friction coefficient p, ;, the sliding force at each point along
the contact patch is

Qys,i(x) = sign(oy) ty,iqzi(2). (2.46)

The thread elements start sliding once the force produced by their dis-
placements exceed the static friction keeping them fixed to the road. To
compute the point xs; where the thread elements start sliding, it is
checked when gy, ; is equal to gy :

Qyti(Tsti) = Qys,i(Tsti)- (2.47)
This gives a solution at x5 ; = a; where the vertical load ¢, ; = 0, but the
interesting solution where the thread elements start sliding is given by
4ey ;a3 tan(a;)
Bty i F i

For small slip angles, where as a; — 0 then 24 ; — —a; and tan(o;) —
o, the lateral force resulting from (2.43) is

a; a;
Fyoi = / Qyti(x)de = / cyi(ai —z)oyde = cyﬂ-aQai. (2.49)

—a; —a;

— Qj- (2.48)

Tsti =

This correspond to the often used linear tire model
Fyo,i = Caicvi, (2.50)

where Cp; = cy,ia% is the lateral tire stiffness. By applying this linear
tire model to the single-track model in Section 2.2.3, using small-angle
approximations, and assuming the longitudinal velocity to be constant,
this results in a linear model of the vehicle lateral dynamics. This has
the obvious benefit of enabling linear control synthesis such as the linear
quadratic regulator (LQR) [60], and can be used for model predictive
control (MPC) with performance guarantees [61].

Solving (2.43) without assuming small slip angles gives the Fiala brush
model [62]:

Coi tan(ay)
C§Z| tan(a;)| tan(oy)

L 3pty iF i
Fyoi = ngi tan® (o)

2 12
27luy,in,i 7
oy i F i sign(oy), otherwise,

agl = arctan(3py i F i/ Cai), (2.51b)

(2.51a)
if |az| < Qgl,
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where ag is the slip angle where total sliding occurs (x5 ; = a;). Similar
expressions based on the brush model can also be derived for the longitu-
dinal tire force [59]. The brush model is used in Paper IV. The model is
suitable when driving up to the saturation limits of the tires, such as path
tracking at the limit of friction [63] and nonlinear MPC for collision avoid-
ance [30]. The brush model is physically motivated, models the saturation
behavior of the tire forces, and only contains one extra parameter when
compared to the linear tire model (2.50). It is, however, not as accurate
when compared to measurement data as the Pacejka’s Magic Formula tire
model [58], which is described in Section 2.3.4. The brush models have
many variations and extensions to improve their accuracy, but this comes
at a cost in terms of an increased number of parameters. One addition
is to use separate friction coefficients to model the adhesive friction and
the sliding friction [64]. This can be further detailed by modeling the
fact that the sliding friction depends on the sliding velocity [65]. With its
roots in physical modeling, the brush model provides some insights into
the tire traction forces. For further analytical insights of the tire behavior,
unsteady-state versions of the brush model can be considered [66].

2.3.4 Magic Formula Tire Model

The Pacejka’s Magic Formula model is a so called semi-empirical tire
model, which provides a parameterization of the steady-state tire traction
forces. The longitudinal forces Fyo; and the lateral forces Fy ; of the tires
are modeled using Pacejka’s Magic Formula [58] and are given by

Fr0,i = Dy ;isin(Cy ; arctan(By ik,

— E;i(Bg,ik; — arctan(By ik;)))), (2.52a)
FyO,i = Dyﬂ' Sin(nyi arctan(By,iozi
— By i(By,ic; — arctan(By ;)))), (2.52b)

where By ;, Cyi, Dy iy Bz iy By, Cyi, Dy i, and Ey ; are model parameters.
A comparison of the Pacejka’s Magic Formula, the Fiala brush model,
and the linear tire model is shown in Figure 2.10. In this thesis, it is
assumed that (2.52a) and (2.52b) scale linearly with the tire-road friction
coefficients and longitudinal force by replacing D, ; and D, ; with

Dyi= peiF., (2.53a)
Dy,i = Hy,in,i- (253b)
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Figure 2.10: Comparison between lateral tire models.

In reality, changed vertical load influences the tire—road friction making
the relation nonlinear, where the load-transfer when cornering leads to a
total reduction of the cornering-force capability for tires on the same axle
[39]. The assumption that the tire forces are linear in the road friction
coefficient causes the tire cornering stiffness to change with road friction.
This is not in correspondence with real tire behavior where the cornering
stiffness is typically constant as it is dependent on tire forces due to
adhesion, which as described in Section 2.3.3 is a property of the tire
deformation rather than the sliding friction between tire and road [58].
Formulas for scaling of the parameters in (2.52a) and (2.52b) for changing
vertical loads and friction conditions can be found in [58, 67], which are
based on experimental data.

The Pacejka’s Magic Formula is used for various purposes in all papers
included in this thesis. Because of its ability to fit well with measurement
data, its use is widespread. Some examples of its use are examining
how control strategies differ for different road conditions [68], friction
estimation [69], nonlinear MPC [70], and post-impact vehicle stabilization
[71].

2.3.5 Combined Slip
This section looks at tire forces under combined slip conditions on the
form

Foi(ki, o),

)

Fyi(ki, a5),
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where the influence of both the longitudinal and lateral slips on both the
longitudinal and lateral tire forces are considered. It is experimentally
challenging to collect data for combined-slip conditions, thus it is common
to extend the pure-slip models described in the previous sections to the
combined slip case. One option to do this is to scale the original forces
with a weighting function that depends on the combined slip, i.e.,

Fpi(ki,00) = Gy (ki 05) Froi(Ki), (2.54a)
Fyi(ki, o) = Gy i(ki, o) Fyo (o). (2.54b)

Examples of such weighting functions are those used with the Magic
Formula [58]:

Hgyqa,i = By, cos(arctan(Bya ik;)), (2.55a)
Gy = c08(Cypa i arctan(Hyq 0y)), (2.55b)
Fpi=GaiFro,, (2.55¢)

Hy,..; = By, cos(arctan(Bys j;)), (2.55d)
Gy,i = cos(Cyy i arctan(Hy, ik;)), (2.55¢)
Fyi=GyiFyo, (2.55f)

where By1i, B2y Crajis Byli, By2, and Cypk; are model parameters.
An example of the resultant force given with this model for different
combinations of tire slips is shown in Figure 2.11. This tire model of
combined slip is used together with Pacejka’s Magic Formula in all papers
included with this thesis.

A simpler model for combined slip is the friction-ellipse based com-
bined-slip model [39]. It is based around extending the fact that the total
tire forces are limited by an elliptic relation

2 2
Fm i Fy 4
: : <1 2.56
(7) () = 250
where F;(lﬂx = pgiF.; and F;&‘}X = py ;I ; are the maximum achievable

longitudinal and lateral tire forces, respectively. If the total tire force is
saturated, then (2.56) gives that

i\
Fy; = Fmex 1_(Imz;<> : (2.57)
x0,1

This can be taken advantage of to model the driving behavior when the
tire forces are fully saturated, such as for drifting maneuvers [72]. In the
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Figure 2.11: Force-slip diagram of Pacejka’s Magic Formula with weighting
functions using parameters corresponding to dry asphalt interaction. The resul-
tant force is normalized with the normal force.

friction-ellipse based model, this is assumed to also hold for any nominal
lateral tire force [59]

(2.58)

When using this model, the longitudinal force F} ; is typically directly
considered a vehicle input, which is reasonable if disregarding the wheel
dynamics (2.35) such that the braking force is directly achievable via selec-
tion of the braking torque 7; = R.F} ;. A comparison between the friction-
ellipse based model and weighting functions is shown in Figure 2.12. The
friction-ellipse based combined-slip model is used to determine appropri-
ate braking signals in Papers III, IV, and VI.

2.4 Discussion

Depending on the intended usage of a vehicle model, there are different
requirements and preferences. It is important that the vehicle model used
is able to handle important phenomena relevant for its intended use. In
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Figure 2.12: Comparison between the different combined-slip models.

simulation, edge cases of models are seldom explored and accurate models
such as those available in CarMaker [25] that behave very similar to a real
car are useful. An accurate model can be more convincing when evaluating
a controller implementation than when using an idealized model close to
that used to develop the controller. In particular, it can demonstrate the
controller’s robustness to model uncertainties.

For optimal control, such complexity can instead result in unrealistic
trajectories dependent on detailed intrinsics of the model where non-
physical behavior [20, 73] is exploited. It can also be desirable for the
model to not be overly specified, in order for the results to not be more
dependent on specific vehicle parameters than necessary and remain rep-
resentative for the general behavior of a wider range of vehicles. The
characteristics of optimal maneuvers can be highly dependent on the
road condition and the vehicle model used, see [68] and [73], respectively.
Additionally, the algorithms required to effectively solve the resulting
optimization problem can be reliant on the model being twice differen-
tiable with numerically well behaved Jacobian and Hessian. Tire models
containing normalized terms ([z,y]T/v/2% + y2) of tire slips, to model
combined tire forces, can for example experience problems in numerical
optimization algorithms because of the singularity in the Jacobian when
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Figure 2.13: Comparison of braking torques for offline numerical optimization
using the Pacejka’s Magic Formula tire model with weighting functions (2.55)
and the controller (CL FE) developed in Paper III simulated on the same model
but that internally uses the friction-ellipse based model (2.58).

one of the terms is zero.

For the application of numerical optimal control, this thesis makes
extensive use of the vehicle model referred to as DT WF by [73]. In
this model, the weighting functions (2.55) are used to model combined
slip, which does not have the potential problem of singularities in the
Jacobian discussed earlier. The name of the vehicle model used, DT WF,
comes from that it is a double-track model using Pacejka’s Magic Formula
(2.52) with weighting functions (2.55) to model combined longitudinal
and lateral tire forces. The DT WEF model also models the pitch and
yaw dynamics as described in Section 2.2.5. The different vehicle model
parameters used in the thesis are collected in Appendix A.

For the application of computing appropriate braking for online con-
trol, the friction-ellipse based combined-slip model (2.58) is used in this
thesis. When the developed controller (CL FE) in Paper III is simulated
with the DT WF model, the resulting braking torques are very similar
to those obtained using numerical optimization with the DT WF model.
Figure 2.13 shows the resulting braking torques for the scenario from Pa-
per ITI, where a vehicle enters a curve with curve radius 50 m at 90 km/h
and has to steer and brake to minimize its deviation from the road center-
line. Even though the models used to compute the braking torques differ
(see Figure 2.12), the resulting braking torques are remarkably similar.






Chapter 3

Conclusion

O minimize the risk of collision, the first step is to plan the vehicle

motion. The vehicle motion is determined by a trade-off between
controlling the longitudinal force, the lateral force, and the yaw moment
acting on the vehicle. These are determined by the sum of the individual
tire forces acting on the four wheels. In turn, these are limited by, e.g.,
the tire-road friction and wheel load, and are determined by the tire
slips resulting from the vehicle motion, the steering angle, and the wheel
speeds. Out of these, the steering angle and wheel speeds can be directly
controlled by steering and applying wheel torques. With a force-centric
perspective, this research examines how to efficiently control the steering
wheel and the brakes, given a detected safety-critical scenario such as
collision avoidance. In this chapter, a summary of the contributions in
the thesis is given for each paper and a reflection on the research is made
along with an outlook on areas for further exploration.

3.1 Contributions

Paper I

V. Fors, B. Olofsson, and L. Nielsen, “Formulation and interpretation
of optimal braking and steering patterns towards autonomous safety-
critical manoeuvres,” Vehicle System Dynamics, vol. 57, no. 8, pp.
1206-1223, 2019.

In the first two papers, numerical optimization is used to examine the
optimal behavior of a vehicle in safety-critical scenarios. A formulation
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Figure 3.1: Velocity v and brake-induced yaw moment AM during a left-
hand turn maneuver for different trade-offs between the initial and final velocity.
Adapted from Paper 1.

is introduced with an optimization criterion using a single interpolation
parameter n to form a linear combination of the initial and final velocity
of the maneuver. This formulation results in a family of braking and
steering patterns for vehicles in at-the-limit maneuvers, highlighting the
optimal behavior for different levels of braking in critical scenarios (see
Figure 3.1). Heavy braking of the inner wheels when turning is observed
for all values of the interpolation parameter 7, while increased weight to
the final velocity leads to a reduced braking effort on the outer wheels.
This hints at future lane-keeping control systems that can seamlessly
adapt the level of braking depending on the situation at hand, and at the
boundary values for the parameter 1 the two different strategies of optimal
lane-keeping control and optimal yaw control are embedded. It is observed
that for optimal lane-keeping control, the individual tire forces are close
to their friction limits. The steering and braking patterns show significant
similarities in behavior for different scenarios, suggesting a single control
framework could handle a multitude of situations. Using the optimization
as a benchmark, a constant slip-angle strategy is shown to accomplish
close to that of optimal steering for different levels of braking.

Paper 11

V. Fors, B. Olofsson, and L. Nielsen, “Attainable force volumes of opti-
mal autonomous at-the-limit vehicle manoeuvres,” Vehicle System Dy-
namics, vol. 58, no. 7, pp. 1101-1122, 2020.

The attainable forces of optimal autonomous maneuvers are examined
and compared to the actual force utilization in optimal vehicle maneu-
vers. A new illustration named attainable force volumes is introduced
(see Figure 3.2), and it is used to effectively show how the trajectory of
a vehicle maneuver relates to the attainable forces over the duration of
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Figure 3.2: Attainable force volume during a left-hand turn. The volume
contains the attainable forces from braking with the optimal trajectory shown
as a solid line. Adapted from Paper II.

the maneuver. To enable this illustration, the globally fixed control-force
vector F is defined and justified using Pontryagin’s maximum principle
on a simplified vehicle model. For optimal lane keeping, the trajectories
are after an initial transient observed to develop on the boundary surface
of the attainable force volume spanned by the control-force vector compo-
nent F., and the yaw moment AM. Applied to lane-keeping control, this
indicates a set of control principles similar to those analytically obtained
for friction-limited particle models in earlier research, but is shown to
result in vehicle behavior close to the globally optimal solution also for
more general models and scenarios. Specifically, it is important to maxi-
mize the force in a control-force component, rather than to control the
direction of the force vector. Further, from the attainable force volumes
it is found in both a left-hand turn scenario and the initial turn of a
double lane-change scenario that the trajectories are close to their max-
imum attainable control-force component F.,. This means that direct
yaw-moment control is not prioritized over maximizing the control-force
component F¢,, which allows for simplifications in control design.
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Figure 3.3: Front-wheel slip angles obtained for the developed controller
(CL FE) in blue with desired values as dashed, the alternative steering con-
troller [77] in orange, and the offline numerical optimization in green. Adapted
from Paper III, Copyright © 2019 IFAC.

Paper II1

V. Fors, B. Olofsson, and L. Nielsen, “Yaw-moment control at-the-limit
of friction using individual front-wheel steering and four-wheel brak-
ing,” in Proceedings of the 9th IFAC International Symposium on Ad-
vances in Automotive Control (AAC), vol. 52, no. 5, pp. 458-464, Or-
léans, France, 2019.

A controller for operation at the limit of friction using front-wheel steer-
ing and individual four-wheel braking is developed based on following
an acceleration-vector reference. By exploiting the finding in Paper I
that the individual tire forces when driving under optimal lane keeping
tend to be close to their friction limits, the desired tire slip angles are
computed given an acceleration reference. This enables the use of propor-
tional feedback controllers to achieve steering and body-slip control. A
new simplified combined-slip tire model that only considers the extreme
case at the friction limit is introduced. Using this model to compute
the desired slip angles, and using a friction-ellipse based model to com-
pute the desired braking forces, the steps to compute the steering and
braking inputs from an acceleration reference of the vehicle center of
mass are explicit, resulting in a computationally efficient controller. To
enable different acceleration-vector references for each tire, the controller
is developed under the assumption that the front wheels are individually
steered, making the control input for each tire independent. A simple
adaptation of the developed controller is demonstrated to enable it to
be used for a more conventional vehicle with a single steering input.
The controller is evaluated on a lane-departure prevention problem us-
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ing a friction-limited particle model to compute the acceleration-vector
reference. When compared with offline numerical optimization and an
alternative steering controller based on a local minimization strategy [77],
it is found that while the resulting steering angles differ, the slip angles
of the front wheels between these methods and the developed controller
are very similar (see Figure 3.3). The resulting control performance of
the developed controller is comparable to that of the much more com-
putationally demanding offline numerical optimizations. Compared to
the alternative steering controller [77], the performance of the developed
controller is similar, but thanks to proportional feedback the developed
controller provides a smoother steering trajectory.

Paper 1V

V. Fors, B. Olofsson, and L. Nielsen, “Autonomous wary collision
avoidance,” IEEE Transactions on Intelligent Vehicles, 2020, DOI
10.1109/TIV.2020.3029853.

When avoiding an obstacle by straight-line braking, ABS can intervene
to provide close to optimal braking without any prior information about
the road friction. Inspired by this, a controller for autonomous collision
avoidance that does not use any estimation of the tire-road friction is
developed. The developed controller is based on a wary strategy to per-
form the maneuver that requires the minimum tire-road friction. Using
the available actuation according to the least friction for which collision
is still avoidable, results in a computation of the controller output that
is independent of the actual tire-road friction. The controller is based on
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Figure 3.4: Performance comparison between different models and controllers
at different initial passing angles . Lower is better. Adapted from Paper IV,
Copyright © 2020 IEEE.



40 Chapter 3 Conclusion

the controller in Paper III, but rather than using the empirical friction-
limit tire model introduced in that paper, an analytical expression for
the relation between the friction limit and the slip angle is derived. Like
in Paper III, the acceleration reference for the vehicle center of mass
is computed using a friction-limited particle model, which in the case
of the wary strategy has an explicit analytical solution, resulting in the
controller being fully explicit. The applicability of this analytical solution
is verified by numerical optimization on a full vehicle model using the
concepts of the control force and attainable force volume from Paper II.
Despite the low computational requirements of the developed controller
and not needing information about the actual tire-road friction, it is
demonstrated to be able to handle situations close to that achieved by
offline numerical optimization (Figure 3.4).

Paper V

V. Fors, Y. Gao, B. Olofsson, T. J. Gordon, and L. Nielsen, “Real-time
minimum-time lane change using the modified Hamiltonian algorithm,’
in Proceedings of the 26th Symposium of the International Associa-
tion of Vehicle System Dynamics (IAVSD), pp. 1457-1465, Gothenburg,
Sweden, 2019.

Aiming to perform real-time minimum-time lane changes, the Modified
Hamiltonian Algorithm (MHA) [77] (see Appendix B) is adapted. In a
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Figure 3.5: Path lateral acceleration for the optimal particle (black), the
adapted MHA method (blue), and offline numerical optimization (red). The four
different phases of the MHA controller: constant velocity, accelerate to the right,
accelerate to the left, and stabilize while braking are separated with vertical lines.
Adapted from Paper V, Copyright © 2020 Springer Nature Switzerland AG.
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minimum-time lane change a key variable is the switching time of the
acceleration reference, i.e., when to stop the lateral acceleration towards
the new lane and instead decelerate the lateral motion to stabilize at the
correct new lane position. It is shown that the simple friction-limited par-
ticle model used in Papers III-1V is insufficient for this scenario, leading
to an overshoot of the desired lane position. By incorporating a limited-
jerk condition in the particle model to account for the yaw dynamics
of the vehicle, the switching time can successfully be predicted (see Fig-
ure 3.5). Further, a stabilizing modification of the acceleration reference
is introduced for the vehicle to converge to the desired lane position.

Paper VI

V. Fors, P. Anistratov, B. Olofsson, and L. Nielsen, “Predictive force-
centric emergency collision avoidance by steering and individual four-
wheel braking,” 2020, Manuscript.

A controller for critical vehicle maneuvering is proposed that achieves
heavy braking while avoiding obstacles and staying on the road. The
desired motion of the center of mass is planned by a receding-horizon
approach, where the computed acceleration profile is followed by adapting
the controller from Paper III. The motion-planning step uses a friction-
limited particle model with elliptic friction constraints to capture the
difference in friction in longitudinal and lateral directions. Compared to
the analytically obtained acceleration-vector references in Papers IV-V,
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Figure 3.6: The path for a scenario featuring a moving obstacle in a curved road.
The red lines mark the position constraints with the dotted red line marking
the obstacle constraint at the start of the maneuver. The small black dot is the
current position of the car with a black line showing its path. The dashed blue
line is the first planned path. The dashed green line is the latest planned path.
Adapted from Paper VI.
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the receding-horizon approach enables a more general scenario definition
and more freedom to choose the optimization criterion. The controller is
evaluated in a number of representative scenarios where it demonstrates
real-time performance. In all cases, the vehicle is well behaved regard-
ing steering angles, slip angles, body slip, and the resulting paths. By
replanning, the controller takes advantage of braking possibilities when
the obstacle moves to widen the drivable area (see Figure 3.6). In conclu-
sion, the controller successfully balances between braking and avoidance,
performing well both from a functional perspective and from a real-time
perspective.

Other Publications by the Author

V. Fors, B. Olofsson, and L. Nielsen, “Formulation and interpretation
of optimal braking patterns in autonomous lane-keeping maneuvers,’
presented at the 2nd IAVSD Workshop on Dynamics of Road Vehicles,
Berlin, Germany, 2017.

Initial research presented at a workshop that led to the Papers I-II.

V. Fors, B. Olofsson, and L. Nielsen, “Slip-angle feedback control
for autonomous safety-critical maneuvers at-the-limit of friction,” pre-
sented at the 14th International Symposium on Advanced Vehicle Con-
trol (AVEC), Beijing, China, 2018. URL: http://urn.kb.se/resolve?urn=
urn:nbn:se:liu:diva-149899.

Initial research presented at a conference that led to the Papers III-1V.
This research was limited in scope by not considering the yaw stability
of the vehicle.

3.2 Reflection

This research has investigated autonomous safety-critical maneuvering of
passenger cars. The research started with a study of the optimal behavior,
with an ambition to provide insights that can be used to aid in design
of future safety systems. Autonomous safety systems inspired by these
results have the potential to save lives [83]. The application of the insights
gained when studying the optimal behavior was particularly suitable for
methods based on following acceleration-vector references [71, 77]. Fur-
ther, the results in Paper II directly hint at the close-to-optimal potential
of such methods, which have been the focus of the later research.
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The goal of the acceleration-based methods is to first find an accele-
ration-vector reference for the given scenario, then given this reference
find appropriate steering and braking commands. With the individual
tire forces summing up to the total force and the total moment acting on
the vehicle, and the desire to utilize all available tire forces, a procedure
to efficiently compute the slip angle and braking torque for which the
tire force is maximized in a given direction is valuable. The methods
introduced in Papers III-IV are appealing approaches to achieve this.

A particular advantage of the acceleration-based methods investigated
in this thesis is that they allow the usage of different models to compute
the steering and the braking actions, while still taking combined steering
and braking into consideration. In Papers III-IV, the tire models are
tailored for their specific use (such as only describing the behavior at
the friction-ellipse limit) which enable them to remain simple while still
working well for their respective use case. An example of this can be
observed in Figures 3.3 and 2.13, where different tire models are used to
determine the steering and braking, respectively, both models resulting
in behavior close to that obtained by offline numerical optimization.

Computing the desired slip angles given a desired acceleration vector
gives some intuition on the optimal behavior. A special case is the constant
front-axle slip-angle strategy inspired by professional racing drivers [84],
which is shown to be close to optimal in a left-hand turn scenario in
Paper 1. In that case, the desired acceleration is close to perpendicular
to the velocity vector of the vehicle, resulting in the optimal slip angles
being close to those that provide maximum lateral force.

A goal stated in Section 1.2 is to find control principles that allow
for simplifications in the problems of planning, control, and parameter
estimation when operating at the limit of friction. The culmination of this
effort is Paper IV, where a controller is developed that performs close to
that achieved by offline numerical optimization, while being independent
of any estimation of the tire—road friction and being fully explicit, making
its computational time negligible. A takeaway is that like one may make
simplifications in the control design when driving under mild conditions,
one may make other simplifications when driving at the limit.

3.3 Outlook

While the findings in Paper I indicate future safety systems that can
adapt the level of braking depending on the situation at hand, interpolat-
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ing between yaw-moment control and optimal lane-keeping control, this
is not explored further in this thesis. The wary controller developed in Pa-
per IV has a similar concept, where the least amount of friction for which
avoidance is still possible is used to determine the steering and braking ac-
tions, but with this determination of braking and with full authority over
the steering, the resulting strategy is different. On reflection, the kind of
adaption suggested in Paper I appears more suitable for driver-assistance
functions, where it may be desirable to give the driver more control and
limit the intervention. Driver-assistance functions that support the driver
and include a driver in the loop have not been considered in this thesis,
in favor of autonomous functions with full authority over the steering and
braking. A driver-assistance system with different degrees of intervention
is demonstrated in [85], but there the different degrees of intervention are
discrete rather than the continuous scale suggested in Paper I.

The research in this thesis is focused on passenger cars. The possibility
of rollover introduces another constraint on the system, where the lateral
acceleration has to be limited to prevent the vehicle from tipping over.
This is highly relevant for larger vehicles such as trucks, but also needs
to be considered for passenger cars with higher center of gravity such as
SUVs. Here, the acceleration-based methods developed could be adapted
to take rollover into account when planning and following the desired
acceleration.

An alternative approach to coordinate the steering and braking with
the vehicle motion is to use MPC on a full vehicle model where the prob-
lems of motion planning and control are solved simultaneously [30, 86].
The methods and models for the acceleration-based controllers developed
in this theses can potentially be of use also for this architecture. In par-
ticular, the analytical model of the tire-road friction limit in Paper IV
could be used for the prediction or to achieve the tire forces predicted.

Robustness to friction is achieved in Paper IV, where it is eliminated
as an estimated variable from the control loop. From the perspective
of safety, it would be interesting to further study the methods’ ability
to handle uncertainties in parameters and realistic disturbances, and to
further develop the methods to increase such robustness.

The controllers developed in this thesis show great promise with low
computational cost and performance not far from that obtained offline by
using numerical optimization when evaluated in high-fidelity simulation,
and it is thus interesting how these results transfer to experiments on
real vehicles.



Appendix A

Vehicle Model Parameters

HE parameters used to model the vehicle in Papers I, II, III, and VI
Tare collected in Table A.1. These parameters have been used by [87],
where the tire parameters originate from the empirical model presented
by [58]. They are chosen to resemble the dynamics of a standard passenger
car on dry asphalt. Not all parameters are used in every paper, which
parameters that are used depend on the exact modeling equations used
in that paper. For example, Paper VI uses static load transfer and thus
does not use the parameters related to the suspension system.

Paper IV and V use different parameters that try to resemble the
high-fidelity CarMaker [25] model used for simulation. These parameters
are similar to those for a Ford Focus and are collected in Table A.2. The
same suspension parameters as previously are used and the other chassis
parameters are obtained from the model description in CarMaker. The
tire parameters have been fitted based on slip—force curves for differ-
ent combinations of slip ratios and slip angles under nominal tire loads,
corresponding to the vehicle at zero longitudinal and lateral acceleration.
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Table A.1: Vehicle model parameters used in Papers I, II, I, and VI.
The chassis model parameters are from [87] and resemble the dynamics of
a standard passenger car. The tire-force model parameters originate from
[58], representing the behavior of a tire on dry asphalt.

Description Notation Value Unit
Longitudinal distance to wheel i ba 15 Lo 1.3 m
l%g, lx74 —-1.5 m
Lateral distance to wheel ¢ byt bys 08 o
ly’z, ly’4 —0.8 m
Height of the center of mass h 0.5 m
Vehicle mass m 2100 kg
Roll moment of inertia g - 765 kg m?
Pitch moment of inertia Iyy 3477 kg m?
Yaw moment of inertia I, 3900 kg m?
Pitch suspension stiffness Ky 363 540 Nm/rad
Pitch suspension damping Dy 30960 Nms/rad
Roll suspension stiffness K, 178 000 Nm/rad
Roll suspension damping Dy 16000 Nms/rad
Rotational wheel inertia Iy 2 kg m?
Wheel radius R, 0.3 m
Time constant of braking system ~p 0.1 S
Wheel moment of inertia Iy 2 kg m?
Relaxation length o 0.3 m
Aerodynamic coefficient Kp 0.36 ke/m
Tire-force parameters Notation Value Value
ie{l,2} e {34}
Longitudinal force K. i 1.1959 1.2027
B, 11.6848 11.1217
Cyi 1.685 1.685
Ei 0.37729 0.36192
B, 12.35 12.35
B —10.77 —-10.77
Crai 1.092 1.092
Lateral force oy 0.93476 0.96146
By 8.8626 9.3016
Cyi 1.193 1.193
E,; —1.2076 —1.1087
By 6.461 6.461
By 4.196 4.196
Cyri 1.081 1.081




Table A.2: Vehicle model parameters used in Papers IV and V. The
model parameters are chosen to resemble the Ford Focus like vehicle model

available in CarMaker [25].

Appendix A Vehicle Model Parameters

Description Notation Value Unit
Longitudinal distance to wheel i a5 Lo 1.043 m
l$73, lw74 —1.637 m
Lateral distance to wheel i byt bys 0.755 o
ly2, lya —0.755 m
Height of the center of mass h 0.305 m
Vehicle mass m 1174 kg
Roll moment of inertia Ion 441 kg m?
Pitch moment of inertia I, 1569 kg m?
Yaw moment of inertia 1., 1730 kg m?
Pitch suspension stiffness Ky 363 540 Nm/rad
Pitch suspension damping Dy 30960 Nms/rad
Roll suspension stiffness Ky 178000 Nm/rad
Roll suspension damping Dy 16 000 Nms/rad
Rotational wheel inertia Ly 1 kg m?
Wheel radius R, 0.293 m
Time constant of braking system ~p 0.1 S
Wheel moment of inertia Iy 1 kg m?
Relaxation length o 0.1 m
Aerodynamic coefficient Kp 0.36 kg/m
Tire-force parameters Notation Value Value
ie{1,2} ie{3,4}
Longitudinal force i 1.0530 1.1016
B, 19.6942 17.7938
Cy.i 1.4739 1.5161
E,; —0.2210 —0.1656
B 15.3728 15.3728
By i —8.7422 —8.7422
Crai 1.0544 1.0544
Lateral force oy 1.0386 1.0961
B, ; 9.3917 7.0765
Cyi 1.5814 1.9103
Ey; —0.0569 0.3342
By 4.5491 4.5491
By i 8.3054 8.3054
Cyr,i 1.9619 1.9619
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Appendix B

The Modified Hamiltonian Algorithm

HE Modified Hamiltonian Algorithm (MHA) by Gao, Lidberg, and

Gordon [77] is used in Paper V, and is for completeness described in
detail here. A significant aspect of the method is also used in Papers I1I-
1V.

In a first step, MHA uses a friction-limited particle model to determine
a center-of-mass acceleration-vector reference ad. Assuming that this
reference is at the limits of friction, the reference is achieved by minimizing

the function

ad

H =p,F, + p,Fy, L’j = —W, (B.1)

where F, and Fy are the longitudinal and lateral forces acting on the
vehicle, respectively. To include control of the yaw moment M, the Hamil-
tonian function H is adapted to

H=p,Fp +p,Fy+ M, (B.2)

where A acts similar to a Lagrange multiplier and constrains the yaw
moment M, to a desired yaw moment MJ. This is achieved by adapting
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the value of A online by a fixed increment A at each controller sampling
instant using

A= A+ A -sign(M, — M), (B.3)
Expressing the individual tire forces [F};, F;i]T,VZ’ € {1,2,3,4}, in vehi-
cle coordinates, the total forces and moment are given as

4
Fy =Y FY, (B.4)
i=1
4
Iy = ZF;zv (B.5)
i=1
4
M, = Z(lm,iF;,i - ly,iF;}ﬂ')- (B-G)
i=1

The modified Hamiltonian function (B.2) can then be expressed as

H
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@
I
—

v v v v
p:r:,iFr,i + py,iFy,i'

Il
'M”;

N
Il
—

This can be written as a sum of local Hamiltonian functions H = 34| H;
and can be converted to local tire forces by using

FYi|  |cos(d;) —sin(6)| |Fa
[F;z] B [sin(&) cos(6;) ] [Fy7i‘| : (B.8)

The procedure described so far was also adopted in Papers III-1V, but
those papers used different procedures to minimize the function (B.2)
than what was used in MHA [77]. What follows here is the procedure to
minimize (B.2) introduced in [77] and used in Paper V.

At each wheel, a one-dimensional search is carried out to find the
desired slip ratio /@? that minimizes the local Hamiltonian function H;
for the given slip angle «,

k4 = arg min H;. (B.9)

Ri
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This results in the predicted tire forces

FP, = Fui(kf, o), (B.10)
Fy; = Fya(ki, ). (B.11)

Assuming steady-state wheel dynamics, the corresponding braking torque
T; is computed as
T, = ReFOf’i. (B.12)

where R, is the effective wheel radius.

To determine the desired body slip and steering angle, local minimiza-
tions of the Hamiltonian (B.2) are performed. Via small perturbations
+¢ of the slip angle a; at the desired slip ratio /€ , it is approximated

that
8HZ N HZ(OéZ + 8) — Hl(Oéz - 8)

B.1
ooy 2e (B.13)
Further, the slip angle «; for small slip angles 5 can be approximated by
lmi .

xT

Considering a typical vehicle with front-wheel steering (§; = d2 = § and
03 = d4 = 0), the influence of a change of steering angle § and body slip
f on the value of (B.2) are using the chain rule and (B.14) given by

8£ o 8H1 8041 4 8H2 8@2 ~ 8H1 T 8H2
a5 8041 96 ' day 05 am oy’
OH, aa, 4

Z Do, Z 8% (B.16)

This is now used to create control laws that reduce the value of (B.2).
The common front-steering rate § acts to locally reduce the value of (B.2)
via

(B.15)

- {O Simax sign (%?) if ’ ’ > tolerance, (B.17)

otherwise,

where Smax is a parameter determining the steering-rate limit. Similarly,
the target body-slip rate 4 acts to locally reduce the value of (B.2) via

B — — Brax sign (%g) if ’%—g’ > tolerance, (B.18)
0 otherwise,
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where Bmax is a parameter determining the body-slip rate limit. To pre-
vent large body slip 3, thresholds 81 and (B2 are introduced such that
0 < B1 < B2 and the desired body-slip rate 39 is determined by

] _Bmax Sign (6) if ‘6‘ > /827
pi=10 if |8| > By and BBy > 0, (B.19)

BH otherwise.

To complete the control loop, the desired yaw moment M in (B.3)
is determined. The desired yaw rate ¢4 is computed as

v =6+ 5 (B-20)

where ¢ is related to the vehicle path curvature p and velocity v by b= vp.
Computing the predicted path-lateral force ] as

F? = Fpcos(B) —
Fr cos(8;) —sin(6;)| | Fy,
lF v ] - Z lsm(&) cos(8;) ] [F;j , (B.22)

the current vehicle path curvature p is approximated as

FPsin(f), (B.21)

FY

mu?’

p= (B.23)
where m is the vehicle mass. Finally, the loop is closed around the de-
sired yaw rate ¢4 by computing M using a first-order control law with
characterizing time constant 7:
I
ad = L= 20 (B.24)

T

where I,, is the yaw moment of inertia.
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