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Abstract—An optical flow inspired magnetic-field based odom-
etry estimation process is presented. The estimation process is
based upon taking “image” like measurements of the magnetic-
field using a magnetometer array. From the measurements a
model of the local field is learned. Using the learned model
the pose change that gives the smallest prediction error of
the measurement at the next time instant is calculated. Two
models for describing the magnetic-field are presented, and the
performance of the odometry estimation process when using the
two models is evaluated. The evaluation shows that at a high
signal-to-noise ratio the pose change can be estimated with an
error of only a few percentage of the true pose change. Further,
the evaluation shows that the uncertainty of the estimate can be
consistently estimated. Thus, the proposed odometry estimation
process can be used to reduce the navigation error growth rate
of, for example, inertial navigation systems by providing reliable
odometry information when passing by magnetized objects.

I. INTRODUCTION

Vector-fields, such as the earth’s magnetic-field and gravity-
field, are highly informative sources for localization. These
exemplified vector-fields are omnipresent and stable, and
variations in the fields, if measured accurately, provide a
fingerprint highly correlated to the measurement location [1];
an example of the magnetic-field variations inside a building
is shown in Fig. 1. Hence, these fields constitute a viable and
robust information source for localization in Global Navigation
Satellite System (GNSS) denied environments, such as indoors
or underwater [2], [3]. Indeed, recent research on magnetic-
field based simultaneous localization and mapping (SLAM)
using low-cost magnetometers and inertial sensors has shown
impressive results and opened up a potential path toward
scalable and accurate pedestrian indoor localization [4], [5].
However, a fundamental limitation of these magnetic-field
based SLAM solutions is the requirement to frequently revisit
mapped areas for mitigation of the inertial navigation errors.
The allowable length of the exploratory phases depends on
the uniqueness of the features and the navigation error growth
rate of the inertial navigation process. Hence, to increase the
usability of current magnetic-field based SLAM solutions there
is a need for techniques that: (i) enable faster and more unique
magnetic-field feature learning, and (ii) reduce the inertial
navigation error growth rate. The latter is important not only in
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Fig. 1. TIllustration of the magnetic-field magnitude variations inside a
building. The field was measured with an magnetometer array, whose location
was tracked by camera-based tracking systems. The field measurement was
then interpolated and the field magnitude was projected on the floor.

magnetic-field based SLAM, but also for inertial sensor based
navigation systems in general.

Today, thanks to the last decade’s sensor technology devel-
opment, high-performing and affordable magnetometer vector-
sensor arrays can be constructed. Similarly to how a camera
can take an image of the surrounding environment, these
sensor arrays can take an image-like measurement of a vector-
field; see Fig. 2 for an example of a magnetic-field “image”.
And just as in computer-vision based localization systems,
these magnetic-field measurements can be used for odometry
and localization via feature tracking and feature matching.
However, unlike visual imaging, magnetic-field imaging is not
impaired by smoke, dust, fog, etc. Further, in contrast to the
hard to model structure of visual images, the imaged magnetic-
field must comply with easy to model physical laws [6].
Therefore, this paper will present a model-based estimation
method for magnetic-field “image” based odometry.
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A. Related work

The concept of magnet-field based odometry was first
proposed in [7], where it was based upon the differential

equation

dm dm

T m X w+ o V. @))
The differential equation relates the rate of change of the
magnetic field m € R3 to the rotation rate w € R? (assumed
to be measured by a gyroscope triad in [7]), the Jacobian of
the magnetic field dm /dr € R3*3 with respect to the location
r € R3, and the velocity v € R3. From the measurements of
a magnetometer array the Jacobian dm/dr can be estimated
and the differential equation solved. That is, the velocity v can
be estimated.

In subsequent works [8] and [9] by the same authors, as
well as in the recent papers [10]-[13], the differential equa-
tion (1) was used to develop magnetic-field based odometry
aided inertial navigation system solutions. The result is a
navigation system with a much slower error growth rate than
a pure inertial navigation system; theoretically, the position
error should grow linearly with time, instead of cubically.
Indeed, the experimental results presented in [9] show that
in an environment where there are sufficient variations in
the magnetic field, such a magnetic odometry aided inertial
navigation system can achieve a position error proportional to
only a few percentage of the distance traveled.

Recently, a model-based approach to the magnetic-field
odometry problem was proposed [14]. By introducing a model
M of the local magnetic-field and fitting the model to two
consecutive array measurements, i.e., two consecutive field
images, the translational and rotational motion of the array
between the measurements can be estimated. In relation to
computer-vision odometry, the model-based approach can be
viewed as performing sub-pixel interpolation using the model
M and then doing optical-flow calculations for estimating the
translational and rotational motion between the images [15].

Viewing the magnetic-field odometry problem as a model
estimation problem has several benefits. First, estimation the-
ory can be applied to analyze the properties of the magnetic-
field odometry problem and to derive various estimators.
Second, the translational and rotational motion of the array
can theoretically be estimated without any gyroscopes, which
makes it possible to perform dead-reckoning using only an ar-
ray of magnetometers. Finally, and possibly most importantly,
the experimental results presented in [14] indicates that model-
based magnetic-field odometry may, at low signal-to-noise
ratios, provide higher accuracy than odometry approaches
based upon directly solving (1).

B. Contributions

Based upon the listed attractive properties of the model-
based odometry estimation process, we will in this paper
extend the initial findings reported in [14] and present an
optical flow inspired approach to magnetic-field odometry
using magnetic-field “images”. More precisely we will:

245 [mm]

345 [mm]

Fig. 2. Example of magnetic-field quiver plot, that is, a magnetic-field image,
overlaid on the magnetic-field sensor array used to capture the field. Two
arrows are missing due to broken sensors.

1) present two magnetic-field models suitable for model-
based magnetic-field odometry and describe how the
parameters of these models can be learned; and

2) evaluate the odometry accuracy when using the two
magnetic-field models to process magnetic-field mea-
surements observed in a typical indoor environment.

All the data and code used to produce the presented results
can be downloaded from www.openshoe. se.

II. PROPOSED ODOMETRY ESTIMATION PROCESS

Next the proposed model-based odometry estimation pro-
cess will be presented. To support the reader in assimilating
the mathematical description of the estimation process a
conceptional illustration of the process is presented in Fig. 3.

Consider a sensor array with L € N three-axis magnetome-
ters and let

.
ve= T )T @

denote the measurements from these sensors at time instant
k € N. Here y") € R3 denotes the measurement from the i:th
magnetometer in the array. Further, let the local magnetic-
field model M, (r) € R? be defined such that it describes the
magnetic-field at location 7 with respect to the array coordinate
frame at time k. Moreover, let the pose change of the array
between time instant k£ and k¥ + 1 be denoted by
N 3)
Here Ap;, € R? and Agy € [0,27]3 denote the displacement
and orientation change, respectively.

The array measurements at the next time instant, i.e., Yx+1,
can then be modeled as

Tyl = [AP;H AQkT-H

Y1 = "M @pq1; Mp(r)) + ers1 (4a)
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Field measurements at time instant: k
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Fig. 3. Conceptional illustration of the proposed odometry estimation process. From the magnetic-field measurements y; a model My (r) of the local
magnetic-field is learned. Using the learned model the pose change &1 that gives the smallest, in the weighted least squares sense, prediction error of the

measurement Y1 is calculated. The covariance X

Th41
where
C(AGs) Mi(r()y)
hzpq1; Mi(r)) = (4b)
C(Agr 1) Mi(ri)
and _ '
7‘1(@21 = Apit1 + C(Agis1)d?. (4¢)

Here C(Agy;) € SO(3) denotes the directional cosine matrix
parameterized by Agy. Further, d¥) € R? denotes the location
of the 7:th magnetometer triad within the array. Moreover, ej, €
R3Z denotes the magnetometer array observation noise, which
is assumed white with covariance ., = 02I3;. Here I3,
(031) denotes an identity (zero) matrix of dimension 3L x 3L.

In the definition of the measurement model (4a) it has
been assumed that a perfect magnetic-field model My/(r) is
available. However, M (r) is typically unknown and must
learned on the fly. Moreover, the learned model will generally
not be perfect. If the model estimate M, (r) is unbiased and
the model error small, then the error can be accounted for in
the measurement model (4a) by substituting the observation
noise covariance Y., with the modified covariance

S = (IL® C(AG)) Sy, . (IL® C(Aq)) ' +3., (5a)

of the pose change estimate is also calculated.

where

(1,1) (1,1)
EMk ... Em
Elﬂhk = E . E (Sb)
(L,1) (L,L)
ZMk Em
and

D = cov {WMt(ri] ), M) } (50)
Note that the modified covariance matrix >, depends on the
pose change as it takes into account the uncertainties of the
learned magnetic-field model M, (r) when extrapolating the
measured field into new regions.

Thus, given a magnetic-field model estimate M, (r) and the
measurement model (4a), the weighted least square estimate
of the pose change x4 can then be obtained as

Zp41 = argmin V() (62)

where

V(@) = llywsr = h@ M5z oy (6D)

Further, the covariance of the estimate Z;; is given by [16]

Sire = NHSL (G HY (7a)

Tri1



2021 International Conference on Indoor Positioning and Indoor Navigation (IPIN), 29 Nov. — 2 Dec. 2021, Lloret de Mar, Spain

where A\ =V (i41)/(3L) and

H; =V h(z; My (r))] (7b)

r=Tp41’

Next, two magnetic-field models M, (r) and methods to learn
the model parameters, will be presented.

III. MAGNETIC-FIELD MODELS

If the array moves within a static magnetic-field with no
free current then, according to Maxwell’s equations, the field
should be both curl- and divergence-free [6]. Hence, the
magnetic-field model M, (r) should satisfy the conditions

VTXMk(T‘) =0
Ve - Mg(r) = 0

(8a)
(8b)

Next, a polynomial and a Gaussian process model satisfying
these conditions will be presented.

A. Polynomial model

A curl- and divergence-free polynomial magnetic-field
model can be obtained by the linear model

M (r) = D(r)by 9)

with the regression matrix ®(r) € R3** and parameter vector
0 € R” selected as in [14]. For an n:th order polynomial the
model has x = dim(f) = n? 4+ 4n + 3 unknown parameters.
Since the model is linear the magnetic-field model can be
estimated from the measurements gy as [16]

/\/lk(r) = CI)(T)ek (103)
where the model parameter estimate is given by
Or = (Z @T(d(l))é(d(”)> S aT(dD)y”.  (10b)
i=1 i=1

Further, the cross-covariance of the two estimates /\;lk(r(i))
and My (r\9)) is given by [16]

I —1
Ei\aj) _ &3 @(T(Z)) (Z @T(d(z))q)(d(ﬂ)> (I)T(T(J))
i=1

(11a)
where

L

~ 1 3 i\ A

62 = 2= > Ik — (). (11b)
=1

The polynomial order, i.e., n, can be selected using, e.g., the
Akaike information criterion (AIC) [17]. Further, the compu-
tational complexity of the learning process is approximately
nt L2.

B. Gaussian process model

A non-parametric method for modeling magnetic-fields us-
ing a curl- and divergence-free Gaussian process was presented
in [6]. Adapted to the notation used within this paper, the
method can be summarized as follows. The magnetic-field and
the magnetization of the material in which the field is observed
can jointly be modeled as

Fr) = mg)] ~ GP(0,K(r,")).

(12)
Here 7(r) € R? denotes the magnetization of the material
and GP(0, K(r,7")) denotes a zero-mean Gaussian process
with kernel function K(r,r’) € R%*5. The kernel function
describes the correlation of the Gaussian process between
point r and point 7/, i.e., K(r,r") = Cov{f(r), f(+')}, and is
in the considered case defined as

n_ | Kpe(rr) Kg(r,r")
K(r,r') = [KB(T, )y Kg(r,r')+ Kg(r,r") (132)
where
Jlr=r"]2
KB(’I“, ’I“l) — o‘l?n[?) + gj%e_ 202 I
(=)=, =P
’ < /2 + (2 - 02 )I3
(13b)
and
K N 2] 9 =i
u(r,r’) =osl3+ ope”
(13¢)

)

Here, 0y € R* and ¢ € R denote the magnitude variations
and the length scale of the radial base function part of the
kernel. Moreover, o, € R denotes the magnitude variations
of the linear part of the kernel. These three hyperparameters
can either be set based upon prior knowledge about the un-
derlying magnetic-field or learned from the field observations
as described in [18].

Given the Gaussian process model in (12) the magnetic field
M, (1) at the locations 7"1(@21’ t=1,...,L can be predicted
from the measurements yj, via the following four steps. First,
define the two vectors

M) FM(dD)"
* M(rl(cl—&;-)l) d o __ M(d(L)) 14
I = 77(7"1(;1-21) and f° = n<d(1)) (14)
L n(rih) ] (@) |

describing the magnetic-field and magnetization at the pre-
diction and measurement location, respectively. Further, in-
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troduce the ideal pseudo magnetization measurement vectors
yp € R* and y)!,, € R3" defined as

n(d®) n(ry))
and yZ+1 = : )

&)

15)

U(dkL)) n(r

respectively. Moreover, let ! = 0 and y;/ 41 = 0 since the
magnetization at all physically feasible locations of the array
must be zero.!

Second, assume that the measurement noise e is Gaussian
distributed and calculate the posterior mean and covariance of
f* given the measurements y; and yZ That is, calculate [18]

1 1ywr = EL luks yi )

= Spope (Spepe + 2e) B’Z}
k

(16a)

and
Zf*f*lyk,y,z = COV{f*7 f*|yk7 yZ}

B (16b)
= Ef*f* — Ef*fo (Efofo + Eé) lz}r*fo,

where the covariance matrices X gy« = Cov{f*, f*}, Xpefo =
COV{f*7 fo}, Yipopo = COV{fO, fo}, and Y = X, ® 037, can
be calculated using the kernel definition in (13a).

Third, update the posterior mean and covariance using the
knowledge that yz 41 also should be zero. That is,

Bty s, = BU Wk, il vl

(17a)
(o — G)Mf*\yk,ylf
and
Zf*f*\yk,yg,ngrl = COV{f*v f*‘ykay]?-vyz_t,_l} (17b)
= (I6L - G)Ef*f*\yk,yz
where
G = Sppeipy U\ S pefe eyl UNH~lU (17¢)
U = |03z Isz]. (17d)

Finally, the magnetic-field estimate is given by removing the
parts of the posterior mean and covariance relating to the
magnetization. That is,

~ 1
Mi(ri),)
: - [uf*‘y’“yz’y’zﬂ} 1:3L,1:3 (182)
. L 1
Mk(rl(c+)1)
and
B = [Zf*f*‘yk’yg’ygﬂ} 1:3L,1:3L (160

Here the operator [Al;. . cuts out the sub block corre-
sponding to rows ¢ to j and columns m to [ of matrix
A. The computational complexity of the learning process is
approximately (6L)3 [18].

T Air is non-magnetic and thus has zero magnetization.

IV. EVALUATION

To evaluate the performance of the proposed odometry
estimation process when using the two magnetic-field models
the following simulation experiments were conducted.

A. Simulation setup and evaluation metrics

Magnetic-field data was collected using a magnetometer
within a volume of approximately 4 m? in the room shown in
Fig. 1. While collecting the data the position and orientation
of the magnetometer was tracked by a high-end camera-based
tracking system. A high-order dipole reference model was
then fitted to the data. The field of the resulting reference
model is shown in Fig. 4. Using the reference model, Monte-
Carlo simulations where an array moved according to three
different trajectories through the field, were conducted. The
three trajectories were:

1) An in-plane trajectory where the array moved without
any rotations in a straight horizontal line, and with the
zy-plane of the array aligned with the zy-plane of the
reference model.

2) An out-of-plane trajectory where the array moved with-
out any rotations in a straight vertical line perpendicular
to the xy-plane of the array, and the xy-plane of the
array was aligned with the zy-plane of the reference
model.

3) A spiral trajectory where the array moved in an upward
spiral with a constant radius and the z-axis of the array
pointing in the tangent of the movement and the roll
being zero.

The trajectories are shown in Fig. 4. In all the trajectories the
displacement || Apy || between the measurements was 100 mm.
For the spiral trajectory the change in orientation ||Agy|| was
3 °. Further, the geometry of the simulated array was the same
as for the one shown in Fig. 2. That is, the array consisted of
30 magnetometers placed in a 6 times 5 grid with 64 mm and
55 mm spacing in the x and y axis directions, respectively.
Moreover, the noise variance of the magnetometers was set
to 02 = 0.01% uT. This corresponds to the noise level of the
low-cost magnetometer RM3100 from PNI Sensor, US.?

Using the simulated array measurements the pose change of
the array was estimated using (3) and the root-mean-square-
errors (RMSE)

M
i 1 (m
RMSE{Api} = \| 57 D 185" — Apel? - (199)
m=1

and

M
N 1 ~(m)
RMSE{AGe} = | 57 D A" = Agl|2,  (19b)
m=1
were calculated. Here, the superscript m denotes the simula-
tion iteration at which the estimate was calculated and M is

2Data sheet available at: https://www.pnicorp.com/wp-content/uploads/
RM3100-Breakout- Board-Product- Sheet.pdf
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Generated magnetic-field and trajectories
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Fig. 4. Illustration of the magnetic-field and trajectories used in the simula-
tions. The field model is based on real measurements to which a high-order
dipole model has been fitted.

the total number of iterations in the Monte Carlo simulation.
Furthermore, the mean values

M
s L (m)
Xap. = M Z {zi’k L:s 1:3 (20a)
m=1 >
and u
S 1 : (m)
Mg = M Z {Zf’c }4:6 4:6 (200)
m=1 T

of the uncertainties estimated by the estimator were computed.
Moreover, as a measure of how much the field varied across
the array the signal-to-noise ratio (SNR)

& S M (dD) — M|

SNR;, = -
€

(21a)

where

_ 1 _
My = 3~ Mi(d?),

3L - (1b)

was calculated.

When learning the magnetic-field models the following
settings were used. In the case of the polynomial model the
only hyperparameter is the polynomial order n, which was
automatically selected using AIC’s method with a maximum
allowed polynomial order n = 4. In the case of the Gaussian
process model all hyperparameters except the noise variance

o2 were set to fixed values. The values oy =5 uT, £ = 0.15

€
m, and o, = 15 uT were used as they gave the overall best es-
timation performance. The noise variance o> was estimated by
maximizing the marginalized likelihood function as described

in [6]. Noteworthy, theoretically it is possible to estimate all

hyperparameters from the marginalized likelihood function,
but in practice it prove to be difficult as the marginalized
likelihood function contains multiple local optima.

B. Results and discussion

The results from the Monte Carlo simulations are shown in
Fig 5-7. From the figures it can be seen that the estimation
accuracy is highly dependent on the SNR. At a high SNR the
displacement and orientation change can be estimated with an
accuracy of 1-3 mm and 0.1-0.2 °, respectively. This corre-
sponds to a few percentage of the true pose change. Further, it
can be seen that the polynomial and Gaussian process models
perform approximately equally well, except for trajectory
#2 (the out-of-plane trajectory), where the Gaussian process
model performs poorly for all SNR; the poor performance is
likely due to the flexibility of the Gaussian process model,
which makes it worse at extrapolating than the polynomial
model. Moreover, when the Gaussian process model is used,
the proposed odometry estimation process generally becomes
overconfident in the accuracy of the estimated pose change.
When the polynomial model is used there is a good agreement
between the estimated and true uncertainty in the pose change.

Gaussian process models is the state-of-the-art technique
for representing the magnetic-field map in magnetic-field
SLAM solutions [5]. However, the presented results indicate
that different magnetic-field models should be used for the
odometry and mapping process if the proposed magnetic-
field odometry estimation process are to be combined with
existing magnetic-field SLAM solutions. Considering that the
polynomial model is a linear model of small dimension, the
computational complexity of adding the odometry estimation
process to existing magnetic-field SLAM solutions is low
(approximately n* L? floating point operations) and should not
hinder real-time implementations.

V. CONCLUSIONS & FUTURE RESEARCH

A model-based magnetic-field odometry estimation process
has been presented. Further, the performance of the proposed
odometry estimation process when using a polynomial model
and a Gaussian process model to describe the local magnetic-
field has been evaluated. The evaluation results shows that at
high SNR the pose change can be estimated with an error of
less than a few percentage of the true pose change. Moreover,
the evaluation shows that with the polynomial model the uncer-
tainty of the estimate can also be consistently predicted. Thus
the proposed magnetic-field odometry technique constitutes a
complimentary source of navigation information that can be
used to reduce the position error growth rate of inertial navi-
gation systems or other dead-reckoning systems. This is done
by providing accurate and reliable odometry information when
passing by magnetized objects, such as metal structures inside
walls. When comparing the polynomial model and Gaussian
process model, in general the polynomial model provides the
highest odometry accuracy and the most consistent uncertainty
estimates. Furthermore, the learning of the polynomial model
has much lower computational complexity than the Gaussian
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Fig. 5. Estimation error for trajectory #1, i.e., the in-plane trajectory.

process model, which makes it more suitable for usage in
real-time applications. Our future research will be focused on
developing methods for tight integration between model-based
magnetic-field odometry and inertial navigation systems.
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