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Abstract

With a fast-growing electricity demand and a larger proportion of intermittent
energy sources follows a greater need for flexible and balancing sources of elec-
tricity, such as hydropower. Planning of hydropower production is considered to
be a difficult problem to solve due to several nonlinearities, combinatorial prop-
erties and the fact that it is a large scale system with spatial-temporal coupling.
Optimization approaches are used for solving such problems and a common sim-
plification is to disregard the effect of head variation on the power output. This
thesis presents two methods for modeling the head dependency in optimiza-
tion models for hydropower river systems, the Triangulation method and the
Bilinear method. The Triangulation method implements a three-dimensional
interpolation technique called triangulation, using a MILP formulation. This
is a commonly used method found in the literature. The Bilinear method is
a novel approach that applies a piecewise bilinear approximation of the power
production function, resulting in a BLP problem. Also, a strategy for selecting
which hydropower stations to include head dependence for is provided. The per-
formance of the methods was evaluated on authentic test cases from Lule River
and compared to results obtained by Vattenfall’s current model without head
dependency. The Triangulation method and the Bilinear method give higher
accuracy, and are therefore considered more realistic, than the current model.
Further, the results indicate that it is sufficient to include head dependence for
a subset of stations since the error is significantly reduced. Mid- to long-term
scenarios were solved with high accuracy when a subset of the stations was
modeled as head dependent. Overall, the Bilinear method had a significantly
shorter computational time than the Triangulation method.
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Nomenclature

Discharge The flow of water through the turbine in a hydropower
station (Sv: Turbinflöde)

Head Difference in altitude of the water before and after a hy-
dropower station (Sv: Fallhöjd)

Head dependence The power’s dependence of head in a hydropower station
(Sv: Fallhöjdsberoende)

Head sensitivity The power’s sensitivity to change in head (Sv: Fallhöjd-
skänslighet)

Local inflow Water from the river basin and precipitation that flows to
the reservoirs (Sv: Lokalt inflöde/ Tillrinning)

Reservoir level The altitude in meters above sea level (m.a.s.) of the water
surface in a reservoir (Sv: Vattenstånd)

Reservoir volume The volume of water in a reservoir from the minimum reser-
voir level (Sv: Magasinsvolym)

River system Multiple connected hydropower stations and reservoirs in a
river (Sv: Älvssystem)

Scenario A scenario is defined by a start date, an end date, a time
resolution and the corresponding price data and inflow data
(Sv: Scenario)

Spillage Water that flows directly to the downstream reservoir with-
out passing through the turbine (Sv: Spill)

The head effect The influence on power production of head variations. (Sv:
Fallhöjdseffekten)

Unit A turbine and a generator in a hydropower station that are
connected (Sv: Aggregat)
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Abbreviations

AE Absolute error
BLP Bilinear programming
HPF Hydropower production function
HUC Hydro unit commitment
IP Integer programming
LP Linear programming
MILP Mixed integer linear programming
NLP Nonlinear programming
QP Quadratic programming
RMSE Root mean square error
RE Relative error
SOS Special ordered set
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Chapter 1

Introduction

Hydropower is a well established and integrated renewable energy source in Swe-
den and several other countries around the world. In the EU, hydropower stands
for the largest proportion of renewable energy sources [1]. The hydropower pro-
duction accounts for approximately 45% of the total electricity production in
Sweden, making hydropower the by far largest renewable source of electricity
production in the country [2].

Hydropower contributes with baseload power, the minimum amount of electric-
ity that needs to be supplied, and also acts as a balancing power for changes in
generation of electricity to meet a varying demand. Storing electricity to a great
extent faces difficulties, but storing water is manageable since it can be saved
in reservoirs for later use. Hence, hydropower production can be regulated and
planned. This differs from intermittent renewable energy sources such as wind
and solar power. The electricity production from intermittent energy sources is
driven by nature, causing the power output to fluctuate. These variations may
not always agree with the electricity demand. Therefore, hydropower plays an
important key role in today’s energy systems due to the increasing amount of
wind and solar power. [1]

On account of the river flows and seasonal precipitation, hydropower is some-
what driven by nature, but the ability to store water makes it possible to re-
distribute and plan the production. However, conditions such as the finite ca-
pacities of the reservoirs and water legislation need to be considered. It is also
desirable to let the hydropower stations run on a high efficiency to obtain the
highest possible power output. The electricity spot prices are yet another factor
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2 Chapter 1. Introduction

to pay regard to when wishing to maximize the revenue. To plan the production
in the best possible way, these conditions and prerequisites can be integrated
into an optimization model to obtain an optimal production plan.

Optimization of hydropower production involves several mathematical difficul-
ties. There exist nonlinearities, nonconcavities and combinatorial properties,
the latter due to forbidden operation zones. A river system is a large con-
nected system with multiple reservoirs and hydropower stations which increases
the problem complexity further. Different approximations are often made to
make the problem easier to solve but lead to compromises between accuracy
and computational time.

1.1 Background
This Master’s thesis is proposed by Vattenfall AB, hereinafter referred to as
Vattenfall, which is an energy company owned by the Swedish government. An
optimization tool for hydropower production planning has been developed at
Vattenfall to conduct research in areas related to environmental impacts and
expansion planning of hydropower. Entire river systems are modeled and along
with related data, such as electricity spot prices and inflow data, an optimization
model is formulated to obtain an optimal production plan. This plan extends
over a desired time period with a desired time resolution, for example, one
hour resolution over a two weeks horizon or a six hour resolution over a yearly
horizon.

The tool is realistic in many aspects, however, it does not regard the influence
on power production caused by head variation, which is referred to as the head
effect. Neglecting the head effect yields shorter computational times but might
lead to inaccuracies that affect the calculated power output from the optimiza-
tion model. This may be acceptable in many situations but in some cases, the
head dependency should be considered to draw accurate conclusions. A smart
way to consider this dependency is therefore desired. Note though that the head
sensitivity differs between hydropower stations.

1.2 Purpose and goal
The aim of the thesis is to develop optimization methods for hydropower pro-
duction in river systems that consider the head effect. The purpose is also to
evaluate the performance of the different methods concerning accuracy and run
time. Further, there is an interest in studying the head sensitivity for stations
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and to conclude whether it is beneficial to consider head variations at a certain
hydropower station or not.

The goal is to attain a more realistic optimization model for mid- or long-term
time horizons by considering the impact of head variation on the production
conditions while keeping the computational time reasonable.

1.3 Project statements
The following project statements will be addressed in this thesis:

• How can head sensitivity be quantified using production data?

• How can the head effect be incorporated in optimization models for hy-
dropower production?

• How do different head dependent optimization methods for hydropower
production perform with respect to accuracy and run time?

• How can head dependence be included for a subset of stations in a river
system and what are the effects on other stations?

• Which stations in Lule River should be considered head dependent?

1.4 Approach
This Master’s thesis is based on an optimization tool developed by Vattenfall
which is described in Chapter 4. The main objective of this thesis is to model
head dependency in hydropower production, formulate it according to opti-
mization frameworks and incorporate it into Vattenfall’s optimization model.
Further, the head sensitivity of the stations will be investigated and quantified
based on production data. A strategy for selecting which stations to include
head dependency for will be developed.

Two optimization methods for hydropower production, with different approaches
for modeling the head effect, will be developed. The Triangulation method is
based on an interpolation technique formulated as a mixed-integer linear pro-
gramming (MILP) problem. The Bilinear method uses a bilinear programming
(BLP) approach in combination with a parameter estimation procedure. The
methods are introduced by Vattenfall and will use the production data OPT+
and SOPT, see Section 4.1.1, as a foundation for modeling the HPF, see Sec-
tion 2.2. If possible, the methods will also model the forbidden unit operation
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zones and regard the nonlinear volume-to-level relation for reservoirs, see Sec-
tion 2.4.

1.5 Limitations
The analysis in this thesis will be limited to the Lule River which is owned and
operated by Vattenfall.

1.6 Document outline
In Chapter 2, an introduction to hydropower theory is given including the HPF,
the hydropower head and previous work on optimization of hydropower produc-
tion. Relevant mathematical theories such as optimization theory, convexity
theory and different linearization techniques are provided in Chapter 3. This is
followed by a complete description of the existing optimization tool developed
at Vattenfall in Chapter 4.

In Chapter 5, a proposed strategy to evaluate head sensitivity is provided along
with the new optimization methods, the Triangulation method and the Bilinear
method, that take the head effect into account. The testing and validation
procedure is described in Chapter 6. Further, results and visualizations of the
implemented methods are presented in Chapter 7. Lastly, the discussion and
conclusions are given in Chapter 8.



Chapter 2

Hydropower production
planning

This chapter provides an introductory background to hydropower and presents
necessary concepts for this thesis. An overview of related previous research is
given, especially in the field of optimization.

2.1 Hydropower theory
Hydropower is a renewable energy source that utilizes differences in potential
energy between an upper and a lower water level. The potential energy is
converted to kinetic energy as the water is led from the upper water level to the
lower level through a turbine. The turbine is connected to a generator, which
together constitutes a unit, that converts the kinetic energy to electrical energy.
Each conversion step is associated with an energy loss [3]. There might be
multiple units located next to each other in a hydro power station. In Figure 2.1
and Figure 2.2 a hydro power station in its surroundings is illustrated in cross-
section and with a top view. In this thesis, a hydropower station will be referred
to as a station.

As seen in Figure 2.2, water is stored in reservoirs, often supported by dam
constructions. Sometimes, water is led through the dam or beside the station
directly to the downstream reservoir without passing through the turbine. Such
water flow is hereinafter referred to as spillage. The spillage can for example
flow in a natural river channel if the downstream reservoir is not located directly
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6 Chapter 2. Hydropower production planning

after the station as illustrated in the figure. Water flowing through the turbine
is referred to as discharge. The channel leading water to the turbine is called
penstock, see Figure 2.1 and Figure 2.2. The tailrace, located directly after
the station, is the channel that carries away the discharged water from the
turbine.

Figure 2.1: A schematic illustration of a station with one unit in cross-section.

Figure 2.2: A schematic illustration of a station in top view.
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Water from the river basin and precipitation flows to the reservoirs with seasonal
variation. This is referred to as local inflow and is normally higher during the
spring when the snow melts. Since the demand for electricity does not coincide
with the seasonal variation, water is stored in the reservoirs until there is a need.
In some reservoirs, there are almost no water storage capacity. The stations that
have such an upstream reservoir are called run-of-river stations since they are
running continuously. Generally, a run-of-river station has a lower head. Other
reservoirs can store thousands of millions of cubic meters of water. [3]

Planning hydropower production is about coordinating and optimizing the water
usage in a river. It is desirable to produce power when the electricity spot price is
high and to let the hydropower units run on the highest possible efficiency, that
is, to maximize the energy output from the water. The stations in a river usu-
ally cannot be operated independently, an interplay between them is normally
required. Additionally, physical and legal limitations have to be respected. For
example, the maximum flow through the turbine and the spillways are limited.
Water legislation is a juridical regulation stating restrictions of, for example,
maximum and minimum reservoir level and minimum spillage. [3]

2.2 Hydropower production function
The hydropower production function (HPF) is a bivariate function φ(q, h) of
the turbine discharge q and the head h. If φ is known, the produced power can
be calculated by

p = φ(q, h). (2.1)

The function is nonlinear and unit unique, depending on the characteristics of
each unit such as losses and turbine efficiency [4]. Generally, the higher head,
discharge and efficiency, the more power is produced.

The HPF can be modeled with unit performance curves which are a group
of two-dimensional curves representing the nonlinear relationship between the
head, water discharge and power generated [5]. Each curve corresponds to a
specific value of the head, see Figure 2.3. Only a small number (below five) of
performance curves is needed to accurately describe the variation of the head
in the HPF [5]. Note that there exist forbidden operation zones, that is, the
turbine discharge has to be greater than Qmin or be equal to zero. Too small
power outputs cause unnecessary wear on the turbine due to vibrations. There
is also an upper limit for discharge, Qmax, which is the maximum allowed flow
capacity for a turbine. The turbines are customized for the conditions at the
hydropower plant such as head and flow.
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Figure 2.3: Unit performance curves for a unit for three values of the head.

The unit efficiency η(q, h) is implicitly incorporated in (2.1) and is also a non-
linear function that depends on discharge and head. The efficiency depends on
the turbine and the generator which can be of different types and have varying
characteristics. If the power, discharge and head are known, the unit efficiency
can be obtained by

η =
p

ρgqh
, (2.2)

where ρ is the water density and g the gravitational acceleration. In Figure 2.4,
an illustration of the efficiency curves for a unit is presented. As seen in the fig-
ure, the maximum efficiency points differ for different values of the head.

Figure 2.4: Unit efficiency for three values of the head. The maximum efficiency
is marked with blue points.
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2.3 Hydropower head
An important concept within hydropower is head since it affects the produced
power, see (2.1). The head is a vertical change in height of the water before
and after a station. The head is measured in meters and can be calculated
in several ways depending on whether different kinds of losses are included or
not. The head varies over time depending on the hydrological state. For some
stations, the head varies by over 20 meters but for others only a few decimeters.
The produced power’s sensitivity to change in head, the head sensitivity, differs
among stations.

The gross head is the relative height between the upstream reservoir water level
and the tailrace level, that is the difference in height where the water enters
the station and where it leaves it. The gross head ignores all losses. In the
schematic illustration in Figure 2.5 the gross head is marked as hgross.

The net head is the gross head minus the hydraulic losses. In the conversion of
potential energy to kinetic energy, a portion of the energy is lost due to friction
when the water is led in the penstock and when the water is passing through
the fence at the intake. This energy loss can be expressed as a loss of height.
The net head is marked as hnet in Figure 2.5. In [4] and [6] the net head is
expressed as

hnet = lup(vup)− ltail(q, s)−H loss(q), (2.3)

where the upstream reservoir water level depends on the upstream reservoir
water volume, the tail race level is a function of the discharge and the spillage,
and the hydraulic losses varies with respect to the discharge. Each one of the
terms on the right-hand side of (2.3) is a nonlinear function of its corresponding
variables, thus the net head is nonlinear.

The difficulties with the calculation of the head lie in that the reservoir water
level and the tail race level follow different dynamics, resulting in several non-
linearities. The reservoir water level is a function of the reservoir water volume.
Viewed as a container, the shape of a reservoir is irregular by nature and in most
cases not formed as a cuboid, causing the relationship between level and volume
to be nonlinear. Therefore the volume-to-level relationship can be expected to
be different for different reservoirs. More about this in Section 2.4. For large
reservoirs which store a great amount of water, the water level can be expected
to not change that much during a short time horizon. Consequently, the head
variation can be assumed to have a small or negligible influence on power gen-
eration in the short-term for large reservoirs [7]. The tail race level is a function
of the discharged water and the spillage and therefore follows a more obvious
short-term dynamic. This relationship is yet another nonlinearity [4].



10 Chapter 2. Hydropower production planning

Figure 2.5: Schematic illustration of the net head hnet, the gross head hgross

and the head h that will be used in this thesis.

Another way to calculate the head is to compute the difference between the up-
stream and downstream reservoir water levels. In [7], this is formulated as

h = lup(vup)− ldown(vdown), (2.4)

where the reservoir levels are dependent on their corresponding volume. In this
way, the head is only affected by the volume-to-level nonlinearity. In this thesis
the head is expressed as in (2.4). When calculating the head as in (2.4) the river
losses are included. A river loss occurs between two stations when the water is
flowing to the next reservoir. The next reservoir may be some distance away, and
thereby the water drops in height. The height drop can for example be caused
by friction between the water and the sides and bottom of the river or because
of the river’s downward slope towards the next reservoir. The head calculated
as the difference in reservoir levels is marked as h in the Figure 2.5.

The literature presents several ways to model the head. A common approach is
to use polynomials of varying degree. In [4], the net head as in (2.3) is modeled
by letting the upstream reservoir water level be a first-degree polynomial of the
corresponding reservoir water volume and the tail race level be a fourth-degree
polynomial of the discharge and the spillage. In [7] where the head is expressed
as in (2.4) the upstream and downstream reservoir water levels are first-degree
polynomials of their corresponding volumes, that is the reservoirs are considered
as cuboids.
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2.4 Reservoir volume-to-level relation
As mentioned, the reservoirs typically have irregular shapes causing the volume-
to-level conversion to be nonlinear. Recall that the reservoir volume is defined
to be the water contained between the minimum and maximum water level
lmin and lmax, see Figure 2.6. The difference between lmin and lmax is called
regulation height. This means that when l = lmin, the volume of the reservoir
is zero.

Figure 2.6: A reservoir in cross-section.

Data that relates reservoir water volume to reservoir water level is available at
Vattenfall. The level of detail among the reservoirs differs, some reservoirs have
over 100 measurements and others only a few. Figure 2.7 below illustrates the
volume-to-level relation for a reservoir in Lule River.

420 425 430 435 440 445 450 455
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1000

2000
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4000
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7000

Figure 2.7: Volume-to-level relation for a representative reservoir in Lule River.
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The conversion between volume and level is done by linear interpolation in
the data described above. However, this is not possible to do easily within
an optimization model and therefore the conversion between volume and level
is generally done a-priori using interpolation. If it must be done within the
optimization, one approach that Vattenfall uses is to assume cuboid-shaped
reservoirs with surface area A and height l− lmin. The conversion is then linear
and can be calculated by

v = A(l − lmin). (2.5)

Several volume-to-level or volume-to-head formulations is introduced in the lit-
erature. A linearization similar to (2.5) is presented in [7] and in [8] where
the reservoir water volume is modeled as a second degree polynomial of the
head.

2.5 Optimization of hydropower production
Optimization models for hydropower production are used for purposes such
as short-term hydro scheduling and economic and environmental analysis. The
time horizon varies from one day to several years. A single hydropower plant can
be modeled or an entire river system with coupled reservoirs and stations. Both
stochastic and deterministic methods are used depending on the purpose.

There are several difficulties involved in optimizing hydropower systems. First
of all, there are nonlinearities in the HPF, the unit efficiency and the head. Also,
the HPF is often nonconcave which is undesirable when solving maximization
problems. The forbidden unit operation zones, modeled using unit commitment
constraints, are causing discontinuous discharge which incorporates combinato-
rial properties of the problem [6]. In addition, cascaded hydro configurations
will increase the problem complexity due to the spatial-temporal coupling be-
tween reservoirs and stations [7]. This problem is often referred to as the hydro
unit commitment (HUC) problem and has always been a challenging problem
that aims at solving large-scale instances to near optimality in a reasonable
amount of time [9].

Depending on application and purpose, different approximations of the previ-
ously mentioned nonlinearities and nonconcavities are made to make the prob-
lem easier to solve. In some cases, simplifications in terms of linearization might
be reasonable if the errors introduced are small compared to other uncertainties
[7]. The most common approach is to model the HPF through MILP formula-
tions as a linear or piecewise linear concave function, neglecting head variations.
The piecewise linear function should have breakpoints for at least the minimum
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flow, maximum efficiency and maximum flow. This method is the foundation of
current commercial tools due to its outstanding speed [10].

Disregarding the head effect may lead to inaccuracies that in some situations
cannot be accepted. The literature presents a vast amount of optimization ap-
proaches to solve the HUC problem or similar problems, with or without head
dependency. Optimization techniques like dynamic programming, Lagrangian
relaxation and Benders decomposition are presented in [9]. A nonlinear ap-
proach for scheduling head sensitive cascaded hydro systems is given in [7] where
a QP-formulation was used.

The study in [4] presents a three-dimensional interpolation method using trian-
gulation for solving the HUC problem, taking the head variations into account.
Another meshing technique is given in [11] were special ordered set of type
2 (SOS2) is used. SOS2 is an ordered set of variables of which at most two
can be nonzero and these two variables must be adjacent. In [10], five MILP
formulations for modeling the HPF are compared regarding relative accuracy
and effectiveness. The authors introduce a new approach, the parallelogram
method, which is found to be one of the most effective. Another approach is
made in [5] where three unit performance curves, approximated by nonconcave
piecewise linearization, are chosen to represent different upstream reservoir wa-
ter volumes, that is, different heads. Depending on the volume in the upstream
reservoir one of the curves is chosen using binary variables.





Chapter 3

Optimization theory and
linearization techniques

This chapter describes the relevant mathematical theory that is applied when
the Triangulation method and the Bilinear method are developed. First, a sec-
tion about optimization and convexity theory is provided focusing on nonlinear
programming. Also, definitions of quadratic problems as well as bilinear prob-
lems are stated. Then, piecewise linear functions are explained in the second
section and the last section contains the theory of interpolation using triangu-
lation. These are both examples of linearization techniques.

3.1 Optimization and convexity theory
According to definition, an optimization problem on the form

min f(x)

s.t. x ∈ X
(3.1)

is a convex problem if f(x) is a convex function and X is a convex set. If the
problem is instead a maximization problem, the problem is convex if f(x) is a
concave function. For convex problems, a local optimum is also a global opti-
mum and thus a global optimal solution is obtained if a local optimum is found.
Nonconvex problems, on the other hand, can contain more than one optimum,
in other words, several local optima. Convex problems are considered relatively
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16 Chapter 3. Optimization theory and linearization techniques

easy to solve. All linear programming (LP) problems are convex problems, in-
teger problems are always nonconvex problems and nonlinear problems can be
both. To determine if a nonlinear problem is convex or nonconvex its objective
function and constraints can be investigated. [12]

3.1.1 Mixed-integer linear programming
An LP problem with integer variables is called an integer programming (IP)
problem. If a subset of the variables is integer variables, it is referred to as
a mixed-integer linear programming problem (MILP) which can be defined
by

min cTx

s.t. Ax ≥ b

x ≥ 0

xj ∈ Zn

j ∈ N1 ⊆ N

(3.2)

where A is a m× n matrix, c and b are vectors of dimensions n and m and x is
a variable vector of dimension n. In contrast to LP problems which are solvable
in polynomial time, MILP problems are notoriously difficult, classified as NP -
complete, hence not solved in polynomial time. As mentioned, the feasible
set of an integer problem is nonconvex which from local conditions yields no
guarantees of global optimality. If the integrality constraints are removed, an LP
relaxation of the problem can be solved by providing an optimistic bound. The
most common solution methods for IP problems utilize either LP relaxations or
convexification procedures. [13]

3.1.2 Nonlinear Programming
The category of nonlinear optimization problems is large and has many applica-
tions. Depending on the appearance and structure of the problem, the solution
method must be adapted to fit the problem. Therefore, different methods have
been developed for different types of nonlinear problems, unlike for LP problems
where a general method can be used to solve all types. Nonlinear problems can
be divided into problems having only linear constraints and problems having
nonlinear constraints (or a mix of linear and nonlinear). A problem that has a
quadratic objective function and linear constraints are called a quadratic prob-
lem. Another division of nonlinear problems is convex problems and nonconvex
problems. [12]

The convexity of a nonlinear optimization problem is important to consider when
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choosing a suitable solution method. The convexity also decides what quality the
solution can be expected to have. When determining the convexity of a nonlinear
problem it is hard to directly use the formal definitions of a convex function
and a convex set. Instead, other methods are used to decide on convexity. For
example, the convexity of a function can be decided by investigating the hessian.
By definition, the hessian H is the square matrix consisting of all the second-
order partial derivatives of the function f(x) with respect to x. Assuming that
f(x) is a twice differentiable function defined over a convex set X, according to
a theorem the following holds:

• f(x) is convex if the hessian H is positive semi-definite ∀x ∈ X.

• f(x) is strictly convex if the hessian H is positive definite ∀x ∈ X.

• f(x) is concave if the hessian H is negative semi-definite ∀x ∈ X.

• f(x) is strictly concave if the hessian H is negative definite ∀x ∈ X.

If none of this holds, then H is indefinite and f(x) is neither convex nor non-
convex. One way to determine the definiteness of H is by investigating the
eigenvalues of H. [12]

3.1.3 Quadratic Programming
One class of nonlinear problems is quadratic programming (QP) problems. A
QP has a quadratic objective function and linear constraints and can be written
as

min
1

2
xTQx+ cTx

s.t. Ax ∼ b

l ≤ x ≤ u

(3.3)

where x, c ∈ Rn, Q ∈ Rn×n, A ∈ Rm×n and b ∈ Rm. The matrix Q and the
vector c include the objective function coefficients, where c is the one in front
of the linear terms. The diagonal elements Qjj in Q contain the coefficients
in front of the quadratic terms x2

j while the rest of the coefficients Qij or Qji

are summed together in front of the terms xixj . The Q matrix is actually
the hessian, and therefore it can be used to decide upon the convexity of the
problem. The relation ∼ can be any combination of equal to, less than or equal
to, greater than or equal to, or range constraints. The restricted variables have a
lower bound l and an upper bound u. When an optimization problem is convex,
it yields guarantees of global optimality. For a QP problem as stated above,
the constraints are linear and thereby convex, thus it is the convexity of the
objective function that determines the convexity of the whole problem.
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3.1.4 Bilinear Programming
Another type of nonlinear problems is bilinear programming (BLP) problems.
A bilinear function is defined as a function

f(x, y) = aTx+ xTBy + bT y, (3.4)

that reduces to a linear function if one of the variable vectors x or y is fixed. In
(3.4) it holds that a, x ∈ Rn, B ∈ Rn×m and b, y ∈ Rm. [14]

An optimization problem with a bilinear objective function and/or bilinear con-
straints is called a BLP. One way to define a BLP is as follows

min aT0 x+ xTB0y + bT0 y + cT0 z

s.t. aTx+ bT y + cT z ∼ d

lx ≤ x ≤ ux

ly ≤ y ≤ uy

lz ≤ z ≤ uz

(3.5)

where the problem has a bilinear objective function and linear constraints. The
variables in (3.5) are x ∈ Rn, y ∈ Rm and z ∈ Rk and lx, ux, ly, uy, lz and uz

represent their lower and upper bounds. The coefficient vectors for the linear
terms are a0, a ∈ Rn, b0, b ∈ Rm and c0, c ∈ Rk. The matrix B0 ∈ Rn×m is the
bilinear coefficient matrix. A BLP problem is separable because if the variables
x are fixed to definite values, a linear program of the remaining variables y and
z is obtained. Likewise, when fixing the variables y an LP of the variables x
and z is derived. [15]

Bilinear problems are a subclass of quadratic programming problems. A trans-
lation of a BLP to a QP can be made by doing a reformulation of (3.5) into the
following QP

min x̃T B̃0x̃+ ãT0 x̃

s.t. ãT x̃ ∼ d

l ≤ x̃ ≤ u

(3.6)

with the coefficient matrices x̃ =

x
y
z

, B̃0 = 1
2

 0 B0 0
BT

0 0 0
0 0 0

, ã0 =

a0
b0
c0

,

ã =

a
b
c

, l =

lx
ly
lz

 and u =

ux

uy

uz

. [15]

Note that the problems (3.6) and (3.3) have the same structure.
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In the quadratic problem, the matrix B̃0 is symmetric but in the BLP the matrix
B0 may not even be square. As seen above the QP is a much larger problem
due to the matrix B̃0, and therefore it is not always beneficial to reformulate the
BLP as a QP. However, methods for solving quadratic problems can be used
to solve the bilinear problem after the above translation. A BLP problem is
in general nonconvex, which means that the problem can have multiple local
optima. [15]

3.2 Piecewise linear functions
Many optimization problems within engineering are nonlinear. Due to issues
in solving such problems, linearization techniques, such as piecewise linear ap-
proximations, are applied to obtain a linear model. Piecewise linear functions
are widely used in optimization of hydropower production.

A piecewise linear function is a function consisting of multiple straight line
segments. A definition for functions of n variables reads as follows: Consider
a piecewise linear function f : X 7→ R, where X ⊆ Rn. Then, X can be
partitioned into a finite family of polyhedral pieces {Ci}di=1 and for each piece
Ci there exists an affine function f i : Ci 7→ R such that f can be described
as f(x) = f i(x) for all x ∈ Ci. [16] In Figure 3.1 there is an illustration of a
piecewise linear function of one variable.

Figure 3.1: An illustration of a piecewise linear function of one variable.
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Any arbitrary nonlinear univariate function can be approximated, over a finite
interval, by a piecewise linear function. The size of the linear segments de-
termines the quality of the approximation. [17] An illustration of a piecewise
linear approximation of a nonlinear function of one variable is seen in Figure 3.2.
Consider the case of a one-variable piecewise linear approximation. If m is the
number of breakpoints (including the two points at the edge of the curve), the
interval X ⊆ R is partitioned into i = 1, . . . ,m−1 pieces. From the coordinates
of the breakpoints (x, f i(x)), x ∈ Ci, a continuous piecewise linear function can
then be defined by performing linear interpolation between each pair of adjacent
breakpoints. [18]

Figure 3.2: An illustration of a piecewise linear approximation (black) of a
nonlinear function (blue).

Using piecewise linear functions for approximating nonlinear functions in opti-
mization problems often makes the problems easier to solve. When maximizing
(minimizing) a piecewise linear function, the function must be concave (convex)
[17].

3.3 Triangulation
Interpolation is a mathematical method for estimating function values by gen-
erating unknown data points from a discrete set of known points. Triangula-
tion is an interpolation technique where a bivariate function is linearized. This
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is a more complex linearization than modeling line segments as described in
the previous section. The interpolation can be integrated into an optimization
framework using for example a MILP formulation. [18]

Given a domain X ⊆ Rn, which is divided into a grid that spans the domain
and forms a mesh, any point x ∈ X can be expressed as a convex combination
of the gridpoints. However, in order for the convex combination to be unique,
at most n + 1 points in X should be used. This holds for any x ∈ X where
X is compact and convex. When X ⊆ R2, a point can be expressed uniquely
by using at most three points. For example, a two-dimensional plane could be
divided into triangles, and to obtain a deterministic interpolation outcome, one
triangle should be activated at a time. [19]

Figure 3.3: The mesh in the x1x2-plane is the domain X and the blue surface
has the function values as the third dimension.

Assuming that one triangle is activated and the function f(x) : X 7→ R should
be approximated, the equations

f̂(x) = ω0f(x0) + · · ·+ ωnf(xn) (3.7)
x = ω0x0 + . . . ωnxn (3.8)
n∑

i=0

ωi = 1 (3.9)

ωi ≥ 0, i = 0, . . . , n (3.10)
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can be applied. There are n + 2 unknowns, the convex combination weights
ω0, . . . , ωn which counts to n + 1 and then the value of the interpolated point
f̂(x) which adds up to n+ 2. These variables are uniquely determined if x, the
query point, is in the interior of X since there are n+ 2 equations. [19]

Triangulation is a special case of interpolation within simplices. The quadrilat-
eral method is presented in [18], where the triangles are replaced by quadrilat-
erals which have four gridpoints.



Chapter 4

Vattenfall’s optimization
tool

The existing optimization tool, conducted at Vattenfall, is presented in this
chapter. The model is deterministic and calculates an optimal production plan
for an entire river system with a selected scenario. A scenario is defined by
a start date, an end date, a time resolution and the corresponding price data
and inflow data. In this optimization tool, a river system is defined by all
the stations, all the reservoirs, and their connections in a selected river. For
a chosen river system and scenario, all necessary input data for that river and
that specific time is used. Depending on application and purpose, the model can
easily be adapted by adding or removing constraints or changing the objective
function. This optimization model disregards the head effect and is referred to
as the Reference model. [20]

The hydropower system is modeled as a cascade of connected hydropower sta-
tions and reservoirs. The illustration in Figure 4.1 shows a station with one
upstream and one downstream reservoir which often is the case. However, a
river can have branches that allow a reservoir to have several upstream stations.
Water flows either through the station as turbine discharge q which generates
power p, or beside the station as spillage s directly to the downstream reservoir.
The local inflow to a reservoir is denoted W . These flows result in a change in
the volume in the corresponding reservoirs. Thus, the volume v in a reservoir
can be seen as a consequence of the previously mentioned flows. There might
be a time delay between the stations. For example, an increased flow at one
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station is not noticed until several hours later at the downstream station.

A hydropower plant might have multiple units, that is multiple turbines with
their corresponding generators, denoted G1 and G2 in Figure 4.1. In Vatten-
fall’s optimization tool, it is possible to either consider all units separately or
aggregated as one unit per station. In this thesis, all stations are considered to
have one aggregated unit.

Figure 4.1: Schematic illustration of a station in a hydropower river system with
one upstream and one downstream reservoir. The station has two units.

4.1 Input data
The optimization tool is provided with input data such as hydrological data,
electricity spot prices and information about production conditions. The data
originates from actual measurements or if a future scenario is investigated, from
predictions. A summary of the input data is presented in Table 4.1. The
production data OPT+ and SOPT data are described in more detail in Sec-
tion 4.1.1.
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Table 4.1: Input data to Vattenfall’s optimization tool.

Data Description

Station data Installed power and maximum discharge capacity for
every station and unit.

Reservoir data
Storage capacity, maximum and minimum reservoir
level, information about the shape of the reservoir
given as volume-to-level data.

Topology data Information about how the stations and reservoirs
are connected in the river. Given as a matrix.

OPT+ data See description below.
SOPT data See description below.

Water legislation
Restrictions on for example minimum and maximum
reservoir levels, minimum spillage and minimum to-
tal flow during a specific time period.

Local inflow data

Hydrological data that consists of the local inflow
to the reservoirs for each time point. The data is
provided by for example the Swedish Meteorological
and Hydrological Institute (SMHI).

Spot price data Electricity spot prices from the Nordic electricity ex-
change Nord Pool or from a prediction.

Water levels
Water levels for each reservoir and time point, mainly
based on measurements. This can be used as bound-
ary conditions.

4.1.1 OPT+ and SOPT data
The OPT+ and SOPT data are produced by Vattenfall’s internal optimization
program called System of Effective Water Planning (SEVAP). The output from
the optimization relates discharge, upstream reservoir water level and down-
stream reservoir water level with power output. Therefore, the data represents
the HPF, see (2.1), when the head is calculated as in (2.4). The OPT+ data is
based on production measurements but how the output from SEVAP is created
is not covered inhere, but more information can be found in [21], for exam-
ple.

The OPT+ data is given for every combination of available units and a number
of different heads, that is a number of combinations of upstream and downstream
reservoir water levels. The unit efficiency curves can be calculated from the
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OPT+ data using (2.2). Figure 4.2 presents power and efficiency curves from
the OPT+ and SOPT data for a station in Lule River.

The SOPT data is a subset of the OPT+ data since it only includes data values
for the combination of units in a station having the highest efficiency for a given
discharge and a given head. Therefore, SOPT-data is especially relevant when
considering one aggregated unit per station. As seen in Figure 4.2, one curve
per head (or per combination of upstream and downstream reservoir levels) is
obtained for the SOPT data. From the SOPT efficiency curves, the maximum
efficiency points for each number of available units can be found, which are used
for modeling the HPF.
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H=h1

H=h2

H=h3

H=h4

(a) Power from OPT+

H=h1

H=h2

H=h3

H=h4

(b) Efficiency from OPT+
H=h1

H=h2

H=h3

H=h4

(c) Power from SOPT

H=h1

H=h2

H=h3

H=h4

(d) Efficiency from SOPT

Figure 4.2: OPT+ data and SOPT data for four different heads for a station in
Lule River.

4.2 Mathematical formulation
The notation used for the Reference model is presented below.
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Sets
I Set of hydropower stations
J Set of reservoirs
T Set of time points, T = {0, . . . , T}
K Set of segments, K = {1, . . . ,K}
Iu
j Set of upstream stations for reservoir j

J u
j Set of upstream reservoirs for reservoir j

Iout
j Set of stations that discharge from reservoir j

Parameters

πt Electricity spot price at time t
[ e

MWh

]
∆t Time step size [h]
P Penalty term in the objective function
M Penalty weight, typically set to 1 000 000

κ Conversion factor from flow to volume, κ =
3600∆t

106
[Ms]

τq
i Propagation delay for discharged water from station i

to its downstream reservoir
[h]

τ s
j Propagation delay for spilled water from reservoir j to

the downstream reservoir
[h]

Wjt Local inflow to reservoir j at time t [m3/s]
P 1
ik Power in the HPF for station i at the break point that

initiates segment k
[MW]

Q1
ik Discharge in the HPF for station i at the break point

that initiates segment k
[m3/s]

P 2
ik Power in the HPF for station i at the break point that

ends segment k
[MW]

Q2
ik Discharge in the HPF for station i at the break point

that ends segment k
[m3/s]

Aik Slope of the HPF for station i, segment k
[MW
m3/s

]
Bik Vertical intercept of HPF for station i, segment k [MW]
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V min
jt Lower bound for volume of reservoir j at time t [Mm3]

V max
jt Upper bound for volume of reservoir j at time t [Mm3]

Smin
jt Lower bound for spillage from reservoir j at time t [m3/s]

Smax
jt Upper bound for spillage from reservoir j at time t [m3/s]

Qmin
i Lower bound for discharge from station i [m3/s]

Qmax
i Upper bound for discharge from station i [m3/s]

Qmin
jt Lower bound for total flow from reservoir j at time t [m3/s]

Variables
pit Power output from station i at time t [MW]
qit Turbine discharge for station i at time t [m3/s]
sjt Spillage from reservoir j at time t [m3/s]
vjt Reservoir volume for reservoir j at time t [Mm3]
vs1
j , vs2

j Slack variable related to the final volume constraint for
reservoir j

[Mm3]

uit Binary variable that is equal to 1 if station i is commit-
ted at time t and 0 otherwise

4.2.1 Objective function
The objective function used in this project, (4.1), maximizes the total revenue
from sold energy at the spot market during the selected time period. The
objective function also includes a penalty term that minimizes the deviation
from the final volume constraints (4.13)–(4.14). Those constraints are described
in Section 4.2.4. The penalty, (4.2), is the sum of the slack variables multiplied
with a big number M , typically set to 1 000 000.

max
∑
i∈I

∑
t∈T

pitπt∆t− P (4.1)

P = M
∑
j∈J

(vs1
j + vs2

j ) (4.2)
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4.2.2 Water balance constraints
The dynamic behavior and hydrological connection of the river system are mod-
eled in the constraint

vjt = vj,t−1 + κ

(
Wjt +

∑
i∈Iu

j

qit−τq
i
−
∑

i∈Iout
j

qit

+
∑

j′∈J u
j

sj′,t−τs
j′
− sjt

)
, j ∈ J , t ∈ T

(4.3)

which describes the water balance between reservoirs. The volume of a reservoir
is equal to the volume in the previous time step plus the change of volume
due to turbine discharge qit, spillage sjt and local inflow Wjt. The flows are
converted to volume with the conversion constant κ. The propagation delays
of discharge and spillage between adjacent units, τq

i and τ s
j , are handled in the

sum for incoming flows. Since the river might have branches, it is possible for a
reservoir to have several immediately upstream reservoirs and stations, denoted
J u
j and Iu

j respectively.

4.2.3 HPF constraints
For each station, or possibly for each unit, the HPF is modeled as a concave
piecewise linear function created by multiple affine functions, each of which
is a constraint in the optimization model. The breakpoints are selected from
the SOPT data a-priori, representing the minimum discharge, the maximum
discharge and the maximum efficiency points for each number of available units
and a specific value of the head. The head is typically chosen as “high-high”
or “low-high” indicating the levels of the upstream and downstream reservoirs.
The maximum efficiency points are chosen in accordance with reality since a
hydropower unit will mainly operate at those points.

An affine function is created for each pair of adjacent breakpoints (including the
end points) from the given set of breakpoints for a station and corresponds to
a constraint stating that the power must be at or below the curve. The affine
functions will intersect at the breakpoints and form a piecewise linear function.
The objective function of the problem maximizes the revenue and thereby the
power, see (4.1). This maximization will force the power to follow the linear
function between the breakpoints. An example with five breakpoints, that form
four affine functions, is given in Figure 4.3.
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Figure 4.3: An example of a piecewise linear approximation of the HPF using
four constraints and five breakpoints.

Each linear function k is created with the parameters Aik and Bik, defined
as

Aik =
P 2
ik − P 1

ik

Q2
ik −Q1

ik

, i ∈ I, k ∈ K (4.4)

Bik =
P 1
ikQ

2
k − P 2

ikQ
1
ik

Q2
ik −Q1

ik

, i ∈ I, k ∈ K, (4.5)

which correspond to the slope and vertical intercept of the function. The con-
cavity and continuity is assured by choosing Aik such that Aik ≥ Ai,k+1. Note
that Q2

ik = Q1
i,k+1 and similarly P 2

ik = P 1
i,k+1, often is the case.

The HPF is defined in constraints

pit ≤ Aikqit +Bikuit, i ∈ I, t ∈ T , k ∈ K (4.6)

qit ≥ uitQ
min
i , i ∈ I, t ∈ T (4.7)

qit ≤ uitQ
max
i , i ∈ I, t ∈ T . (4.8)

Constraint (4.6) restricts the power to be at or below each curve. If a unit is
committed, uit = 1, (4.7) and (4.8), the unit commitment constraints restricts
the discharge to be between its minimum and maximum points. If the unit is
decommitted, the discharge is forced to be zero and thus also the power. Note
that uit = 0 in (4.6) will remove B and allow the discharge to be zero.
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To obtain a linear programming (LP) formulation, constraints (4.7) and (4.8)
can be removed along with the binary variable uit. The HPF constraint (4.6) is
replaced by:

pit ≤ Aikqit +Bik, i ∈ I, t ∈ T , k ∈ K (4.9)
Bi,1 = 0, i ∈ I (4.10)

4.2.4 Reservoir and flow constraints
Each reservoir and station have limitations regarding storage capacity and dis-
charge capacity. In addition, the water legislation must be respected. The total
minimum flow for a reservoir, that is the sum of the turbine discharge and the
spillage, is handled in constraint (4.11), where Iout

j is the set of stations that
discharge from the reservoir. Constraints (4.12) and (4.14) decide the initial
and final volumes Vj,0 and Vj,T . Slack variables vs1

j and vs2
j may be introduced

to soften the final volume constraints. This may prevent that infeasibility prob-
lems occur depending on the scenario data. The upper and lower bounds of
the reservoir volume variables are modeled in (4.15) and (4.16). Bounds for the
spillage variables are formulated in (4.17) and (4.18).

sjt +
∑

i∈Iout
j

qit ≥ Qmin
jt , j ∈ J , t ∈ T (4.11)

vj,0 = Vj,0, j ∈ J (4.12)

vj,T = Vj,T + vs1
j , j ∈ J (4.13)

vj,T = Vj,T − vs2
j , j ∈ J (4.14)

vjt ≥ V min
jt , j ∈ J , t ∈ T (4.15)

vjt ≤ V max
jt , j ∈ J , t ∈ T (4.16)

sjt ≥ Smin
jt , j ∈ J , t ∈ T (4.17)

sjt ≤ Smax
jt , j ∈ J , t ∈ T (4.18)

4.3 Implementation
The river system is modeled in MATLAB using object-oriented programming
and the optimization model is implemented using MATLAB’s optimization tool-
box. Except MATLAB’s built-in solvers, other options may be used via a solver
interface to GAMS and to the standalone Gurobi Optimizer. Typically, the
solver IBM ILOG CPLEX is used through GAMS.
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4.4 Simulation tool
To verify an optimization solution, a simulation tool for hydropower has been
developed at Vattenfall. The hydropower system is modeled as a state-space
representation given by (4.19) and (4.20). The input and output vectors are
defined in (4.21) and (4.22). Using the inputs discharge q, spillage s and local
inflow W obtained from an optimization solution, the state (volume v) can be
calculated iteratively. The outputs, power p and water levels l, are calculated
afterward by interpolating from the OPT+ data and volume-to-level data. The
interpolations are represented by the function f . The simulation is assumed to
generate accurate solutions since it takes the non-linearities of the power and
volume-to-level calculations into account. The simulated power can be compared
with the power from the optimization solution. A schematic illustration with
inputs and outputs to the simulation tool is provided in Figure 4.4.

v(t+ 1) = Av(t) + Bu(t) (4.19)
y(t) = f(v(t),u(t)) (4.20)
u(t) = [q(t), s(t),W(t)] (4.21)
y(t) = [p(t), l(t)] (4.22)

Figure 4.4: Inputs and outputs to the simulation tool.
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Method

This chapter presents the main methods in the thesis. First, a method for
quantifying head dependency using a measure, along with a strategy to select
which stations to include head dependency. Then, detailed descriptions of the
Triangulation method and the Bilinear method are provided. These methods
involve modeling the HPF, taking the head effect into account. In other words,
the corresponding optimization models include head dependency.

5.1 Measures of head dependence
As described in Section 2.5, including the head effect in optimization models
for hydropower is associated with difficulties. For some stations, it might not
be motivated to include head dependency and for others, the motivation might
be high. Therefore, there is an interest in quantifying head dependence to
determine for which stations to include the dependency.

The studied literature does not address what determines whether, or to which
extent, a station is head dependent or not. In this thesis, a station’s head
dependence is quantified using a measure based on the head sensitivity and
the head variation. Head sensitivity is independent of time and refers to the
sensitivity in the power production of a station with respect to the variation
of the head. Head variations, on the other hand, are dependent on time and
show how much the head varies during a given time period. Quantifying the
head sensitivity is desirable in order to capture if a station’s power is sensitive
to changes of the head. A measure of the head variations is also necessary to
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take into account whether the head varies or not during a certain time period.
Both of these measures are calculated per station.

The head sensitivity is quantified, with the measure msen, by calculating the
area A between the unit performance curves for the highest and lowest heads
from the SOPT-data and then dividing with a station specific constant,

msen = A/(Pmax(Qmax −Qmin)). (5.1)

In this way, the difference in power for different heads is computed and also the
variation concerning discharge is captured. The term Pmax in the denominator
makes sure that stations with high installed power do not get too much weight
when comparing different power plants in a river system. The area used for a
typical station is presented in Figure 5.1.

Sopt data

Area points

Figure 5.1: Area of SOPT data.

The head variation measure mvar is captured using the values of the head,
ht, obtained from an optimization solution using for example the Reference
model. The standard deviation of the head is then used as the measure for head
variation,

mvar = σ(ht), t ∈ T . (5.2)

The two measures, msen and mvar, are finally combined into a single measure
in a weighted sum,

m = wmsen + (1− w)mvar, (5.3)
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where w is a weight between 0 and 1, typically set to 0.5 but can be adjusted
if one measure is to be weighted higher than the other. Additionally, if the
total discharge in a station from the optimization of the Reference model is zero
during the selected scenario, the measure will be set to zero. This is done to
avoid the integration of a complex model for a station that is not committed
during the scenario. Note that there are no guarantees that the head dependent
optimization will also result in zero discharge for that station.

The final measures will be used to divide the stations into three groups stating
their degree of head dependence, see Table 5.1. Different modelings of the HPF,
with head dependency or not, will be applied to different stations depending
on their group. Stations in group 1 will use the HPF formulation from the
Reference model stated in Section 4.2.3. For groups 2 and 3, the Triangulation
method or the Bilinear method will be used.

Table 5.1: Description of the head dependency groups.

Head dependency group Description
1 Not head dependent
2 Head dependent
3 Very head dependent

5.2 The Triangulation method
The following section presents a method for modeling the HPF using an inter-
polation technique called triangulation, inspired by the one proposed in [4]. The
HPF is approximated by a bivariate piecewise linear function forming a surface.
It consists of two or three piecewise linear curves in the discharge dimension,
corresponding to different values of the head. The breakpoints on the curves are
typically chosen as the minimum and maximum discharge as well as the maxi-
mum efficiency points. Out of these curves and break points, the domain of the
HPF is divided into triangles composing a mesh, as shown in Figure 5.2.

The power is interpolated from these points for each station and time step
using the interpolation technique described in Section 3.3. The interpolation is
incorporated into the optimization problem using binary variables to activate
one triangle at a time. This results in a MILP model which will be described in
detail in Section 5.2.2. Note also that in this formulation, the volume-to-level
relation is linearized and hence the reservoirs are assumed to have a rectangular
shape. The forbidden unit operation zones are modeled automatically through
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the triangulation formulation. The Triangulation method is implemented in
MATLAB and the resulting problem is solved using the IBM ILOG CPLEX
solver.

Figure 5.2: Linearization of the HPF and partitioning into triangles for three
different heads.

5.2.1 Triangulation meshes
Depending on the number of curves and breakpoints, different types of trian-
gulation meshes arise. The number of curves is either two or three depending
on the desired model accuracy. For stations in head dependency group 2, two
curves are used and in group 3, three curves are used. The number of break-
points is either three or five depending on the station’s number of maximum
efficiency points. If a station has two maximum efficiency points, so that the
total number of points is four, one of them will be removed so that the number
of points is three. The number of binary variables needed is the same for four
and five breakpoints, which is why one point is removed. In this way, the binary
variables are used to their full potential. The same approach is applied if the
number of points is six or more. It is also possible to have only three break-
points for all stations if one desires a reduced model complexity. The curves and
breakpoints are indexed and the triangles are labeled, as illustrated in Figures
5.3–5.5. There are several ways of defining the mesh and the triangles as long
as the corresponding constraints are changed accordingly.
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Figure 5.3: Triangulation meshes with three curves (left) and two curves (right),
both with three breakpoints. The points are assigned coordinates (x, y) where
x is the curve index and y is the breakpoint index.

Figure 5.4: Triangulation mesh when using two curves and the number of break-
points is five. The points are assigned coordinates (x, y) where x is the curve
index and y is the breakpoint index.
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Figure 5.5: Triangulation mesh when using three curves and the number of
breakpoints is five. The points are assigned coordinates (x, y) where x is the
curve index and y is the breakpoint index.

5.2.2 Mathematical formulation
The Triangulation method is modeled using the sets, parameters and variables
stated below, in addition to the notation introduced for the Reference model,
in Section 4.2.

Sets
I ′ Set of head dependent stations (stations in group 2 or

3), I ′ ⊆ I
Xi Indices of curves for station i, Xi = {1, . . . , N}, where

N ∈ {2, 3} is the number of curves
Yi Indices of breakpoints for station i, Yi = {1, . . . ,M},

where M ∈ {3, 5} is the number of breakpoints
Parameters
Qi(x, y) Flow for unit i in the point (x, y) [m3/s]
Pi(x, y) Power for unit i in the point (x, y) [MW]
Hi(x, y) Head for unit i in the point (x, y) [m]
Hmax

i Maximum head for unit i [m]
luit Water level for the reservoir upstream of station i for

time t.
[m.a.s.]
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ldit Water level for the reservoir downstream of station i for
time t.

[m.a.s.]

Variables
wit(x, y) Triangulation weight for point (x, y) for unit i at time t

hit Head for unit i at time t [m]
ait Binary variable that is equal to 1 if the active triangle is

in the upper region for unit i at time t and 0 otherwise
bit Binary variable that is equal to 1 if the active triangle

is in the right-hand region for unit i at time t and 0
otherwise

cit Binary variable that is equal to 1 if the active triangle
is in the inner region for unit i at time t and 0 otherwise

dit Binary variable that is used if N > 2 or M > 3 which
is equal to 1 if the active triangle is not in the outer
corners for unit i at time t and 0 otherwise.

The following constraints replaces constraints (4.6)–(4.8) in the Reference model,
see Section 4.2.3. The power and discharge are calculated as

pi,t =
∑
x∈Xi

∑
y∈Yi

wi,t(x, y)Pi(x, y), i ∈ I ′, t ∈ T (5.4)

qi,t =
∑
x∈Xi

∑
y∈Yi

wi,t(x, y)Qi(x, y), i ∈ I ′, t ∈ T (5.5)

which are the summed triangulation weights w multiplied with the vertex points
for that triangle. At most three points are activated for a given station i and
time point t, to assure uniqueness. Note also that if the summed weights are
zero, the discharge and power will be zero.

The head is introduced as a variable h in this formulation and is involved in
constraints (5.6)–(5.8). The head is set to the difference between the upstream
and downstream water levels, (5.6). The levels are calculated from the volume
using the linear volume-to-level relation, see Section 2.4. At the same time,
constraints (5.7)–(5.8) sets h to be the interpolated value of the head, if the
station is committed, that is uit = 1. Otherwise, these equations are deactivated
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by restricting the head to be below its maximum value Hmax
i .

hit = luit − ldit, i ∈ I ′, t ∈ T (5.6)

hit ≤
∑
x∈Xi

∑
y∈Yi

wit(x, y)Hi(x, y) +Hmax
i (1− uit) i ∈ I ′, t ∈ T (5.7)

hit ≥
∑
x∈Xi

∑
y∈Yi

wit(x, y)Hi(x, y), i ∈ I ′, t ∈ T (5.8)

Constraint (5.9) sets the weighting sum of the vertex points for each station and
time point. If the station is decommited, uit = 0, all weights are set to zero. The
constraints (5.10)–(5.15) enables the activation of one triangle at a time for each
station using the binary variables ait, bit, cit and dit. Referring to Figure 5.3, if
ait = 1, the lower triangles (1, 2, 3 and 4) are removed using (5.10). Analogously,
ait = 0 removes the upper triangles using (5.11). Constraint (5.12) and (5.13)
removes the left-hand side or the right-hand side triangles, respectively. In
constraint (5.14), cit = 0 removes the inner triangles (2, 3, 6 and 7) and similarly,
the outer triangles are removed by constraint (5.15). These equations hold when
the number of curves is three (N=3) and the number of breakpoints is three
(M=3). The leftmost mesh in Figure 5.3 correspond to these equations.∑

x∈Xi

∑
y∈Yi

wit(x, y) = uit, i ∈ I ′, t ∈ T (5.9)

∑
y∈Yi

wit(3, y) ≤ ait, i ∈ I ′, t ∈ T (5.10)

∑
y∈Yi

wit(1, y) ≤ 1− ait, i ∈ I ′, t ∈ T (5.11)

∑
x∈Xi

wit(x, 1) ≤ bit, i ∈ I ′, t ∈ T (5.12)

∑
x∈Xi

wit(x, 3) ≤ 1− bit, i ∈ I ′, t ∈ T (5.13)

wit(2, 2) ≤ cit, i ∈ I ′, t ∈ T (5.14)∑
x=1,3

∑
y=1,3

wit(x, y) ≤ 1− cit, i ∈ I ′, t ∈ T (5.15)

However, if the number of breakpoints is five (M=5), the following constraints
that replaces (5.12)–(5.15) is used. These equations correspond to the mesh
in Figure 5.5. If bit = 0, constraint (5.16) removes the left-hand side triangles
(1–4 and 9–12). Otherwise if bit = 1, constraint (5.17) removes the right-hand
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side triangles. Constraint (5.18) removes the inner triangles (3–6 and 11–14),
if cit = 0. If cit = 1, constraint (5.19) removes the outer triangles (1, 2, 7, 8,
9, 10, 15 and 16). Constraint (5.20) removes triangles 2, 3, 6, 7, 10, 11, 14 and
15, if dit = 0. Otherwise, if dit = 1, triangles 1, 4, 5, 8, 9, 12, 13 and 16 are
removed by constraint (5.21).∑

x∈Xi

∑
y=1,2

wit(x, y) ≤ bit, i ∈ I ′, t ∈ T (5.16)

∑
x∈Xi

∑
y=4,5

wit(x, y) ≤ 1− bit, i ∈ I ′, t ∈ T (5.17)

∑
x∈Xi

wit(x, 3) ≤ cit, i ∈ I ′, t ∈ T (5.18)

∑
x∈Xi

∑
y=1,5

wit(x, y) ≤ 1− cit, i ∈ I ′, t ∈ T (5.19)

∑
y=2,4

wit(2, y) ≤ dit, i ∈ I ′, t ∈ T (5.20)

∑
x=1,3

∑
y=1,3,5

wit(x, y) ≤ 1− dit, i ∈ I ′, t ∈ T (5.21)

If two curves is used (N = 2) with three breakpoints (M = 3), the following
constraints that replaces (5.10)–(5.15) is used. These equations correspond to
the right-hand mesh in Figure 5.3. Constraint (5.22) removes the left-hand side
triangles (1 and 2), if bit = 0, and constraint (5.23) removes the right-hand side
triangles (3 and 4), if bit = 1. Constraint (5.24) removes the upper triangles (2
and 3), if cit = 0, and (5.25) the lower triangles (1 and 4), if cit = 1.∑

x∈Xi

wit(x, 1) ≤ bit, i ∈ I ′, t ∈ T (5.22)

∑
x∈Xi

wit(x, 3) ≤ 1− bit, i ∈ I ′, t ∈ T (5.23)

wit(2, 2) ≤ cit, i ∈ I ′, t ∈ T (5.24)∑
y=1,3

wit(1, y) ≤ 1− cit, i ∈ I ′, t ∈ T (5.25)

If the number of breakpoints is five (M = 5) instead and the number of curves
is still two (N = 2), the following constraints replace (5.10)–(5.15). These
equations correspond to the mesh in Figure 5.4. Constraints (5.26) and (5.27)
remove the left-hand side or the right-hand side triangles, respectively. Further,
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constraints (5.28) and (5.29) remove the inner triangles (3, 4, 5 and 6) or the
outer triangles (1, 2, 7 and 8). The last constraints, (5.30) and (5.31), remove
the upper triangles (2, 3, 6 and 7) or the lower triangles (1, 4, 5 and 8).

∑
x∈Xi

∑
y=1,2

wit(x, y) ≤ bit, i ∈ I ′, t ∈ T (5.26)

∑
x∈Xi

∑
y=4,5

wit(x, y) ≤ 1− bit, i ∈ I ′, t ∈ T (5.27)

∑
x∈Xi

wit(x, 3) ≤ cit, i ∈ I ′, t ∈ T (5.28)

∑
x∈Xi

∑
y=1,5

wit(x, y) ≤ 1− cit, i ∈ I ′, t ∈ T (5.29)

∑
y=2,4

wit(2, y) ≤ dit, i ∈ I ′, t ∈ T (5.30)

∑
y=1,3,5

wit(1, y) ≤ 1− dit, i ∈ I ′, t ∈ T (5.31)

5.3 The Bilinear method
This section presents a method for modeling the HPF with a piecewise bilinear
function, using the upstream and downstream reservoir water volumes vu and
vd to model the head. When using reservoir water volumes instead of reser-
voir water levels, the volume-to-level conversion is not necessary and thus not
linearized as for the Triangulation method. The power is expressed as

p =
∑
k

rk(v
u, vd)qk. (5.32)

The method is based on approximating the HPF curve using multiple segments
k where the slope rk of the segment depends on the reservoir volumes vu and vd.
The bilinearity is caused by the multiplication of the slope rk and the discharge
variable qk. The function (5.32) is required to be concave with respect to the
discharge. An illustration of the approximated HPF is shown in Figure 5.6
where the three curves correspond to three different combinations of upstream
and downstream reservoir volumes.
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Figure 5.6: Approximated HPF for three different combinations of upstream
and downstream reservoir volumes.

The optimization model of the Bilinear method includes a bilinear HPF and is
therefore a BLP problem which is a type of nonlinear problem. A definition
of a BLP and its properties are shortly described in Section 3.1.4. The Bilin-
ear method does not model the forbidden unit operation zones, which means
that the HPF will be a continuous function from zero discharge to maximum
discharge. The optimization model of the Bilinear method is implemented in
GAMS and uses IPOPT as a solver.

The slope rk is formulated as a first order expansion of the upstream and down-
stream reservoir volumes, described in more detail later on. The expansion
includes several parameters which are estimated separately in a parameter es-
timation problem. In Figure 5.7 there is a schematic overview of the procedure
of the Bilinear method. The parameter estimation, inspired by [22], is a prepro-
cessing step made once for each station. The parameter estimation problem has
OPT+ data as input and the parameters for the expansion as output. Then,
the bilinear optimization model use these parameters together with the data,
specified in Table 4.1, as input. The optimization model of the Bilinear method
is explained in Section 5.3.1 and the parameter estimation problem is described
in Section 5.3.2.



46 Chapter 5. Method

Figure 5.7: Schematic overview of the Bilinear method.

5.3.1 Mathematical formulation
Inhere, the optimization model with a piecewise bilinear HPF is stated. Param-
eters and variables, in addition to those mentioned in Section 4.2, for the model
is stated below.

Parameters

Rik Estimated nominal slope for station i and segment k
[MW
m3/s

]
Cu

ik Estimated coefficient for the upstream reservoir volume
term for station i and segment k

[ W
m6/s

]
Cd

ik Estimated coefficient for the downstream reservoir vol-
ume term for station i and segment k

[ W
m6/s

]
V u
i Estimated nominal volume for the upstream reservoir of

station i
[Mm3]

V d
i Estimated nominal volume for the downstream reservoir

of station i
[Mm3]

Q̄ik Maximum discharge for segment k for a station i, upper
bound for q̄itk

[m3/s]
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Variables

ritk The slope of the bilinear segment k for a station i at
time t

[MW
m3/s

]
q̄itk Discharge in segment k for station i at time t [m3/s]
vu
it Volume of the upstream reservoir(s) for station i at

time t
[Mm3]

vd
it Volume of the downstream reservoir(s) for station i at

time t
[Mm3]

The Bilinear method models the head effect with the following constraints

pit =
∑
k∈K

Aikq̄itk, i ∈ I \ I ′, t ∈ T (5.33)

pit =
∑
k∈K

ritkq̄itk, i ∈ I ′, t ∈ T (5.34)

ritk = Rik + Cu
ik(v

u
it − V u

i ) + Cd
ik(v

d
it − V d

i ), i ∈ I ′, t ∈ T , k ∈ K (5.35)

qit =
∑
k∈K

q̄itk, i ∈ I, t ∈ T (5.36)

0 ≤ q̄itk ≤ Q̄ik, i ∈ I, t ∈ T , k ∈ K (5.37)
ritk ≥ ri,t,k+1 i ∈ I ′, t ∈ T , k ∈ K \ {K} (5.38)

which replace the constraints (4.6)–(4.8) in the Reference model, see Section 4.2.3.
In (5.33) a reformulation of (4.6) is made, and this constraint applies to those
stations that are classified as not head dependent, that is stations in group 1. In
(5.34) the power for this Bilinear method is calculated and this constraint applies
to stations in group 2, which are considered head dependent. The optimization
model complexity is not adjustable in the Bilinear method and therefore the
model only applies to stations that are or are not head dependent.

The term ritk, corresponding to the slope of segment k, is composed by the
estimated parameters and the upstream and downstream reservoir volume vari-
ables, as seen in (5.35). Different combinations of the upstream and downstream
reservoir volumes will result in different slopes for a segment k. In constraint
(5.36) the discharge q̄itk in each segment is summed to the total discharge for a
station i at time t. In (5.37) the variable bounds for the discharge in segment k
are set. Each q̄itk starts at zero and has a maximum value Q̄ik which can be
thought of as the length of the segment k in the discharge dimension. In this
model, Q̄ik is a fixed value for a segment k and a station i calculated by the
mean of the maximum discharge points and the maximum efficiency points for
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the different heads. Thus, the breakpoints in the piecewise bilinear curve are
decided from these points. Having such fixed lengths of the segments might lead
to the HPF curve being shortened or lengthened for certain heads. Lastly, con-
straint (5.38) maintains the concavity of the curve in the discharge dimension
for any combination of the reservoir volumes.

An illustration is shown in Figure 5.8 of what the curves of this method could
look like. In the figure there are three segments, k = 1, 2, 3, and thereby three
maximum discharges starting from zero, indices for station and time being omit-
ted. The segments, in the left graph, are assembled to form a curve, as in the
right graph. The thick lines represent a nominal head. Since the upstream
and downstream reservoir volume variables decide the value of the slope it can
change each time step t for a station i. This is illustrated by the three example
curves in the figure.

Figure 5.8: Example curves with three segments using the Bilinear method.

5.3.2 Parameter estimation
The parameters needed in the optimization model stated above are estimated in
a separate optimization problem minimizing the least square error between the
data value of the power from OPT+ and an estimation of the power for a given
discharge. This optimization problem is referred to as the parameter estimation
problem. The sets, parameters and variables needed in the parameter estimation
problem are stated below. Estimating the parameters are independent of the
time. The indices for stations are omitted, thus the following notation and
problem formulation are per station.
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Sets
U Set of upstream reservoir volume data, U = {1, 2, . . . }
D Set of downstream reservoir volume data, D = {1, 2, . . . }
Parameters
Pudk Data value of the power for u ∈ U and for d ∈ D at the

end of segment k
[MW]

Q̄k Data value of the discharge at the end of segment k [m3/s]
vu Data value of the upstream reservoir volume for u ∈ U [Mm3]
vd Data value of the downstream reservoir volume for

d ∈ D
[Mm3]

Variables
z Objective function value [(MW)2]
p̂udk Estimation of the power for u ∈ U and for d ∈ D at the

end of segment k
[MW]

rudk Slope of segment k for u ∈ U and for d ∈ D
[MW
m3/s

]
Rk Nominal slope for segment k

[MW
m3/s

]
Cu

k Coefficient in front of the first order expansion for the
upstream reservoir volume term for segment k

[ W
m6/s

]
Cd

k Coefficient in front of the first order expansion for the
downstream reservoir volume term for segment k

[ W
m6/s

]
V u Nominal upstream reservoir volume around which a first

order expansion is made
[Mm3]

V d Nominal downstream reservoir volume around which a
first order expansion is made

[Mm3]

The parameters in the parameter estimation problem are data from the OPT+
data. For a station, there is a set of discharge and power values which are decided
by the maximum discharge point and the maximum efficiency points in the
OPT+ data. For a station, there are also a set U of upstream reservoir volume
data and a set D of downstream reservoir volume data. Each combination of the
upstream and downstream reservoir volumes has its own efficiency curve and
power production curve. Therefore both the power and discharge are dependent
on the upstream and downstream reservoir volumes, as well as the segment. To
simplify the parameter estimation problem, the discharge data values Q̄k are
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fixed for each segment and hence not dependent on reservoir volumes. This
means that for each discharge data value there are multiple data values of the
power Pudk. The parameter estimation problem is defined by

min z =
∑
u∈U

∑
d∈D

∑
k∈K

(Pudk − p̂udk)
2 (5.39)

s.t. p̂udk = rudkQ̄k, u ∈ U , d ∈ D, k ∈ K (5.40)

rudk = Rk + Cu
k (vu − V u) + Cd

k (vd − V d), u ∈ U , d ∈ D, k ∈ K (5.41)
rudk ≥ ru,d,k+1, k ∈ K \ {K} (5.42)
PudK ≥ p̂udK , u ∈ U , d ∈ D. (5.43)

The objective function in (5.39) minimizes the square error between the data
value of the power, Pudk, and the estimated power, p̂udk, for a given dis-
charge Q̄k. The estimated power is calculated in (5.40) where the variable rudk
is given by (5.41). Constraint (5.42) maintain the concavity of the piecewise bi-
linear curve and (5.43) is a conservativity constraint forcing the estimation for
the last segment to be equal to or less than the real value for the last segment.
The values of Q̄k, Pudk, vu and vd are known while the values of Rk, Au

k , Ad
k,

V u and V d are to be determined.

The parameter estimation problem as defined above is a bilinear problem, a
BLP. The problem is implemented in GAMS and uses LINDO Global as a
solver.
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Testing and validation

The evaluation of the Triangulation and Bilinear methods will be restricted to
Lule River, see Section 6.2, and scenarios from the years 2017–2020. The sce-
narios are from different periods of these years to capture different hydrological
conditions in the river. Data is available for several rivers and other years but
for the purposes of this thesis, it is enough.

The test results will be compared regarding the accuracy and run time. The
accuracy will be investigated by validating the optimization solutions against
their simulation results using the procedure and error measures described below
in Section 6.1.

6.1 Validation and error measures
As described in Section 4.4, optimization solutions can be compared to results
from Vattenfall’s simulation tool to verify the optimization solutions. Several
measures that capture the difference between the power from an optimization so-
lution, popt, and the power from its simulation result, psim, is used. Each run of
a test case using either the Triangulation method or the Bilinear method is com-
pared to an optimization solution of the Reference model (that do not include
modeling of the head dependence) with the same scenario and settings.

The root mean square error (RMSE) between the power from an optimization
solution and the simulated power is given by

RMSE(p) =
√

µ((popt − psim)2), (6.1)

Larsson and Lindberg, 2022. 51
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where µ is the mean. The standard deviation of the difference between the power
from an optimization solution and the simulated power is calculated by

STD(p) = σ(popt − psim), (6.2)

where σ denotes the standard deviation function. The absolute error (AE)
between the revenue from an optimization solution Ropt compared to the revenue
from the simulation Rsim is calculated by

AE(R) = Ropt −Rsim. (6.3)

The RE between the revenue from an optimization solution Ropt compared to
the revenue from the simulation Rsim is calculated by

RE(R) = (Ropt −Rsim)/Rsim. (6.4)

The error measures introduced above are calculated for each station but also as
a river mean.

6.2 Lule River
In Figure 6.1, a graph representation of the connected hydropower system in the
Lule River is seen. There are 15 stations and 17 reservoirs. The Lule River starts
with two distinct branches that merge into one branch at the station Porsi. The
station Vietas is an underground station that takes water from two different
reservoirs which is why it is modeled as two different stations, VietasS1 and
VietasS2. The last station is placed in Boden and then the river flows into the
Baltic Sea. It is difficult to model head variations for the station in Boden since
only the upstream reservoir is included in the model. A downstream reservoir
does not exist since the water flows into the sea, but head variations in the sea are
not negligible. A more detailed river description is given in Appendix B.

The reservoir volumes of Lule River are presented in Figure 6.2. Note that the
reservoirs with high water storage capacity are located at the beginning of the
river.
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Figure 6.1: Lule River represented as a graph. Red squares are stations which
are connected by discharge, solid edges, with the reservoirs marked as blue
triangles. Spillways are represented by dashed edges.
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Figure 6.2: Volumes of the reservoirs in Lule River.

6.3 Test cases
A number of test cases are carried out to analyze the performance of the de-
veloped methods. A test case is defined by a scenario and a head dependency
configuration. The scenarios used in the testing are presented in Table 6.1.
They are defined by a start date, an end date and a time resolution.

Table 6.1: Scenarios used in testing.

Scenario
number

Start date End date Time
resolu-
tion [h]

Number
of time
steps

Time
horizon

1 2017-04-23 2017-04-29 1 168 short
2 2017-05-01 2017-05-31 2 372 short
3 2017-01-01 2017-03-31 4 540 mid
4 2017-08-01 2018-01-31 6 736 mid
5 2017-01-01 2017-12-31 8 1095 long
6 2017-01-01 2017-12-31 4 2190 long
7 2017-01-01 2017-12-31 2 4380 long
8 2018-04-01 2019-03-31 4 2190 long
9 2019-05-01 2020-04-30 4 2190 long
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The different head dependency configurations are stated in Table 6.2. A config-
uration is denoted by a letter from A to E or the number 0, meaning that there is
no head dependence at all. Configuration 0 will be used for the Reference model,
that lacks head dependence. Configurations A–D consists of different mixtures
of the groups 1, 2 and 3 from the head dependency measures of the stations
stating their degree of head dependency. The configurations are created using
the Matlab function discretize, more details are described in Appendix A.
The configuration denoted E is a categorization of the stations into groups 1 or
2 decided by the RMS error obtained from the reference model solution.

For the Bilinear method, group 2 means that the station will have head depen-
dence and thus, the method utilizes configurations A, D and E. All configura-
tions are relevant for the Triangulation method. Recall that for the Triangu-
lation method, group 2 corresponds to having two head curves in the model-
ing of the HPF and group 3 implies three curves and hence a more complex
model.

Table 6.2: Description of the head dependency configurations used in the testing.

Head dependency
configuration

Description

0 No head dependency (head dependency group 1 for
all stations).

A Head dependency group 2 for all stations.
B Head dependency group 3 for all stations.
C Mix of head dependency groups 1, 2 and 3 catego-

rized by discretize.
D Mix of head dependency groups 1 and 2 categorized

by discretize.
E Mix of head dependency groups 1 and 2 categorized

by the RMSE from the reference model categorized
by discretize.

All test cases that are presented in Table 6.3, defined by the scenario number
and the head dependency configuration, for example, 1-A. For each scenario,
the reference model will be tested as well. For each test case, it is stated which
methods to be tested, that is Triangulation, Bilinear or both. Each optimization
solution from the testing will be simulated using Vattenfall’s Simulation tool,
see Section 4.4.
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Table 6.3: The test cases are given stating the scenario number and head depen-
dency configuration, and which methods to be tested for a specified test case.

Test case Methods
1-0 Reference
1-A Triangulation, Bilinear
1-B Triangulation
1-C Triangulation
1-D Triangulation, Bilinear
1-E Triangulation, Bilinear
2-0 Reference
2-A Triangulation, Bilinear
2-B Triangulation
2-C Triangulation
2-D Triangulation, Bilinear
2-E Triangulation, Bilinear
3-0 Reference
3-A Triangulation, Bilinear
3-C Triangulation
3-D Triangulation, Bilinear
3-E Triangulation, Bilinear
4-0 Reference
4-A Triangulation, Bilinear
4-C Triangulation
4-D Triangulation, Bilinear
4-E Triangulation, Bilinear
5-0 Reference
5-A Triangulation, Bilinear
5-C Triangulation
5-D Triangulation, Bilinear
5-E Triangulation, Bilinear
6-0 Reference
6-D Triangulation, Bilinear
6-E Triangulation, Bilinear
7-0 Reference
7-D Triangulation, Bilinear
7-E Triangulation, Bilinear
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8-0 Reference
8-D Triangulation, Bilinear
8-E Triangulation, Bilinear
9-0 Reference
9-D Triangulation, Bilinear
9-E Triangulation, Bilinear

6.4 Test settings
All tests are performed on a virtual machine with 128 GB RAM, 2 sockets and
64 virtual processors. A time limit for the solver was set to 30 000 s (8.3 hours).
The total run time also consists of model generating time making it possible
to exceed the time limit. The settings used for each method is presented in
Table 6.4 and Table 6.5.

For the Triangulation method, CPLEX uses the relative gap tolerance as ter-
mination criteria. The relative gap is the relative difference between the best
integer solution found and the best optimistic bound [23].

For the Bilinear method, the termination criteria are more complex. It con-
sists of several tolerances and has different levels (desired and acceptable tol-
erance). The most important tolerances are the convergence tolerance (NLP
error), which measures an optimality error for the current solution, and the
constraint violation tolerance which is how many constraints are violated. More
about IPOPT termination criterias are found in the implementation paper for
IPOPT [24].

Table 6.4: Solver settings used in testing of the Triangulation method.

Parameter Value
Solver IBM ILOG CPLEX
Relative gap tolerance 1.0%
Time limit 30 000 s
Multiple threads Yes
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Table 6.5: Solver settings used in testing of the Bilinear method.

Parameter Value
Solver IPOPT
Linear solver Pardiso
Constraint violation tolerance 1e-8
Convergence tolerance (NLP Error) 1e-8
Time limit 30 000 s
Multiple threads Yes



Chapter 7

Results

This chapter presents relevant results from evaluating the optimization methods
developed in this thesis. Initially, an optimization solution obtained by the
Reference model is presented to introduce hydropower production planning and
the consequences related to omitting the head effect. This is followed by results
regarding the head dependency measures in Section 7.2. Results for all the
test cases in Table 6.3 performed by the Triangulation method, see Section 5.2,
is presented in Section 7.3 and by the Bilinear method, see Section 5.3, in
Section 7.4. The methods’ performance is compared in terms of accuracy and
run time. The accuracy is quantified using the RMSE of the power, see (6.1),
and the RE of the revenue, see (6.4). Other error measures were investigated but
did not provide any additional insights and are therefore omitted. A comparison
of the methods is given in Section 7.5 and finally the effects of having a subset
of stations modeled as head dependent are investigated in Section 7.6.

7.1 Reference model
As mentioned in Chapter 4, Vattenfall’s optimization tool generates a produc-
tion plan consisting of the solution variables power p, discharge q, spillage s and
reservoir volume v, for each station or reservoir and time step. An optimization
solution obtained from the Reference model using the scenario 2017-01-01–2017-
12-31 with a time resolution of 1 hour, is presented below for some of the stations
and reservoirs in the Lule River.

In Figure 7.1, the reservoir water levels for four reservoirs are shown. The

Larsson and Lindberg, 2022. 59
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minimum and maximum levels, that change over the year in accordance with
the water legislation, are marked as dashed lines. For Lulejaure and Randijaure,
the minimum reservoir levels are lowered from April to July to store water that
is released from the snow melting during the spring. Tjaktajaure is one of
the reservoirs with the highest storage capacity, and therefore the water level
changes slowly during the year. Messaure’s reservoir is smaller and its water
level fluctuates more frequently.

Figure 7.1: Reservoir water levels for a subset of reservoirs in Lule River, ob-
tained from the Reference model solution.

The turbine discharge is presented for a number of stations in Figure 7.2. For
Ligga and Seitevare, it is clear that some discharge values are over-represented.
These are the maximum efficiency points and are thereby the most beneficial
operating points. Boden has a minimum discharge limit of 100 m3/s and runs
continuously due to its small water storage capacity.

The produced power in each time step is presented in Figure 7.3. The simulation
result is also included in the plot and the difference compared to the optimization
solution is noticeable for VietasS2, Seitevare and Parki. However, the results for
Ligga are quite similar which indicate that the station is either not significantly
head sensitive or that the constant head that is used in the Reference model is
representative of this scenario, or both.
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Figure 7.2: Discharge for a subset of stations in Lule River, obtained from the
Reference model run.

Figure 7.3: Power production for a subset of stations in Lule River, obtained
from the Reference model solution (blue) and a simulation result (grey).
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The discharge and power from the optimization solution along with the cor-
responding values of the head are presented in a three-dimensional graph for
Porsi and VietasS2 in Figure 7.4. Each point in the figure corresponds to a time
step. The head values are calculated from the optimization solution by inter-
polation in the volume-to-level data using the solution of the volume variables.
The SOPT data is also plotted and shows the desirable operating points, the
ideal HPF, for four different values of the head. Note how the power changes
for different values of the head in the SOPT data, especially for VietasS2, more
power is produced for higher heads. The power obtained in the solution of the
Reference model, on the other hand, does not change with varying head. This is
the main issue with a model that lacks head dependence, the calculated power
may have poor accuracy. The concentration of values at the maximum efficiency
points is apparent in these figures as well, the solution points from the Reference
model are clearly gathered at certain discharge levels.

(a) Porsi (b) VietasS2

Figure 7.4: Operating points from the Reference optimization solution for Porsi
and VietasS2 (blue). The SOPT data is also presented (yellow).

7.2 Head dependency measures
The strategy presented in Section 5.1 for categorizing the stations into head
dependency groups is used in some of the test cases. The obtained head depen-
dency group for each station and each test case with head dependency configu-
rations C, D and E are presented in Tables C.1 and C.2 in Appendix C. Below
follows the results of the head dependency measures for scenario 1 and scenario



7.2. Head dependency measures 63

5 in Figures 7.5 and 7.6. Scenario 1 is a short-term scenario and scenario 5 is a
long-term scenario, see Table 6.1. Measures for the other scenarios are presented
in Appendix D.1. If a station did not operate during the chosen scenario, this
is seen by the combined measure being zero.

The head sensitivity measure is the same regardless of chosen scenario since it is
based on the SOPT-data. As seen in the figures, VietasS2, VietasS1, Parki and
Seitevare are the stations with the largest head sensitivity. The head variation
measure on the other hand depends on the scenario and differs in these examples.
For scenario 1, Harsprånget, Porjus, Ligga, Messaure and Porsi have the largest
head variation which is reflected in their combined measure. Parki, with a
large head sensitivity and an intermediate variation, has the largest combined
measure value for this scenario. Looking at scenario 5, the head variation is
high for VietasS2, Seitevare, Ritsem, VietasS1 and Parki which all have high
combined measures. Note that these are the stations with large reservoirs and
a large regulating height which means that over a year, the water level will
fluctuate. For scenario 5, the separation of stations is more apparent than in
scenario 1.
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Figure 7.5: Measures of head sensitivity, head variation and the combined metric
for scenario 1. Ritsem, VietasS1 and Seitevare did not operate during this period
and thereby their combined measure is zero.
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Figure 7.6: Measures of head sensitivity, head variation and the combined mea-
sure for scenario 5.

The number of head dependent stations for each test case is presented in Fig-
ure 7.7. All stations have head dependence for configurations A and B. However,
configurations C and D that uses the head dependency measures have a different
number of head dependent units for different scenarios. For the short scenarios,
up to 8 stations are head dependent but for the mid- to long-term scenarios, 4-5
stations are head dependent. Configuration E has 8 head dependent stations,
regardless of the scenario.
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Figure 7.7: Number of head dependent stations for each test case.
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7.3 Triangulation method
Solution details for all test cases, using the Triangulation method, are provided
in Appendix C, Table C.3. Figure 7.8 shows the achieved relative gap for all
the test cases. The Triangulation method solved 21 out of 30 test cases. A
test case is considered solved if it is solved to optimality within the relative gap
tolerance 1%. If given more time, more test cases would probably be solved
to optimality within the acceptable tolerance. Test case 7-E did not provide
any solution details and is therefore omitted in the figure. The relative gap
for the Triangulation method is higher than for the Reference model for all
scenarios.

All short-term scenarios were solved by the Triangulation method, regardless
of the head dependency configuration. Out of the mid-term scenarios, 3-A and
3-C were not solved but all other test cases. For the long-term scenarios 5–9,
configuration D solved all of them, except scenario 7, while configuration E only
solved scenario 6. Recall that configuration E had eight head dependent stations
while D had four to five for these scenarios.
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Figure 7.8: Relative gap obtained by the Triangulation method. Note that the
scale is logarithmic. Test cases that are not considered solved are marked with
an asterisk, for example, 5-C*.
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7.3.1 Performance
The RMSE of the power is presented in Figure 7.9 for all solved test cases.
Compared to the Reference model, the RMSE is considerably smaller for all
solved test cases when using the Triangulation method. On average, it decreased
by 59%. Figure 7.10 shows the RE of the revenue for all solved test cases. As
seen in the figure, the revenue for the Reference model is generally overestimated
compared to the simulated revenue, on average around 2.1%. The Triangulation
method gives an underestimated revenue, on average 0.33%. The error measures
are smaller when using the Triangulation method compared to the Reference
model, for all test cases. The run time on the other hand, see Figure 7.11, is
significantly longer for the Triangulation method than for the reference model.
Note that the run time for test cases 6-D, 8-D and 9-D differs even though
the scenarios have equal length and time resolution, but have scenarios from
different years.

Configurations A and B have smaller RSME than the other configurations,
for all scenarios. Note that the RMSE is slightly better for configuration B
than A, while the difference in run time is large. Both A and B have head
dependence for all the stations but B uses three unit performance curves, one
more than configuration A. Comparing the configurations C, D and E that have
head dependence for a subset of stations, it is notable that E has lower RMSE
than D and C in general. Configuration D has the shortest run time out of all
configurations.
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Figure 7.9: RMSE of the power for the Triangulation method.
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Figure 7.10: RE of the revenue for the Triangulation method.
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Figure 7.11: Run time for the Triangulation method.

The number of discrete variables in the model is plotted against the run time
in Figure 7.12. The number of such variables depends on the number of time
steps and head dependent stations. The number of discrete variables can tell
something about the complexity of the model and also the expected run time.
However, the figure indicates that it is not the whole truth. For example, test
case 4-D has almost the same number of discrete variables as test case 4-C but
more than ten times longer run time. The number of variables in total and the
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number of constraints in the problem was also examined but did not provide
any additional insights.
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Figure 7.12: The number of discrete variables and run time for each solved test
case. Note that the scale is logarithmic.

7.3.2 Triangulation surfaces
Figure 7.13 shows the triangulation surface and the obtained operating points
for Parki and Vittjärv for test cases 1-B and 4-A plotted in the discharge, power
and head plane. As seen in the figures, the power output is different for different
values of the head which shows that the Triangulation method does consider the
head effect. Notably, the points from the optimization solution are somewhat
gathered at the triangle edges, especially in test case 4-A. The objective function
is maximizing the revenue and hence the power which means that the most
beneficial points will be at the edges. This is similar to the Reference model,
where the operating points were gathered at the maximum efficiency points.
Further, note that the forbidden operating zones are modeled, there are no
points between zero discharge and the minimum discharge edges.
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(a) Parki, 4-A (b) Parki 1-B

(c) Vittjärv, 4-A (d) Vittjärv, 1-B

Figure 7.13: Triangulation surface for Parki and Vittjärv, scenarios 1-B and
4-A. The obtained optimization solution and SOPT data are also presented.

7.4 Bilinear method
A complete table with solution details for all test cases is found in Table C.4 in
Appendix C. When performing the test cases for the Bilinear method, the solver
IPOPT was used which aims to find local solutions to nonlinear problems. A
solution from the Bilinear method is considered to be a local optimum when the
solution fulfills certain tolerances that are set in IPOPT. As specified in Table 6.5
the constraint violation and the convergence tolerance should be below the value
10−8 if the solution is a local optimum. If a local optimum has been found for a
test case, then that test case is considered to be solved. In Figure 7.14 the values
of the constraint violation and the NLP error are shown. Test cases 2-E, 3-A and
4-A did not reach the desired tolerances but are also considered as solved test
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cases since their solutions converged to acceptable tolerance levels. Test cases
5-A, 5-E, 6-E, 7-E, 8-E and 9-E stopped prematurely due to the time limit, thus
they are considered not solved and their results are not reliable. In total, the
Bilinear method solved 17 out of 23 test cases. In Figure 7.14, the test cases
considered not solved are marked with an asterisk, for example, 5-A*.
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Figure 7.14: The values for the constraint violation and NLP error for each
test case. The vertical axis is in log-scale. The dashed line corresponds to the
desired tolerance 10−8.

All short- and mid-term scenarios are solved by the Bilinear method, regardless
of the head dependency configuration. When looking at the long-term scenarios
5–9, all test cases with configuration D are solved. None of the long-term test
cases with configuration E are solved. Recall that E had eight head dependent
stations while D had four to five for these scenarios.

7.4.1 Performance
The RMSE, root mean square error, of the power as calculated in (6.1) for
the Bilinear method is presented in Figure 7.15. Overall, the RMSE is smaller
when using the Bilinear method instead of the Reference model. On average,
the RMSE decreased by 51% when using the Bilinear method. The test cases 2-
E, 3-A and 4-A which only reached an acceptable tolerance level received decent
solutions and their RMSE follow the same pattern as for the other test cases.
For the test cases with scenarios 1–4 configuration D has the largest RMSE, then
follows configuration E and configuration A has the smallest RMSE.



7.4. Bilinear method 71

The RE, relative error, of the revenue as calculated in (6.4) for the Bilinear
method is seen in Figure 7.16. For most test cases, the Bilinear method gives an
underestimation of the revenue compared to the simulation, while the Reference
model always gives an overestimation. On average, the Bilinear method gives
an underestimation of 0.28% and the Reference model gives an overestimation
of 2.4%.
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Figure 7.15: RMSE of the power for the Bilinear method. Only solved test cases
are shown.
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Figure 7.16: RE of the revenue for the Bilinear method. Only solved test cases
are shown.
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The run time for the Bilinear method is presented in Figure 7.17 which shows
that it is longer than for the Reference model (also confirmed by the values of
the run time in Table C.4). For the solved test cases, all but 4-A has a run
time of less than one hour. In most cases, configuration D has the shortest run
time, which is the configuration that has the smallest number of head dependent
stations for the Bilinear method.
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Figure 7.17: Run time for the Bilinear method. Only solved test cases are
shown.

The test cases have a different number of variables that depend on both sce-
nario and head dependency configuration, that is the number of head dependent
stations. In Figure 7.18 the run time, in log-scale, with respect to the number
of variables for each solved test case is shown. In general, it is hard to draw
any conclusions about the relationship between run time and the number of
variables. However, the test cases with configuration A seem to follow an expo-
nential trend. It is also notable that even though 5-D or 9-D has more variables
than 4-A or 3-E, they have shorter run times.
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Figure 7.18: Run time with respect to number of variables for the Bilinear
method. The run time is in log-scale. Only solved test cases are shown.

7.4.2 Discharge segments
For the Bilienar method, the piecewise bilinear function that expresses the rela-
tion between power, reservoir volumes and discharge, that is (5.32), is concave
with respect to discharge. This leads to that the discharge in the first segment
should reach its maximum before there is any discharge in the second segment.
Likewise, the discharge in the second segment should reach its maximum be-
fore there is any discharge in the third segment and so on. In Figure 7.19 and
Figure 7.20 the amount of discharge in each segment for test case 1-E is shown
for Laxede and Porjus respectively. Since a local solver is used for the testing,
the solution variables such as the discharge segments need to be investigated to
ensure that they behave as explained above. It may be the case that the slope
of two adjacent segments has the same value or values very near one another
which can lead to a discharge in segment k + 1 before the discharge in segment
k has reached its maximum.
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Figure 7.19: Illustration of the amount of discharge q̄k in each segment k for
Laxede for test case 1-E. The maximum discharge for segment k, that is Q̄k, is
denoted with a dashed line. Laxede has four segments.

Apr 23 Apr 24 Apr 25 Apr 26 Apr 27 Apr 28 Apr 29 Apr 30

2017   

0

50

100

150

200

250

300

350

400

Figure 7.20: Illustration of the amount of discharge q̄k in each segment k for
Porjus for test case 1-E. The maximum discharge for segment k, that is Q̄k, is
denoted with a dashed line. Porjus has three segments.
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7.5 Comparison between the methods
A performance evaluation of the solved test cases is given in Figure 7.21. The
figure shows the number of solved test cases within a certain run time, for the
Triangulation method and Bilinear method. The test cases in the figure are
only those with head dependency configurations A, D and E since these are the
test cases solved by both methods. In total there are 23 test cases with these
configurations. The test cases in the figure had a time limit of 30 000 s. Out
of 23 test cases, the Triangulation method solved 16 and the Bilinear method
17 within the time limit. Within one hour, the Triangulation method solved 10
test cases and the Bilinear method solved 16 test cases.
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Figure 7.21: Number of solved test cases, within the time limit 30 000 s. Only
test cases with head dependency configurations A, D and E are included.

7.5.1 Reduction of RMSE
Figure 7.22 and Figure 7.23 show the reduction of RMSE compared to the
Reference model solutions averaged for each head dependency configuration and
scenario, respectively. Note that the B and C configurations have only been run
for the Triangulation method. On average, the Triangulation method has a
slightly larger reduction of RMSE, 59%, than the Bilinear method, 51%. In
the figure, these values are represented with a dashed line for the Triangulation
method and a solid line for the Bilinear method. The RMSE decreases the most
for configurations A and B, followed by E and finally C and D. Looking at the
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mean for each scenario, the short-term scenarios get a reduced RMSE of around
60%–70% while the mid- to long-term scenarios get 40%–50%. Scenario 4 has
the smallest reduction of RMSE for both methods.
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Figure 7.22: Mean reduction of the RMSE compared to the Reference model of
the solved test cases for each head dependency configuration. Note that the B
and C configurations have only been run for the Triangulation method.
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Figure 7.23: Mean reduction of the RMSE compared to the Reference model
for each scenario. Only solved test cases are included.
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7.5.2 Run time
In Figure 7.24, the mean run time for each head dependency configuration is
shown. Note that only the solved test cases are included and that all config-
urations were not tested on all scenarios. The Bilinear method has in general
significantly shorter run time than the Triangulation method. Configuration
B and A has the longest mean run time for the Triangulation method and
the Bilinear method respectively. Configurations C, D and E have similar run
times.
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Figure 7.24: Mean run time of the solved test cases for each head dependency
configuration. Note that the B and C configurations have only been run for the
Triangulation method.

7.5.3 RMSE per station
The RMSE of the power per station for test cases 1-D, 5-D and 3-A is shown in
Figures 7.25–7.27 for both methods. The head dependent stations in test cases
1-D and 5-D are marked with an asterisk, for example, Porsi*. For all stations
that have head dependence in 1-D and 5-D, the RMSE is smaller compared to
the Reference model for both the Triangulation and the Bilinear method. The
improvement of having head dependency differs for the stations. For example,
the RMSE of Parki is almost eliminated in 1-D when using the Triangulation
and Bilinear method. However, the RMSE of Messaure in test case 1-D is only
marginally decreased, especially for the Triangulation method.

In test case 3-A, all stations include head dependence. The RMSE is decreased
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compared to the Reference model for all stations except Porjus and Vittjärv for
the Bilinear method and Messaure and Vittjärv for the Triangulation method.
In this example as well, the reduction of RMSE differs among the stations.
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Figure 7.25: RMSE of the power per station for test case 1-D. Stations marked
with * include head dependency.
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Figure 7.26: RMSE of the power per station for test case 5-D. Stations marked
with * include head dependency.
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Figure 7.27: RMSE of the power per station for test case 3-A. All stations
include head dependency.

7.6 Effects on other stations
When only a subset of stations is considered head dependent, it may lead to con-
sequences for other stations, that are not head dependent, in the river. Here fol-
lows an example from test case 1-D, where effects are notable. In Figure 7.28, the
water levels in reservoir R_Porsi and R_Laxede for the Triangulation method
and the Bilinear method are shown for the test case 1-D.
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Figure 7.28: Water levels for the upstream and downstream reservoir of Porsi,
for test case 1-D. The results from both the Triangulation method and the
Bilinear method are shown.
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The station Porsi, which lies between the two reservoirs, is one of the stations
being head dependent. Messaure was also head dependent in this scenario but
neither Letsi nor Laxede. Compared to the Reference model of each method, the
reservoir levels for the Triangulation method and the Bilinear method are higher
in R_Porsi and lower in R_Laxede. A high upstream reservoir level and a low
downstream reservoir level indicate that both the Triangulation method and the
Bilinear method aim to maximize the head at Porsi. This is seen in Figure 7.29,
which shows the head for each of the surrounding stations for the same scenario.
Note that the head at the neighboring stations of Porsi decreased, compared to
the Reference model, resulting in an increased head at Porsi.
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Figure 7.29: Heads for Porsi and its upstream stations Letsi and Messaure and
also its downstream station Laxede, for test case 1-D. The result from both the
Triangulation method and the Bilinear method is shown.

In Figure 7.30, the absolute difference between popt and psim, for each time step
is presented along with the average for the same test case and stations as in
Figure 7.29. As seen in the figure, the head dependent stations Messaure and
Porsi have less difference when using the Triangulation method. However, Letsi
and Laxede use the HPF without head dependency in both the Triangulation
method and Reference model, since they are not modeled as head dependent
in this test case. The lowered head at these stations is causing the calculated
power to be less accurate when using the Triangulation method than for the
Reference model. The difference is still smaller, averaged for the river, in the
Triangulation method compared to the Reference model. A similar effect is also
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observed in other test cases where only a subset of stations are head dependent
but in those cases, only one or two stations are affected.
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Figure 7.30: Absolute difference in power between the optimization solution and
the simulation result, |popt − psim|, for each time point. The mean difference
(dashed line) is also presented. The figure shows test case 1-D, where for example
Messaure and Porsi are modeled as head dependent but not Letsi nor Laxede.





Chapter 8

Discussion

The main purpose of this Master’s thesis project has been to develop and eval-
uate methods that incorporate the head effect in optimization models for hy-
dropower production in river systems. The project also included an investiga-
tion on how to quantify head sensitivity and decide whether a station should
be modeled as head dependent or not. The consequences of only modeling a
subset of the stations in a river as head dependent were also examined. The
results presented in Chapter 7 will now be discussed and conclusions will be
drawn.

The developed methods perform well on the chosen test cases. Both meth-
ods are significantly more accurate than the Reference model regarding the
obtained power and revenue, especially for short-term scenarios. The Triangu-
lation method is fairly more accurate than the Bilinear method, based on the
RMSE. However, the Bilinear method is clearly faster than the Triangulation
method. For short-term scenarios, having head dependence for all stations, the
run time is sufficiently short for both methods. When including head depen-
dence for a subset of stations, both methods have reasonable and quite short
run times for short-term to mid-term scenarios. For long-term scenarios, it is
not beneficial to have head dependence for all stations. High accuracy and rel-
atively short run times are achieved with only 4–5 stations being modeled as
head dependent. Further, the methods have differences making them suitable
for different applications. The Triangulation method does model the forbidden
unit operation zones but linearizes the volume-to-level relation. The opposite
holds for the Bilinear method since it uses reservoir volumes instead of reser-
voir water levels, thus avoiding the nonlinear volume-to-level conversion, but
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does not model the forbidden unit operation zones. Consequently, the methods
supplement one another.

The complexity of the optimization models depends on the length of the sce-
narios and also the number of head dependent stations which, for the Bilinear
model, affect the number of bilinear constraints. The complexity of the Triangu-
lation model also depends on the number of head curves used. However, during
the testing, it has been noticed that the run time deviates for certain test cases.
A high number of variables or discrete variables does not always entail long run
times. For example, the short- and mid-term test cases with configurations A
and E had longer run times than the long-term test cases with configurations
D. These deviations can be explained by the scenarios having different hydro-
logical conditions, for instance, the total amount of inflow and effective water
legislation for that period. By this said, many factors affect the run time which
to some extent are hard to predict.

Configurations A and B have the smallest RMSE since they have head depen-
dence for all stations, but the run time, which usually is longer than for the other
configurations, is a disadvantage. Comparing configurations A and B when us-
ing the Triangulation method, the results indicate that it is sufficient to use two
head curves (configuration A) instead of three (configuration B) since the RMSE
and the RE are similar but the computational effort is significantly larger when
using three curves. This can also be noted when comparing configurations C
and D. The head dependency configuration E reduces the RMSE of the power
for both methods and generally has a smaller RMSE than both configuration
C and D. This might be because configuration E often has a higher number of
head dependent stations, but can also be explained by the fact that precisely
those stations with large RMSE in the Reference model are targeted. How-
ever, configuration E has a somewhat longer mean run time for both methods
compared to configurations C and D.

The results showed that the head could be abnormally increased at a head
dependent station if the surrounding stations did not have head dependence.
The reason is that since the revenue is maximized, high power outputs are
desirable and hence also high heads. Therefore, the upstream reservoir level
might be increased and the downstream reservoir level is decreased to maximize
the head for a head dependent station. In reality, a high head is of course
desirable but it cannot be maximized for all stations simultaneously since the
river system is hydrologically connected. If the head is increased in one station,
it will be decreased at other stations. This effect is notable in some of the
test cases but all solved test cases do have decent solutions, that is reasonable
revenue and reliable operating patterns.
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The developed head dependency measures capture both head sensitivity and
head variation since the stations in a short scenario and a long scenario have
different combined measures. For short scenarios, stations with low head sen-
sitivity can get a quite large combined measure if the head is highly varying.
For the long-term scenarios, the combined measures for stations connected to
reservoirs with high storage capacity are large. This strategy adjusts the head
dependency based on a scenario and also the characteristics of the station. The
head dependency configurations C and D, which are based on the head depen-
dency measure, reduce the RMSE of the power for the Triangulation method and
the Bilinear method. In addition, the number of stations that are categorized
as head dependent varies depending on the scenario. This may indicate that
the head dependency measure is fair and does select the most head dependent
stations.

8.1 Conclusions
Based on the results and discussion, having the project statements in mind, the
following conclusions can be made.

• The head sensitivity can be quantified using the proposed measure, but the
overall head dependence of a station should involve a scenario dependent
component.

• The Triangulation method and the Bilinear method are more realistic than
the Reference model since they give higher accuracy.

• It is sufficient to include head dependence for a subset of stations because
it reduces the error significantly while giving reasonable computational
time.

• Including head dependence for a subset of stations might affect neigh-
boring stations. These effects are not crucial for the reliability of the
optimization solutions.

• Mid- to long-term scenarios are solved with high accuracy when a subset
of the stations are modeled as head dependent. The Bilinear method has a
short computational time and the Triangulation method has a reasonable
computational time.

• For long-term scenarios, the stations Ritsem, VietasS1, VietasS2, Seitevare
and Parki are head dependent.
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8.2 Future work
Here follows suggestions for future work related to this thesis project. The
implemented methods were only tested on an aggregated level, considering all
units at a station as one. It would be interesting to add the possibility to model
multiple units. This would bring combinatorial properties and is expected to
increase the computational time. However, for short scenarios, it should be
possible.

For the Triangulation method, different approaches to selecting breakpoints
could be tried out. It would also be possible to have only two points and two
curves to get a simple model but with head dependence. More complex for-
mulations could involve modeling the nonlinear volume-to-level relation, maybe
by avoiding it and using volume variables instead of head variables. Then,
the interpolation would be in a higher dimension and may be similar to the
quadrilateral method.

For the Bilinear method, the next step would be to introduce dynamic dis-
charge segments since they are head dependent and not fixed, as modeled in
this project. It would also be interesting to add the unit commitment con-
straints so that the forbidden unit operating zones are modeled. In that case,
the problem would be a mixed-integer bilinear problem.
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Appendix A

Head dependency
configurations

The stations are categorized into head dependency groups based on their head
dependency measures m = {mi}i∈I , which is done in MATLAB using the func-
tion discretize. The function divides data into bins. The size of the bins
used in the testing is presented in Table A.1 but the intervals can be adjusted
by the user. The bin sizes are given as a percentage of the maximum metric,
max

i
(m). For example, if the maximum metric for a specific scenario is 1, the C

configuration would have the following bin intervals. bin 1: 0–0.4, bin 2: 0.4–0.8
and bin 3: 0.8–1.

Table A.1: Specification of the head dependency configurations.

Head dependency
configuration

Head dependency
group

Bin size (% of
max(m))

A 2 100%
B 3 100%

C
1 40%
2 40%
3 20%

D
1 50%
2 50%
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Appendix B

Lule River
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Appendix C

Result tables

Table C.1: The obtained categorization of stations into head dependency groups.
Notation: ’ - only bilinear, ” - only triangulation. Note that the configuration
C was only used by the Triangulation method. The configurations A and B are
omitted since they consist of only group 2 and 3 respectively.

Test case 1 2 3 4 5
C D E C D E C D E C D E C D E

Ritsem 2 2 2 2 2
VietasS1 3 2 2 3 2 2 3 2 2 3 2 2
VietasS2 3 2 2 2 2 2 2 2 2 2 2 2 3 2 2
Porjus 3 2 2’ 2 2 2 2’ 2 2
Harspr. 3 2 2 2 2 2 2 2 2
Ligga 2 2 2 2 2 2 2 2 2
Messaure 2 2 2 2 2
Seitevare 3 2 2 3 2 2 3 2 2
Parki 2 2 2 3 2 2 2 2 2 2 2 2
Randi
Akkats
Letsi
Porsi 2 2 2 2 2’ 2’
Laxede 2 2 2
Vittjärv
Boden 2 2” 2 2” 2” 2”
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Table C.2: The obtained categorization of stations into head dependency groups.
Notation: ’ - only bilinear, ” - only triangulation. Note that the configuration
C was only used by the Triangulation method. The configurations A and B are
omitted since they consist of only group 2 and 3 respectively.

Test case 6 7 8 9
D E D E D E D E

Ritsem 2 2 2 2 2 2
VietasS1 2 2 2 2 2 2 2 2
VietasS2 2 2 2 2 2 2 2 2
Porjus 2 2 2 2
Harspr. 2 2 2 2
Ligga 2 2 2 2
Messaure
Seitevare 2 2 2 2 2 2 2 2
Parki 2 2 2 2 2’
Randi
Akkats
Letsi
Porsi 2’ 2’ 2’
Laxede
Vittjärv
Boden 2” 2” 2”
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Table C.3: Result table for the Triangulation method.

Test Revenue Relative Run time RE(R) RMSE(p)
case [MEUR] gap [%] [h] [%] [MW]
1-0 6.899 0.06 0.0022 0.043 6.56
1-A 6.564 0.69 0.064 -0.0067 1.84
1-B 6.566 0.73 0.76 -0.0064 1.68
1-C 6.577 0.61 0.036 -0.0046 1.83
1-D 6.535 0.96 0.018 -0.0077 2.55
1-E 6.568 0.61 0.017 -0.0066 1.84
2-0 21.58 0.1 0.0081 0.0017 7.87
2-A 21.48 0.99 0.67 -0.0013 2.22
2-B 21.41 1 8.5 -0.0022 2.22
2-C 21.4 0.6 0.093 -0.0036 2.87
2-D 21.41 0.55 0.083 -0.004 2.8
2-E 21.59 0.54 0.099 0.0034 2.43
3-0 177.6 0.047 0.045 0.03 8.86

3-A* 167.3 4 9 -0.0074 3.11
3-C* 154.5 11 8.5 -0.0021 4.27
3-D 171.9 0.51 0.97 -0.0028 3.9
3-E 171.8 0.98 0.92 0.00046 3.52
4-0 302.1 0.068 0.03 0.0084 5.88
4-A 297.1 0.82 5 -0.0037 2.44
4-C 297.6 0.3 3.5 -0.0041 4.23
4-D 297.4 0.39 0.16 -0.0034 4.01
4-E 297.8 0.48 0.48 -0.0011 2.98
5-0 478.8 0.18 0.067 0.018 7.91

5-A* 172.8 64 9.3 -0.013 3.59
5-C* 346.9 27 8.6 -0.0032 4.69
5-D 469.1 0.51 1.5 -0.0025 3.85
5-E* 394.5 17 8.8 -0.0034 4.44
6-0 482.8 0.071 0.26 0.018 7.91
6-D 472.7 0.49 2.6 -0.0025 3.79
6-E* 472.1 0.94 7.9 0.00043 3.33
7-0 484.3 0.049 1 0.018 7.91

7-D* - - - - -
7-E* - - - - -
8-0 744.9 0.042 0.25 0.022 8.04
8-D 723.8 0.29 1.8 -0.0047 4.21
8-E* 325.2 56 10 -0.0023 5.83
9-0 473.1 0.11 0.25 0.024 8.92
9-D 458.4 0.27 1.8 -0.0059 4.69
9-E* 311.1 33 10 -0.0046 5.27
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Table C.4: Result table for the Bilinear method.

Test Revenue Constr. NLP Run time RE(R) RMSE(p)
case [MEUR] violation error [h] [%] [MW]
1-0 6.914 - - 0.00029 0.30 6.10
1-A 6.632 7.7×10−9 7.7×10−9 0.019 -0.027 2.07
1-D 6.632 1.5×10−9 1.5×10−9 0.033 -0.024 2.51
1-E 6.613 2.6×10−10 1.7×10−9 0.043 -0.042 2.18
2-0 22.08 - - 0.00044 0.40 5.64
2-A 21.33 2.4×10−9 2.4×10−9 0.19 0.016 2.38
2-D 21.28 6.1×10−9 6.1×10−9 0.089 0.0087 2.88
2-E 21.41 1.2×10−8 8.7×10−7 0.53 0.0051 2.63
3-0 124.9 - - 0.00058 3.9 8.32
3-A 120.6 1.0×10−6 1.0×10−6 0.91 -0.41 2.79
3-D 120.3 1.0×10−10 1.0×10−10 0.021 -0.79 4.31
3-E 120.8 5.3×10−9 5.3×10−9 0.66 0.028 3.27
4-0 302.4 - - 0.0011 2.8 5.67
4-A 298.8 1.2×10−7 1.2×10−7 4.2 -0.74 3.31
4-D 298.5 1.7×10−9 1.7×10−9 0.022 -1.5 4.27
4-E 299.3 3.5×10−9 3.5×10−9 0.40 -0.060 3.63
5-0 479.9 - - 0.0013 9.5 7.68

5-A* 405.9 5.0×10−5 750 8.3 -11 7.22
5-D 470.1 3.9×10−9 3.9×10−9 0.12 -1.4 3.87
5-E* 471.7 2.0 13000000 8.3 1.0 3.91
6-0 483.4 - - 0.0037 0.019 7.67
6-D 473.4 1.0×10−10 1.0×10−10 0.23 -0.0037 3.84
6-E* 415.4 1.8×10−5 1700 8.3 -0.029 7.78
7-0 484.7 - - 0.012 0.019 7.72
7-D 474.7 3.0×10−5 3.0×10−5 0.83 -0.0039 3.77
7-E* 350.4 6.4×10−5 2600 8.3 -0.011 6.96
8-0 745.6 - - 0.0033 0.024 7.85
8-D 726.9 1.0×10−10 1.0×10−10 0.41 -0.0053 4.23
8-E* 517.1 8.0×10−5 3100 8.3 -0.0071 6.86
9-0 474.2 - - 0.0062 0.027 8.41
9-D 463.4 4.5×10−10 4.5×10−10 0.18 -0.0068 4.80
9-E* 276.1 6.2×10−5 870 8.3 0.0041 6.03
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Additional results

D.1 Head dependency measures
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