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Abstract—Marginalization enables the particle filter to be ap-
plied to high-dimensional problems by invoking the Kalman filter
to estimate a larger part of the state vector. The marginalized
(a.k.a. Rao-Blackwellized) particle filter (MPF) has found many
use cases in tracking and navigation applications. These are
characterized by having position and its derivatives as states.
Here, we take a closer look at the MPF for the constant velocity
motion model, which well represents the basic properties of most
motion models used in this context. In particular, how the Kalman
filter (KF)-part depends on how the continuous time state noise
is sampled in the discrete time model. We find that for many of
the most common sampling approaches, the KF-part of the MPF
degenerates, meaning that the covariance approaches 0. Further,
we show that for those same sampling approaches there is no
performance increase by switching from a particle filter to an
MPF in this situation.

Index Terms—Marginalized particle filter, Rao-Blackwellized
particle filter, Discretization, Constant velocity model

I. INTRODUCTION

The particle filter (PF) as proposed in [1] is known to solve
all nonlinear non-Gaussian filtering problems, in theory. The
catch is that the number of particles that are required grows
quickly with state dimension. For instance, part of the error
can grow exponentially with the dimension in a simple linear
problem [2]. The main purpose of the marginalized particle
filter (MPF) is to split the nonlinear filtering problem into
two simpler ones, and in that way keep the state dimension
low enough for the PF to be feasible. The resulting filter
is the MPF, which has been known for quite some time
under different names, marginalized particle filter [3], Rao-
Blackwellized particle filter [4], mixture Kalman filter [5], or
without a specific name at all [6], and is commonly applied
to tracking problems, see [7]-[9]. While the general case
is quite explored, more detailed results can be obtained for
particular sub-classes of nonlinear filtering. Here, we focus
on applications where the state consists of position and its
derivative, which includes more or less all navigation and
tracking applications. The principles of the MPF for navigation
and tracking are described in [10], [11].

When the MPF is applied to a constant velocity (CV) model
with a measurement that depends on the position only, we get
an interesting special case of some fundamental importance. In
this case, the particle filter focuses on estimating the position,
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and each particle represents a trajectory. Seen from the KF
point of view, the trajectory is given, and the task is to estimate
the velocity vector from given positions.

The MPF applied to CV-models has previously been studied
in [12] with regard to computational complexity. We instead
focus on the uncertainty of the velocity and provide new theory
in the form of exact calculations of the covariance and Kalman
gain of the CV model for four discretization approaches. One
would expect that the KF would keep some kind of uncertainty
of the velocity. However, we show that, depending on the
covariance of the noise to the CV model, the KF for each
particle may degenerate and either directly or quickly converge
towards zero uncertainty. In these cases, it is only the spread
of the various particles that contributes to the covariance of
the velocity.

This paper will first introduce the background theory of
the MPF with specific focus on the simplified form which is
used in this paper. We will then show how this form can be
applied to a CV model in Sec. III. After this, the KF-part
will be analysed for four different approaches to state noise
discretization, with calculations of the stationary covariance
and Kalman gain in Sec. IV. Lastly, in Sec. V some illustrative
simulations are shown together with an analysis of the results
from both the simulations as well as the theory.

II. THE MARGINALIZED PARTICLE FILTER

The main idea of the MPF is to only estimate a part of
the state xzj using a particle filter, and estimate the rest of
the state using a linear KF conditioned on the part of the
state estimated by the PF. The goal is to reduce the number
of particles needed by reducing the dimension of the states
estimated by the PF. The part estimated by the PF is referred
to as the nonlinear state, and the part estimated by the KF
is referred to as the linear state. These are marked with the
indices n and [ respectively

n

T
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The requirement for this to work is that the system contains
a conditionally linear Gaussian sub-structure given by

(1a)



ap g = fR(@)+F (af) 2k +Gr(ap)wy, (1b)
Thy1 = fo(@) +F(a)z), +G (a))wy,, (Ic)
Yr = hi(a}) +Hy (a})w) +ex, (1d)

where f7', f! and hj are functions, and FJ*(x}), F}(z%),
Hy(z7), G (x}) and GL (z}') are matrices of appropriate size.
The vectors wy}, wfv and e;, are noise, where the distribution
of e is known and

n n in

w= () ~ w00 = (g 8- a0
Furthermore, ) is assumed Gaussian, z}, ~ N (Z, ). The
density of z§ is assumed known. Conditioned on the sequence
oV, ...,z written as z7,, this model structure is linear in z}
with Gaussian prior, process noise and measurement noise,
respectively, so the KF theory applies.

The main idea w1th the MPF is to realize that for each
particle sequence {ml & }1 1, the model (1) is a linear state-
space model where the KF applies. Here, it should be noted
that (1b) can be re-written as a measurement model which is
linear in xfc Conversely, if the KF works, we get the mean and
covariance of xfc, and the particle filter can be applied with
extra state noise and measurement noise contributions from
the KF estimation error. The details, in a notation similar to
what is used here, are given in [10], [11], [13]. Note that,
the KF and its estimate are dependent on the nonlinear state,
meaning that it is necessary to apply a separate KF for each
particle.

A. Simplified MPF Model

We will derive the explicit KF updates for a simplified
model given by

xZH = fi(ap)+F ) + G wy, (2a)
Thopy = fh(aR) +F'a) + Glwy, (2b)
yr = hi(xy) +eg, (2¢)

where I, F!, G™ and G' are matrices of appropriate size.
Many applications, including the ones described in [10], fit
into this model structure. The main reasons for the simplifica-
tions is first to make each KF have the same covariance update
for all particle sequences {z )}Z 1» and second to make the
KF time-invariant (removal of some of the time dependencies).

The standard model for a time-invariant KF can be written
as

(3a)
(3b)

Tpq1 = FTp + Guug + Wy,
gk = ka + ek,
where u is a known input and G, is a matrix. The model (2),
conditional on {xi’,ﬁl}ﬁl, fits this model if rewritten as

l ol ! 1,1l
Ty :\F/ xy + fr(zy) +Gwy, (4a)
—_— =
Tht1 ooz Guuy Wy
1
Ty — fi (@) = 2" @y + G wy; (4b)
Uk H g €k

We focus on the KF part of the MPF, where as has already been

noted, we can consider the sequences {x}’ & +1} L, as given.

For each particle, the KF estimates @Zl(,: with covariance

Pé|;) These are then combined to form the overall estimates

Oglr = E :wk vk|k’

Cov (&xx) Zw ( Uklk — g (vz(:\)k - @klk)T‘F P,i]if)),
(5b)

(5a)

where w,(j) is the probability (weight) for sequence xglag All
quantities in the KF derivations should be conditioned on a
particular sequence, but to avoid unnecessary notation this will
be implicit. All KFs will obey the same Riccati equation, and
thus have the same Kalman gain and covariance matrix. Thus,
there is no need to add a particle index ¢ to these quantities,
only to the individual state estimate. With this knowledge, (5b)
can be simplified as

N
~ i) 7 (2 ~ ~ (17 ~ T
Cov (ty1,) :Zwl(ﬁ)(vl(cﬁc — Ugjr,) (vf@@c — ki) + Piye
i=1 ~~~
Pkr
Psm
(6)

where Pxp is the covariance calculated by the internal KF,
and Pgyr is the uncertainty based on the spread of the mean,
calculated by the PF-part of the filter.

ITII. CONSTANT VELOCITY MODEL

The constant velocity (CV) model in n dimensions with
position p and velocity v is derived from the continuous time
model

pt :'Ut+w§, (7)

where wy represents, with a little abuse of notation, continuous

time noise. For the state 27 = ((2\")7, (2!")T) = (pT, 7).
its discretized version becomes
(I, TI, w®
Tht1 = (0 I, ) Tk + <w1(:) ) (8a)
yr = hipr) + ek, (8b)

where T is the step time of the discretization. The function to
obtain the observation y; from the position, may contain any
kind of nonlinearity, meaning that it is not possible to apply a
standard KF to this problem. The MPF applied to this model
results in a PF that treats (8b) as the measurement and the first
line of (8a) as the dynamics for position. The KF, on the other
hand, does not use (8b) at all, and interprets the first line of
(8a) as the measurement, and the second line of (8a) as the
dynamics. Reformulated as in (4), the model (8) becomes

Vg1 = Vg + w( V), (9a)

Uk = phir — pk = Top + wi. (9b)



The KF solution to (9) is straightforwardly derived. The
main complication is that the time and measurement noise are
correlated, so the corresponding updates cannot be separated
as they usually are. The noise covariance can be partitioned
as

P Qr (Q™M)T
Q= Cov(wk7 wk) = (Q”p 0 ) ,
which is symmetrical since it is a covariance matrix.

We will first derive the KF for the model (9) for a general

Q. To simplify the calculations later on we will first rewrite
(9b) as

(10)

(i (#) (2)
L0 £ P TP ) n wl(cp) an
LT T BT

This equation will from here on be used as the measurement
equation for the KF. It can be seen as measuring the average
velocity of the particle during the time step. The correlation
between the updated state and the measurement can be written
as

Ul(ci)l _ Plilkz + QY Pli\k +Q/T
Cov (i) - Pl pv /T Pl P T2 . (12)
Zp1 e + Q7Y e +Q/
The covariance is now used to estimate the expectation and
covariance of the state at the following time step. Since this

is a conditional Gaussian distribution, this is done according
to the equations

- (4)

O s = O+ Poz P2 = 010, (13a)
Piyijprs = Pov = PoP Py, (13b)

where
Py = P+ Q°, (14a)
Py. = Py + Q)T = PL, (14b)
P.. = Py, +Q"/T? (14c)

Finally, we note that (13) has the same form as a state update
with a Kalman gain K}, according to

K, =P,.P". (15)

IV. KF FOR SPECIFIC NOISE SAMPLINGS

Here, the covariance and Kalman gain for the various
discretized state noises () surveyed in the Appendix will be
explored in detail, one by one.

A. Zero order hold

Using zero order hold (ZOH) sampling it is assumed that
the noise is constant within each time step. For a CV-model
this means that we have a constant but unknown acceleration
for each time step. As shown in App. A, the covariance of the
noise when arriving at (8) using a ZOH discretization is

4 3
_ (aT/4 qT7)2
Q - <qT3/2 qT2 ) (16)
where ¢ is the covariance matrix of the continuous noise. It is
worth to note that for this paper, ¢ could be either a scalar, or

an nxn matrix, depending on the dimensions of the observed
system. Unless otherwise stated, all calculations made here
work for any covariance g. In order to simplify the notation,
we will here use P,élk, = P, and ¢T?/4 = M. With this
notation, (14) becomes

P,, = Py +4M, (17a)
P,, = Py +2M,= P, (17b)
P., =P, + M. (17¢)

Combining (17) and (13), gives the covariance update

Pyy1 = Py +4M — (P, + 2M)(Py + M)~ (Py 4 2M)
=Py +4M — (Py +3M + M (P, + M)™*M)
=P+ M

(18)

From (18), we see that we can write the update on the

innovation form Z, = P, ' = (Phy) " as

Tjy1 = Tp+ ML (19)
We can also write Z;, as
T =To+ kM. (20)
Using the Woodbury matrix inversion [14], we get
Py, = (Zo+kM 1)t = %M—%M(POJF%M)*%M, (21)

which clearly approaches 0 when k increases. Therefore, the
stationary covariance must be 0. Finally, we look at the
stationary Kalman gain K. According to (15) and (17) we
get

Ky = (P, +2M)(Py + M)~ ! = )
=1, +M(P,+ M) = 2I,,as k — .

A possible way of testing how reasonable this is, is to consider
the scalar case where we know the position of an object at the
start and end of a time step x; and xy4+1. We know that the
acceleration ay, (which is the noise in this case) is constant and
we want to find the new velocity v;11. We can now calculate
this using simple physics equations.

2
i1 = o+ Top + Trag, (23a)
V41 = vk + Tay,
which has the solution
_ 9Tk+1—Tk
Tak = 27§k+1_zk21}k, (23b)
Vg1 = Vi + 2(# — Uk).

If we now let = zi+1 we easily see that we here as
well end up with a Kalman gain of 21,.

Th41—Th
T



B. Impulse at the Start of Time Step

In this section, it is assumed that the noise arrives as an im-
pulse at the start of each time step, meaning that the velocity is
assumed to shift immediately after the previous measurement
has been received. This gives the noise covariance

T?q T
Q= (T g q) ,
qa q
as shown in App. B. The covariance update can then be
calculated from (13b) as

Pli+1\k+1 = (Pli|k +4q) — (Pli|k + q)(Pli\k + Q)il(Pli\k +q)
= (Pl +0) — (Pip + )

(24)

=0.
(25)
Similarly, the Kalman gain from (15) becomes
Ky = (P + @) (P + )" = L. (26)

This result can be explained fairly easily. Since the velocity
is only assumed to shift at the beginning of each time step,
the object will be travelling at a constant velocity throughout
the time step. Our measurement (11) will return the average
velocity of the particle during the time step without any
additional measurement error. Since the particle is however
assumed to be travelling at a constant velocity during this
time, the average velocity measured will be exactly the sought
after velocity Uﬁc-(:]). Therefore, using this measurement as the
estimate will result in no uncertainty.

C. Impulse at the end of the time step

Here, as in Sec. IV-B, the noise is assumed to come as an
impulse, but at the end of each time step instead, meaning
that the velocity will shift just before each measurement. As
shown in App. C, we then arrive at

-t )

From this, the covariance update becomes

Pli+1|k+1 = (Pli|k +q) — (Pli|k + 0)(Pli|k + 0)_1(Pli|k +0)

27

(28a)
=Pl +q- Pl =q (28b)

and the Kalman gain is calculated as
Ki = (Pl +0) (P +0) 7" = I (29)

The results here can be explained much in the same way
as the results in Sec. IV-B. The only difference is that in this
case, the noise causing the velocity to change, will occur at
the end of each time step, meaning that the average velocity
measured will be that of the previous time step. As such, we
will always at least have the covariance ¢ since we do not
know anything about the most recent noise. At the same time,
the exact velocity at the previous time step is the best available
estimate of the current velocity, which is why the Kalman gain
is 1.

D. Continuous noise

Another fairly common noise assumption, is that the noise
is continuous white noise. For this application this would
mean that the acceleration at any time is independent of the
acceleration at any other time. This noise and its discretization
is examined in App. D and results in

o <qT3/3 g7 /2)'

a1?/2 T G

Similarly to what is done in Sec. IV-A, we here make use of
P, = P,il , and M = ¢T'/6 to simplify the notation. Note that,
M here is slightly different from what was used before. With
this notation, (14) becomes

P,, = P, +6M, (31a)
P,. = P, +3M, (31b)
P,, = P, + 2M. (31c)

With the values from (31), the general covariance update (13b)
becomes
Piy1 = (Py+6M)— (Pp +3M) (P + 2M)71(Pk +3M)
=Py +6M — (P, +3M + M + M(Py +2M)"* M)
3 1 1
=-M+—(P;'+-MYH)L
2 4 2
(32)

We now look at what happens when this covariance reaches
stationarity Py.1 = P, = P. At that point, (32) becomes

3 1 1
P=M+>(P'+MH'ls

gt 4( *3 ) (33)
P=3MP M.

Unfortunately, this equation can not be solved analytically for

general values of P and M. One special case which can be

solved however, is the case where the covariance of the noise

q and the initial noise P, are diagonal matrices, which means

that

M=qT/6 = : . : (34)
0 oo ¢ T/6

A one-dimensional system, with a scalar ¢ is a special case

of this. In this case, it follows from (32) that P, must also be

diagonal, meaning that the stationary P must be diagonal

P ... 0

P=|: - (35)

0 ... pn

With this assumption, all matrices in (33) become diagonal,

meaning we can deal with each direction separately. This leads

to

T
pi =3m}/p; & pi = V3m; = e 69
T
= —(. 37
\/ﬁq 37



Finally, the Kalman gain at stationarity is also examined.
Since all matrices from (15) are assumed to be diagonal, each
direction can again be dealt with separately.

ki ... 0
(38a)

|
=

(38b)

E. Summary

We here summarize the different stationary covariances as
well as the Kalman gain for each of the discretization methods
in Tab. I. Note that, all methods result in diagonal stationary
Kalman gains, and multiple methods end up with diagonal
elements that are larger than 1. On an intuitive level, this seems
wrong. For instance, it would mean that if an element of the
state was initially estimated to be 0 and it was later measured
as 2, the correct posterior estimate would be larger than 2.
However, this is a result of the correlation of the noise. Since
what has been measured is the average velocity, and the initial
velocity was believed to be smaller than 2, the final velocity
is expected to be larger than 2 in order to arrive at the correct
average.

TABLE I: Stationary covariance and Kalman gain for each
discretization method.

Discretization method Stath}l ary Stationary .
covariance Kalman gain

ZOH 0 21,

Noise as an impulse at the 0 I

start of the time step "

Noise as an impulse at the I

end of the time step q "

Continuous noise (only for T

diagonal noise matrix q) vizd B=V3)ln

V. NUMERICAL ILLUSTRATIONS

In this section we provide some simulations to illustrate the
results of the previous sections. To simplify the simulations,
the position is here assumed to be scalar. Further, we make
the measurement from (8b) linear of the form

hi(pr) = pr- (39)

The main advantage of using a linear measurement is that a KF
can now be applied to the system to get the optimal estimates
as a benchmark. The measurement noise was considered
Gaussian,

ex ~N(0,1). (40)

Finally, for simplicity, both the process noise ¢ and the time
step T are 1. The initial position z and the velocity x/, are
given by

n
(22) ~N(0.F), Po= (100 100) )

Here, two simulations are shown. In the first one, seen in
Fig. 1, the MPF was applied to 100 simulated trajectories
of the system described above, and the average uncertainty
per time-step is shown for the different components of the
filter. For each filter, 100 particles were used. In the second
simulation, seen in Fig. 2, the performance of the filter as a
function of the number of particles was evaluated. The system
was simulated and estimated 100 times for each number of
particles. For each simulation, the mean squared error (MSE)
where the filter had reached a steady error was recorded. Based
on the results in Fig. 1, this was done by looking at the MSE
for time steps from 20 to 100. The mean of the errors for
the simulations with the same number of particles are given.
As a comparison, the performance of the KF and PF is also
included. The PF used the same number of particles as the
MPFE.

In Fig. 1, we can see how both Pxr and Pgj; behave
as a function of the iteration of the filter. When using the
ZOH and noise as an impulse at the end of each time
step discretization methods, Pxr approaches 0. When instead
assuming continuous noise or noise as an impulse at the
end of each time step, Pxr approaches a value larger than
0, which confirms the theory in Sec. IV for this particular
problem. It can be further seen that, when Pky approaches
0 all uncertainty in the system must be expressed by Psyp,
which is not true in the case when Pk does not approach 0.

One result of this can be seen in Fig. 2, where the per-
formance of the MPF is studied as a function of the number
of particles. We note that, both the ZOH and the noise as an
impulse at the start of the time step discretizations lead to
the PF and the MPF performing similarly for all numbers of
particles. In contrast, both the noise as an impulse at the end
of the time step and continuous noise discretizations lead to
the MPF having a noticeably lower MSE than the PF for fewer
particles. This difference in performance is significantly larger
when the noise is assumed to come as an impulse at the end
of the time step. These results can be connected to the results
shown in Fig. 1.

According to (6), the total covariance for the MPF estimate
of the linearized state can be described as the sum of two
parts Pkxr and Psyp. Since there exists a minimum covariance
of ¥y, (provided by the standard KF if the system is linear),
if Pkr is small, Pgy must become larger. This is equivalent
to the PF-part of the filter having to deal with a larger part of
the total uncertainty of the system, which will require more
particles, and therefore, more computational power. What
happens in (a) and (b) is the extreme case, where Pxr = 0,
meaning that all uncertainty will be modelled by the spread
of the particles, which means that nothing is gained from
the marginalization. In comparison, (c) and (d) both have
some part of the uncertainty represented by Pky, meaning
that less of it has to be represented by the spread of the
particles. As such, a lower number of particles is needed
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Fig. 1: The composition of the covariance between the KF and the spread of the particles. For all these simulations 100 particles

were used.

to achieve a good estimate compared to a PF without any
marginalization. Further, (c) has the largest part of the total
uncertainty represented by Pk, which also leads to it having
the largest increase in performance for the MPF compared to
the PF.

Important to note however, is that, the uncertainty of Pk
being 0 means that the velocity is fully known, conditioned
on a known trajectory, which each particle has. Since the
trajectory of the actual object is not known, we do not know
the actual velocity of the object either. Further, the uncertainty
of Pxr being 0 is not the same as the velocity estimate not
being needed. In both (1b) and (2a), the nonlinear state-update
is dependent on the linear state. In this case, it means that
the filter still needs to have an estimate of the velocity in
order to know how to correctly propagate the position of the
particles. The part of the KF which is not needed is Pkr, since
it is possible to perfectly know the velocity given the position.
Since the point of the MPF is to replace multiple particles in
the velocity dimension with one particle which contains the
possible spread of the velocity, and the spread now only being
a point, the MPF will in this situation give identical results to

the standard PF.

One interesting observation is that, for all discretization
methods included here, the uncertainty reaches a stationary
point after only a few iterations, after which the only change
appears to be random noise. An effect of this is that it may be
reasonable to only run a stationary KF with a pre-calculated
P and K for the MPF, in order to reduce the computational
requirements. This is however not further evaluated in this
work.

VI. CONCLUSION

In this work, we have calculated the covariance update for
the linear part of the MPF for various discretizations of the
CV model. For many of the methods used, the covariance
converged towards 0. The result of this was that for these
discretization methods no gain in performance is made by
marginalizing the velocity. This was caused by the KF not
providing any additional information to the filter. While this
has here only been shown to be the case for this specific
application, it is likely that this issue occurs in some other
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Fig. 2: The stationary MSE of the filters as a function of number of particles used

applications of the MPF as well. This seems like an interesting
path for further research.

For the discretizations where Pk did not converge towards
0, there is some level of performance gain. These benefits can

still

be very small, as is the case when assuming continuous

noise, which can be seen in Fig. 2d.
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APPENDIX

Here the assumptions made in Sec. IV are explained and
Q for each of them is derived. For the ZOH and continuous
noise cases [15] provide similar models. However, in the ZOH
case, there is no mention of what assumptions are made of
the noise during discretization. In the case of the continuous
noise, while similar expressions are presented, the notation
and assumptions used are fairly different. For this reason, all
models used are derived in this appendix.

For all of these discretizations the starting assumption is the
time-continuous model

#(t) = Ax(t) + Br(t), (422)
0 0

A:Q)%), (42b)

B= ( I?L ) , (42¢)

where x(t) is the continuous state and v(t) is the continuous

time noise. This should be turned into the time-discrete model
Tp+1 = Frp + wy, (43a)

which will be discretized with a sample time T'. All discretiza-
tions used are on the form

F =T, (44a)
wy = /0 ’ AT By(kT + 7)dr, (44b)

arrived at from considering
%e‘Atx(t) = e Ag(t) — Ae M (t) = e M Bu(t). (44c)

Since A and T are assumed to be known, F' will therefore
always be the same
I, TI,
P- (T,

The difference between the different methods lies in how v(t)
is assumed to behave.

(45)

A. ZOH

In ZOH, we assume that the noise v(t) is constant for each
time step

v(t)=v, kT <t<(k+1)T, (46)

where v, is assumed to have covariance g. Evaluating (44b)
yields

T
wk.=/ AT dr By,
0

= A7 (e — L) By, @7
T2
=1
= 2 °n
<TIn > vk
From this, calculating the covariance becomes
4 T?
249 349
Q = Cov(wy) = Elwpwl] = | 4 27 (48)
[ ] %q T2q

B. Noise as an impulse at the start of the time step

Here, it is assumed that the noise can be described as

v(t) = 6(kT + €)v, (49)
k

where € is a sufficiently small positive number and vy is
assumed to be noise with covariance ¢. Using this approach,
the noise is discretized as

T
wg = / AT B (1 — ) updr
0

_ AT-IR, ((T . e)In) e o (1}%) "

The simplification in (50) occurs when € — 0T. The covari-
ance for this discretization method is given by

(50)

T2 T
_ T _ q q
Q= FElwywi] = <Tq q). (51)
C. Noise as an impulse at the end of the time step
Similarly to Sec. B, we here describe the noise as
(52)

v(t) =Y 6((k+ 1T — e)u,
k

with the same assumptions on € and v. With this description,
the noise is discretized as

T
wy, = / eA(T*T)Bé(T — (T - e))ude
0

€ I 0
et By, = (6171) v — (In> Vg,

where once again, ¢ — 0. With this description, the covari-
ance becomes

(53)

Q= E[wkwg] = (8 2) . (54)

D. Continuous noise

Continuous noise assumes that v(t) is continuous white
noise meaning

Cov (v(t),v(t+ 7)) = 6(7)q. (55)
For continuous noise, we get
T
wy = / AT Bu(r)dr. (56)
0

While this can not be simplified in the same way as the
previous cases, the covariance can still be calculated as

Q= E[wkwkT]

T
:/ eA(T—T)BqBT (eA(T—T))TdT
0 (57)

3 2
_ (e Fa
=2 ,
S5q Tq
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