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Paramagnetic defects and nuclear spins are often the major sources of decoherence and spin relaxation
in solid-state qubits realized by optically addressable point defect spins in semiconductors. It is commonly
accepted that a high degree of depletion of nuclear spins can enhance the coherence time by reducing
magnetic noise. Here we show that the isotope purification beyond a certain optimal level can become
contraproductive when both electron and nuclear spins are present in the vicinity of the qubits, particularly
for half-spin systems. Using state-of-the-art numerical tools and considering the silicon-vacancy qubit in
various spin environments, we demonstrate that the coupling of the spin-3/2 qubit to a spin bath of spin-1/2
point defects in the lattice can be significantly enhanced by isotope purification. The enhanced coupling
shortens the spin-relaxation time that in turn may limit the coherence time of spin qubits. Our results
can be generalized to triplet point defect qubits, such as the nitrogen-vacancy center in diamond and the
divacancy in silicon carbide.
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I. INTRODUCTION

Point defect qubits in semiconductors exhibit long
coherence time at cryogenic and room temperature [1–3].
Combining this feature with advanced magneto-optical
control of the qubit state has enabled these systems to
become the leading contender in several areas of quan-
tum technology [4–6]. The properties of point defect qubits
depend to a very large degree on the host material. In par-
ticular, magnetic fluctuations in the local spin environment
of the defects can profoundly influence the defect’s coher-
ence time, in most cases reducing it by several orders of
magnitude from the theoretical upper limit set by the spin-
relaxation time [1,7]. As a result, a strategy of chemical
and isotope purification in the host material is commonly
pursued in order to enhance the coherence time of the point
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defect qubits. It is believed that this strategy can be applied
in most of the cases [1,7–12].

In this paper, we report on a counterintuitive effect that
emerges when both electron and nuclear spins are present
in the vicinity of the qubits. In particular, we show that iso-
tope purification leads to a significant reduction of the spin-
relaxation time, due to enhanced cross-relaxation effects
with other paramagnetic defects of similar fine structure.
This effect in turn sets a reduced upper limit for the coher-
ence time. We study the phenomenon numerically for
the quartet silicon-vacancy center (VSi) in silicon carbide
(SiC), where the consequences may be highly significant.
Our results can be extended to other semiconductor quan-
tum systems, such as quantum dot spin qubits in silicon.

The negatively charged silicon vacancy in SiC exhibits
a quartet ground-state spin with long coherence time
[3,13]. This high spin state has been utilized in quan-
tum sensing applications [14–21] and to implement a
room-temperature maser [22]. Furthermore, the defect’s
favorable optical properties [23,24] and advanced fabri-
cation capabilities [25–27] make it potentially interesting
for near-infrared quantum information processing applica-
tions [22,26–32]. In 4H -SiC, the V1 and V2 photolumi-
nescence lines and the Tv1-Tv2 electron spin resonance
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(ESR) signals [33–37] are related to the negatively charged
silicon vacancy. The V1 and V2 center are assigned to
the h and k silicon-vacancy configurations, respectively,
by comparing with first-principles results [38,39]. In our
numerical studies we consider the V2 center, which is the
most often studied configuration.

There are two main ingredients of the environmental
spin bath in SiC. Natural samples include 4.7% 29Si and
1.1% 13C spin-1/2 nuclear spins. In addition, the struc-
ture of the host material incorporates various paramag-
netic defects and impurities, whose concentrations may
vary over several orders of magnitudes depending on the
growth conditions, after growth sample preparation, and
nanoscale fabrication. Here, we consider the most com-
mon intrinsic spin-1/2 defects, such as the carbon vacancy
and carbon-antisite-vacancy pair whose concentration can
reach 1015 cm−3 in HPSI 4H -SiC [30,40]. We note that
this value may increase by 2–3 orders of magnitude due
to irradiation and implantation that are frequently used
techniques to create silicon-vacancy qubits.

II. METHODS

In our study, we divide the complex ground-state spin
Hamiltonian of the quartet silicon-vacancy-environmental
spin-bath system into two terms, H1 and H2, respectively,
describing one- and two-spin interaction terms. The one-
spin interactions include the zero-field splitting (ZFS)
interaction of the quartet silicon vacancy and Zeeman
terms of all the spins in the system, i.e.,

H1 = D
(

S2
0,z − 5

4

)
+ g3‖μB

S3
0,+ − S3

0,−
4i

Bz

+ geμB
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M∑
k=1

gN,kIk,zBz, (1)

where Sj ,z is the z component of the electron spin operator
of defect j , Ik,z is the z component of the nuclear spin oper-
ator of nucleus k, ge is the electron g factor, μB is the Bohr
magneton, gN,k is the nuclear g factor of nucleus k, and μN
is the nuclear magneton. Terms with j = 0 index label the
silicon-vacancy spin, while j > 0 indices label the doublet
paramagnetic defects in the environment. The ZFS param-
eter D is equal to 35.0 MHz for the V2 silicon-vacancy
configuration [38]. The second term on the rhs of Eq. (1)
accounts for a nonvanishing higher-order term of the Zee-
man interaction of the quartet spin states in C3v symmetry,
where g3‖ = 0.6 [16,41].

The two-spin interaction terms account for the hyper-
fine and the dipolar coupling between qubit and spin-1/2
electron spins, as well as dipolar coupling between nuclear

spins, i.e.,
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where Ajk is the hyperfine tensor, r̂ij and rij are the unit
vector and distance between spin i and spin j . Ajk for j > 0
are mostly unknown as they depend on the paramagnetic
defects found in the vicinity of the silicon vacancy. For
simplicity, we consider only the hyperfine interaction of
the silicon vacancy, i.e., Ajk = 0 for j > 0, and use the
hyperfine coupling tensors obtained from first-principles
density-functional-theory calculations in Ref. [42]. How-
ever, beyond 15 Å distance from the silicon vacancy,
the Fermi contact term is neglected and only the dipolar
hyperfine term is considered. All presented couplings are
temperature-independent contributions to the spin interac-
tions in the lattice and our numerical models do not include
temperature-dependent spin-lattice relaxation effects.

In order to numerically study the Hahn-echo coherence
time (T2) of the quartet silicon-vacancy spin in natural and
isotope purified SiC, we employ the second-order gen-
eralized cluster-correlation expansion (gCCE-2) method
[43]. In contrast to popular collective field models, which
assume a statistical model of the spin-bath fluctuations
frequently requiring experimental parameters [44,45], the
gCCE-2 approach, as well other approaches in this work,
allow simulation based on a microscopic model obtainable
via first-principles techniques. An outline of the method is
provided in Appendix A.

The numerically converged models include M ≈ 1000
nuclear spins within a sphere of radius rbath around the
qubit. For natural nuclear spin abundance models rbath =
50 Å is used, while for lower abundances rbath is increased
to keep the average number of environmental spins M
fixed. Nuclear spin pairs are considered within the cut-off
radius rdip = 6.0 Å. The ensemble coherence function is
obtained by averaging over 500 randomly generated spin-
bath configurations and fitted with an A exp

(− (t/T2)
n)

function to obtain the Hahn-echo coherence time T2. To
study the coherence properties of the silicon vacancy, the
|+3/2〉 and the |+1/2〉 states are used to implement a
qubit.

In order to quantify the dipolar spin-relaxation time
(T1) of the quartet silicon-vacancy spin states in a bath
of spin-1/2 electron spins, we utilize the method recently
developed in Ref. [42] and briefly reviewed in Ref. [46].
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This approach utilizes a clustering scheme to reduce the
complexity of the spin population evolution under the
assumption of weak intrabath interactions. In this regime,
the interaction between bath spins may be neglected in
favor of reducing the Hilbert space of the problem while
still approximating the evolution of the N -body defect and
bath system. For details, see Appendix B.

The considered spin-bath models include N = 32 elec-
tron spins with varying concentration, forming a closed
system with the defect. We use the first-order clus-
ter approximation, constraining the Hamiltonian coupling
terms to that of pairwise defect-bath interactions, which is
suitable for an electron spin bath of short coherence time
[42,46]. The time step of the propagation is set to 1 ps,
while the simulation time is optimized for the considered
concentrations and vary between 0.05 and 1 ms.

Local inhomogeneities at the defect sites due to the
hyperfine interaction are included in calculations as an
effective magnetic field. Accordingly, the first term on
the rhs of Eq. (2) is approximated as Hinhomo = �S0,z,
where � = ∑

k A0k,z
〈
Ik,z
〉

is the inhomogeneous splitting,
or the nuclear Overhauser field in other contexts. Here, the
angular bracket represents expectation value, while Az =√

A2
xz + A2

yz + A2
zz. The coupling strength between the qubit

and the bath spins are obtained in the point-spin density
approximation, i.e., by assuming spin dipole-dipole inter-
actions. The S0,+S′

j ,− + S0,−S′
j ,+ term contained within the

second term in the rhs of Eq. (2) can effectively couple the
quartet and doublet states of the defect-bath spin cluster.

III. RESULTS

First, we study the coherence time of the V2 silicon-
vacancy qubit when only nuclear spins are included in the
spin bath. The decay of the Hahn-echo coherence func-
tion due to a surrounding nuclear spin bath of natural
isotope abundance is depicted in Fig. 1. As can be seen,
the coherence function decays on two different time scales.
Due to the hyperfine interaction driven precession of the
nuclear spins , the coherence function partially collapses
at first with a time scale comparable with the inhomoge-
neous coherence time (T�

2). In contrast to the N-V center,
the coherence function does not recover later and no coher-
ent beatings can be observed. This irregular behavior is due
to the quartet spin state and further discussed in Ref. [47].
The long time scale decay, observable in Fig. 1, is due to
the nuclear spin-nuclear spin interaction induced magnetic
field fluctuations. The former effect dominates at small
magnetic field values, i.e., at strong hyperfine coupling,
while the latter effect dominates at high magnetic field val-
ues where the hyperfine interaction is suppressed by the
Zeeman splitting of the nuclear spin states. The coher-
ence time saturates above B = 200 Gauss and takes the
values of T2 = 1.8 ms for natural abundance of paramag-
netic nuclei. The strength of the nuclear-spin coupling and
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FIG. 1. Coherence of the quartet V2 center in a nuclear spin
bath in 4H-SiC. Decay of the coherence function at various mag-
netic field values for natural abundance of nuclear spins. The
coherence time is provided for each curve. For B > 200 G the
coherence time saturates and takes the value of T2 = 1.8 ms.
The inset shows 29Si abundance dependence of the saturated
coherence time at B = 200 G.

thus the saturated high magnetic field coherence time sen-
sitively depend on the abundance of the nuclear spins. As
expected, the T2 time significantly enhances as the nuclear-
spin bath is depleted, see inset of Fig. 1. These results are
in accordance with the anticipated behavior of the system
and previous results on the coherence time of the silicon
vacancy [47].

However, the host material includes not only nuclear
spins but also other electron-spin defects in the local envi-
ronment of the qubits. In order to qualitatively understand
the behavior of a quartet electron spin interacting with a
bath of spin-1/2 defects, let us first consider the magnetic
field dependence of the energy levels of a single quartet-
doublet electron-spin pair in Fig. 2(a), as opposed to the
many-spin system considered in our quantitative simula-
tions. The relevant physics of the many-spin system can
be understood by considering such a 2-spin subsystem. As
can be seen in Fig. 2(a), for large magnetic field values
the Zeeman interaction dominates. Due to the magnetic
splitting of both the quartet and the doublet electron spins
(ge ≈ 2 for both spins), the energy levels form five distinct
branches, labeled in Fig. 2(a). Note that each of the three
innermost branches consist of a pair of states. These pairs
include �mS = ±1 and �mS′ = ∓1 states of the quartet
and the doublet states and can be effectively coupled by
the dipole-dipole interaction. This interaction induces spin
flip flops of the electron spins, shortens the spin-state life-
time, and thus limits the coherence time of the quartet
silicon-vacancy qubit states.

Since the dipolar coupling of the electron spins is
generally small, any splitting of the spin states within
the branches has a significant effect on the lifetime
of the states. In this respect, it is noteworthy that the
|+1/2, −1/2〉 and the |−1/2, +1/2〉 states are degenerate,
when only ZFS and Zeeman interactions are taken into
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FIG. 2. Resonant coupling of a quartet electron spin and doublet electron spins. (a) Energy levels of a single quartet-doublet two-
electron spin system, meant to provide qualitative intuition of the otherwise complex many-body system under consideration. The
corresponding states are provided in the |mS, mS′ 〉 basis, where the quantization axes is set parallel to the c axis. (b) Illustration of the
spin energy levels of the mS = {∓1/2, ±1/2} subspace of the quartet-doublet electron-spin pair upon hyperfine splitting �, affecting
the sensitive spin-flip frequency between the usually nearly degenerate states. (c) Thermalization of the quartet spin states in a bath of
spin-1/2 electron spins, for various inhomogeneous splittings � of the silicon-vacancy states. The vertical axis measures the amount
of population transferred from the initial highly polarized mS = +1/2 state to the rest of the quartet states of the V2 center under a
fixed evolution time of �t = 1 µs in a bath of spin-1/2 electron spin of C = 1018 cm−3 concentration.

consideration, see Fig. 2(a). These states have a funda-
mental role for the silicon-vacancy qubit, as the |+3/2〉 ↔
|−3/2〉 transition is not directly addressable via microwave
irradiation. In contrast, the zero-field interaction splits the
states in other branches. Due to the higher-order terms
of the Zeeman interaction of the quartet silicon vacancy,
the states within a branch may cross each other, see, for
instance, the region labeled by LAC in Fig. 2(a).

In order to study the thermalization of the silicon-
vacancy spin states in an electron-spin bath, we simulate
the population transfer from the initially highly polarized
|+1/2〉 state to the rest of the quartet spin states in our
many-spin model, see Fig. 2(c). When the |+1/2, −1/2〉
and |−1/2, +1/2〉 states are degenerate, the initial popu-
lation thermalizes within 1 µs irrespective of the external
magnetic field, see the uppermost curve in Fig. 2(c). On
the other hand, by introducing an effective inhomogeneous
magnetic field acting on the quartet spin state and causing
a � splitting in the mS = {−1/2, +1/2} subspace of the
quartet spin, as illustrated in Fig. 2(b), the magnetic-field-
independent component of the spin relaxation reduces
drastically, indicating the elongation of the spin-state life-
time at most magnetic field values. The remaining high
population transfer peaks, below 50 G and at around
400–500 G in Fig. 2(c), are related to level anticross-
ings (LACs) of the spin states that are studied in more
details in Ref. [48]. Furthermore, we note that the reduced
lifetime of the mS = {−1/2, +1/2} state, beyond the the-
oretical expectations [19], has been recently reported in
Ref. [49] and has been attributed to the coupling to spin-
1/2 defects. These results indicate that the inhomogeneous
splitting of the spin states plays a crucial role in elongating
the spin-state lifetime in an electron-spin bath.

There are several different sources of local inhomoge-
neous fields that, in principle, could induce a splitting of

the degenerate subspace of the coupled quartet-doublet
spin states and suppress the mutual flip flops of the spins.
Strain and electric fields may impact the energy lev-
els of defect spins. However, half-spin systems remain
degenerate under the influence of such fields according
to Kramer’s theorem. One may also consider an effec-
tive Landé g factor deviating from the electron factor ge,
e.g., a vanadium defect in 4H -SiC with g ≈ 1.95 [50],
which would introduce a permanent splitting of the mS =
{∓1/2, ±1/2} subspace. However, such a splitting would
be magnetic field dependent and considerable mainly in
the regime dominated by the Zeeman splitting term. In
most cases, hyperfine coupling is typically the strongest
interaction that can give rise to local inhomogeneities on
subnanometer scales.

In order to quantify the hyperfine interaction-induced
inhomogeneity, we study the distribution of the hyperfine
splitting of the mS = {−1/2, +1/2} subspace of the quar-
tet silicon vacancy, �, shown in Fig. 3. The distribution
exhibits several distinct and isolated peaks. The largest
peak corresponds to configurations with no first and sec-
ond nearest-neighbor nuclear spins. Going from lower to
higher splitting, the second, third, and fourth peaks include
configurations with one, two, and three second nearest-
neighbor 29Si nuclear spins. This series continues with
vanishing peak heights. Furthermore, there are two addi-
tional noticeable peaks beyond 20 MHz that correspond to
one 13C and zero 29Si nuclear spin and one 13C and one 29Si
nuclear spins in the first and second neighborhood shell of
the silicon vacancy.

The hyperfine interaction-induced local inhomogene-
ity is approximated by an inhomogeneous magnetic
field acting on the silicon vacancy, which splits
the mS = {−1/2, +1/2}. The field is here defined
as the median of the effective hyperfine strength
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distribution of the random environment ensemble, i.e.,
as median

(∑
k

√
A2

k,xz + A2
k,yz + A2

k,zz

)
for hyperfine tensor

components between the qubit and nuclear spins, k denot-
ing the nuclear-spin index within each spin configuration.
We note that a single value cannot properly characterize
a multipeak distribution observed in Fig. 3, however, in
paramagnetic isotope depleted samples the amplitude of
the peaks beyond the first peak are significantly reduced
and the distribution converges to a single peak-asymmetric
distribution. In such cases, the median is a good measure
of the distribution of the maximal hyperfine splitting. The
median as a function of the 29Si abundance is depicted in
the inset of Fig. 3. As can be seen, the median of the hyper-
fine splitting approaches zero as the paramagnetic silicon
isotopes are depleted.

Combining our results presented so far, we conclude
that the isotope purification can reduce the inhomogeneous
splitting of the qubit states, which in turn may enhance the
coupling and cross-relaxation effects between the quartet
spin states and spin-1/2 defects in the local environment,
see Fig. 2(c). This counterintuitive phenomena may lead to
a drastically reduced spin-state lifetime that sets the max-
imum for the coherence time. To quantify this effect, we
calculate the spin relaxation time T1 of the |+1/2〉 state of
the silicon vacancy for various spin-1/2 paramagnetic point
defect concentrations, as a function of the 29Si abundance
and zero 13C abundance. The choice of 13C abundance sim-
plifies the analysis and may be justified by the fact that
29Si and 13C relaxation and decoherence contributions are
comparable mainly at similar abundances (e.g., see inset of
Fig. 1). At the same abundances, 13C may yield a stronger
splitting field due to its larger nuclear magnetic moment
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FIG. 3. The distribution of the hyperfine splitting � of the
mS = {−1/2, +1/2} subspace of the quartet electron spin in nat-
ural abundance. The inset shows the variation of the median of
the hyperfine splitting distribution, including calculated medi-
ans and a power-law fit, as a function of the paramagnetic 29Si
abundance, with no carbon isotope spins.

and first neighbor proximity. However, we do not expect
any qualitative differences for different nuclear-spin types.

We define the absolute maximum of the coherence
time as T2,max = 2T1. Here, we note that in experiments
T2,max ≈ 0.5T1 is found for the N-V center [9], therefore
our results can be considered as an upper bound. To obtain
the coherence time when both nuclear spins and electron
spins are included in the local environment of the sil-
icon vacancy, we use the T−1

2 = T−1
2,max + T−1

2,nuc relation,
where the last term accounts for decoherence effects due
to nuclear-spin flip-flop-induced magnetic fluctuations.

The results on the ensemble averaged coherence time
are depicted in Fig. 4. The individual relaxation times and
coherence times are shown in Appendix C. As can be
seen the coherence time can be significantly reduced both
by the increase of the electron-spin concentration and the
depletion of the paramagnetic isotopes. In high spin-1/2
defect concentration (approximately equal to 1018 cm−3)
T2 is limited by the paramagnetic defects and cannot reach
higher than approximately 100 µs. As the defect concen-
tration reduces, the theoretical maximum of the coherence
time rapidly increases and the fluctuation of the nuclear-
spin bath starts to limit the coherence time in natural
abundance, see the calculated T2 time at, for instance,
natural abundance of 29Si isotope in Fig. 4. Isotope purifi-
cation not only reduces magnetic field fluctuations but
also enhances cross-relaxation effects that may become the
major limiting factor in the coherence time in nuclear-spin
depleted samples, see Fig. 4. We note that even a very
low concentration of spin-1/2 defect may have a dramatic
effect on the coherence time in highly isotope purified
samples.
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FIG. 4. Paramagnetic 29Si abundance dependence of the spin-
coherence time at various spin-1/2 point defect concentrations.
T2,nuc (dashed black line) is obtained at 200 G by including 29Si
nuclear spins in the environment only. The theoretical maximum
of the coherence time T2,max is set by spin relaxation due to
electron spins (plotted by colored dashed lines). The coherence
time T2 is obtained by combining these effects (colored thick
solid lines).
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IV. DISCUSSION AND CONCLUSION

Temperature-dependent relaxation effects and other
magnetic-field-independent effects are not accounted for
in Fig. 4 and may become relevant for less purified sam-
ples. These contributions will provide an additional term
to the relaxation rate, setting an upper bound on the T1
time. Photoluminescence and electron paramagnetic res-
onance measurements have estimated the relaxation time
of the silicon vacancy in a sample of natural abundance
at room temperature to approximately 40–100 µs [51,52],
setting the upper bound on T2,max = 2T1 below the limit
of a 1017 cm−3 electron-spin-bath concentration up to
natural 29Si abundance. Measurements at lower temper-
atures showed a roughly exponentially decreasing trend
of the relaxation rate, with T1 times of 400 µs at 200
K and 1700 µs at 100 K [52]. Therefore, the enhanced
hyperfine-driven relaxation studied in this work, limiting
the T2 time more than the nuclear-spin dipolar contribu-
tion, would be observable for studied concentrations below
100 K even for less purified samples, but also at room tem-
perature depending on the sample and electron-spin-bath
concentration.

Very recently a nanophotonic device integrating V2
qubit with excellent spin properties was realized in
Ref. [27]. The spin-coherence time is found to be 1.39 ms
in a high-purity isotope purified sample. The isotope abun-
dance of the sample is estimated to be 28Si > 99.85% and
12C > 99.98%. Considering only magnetic field fluctua-
tions due to the residual nuclear-spin bath (approximately
0.15% 29Si), we would expect a coherence time close
to 25 ms. The order of magnitude difference indicates
that the coherence time is limited by an effect other than
nuclear-spin flip flops. Based on our results, interaction
with electron spins in the lattice is a possible source of
decoherence in this experiment.

Our qualitative and quantitative results are obtained for
the quartet silicon vacancy in SiC, with the inhomogenous
hyperfine splitting as the main source of degeneracy lift-
ing. The spin Hamiltonian and the results in Fig. 4 can
be generalized to other spin-1/2 or spin-3/2 electron-spin-
qubit systems not experiencing any additionally major
degeneracy splitting. For instance, spin qubits in silicon
quantum dots is an area where our findings can be easily
generalized and applied [53,54]. Furthermore, our results
can be generalized to spin-1 point defect qubits inter-
acting with other spin-1 environmental defects, which
can also exhibit nearly degenerate spin states coupled by
the dipolar interaction. Although, for spin-1 defects, the
differences of the ZFS can also contribute to the split-
ting of the coupled states and possibly suppress cross-
relaxation effects. Relaxation of the spin states is the most
efficient when nearby spin-1 defects of the same kind
are coupled to each other, e.g., in a dense N-V center
ensemble.
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APPENDIX A: CLUSTER-CORRELATION
EXPANSION

The cluster-correlation expansion (CCE) is a method
for evaluating the coherence function of an ensemble
many-body spin system based on a clustering approxima-
tion under the assumption of weak coupling between the
spins. As outlined in Refs. [55–57], a Hamiltonian like in
Eqs. (1) and (2) may have the resulting coherence function
cluster-expanded,

L = L0

(
N∏

i=1

L̃i

)⎛
⎝ N∏

i1 �=i2

L̃i1,i2

⎞
⎠ · · · =

∏
c⊂CN

L̃c, (A1)

for an N -spin system, CN , with every possible subsystem
contained in CN and a phase factor L0. The L̃i, L̃i1,i2 , and
L̃c are the spin-correlation functions for clusters of size one
involving spin i, two-body clusters involving spins i1 and i2
etc., and for an arbitrary cluster c. The factorization is trun-
cated to order M in practice at sufficient accuracy, denoted
as performing the CCE-M approach. If applied to systems
of limited interaction order, the spin-correlation functions
of many-body clusters can be defined recursively, i.e.,

L̃c = Lc∏
c′⊂c L̃c′

, (A2)

with the spin-coherence function Lc = Tr(ρc(t)S+)/ Tr
(ρc(0)) for the c-cluster density matrix ρc. The time-
evolved cluster-restricted density matrix is obtained by
propagation with appropriate propagator, in this case
U(t) = e−iHct for free decay where Hc is determined by
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dropping all terms in Eqs. (1) and (2) not involving spins
in cluster c.

In the case of the generalized CCE (gCCE) [58,59], the
cluster-expansion approach is applied to the density-matrix
components of the qubit, assuming a correlation function
expansion of

ρab = ρ̃0
ab

∏
ρ̃ i

ab

∏
ρ̃

i1,i2
ab . . . , (A3)

and recursion relation

ρ̃ab = 〈a|ρc|b〉∏
c′⊂c ρ̃c′

ab

. (A4)

Expanding the components themselves allows the evolu-
tion to also account for relaxation phenomenon and the
implied limitation of the coherence in proximity to level
anticrossings.

APPENDIX B: THE EXTENDED LINDBLADIAN
METHOD

The extended Lindbladian approach is used to simu-
late the population dynamics of a many-body spin system.
The system is modeled to consist of a central spin in an
environment of bath spins with dipolar coupling, which
Hamiltonian can be written

Htot = Hdefect +
N−1∑
i=1

Hbath,i +
N∑

i�=j

Hi,j , (B1)

corresponding to Eqs. (1) and (2) in this work, with terms,
respectively, describing the Hamiltonian of the defect spin
labeled as spin 0, the bath spins labeled 1 to N − 1 and
the dipolar interaction terms Hi,j between spins i and j .
This system is divided into M -body clusters {ck} each con-
taining the defect and (M − 1)-bath spins, with respective
cluster Hamiltonian

Hck = Hdefect +
∑

i�=0, i∈ck

Hbath,i +
∑

i�=j ; i,j ∈ck

Hi,j + βck , (B2)

where βck is an effective field to include the spin level
change from spins outside the cluster. The time propaga-
tion of the system is performed by evolving each cluster
density matrix ρck separately while introducing a collective
coupling in the form of the extended Lindbladian, Lck ,

dρck

dt
= − i

�

[
Hck , ρck

]+ Lck ({bck ,mn}, ρck ). (B3)

The Lindbladian coupling for each cluster incorporates the
relaxation rate of the defect experienced in other clus-
ter systems due to the bath spins in those clusters and is

defined as

Lck ({bck ,mn}, ρck ) =
∑
mn

bck ,mn

Tr
(

C†
mnCmnρck

)

×
(

Cmnρck C†
mn−

1
2
{
ρck , C†

mnCmn
})

,

(B4)

using the jump operator acting on the defect spin states
|m〉 and |n〉, Cmn = |m〉〈n|⊗i∈ck

Ii, and where the corre-
sponding dynamic flip-flop rates bck ,mn are chosen at the
simulation step to achieve the desired description.

The time evolution with the Hamiltonian of Eq. (B2) for
a short period time, dt, yields a finite difference that we
write as

δρck = − i
�

[
Hck , ρck (t)

]
dt. (B5)

The defect is also evolved in isolation to give δρd as a
reference for the inherent effect of the defect Hamilto-
nian. Using these finite differences, Lindbladian couplings
representative of each cluster evolution ack ,mn, as well as
for the isolated defect evolution ad,mn are determined and
collected to form the collective flip-flop rates

bck ,mn =
∑
j �=k

(acj ,mn − ad,mn), (B6)

by having the ack ,mn couplings satisfy

diag
(
TrB δρck

) = diag
(
TrB L({ack ,mn}, ρck )

)
, (B7)

where TrB denotes the partial trace over cluster bath spins.
Finally, the density matrix populations of each cluster are
updated with both the inherent evolution and collective
Lindbladian couplings

ρck (t + dt) = ρck (t) + δρck + L({bck ,mn}, ρck ). (B8)

We note that the applied method, in principle, allows for
an arbitrary cluster size and therefore can be made increas-
ingly precise as necessary. However, for the present work,
a two-body clustering of the defect and bath is deemed
sufficient.

APPENDIX C: THE EFFECT OF NUCLEAR-SPIN
ABUNDANCE ON RELAXATION AND

DECOHERENCE

For further description of obtained relaxation and coher-
ence times for the silicon vacancy, shown in Fig. 4 of the
paper, we show individual calculation results separately
here in Fig. 5. Results are obtained as a function of the
29Si abundance in the local spin environment, although the
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(a)

(b)

FIG. 5. Data corresponding to Fig. 4, with each individual
result shown separately. (a) The coherence time limited by
nuclear 29Si spins, as calculated by gCCE-2. (b) The relax-
ation time for different electron-spin concentrations calculated by
the extended Lindbladian method as a function of nuclear-spin
abundance determining the inhomogeneous hyperfine splitting
field.

abundance for relaxation time calculations corresponded to
a hyperfine field splitting described by the inset of Fig. 3.
Both kinds of coherence loss could, respectively, be well
described by a power law as a function of abundance. In
the summary presented in Fig. 4, the limitation, which the
relaxation time puts on the coherence time, is taken as 2T1,
i.e., twice the values presented in Fig. 5(b). Comparing
Fig. 5(a) and 5(b), the limit set by the relaxation time is
seen to dominate at low abundances, especially for higher
electron-spin concentrations.
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