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Abstract

Using sensors to observe real-world systems is important in many applications. A
typical use case is target tracking, where sensor measurements are used to compute
estimates of targets. Two of the main purposes of the estimates are to enhance
situational awareness and facilitate decision-making. Hence, the estimation quality
is crucial. By utilizing multiple sensors, the estimation quality can be further
improved. Here, the focus is on target tracking in decentralized sensor networks,
where multiple agents estimate a common set of targets. In a decentralized context,
measurements undergo local preprocessing at the agent level, resulting in local
estimates. These estimates are subsequently shared among the agents for estimate
fusion. Sharing information leads to correlations between estimates, which in
decentralized sensor networks are often unknown. In addition, there are situations
where the communication capacity is constrained, such that the shared information
needs to be reduced. This thesis addresses two aspects of decentralized target
tracking: (i) fusion of estimates with unknown correlations; and (ii) handling of
constrained communication resources.

Decentralized sensor networks have unknown correlations because it is typically
impossible to keep track of dependencies between estimates. A common approach
in this case is to use conservative estimators, which can ensure that the true un-
certainty of an estimate is not underestimated. This class of estimators is pursued
here. A significant part of the thesis is dedicated to the widely-used conservative
method known as covariance intersection (CI), while also describing and deriving
alternative methods for CI. One major result related to aspect (i) is the conserva-
tive linear unbiased estimator (CLUE), which is proposed as a general framework
for optimal conservative estimation. It is shown that several existing methods,
including CI, are optimal CLUEs under different conditions.

A decentralized sensor network allows for less data to be communicated com-
pared to its centralized counterpart. Yet, there are still situations where the com-
munication load needs to be further reduced. The communication load is mostly
driven by the covariance matrices since, in this scope, estimates and covariance
matrices are shared. One way to reduce the communication load is to only ex-
change parts of the covariance matrix. To this end, several methods are proposed
that preserve conservativeness. Significant results related to aspect (ii) include
several algorithms for transforming exchanged estimates into a lower-dimensional
subspace. Each algorithm corresponds to a certain estimation method, and for
some of the algorithms, optimality is guaranteed. Moreover, a framework is devel-
oped to enable the use of the proposed dimension-reduction techniques when only
local information is available at an agent. Finally, an optimization strategy is pro-
posed to compute dimension-reduced estimates while maintaining data association
quality.






Popularvetenskaplig sammanfattning

Att anvinda sensorer for att 6vervaka exempelvis personer eller fordon ar viktigt
inom en rad olika omraden. Ett typfall & malfoljning, dér sensorer och algoritmer
anvands for att skatta positioner och hastigheter hos ett antal mal 6ver tid. Mal-
foljning har studerats under en lang tid inom framforallt militdra tillampningar,
men pa senare ar anviands det &ven inom manga civila omraden som t.ex. inom
bilindustrin. Ett klassiskt exempel ar problemet dir radarmétningar kombineras
med rorelsemodeller i ett s.k. kalmanfilter for att rekursivt skatta ett mal med sa
hég noggrannhet som majligt.

Genom att anvinda flera sensorer ar det mojligt att géra malféljningen &nnu
béttre. Ett sensornétverk bestar av sensorer och berdkningsenheter dar de senare
ansvarar for att berdkna skattningar av mal. Berdkningsenheterna kan potentiellt
dven kommunicera skattningar till andra berdkningsenheter. I en centraliserad nét-
verksdesign skickas métningarna fran alla sensorer till en central berdkningsenhet.
Detta leder i méanga fall till optimala resultat med avseende pa malfoljningspre-
standa. Nackdelen &r att sensornétverkets totala féormaga blir beroende av att
den centrala berdkningsenheten fungerar. Fallerar den centrala berdkningsenheten
blir hela nétverket oanvindbart. For sdkerhetskritiska tillimpningar &r just den
egenskapen ofta oacceptabel. Dessutom blir det i praktiken néastintill omojligt att
realisera en centraliserad l0sning for stora sensornatverk, detta med avseende pa
berdkningskraft, kommunikationsresurser samt komplexitet. Darfor ar alternativa
néatverksdesigner av intresse.

I denna avhandling studeras malf6ljning i decentraliserade sensornitverk. I
decentraliserade sensornitverk skickas métningar fran sensorerna till lokala be-
riakningsenheter vilka berdknar lokala skattningar av malen. Sedan kommuniceras
skattningarna till andra berdkningsenheter dar de fusioneras for 6kad precision.
En foérdel med en sadan design &r att den saknar kritiska delar vilket ger ett ro-
bust sensorndtverk dir vissa delar kan tillatas fallera eller vara oatkomliga utan
att nétverkets formaga bryter ihop totalt. En nackdel med decentraliserade nét-
verk dr att det skapas beroenden mellan skattningar som i ménga fall inte gar att
kénna till explicit. Ignoreras beroendena riskeras det att redan anviand informa-
tion ateranvinds och att den fusionerade skattningens osdkerhet blir mindre &n
vad den borde vara. Denna avhandling fokuserar pa foljande tva delproblem av
decentraliserad malfljning: (i) fusion av skattningar med okénda beroenden; och
(ii) hantering av en begrédnsad kommunikationsresurs.

Ett populdrt angreppssétt till (i) ar att anvinda konservativa skattare. Orsa-
ken ar att en konservativ skattare har egenskapen att inte ateranvinda informa-
tion samt att inte underskatta osékerheten av en berdknad skattning, nagot som
dven giller i fallet med okédnda beroenden mellan skattningar. P& sa vis erhalls
en robust fusionerad skattning, dock med baksidan att en del av precisionen gar
forlorad. Ett signifikant resultat kopplat till delproblem (i) dr ett ramverk kallat
CLUE (eng. conservative linear unbiased estimator) som l6ser generella konserva-
tiva skattningsproblem med hjélp av matematisk optimering. Det visas &ven hur
flertalet etablerade konservativa skattningsmetoder faller ut som specialfall inom
CLUE-ramverket.
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viii Populirvetenskaplig sammanfattning

I delproblem (ii) studeras kommunikationsbegransningar och hur dessa slar pa
skattningsegenskaper som konservativitet och prestanda. Forst foreslas ett antal
metoder som bevarar konservativitet trots att endast en delméngd av osékerhetsin-
formationen kommuniceras. Konceptet vidareutvecklas senare till att transformera
skattningarna som delas till en ldgre dimension. P& sa vis kan kommunikations-
kravet reduceras avsevirt. Huvudbidraget for (ii) bestar i flertalet algoritmer som
transformerar kommunicerade skattningar pa ett effektivt sétt. Slutligen adresse-
ras tva praktiska aspekter av den transformations-baserade strategin for vilka dven
l6sningar foreslas.
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xvi Notation
Notation
ABBREVIATIONS
Abbreviation Meaning
i.f.f. if and only if
iid. independent and identically distributed
Lh.s. left hand side
r.h.s. right hand side
w.l.o.g. without loss of generality
w.r.t. with respect to
ANEES average normalized estimation error squared
BLUE best linear unbiased estimator
BSC Bar-Shalom Campo
CAM constant acceleration model
CI covariance intersection
CIE common information estimate
CLUE conservative linear unbiased estimator
COIN conservativeness index
CPM constant position model
CRLB Cramér-Rao lower bound
CVM constant velocity model
DCA diagonal covariance approximation
DR dimension-reduced or dimension-reduction
DSN decentralized sensor network
DTT decentralized target tracking
EKF extended Kalman filter
EVP eigenvalue problem
GEVO generalized eigenvalue optimization
GEVP generalized eigenvalue problem
GIMF generalized information matrix filter
GNN global nearest neighbor
ICI inverse covariance intersection
KF Kalman filter or Kalman fuser
LE largest ellipsoid (method)
LKF local (extended) Kalman filter
LMI linear matrix inequality
MC Monte Carlo
MSE mean squared error
NKF naive (extended) Kalman filter
PCA principal component analysis
PCO principal component optimization
PD positive definite
PSD positive semidefinite
RMSE root mean squared error
RMT root mean trace
RO robust optimization
SDP semidefinite program
SSM state-space model




Introduction

In target tracking, dynamic targets are estimated over time. A target tracking
scene is visualized in Figure 1.1. A sensor measures the positions of three targets at
multiple time instants. The measurements are corrupted by noise and yield a rough
estimate of the targets’ instant positions. By processing multiple measurements
over time, improved estimates can be obtained. Besides, it is possible to extract
additional features, such as the velocities of the targets. This task is accomplished
by a target tracking system.

A basic target tracking system is illustrated in Figure 1.2. The processing
unit computes target estimates, here denoted tracks, using a sequence of measure-
ments. The tracks are then used in human-machine interface, situational aware-
ness, decision-making, and other high-level functions. Track quality is therefore
essential for the target tracking system to be useful.

b " “» _
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(a) Targets and measurements (b) Estimated target trajectories

Figure 1.1. A target tracking scene with three targets. (a) The black crosses rep-
resent the target location measurements at different time instants, while the black
dots mark the target locations. (b) The result of processing multiple measurements
over time for each target. The black curves and black triangles represent the esti-
mated target trajectories and the latest target estimates, respectively.
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human-machine interface

measurements . . tracks i .
sensor processing unit situational awareness

decision-making

Figure 1.2. A basic target tracking system.

(a) Centralized sensor network (b) Decentralized sensor network

Figure 1.3. Sensor networks. Black and colored circles resemble sensor nodes and
processing units, respectively. The solid and dotted arrows illustrate sensor-to-
processing unit and inter-processing unit communication, respectively.

1.1 Motivation

In network-centric target tracking [112], multiple sensors and processing units con-
stitute the nodes of a network. The nodes are connected in a communication
network, which allows for information to be shared among the nodes. The commu-
nicated information is subject to data fusion in the processing units. Adding more
sensors and processing units facilitates information extraction and sharing, where
data fusion techniques can be used to enhance the track quality. The price paid
is increased complexity in terms of computations, communication, and system de-
sign. How and to what extent the complexity is increased depends on the network
design. In a centralized sensor network, see Figure 1.3a, all sensors communicate
their measurements to a central processing unit. This arrangement allows for op-
timal tracking performance but suffers from high communication demands and
single points of failure.

An important application of network-centric target tracking is the battle scene
depicted in Figure 1.4. Manned and unmanned agents, e.g., aircraft, ships, and
land vehicles, cooperate with support from ground stations and cloud services for
a common goal. The agents have their own tracking system, with sensors and
processing units that are used to extract information and track targets. Informa-
tion, e.g., track data, is communicated between the agents for improved situational
awareness and decision-making. For large networks, a huge amount of critical in-
formation must be exchanged. To be practically useful, this type of network needs
to be robust and flexible enough to allow for heterogeneous agents to work effi-
ciently in dynamic environments, including switching network topologies. Hence,
a centralized sensor network is not suitable for this type of applications.

This thesis focuses on decentralized target tracking (DTT). A decentralized
sensor network (DSN) is illustrated in Figure 1.3b. This type of network is, e.g.,
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Figure 1.4. Network-centric battle scene. The network contains heterogenous agents,
e.g., aircraft, ships, land vehicles, ground stations, and cloud services. The agents
have their own target tracking systems and share information, e.g., track data, with
each other.

realized by wireless ad hoc networks such as wireless sensor networks [170]. Ac-
cording to [72], a DSN is characterized by the following properties:

C1 There is no single point of failure. Failure of one node of the network does
not cause a complete network breakdown.

C2 There is no central communication management system. Nodes can, in gen-
eral, only communicate on a node-to-node basis.

C3 There is no global knowledge about the network topology locally available
at the nodes.

In a DSN, measurements are passed to a local processing unit, where local
tracks are computed. The local tracks are then exchanged between the processing
units to enhance the tracking quality by fusion. A decentralized design yields the
following advantages over a centralized counterpart [93, 171]:

e Robustness. Since there is no single point of failure, a decentralized design
is inherently fault-tolerant.

e Modularity. The network is decomposed into smaller, self-contained subsys-
tems, which reduces the overall complexity and makes the network scalable.
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This also makes the system design process easier since these components can
be developed and maintained separately.

e Flexibility. It is possible to connect, update, and disconnect the self-contained
subsystems on-the-fly.

These properties are vital for the scene illustrated in Figure 1.4.

Remark 1.1. A DSN is an example of distributed processing. However, the terms decen-
tralized and distributed should not be used interchangeably. While distributed sensor
networks have multiple interconnected processing units, there is typically a central coor-
dinator or some global processing result is obtained, e.g., globally available tracks [34].
This work is limited to methods that are able to cope with the constraints imposed by
C1-C3, thereby excluding many distributed processing techniques.

1.2 Decentralized Target Tracking

Data association and state estimation are fundamental components of the pro-
cessing unit within a target tracking system. The data association involves the
assignment of measurements to tracks, which often requires solving an optimiza-
tion problem in order to identify the optimal pairings between measurements and
tracks based on a specified cost function. In state estimation, the tracks are
updated by incorporating the assigned measurements. The existing body of litera-
ture pertaining to target tracking, particularly in a centralized setting, is extensive,
with numerous publications dedicated to this topic. The famous multihypothesis
tracker (MHT, [147]) was developed already in the seventies. More recent mul-
titarget tracking solutions are often based on the random finite set framework
[118, 151, 173, 177]. Comprehensive books useful for the design and evaluation of
target tracking systems in general are found, e.g., in [17, 18, 27]. However, in the
context of DSNs, there remains a considerable amount of work to be undertaken
to properly address the specific issues that arise in DTT.

Figure 1.5 provides a schematic view of the processing unit in a DTT system
which contains the following functional components:

1. Measurement-to-track association. Assigns measurements to the local tracks.

2. State estimation. Updates local tracks with the assigned measurements.

3. Track-to-track association. Assigns local tracks to the received tracks.

4. Track fusion. Fuses local tracks with the assigned tracks.

5. Communication management. Decides which track information to exchange.
These functions are run recursively. The dashed line in Figure 1.5 illustrates that

local tracks are predicted and used in the next time step. Roughly speaking, a
centralized target tracking system involves steps 1-2 but not steps 3-5.
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processing unit

|
measurement-to-track state }

association estimation }

I I

m ‘

Y exchanged

track-to-track track ‘ communication tracks
association fusion management

&

Figure 1.5. A decentralized target tracking system.

Remark 1.2. There are other ways to model a DTT system than the functional break-
down of Figure 1.5. For instance, basically all target tracking systems contain some track
management logic, which is excluded here. It should, however, be noted that there is
no distinct generic model used to illustrate every target tracking system. In the current
scope, the model in Figure 1.5 is sufficiently rich.

The DSNs considered in this thesis are modeled as a network of agents. Each
agent typically has one or several sensors, but in some cases none. Moreover, each
agent comprises a self-contained target tracking system and a communication sys-
tem. The agent can operate on its own under constraints C1-C3 and independently
of the other agents. Two important examples of agents are illustrated in Figure 1.6:

e Fighter aircraft. A modern fighter aircraft is equipped with many sensors,
e.g., radar, infrared search and track (IRST), and electronic warfare (EW)
sensors. It typically also has a tactical datalink through which it can com-
municate tracks with other aircraft, command & control, unmanned aerial
vehicles (UAVs), ships, and ground vehicles.

e Autonomous vehicles. Modern vehicles, and in particular autonomous vehi-
cles, use many sensors, e.g., radar and cameras, for safe operations in dense
environments. In vehicle-to-everything (V2X, [141]) networks, autonomous
vehicles use a datalink to communicate with other agents such as other ve-
hicles, pedestrians, satellites, cloud services, and ground stations.

The essence of both agent examples, including the DSNs they operate within,
is the huge amount of data that is transferred. Tracks and other estimates are
exchanged between agents and further processed. This results in dependencies,
i.e., the tracks become correlated with each other. For small, simple networks, the
correlations might be tractable. However, in general, it is impossible to maintain
explicit knowledge about these correlations among all agents. The issue of having
only partial knowledge about correlations is a fundamental aspect of DTT.

In the scope of this thesis, a track is specified by a state estimate, i.e., a vec-
tor, and a covariance matrix. These are the quantities that are being exchanged
between agents for track fusion. Simply neglecting the correlations generally leads
to undesirable results where the actual covariance matrix of a fused track is under-
estimated. In the worst case, tracks start to diverge due to incorrect uncertainty
assessment [93]. To avoid this, the notion of conservativeness has been introduced.
A conservative estimator is able to guarantee that the computed covariance matrix
is no smaller than the covariance matrix of the actual error. Several estimation
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other aircraft

command & control

N®) UAVs
tactical datalink  ~"Q .
ships
O ground vehicles

(a) Fighter aircraft (left) connected a tactical sensor network (right)

.O other vehicles
k cloud services

radar pr ing unit) < »( satellites
oniac ' V2X datalink O O

pedestrians

O ground stations

(b) Autonomous vehicle (left) connected to a V2X network (right)

Figure 1.6. Examples of agents in decentralized sensor networks. Each agent has
sensors and a processing unit, and communicates with other agents using a datalink.
Examples of possible types of agents in each network are provided to the right of
the corresponding subfigure.

methods that are conservative under different conditions exist today. The most
well-known include covariance intersection (CI, [90]), inverse covariance intersec-
tion (ICI, [130]), and the largest ellipsoid (LE, [24]) method. However, there is no
general framework for conservative estimation problems. In the literature, the no-
tion conservativeness is frequently referred to as consistency or covariance consis-
tency [90, 125, 130]. However, to prevent any potential confusion with alternative
interpretations of consistency, the term conservativeness is employed throughout
this work.

Another crucial aspect of network-centric estimation problems is communica-
tion constraints [145]. State estimates and covariance matrices need to be com-
municated for a legion of targets and to and from many agents. At some point,
the communication link will become a bottleneck, and hence the finite size of the
communication resource must be taken into account. There are also situations
where the communication needs to be reduced for other reasons, e.g., to be able
to operate with a low electromagnetic signature. Hence, there is a need to study
DTT under communication constraints [100].

1.3 Problem Statement

The main goal of this thesis is to increase the performance and usability of DTT
systems. The research focus is related to the track fusion and communication man-
agement components of Figure 1.5. In particular, the following two subproblems
are addressed:
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P1 Robust track fusion under unknown correlations. To be useful, the track
fusion needs to consider both conservativeness and tracking performance.

P2 Efficient usage of the communication resource. The main design criteria
for the communication management are the amount of communicated data,
conservativeness, and tracking performance.

1.4 Publications

Detailed comments are provided below for each of the publications included in the
thesis. The authors are abbreviated according to: Robin Forsling (RF), Gustaf
Hendeby (GH), Fredrik Gustafsson (FG), Zoran Sjanic (ZS), Benjamin Noack
(BN), Anders Hansson (AH), and Johan Loéfberg (JL).

Publication |: Consistent Distributed Track Fusion Under
Communication Constraints [54]

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Consistent
distributed track fusion under communication constraints. In Proceed-
ings of the 22nd IEEE International Conference on Information Fusion,
Ottawa, Canada, July 2019.

Summary: This conference paper considers fusion of tracks in a network-centric
target tracking problem. Explicit communication constraints are given by only
allowing the diagonal elements of track covariance matrices to be communicated.
Under such conditions, the conservativeness of a communicated track is typically
lost. Several methods are proposed for preserving conservativeness under the as-
sumed communication constraints.

Author’s contributions: The idea behind the communication constraints came
from ZS. The methods for preserving conservativeness were developed mainly by
RF in collaboration with GH. The experimental evaluation was designed by RF
with support from all authors. RF authored the paper with input from the co-
authors. The implementations, experimental design, and simulations were carried
out by RF.

Publication ll: Conservative Linear Unbiased Estimation Under
Partially Known Covariances [56]

R. Forsling, A. Hansson, F. Gustafsson, Z. Sjanic, J. Lofberg, and
G. Hendeby. Conservative linear unbiased estimation under partially
known covariances. IEEE Transactions on Signal Processing, 70:3123—
3135, June 2022. © 2022 IEEE



8 1 Introduction

Summary: In this journal paper an estimation framework called conservative
linear unbiased estimation (CLUE) is formulated for estimation under unknown
and partially known correlations. Fundamental properties of the CLUE are derived.
A method is proposed based on robust optimization for computing a CLUE in
general configurations. It is shown that several established methods are special
cases of an optimal CLUE under different conditions.

Author’s contributions: FG was the one who first came up with the CLUE idea.
RF developed the CLUE theory and related properties, primarily in collabora-
tion with GH and AH. RF proposed, in close collaboration with JL, using robust
optimization for computing a CLUE in general cases. RF showed that several
established methods are special cases of an optimal CLUE under different condi-
tions. RF authored the paper with input from the co-authors. The examples were
designed by RF, who also implemented the algorithms in the evaluation.

Publication IlI: A Quarter-Century of Covariance Intersection:
Correlations Still Unknown? [53]

R. Forsling, B. Noack, and G. Hendeby. A quarter-century of covari-
ance intersection: Correlations still unknown? IEEE Control Systems
Magazine. Accepted for publication in Sep. 2023. Scheduled for the
Apr. 2024 issue. © 2024 IEEE

Summary: This tutorial-like journal paper centers around a widely-used estima-
tion method named covariance intersection (CI). Crucial aspects related to CI are
addressed, for instance, sources of correlations, optimality, computational consid-
erations, and alternatives to CI. The paper also acts like a survey for decentralized
data fusion in general and for CI and its alternatives in particular. At the end, an
outlook is given that predicts future applications and theoretical advances related
to CI.

Author’s contributions: The idea behind the paper originated from BN who had
collected references for a survey paper dedicated to CI. RF contributed with the
writing of the main content and side content, sorting out references, designing, and
implementing the examples, and designing the outlook. All in close collaboration
with BN and GH. RF and BN contributed equally to the paper.

Publication IV: Communication Efficient Decentralized Track
Fusion Using Selective Information Extraction [55]

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Communication
efficient decentralized track fusion using selective information extrac-
tion. In Proceedings of the 23rd IEEE International Conference on
Information Fusion, Rustenburg, South Africa, July 2020.
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Summary: This conference paper proposes an alternative problem formulation
compared to Publication I for track fusion under communication constraints. The
communication is reduced by the exchange of selectively chosen information pro-
jections. This leads to an optimization problem where the information projections
are derived by estimating the track fusion result as a function of the information
projections.

Author’s contributions: In discussions with each co-author, RF proposed the
problem formulation as a continuation of Publication I. RF developed the opti-
mization formulation in collaboration with the other authors. Two methods for
selecting information were proposed by RF in collaboration with GH. RF authored
the paper with input from the co-authors. RF was responsible for carrying out
the implementations, experimental design, and simulations.

Publication V: Optimal Linear Fusion of Dimension-Reduced
Estimates Using Eigenvalue Optimization [57]

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Optimal linear
fusion of dimension-reduced estimates using eigenvalue optimization.
In Proceedings of the 25th IEEE International Conference on Informa-
tion Fusion, Linkoéping, Sweden, July 2022.

Summary: This conference paper proposes a further development of the con-
cept introduced in Publication IV. An extension of those ideas is formulated as
a dimension-reduction problem, which involves transforming exchanged estimates
into a lower-dimensional subspace. It was shown that this boils down to an eigen-
value problem for which optimal dimension-reduction can be performed under
certain conditions.

Author’s contributions: The eigenvalue formulation for dimension-reduction was
originally derived by RF, and further developed with inputs from GH and FG. Two
dimension-reduction algorithms, corresponding to two different estimation meth-
ods, were proposed by RF, who also authored the paper, with input from the
co-authors. RF was responsible for carrying out the implementations, experimen-
tal design, and simulations.

Publication VI: Decentralized State Estimation In A
Dimension-Reduced Linear Regression [59]

R. Forsling, F. Gustafsson, Z. Sjanic, and G. Hendeby. Decentralized
state estimation in a dimension-reduced linear regression. 2023. URL
https://arxiv.org/abs/2210.06947. Preprint, arXiv.

Summary: This journal paper generalizes the framework proposed in Publication
V for additional estimation methods. Optimal guarantees are provided for all of
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the dimension-reduction algorithms except the one corresponding to CI. In the
case of CI, a convergence analysis is provided. The paper provides an analysis
of the communication benefits and an experimental evaluation of the proposed
methods. Message coding functionality is also provided. The manuscript has
been submitted for possible publication in the IEEE Transactions on Signal and
Information Processing over Networks.

Author’s contributions: RF extended the methodology proposed in Publication
V for additional estimation methods in discussions with the co-authors. RF devel-
oped the theoretical results, including the convergence analysis, and authored the
paper with input from the co-authors. The algorithms for dimension-reduction
and message coding were designed and implemented by RF. The experimental
evaluation was designed and carried out by RF with input from the co-authors.

Publication VII: Decentralized Data Fusion of
Dimension-Reduced Estimates Using Local Information Only [58]

R. Forsling, F. Gustafsson, Z. Sjanic, and G. Hendeby. Decentral-
ized data fusion of dimension-reduced estimates using local informa-
tion only. In Proceedings of the IEEE Aerospace Conference, Big Sky,
MT, USA, Mar. 2023. © 2023 IEEE

Summary: This conference paper addresses a practical aspect of the dimension-
reduction techniques developed in Publications V and VI. That is, in reality, an
agent who is about to exchange dimension-reduction estimates with another agent
needs to have access to information local to the second agent. In general, this is not
a realistic assumption. To this end, the common information estimate is proposed
as a representation of information shared by the network. Several properties of
the common information estimate are derived.

Author’s contributions: RF and GH expanded on the methodology suggested in
Publication IV to develop the concepts behind the common information estimate.
The theoretical properties were derived by RF, who also authored the paper, with
input from the co-authors. The implementations, experimental design, and simu-
lations were carried out by RF.

Publication VIII: Track-To-Track Association for Fusion of
Dimension-Reduced Estimates [60]

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Track-to-track
association for fusion of dimension-reduced estimates. In Proceed-
ings of the 26th IEEFE International Conference on Information Fusion,
Charleston, SC, USA, June 2023.
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Summary: In this conference paper, dimension-reduction is based on data asso-
ciation performance. This is in contrast to Publications IV-VI, where track fusion
performance was considered. The proposed problem formulation is analyzed the-
oretically, and problem properties are highlighted. An optimization algorithm is
developed based on the problem analysis.

Author’s contributions: RF originally proposed the problem formulation, and
the co-authors helped to further develop it. The problem analysis was executed
by RF, who also developed the optimization algorithm. RF authored the paper
with input from the co-authors. The implementations, experimental design, and
simulations were carried out by RF.

Licentiate Thesis: Decentralized Estimation Using Conservative
Information Extraction [52]

R. Forsling. Decentralized Estimation Using Conservative Informa-
tion Extraction. Licentiate Thesis No. 1897, Linképing University,
Link6ping, Sweden, Dec. 2020.

Summary: The Licentiate thesis has a full overlap with Publications I and IV,
and a partial overlap with Publication II. Content exclusive to the Licentiate
thesis includes extensions of two estimation methods, namely, inverse covariance
intersection and the largest ellipsoid method.

Author’s contributions: The contributions exclusive to the Licentiate thesis were
developed by RF with inputs from GH, ZS, and FG.

Not Included Publications

Detailed comments are provided below for related publications that have been
excluded' from the thesis. The authors are abbreviated according to: Robin
Forsling (RF), Daniel Bossér (DB), Isaac Skog (IS), Gustaf Hendeby (GH), Magnus
Lundberg Nordenvaad (MLN), Jakub Matousek (JM), and Jindfich Dunik (JD).

Distributed Point-Mass Filter with Reduced Data Transfer Using
Copula Theory [119]

J. Matousek, J. Dunik, and R. Forsling. Distributed point-mass filter
with reduced data transfer using copula theory. In Proceedings of the
2023 American Control Conference, pages 1649-1654, San Diego, CA,
USA, June 2023.

1The publications have been excluded to narrow down the scope of the thesis.
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Summary: In this conference paper, a distributed point-mass filter is proposed.
The developed filter is applicable for bandwidth-constrained distributed state es-
timation of stochastic dynamic systems. The proposed solution is benchmarked
with well-known moment-based data fusion methods.

Author’s contributions: RF authored the introduction and the parts involving
the moment-based methods. JM did the main work with input from JD and RF.
JM carried out the implementations and simulations with support from RF.

Underwater Environment Modeling for Passive Sonar
Track-Before-Detect [28]

D. Bossér, R. Forsling, I. Skog, G. Hendeby, and M. L. Nordenvaad. Un-
derwater environment modeling for passive sonar track-before-detect.
In OCEANS 2023, Limerick, Ireland, June 2023.

Summary: This conference paper deals with track-before-detect using passive
sonars in a complex underwater environment. Two models relating to the under-
water environment are developed: an autoregressive (AR) model is proposed to
improve the tracking performance in the case of fluctuating signal energy, and a
multi-source model is proposed to estimate spatially distributed background noise.

Author’s contributions: RF developed the AR model with input from IS and
GH. RF was involved in the authoring of the first two sections, including the parts
about the AR model. DB did the main work with input from IS, GH, RF, and
MLN. The implementations and simulations were carried out by DB with support
from RF.

1.5 Source Code Accessibility

To promote reproducibility, MATLAB® source code related to this thesis is publicly

accessible at https://github.com/robinforsling/dtt. This includes the source
code for all numerical evaluations and all examples where it is applicable. The
repository also contains a DTT simulation environment that can be adapted for
testing and evaluating new theory and algorithms.

1.6 Thesis Outline and Contributions

The main theme of this thesis is DTT, with a heavy focus on track fusion and
communication management aspects. Publications I-VIII are distributed over
Chapters 2-5. The chapters are organized as follows:

Chapter 2 provides the mathematical preliminaries, states the linear estimation
problem, and defines the notion of conservativeness. Prior work is also outlined.
Parts of Publication III appear in Section 2.2.
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Chapter 3 introduces the decentralized single-target tracking problem, which
is the primary DTT setting studied in this thesis. Methods and models for state
estimation and track fusion are provided. Two main sources of correlations are
described. Section 3.3 considers a DTT problem under particular communication
constraints and is an edited version of Publication I. Section 3.1.4 is based on
Publication III.

Chapter 4 introduces a conservative estimation framework applicable to decen-
tralized track fusion problems. Several properties of the framework are derived.
A key result is the utilization of a standard optimization methodology for general
conservative estimation. It is shown how several established track fusion methods
are special cases of the proposed framework. The chapter is essentially an edited
version of Publication II. Parts of Publication III appear in Section 4.4.4.

Chapter 5 proposes a framework for communication efficient DTT based on
dimension-reduction techniques. The chapter provides two main paradigms, in-
cluding several submethods, for dimension-reduction. Optimality guarantees are
derived for some of the submethods. A solution is proposed to the problem of
only having access to local information when reducing dimensionality. Differ-
ent practical aspects are discussed and an optimization strategy is developed for
dimension-reduction in the multitarget configuration. Section 5.1.1 is based on
Publications IV-VI. Sections 5.2-5.3 are edited versions of Publication VI. Sec-
tion 5.4.2 is an edited version of Publication VII. Section 5.5 is an edited version
of Publication VIII.

Chapter 6 concludes the thesis and provides a brief future outlook.






Preliminaries and Prior Work

The first part introduces necessary mathematical concepts, basic statistics, and
linear estimation theory. An optimal linear estimator is defined. The concept of
conservativeness is provided with a formal definition. The second part reviews
prior work related to decentralized estimation in general, and conservative estima-
tion and communication management in particular.

The content of Section 2.2 is partly based on [53] © 2024 IEEE.

2.1 Preliminaries

Linear algebra and basic statistics are the cornerstones of the theory and methods
developed in this work.

2.1.1 Scalars, Vectors, Matrices, and Operators

Denote by N, R, R™, and R™*" the sets of all natural numbers, all real numbers, all
n-dimensional real-valued vectors, and all m x n real-valued matrices, respectively.
Let S and S7 , denote the sets of all n xn symmetric positive semidefinite (PSD)
matrices and all n x n symmetric positive definite (PD) matrices, respectively. For
A, B € S, the matrix inequalities = and > are defined as

A-B < (A-B)eSt, A~B < (A-B)eS},. (2.1)

The identity matrix is denoted I and 0 is a matrix of zeros. The transpose, inverse,
and pseudoinverse of a matrix A are denoted AT, A~1, and AT, respectively. The
rank, trace, and determinant of a matrix A are denoted rank(A), tr(4), and
det(A), respectively. Let A €S" ,. The ellipsoid of A is given by the set of points
E(A) ={a€R"|a"A71a < 1}. The boundary of this ellipsoid is given by the set

15
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of points {a € R"|a"A~la =1}. For A,B €S", it holds that
A= B << £(A) DE(B), A>=B < £(A) DE(B). (2.2)
Let A,B€S". A function J: R™" — R is matrix nondecreasing if
A=<B = J(A) < J(B), (2.3)
and matrix increasing if
A=<BANA#B = J(A) < J(B). (2.4)
For instance, the function tr(W A) is matrix nondecreasing if W € S}, and matrix
increasing if W € S [29].
Let VCS". An element A € V is the minimum element of V if
B> AVBeYV, (2.5)
and a minimal element of V if B € V and
B-A = B=A. (2.6)

For A; € R™i*" where i = 1,2,...,N, col( - ) is defined as

Ay
As
Col(Al,AQ,.. . ,AN) = . (2.7)
AN
For A; € R™i*™i  where i =1,2,...,N, diag( - ) is defined as
A 0 ... 0
diag(Ay, Ao, Ay) = | O A2 (2.8)
S 0
0 ... 0 Ay

which is a block diagonal matrix. In case all A; are scalars, this reduces to a
diagonal matrix.
An eigenvalue A(A) of a matrix A is given by [67]

Au = Au, (2.9)

where u is the associated eigenvector. If A € S}, then the eigenvalue problem
(EVP) in (2.9) has n solutions, not necessarily unique. A generalized eigenvalue
A(4, B) of the matrix pair (4, B) is given by [136]

Au = \Bu, (2.10)
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where u is the associated generalized eigenvector. If A,B € St | then the general-
ized eigenvalue problem (GEVP) in (2.10) has n solutions, not necessarily unique.
The ith (generalized) eigenvalue \; and associated (generalized) eigenvector wu;
form the pair (A;,u;). The eigendecomposition of a matrix A € S" is defined as

n
A=UZUT =) Nuu], (2.11)
i=1
where ¥ = diag(A1,A\2,...,An), and U = [ul uy ... un} is an orthogonal matrix

such that u;-ruj = 0;; with ¢;; denoting the Kronecker delta [67]. The (generalized)
eigenvalues are assumed to be in descending order, i.e., Apax = A1 > - > Ay =

Amin .

2.1.2 Statistics

For mathematical clarity, random variables and realizations thereof are explic-
itly differentiated with respect to (w.r.t.) notation. Boldface is used to express
random variables, e.g., a, and normal face is used to express a realization of a
random variable. For instance, a is a realization of a. Let E(a) and cov(a) =
E((a—E(a))(a—E(a))") denote the expected value and covariance matrix of a,
respectively. The inverse of a covariance matrix is called an information matrix,
or simply information. A random variable a is said to be Gaussian distributed
with mean p = E(a) and covariance matrix ¥ = cov(a) if a ~ N (p1,X). The cross-
covariance matrix of @ and b is defined as cov(a,b) = E ((a —E(a))(b—E(b))7).
For brevity, covariance matrices and cross-covariances matrices are in the following
referred to as covariances and cross-covariances, respectively.

2.1.3 Linear Estimation

Let x € R™ be the state to be estimated. It is assumed that x is given in a
Cartesian coordinate frame. For ¢ = 1,2,...,N, assume y; = H;x + v;, where
y; € R™, H; € R"*™  and v; is noise with cov(v;) = R; and E(v;) = 0. The
cross-covariance between v; and v; is denoted by R;; = R}z Let ny = Zf\il N,

n H, Ri  Rio .. Rin
Y2 Hy :
y=1|.|, H=| . |, R= R?l Iz (2.12)
: = : : Rny-1)n
YN N Ryn1 ... Rnv-y Ry

and v = col(vy,v2,...,vN), where y € R™ and H € R™*™_ Hence, the model
y=Hzr+wv, R =cov(v), (2.13)

is obtained. The data y and y; are here interpreted as estimates of Hx and H;x,
respectively, but might as well be measurements related to x. By definition

cov(y) =cov(y —E(y)) =cov(y — Hz) = cov(v) = R, (2.14)
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and similarly, cov(y;) = cov(v;) = R;.

A property of a general n, x n, covariance R is that R € ST. However, here
it is frequently assumed that R € Siﬂ The difference is, in many cases, only
technical. If R € Siy and R is singular, then the pseudoinverse R™ is used instead
of R™1. Unless otherwise stated, it is assumed that R € Siﬂ_ It is always assumed
that R; € ST, .

Consider the model in (2.13). In linear estimation, an estimator & of x with
covariance P is computed as

&=Ky, P=KRKT, (2.15)

where K = [Kl Ky ... KN] € R X"y ig the estimation gain. A particular
value & = Ky of & is called an estimate of x, and P is also referred to as the
estimate covariance. For brevity, the pair (&,P) is often just referred to as an
estimate. The estimation error is defined as £ = & — z, and T = & — = is the true
error of the estimate. The quantity E(2Z') is the covariance of the estimation
error, here also referred to as the true covariance of the estimator or estimate.
Moreover, the quantity E(&' &) is the mean squared error (MSE) of & [96].

If E(Z) = x, then & is an unbiased estimator of x. By assumption, y = Hx 4+ v
and E(v) =0. Hence

E(#) = E(Ky) =E(K(Hz+v)) = KHz +E(v) = KHz, (2.16)

from which it follows that E(Z) =2 «<— KH =1.

Remark 2.1. In many cases, there is no need to differentiate between an estimator & (or
y) and the estimate & (or y;); the actual meaning is given by the context. This explicit
notation is kept for consistency since it is useful in some parts of this thesis.

In practice, it is often desirable to use an estimator that is optimal w.r.t. some
loss function J(P) of P. Here, J(P) is assumed to be a matrix increasing function.
The best linear unbiased estimator (BLUE) is defined in Definition 2.2. This
alternative definition of the BLUE is adapted from [56].

Definition 2.2 (Best Linear Unbiased Estimator). Assume y = Hx + v, where
R = cov(v). An estimator &* = K*y with P* = K*R(K*)" is the best linear
unbiased estimator if K* is the solution to

min%nize J(P)
subjectto KH=1 (2.17)
P=KRKT,

for a given matrix increasing function J.

The solution to (2.17) is given by K* = (H'R™'H)"'H"R™'. Hence, the
BLUE estimate is computed as [94]

#*=(H'R'H)'"H'R™ 1y, P*=(H"R'H)™. (2.18)
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In fact, by the Gauss-Markov theorem, it follows that K RKT = P* for all K such
that KH = I. As a consequence, an estimate computed according to (2.18) is
optimal for every matrix increasing J(P) among all linear unbiased estimators [94].
In addition, since tr(P) = tr(E(&&")) = E(2" &) is a matrix increasing function, the
BLUE also is MSE optimal. Example 2.3 illustrates a BLUE.

—— Example 2.3: Best Linear Unbiased Estimator
Let ny = N = 2. Assume that Hy = Ho = I, and that

9 =2 2 2 1 1
Rl - |:_2 2 :| 9 R2 - |:2 9:| 9 R12 - |:_1 1:| )

are given. Construct H and R according to (2.12). The BLUE covariance P* is
computed using (2.18) which results in

. [os0 —077
P _[—0.77 1.78}

In Figure 2.1, P* is compared to P = KRK', where K is randomly generated
subject to KH = I. The figure demonstrates that under these circumstances
E(P*) CE(KRKT). This is an implication of the Gauss-Markov theorem, i.e., if
an arbitrary K is such that KH = I, then KRK' = P*.

Ry

— Ry
P*

__ KRKT for random K
subject to KH =1

Figure 2.1. Results of Example 2.3. A geometrical interpretation of the BLUE is
that the ellipse of every KRK' subject to K H = I is larger than, or equal to, the
ellipse of the BLUE covariance P*.

2.1.4 Conservative Estimation

A central concept in this thesis is conservativeness. A conservative estimator is
defined as:

Definition 2.4 (Conservative Estimator). An estimator &, with associated covari-
ance P, is called a conservative estimator if

P—E(z&") - 0. (2.19)

If this holds, then (&, P) is called a conservative estimate.
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This property becomes relevant if, for instance, R is only partially known.
If R is fully known, then for any linear estimator P = KRK'" = E(22') such
that P — E(2&") = 0, and hence (&, P) is a conservative estimate. Example 2.5
illustrates an estimator that is not conservative.

—— Example 2.5: A Non-Conservative Estimator
Assume the same setting as in Example 2.3, except that Rjs is now unknown. A
naive way of handling that Ri2 is unknown is by assuming Ri2 = 0, and then use
the BLUE given this assumption. This results in the gain and covariance

K=(H'"B™'H)"'H'"B™!, P=(H"B'H)'= 127 0 |
0 1.27
where B = diag(R1, R2). However, in this case the covariance P = E(Z&'), where
& = Ky — x is the estimation error. The covariance E(Z&") is as usual given by

E(#&T) = KRKT — { 1.14 —0.64} _

—-0.64 1.87

Hence, P —E(2&") # 0, which means that this estimator is not conservative. The
example is illustrated in Figure 2.2, where also P* from Example 2.3 is provided.

Ry

— R2

P*

— P
")

--. E(2&

Figure 2.2. Results of Example 2.5. Since S(E(:I::i:T)) ¢ E(P), the estimate (2, P) is
not conservative.

2.2 Review of Prior Work

This section starts with a brief historical overview of almost five decades of de-
centralized and distributed estimation. Then follows a review of work specifically
related to conservative track fusion and communication management.

2.2.1 A Historical Perspective on Decentralized and
Distributed Estimation

The topic of estimation in distributed and decentralized sensor networks has under-
gone significant development, resulting in the invention of several effective method-
ologies. A main issue arises from the management of correlations among estimates,
resulting in different underlying assumptions for each approach.
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Pioneering work focused on distributed implementations of the Kalman filter
(KF). The technical report in [178] outlines several formulations of the KF algo-
rithm for managing multisensor data in a distributed setting. The method in [78]
exploits the structure of systems split into interconnected linear dynamical subsys-
tems in order to decompose the KF. The authors of [162] have derived an optimal
distributed version of the KF, which is extended in [179] and [26], and is similar
to the later derived distributed KF in [68, 99]. Such methods represent algebraic
reformulations of the KF and thereby produce optimal estimates under certain con-
ditions, but restrict the estimates to be merged to follow specific filtering schemes.
Although some relaxations exist, e.g., [148], they require specific prerequisites that
can limit their use in complex network architectures. In particular, these methods
prohibit a fully decentralized solution, cf. properties C1-C3 in Section 1.1.

A widely used class of decentralized data fusion methods relates to hierarchical
systems that implement tracklet or channel filter fusion [39, 72, 77]. Other exam-
ples include the generalized information matrix filter (GIMF) and derivates thereof
[168, 169]. These filters keep track of and explicitly subtract common information
from the fusion result. By storing the state over multiple time steps, correlations in-
duced by process noise can also be addressed to a certain degree [120, 121]. Specific
methods tailored for common process noise reconstruct the joint covariances [149].
For such approaches, sample-based techniques prove to be effective [142, 163].

Another important class of distributed estimation algorithms is consensus fil-
tering [133, 134, 183]. Initial consensus schemes did not reliably compute the co-
variances. By combining consensus filtering with CI, [19] have derived robust and
conservative methods, which have been further developed, for instance, in [166],
to increase robustness to network failures. Similarly, [84] have integrated CI into
diffusion-based distributed KFs to provide conservative estimates.

For further reading about early contributions in the field of distributed and
decentralized filtering, the survey provided in [97] is suggested. More recent
overviews, with a particular focus on target tracking, are found in [34, 74, 110, 161].
Multisensor fusion for robotic systems is discussed in [116]. A broad review of
multisensor data fusion techniques is provided by [98], which, e.g., includes the
handling of imprecise information, outliers, and conflicting data. Network-centric
operations are considered in the review [165]. In particular, network-induced ef-
fects such as packet delays and losses or quantization are studied. Distributed
estimation is a key tool for multisensor data fusion, and [31] presents a broad
overview of the underlying theory and the required Bayesian inference techniques.
A concise discussion and review of the past forty years of distributed estimation
presented in [40]. Modern reviews of estimation under unknown correlations can
be found in [14, 106] and [53].

2.2.2 Conservative Track Fusion

Due to properties C1-C3 in Section 1.1, correlations between tracks are in general
unknown [37, 90] when it comes to track fusion in DTT. Nevertheless, the corre-
lations need to be handled carefully. Otherwise, information will be reused. In
these settings, conservative methods provide a reliable option for track fusion [93].
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The most famous method for conservative track fusion under unknown cor-
relations is CI. A typical application for CI is target tracking [158]. Simulta-
neous localization and mapping (SLAM) applications using CI are studied in
[91, 92, 127, 191]. CI has further been used for problems ranging from localization
of multi-robot systems [174] and cooperative localization of robot swarms [101]
over time-of-arrival localization [102] to automotive tracking, human tracking [89],
data validation [76], and medical application [186]. Theoretical aspects of CI are
studied in [36, 37, 150, 171].

In target tracking applications, CI needs to handle the fusion of estimates over
multiple time steps in a dynamic environment. However, recursive application of
CI over time may lead to unnecessarily large covariances, as shown in [11]. There-
fore, MSE optimality is not preserved when applying CI recursively in dynamic
systems [7]. Several fusion schemes involving CI have been developed to better pre-
serve information over time. The algorithms in [3] and [4] are based upon fusion
without and with memory, respectively, and feedback mechanisms to more effi-
ciently use information in dynamic systems. Different robust fusion mechanisms
for merging multiple estimates in time-varying systems are studied in [45, 140],
where CI is compared to different fusion techniques using the joint covariance.

Since CI in many cases is overly conservative, it is relevant to consider other
methods for track fusion. Two important alternatives to CI are ICI [130] and the
LE method [24], which exploits partial knowledge about the correlations. Hence,
these methods are able to utilize information more efficiently, but at the cost of only
providing conservative results, given that certain assumptions are fulfilled. ICI and
LE are evaluated in practical scenarios in [131, 132]. Theoretical properties are
studied in [128, 129, 159]. Exploitation of partial knowledge is also studied in, e.g.,
[5, 6, 9, 10, 91, 130, 160, 182], and is in particular a major part of Chapter 4 of
this thesis.

In [44, 65, 153, 157, 176], problems related to optimal conservative track fusion
are solved using minimax optimization. These papers relax the conservativeness
constraint into a scalar constraint. By doing this, it is possible to derive estima-
tors with smaller covariances. However, as shown in the counterexample in [56],
the solution to this minimax problem does not necessarily produce conservative
estimates. Similarly, in [189], a minimax formulation is suggested where the MSE
is minimized for the maximum possible cross-correlations. A game-theoretic ap-
proach is considered in [103] in terms of a two-player game, where one player tries
to minimize the MSE while the other tunes the correlations to maximize the MSE.
A full maximum cross-covariance is computed in [185]. These approaches have in
common that they try to represent the maximum possible correlations. However,
as the maximum possible correlations are typically not unique, these approaches
cannot, in general, guarantee conservativeness.

2.2.3 Communication Management

In [187], it is shown that the problem of finding an optimal linear mapping that
compresses measurements to be exchanged to a fusion node boils down to an
eigenvalue problem. In [35], the problem is extended to the dynamic case. Estima-
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tion based on dimension-reduced data is handled in a distributed context in [190]
and [156], where in the latter also a non-ideal communication channel is considered.
The authors of [50] address the problem of jointly assigning the dimensionality and
deriving optimal data compression matrices. In [46], the authors propose commu-
nication efficient algorithms for distributed estimation based on transforming the
data using linear mappings. Performance bounds of data compression techniques
are analyzed in [117]. A framework for dimension-reduction including data denois-
ing for distributed algorithms is proposed in [156]. There is numerous additional
work on closely related dimension-reduction problems, see, e.g., [48, 49, 51, 155].
It is also the topic of Chapter 5, where dimension-reduced estimates are computed
based on eigenvalue optimization similar to the work [187]. The authors of [69, 70]
use a gradient descent algorithm to optimize the dimension-reduction.

An alternative strategy for reducing the communication load is to quantize the
data to be exchanged, see, e.g., [124, 152, 172]. A key aspect of quantization in
DSN is how to preserve conservativeness when the communicated data is quantized
[63, 64]. In this thesis, however, it is assumed that quantization effects can be
neglected.






Decentralized Single-Target Tracking

The considered decentralized target tracking (DTT) problem is now defined in
a single-target tracking context. Figure 3.1 illustrates a scenario where multiple
agents track a common target in a decentralized sensor network (DSN). The sce-
nario encompasses state estimation, track fusion, and communication management,
but no data association. The state estimation is solved using an extended Kalman
filter (EKF). Several track fusion methods are defined and evaluated. Two main
sources of correlations between estimates can be attributed to common process
noise and shared information. In addition, it is demonstrated how ignoring corre-
lations leads to a loss of conservativeness. At the end, the DSN-based single-target
tracking example is evaluated under communication constraints. In particular, the
agents are allowed to exchange only the diagonal entries of the local covariance
matrices. The contents of this chapter are based on [54] and [53] © 2024 IEEE.

p— O

O ........... ¥y

Figure 3.1. A single-target tracking scenario. Multiple agents (colored circles) track
a dynamic target (black circle) using sensors (colored cones) and internal processing
units. The agents exchange local track estimates over a datalink (dotted arrows) for
track fusion.
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Figure 3.2. A decentralized single-target tracking system.

3.1 A Decentralized Single-Target Tracking System

In the single-target tracking case, the measurement-to-track association and track-
to-track association are often trivial and can be disregarded. This case is assumed
here. Hence, the DTT system comprises state estimation, track fusion, and commu-
nication management. A decentralized single-target tracking system is illustrated
in Figure 3.2.

3.1.1 State Estimation

A state-space model (SSM) is used to describe the state of a dynamic target. The
SSM comprises a process model for the target dynamics and a measurement model
that relates measurements to the target state. Let z; be the target state at time
k, then a family of discrete time SSMs is given by

Tpt1 = Frar + wy, wy, ~ N(0,Q4), (3.1a)
zr = h(zy) + e, er ~N(0,Cy), (3.1b)

where Fj, is the state transition model, Q) is the covariance of the process noise
wg, 2 18 a measurement vector, h is a nonlinear measurement function, and C}, is
the covariance of the measurement noise ey. It is assumed that cov(@, wg) =0
for all k > 1, where Ty = Ly — Tk Moreover, it is assumed that cov(wg,e;) =0
for all k,l. Subscript k|l denotes filtered quantities evaluated at time k using
measurements up to and including time [.

The SSM in (3.1) is assumed throughout this work. The process model is linear,
but the measurement model in general involves a nonlinear function. The EKF
[86] in Algorithm 3.1 is used to recursively compute a state estimate of xy using a
time update and a measurement update in each filter recursion. If h(xy) = Hpxy,
then the EKF in Algorithm 3.1 reduced to the linear Kalman filter (KF, [95]).
In this scope (i‘k‘k,Pk‘k) is referred to as a track, a track estimate, or simply an
estimate.

Process Models

A linear process model is fully specified by F}j. and Q. Here, a constant position
model (CPM), a constant velocity model (CVM), and a constant acceleration
model (CAM) are used [107]. Let Ts be the sampling time from k and k+ 1, and
let ® denote the Kronecker product. Let I; be the d x d identity matrix, where
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—— Algorithm 3.1: Extended Kalman Filter

Input: State-space model (3.1), initial values Lojo = 2o and Pyg =P
Time update:

A IS T
Tk = Fulik Pri1jk = Fr P Fr, + Q- (3:2)
Measurement update:
Tk = Tpp—1+ K (zk_h(ikm—l))v P = = K Hy) P 1, (3.3)

- on(a’
where K = Pyyjo_1 HY (Hy Py HY + Cp) ™! and Hy, = 240

T =Tp| -1

Output: (., Pyjx)

Table 3.1
STATE VECTOR = FOR DIFFERENT PROCESS MODELS

d CPM CVM CAM
2 ;p:[xy]T x:[xyvxvy}T x:[xyvxvyaxayf
3 x:[xyz}—r x:[xyzvxvyvz}T z:[xyzvxvyvzaxayazf

d is the number of spatial dimensions. Table 3.1 summarizes what = contains
for different process models and d, with omitted time indices. The z-, y-, and
z-coordinates are denoted x, y, and z, respectively. The corresponding velocities
are denoted vy, vy, and v, respectively, and the corresponding accelerations are
denoted ay, ay, and a, respectively.

The CPM is defined as

Fj, =14, Qi =051 Tsly, (3.4)

where ‘7121; i, is the variance of the process. This parameter is related to the maneu-

verability of the estimated target. A more maneuverable target has a larger 0120 i

compared to a less maneuverable target. The initial estimate (Z¢|o, Fy|o) is derived

from the initial measurement and covariance (zp,Cp).
The CVM is defined as

1 7T g 12
R=noly Q=L@ [i ; (3.5)

The position components of the estimate are initialized as in the CPM case. The
velocity components are initialized to zero with the covariance initialized to v2,,. I,
where vpax is the assumed maximum velocity along one coordinate.

The CAM is defined as

T2 e T T3

1T, 5 , |2 & &
Fe=Ia® |0 1 T, Qr=Ii®og, | %= T I (3.6)

0 0 1 ST g

6 2 s
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The position and velocity components of the estimate are initialized as in the
CVM case. The acceleration components are initialized to zero with the covariance
initialized to a?naxld, where apax is the assumed maximum acceleration along one
coordinate.

Measurement Models

Two types of sensor models are considered: a linear sensor and a radar-like sen-
sor. Under the given SSM assumption of (3.1), the measurement model is fully
specified by h(zy) and Cg. In both cases described below, it is assumed that the
measurement noise variances are constant over time.

In the linear case, it is assumed that

h(zy) = Hyay, = [1g 0]z, Cr =021y, (3.7)

where 0 is a zero-matrix of appropriate size, and o2 is the measurement noise
variance in each measured coordinate.

Radar-like sensors measure in polar coordinates if d = 2, or spherical coordi-
nates if d = 3. A measurement zj is given w.r.t. the sensor location xj. If d =2
and xj =0, then the measurement model is defined as

h(zy) = {ZZ] = l \/X%Tyz%

, C), =dia 02,02 , (3.8)
atan2(y,x) Blor.%)

where atan2( - ) is the 2-argument arctangent, and ry, and 6y, are the radial distance
and azimuth angle to the target, respectively, at time k. Moreover, o2 and 03 are
the measurement noise variances of r;, and 0, respectively. If d =3 and zf =0,
then the measurement model is defined as

W [ et

hizg)= [0k | = atan2(yg,Xx) , Cr = diag(az,ag,ai), (3.9)

P atan2 (zk, A /x,% + y,%)

where ¢y, is the elevation angle to the target at time k, and 0’35 is the measurement

noise variance of ¢y. If xf # 0, then xg, yg, and z; in (3.8) and (3.9) must be
shifted accordingly.

Filter Tuning

All local filters need to be tuned for their particular applications. For well-designed
sensors, this essentially boils down to designing the process noise covariance @)y,
i.e., oy k- A systematic approach to filter tuning is described in [16]. The authors
of [38] propose a methodology for auto-tuning of filters. In this scope, it is sufficient
to use a simplified method based on ANEES! defined in Section 3.2.4: 1. Define a
characteristic target trajectory. 2. Run M Monte Carlo (MC) simulations of the
local filter using simulated measurements. 3. Set oy, 3 such that an ANEES of
approximately 1 is obtained along the target trajectory.

LANEES = average normalized estimation error squared.
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3.1.2 Track Fusion

In DTT, tracks and covariances are exchanged between agents. The performance
of the track fusion depends on the fusion rule used to combine tracks. In essence,
this fusion rule is an estimator. The following notation is used when describing
track fusion:

o The local tracks to be fused are represented by (y1,R1),...,(yn,Rn), where
(yi, R;) is the local track in Agent i. For instance, assume Agent 1 and
Agent 2 compute local tracks, e.g., using EKFs, and that these local tracks
are fused in Agent 2. Then it is said that Agent 1 transmits (yi,R;) to
Agent 2 who fuses (y1, R1) with its local track (y2, R2).

o The estimate computed in the track fusion is denoted (&, P).

Track fusion is a type of data fusion, which is an instantaneous operation, where
two or more tracks evaluated at the same time are merged. This means, in contrast
to state estimation, that time indices in general can be disregarded when describing
track fusion. Nevertheless, for clarity, it is sometimes needed to use time indices
for (yi,Ri). In such a case, the local track is denoted (y; xji, R ), or simply
(i k, Ri k), and the fused result is denoted (&; 1, Pi ).

An important special case in this work is the fusion of N = 2 local estimates
given as

y1 =x+v1, Ry = cov(vy), (3.10a)
yo = Hox + vo, Ry = cov(vg), (3.10b)
with Ry2 = cov(v1,v2). This case is handled separately for all track fusion methods

defined in this chapter.

Remark 3.2. In a fusion context, the model in (3.10) is quite general. Firstly, for a
particular agent, say Agent 1, it is always possible to define x such that H; = I. Secondly,
any fusion method able to fuse two estimates defined as in (3.10) with H; = I, can
sequentially fuse N > 2 estimates (y;, R;), where y; = H;z +v; and R; = cov(v;).

Bar-Shalom Campo Fusion

The Bar-Shalom Campo (BSC) formula for fusion of two correlated estimates
is derived in [15]. It is essentially the BLUE in the special case of N = 2 and
H{ = Hy = I. This method is generalized for arbitrary Ho in Section 3.A. The
BSC fuser for the model in (3.10) is given in Algorithm 3.3.

Kalman Fusion
If the model in (3.10) holds and Rj2 = 0, then Algorithm 3.3 reduces to
&= P(Ry 'y + Hy Ry '), P=(R{'+H)Ry'Hy )7L (3.12)

This is equivalent to what a Kalman filter would produce when fusing (y1,R1)
and (y2, R2). Hence, it is here called the Kalman fuser (KF). The method yields
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—— Algorithm 3.3: Bar-Shalom Campo Fuser

Input: Estimates (y1, R1) and (y2,R2), Ho, and cross-covariance Rjo
The estimates are fused according to:

&= Ky + Koy, P =R, — K35K3, (3.11)

where K| = I — KoHy, Ky = (R{Ha — R12)S™ !, and S = HyR HJ + Ry — HyRyo —
T
Ro1Hy .
Output: (z,P)

— Algorithm 3.4: Kalman Fuser
Input: Estimates (y;,R;) and H; fori=1,2,...,N
The estimates are fused according to:

N N -1
i:PZHiTRfly@ P= <ZH;FRi1HZ-> . (3.13)

i=1 i=1

Output: (£, P)

optimal results if Rjo = 0. However, if R1s # 0, then the KF in general leads to non-
conservative results, as illustrated in Example 2.5. Nevertheless, KF still remains
relevant in many DTT problems, e.g., as a baseline method. If, in addition, the
KF yields acceptable results for a certain DTT application, then it might be the
preferable option because of its simplicity. An N estimate generalization of the
KF is provided in Algorithm 3.4. Essentially, Algorithm 3.4 is the BLUE given in
(2.18) in the special case when R;; =0 for all 4 = j.

Covariance Intersection

CI is one of the most popular methods for fusing estimates under unknown corre-
lations. CI fuses the two estimates defined in (3.10) according to [90]

#=PwR{'y1 +(1—w)H] Ry y2), P=(wR'+(1—w)H) Ry 'Hy)™t, (3.14)
with w € [0,1] typically given by solving

minimize J(P), (3.15)

where J(P) is a matrix increasing function and P is defined in (3.14). If (y1,R1)
and (y2,R2) are conservative estimates, cf. Definition 2.4, then (£, P) computed
according to (3.14) is conservative for all w € [0, 1] irrespective of the actual value of
Ry2. A generalization of CI applicable for fusing N estimates (y;, R;) is provided
in Algorithm (3.5). An estimate (£,P) computed according to Algorithm 3.5
is conservative for all wy,...,wy € [0,1] satisfying Zf\il w; = 1 given that each
estimate (y;, R;) is conservative.
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—— Algorithm 3.5: Covariance Intersection .

Input: Estimates (y;,R;) and H; fori=1,2,...,N
The estimates are fused according to:

N N -1
f= PZwiHiTRi_lyi, P= (ZleTRi_lHi> , (3.16)
=1 =1
where wq,...,w) are given by

minimize J(P)
W1y WN

N (3.17)
subjectto w; € [0,1] Zwi =1,
i=1

for a matrix increasing function J(P).
Output: (£,P)

3.1.3 Communication Management

The communication management considered here involves functionality and schedul-
ing related to when, what, and with whom to exchange data.

Communication Schedule

Unless otherwise stated, the communication is assumed to be scheduled according
to the basic communication schedule provided in Rule 3.6. This schedule can be
viewed as a type of time-division multiple access technology?, where each user
connected to the network has a dedicated time slot for communication [80].

Rule 3.6 (Basic Communication Schedule). Assume that there are N agents and
that the scenario is sampled at time steps £ =1,2,3,.... Then Agent i exchange
its local tracks if and only if (i.f.f.) k€ {i,i+ N,i+2N,...}.

Communicated Data

In this thesis, the communicated data is reduced due to communication constraints.
The following two types of data reduction strategies are considered:

1. The communication is constrained such that Agent ¢ is restricted to trans-
mit (y;, D;), where D; is a diagonal representation of R;. The technique
developed to cope with this communication constraint is referred to as the
diagonal covariance approximation, and is studied in Section 3.3.

2. A local track is transformed into a lower-dimensional subspace before trans-
mission. For instance, assume yo = +wv2 and Ry = cov(vz), where ya € R,

2The military Link 16 is one example of a communication network that uses time-division
multiple access communication.
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Instead of exchanging the full estimate (y2, R2), Agent 2 exchanges (yy, Ry),
where yy = Wyo, Ry = WRyWT, and W € R"™*"™ with m < n,. This tech-
nique is referred to as dimension-reduction and is the topic of Chapter 5.

Communication Recipient

By the properties C1-C3 in Chapter 1, all communication must be assumed to be
on an agent-to-agent basis and without knowledge of the global topology. Hence,
it is assumed that each agent communicates only with its instantaneous nearest
neighbors, a set of agents that may vary over time, and without any knowledge
about what the nearest neighbors of other agents are.

3.1.4 Sources of Correlations

The article in [53] describes three sources of correlations between estimates: (i)
common process noise, (ii) common information, and (iii) correlated sensor noise.
Cases (i) and (ii) are the main sources which are relevant to this work and are
further described in the next. Case (iii) is studied in, e.g., [87, 184].

Common Process Noise

Correlations between two local tracks of the same target state x; might be present
even if the two tracks have been obtained fully isolated from each other and without
any interactions between the agents. What matters is that the agents estimate
the same process, i.e., x;. For instance, assume agents 1 and 2 at time k£ have
obtained

Y1klk = Th + V1 k| Ry k. = cov(vy ki) (3.18a)
Yo,k = Tk + V2 k> Ry gk = cov(vg ki), (3.18b)

where Ry = cov(vy gk, Vo k) = 0. Assuming the SSM in (3.1), z evolves
according to the process

Tpp1 = Fra, + wy, wy, ~ N(0,Qp).

Assume cov(v; ., wk) = 0 as for the SSM in (3.1). Let y; ;11 denote the local
estimate in Agent ¢ computed using the time update of Algorithm 3.1. Then

Vi o1k = Yi o1k — Th1 = Frti i — (Frtr +wi) = Fr (i gje — Tr) — wh
= Fv; gk — Wk»

for 4 =1,2. Since by assumption E(v; ) = E(wg) = 0, also E(v; y41)x) =0, and
hence

Rig p1jk = cOV(V g1k V2 kt1je) = E ((Fkvl,k\k — wi) (Fvg ke — wk)T)
= F,E I ) Fl — FLE T)—E T ) Fl +E T
= FpB(v1 kv i) Fre — FrE(vy gpwy,) —E(wivy ) Fr + E(wpwy,)
[ ~————————— N

=0 =0 =0 =Qk

= Q-
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Despite that Ry, =0 and that there was no interactions between Agent 1 and
Agent 2, (y1 k1) PrLir1k) and (Y2 1)k P2 rt1%) are now correlated.

Consider the SSM in (3.1) but with a linear measurement model h(xy) = H; o),
for each agent. Recursive formulas for the update of Rj2 are given by [143]

Rygpiaje = FeRuo g PR + Qs (3.19a)
Ryg g = (I = K o H ) Ryg g1 (I — Ki o Hig)T (3.19b)

where K;, is the Kalman gain of Agent i. The effect of common process noise
over time is illustrated using a one-dimensional state x; in Example 3.7.

—— Example 3.7: Common Process Noise

The dynamics of Rio are studied under the influence of common process noise.
Let N = 2 agents estimate a scalar state xj. Assume the SSM in (3.1), where the
measurement model of Agent i is z; 1, = x + ¢; and cov(e; ) = o2 for i =1,2.
Assume a CPM, where F}, = 1 and Qj, = 02,. Assume that initially

o | Bk Bz _[o2 0
ojo b=0 0 o2

Ris ke Roglk
From Algorithm 3.1 and the formulas in (3.19), it follows that R can be computed
recursively as

S 11
Ryy1k = Ry + 03 [1 1} ; (3.20a)
0ZR kK1 02 Ry klk—1
R 1402 (R k|k—1102) (R k|k—1102)
Ry = rlk—1 e okl e A2kl 1. (3.20b
k|k 02 Ry kh—1 02Ry k-1 ( )
(Rykk—1102)(Ra | y—1+02) Ry gjk—1+02

The cross-correlation between yy x; and ya j; is defined as

Ryo i
Pr|l = S — [—1,1], (3.21)

VB Ro kg

and is the quantity of interest here since it quantifies how strong the correlations
between estimates are. The cross-correlation after the time update Pk|k—1 and the
cross-correlation after the measurement update py;, are plotted in Figure 3.3 as
functions of k for different values of ¢ = 0'121; / ag. The cross-correlation p is higher
after the time update than after the measurement update. This is intuitive since
uncorrelated information is added in the measurement update. A higher ¢ leads
to a larger py|x. The same is not always true in case of py_1.

Common Information

Assume that Agent 2 shares an estimate with Agent 1 who fuses the received esti-
mate with its local estimate. After the fusion, there will be information common



34 3 Decentralized Single-Target Tracking
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Figure 3.3. Results of Example 3.7. A higher ¢ = 012,,/03 leads to a higher Pklk- The
same is not always true in the case of Pklk—1-

to both estimates. This is the problem of common information. As an example,
consider
Y1 =x+ 1, Ry :COV(’Ul)7 Yo = T + v2, Ry :COV(’UQ), (3.22)

where R12 = cov(vi,v2) # 0. Since the estimates are correlated, Agent 1 can fuse
them optimally using Algorithm 3.3. The resulting estimate (£, P) is computed as

& =Ky + Koy, P=R; — KySK], (3.23)

where K1 =1 — Ko, Ky = (R1 — Rlz)Sfl, and S = Ry + Ry — Rio — Ro1. The
cross-covariance Rip ¢y of 2 and ys is given by

Ryg 5 =cov(Z,y2) =E ((Klyl + Koyz — ) (y2 — w)T)

— B (K1 + Kaya) - (K1 + K2)a) o] ) = B ((Krvs + Kva) o] )

= K1 E(v1v)) + Ko E(vavd) = K1 Rio + Ko Ry, (3.24)
~—— ————
=Rj2 =Ry

In the special case of Rio = 0, Ko = PR2_1 and hence Rjpy = P. Common
information is illustrated in Example 3.8.

—— Example 3.8: Common Information
Assume the same scenario as in Example 3.7, but where Agent 1 and Agent 2
exchange their local estimates according to Rule 3.6. Assume that the agents have
full knowledge about the cross-covariance at each point so that Algorithm 3.3
can be used. The recursions for Rys px—1 and Ryy ), are stated in (3.20). The
recursion for the cross-covariance after fusion, Ryg y ., is given by

Ry pik,r = K1 Ry pip + K2R k)i,
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Ry kik,f Baz2.klk,f
R ki, Bo,k|k,f
be the joint covariance after fusion. Let py; be defined as in (3.21). The cross-
correlation py;, ¢ after fusion is computed as

_ _ B el _
where Ky = 1-Kz and Kz = gt lbpp Lot Ry = |

) B Rio k.5
klk,f —
Rk v/ Rl g

The cross-correlations py|x_1, pg|x, and pyi,; are plotted in Figure 3.4 as functions
of k for different values of ¢ = 02, /c2. Compared to Example 3.7, Pklk—1 IS now
significantly larger for all ¢, and pyy is slightly larger for all g. As seen in the plot
for pyx, s, the correlation is generally high after fusion, due to common information.
For large q, py|x,; tends to 1. For small ¢, py r approaches approximately 0.75.

e[-1,1].
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Figure 3.4. Results of Example 3.8. Compared to Example 3.7 Pr|k—1 is now sig-

nificantly larger for all ¢ = 012” /Uz and Pklk is slightly larger for all q. The cross-
correlation Pklk,f i large for all q.

3.1.5 Track Fusion Under Correlations

In Example 3.8, the correlations between the estimates were computed explicitly,
which allowed for optimally fused estimates. The reason why this cannot be done
in general DTT problems lies in properties C1-C3 of Section 1.1. For instance,
consider the scenario in Figure 3.5. At time k,, Agent 1 transmits (y1 x,,R1 k,)
to Agent 2. At a later time k. > kq, Agent 1 receives (y3 ., R3k.) from Agent 3.
Assume that Agent 1 knows that Ry3j, = 0. However, to fuse (y; ., R k.) and
(Y3,ke» R3 k. ) using Algorithm 3.3 requires that Ry3 , is known. To compute Ry3 .,
the formulas in (3.19) and (3.24) can be used, but this requires that Agent 1
knows how (y3 1., R3k.) has been obtained. Since Agent 1 only has access to its
local topology, Agent 1 does not know if (y3 ., R3,.) is the result of fusing, e.g.,
(Y2, > Ro k) and (ys g, , Rk, ) at an intermediate time &y, where kq < ky < ke. If
such fusion has occurred, then this results in one Rj3.. If such fusion has not
occurred, then a different Rlla,kc will be the true cross-covariance. In theory, it is
possible to resolve this by exchanging information related to how (ys 1, R3 k. ) has
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Y1,kq B1,kg)
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\i,ha,s (yZ,k,b ’ R2.k,b)
been transmitted?

how to compute Ry3 . ? @

(yS,kcvRB,kC) .......... @

Figure 3.5. Tracking correlations in a DSN. At time kq, Agent 1 transmits
(Y1, ko> 1 k) to Agent 2. At time ke > ka, Agent 1 receives (y3 ., R3.) from
Agent 2. Since Agent 1 only knows the local network topology, Agent 1 does not
know if (yo 1, , Ro k, ) Was transmitted to Agent 3 at an intermediate time k.

been obtained, e.g., by exchanging all relevant gains. However, such a solution
is not scalable since it would require a huge amount of additional data to be
communicated, if even possible given the communication protocol. For this reason,
it is important to consider techniques that can be used under unknown correlations.

The simplest approach to track fusion under unknown correlations is to assume
that the correlations are zero. Example 2.5 illustrates a scenario where ignoring
nonzero correlations leads to non-conservative results. In Example 3.9, the effect
of neglecting correlations is illustrated in a target tracking context.

—— Example 3.9: Neglecting Correlations

Consider a dynamic target moving along the trajectory defined in Figure 3.6. The
target follows a straight path, then turns right, followed by an immediate left-
hand turn, and finally another straight segment. Two agents track the target and
communicate their local tracks according to Rule 3.6. The SSM model in (3.1) is
assumed with CAM for the dynamics and a linear measurement equation. KF is
compared to using CI.

The estimated trajectories are shown in Figure 3.6 for 50 MC runs. In each
MC run, the same noise realizations and track initializations are used for KF and
CI. Using KF for track fusion typically results in a clear overshooting of the curves.
The overshooting occurs since KF neglects the correlations due to common process
noise and common information and hence underestimates the true covariance. As
a consequence, the local filters give too little attention to the measurements and
too much attention to the predictions. By instead using CI for track fusion, a
relatively high estimation accuracy can be maintained during the turning phase.

3.2 Evaluation Measures

In this section, several evaluation measures are stated. Most of them are well-
known; one is in particular well-known in DTT; and one is new.

The numerical evaluations in this thesis are based on MC simulations. De-
note by 552 the estimate of xj;, in the ith simulation, where P,ﬁ is the associated
covariance.
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- target trajectory

@ target initial position
— KF estimates

— CI estimates

Figure 3.6. The single-target tracking scenario of Example 3.9. Since KF neglects
correlations between the exchanged estimates, the resulting estimates overshoot the
true target trajectory in the curves. Meanwhile, CI maintains high estimation accu-
racy even during the turning phase.

3.2.1 Cramér-Rao Lower Bound

Assume that the true dynamics and measurements of the state xj are according
to the SSM in (3.1), i.e.,

Tpp1 = Fra + wy, wy, ~ N(0,Q4),
2 = h(zy) +ep, e ~N(0,Cy).

The parametric Cramér-Rao lower bound (CRLB, [167]) P°, of an unbiased esti-
mator of xy, is computed recursively as [61]

PP i = FrPu P+ Qx, (3.25a)
-1
_ T ~—
Pk(:]|k = ((Pigmq) Y+ (HY) Cy 1H12) ; (3.25b)
where Hg = a}é(ﬁl) . Often only the position components of P? are of interest.
=z

This quantity is denoted PSOS and is given by the upper left block of PY.

3.2.2 Root Mean Squared Error

The root mean squared error (RMSE) evaluated at time k is given by

RMSE,, = (3.26)

where :E}C = iz — 11, and
1 Mo
Pi=+; > )" (3.27)
i=1

Given that the mean E(&;) = 0 is known, ﬁk equals the sampled covariance of the
estimation error &p. If & in addition is Gaussian distributed, then Py in (3.27)
is the maximum likelihood estimate of E(&,Z]) [88].
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3.2.3 Root Mean Trace

The root mean trace (RMT) of the computed covariance is given by

3.2.4 Average Normalized Estimation Error Squared

The average normalized estimation error squared (ANEES, [108]) evaluated at
time k is given by

M
1 T piy—1i
ANEES; = i ;(x;) (P~ 1zt (3.29)
If Pli = Py, for all ¢, then
1 1
—1~43 /~i T 1A
ANEES; = ;tr (Pk i (71) ) = (Pk Pk) , (3.30)

where Py is defined in (3.27). Approximate confidence intervals for ANEES are
given by [109]

3 3
2 5 2 5
- - (1 : 3.31
[( ongi1 P 9an> ( onoat P 9an>1 (3:31)

where p is related to the confidence level. For instance, p = 1.960, p = 2.576,
and p = 3.291 for 95%, 99%, and 99.9% confidence intervals, respectively. The
confidence interval can be used as a tool in filter tuning [16]. Here, it is used to
evaluate if an estimator is conservative. If the computed ANEES is larger than the
upper bound of the confidence interval, then this estimator is not conservative.

3.2.5 Conservativeness Index

Let P, = cov(&;,) be the covariance of &j,. Let P, = LkL—,'; € S%%, be the computed

covariance for the estimate #. Then the condition Py = P, is equivalent to
I= L,;lPkL,;T. The conservativeness index? (COIN) is defined as [56]

COINy, = Amax (L PRI T) (3.32)
Definition 2.4 implies that (2, Py) is conservative i.f.f. )\maX(lelpkL;T) <1 1If

P, in (3.32) is replaced by P, given in (3.27), then this last statement is only
approximately true.

3This measure was originally proposed in [56].
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3.3 Decentralized Target Tracking Under the
Diagonal Covariance Approximation

Let y; = x + v;, such that y; € R"* and R; € Siﬂ_ Assume that Agent ¢ wants to
exchange (y;, R;). Then n, parameters for y; and ng(n, +1)/2 parameters for R;
must be transmitted, yielding a total of ng(ng,+3)/2 parameters to be transmitted.
One way to reduce the communication load is to only communicate the diagonal
elements of R;, hence reducing the total number of transmitted parameters to 2n,,.

In this section, a DTT problem is studied, where the communication is con-
strained such that the full state estimate y; but only a diagonal representation
of R; are allowed to be exchanged. The problem is referred to as the diagonal
covariance approximation (DCA) and was first proposed in [54].

3.3.1 The Diagonal Covariance Approximation

Let d; ; be the jth diagonal entry of R;. Let s; > 1 be a real-valued scalar. Then
D; and Dj are defined as

Di :diag(dLh...,dimm)7 Df :diag(sldi,lw~~75nzdi,nz)~ (333)

Provided next is an example of the implication of the DCA. Thereafter, the specific
problem studied in this section is defined.

Motivating Example
Let R; = [} 1], such that D; = diag(4,1). Since R; = cov(v;) = E(viv]), (vi, R;)

is a conservative estimate. However, since
0 1
Di — E('viviT) = Di - Rz‘ = [1 0] % 0,

the estimate (y;,D;) is not conservative. Consider now s; = sa = 2 such that
D} =2D;. In this case,

Ds—E(wol)=| 2 o
-1 1

and hence (yi,Df) is a conservative estimate. This example is illustrated in Fig-

ure 3.7.

Problem Formulation

The previous example demonstrates that it is possible to maintain conservativeness
under the DCA provided that the D; — R; # 0 is handled in some way, e.g., by using
an inflated diagonal approximation D; of R;. Assume without loss of generality
(w.l.o.g.) that Agent 2 transmits a local estimate to Agent 1 under the DCA. The
goal is for Agent 1 to fuse the received estimate with its local estimate, where
the fused estimate is conservative. How conservativeness is preserved under the
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Figure 3.7. Motivating example for the DCA problem. Let (y;, R;) be the original
local estimate. If R; is replaced by the diagonal matrix D;, then the resulting
estimate (y;,D;) is not conservative. A conservative estimate (y;,D;) is obtained
by replacing R; by Dj = 2D;.

DCA depends on what data is being exchanged. The following two options are
considered:

D1 Agent 2 transmits (y2, D3) to Agent 1, where D5 = Ro. In this case, Agent 2
has already preserved conservativeness, and hence, Agent 1 can use the re-
ceived estimate directly without any additional action.

D2 Agent 2 transmits (y2, D2) to Agent 1. In this case, Agent 1 must explicitly
handle that Do 7% Rs to ensure conservativeness after track fusion.

If Amax(R2) < oo, then it is always possible to scale Dy using finite valued
scaling factors s1,...,s,, such that D3 = Ry. However, since information is the
inverse of covariance, inflating Ds implies information is lost. Hence, it is desirable
to scale Do sufliciently to ensure that D5 = Ra, but no more than that.

3.3.2 Methods for Preserving Conservativeness

Four methods are proposed for preserving conservativeness®. The methods that
use option D1 are:

o Eigenvalue based scaling (DCA-EIG). Agent 2 exchanges (y2,D3), where
D3 = s*Dy and s* is given in Theorem 3.10.

o Optimization based scaling (DCA-OPT). Agent 2 exchanges (y2,D5), where
Dj3 is according to (3.33) and si,...,sp, are the solutions to (3.36).

x

o Diagonal-dominance based scaling (DCA-DOM). Agent 2 exchanges (y2, D3),
where D3 is computed according to (3.38).

The method that uses option D1 is:

o Hyperrectangle enclosing (DCA-HYP). Agent 1 receives (y2,D2) and com-
putes a conservative estimate using (3.42).

4In the original paper [54] there are five methods proposed. However, here two of these are
unified into a common method called DCA-HYP.
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Eigenvalue Based Scaling

Assume that the scaling factors are restricted as s;1 = --- = s, = s such that
D35 = sDs is obtained by uniform scaling of Dy. Under this restriction, the optimal
scaling factor s* is given by
minimize s
8 (3.34)
subjectto D3 =sDy = Ra.

The solution to the problem in (3.34) is provided by Theorem 3.10. Essentially,
the theorem states that s* is given by the largest eigenvalue of the correlation
1

matrix Cy = D;iRQD; .

N

Theorem 3.10. The solution to the problem in (3.34) is given by
_1 _1
5 = Amax <D2 *RoD, 2) . (3.35)

1 1
Proof: By assumption, D2,Ro € S'",. Let Cy = D, 2RyD, % = UXUT, where
UXUT is the eigendecomposition of Cy, cf. (2.11). Since UTIU = UTU = I, the
constraint in (3.34) can hence equivalently be expressed as sI > Y. Moreover, since
¥ is diagonal, with eigenvalues \;(C2) on its diagonal,

sI =¥ < s> )\(C2),Vi,
which in particular holds for s = Apax(C2). Meanwhile, the constraint is violated
for all s < Amax(C2). Hence, the optimal solution to (3.34) is $* = Apax(C2). O
Optimization Based Scaling

A less restrictive solution compared to DCA-EIG is obtained by allowing s1, ..., sy,
to be different. In this case, an optimal Dj is given by

T

minimize J(Dj3)
S1yeenrSmp >1 (3.36)
subjectto D3 =diag(sida 1,...,5n,d2.n,) = Ro,

where J is matrix increasing and dg; = [Da];. If J( - ) =tr( - ), then (3.36) is a
standard semidefinite program (SDP, [29]).

Diagonal-Dominance Based Scaling

A matrix A € R"*" is diagonally dominant if
1Al = Y 1Al ¥i. (3.37)
J#i
If a diagonally dominant matrix A in addition is symmetric with non-negative
diagonal entries, then A € S [83]. Hence, D35 = Ry is automatically satisfied for

T

D3 = diag(sida.1, .-, 8n,d2.n,), sidyi =Y |[Ralijl. (3.38)
j=1
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Hyperrectangle Enclosing

If Agent 1 receives (y2,D2) from Agent 2, then Agent 1 needs to inflate Dy in order
to be able to reach a conservatively fused result. However, from the point-of-view
of Agent 1, Ry can be any element in the set

A= {B S Sﬁz ‘ [B]ii = dQ’i} , (339)

where da; = [D2];;. The set A is interpreted as the union R = (Jgc4&€(B). In
essence, R is an axis-aligned hyperrectangle, where the length of the ith side is
24/[Rz2]i;- The hyperrectangle is illustrated in Figure 3.8 for ny, = 2 and Rg = [‘11 H .
Before proceeding, a notion of tightness is provided for the current context.

Definition 3.11 (Tight Enclosing of a Hyperrectangle). Let R be a hyperrectangle
centered at the origin. An ellipsoid £(A) tightly encloses R, if all the corners of
R lie on the boundary of £(A).

Agent 1 derives (y2,D§) from (y2,D2), where D§ needs to satisfy D§ = R in
order to preserve conservativeness. However, since Agent 1 does not know which
element B € A which is equal to Rp, Agent 1 must ensure D§ > B,VB € A to be
sure that D§ > Ra. In particular, Agent 1 wants to solve

minimize J(Dj3)
S1y--3Sng >1 (340)
subjectto D35 =diag(sida1,...,8n,d2.n,) = B,YB € A.

The solution to (3.40) is given by the following theorem.

Theorem 3.12. Let A be defined as in (3.39). Then, for DY defined as in (3.41),
it holds that:

1. DY = BYB € A, and
2. the ellipsoid £(DY') tightly encloses the hyperrectangle R = Jgc 4 £(B).

[N

and B =

_1 _1
{D, *BD, *|B € A}. By definition, C' € B is a correlation matrix, which means

that £(C) is confined to a hypercube S centered at the origin, where each side of S

is of length 2. The corners of S are given by all combinations of s = [bl .. bnx}T,

where b; = £1. A certain point s lies on the boundary of £(I¢) if sT(I¥)" s =1
[29]. Tt is hence sufficient to show that sT(I*)~1s = 1 simultaneously holds for all
s. If 1'% w; =1, then since b? =1

1 _
Proof: Since D € S'%, it is equivalent to consider I = D, *> DD,

b1

ST([w)—lsz [blwl bnzwnz] ZZb?oJi:Zwi:l.
bn =1 i=1

x

Hence, £(I¥) tightly encloses S, which implies that £(D4) tightly encloses R.
From (2.2) it follows that Dy = B,VB € A. O
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D5 w1 =0.2,w9=0.8
Dg|w1:0.3,w2:0.7
D%
2 lw1=0.4,wy=0.6
D;|w1:w2:045
— BecA
— R

Figure 3.8. Illustration of A. The set A can be geometrically interpreted as a
rectangle R = | Jgc 4 £(B) if ne = 2. The ellipse £(DF), with D3 given according
to (3.41), tightly encloses R as the boundary of £(D§) intersects all corners of R.

Theorem 3.12 provides a specific parametrization D§ of D3, i.e.,

D§ = diag <d2’17...,d2’%) ,

w1 Wn,

wi € (0,1), D wi=1, (3.41)
=1

x

where dy ; = [Ds);; and w; = 1/s;. Crucial here are the following two properties: (i)
DY > B,YB € A; and (ii) £(D4§) bounds R tightly, in the sense of Definition 3.11.
Several Dy, for different values of wq =1 —wo, are illustrated in Figure 3.8, where
also the tightness concept is demonstrated.

Remark 3.13. A special case of D5 defined in (3.41) is when w; = 1/ng,Vi. In this case,
D% = ngDy. This choice of DY leads to one of the five proposed methods for preserving
conservativeness in [54]. However, this special case is not considered further in this work.

As noted in [54], DY can be integrated directly into the CI algorithm. The
estimates (y1, R1) and (y2, D2) are fused conservatively using CI as

Ng
i=P <w1R1_1y1 + 3 woiHy (D5 i [yQ]Z-) , (3.42a)
=1
Ny -1
P= <w1R11 +> wyiHs, [D21]iiH2,i> , (3.42D)
=1
where wy,ws; € [0,1], w1 + Z?:xl wo; =1, and Hy; = [511‘ e (57%,]

Remark 3.14. The same technique can be applied to KF, which, for instance, is relevant
if y1 and yo are uncorrelated and Agent 1 receives (yo,Ds) from Agent 2. In that case

—1
Ny Ny

. —1 T (-1 —1 T 1y—1

w—P<R1 Y1+ § wo i Hy ;[Dy ]ii[yﬂz)» P= <R1 + E wa i Hy ;[Dy ]iz’Hzi) ,

i=1 =1

where wy ; € [0,1] and >~ wy; = 1.

3.3.3 Communication Reduction

As pointed out in the beginning of Section 3.3.1, the DCA reduces the number
of transmitted parameters from ngyy = ng(ng +1)/3 to ngea = 2ny. Figure 3.9
illustrates the communication reduction when using the DCA methodology. If,
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Figure 3.9. Communication reduction when using the DCA.
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Figure 3.10. Scenario used in the numerical evaluation. The agents are placed at
fixed locations (—2000,1000) m and (5000,0) m. The target is initially located at
(3000,8000) m, represented by the black circle, and moves along the black trajectory.
The ellipses represent the measurement error covariance of each sensor.

e.g., ng is 6, 9, or 15, then the communication is reduced by 56%, 67%, or 78%,
respectively.

3.3.4 Numerical Evaluation

The proposed methods are now evaluated in a DTT scenario.

Simulation Specifications

The scenario is illustrated in Figure 3.10. Two agents track a common target in
d = 2 spatial dimensions. The CAM in (3.6) is assumed for the dynamics, and the
sensors are defined according to the nonlinear model in (3.8). The agents commu-
nicate their local tracks according to Rule 3.6. Relevant simulation parameters
are summarized in Table 3.2.

Each agent uses EKF for state estimation and CI for track fusion. This means
that DCA-EIG, DCA-OPT, and DCA-DOM are combined with (3.14), and that
DCA-HYP is combined with (3.42). The methods are compared to:

e LKF: A local EKF for which no tracks are shared.

e NKF: A naive DTT system that uses KF for track fusion.
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Table 3.2
PARAMETERS USED IN THE SIMULATIONS

Parameter Comment
d=2 spatial dimensionality
ng =6 state dimensionality
Ts=1 sampling time [s]
ow =2 standard deviation of process noise [ms_%]
or = 1000 standard deviation of radial measurement noise [m)]
op = standard deviation of azimuth measurement noise [°]
(—2000,1000)  Agent 1 location [m]
(5000, 0) Agent 2 location [m)]
(3000,8000)  target initial position [m)]
ng =18 number of time steps

M = 10000 number of MC runs

+ CRLB: In the RMSE plots, CRLB is represented by 4 /tr(P0,), where PY

pos

is computed as in Section 3.2.1.
e CI-FULL: Communication of full estimates with CI used for track fusion.

The optimization problems related to DCA-OPT and DCA-HYP are solved using
YALMIP [114] with the MOSEK solver [123]. In all cases J( - ) =tr( - ).

Evaluation Measures

The RMSE, RMT, and CRLB are used to evaluate estimator performance. Con-
servativeness is evaluated using the ANEES. RMSE and RMT are computed for
the position components of the error and covariance. ANEES is computed for the
full state.

Results

The results for both agents are plotted in Figure 3.11. The RMT and RMSE
are normalized by o,. ANEES, RMT, and RMSE are computed at time instants
where track fusion is performed.

NKF initially performs well w.r.t. RMT and RMSE, but soon the RMSE start
to diverge due to ignoring the cross-correlations and in particular double count-
ing of information. DCA-EIG, DCA-OPT, DCA-DOM, and DCA-HYP perform
similarly. However, for Agent 2 during the first time steps, DCA-HYP performs
significantly better than DCA-EIG, DCA-OPT, and DCA-DOM. An explanation
of this is that while DCA-EIG, DCA-OPT, and DCA-DOM scale Dy before trans-
mission, DCA-HYP essentially postpones the scaling of Dy until after reception.
Hence, e.g., Agent 1 is able to tune the scaling of Ds in such a way that fusion
of (y1,R1) with (y2,D2) is optimized. This is not possible for option D1 since
(y1,R1) is unavailable for Agent 2.

All methods except NKF are conservative w.r.t. ANEES.
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Figure 3.11. Results from the DCA evaluation. RMSE and RMT are computed for
the position components of the error and covariance. ANEES is computed for the
full state. The gray areas represent ANEES 99.9% confidence intervals.

3.4 Summary

A decentralized single target tracking problem was studied in this chapter as an in-
troduction to DTT under communication constraints. The components, i.e., state
estimation, track fusion, and communication management, of the considered de-
centralized single-target tracking systems have been defined. At the end, the DCA
methodology was proposed as a framework for DTT with reduced data communi-
cation.

Two important aspects related to DTT are addressed in this chapter, and
deserve to be further highlighted:

e Optimal conservative track fusion. Example 3.9 demonstrates the impor-
tance of ensuring conservativeness in a DTT problem to avoid diverging
estimates. At the same time, it is meaningful to develop estimators that are
not too conservative since this leads to unnecessarily large covariances, which,
in the worst case, make the estimates useless. For instance, by examining
the ANEES curves in Figure 3.11, it seems like CI is too conservative for
that application. It is therefore crucial to further develop and formalize the
conservative estimation problem to promote optimality under conservative-
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ness. This is the topic of Chapter 4, but some of the main ideas are already
introduced in this chapter. That is, the tight enclosing of a rectangle, cf.
Definition 3.11, for which the DCA-HYP method provided a solution.

o Efficient communication management. Using the DCA framework, this chap-
ter illustrates that it is possible to reduce communication while maintaining
high estimation quality. In particular, the DCA-HYP method demonstrates
the advantage of taking into account (y1,Ri) when communicating a data
reduced version of (y2,R2), e.g., (y2,D2) or (y2,D5). In the case of DCA-
HYP, D; is not scaled before fusion with (y1,R1), which allows for slightly
improved performance. These ideas are further pursued in Chapter 5.



Appendix

3.A A Mean Squared Error Optimal Fusion Method
Assume that
y1=x+v1, Ry = cov(v1), y2 = Hox + vg, Ry = cov(v),

with Riz = cov(v1,v2). Let yg = Wy and Ry = WRyWT, where W € R™*"2,
m < ng and rank(W) = m, such that Ry = cov(vi,Wvy) = R12W'. The goal is
to compute an estimate & = Kcol(y1,yw), with KH = I and H = col(I,VHy),
that minimizes trace of

Ry Rl\I’] T
P=K K.
[R\Ill Ry

Let K = [K1 K\p} such that KH =1 — K;=1— KgyWHsy. Let R >0 and
S = HoRyH) + Ry — HyR13 — Ro1 H) = 0, but assume W is such that WSWT = 0.
Since K = [I—K\y‘I]HQ K\y]
P=R) - RiHJWTK], - KyWHyR| + KyWHy R HWT K}, + Ky Ry
— KgRy1 HyWTKY, + Rig Ky, — KyWHo Ry Ky + Ky Ry Ky,
=Ry — Ky(WHyRy — Ryy) — (RiHJ W' — Ryg) Ky,
+ Ky(WHo R HYWT + Ry — WHyR ) K, — Ry HYWT
=Ry — KyA—ATK}, + Ky BK],,
where
A=WHyR) — Ry; =WV (H2R1 — Ro1),
B=WHyR HJ W' + Ry — WHyR 1y — Ry HoW'
- (HQRlH} + Ro— HyRys — RQIHJ) Wl —wsyT,
Completing the square yields

P=R;—A"B A4 (Ky - ATB Y)B(KJ, - B! A),

48
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which is minimized when Ky = ATB~!. An MSE optimal estimate is given by

&= Ky + Kgyw, P=R; - KgWSYTK],
Ki=I1—-KyWVH,, Ky = (R{HY — Rip)WT(wswh)~1,

where S = H2R1H—2r + Ry — HoRi9 — Rngér.
In the special case of W = I, the estimate is given by

& = Kyy1 + Koyo, P=R; - K»SK],

where K1 =1 — KyHy and Ky = (R1Hj — R12)S™".






Conservative Track Fusion Under
Partially Known Correlations

The previous chapter demonstrates that in DTT correlations are often intractable,
and therefore some blocks of R = cov(y) are unknown. In practice, it is typically
the cross-covariances that are unknown. The conservative linear unbiased estima-
tor (CLUE) is introduced as a framework applicable for estimation under partially
known R. Hence, the CLUE framework is highly relevant for track fusion prob-
lems. In addition, an optimal CLUE is defined. Using robust optimization (RO),
the CLUE framework can be applied to general conservative linear estimation
problems. Moreover, it is shown how several existing fusion methods are special
cases of the optimal CLUE under different assumptions. A numerical evaluation is
provided at the end to validate the theory and methods developed in this chapter.
This chapter is an edited version of [56] © 2022 IEEE.

4.1 Conservative Linear Unbiased Estimation

Let (y, R) be defined as in (2.12). Another, more general, way of saying that parts
of R are unknown, or equivalently, that R is only partially known, is that R € A,
where A4 C S:iy is a set of PSD matrices. For a linear estimator & = Ky with
covariance P, this representation implies that

P>E(#2") «= P> KSK'" VSe A (4.1)
If & is also unbiased, then the estimator is a CLUE as defined in Definition 4.1.

Definition 4.1 (Conservative Linear Unbiased Estimator). Assume that y = Hx+
v, where R = cov(v). An estimator (&, P) is a conservative linear unbiased esti-
mator (CLUE) if

&=Ky, KH=1, P~ KSKT VS e A. (4.2)
J—
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Remark 4.2. The set A contains those S that are permitted given the problem formula-
tion. Such matrices are sometimes referred to as admissible matrices, see, e.g., [130, 171].

Hence, A contains all admissible matrices.

It is assumed that the elements of A have only finite eigenvalues, which means
that R has only finite eigenvalues. A CLUE is characterized by (K,P). The
concept of modeling a partially known R as R € A is demonstrated in Example 4.3.

—— Example 4.3: Conservative and Non-Conservative Estimators ———
Consider z € R? and A = {R* R’ R°,R? R°} C S{ . Let (K,P) and (K",P")
be two linear unbiased estimators, where P and P™ are defined by the ellipses in
Figure 4.1. Since £(P) D E&(KSKT),VS € A, and hence P = KSK',VS € A, it
follows that (K, P) is a CLUE. Meanwhile, since P" = K™S(K™)T does not hold
for all S € A, it is concluded that (K™, P™) is not a CLUE.

— KSKT,Sec A -- KnS(K™MT,5e A
— P

© 2022 IEEE

Figure 4.1. Illustration of a conservative estimator (K, P) and a non-conservative
estimator (K", P™) given a fixed set A.

4.1.1 Best Conservative Linear Unbiased Estimation

If A= {R}, then the BLUE is an optimal CLUE for any matrix increasing loss
function J. If A is not a singleton, that is no longer true. The best CLUE is
proposed in Definition 4.4 as an optimal CLUE!, and is a generalization of the
BLUE given in Definition 2.2 to arbitrary .A.

Definition 4.4 (Best Conservative Linear Unbiased Estimator). Assume that y =
Hx +v, where cov(v) = R € ACS!",. An estimator &* = K*y with covariance
P~ is called a best conservative linear unbiased estimator (best CLUE), if (K™, P*)
is the solution to

minimize J(P)

)

subjectto KH =1 (4.3)
P> KSKT.VS e A,
for a given matrix increasing function J.

A feasible point to the problem in (4.3) is a pair (K, P) for which the constraints
hold [29], i.e., KH =1 and P > KSK' VS € A. In this regard, a CLUE is a

IRelated formulations of optimal conservative estimators have been proposed in [36, 37, 150].
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feasible point. The set of all feasible points is called the feasible set which equals
the set of all CLUEs.

The BLUE covariance is a minimum element, cf. (2.5), of the feasible set to
the problem in Definition 2.2. This strong property is unfortunately not inher-
ited to the best CLUE case. However, Proposition 4.5 states the slightly weaker
property that, if J is matrix increasing, then P* of the solution to the problem in
Definition 4.4 is a minimal element of the set of all CLUEs.

Proposition 4.5. Let V C St and J be matrix increasing. Then the solution to

inimi J(B 4.4
minimize (B), (4.4)

is a minimal element of V.

Proof: The proposition is shown by contradiction. Assume that A solves (4.4). If
A is not a minimal element of V, then by definition there exists another element
B €V such that B < A # B. From (2.4) and (2.6) it follows that J(B) < J(A),
which is a contradiction since then A cannot be a solution to (4.4). Hence, A is a
minimal element of V. O

It is known that minimal elements A € V are given by minimizing tr(W A)
with W € S | [29]. Therefore, a natural loss function for the best CLUE problem
would be tr(WW A). The reason that a matrix increasing function J is used is that
it also includes, e.g., the determinant, which is a commonly used loss function in
the literature on conservative estimation.

Remark 4.6. In the literature, J is most often given by the trace or the determinant.
Minimizing the trace is related to minimizing the MSE. Minimizing the determinant is
related to minimizing the entropy [135].

4.1.2 Proposed Framework

The CLUE is proposed as a framework for conservative estimation. The backbone
of this framework is provided in Definition 4.4. Properties of the proposed frame-
work are derived in Section 4.2. As shown in Section 4.3, standard optimization
software can be applied to compute a CLUE in general, and in some cases even
guarantee a best CLUE. In Section 4.4, it is shown that several established con-
servative estimators are CLUEs and best CLUEs given specific assumptions on A.
An overview of the best CLUE and its relationship to the BLUE is visualized in
Figure 4.2.

4.2 Problem Properties

The BLUE and best CLUE formulations are similar. However, while a closed-form
solution is available for the BLUE, the additional uncertainty inherent to the best
CLUE makes this problem much more complicated, and no general solution proce-
dure is available. This section highlights differences between the two optimization
problems and derives a simplified optimization problem providing a lower bound
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conservative linear unbiased estimation
model: y=Hz+v,cov(v) =R€E A
estimator: @ = Ky, KH = I, P » cov(Kv)

© 2022 IEEE

A={R} A={R* R, . .}

optimal estimator: BLUE optimal estimator: best CLUE

L 1 1
exact and unique closed-form solution 1 properties general CLUE  special cases
K*=P*H'R™! p* = (HTR—lH)’ using RO

Figure 4.2. Overview of the conservative linear unbiased estimation problem. The
special case with A = { R} is illustrated to the left, and the general case is illustrated
to the right. The scope of this chapter is contained in the green box.

P, of the obtainable covariance of the CLUE. In addition, an upper bound P, is
provided. It should be noted that P; and P, depend on A.

4.2.1 Lower Bound on Best CLUE

The CLUE covariance P* cannot be smaller than the BLUE covariance given
any S € A. Consequently, it is possible to establish a lower bound for P* by
finding the smallest covariance that is greater than all BLUE covariances given A.
This approach simplifies the optimization issue compared to finding the optimal
CLUE solution. In analogy to the CRLB, this lower bound can be used as a
guideline for system design, e.g., to trade off between communication bandwidth
and performance. It should be noted that this formulation relaxes the constraints,
and hence there is no guarantee that a gain K achieving this covariance exists
in the general case. A lower bound P, for P* is derived below, where subscript [
refers to quantities related to the lower bound. It is shown that J(P*) > J(F)). If
a CLUE (K, P) satisfies J(P) = J(P,), then this CLUE is also a best CLUE.
Consider the problem

minimize J(P)
P (4.5)
subjectto P> (H'S™'H)™1 VS e A
For a given J a solution P; to (4.5) is a lower bound? on P*.
Theorem 4.7. Let (K*, P*) and P, be given by (4.3) and (4.5), respectively. Then
J(P*) > J(P).

Proof: By assumption, the same matrix increasing J and the same A are used in
(4.3) and (4.5). Since (K*,P*) solves (4.3) and as a consequence of the Gauss-
Markov theorem [94], it holds, for each S € A, that

P* - K*S(K*)T - (HTsilH)il,
Hence, P* satisfies the constraints in (4.5) and therefore J(P*) > J(F)). O

2Section 4.5.1 provides an example in which the lower bound is strict.
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From Theorem 4.7 it follows that if P; is obtained by a CLUE, then this
estimator is a best CLUE. Next, an estimator with the gain K; computed from
P is derived. In addition, sufficient conditions are provided for when (K;, P)) is a
best CLUE. Start by solving for R; in

P=(H"R'H)™, (4.6)
which has a solution since P, € S'}7, and since HT is full rank. Let
Ky =(H'R'H)"'H'R ", (4.7)

which yields an unbiased estimator since K;H = I. For (K}, P;) to be a CLUE, it
must hold that P, = K;SK],VS € A. As it follows from (4.7) that K;R K] = P,
with R; according to (4.6), a sufficient condition for (Kj, P;) to be a CLUE is that
Ry = S,VS € A since then

P = KR K] = K;SK] VS € A.

The results above are summarized in the following theorem.

Theorem 4.8. Assume that P, solves (4.5) and that K is according to (4.7) with
Ry implicitly given in (4.6). If Ry = S,VS € A, then (K, P)) is a best CLUE.

As will be seen in Section 4.5.1, it is possible to not satisfy R; = S,VS € A
while still satisfying P = KISK;F,VS €A

4.2.2 Upper Bound on Best CLUE

Assume B such that B = S,VS € A is given. Then, it is possible to construct a
CLUE as (K,P) with P = KBK' for any K subject to KH = I. In particular,
a CLUE can be derived by first finding a B = S,VS € A, and then compute
the BLUE w.r.t. this B. Finding a smallest covariance larger than all possible
R € A is a simpler problem than the best CLUE problem. However, approaching
the problem in this way restricts the feasible set, and therefore a CLUE, but not
necessarily a best CLUE, is obtained. Nevertheless, it is sometimes useful to bound
A tightly using B, see, e.g., [10, 54, 65, 75, 146] and Section 4.4.4. In such cases
the closed-form expression of (4.9) below can be used to compute a CLUE. Next,
an upper bound P, on P* of (4.3) is derived. Subscript u is used for quantities
related to the upper bound.
Introduce the set
B={BeS}’|Bx=SVSeA}, (4.8)

which contains all matrices B that are larger than all elements S € A. A CLUE
(Ky, P,) is then given by
K,=(H"B'H) 'H"B™, P,=(H"B™'H)™!, (4.9)

where B € B and K, H = I. By a similar reasoning that leads up to Theorem 4.8,
(Ky, P,) according to (4.9) is a CLUE for any B € B.

A minimal bound is defined in Definition 4.9. It is also referred to as a tight
bound and can be interpreted as a generalization of Definition 3.11.
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case 1: Py = P* = P, case 2: Py, =P* = P,
N
case 3: Py = P* =P, case 4: P, =P* =P, — P*

- DO

Figure 4.3. Four cases related to the mutual ordering of Py, P*, and P,.

Definition 4.9 (Minimal Bound). Assume that B = S,VS € A. Then, B is a
minimal bound on A if there exists no A = B such that B> A and A > S,VS € A.

In general (4.9) is too conservative to be a best CLUE, even if B is a minimal
bound?® on A. These results are summarized in the next theorem.

Theorem 4.10. Let (K*, P*) be given by (4.3) and let (K, P,) be given by (4.9),
where B € B with B as in (4.8). Then J(P,) > J(P%).

4.2.3 Comments

If the approach in Section 4.2.1 yields a CLUE, then (K, P;) is also a best CLUE.
If not, then (K, P)) is a too optimistic estimator. On the other hand, the estimator
(Ku, P,) given by (4.9) is generally too pessimistic to be a best CLUE. If the lower
and upper bounds coincide, then, as a consequence of Theorem 4.8, a best CLUE
is obtained. Four possible cases related to the mutual ordering of P,, P*, and P,
are illustrated in Figure 4.3.

4.3 General Conservative Linear Unbiased
Estimation

In this section, it is shown how RO [23] can be used to solve general CLUE prob-
lems*. First, it is shown that the CLUE problem fits into the robust semidefinite
programming optimization framework [66]. Tractability® and optimality are then
discussed. Finally, an implementation of conservative estimation using RO in
YALMIP [114] is provided.

4.3.1 Robust Semidefinite Optimization

This chapter deals with optimization problems with semidefinite constraints. Hence,
the focus is on a class of problems called semidefinite programs (SDP). Let A € D
be an uncertain optimization parameter only known to reside in an uncertainty

3An example of this is provided in Section 4.5.1.
4Other estimation problems where RO is used are studied in, e.g., [23, 41].
5Tractability in the sense that a solution can be found within a reasonable amount of time.
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set D C RP. In RO, none of the constraints are allowed to be violated for any
value A € D [22]. A generic SDP with an inequality constraint uncertainty can be
stated as [66]
minimize f(z)
# (4.10)
subjectto  F(z,A) = 0,AeD,

for a loss function f. In (4.10), z is an optimization variable, and F(z,A) is a
matrix-valued function that depends on z and A. The constraint in (4.10) is a
linear matrix inequality (LMI) for a certain fixed A.

The best CLUE problem stated in Definition 4.4 is aligned with the formulation
in (4.10). To see this, replace z by (K,P), D by A, A by S, and f(z) by J(P).
Then rewrite the matrix inequality of (4.3) using Schur complement [67] as

P KS

]:(K,P,S): |:SKT S

} = 0. (4.11)

Since (4.11) is equivalent to P = 0AP— KSKT > 0, the problem in Definition 4.4
has been retrieved.

4.3.2 Tractability And Optimality

There are a few cases where the computed solution to the problem in (4.10), with
D = A, is tractable and optimal in the sense that a minimal element is found
when the RO problem is solved [21]. If A is a finite set, then tractability follows
trivially since the uncertainty is replaced by a finite set of LMIs. The problem is
also tractable if A is the convex hull [29] of a finite set. See Example 4.11 for an
example of this.

—— Example 4.11: Convex Hull of a Finite Set

The convex hull of a set V is another set which contains all convex combinations of
the elements of V [29]. For example, consider a set of covariances V = {4, B} C Sa_
where A = [—42 *12] and B = [% %] The convex hull of V is

oA+ -oBloe o ={[ 5% it "] |ee o}

= {22 73"] |0 c o} = {[5]|ec 2.2}

In cases where the unknown cross-covariance is not a scalar, it is generally not
possible to express A as the convex hull of a finite set. Hence, for general uncer-
tainty sets A, there are only a few constructive results on robust counterparts for
the problem in (4.10). The case treated here, where both the RO problem and the
uncertainty set are defined by semidefinite constraints, is largely untreated in the
literature. Not only are exact solutions absent in contrast to the simple example
above, but also general, tractable, conservative approximations are missing.
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4.3.3 Robust Estimation Using YALMIP

YALMIP is a MATLAB® toolbox developed to model and solve optimization prob-
lems [114], and it has the ability to derive RO problems [115]. The strategies in
[115] focus on cases where exact robust counterparts can be derived which rules out
problems according to the model in (4.10). However, theory has recently been de-
veloped and added to the YALMIP toolbox to support problems according to (4.10),
i.e., uncertainty structures involving arbitrary intersections of conic-representable
sets. These additions® are described in the forthcoming [113].

The key feature for us is realized by a function called uncertain(), which
enables the uncertainty imposed by R € A to be handled. A CLUE problem
solved using RO in YALMIP is illustrated in Example 4.12.

—— Example 4.12: Robust Estimation Using YALMIP

Consider the task of computing a conservative estimate & = Ky and P where tr(P)
is minimized. Lety = [}}] = [gﬂ r+v where x € R?, Hy = Hy = I, Ry = diag(1,4)
and Ry = diag(4,1). Assume Rj2 is completely unknown and that R > 0. The
problem is translated into MATLAB® syntax using YALMIP below.

H = [eye(2);eye(2)];
R1 = diag([1 4]1); R2 = diag([4 11);

K = (2,4); P = (2); R12 = (2,2,full’); 7 declare SDP
variables
R = [R1 R12;R12°’ R2];
F = (R12) ,KxH==eye (2) ,[P K*R;R*K’ R]>=0,R>=0]; % constraints
J = trace(P); % loss function
(F,J) % solve problem
YALMIP functions are highlighted in . The result is K = [008 o %2 0(_)8] and

P =1.6I. In this case, YALMIP in fact finds a best CLUE which turns out to be
equivalent to a solution computed using CI. However, in general the solution is
approximative and the only guarantee is that the solution is a CLUE.

4.4 Special Conservative Linear Unbiased Estimation

In this section, it is shown that CI, ICI, and LE are best CLUEs under different
assumptions on A. In addition, several other methods are stated. Common to
many methods is that the diagonal blocks of R are known while the off-diagonal
blocks, e.g., Ri2, are unknown. What differs between the methods is the assump-
tion on the off-diagonal blocks. For instance, it could be that Ri2 is diagonal or
that )\maX(ngRIQ) < a, where a > 0. The benefit of exploiting any correlation
structure is illustrated in Example 4.13.

6This functionality is integrated into YALMIP, but the associated documentation is unpublished.
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—— Example 4.13: Exploiting Correlation Structure

Assume R = [‘é ﬂ, where ¢ is unknown. If it is only known that R > 0, then ¢ €
[—2,2], and hence R could be represented by any ellipse enclosed in the rectangle
of Figure 4.4. A minimal bound on A is in this case given by B. On the other
hand, if it is known that c € [—%, %], then it is possible to find an even smaller

minimal bound B’. The figure also visualizes A = {[2¢]|c € [-2,2]} and A’ =
{[¢5]lcel-3.3]} c A

© 2022 IEEE

Figure 4.4. Example of utilizing correlation structure. Left: B is a minimal bound
on A. Right: A smaller minimal bound, B’ < B, is possible for A’ C A.

It is assumed in the following that (y;, R;) are available, where i =1,2,..., N,
and that R;;, with ¢ # j, are unknown. It should be emphasized that CI, ICI,
and LE give different solutions to a problem since they are related to different
assumptions on A. Among CI, ICI, and LE, LE makes the most restrictive
assumptions on A while CI makes the least restrictive assumptions on A. Thereby,
LE in general is less conservative than ICI, while ICI in general is less conservative
than CI.

4.4.1 Covariance Intersection

CI is presented in Section 3.1.2. The method is originally based on completely
unknown cross-correlations for which the only condition on the cross-correlation
is that R = 0, and therefore

. S1 Sie ny
A—{[Sm SJ es”

S1=R1,5 =Ry } (4.12)

Let y = col(y1,...,yn), H =col(Hy,...,Hy), and B = diag (%""’%)' CI in

information form is given by

N N
P'=H'B'H=Y wH] R 'H;, P 'ia=H'B 'y=> wH R 'y,
i=1 i=1
(4.13)
where w; € [0,1] and Zi]\ilwi = 1. The parameters wi,...,wy are found by mini-

mizing J(P). The CI gain K is given by

K=[Ki ... Ky]=PlwHR' ... wyvHLRN]. (4.14)
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Properties

CI is a linear unbiased estimation method [52]. Since CI also is conservative given
completely unknown correlations [90], CI is a CLUE as long as all (y;, R;) to be
fused are conservative.

Regarding optimality, let N = 2 and H; = Ho = I. In this case, only one
parameter w is required since it is possible to define w; = w and wy = 1—w. Let the
optimal value of w given J(P) be denoted by w*. Moreover, let an arbitrary CLUE
be given by (K',P’). In [150] it is shown that, if w* is obtained by minimizing
J(P) w.r.t. w with P given in (4.13), then for (K*, P*) given by

K* = [w*P*Ry' (1-w")P*Ry'], P*=(w*R{'+(1-w)RyY) ', (4.15)
it holds that
P' < P* = P' =p*
This means P* is a minimal element of the feasible set. Hence, an estimator
(K*, P*) given according to (4.15) constitutes a best CLUE, provided that N = 2
and Rjs is completely unknown.

4.4.2 Inverse Covariance Intersection

ICT is derived in [130] for the case where N =2 and Hy = Hy = I. ICI is less
conservative than CI, and is based on the assumption that Rj2 is due to common
information?. Let T~1 e Sfﬁ denote common information included in both Rl_1

and Ry 1 and 4 to denote the corresponding estimate such that I' = cov(¥). The
common information structure for two estimates is defined as

Ri'=(R))'+T7, Ry = (R) My +T714, (4.16a)
Ry'=(RS)" ' 4171, Ry'ys = (RS)ys +T714, (4.16b)

where (Rf)_1 and y7 are the exclusive information and the exclusive estimate
contained in the ith estimate, respectively. The notion exclusive here means that
cov(y§,y5) = cov(y$,¥) = cov(ys,5) = 0. With y; and y2 according to (4.16), the
cross-covariance is given by [130]

Ria = RiT 'Ry (4.17)

From (4.16) it follows that Rfl,Rgl >=T~1. The set A is now given by

A= { {Sl Sl?} €SI |S1 = Ri,S2 = R, S12 = 5177155, 571,551 =171 } (4.18)

So1 52
An estimate is computed using ICI according to
Pl=R '+ Ry — (WRi + (1 —w)Ry) ", (4.19a)

Pls= (R;l — w(wRi +(1— w)Rz)*l) "

+ (R;l C(1-w)(wRi + (1 —W)RQ)—l) Y2, (4.19b)

7Correlations due to common information are described in Section 3.1.4.
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where w € [0,1] is found by minimization of J(P). The gain is given by K =
[K1 KQ], where

K_;P@ql—w@Rru1—ng—ﬁ, (4.20a)
K> :P(R;l —(1-w) (wR1+(17w)R2)*1), (4.20b)
with P according to (4.19).

Generalization

A generalization of ICI is proposed in [52] for N = 2, but where H; and Hy are
not necessarily equal to I. Here, a modification of that algorithm is proposed.
Before proceeding, some mathematical details need to be addressed. Let (4,I)
correspond to a shared estimate as in (4.16), but assume I' = cov(¥) is infinite
in p < ng components. Infinite variance is equivalent to zero information. Hence,
the issue of infinite variance is conveniently handled by the information form. The
information Z, of (¥,I) is given by

Z,=VDVT, D = diag(dy,...,dn,—p,0,...,0) € S", (4.21)

where d; > 0 and V = [1)1 vnz] is an orthogonal matrix. In this sense, the
components with infinite variance correspond to the directions vy, —pt1,...,Vn,-

Let ® = col(v],...,v} p) such that Z, = OT(PTDT)~1®, where PTDT is finite

U
and invertible by construction. It follows that

I, =0T (@To") loreo’ (@ore") "o =o' (ero”) "o =7, (4.22)

The proposed generalized ICI is stated in Algorithm 4.14 and is valid for Hy =1
and arbitrary Hy € R™2*™ gatisfying rank(Hg) = ng. Assume that y1 = « + vy,
y2 = Hox + vy, and ¥ = z +v,. Let §f = y{ — H;x and ¥ = 4 — 2. Define
= Rf = cov(gf) and I' = cov(5). Allow for the exclusive information Z¢ and the
common information 7, to be singular, but still assume R; € S’}rﬂ and Ry € S’j_%r
In this case I' might be infinite in some directions. The common information
decomposition is now defined as

R{'=T{ + 1, Ry'yy = T{yf + I,4, (4.23a)
Ry =T§ + HyZ, Hj Ry'ys = TSys + HoL A, (4.23b)

where cov(y{,y5) = cov(y{,%) = 0 and cov(y5,%4) = 0. The cross-covariance is
given by

Ry =E((R1 (Ziyf +T,4) —2) (Ba (Tsys + HoT,7) — Haa)')

= BB (T35 +T,3) (T595 + HaT,A)' ) R = AT, B(33T)T, HY Ry
= RyZ,TT,H] Ry = R1Z,HJ Ry, (4.24)



62 4 Conservative Track Fusion Under Partially Known Correlations

—— Algorithm 4.14: Inverse Covariance Intersection

Input: Estimates (y1,R1) and (y2,Re), and Ho
The estimates are fused according to:

Pt =R+ H) Ry " Hy — wHY T, Hy — (1 — w)HJ HoTy " Hj Ho, (4.25a)
P li= (R;l - ngrﬁHQ) yi + (H-gngl —(1- w>H;H2r;1H;) yo, (4.25b)

where I = wHy Ry HY + (1 —w)Ry and Ty = wRy + (1 —w)Ha Ry Hy.
Output: (£, P)

where T' = E(9") and (4.22) were used.

In [9], ICT is generalized for fusion of N > 2 estimates. In [129], it is shown that
ICI produces conservative results even in the case of the correlated information
structure. This structure is a generalization of the common information structure.
It is also shown that ICI can handle common process noise under certain assump-
tions. The correlated information structure is also considered in [52] and is in
particular assumed in the derivation of the generalization of ICI in [52]. However,
since this structure is difficult to motivate in practice, it is not considered further
in this scope.

Properties

In the following, it is assumed that w € (0,1). If w € {0,1}, then there is no actual
fusion performed, and conservativeness hence follows directly. An alternative for-
mulation of Algorithm 4.14 is provided in Lemma 4.15. Theorem 4.16 states that
ICI is a CLUE given that Hy R, 'Hy = Z, and that the decomposition in (4.23)
holds. Loosely speaking, the assumption HQTRQ YHy = 1, restricts the common
information to be confined to a subspace common to both (y1,R1) and (y2, R2).

Lemma 4.15. An estimate (Z, P) computed as in Algorithm 4.14 is equivalent to
#=PH"B 'y and P= (H'"B~'H)™', with y = col(y1,y2), H = col(I, Hs), and

_w Tp-1
B= [R1 + lwalHZ R2 HoRy 0 :| . (4.26)

0 Ry + 177“]1’_:521[[2Rl_ll[[érRQ
Proof: Using Woodbury’s matrix identity [181]
w -1
(Rl + RlH;R;Hle)
1l—w
1— -1
= Ry'— Ry'R H] (HleRl—lRleT + wng) HyRy Ry

-1
— Ry —wH] (WHQRlHQT F(1- w)RQ) Hy =Ry —wHI T, Hy,
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where I} = ngRlH;— + (1 —w)Ry. Similarly
1_ —1
<R1 + wwRQHgRllH-QrRQ) =Ry — (1 —w)H] Holy ' HJ H,

where Ty = wR; + (1 — w)HJ Ry Hs. Hence

P l=H"B'H=R{'+ H] RyHy — wHI T ' Hy — (1 — w) H} HoT, ' HJ H,
Pl2=H"B 1y
= (Riy1 —wHIT Ho )y + (HI Ry — (1= w)H3 HoTy  HY )y,

which is equivalent to the output of Algorithm 4.14. O

Theorem 4.16. Assume that (4.23) holds and that H—QI—RQ_IHQ = 1Z,. Then ICI
defined in Algorithm 4.14 is a CLUE.

Proof: Let B be given by (4.26). Lemma 4.15 states that the ICI gain is given
by K= (H"B~'H)"'H"B~!. Since KH = I, ICI is a linear unbiased estimator.
To see that ICI also is conservative given (4.23), consider B defined according to

(4.26). By assumption Rl_1 > T, and H—Q'—R2_1H2 >=T,. Hence, with R = {1}%11 112122} ,
1—

p=--%,and Ri2 according to (4.24), the difference B — R satisfies

LRIH] Ry 'HoRy  —RiZ,HJ Ry

{iRlzle R117H2TR2]
~RoH>Z,Ry  pRoHyRy'H] Ry

~RoHI, Ry pRoH2T H) Ry

Let a = col(a1,az), where a1 € R™ and ag € R™. By definition B — R > 0 i.f.f.
a"(B —R)a >0 for all a [67]. Define b = col(by,bz), where by = y/1/uR1a; and

by = —\/JiH] Rpaz. Then, since [77 7| is PSD, it holds, for all a, that
7, I,

T _ T [+
a (B—R)a>b [I'v Iﬁ]bzo.

Hence B = S,VS € A, where A is according to (4.18), and it follows that ICI is a
CLUE under the given assumptions®. O

Concerning optimality, assume that (4.16) holds such that A is according to
(4.18). In [130] it is shown that if (K’,P’) is an arbitrary CLUE and P* is com-
puted according to (4.19), then

P' < P* = P'=p*~.

Hence, ICI is a best CLUE given that N =2 and A is according to (4.18).

8This proof is inspired by the proof of a similar result in [129].
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4.4.3 Largest Ellipsoid Method

The LE method first appeared in [24], but now goes by several names. In [73] it is
called safe fusion, the authors of [159, 160] suggest the name ellipsoidal intersection,
and in [188] it is referred to as internal ellipsoid approximation. It should be
noted that there are minor differences in how the estimate is computed. The LE
algorithm used here, and the generalization thereof, are based on [73].

In the derivations of LE, no explicit assumptions on A are made. Below, the
componentwise aligned correlations structure is proposed. Componentwise aligned
correlations are satisfied if there exists a joint transformation T’y = diag(T,T") such
that

I /
T _ 12
TyRT; = {D/u D’J , (4.27)
where D) and Dj, are diagonal. The condition in (4.27) is equivalent to
S1 Sia n, |91 =R1,52 =Ry
A= €Sy T T T :
So1 - S2 30, TS T =IN[TSoT" ;= [TS12T" ] =0,i#j

(4.28)

In [52], a generalized version of the LE method is proposed for the case when

H; = I while Hy is arbitrary. This version is defined in Algorithm 4.17. In contrast

to the original version, cf. [73], it is given in information form to avoid singularities.
If Hy =1, then the LE method computes an estimate (£, P) as

F=T71%, P=T71P'T°T, (4.29a)
where T'=T5T7,
_1
Ry =U121U1r, W =% QU}—, (4.30a)
TiRo T = UsXoUT Ty =03, (4.30b)
vy =Ty1, D) =TRT" =1, (4.30c)
vh =Ty, Dy =TRyTT, (4.30d)
and
i1 if 1< [Dh]i
(@) [Ph) = Wik, TS 1D (431)
([yalis [Dalis),  if 1> [Dgli;.
Properties

Consider the quantities in (4.29)—(4.31). The resulting gain of LE is given by
K=K K)=T"'[K| K}T, (4.32)
where K| and K are the gains in the transformed domain, i.e., after transfor-
mation using 7. The matrix K] is diagonal, where [K}];; = 1 if [D}];; > 1 and
otherwise zero, and K} = I — K1 [52]. Since by assumption H = [I I}T,

1

KH=T[K| I-K{|T" L

} =TK{T ' 4+TIT'—TK|T 1 =1. (4.33)
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—— Algorithm 4.17: The Largest Ellipsoid Method
Input: Estimates (y1, R1), (y2, R2), and Ho
The estimates are fused according to:

1. Transform to the information domain
—1 -1 T p—1 T p—1
1 =Ry "y, 1 =R;", to = Hy Ry "yo, Iy =Hy Ry Hs.
_1
2. Factorize 7y = U1 51U and let Ty = £, 2U] . Factorize T1ZoT] = UsXoUs and
let To = U; Transform using T'= T5T7 according to

/ / T / / T

L1 :TLl, Il :T.IlT :I, LQZ,I’LQ7 IZZTIQT .
3. For each i =1,...,ng, compute

11T = ([L/ﬂi,l)7 if1> [Ié]ii7
(% [2:) = {([nghy [Z5)ii), if 1< [Z5);;

Output: & =PT '/ and P= (T_ll'/T_T)_1

By construction, the LE method defined in (4.29) is a linear unbiased estimator.
Theorem 4.18 states that LE is a best CLUE given that A is according to (4.28).

Theorem 4.18. Assume that y; = x+v; and ya = x 4 v, where Ry = cov(v;) and
Ry = cov(v). If A is according to (4.28), then the LE method given in (4.29) is
a best CLUE.

1 D’12
Dy, Dj
ith component of the first estimate is only correlated with the ith component of
the other estimate. Hence, only pairwise correlated scalars need to be considered.
It is then possible to use CI for the merging of scalars correlated to an unknown
degree. If P’ is the covariance in the transformed domain, then

Proof: By assumption TJRT}— = [ }, where D) and D}, are diagonal. The

[P']is = wlIis + (1 — w)[Dy)is = w + (1 —w)[Dalss,

which, as a property of CI, is conservative for all w € [0,1]. Minimizing [P'];; w.r.t.
w is equivalent to [P'];; = min (1,[D4);;), which in particular is the LE solution.
Hence, since LE also is a linear unbiased estimator, it is a best CLUE given that
A is according to (4.28). O

In [160] it is shown that P given by (4.29) can be computed as
Pl=R'+ Ry T (4.34)

where I'"! is the interpreted as the maximum possible common information con-
tained in Rl_1 and Rz_l. Moreover, as pointed out in [128], the LE method in
(4.29) is equivalent to the BSC fuser?, with Ry = T1D{,7~T, where T is the

9The BSC fuser is described in Section 3.1.2.
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transformation matrix defined in (4.30) and the diagonal matrix D/, is computed
as

[Dio)ii = min (1,[D3]i:) , (4.35)
with D/, according to (4.30).

4.4.4 Other Related Methods

CI is the most well-known conservative estimation algorithm and is the parent of
many other similar methods [53]. Two of the most popular derivates of CI are ICI
and LE. Yet, it should be pointed out that other alternatives exist. Some of these
alternatives are briefly summarized in this section based on the work in [53]. Many
of the methods described below are based on the derivation of an upper bound B
on S such that B = S,VS € A. If such a bound B exists, then a CLUE is easily
constructed using the methodology discussed in Section 4.2.2.

This thesis only considers linear track fusion methods. For a survey on nonlin-
ear fusion methods, the paper [53] is suggested.

Federated Kalman Filter

The federated Kalman filter (FKF) was proposed before CI [32, 33], but can
be interpreted as a special case of CI tailored to handle correlations induced by
common process noise. This is accomplished by a reinitialization step, where the
1th local estimate (yz’,k|kaRi,k\ %) is reinitialized at each k from a central estimate
(fck‘k,PHk). This is followed by process noise covariance inflation. Assume the
SSM in Section 3.1.1. The FKF reinitializes the ith local estimates as

. 1
Yiklk = Thls R pke = Epk\kv (4.36)
K3

and then inflates the process noise covariance according to
1
T
Yikr1)k = Frli ik R ky1k = Fiu B g b + Qe (4.37)
(2

where §; > 0 and Zf\;l Bi = 1. By doing this, the FKF creates an upper bound on
cov(vk+1|k). However, by construction, the FKF is in general not able to handle
correlations due to common information.

Split Covariance Intersection

In split CTI [93], it is assumed that each of the local estimates can be split into an
independent part and a dependent part. For N = 2, this splitting is characterized
by
__ e d __ pe d __ e d _ pe d
yl_y1+y17 Rl_ 1+R 3 y2_y2+y2a R2_R2+R2a (438)

where superscript e is used for the independent part and superscript d is used for
the dependent part!C. Tt is assumed that cov(y¢,yd) =0 for i = 1,2, cov(y$,ys) =

10This additive splitting is related to, but should not be confused with, the decomposition in
(4.16) where the estimates are additive in the information domain.



4.4 Special Conservative Linear Unbiased Estimation 67

0, and cov(yf,yg) = R‘liz. Such a decomposition can be exploited, e.g., when it
comes to the fusion of two estimates directly after local measurement updates
[126].

Split CI implicitly assumes that the Rjz is bounded as a consequence of
(Ré)T(RY)~H(RYy) < RY [53]. If (4.38) holds, then
R{+R{  R{, ] - {Rf o} N [;Rﬁl 0

= _ B, 4.39
(re,T R+ Ry =0 rg) |70 HwR%] (4.39)

with w € (0,1), where the last term is identical to the upper bound used in CI.
Split CI has been applied in many practical problems, see, e.g., [89, 91, 104, 105]
and [42, 111] for more recent studies.

Partitioned Covariance Intersection
Let N =2 and assume that the two local estimates are partitioned as
b c cc cd
Y1 = Y Y2 = , Ro= , 4.40
l:ylf Rll)a Rbb yg Rgc Rgd ( )

where Réj = cov(yé,yg ). Say now that R12 = cov(yl,yQ) is unknown. Then an
upper bound B on R is given by [138]

R RO RS R TR RY RS R

p [P om0 R ) fRe lme R0 |
o R ome RS |RY RG Ry Ry [T
Rda R(lig Rélc Rgd Rda 0 Rgc ﬁ Rgd

where w € (0,1). This structure is exploited in the partitioned CI (PCI, [138]).
In [8] it shown that the bound in (4.41) is overly conservative. The same paper
proposes a tight bound B for the considered partitioning.

Factorized Covariance Intersection

In the factorized CI (FCI, [1, 2]) a structure closely related to (4.41) is exploited.
Assume that N =2 and that the two local estimates are partitioned as in (4.40),
but with ¢ = a and d =b. In particular, FCI is based on the assumption that after
some joint transformation Ty = diag(7,T) the covariance is given by

R{* 0 Rg 0
0 RY o RY
at L AL

T;RTY =R = (4.42)

Assume now that all off-diagonal blocks of R in (4.42) are unknown. An upper
bound is in this case given by [2]

/ 1 / 1 /
R’<d1ag< R§, Rbb SR — Rbb) B' =T;BT}, (4.43)
1—w _

where w?,w® € (0,1) are optimized separately.



68 4 Conservative Track Fusion Under Partially Known Correlations

Bounded Correlation-Coefficient

Split CI, PCI, and FCI are all based on bounding the admissible set A with B
by exploiting some additional structure in R. Once a bound is found, a CLUE
can be easily constructed using the methodology discussed in Section 4.2.2. The
particular bounds for split CI, PCI, and FCI are all derived using the CI framework,
which involves tuning of the w parameters.

Other work that considers bounded correlations is found in [75, 146] for N = 2.
These papers independently derive bounds on R when Rj2 is on the form

(Ri2— @) Ry (Ri2 — G) = phax Ro, (4.44)
where pmax € (0,1] can be interpreted as a scalar correlation coefficient!!. For a
particular choice of G and pmax, the constraint in (4.44) implies that
S1=R1,5 =Ry
A= {51 i}?} es - ) (4.45)
21 P2 (S12=G)' Sy (S12 = G) = praaxS2
An upper bound B = S,VS € A is in this case given by
_ (1 + apmax)Rl G
B - |: GT (1 + ,’hlgyax)R2 9 (446)

where =2 —1 and w € (0,1). If G =0, then B in (4.46) is a minimal bound on
A of (4.45) [75].

Bounded correlations are utilized in a Bayesian framework in [47]. In another
recent paper [81], tight correlation bounds are derived using matrix decomposition
techniques [10]. Specific bounds, including limiting cases, are studied in [10].

4.5 Theory and Method Evaluation

CI, ICI, and LE are now compared to each other and to the general CLUE approach
based on RO. In Section 4.5.1, the methods are compared on several simple fusion
examples adapted from [56]. In Section 4.5.2, a DTT scenario is considered where
the aforementioned methods are used for track fusion.

4.5.1 Simple Fusion Examples

In this section, five fusion examples E1-E5 are solved. The covariances P!, P!,
and P™® corresponding to CI, ICI, and LE, respectively, the lower bound P, and
the upper bound P, are computed wherever applicable. Each example is also
solved using the RO approach, where the resulting covariance is denoted by PR°.
In examples E1-E4 it is assumed that H; = I € R*?*2 for i =1,...,N and H =
col(Hy,...,Hy). In all cases J(P) =tr(P).

HThe setting with pmax = 0 is not of interest in this context since then Rig = 0.



4.5 Theory and Method Evaluation 69

PCI
— PICI
PLE

Figure 4.5. Summary of E2. If it is possible to exploit more structure in the problem,
then it is possible to compute a CLUE having a smaller covariance. The hashed
areas in the left part illustrate (HTSle)fl,VS €A

E2a:

A\

(1:::))

E2b:

A
(9)
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E2c:

<©‘>

E1l: A Is A Finite Set
R R

Assume that N =2 and R = |:R211 Rl;}, where R; = [ ] and Ry = [0 (1]] and
where Riy € R2%2 can either be I or —I. Then A = {R%, Rb} IS S++, where
R = {Rll Ry } and RV = [71 E;]

The BLUE for R = R® is given by

-1 1 0 0 0
_ T/ pay—1 T/ pay—1 _

Kaf(H (R%) H) HT(R%) [0 0 o J, (4.47)
which yields K,R*K] = K,R°KI = I. From KR*KT » K,R*°K] VK subject to
KH =1 and P* > K, RbKaT it follows that a best CLUE is given by K* = K, and
Pr*=1.

Since (H-'—(Rbi)_lH)_1 =0.431 < (H"(R*)"'H)~! we have P, = I. Using the
minimal bound R = diag(R; + I, Ry + I) = diag(2,5,5,2) a strictly upper bound
P, = 1.431 can be computed. RO yields PR® = I, which is guaranteed to be
optimal since A is finite.

E2: A Is An Infinite Set

Assume that N =2 and R = {]%11 %122}, with Ry and Ry defined as in E1. As-

sume that Rqs is unknown and that A is now an infinite set. A best CLUE
depends on A. This problem is solved for three different assumptions on A: a)
completely unknown cross-correlations; b) common information; and ¢) compo-
nentwise aligned correlations. Since R; and Rp are fixed, CI, ICI, and LE yield
P =1.601, P =1.181, and P“® = I, respectively, in all sub-cases below. E2 is
summarized in Figure 4.5.

E2a) In this case, A is given by (4.12). Consider the two elements, R® =

|:g'|l' G] S ./4 and Rb = |: }%G,l‘r _G:| S A Where G [3 999 0%99] SOlVing (4 5)

but substituting A with A’ = {R®, R}, yields approximately 1.601. Since A’ C A,
it is concluded that P, > 1.601.
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R3 Ry

PCI
PR'O
P

l
— (H'S71H)"1 sec A

© 2022 IEEE

Figure 4.6. Summary of E3. Since P”" = PR° = P, CI is not a best CLUE when
N >2.

The matrix B = 2diag(R1,R2) satisfies B = S,VS € A. This is true since
B-R= _1;121 _5212] = 0 as a consequence of the assumption R »= 0. Using (4.9)
yields P, = 1.601, which is equivalent to the solution of (4.5). Using Theorem 4.8
it is concluded that a best CLUE is given by (4.9) with B = 2diag(R1, R2).

E2b) In this case, A is given by (4.18). Solving the problem using YALMIP yields
PRO = 1.18] which is equivalent to the best CLUE solution P* = P = 1.18]
computed using ICI.

E2c) In this case, A is given by (4.28). K, according to (4.47) yields K,SK]} =
I,vS € A. Hence, K* = K, and P* = I constitute a best CLUE, where P* = P'E
since LE is a best CLUE in case of componentwise aligned correlations.

The matrix R; = [R}l R{,Q] does not satisfy R; = S,VS € A, e.g., for C =
diag(R1,R2) € A the difference R; — C is indefinite. However, the matrix B =
2diag(R1, R2) satisfies B = S,¥S € A and is also a minimal bound on \A. This B
yields (HTB~1H) ' = 1.60I > P*.

E3: Fusion of Three Estimates

Let N =3 and assume

16 0
Rl_{o 1]’

Assume that the off-diagonal blocks of R are completely unknown.

CI yields P°' = 1.881. In this case, YALMIP gives us P*° = 1.761 < P°". Hence,
Cl is not a best CLUE under completely unknown cross-correlations if N > 2. Also,
P, =1.311 is computed as the smallest ellipse that contains the intersection of the
ellipses of Ry, Rz, and R3. However, it is not possible to draw any conclusions
about whether this P; is a strictly lower bound on a best CLUE or not. The
example is illustrated in Figure 4.6.

4.75 6.50]

R 475  —6.50
27 16.50 12.25 :

Hs = [—6.50 12.25
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=a K*R“(K*)T
K*Rb(K*)

— p*
(HT'S—1H)"1,5¢ A

Figure 4.7. Summary of E4. In this example P, is a strictly lower bound on P*.

© 2022 IEEE

E4: Lower Bound Is Strict

This example illustrates a case where P* =z P, P* = P,. Assume that N = 2 and

R= {%12 %ﬂ, where R = [ ] and Ry = [ 15 ] and Rp2 € R2%2 can either be

[ %] or [ : ‘1?] , which corresponds to R* and R? of A = {R%, R"}, respectively.

In this case, P, = [J420:43] and P"0 = P* = [(-36 0-80] . The results are visual-
ized in Figure 4.7, where also K*R*(K*)T and K*RP(K*)T are plotted, with K*
being the best CLUE gain. The reason for having P* # P, P* = P, is that there
exists no K such that

P-=KR'K"AP> KR K" AP = (H (R 'H)"' AP = (H'(R")'H)!,
and J(P) = J(P’) hold simultaneously.

E5: Bounded Correlation-Coefficient

Assume that N =2 and that the eigenvalues of Rjs are constrained. Let n, =2
and

1

o 5 4.0 0
H=|j w5 Ri=1 H=|1 0|, R=0 40

0 1 0 0 4

In this case, R12 € R? is assumed to be constrained by R12R1_1R12 < p2 . Ra, or
equivalently, || L 'RT,/V/R1| < pmax, with Ry = Lo LY and ppayx > 0. To have R >
0, it is required that Pmax < 1. The quantity P?° is computed for different values
of pmax € [0,1]. Also, P and P*" = (H] Ry 'Hy + H) Ry ' Hy) ™! are computed,
where PXF is equivalent to the covariance of the BLUE given ||Ri2|| = 0. In
Figure 4.8, the traces of PR°, P and PXF are plotted. As ppax increases from 0
to 1, tr(P"°) increases from tr(P*") to tr(P").

Discussion

The results for E1-E4 are summarized in Table 4.1. It can be seen that each of
CI, ICI, and LE yields the same answer for E1 and E2 since R; and Ry are fixed
throughout these cases. In E1 and E2, the YALMIP solution is equivalent to a best
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tr(P°Y)

tr(PKF)

© 2022 IEEE

tr(PRO)

|
0.2 0.4 0.6 0.8 1.0

Pmax

Figure 4.8. Results for E5, where ||Ri2|| < pmax.

Table 4.1
SUMMARY OF FUSION EXAMPLES o© 2022 IEEE
Pu Pl PCI PICI PLE PRO P*

E1 1.431 I 1.601 1.187 1 I I
E2a 1.601 1.601 1.601 1.181 I 1.601 1.601
E2b - - 1.601 1.181 1 1.181 1.181
E2c 1.601 I 1.607 1.187 I I I
E3 1.881 1.881 - - -
E4 - - - - [9:388:42] [8:2358:48]

black = CLUE, not best CLUE; green = best CLUE; = lower bound; red = not CLUE;

= CLUE, might be best CLUE. Quantities not computed are marked ”-”

CLUE. The benefits of utilizing any extra structure encoded in A have also been
demonstrated.

E3 is a counterexample of CI being a best CLUE under completely unknown
cross-correlations when N > 2. It cannot be concluded if P*° is equivalent to P*
since P* = P, is possible even if PR® = P* cf. Theorem 4.7. The upper bound is
strict in this case.

In E5, neither Hy nor Hs is identity, and RIQRl_lRlz < p?nasz. ASs pmax is
varied from zero to its maximum value, tr(P"°) increases from that of the BLUE
given Rq12 = 0 to that of CI. This result is quite specific but nevertheless verifies
the generality of the RO based method.

The examples also demonstrate the generality of the CLUE framework and, in
particular, the usability of A: (i) it can be used to select an estimation method,
e.g., ICLif (4.18) holds; (ii) it is the basis for deriving and solving general problems
using RO; and (iii) it is used to compute lower and upper bounds on a best CLUE.

4.5.2 Decentralized Target Tracking Using CLUE

The purpose of the following DTT scenario is to evaluate some of the linear track
fusion methods described in this chapter in a more realistic and dynamic context.
The methods are evaluated based on MC simulations. For exactness, linear mea-
surement models are assumed so that the SSM and the track fusion models are all
linear.
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Figure 4.9. A decentralized single-target tracking scenario. The target is initially
located in the black circle. Three agents (colored numbered circles) estimate the
target and exchange local estimates. Two cases of communication network connec-
tivity are considered: (i) reduced connectivity; and (ii) full connectivity. Gray lines
represent target trajectories in different MC runs.

Simulation Specifications

A DTT scenario with N = 3 agents and one dynamic target in d = 2 spatial
dimensions is now considered. The scenario is illustrated in Figure 4.9. The SSM
in (3.1) is assumed with x € R* corresponding to a CVM. In each MC simulation,
the target initial state zq is sampled from N(0, Py), where Py is predetermined.
The target then evolves according to the CVM in (3.5), i.e.,

Tpp1 = Frpa, + wy, wy, ~ N(0,Q4), (4.48)

for a predetermined Q. As a consequence, the trajectory is unique in each MC
simulation. The measurement model of the ith agent is given by (3.7) with

100 O] T, eir ~N(0,C;), (4.49)

hi(xk):[o 100

where e;  is the measurement noise at time k and C; € S?i- . the measurement
noise covariance of Agent i. A linear KF is used for state estimation, and linear
unbiased estimation methods are used for track fusion. The @Q); used for sampling
the target trajectory is the same @y used in all local filters. It is assumed that
H| = Hy = H3 = I. Since the initial state, the process noise, and the measurement
are all Gaussian distributed, the ith local estimate at time k is on the form

Yik = T+ Vi, Vi ~N(0,Ri ). (4.50)

Hence, in this case, the estimation error &j is a zero-mean Gaussian distributed
random variable. Relevant simulation parameters are summarized in Table 4.2.

The communication scheme of Rule 3.6 is assumed. The communication topol-
ogy is according to the two cases illustrated in Figure 4.9:

e Reduced connectivity. Agent 1 only communicates to Agent 2, Agent 2 only
communicates to Agent 3, and Agent 3 only communicates to Agent 1.
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Table 4.2
PARAMETERS USED IN THE SIMULATIONS

Parameter Comment
d=2 spatial dimensionality
ne =4 state dimensionality
Ts=1 sampling time [s]
_3
ow =2 standard deviation of process noise [ms~ 2]
C = 180 205 measurement noise covariance of Agent 1 [m?2]
Cy = é% g% measurement noise covariance of Agent 2 [m2]
C3 = [:%2 sl } measurement noise covariance of Agent 3 [m?]
ng =15 number of time steps
M =10000 number of MC runs

e Full connectivity. Each agent communicates to the other two agents.
The following methods are compared

o NKF: The naive Kalman fuser as defined in (3.12) with Ho = I.

o CI: Covariance intersection as defined in (3.14) with Hy = I.

o ICI: Inverse covariance intersection as defined in (4.19).

o LE: The largest ellipsoid method as defined in (4.29).

e RO: The general CLUE approach using robust optimization as described in
Section 4.3. RO assumes A is according to (4.45) with pmax = 0.5.

The loss function J(P) = tr(P) is used.

Evaluation Measures

Let (:@Z,P,z) be the estimate at time £ of the ith MC simulation using some track
fusion method. By construction, P/ = P, for all i. Hence, ANEES can be com-
puted using (3.30) to evaluate estimator conservativeness. In addition, the COIN
defined in (3.32) is used. If P, = E(#x] ) is used, cf. (3.32), then COIN provides
a strict measure of conservativeness. This is in contrast to ANEES, i.e., while
an estimator can provide ANEES at or below 1 and still not be conservative, an
estimator is conservative i.f.f. COIN is at or below 1. However, in this evaluation,
P, is substituted for the sample covariance P, given in (3.27). As a consequence,
this strictness is only asymptotically true.

The RMSE and RMT defined in (3.26) and (3.28), respectively, are used for
performance evaluation. RMT is more relevant than RMSE from a user perspective
since this measure is something that is available to the end user in real-time. RMSE
requires the ground truth to be known.
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Figure 4.10. Results from the case with reduced connectivity. The gray area in the
ANEES plot represents an ANEES 99.9% confidence interval.

Results

Figure 4.10 shows the results for the reduced connectivity case!?. COIN, ANEES,
RMT, and RMSE are computed at time points where track fusion is performed.

CI and ICI are conservative, as verified by the COIN. LE provides ANEES at
1, but the COIN is strictly larger than 1, hence LE is too optimistic. Also, RO
provides slightly too optimistic estimates. NKF underestimates the uncertainty
severely. It is notable that the spread in RMT among the methods is significantly
larger than the spread in RMSE, which is quite small. All methods provide approx-
imately the same RMSE, while the RMT differs significantly. Intuitively, RMT is
the smallest for NKF and the largest for CI.

In the full connectivity case, see Figure 4.11, the exchanged information is
utilized more. This is also indicated by the COIN and ANEES, as NKF diverges
more quickly due to increased double counting of information. For the same reason,
KF yields the highest RMSE over all k. CI and ICI are still conservative, while
LE and RO still provide slightly too optimistic results.

4.6 Summary

The focus of this chapter has been the track fusion component of a DTT system.
The CLUE was introduced as a framework for robust estimation under a partially
known correlation structure. An optimal CLUE denoted best CLUE was proposed.
Lower and upper bounds of the best CLUE have been derived. It was shown
that a general CLUE can be implemented using RO which means that standard
optimization software can be used in general linear estimation problems where

12The estimation results are only visualized for Agent 3, but the results for the other two
agents are similar.
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Figure 4.11. Results from the case with full connectivity. The gray area in the
ANEES plot represents an ANEES 99.9% confidence interval.

there is uncertainty in the correlation structure. Moreover, it was demonstrated
how many existing estimation methods fit into the CLUE framework. In particular,
CI, ICI, and LE were shown to be special cases of a best CLUE.

The theory and methods were evaluated using several simple fusion examples
and finally in a more realistic DTT context. In the DTT scenario it was demon-
strated how different methods can be evaluated when designing the track fusion
component in a DTT system. It should be stressed that a method is not automat-
ically useless just because COIN is above 1. For instance, it might be relevant to
use LE since it provides sufficiently reliable estimate w.r.t. the given DTT system
criteria. Ultimately, it is up to the system engineers to compromise between dif-
ferent aspects, e.g., performance and conservativeness, to come up with a system
design that is acceptable for the end user.



Dimension-Reduction for Efficient
Communication Management

In Section 3.3, it was assumed that only the diagonal entries of a local covariance
R; are allowed to be communicated. This led to several DCA methods for pre-
serving conservativeness. In this chapter, another strategy is proposed for efficient
communication management. The approach is denoted dimension-reduction and
basically transforms local estimates to a lower-dimensional subspace. Then the
dimension-reduced (DR) estimates are communicated. The problem is formalized
in Section 5.1, where also communication aspects are discussed. In Section 5.2,
the DR estimates are derived using principal component analysis (PCA). In Sec-
tion 5.3, several methods are developed for fusion optimal DR estimates. Fusion
optimal DR estimates requires that the agent that is about to exchange the DR
estimates have access to the estimate covariance of the receiving agent. In practice,
this is an unreasonable assumption. A resolution to this problem is proposed in
Section 5.4. In Section 5.5, a methodology for maintaining track-to-track associa-
tion quality is proposed in a multitarget context with DR estimates.

The contents of this chapter are based on [55, 57, 59, 60] and [58] © 2023 IEEE.

5.1 Reducing Dimensionality of Exchanged Tracks

First, the DR problem is defined. Then, track fusion methods for fusing a lo-
cal track with a received DR track are stated based on adapted versions of the
Bar-Shalom Campo (BSC) fuser, the Kalman fuser (KF), covariance intersection
(CI), inverse covariance intersection (ICI), and the largest ellipsoid (LE) method.
Communication aspects are discussed at the end.

7
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5.1.1 Dimension-Reduced Estimates

Assume (y1,R1) and (y2, R2) are according to
y1=x+v1, Ry = cov(vy), y2 = Hox + v2, Ry = cov(vg), (5.1)

with Ry € S17, Ro € Sr_ﬁ_, and Rjo = cov(vi,v2). Assume w.l.o.g. that Agent 2
transmits its local estimate to Agent 1. If Agent 2 transmits (y2, R2) to Agent 1,
then, as discussed in Section 3.3.1, na(n2 + 3)/2 parameters must be exchanged.
To reduce the communication load, Agent 2 can instead exchange (yy, Ry) defined

as
yy = Wy, Ry =WRyW', (5.2)

where W € R"™*"2 m < ng, and rank(W) = m. The cross-covariance Ryy =
cov(vy,Wug) = R15WT. The operation in (5.2) is essentially a linear transforma-
tion of (y2, R2) from a mgy-dimensional space to a m-dimensional subspace. This
transformation requires that also W is exchanged. However, by coding (yy, Ry, V)
as described Section 5.1.4, the number of exchanged parameters can be reduced
to (2mng —m? + 3m) /2.

5.1.2 Fusing Dimension-Reduced Estimates

Once (yy,Ry,¥) is received, (y1,R2) and (yy,Ry) can be fused by basically
any fusion method applicable for estimates given according to (5.1). The general
adaptions that need to be made are to replace y2 by yy, R2 by Ry, and Hs by
W Hs. How Agent 1 computes (£, P) by fusing (y1,R1) and (yy, Ry) is described
for BSC, KF, CI, ICI, and LE. It is assumed that Ho € R"2*"= and W € R"*"2
are known. Moreover, it is assumed that rank(Hs2) = min(ng,ny), rank(¥) = m,
and Ry, Rz > 0. In all cases below, except LE, % is given as

= Kyy1 + Kyyy = (I — Kg W Ha)y1 + Kyyw, (5.3)

where K1 = I — KyWHy is a consequence of [K1 Ky | [‘Pffz] = I. This means that
(2, P) is fully specified by (Ky,P).

Bar-Shalom Campo Fusion

An explicit derivation of the DR version of BSC is provided in Section 3.A. The
estimate (&, P) is specified by

Ky = (R1Hj — R12) VTS, ", P =Ry — KySyKJ,, (5.4)

where Sy = WHy Ry HIWT + Ry — WHyRyy — R, HIWT. If R = { & f}gﬂ -0,

then Sy = 0. If R= {5211 1};}22] > 0, then Sy > 0 might be singular. In this case,
the pseudoinverse S$ can be used instead of S\Ijl to compute Ky in (5.4). Note,

to apply (5.4), Ryy must be known.
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Kalman Fusion

The DR version of the KF is recovered by setting Ria =0 in (5.4). In this case
the estimate is specified by

Ky =R HJWTS,', P =Ry — KySyKJ,, (5.5)
where Sy = WHo R HIWT + Ry.

Covariance Intersection

Consider CI defined in Algorithm 3.5 with N =2 and H; = I. Assume y2, Ra, and
Hjy are replaced by yy, Ry, and W Hy, respectively. It is then possible to define

Ky=(1-w)PHJYTR,', P=(wR '+ (1-w)HyVTR,'WHy)"!, (5.6)
where w € (0,1].

Inverse Covariance Intersection

Consider ICI defined in Algorithm 4.14. Assume y2, Ra, and H» are replaced by
yy, Ry, and WHs, respectively. It is then possible to define

Ky =H) VT R,'WH, — (1 —w)Hy WTWH,T, ' Hy W', (5.7a)
P=Ry'+HJ VTR, WH,
~wHy W 'WHy — (1-w)Hy WTWH L, P HI W, (5.7b)

where I} = wWHo Ry HIWT + (1 —w)Ry, Ty = wRy + (1 —w)HJWTRyW Hy, and
w € (0,1].

The Largest Ellipsoid Method

The LE method can also be specified by (Ky, P). However, in this case it is more
convenient to directly adapt Algorithm 4.17. If yo, Ro, and Hy are replaced by yy,
Ry, and W Hay, respectively, then Algorithm 4.17 computes (£, P) according to

&=PT Y, P=(T"'zr- "), (5.8)

where T = TQTl,

1 =Ry, I =Ry,

vy = Hy YT Ry yy, Ty =H] V' R,'WH,,

T = Uy 51 U7, T =3 207,
Ty T = UpXgUd, Ty = U,

) =Tu, I =TLT =1,

Wy = Ty, Ty =TTyTT,
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and
(Zi]i),  if 1> [T,

1]1"
i [Tyli), i 1< [Tylu,

([4
([

([e)i; [Z]ai) = { (5.10)

foreachi=1,...,n,.

5.1.3 Change of Basis

To be able to utilize the communication resource as efficient as possible it is im-
portant that Ry is diagonal. Otherwise, the efficient message coding described in
the subsequent section is not valid. Luckily, since Ry € S™*, for any feasible W,
it is always possible to transform Ry by a simple rotation such that the result
is diagonal. In particular, let UXUT be the eigendecomposition of Ry, where X
is diagonal and U is orthogonal. Then U'RyU = UTUXUTU = ¥, where it was
used that for orthogonal matrices UTU = 1I.

Transforming W by T is equivalent to a change of basis. To see that a change
of basis does not affect the fusion result, i.e., (2, P) computed using any of the
methods in Section 5.1.2, let ©® = TW where 77T = I. Consider BSC, KF, CI,
ICI, and LE defined in Section 5.1.2. By construction, Sy = WSWT, where
S = HyRyH) + Ry — HoRy2 — RoyHJ in case of BSC and S = HaR1HY + Ry
in case of KF. The terms involving W are hence all on the form WT(WCWT)~lyy,
YT (wowh) =W, or WTW, where C is either S or Ry. By assumption

W wowh)~lyy =TT (wewh) 17T rwy,

=TT TwewTr—H 17wy,

=0T (OCco")loy,, (5.11)
and similarly WT(WCWT)~ 1w =0T (@COT)~'@. Moreover, ¥TW = WTTTTWT —
©7O. Hence, the fusion result when using the methods defined in Section 5.1.2 is
invariant to a transformation ® = TW, where T is such that 777 = I.

Let rowspan(A) denote the row span of A. A more general result is stated

in Proposition 5.1 from which (5.11) and \I/TRE,l\I/ = OT(OR,07T)71O follow

immediately. This result is applicable for BSC, KF, CI, and LE, and will, in
particular, be used in Section 5.3 when deriving fusion optimal V.

Proposition 5.1. Let S €S}, and A,B € R™*", where m <n. If rowspan(A) =
rowspan(B), then

AT(ASAT"1A=B"(BSB") !B. (5.12)

Proof: Since rowspan(A) = rowspan(B) there exists an invertible matrix 7" such
that B =TA. Hence

AT(ASANY 1A= ATTT T~ T(ASAT) T 1 TA = ATTY(TASATTT) 1T A
=B"(BSB")"'B.
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5.1.4 Message Coding

Let yw € R™ and assume that Ry € S, is diagonal. Suppose now that Agent 2 is
transmitting (yy, Ry) to Agent 1 who fuses (yy, Ry ) with its local estimate. To be
able to use (yg, Ry) Agent 1 also requires W, but to simply transmit (yg, Ry, V)
is costly. Instead, it is more efficient to transmit (yg,®), where

®1 r1Y1
D = = = RyVY, (5.13)
Om T'm¥m

with r; = [Ryli, and where ¢; and 1); represent the ith row of ® and W, respec-
tively. When Agent 1 receives (yy,®), Ry and W are computed as

Ry =diag([lgall,---, ll¢ml), W = Ry'®. (5.14)

The number of exchanged parameters can be further reduced by exploiting
the fact that 1/)1'7,/)}— = 05, and hence (i)m—jr =0if i #j. For ® € R™*"2 the agent
needs to transmit m components of ¢, but only m —i+ 1 components of ¢;. The
components not transmitted are given by utilizing qbi(b—jr = 0 for i # j sequentially.
For example, assume m = 3 and let ¢; ; = [¢;];. Assume that Agent 1 does not
have access to @21, ¢31 and ¢32. The missing components are given by first
solving for ¢2 1 in d)lgzg =0, which is equivalent to solving Aa¢o 1 = b2, where

na
A =11, by = — Z¢1,j¢2,j-
=

3.2

P11 912 D = ¢1,j¢371}
As = {@,1 ¢2,2] ’ b3 = [Zi’?g ¢2,j03,5]

This sequential approach generalizes to arbitrary ¢. Let superscripts M; and Kj,
e.g., a™i and a’€i, denote a vector that contains the components of a vector, e.g., a,
corresponding to the missing and available components of %‘, respectively. In par-
ticular, the union and intersection of the components of ¢; * and d)z]-\/[i correspond

to ¢; and the empty set, respectively. For arbitrary ¢ € {2,...,n2}, the missing

Then ¢31 and ¢32 are computed by solving Az [(]5371} = b3, where

components ¢1Mi are computed by solving
1 o1 (¢ )T
Ai(0}")T =1b;, Ai=| |, bi = — : : (5.15)
M; K; (1K
¢i—1 ¢¢_1(¢i )T

Let @K denote the parts of @ that are actually transmitted using the proposed
message encoding, i.e.,

S T gm]. (5.16)
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Care must be taken to ensure that det(A;) # 0, since otherwise the system of
equations in (5.15) is not solvable. The condition det(A;) = 0 has to be checked
by the transmitting agent. This means that it is not possible by default to always
skip transmitting the first components of ¢; since this could potentially imply that
det(A4;) = 0. Hence, alongside the transmission of the information contained in
¢i, i.e., qSiKﬂ the agent must also transmit information about which components

are not transmitted, i.e., which elements of ¢; are included in qbfwl This requires
the transmission of a few extra parameters. For example, if m =3, then 1+2=3
extra parameters must be transmitted that indicate which components of ¢; and
¢2 are not transmitted. For general m, a number of

m

B ) ~ m(m—1)
nex—;(z—l)— — (5.17)

extra parameters must be included in the message. However, as described below,
to enumerate the excluded components of the ¢;, where i = 1,...,m, only requires
a few extra bits which is negligible compared to the remaining parameters to be
exchanged.

In summary, the transmitted message is given by (yg,®%,7), where J is an
nex-dimensional vector containing the indices of the missing components of ¢;,
where i =1,...,m.

5.1.5 Communication Reduction

The total number of components required to be transmitted when exchanging
(yy, D) is given by

na(no +1 ng—m)(ne—m-+1 2mng —m? + 3m
Ngr =m+ (2 )—( )(2 ): 5 ) (5.18)

where m is due to yy and the remains are due to ®. The ratio between ng, and
the total number of components ngy = na(na2 + 3)/2 of a full estimate (y2, R2) is

Nr an2m2+3mm<2m+3) (5.19)

negn ma(na+3)  ne no +3

The communication reduction as a function of no when using DR is illustrated in
Figure 5.1 for different values of m. For example, if ng =9, then the communica-
tion savings are approximately 81% for m = 1 and 50% for m = 3. If no = 15, then
the communication savings are approximately 88% for m = 1 and 67% for m = 3.
As a comparison, nge, = 2n9 is included. If m = 2, then ngq, = 2n9+1 = ngea +1°.
To continue the discussion about the nex extra parameters to be exchanged,
assume that the size of each parameter in (y\y,(DK ) is 32 bits. Moreover, assume
that the size of each parameter in J is 4 bits, which is valid for no < 16. Then

IMaTLAB® code for message coding is available at https://github.com/robinforsling/dtt.
2Hence, when comparing the performance of the two communication reduction techniques, it
is reasonable to compare DCA with DR in the case of m = 2.
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Figure 5.1. Illustration of the communication reduction as a function of ng when
using DR for different values of m. DCA is used as a comparison.

(yw,®X) and J consist of 32ng, bits and 4ney bits, respectively. In Table 5.1, the
ratio
Anex m—1
_ , 5.20
32ng,  8(2ne —m+3) (5-20)

is illustrated for a number of values of m and ny. The amount of extra bits required
to transmit J is marginal in this configuration. The conclusion is that the bit size
of (yy,®X) and the bit size of (yy, DX, J) are approximately equal.

Table 5.1
PERCENTAGE OF EXTRA BITS REQUIRED FOR J

m  ng SnT?;(r m  ng 87:;; m  ng 87;6;

2 4 1.39% 3 9 1.39% 3 12 1.04%
2 6 0.96% 5 9 3.12% 6 12 2.98%
3 [§ 2.08% 7 9 5.36% 9 15 4.17%

5.2 Dimension-Reduction Using Principal
Component Analysis

The methods described in Section 5.1.2 are valid for any W € R™*"2 with m < no.
However, it is not specified how W is computed. Popular methods for DR in
general are PCA [137] and the closely related Karhunen-Loéve transform [12, 175]
which both utilize the eigendecomposition. It should be pointed out that there are
many other closely related approaches for DR, and these concepts are sometimes
used interchangeably, e.g., low-rank strategies [43, 82, 85, 154]. In this section,
PCA is deployed for DR. The fusion methods in Section 5.1.2 are evaluated in a
DTT scenario where DR estimates are exchanged and W derived using PCA.
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—— Algorithm 5.2: The Principal Component Optimization Method ———
Input: Ry € Siz_'_ and m < ngy

1. Let Ry =12, )\iuiuz, where A\{ > -+ > A\p, and uz—uj = ;5.
2. Define W = col(u%Qferl7 ... ,uZQ).
Output: ¥V

5.2.1 The Principal Component Optimization Method

Assume W € R™*"2 where rank(¥) = m and m < ng is arbitrary but fixed.
An intuitive approach to select W is by minimizing some loss function J(Ry) =
J(WRyWT). Let J(Ry) = tr(Ry) which means that the MSE of Ry is to be min-
imized. To avoid that W becomes infinitesimal small, some additional constraints
on W are required. Consider the quantity \I/TR\?\I/. In Proposition 5.1, it is
shown that this quantity is invariant under an invertible transformation T" of W.
Since W is full row rank there exists an invertible matrix 7" such that @ = TV,
rowspan (W) = rowspan(®), and ©@T = I [67]. Therefore, assume w.l.o.g. that
WWT = J and hence that W is computed as the solution to

minimize tr(WRyW')
¥ (5.21)
subjectto WWT =1,

The problem in (5.21) is a PCA problem [79] and the solution is given by the eigen-
vectors corresponding to the m largest eigenvalues of Ry ! [13]. These eigenvectors
are principal components of R; L
The principal component optimization (PCO) method is defined in Algorithm 5.2

and is based on the optimization formulation in (5.21). With W computed as in
Algorithm 5.2, WWT =T and Ry = WRyWT = diag(Any—m+1,---,Any), Where
Ai = Ai(R2). Hence, no additional change of basis is required to use the message
coding described in Section 5.1.4. An example of PCO is provided in Example 5.3.

—— Example 5.3: The Principal Component Optimization Method ———
Let n, =ng =2 and Hy = I. Assume that Ry = diag(o?,1), Ry = diag(1,02), and
Ri2 = 0. Under the assumption o > 1, Algorithm 5.2 yields W = [1 O]. Since
R12 =0, KF can be used. Let P and P,y be given by

—1 _
P= (R +WT(WRWT) W) Pon = (R +R5")

which correspond to the DR case and the case where the full estimate is exchanged,
respectively. By construction

202 +1 20 tr(P) 1
=21 tr(Pran) =

tr(P —_ 14+ —.
r(P) o2 +1’ tr(Pran) + 202

The ratio tr(P)/tr(Pr,y) is plotted for different values of o in Figure 5.2. As o
increases tr(P)/tr(Pey) — 1. Hence, there is essentially no performance loss in
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Figure 5.2. Results of Example 5.3. As o increases, tr(P)/tr(Ppy;) tends to 1.

this case when exchanging a DR estimate with W derived using the PCO method

compared to exchanging the full estimate.
|

5.2.2 Numerical Evaluation

The PCO method is now demonstrated using a DTT scenario identical to that
used in Section 4.5.2 with the reduced network connectivity.

Simulation Specifications

The decentralized single-target tracking scenario is depicted in Figure 5.3. Assume
exactly the same process and measurement models as in Section 4.5.2. The target
is sampled in an identical way. Relevant simulation parameters are summarized
in Table 5.2. The communication scheme of Rule 3.6 is assumed, and the commu-
nication topology is according to Figure 5.3. The PCO method in Algorithm 5.2
is used to derive the DR estimates.

The following methods are compared:

o NKF: The naive Kalman fuser as defined in (5.5) with Ho = I.

®

..

“®

Figure 5.3. Decentralized single-target tracking scenario. The target is initially
located at the black circle. Three agents (colored numbered circles) estimate the
target and exchange local estimates. Gray lines represent target trajectories in
different MC runs.
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Table 5.2
PARAMETERS USED IN THE SIMULATIONS

Parameter Comment
m =2 dimensionality of the DR estimate yy
d=2 spatial dimensionality
ng =4 state dimensionality
Ts = sampling time [s]
3
ow =2 standard deviation of process noise [ms™ 2]
Cy = 180 205 measurement noise covariance of Agent 1 [m?2]
Cy = %% g% measurement noise covariance of Agent 2 [m?2]
Cy = [_4:‘,)12 _83{2} measurement noise covariance of Agent 3 [m?2]
ng =15 number of time steps
M =10000 number of MC runs

o CI: Covariance intersection as defined in (5.6) with Hy = I.
o ICI: Inverse covariance intersection as defined in (5.7) with Hy = 1.

o LE: The largest ellipsoid method as defined in (5.8) with Hy =1I.

Evaluation Measures

COIN, ANEES, RMT, and RMSE defined in Section 3.2 are used for evaluation.
These metrics are computed in the same way as in Section 4.5.2. In addition,
the applicability of the PCO method is evaluated by computing the RMT ratio
(RMTR) and the RMSE ratio (RMSER) defined as:

RMT using dimension-reduced estimates

RMTR = (5.22a)

7

RMT using full estimates
RMSE using dimension-reduced estimates
RMSE using full estimates

RMSER = (5.22b)

By construction, RMTR is larger than or equal to 1.

Results

Figure 5.4 illustrates the results for Agent 3 only®. COIN, ANEES, RMT, RMSE,
RMTR, and RMSER are computed at time instants where track fusion is per-
formed.

CI is the only method that is conservative w.r.t. both COIN and ANEES. Both
ICI and LE are however conservative w.r.t. ANEES. NKF is never conservative.
From the RMTR plot, it is seen that NKF exhibits the largest performance loss
w.r.t. RMT when exchanging DR estimates compared to full estimates. Mean-
while, in terms of RMSE, CI shows the largest performance loss when exchanging
DR estimates compared to full estimates. The spread in RMT is smaller than the
spread in RMSE. CI yields the largest RMSE and RMT.

3The estimation results for the other two agents are similar.
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Figure 5.4. Results from the PCO method evaluation. The gray area in the ANEES
plot represents an ANEES 99.9% confidence interval.

5.3 Dimension-Reduction for Optimal Track Fusion

The PCO method of the previous section provides no guarantees of optimality
w.r.t. fusion performance. In fact, there are situations where PCO produces the
worst possible DR estimate w.r.t. the MSE of the fused result. In this section, a
framework is proposed for deriving fusion optimal DR estimates.

5.3.1 Motivating Example

The PCO method derives W from the eigenvectors corresponding to the smallest
eigenvalues A(R2). To illustrate that this approach is in general optimal from a
track fusion perspective, consider

32 12
B = {1.2 1.8]’

where « € [0,180]°, Hy = I, and Rj2 = 0. For a certain W, KF in (5.5) provides
optimal fusion of (y1,R2) and (yy, Ry). Let P(a) = (Rf1 +WT(WRyWT) 1)~ L
with W(«) defined in (5.23). Figure 5.5 illustrates tr(P) for « € [0,180]°. Trace
of Ry and Pry = (Rl_1 +R5 1)*1 are also included. The value o* refers to the
minimizer of tr(P), and o = 90° corresponds to W computed by PCO. The ratio
between the maximum max(tr(P)) and minimum value min(tr(P)) of tr(P) is
approximately 1.73.

Ry = B (1)] , V¥ = [cosa sina], (5.23)
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o

Figure 5.5. Example of when the PCO method does not yield optimal fusion perfor-
mance. The value oo = 90° corresponds to W computed by the PCO method. The
optimal o w.r.t. tr(P) is given by a*.

5.3.2 The Generalized Eigenvalue Optimization Method

The previous example illustrates that the PCO method in general does not com-
pute the optimal W w.r.t. the track fusion performance in Agent 1. In this section,
the objective is to derive W such that optimal track fusion performance is obtained.
The fusion optimal W depends on which method is used for fusion. The derived
methodology is based upon the BSC fuser defined in (5.4). From this, methods
tailored to KF, CI, and LE are derived for computing W.

Remark 5.4. No method tailored to ICI is derived due to the complicated expressions of
ICI defined in (5.7).

R

Consider P given in (5.4), i.e.,
P=R; - KgWSV'K], (5.24)
where
Ky = (RiHY —Rip)WT(WSWT)™! S=HyR H) +Ry— HyRy5— RI,Hj .
In this context an optimal W € R™*"™2 denoted W*, solves the problem

(P
minimize  tr(P), (5.25)

where P is according to (5.24). The formulation in (5.25) means that W* is MSE
optimal. Similar formulations are considered in, e.g., [187, 190]. The solution to
(5.25) is now derived.

Assume S >~ 0. The degenerate case where S > 0 might be singular is discussed
later on. Let A = Rng — Ry2 such that P in (5.24) is given by

P=R; — AV (WSWT)~1wAT, (5.26)
Since R; is constant, minimization of tr(P) is equivalent to

maximize tr (A\yT(\yS\yT)—l\MT) . (5.27)
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Using the cyclic property of trace, this problem is equivalently expressed as
maximize tr ((\yS\yT)*l\pQ\yT) : (5.28)

where Q = ATA. Since S € S'}?, and rank(W) = m, it follows that WSWT € ST, .
This implies that there exists an invertible matrix 7' such that TWSWTTT = J.
Hence, w.l.o.g. it can be assumed that WSWT = I. Moreover, S € Siﬂ implies
that S = LL", where L is invertible. Define ® = WL. Then the following problem
is equivalent to (5.28)
maximize tr(®ADT)
@ (5.29)
subjectto  DDT =1,

where A =L 1QL™ T ¢ ST'. The solution to (5.29) is given by the eigenvectors
corresponding to the largest eigenvalues of A [13]. By transforming back using
® = WL, the solution to the original problem in (5.28) is obtained. The solution
includes a GEVP and is summarized in the following theorem.

Theorem 5.5. Assume Q € S}? and S € §'? . Let W € R™*"2, where m < ny and
rank(W) = m. The solution to

maximize tr ((\IJS\IIT)*\IJTQ\IIT) : (5.30)

is given by W* = col(u—{, . ,UL), where u; is a generalized eigenvector associated
with Ai(Q,S), and A\p > -+ > Ay,

Change of Basis

Consider ® = col(uI, .,ul), where uy, ..., uy, are derived as in Theorem 5.5. The

rows of @ € R™*"2 gpan an m-dimensional subspace V = rowspan(W¥*) C R"2. In
this sense W* is a transformation

O:R"™ ). (5.31)

For any two solutions u; and u; to Qu = ASu, it is true that u] Su; = 0 while
in general uiTuj # 0, for ¢ # j [136]. Hence, ®@ is not an orthogonal basis for
V. Proposition 5.1 ensures that if T is invertible, then (W*)T(W*Ry(W*)T)~ 1w
does not change if W* is substituted for TW*. Moreover, since rowspan(W*) =
rowspan(TW*) [67], this can be exploited to derive W* such that W*Ry(W*)T is
diagonal?.

A Gram-Schmidt procedure can be expressed as QT = ®TT, where Q has or-
thonormal rows and T is invertible [67]. Thereby, Proposition 5.1 applies. Let
QRyQ = UXUT be an eigendecomposition, where ¥ € S, is diagonal. By
construction UTQRyQTU is diagonal. Hence, with W* = UTQ, the covariance

4Ensuring that \I’*RQ(\I’*)T is diagonal is important from a communication perspective as
described in Section 5.1.4.
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RCP RQ R\y
GI am-Schmidt ( axis-aligned ( )
R
TRy QTr;'Q ()T R W

Figure 5.6. Change of basis. The information \I’T(‘I’RQ\I’T)_I\I’ is invariant to
change of basis. The quantities (DTR(_DlCDT, QTRE)IQT, and (‘I’*)TRE,I\IJ* are pro-
jected onto V using W*.

—— Algorithm 5.7: The Generalized Eigenvalue Optimization Method ————
Input: R; € S++, Ry € S++, Rip €R™X"2 [y c R™2*™ and m
1. Let Q = (R H3 — R19)"(R{H) — Ry3) and S = HoRy H) + Ry — HyRyo — Ry HJ .
2. Compute Aq,..., Any and ug,...,uny by solving Qu = ASu.
3. Define ® = col(ul—,...,u;l—n), and compute Q = COI('UI,...,U;I;L) such that v;-rvj =
d;; and rowspan(Q) = rowspan(®).
4. Compute QR5Q"T =UTUT and let W* =UTQ.

Output: W~
L |

Ry = W*Ry(W*)T is diagonal. If W* = UTQ), then since UT is orthogonal and Q
has orthonormal rows

T =0uTQQ'U=UTIU =1,

e., W* has orthonormal rows. The change of basis procedure is illustrated in
Figure 5.6, where Ry = W*Ro(W*)T, Ry = DRy®T, and Rg = QR,QT.

Proposed Framework

The proposed generalized eigenvalue optimization (GEVO) methodology for de-
riving W* is given in Algorithm 5.7. It is a direct application of Theorem 5.5
followed by the previously discussed change of basis procedure. Step 4 ensures
that W* Ry (W*)T is diagonal. Examples 5.8 illustrates the GEVO method.

Remark 5.6. The derivation of the GEVO method demonstrate that, by transforming
the original problem, an EVP can equivalently be solved for derivation of ¥*. However,
the GEVP formulation is kept for numerical considerations [136]. The proposed GEVP
can, e.g., be solved by the stable QZ algorithm [122].

R
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—— Example 5.8: The Generalized Eigenvalue Optimization Method ———
Assume that ny, = no =2, Ho =1, m =1, and Ris = 0. Let R; and Ry
be defined according to their ellipses in Figure 5.7. Solving Qu = ASwu, where
Q= R% and S = R; + Ra, yields two solutions Apin, and Apax with associated
generalized eigenvectors umyin, and umax, respectively. The quantity of interest is
V = rowspan(u]..).

Ry
Ry e
—> Umax ”

=» Umin ’

Q // V

Figure 5.7. Example of the GEVO method. Since m =1, ¥* = uInaX. The vector
umax spans the one-dimensional subspace V. Principal components of Ry and Ro
are illustrated by dashed lines.

Singular Case

If S > 0 is singular, then WSWT might be singular. If so, the inverse in (5.26) is
replaced by a pseudoinverse such that

P=R; — AV (WSWHTWAT (5.32)

where A = RlH;r — Ry2. Assume that 1 < m < rank(S)=r. Let S = VDVT,
where D = diag(D1,0), D1 €S",,, and 0 is an (nz —7) x (n2 —r) matrix of zeros,
such that

ST =vD*VT =Vdiag(D;!,0)VT. (5.33)
The case m > r does not make sense since this does not improve P in (5.32) for the
same reason that m > na does not make sense if S € STJF This is stated formally
in Proposition 5.95. Let ®T = DEVTWT. If m < r and rank(¥) = m, then it
is still possible to impose the constraint WSWT = I such that ®®T = I. Hence,
Algorithm 5.7 is valid even if S is singular given that m <r and rank(¥) =m.
Proposition 5.9. Assumerank(S) = rank(W;) =r, where S € S}? and W € R"*"2.
Let \Pls\yf €S . If ¥ =col(W,¥), where Vo € R"*""2, then

wTwswhw =yl (w sy, (5.34)

Proof: Let W, = col(¥,,¥,), where ¥, and W, lie in column space and in the null
space of S, respectively. Hence, ¥, = AY; and ¥,S = 0. Assume w.lo.g. that

5This fact is also discussed in [187]. However, in that paper the corresponding proof is omitted.
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Y SW =I. In this case

I AT 0
wSwT=|A AAT o|=BB",
0 0 0
where B = [I AT O]T. By construction, B is full column rank which implies

that BT = (B"B)™'BT, where B"B = I+ AT A. Moreover, (BB")T = (BT)*B*
[71]. Hence

v (wswhH*tw =wT(BB")*w =wTB(B"B)"(B"B)"'BTW

I Wi
=[] wAT Wl |A|(I+ATA)2[1 AT 0] |AY
0 Wy

=W+ ATA) (I 4+ ATA) 21+ AT AW
=y =y (w syt

O

Remark 5.10. If m <r, then it might still be that \IJQ\IJT = 0 for all feasible W since @)
might be singular. In this degenerated case, fusion of (y;,R;) with (yy,Ry) yields no
improvement compared to using (y1,R1) alone.

Choosing the Parameter m

The parameter m is essentially a design choice and might be the consequence of a
communication constraint. As stated previously, there is no benefit of using m >
rank(S) = r, where r < ng. In some cases, it is desirable to choose m adaptively.
By construction

tr (A\IJT(WS\{/T)—l\yAT) —tr ((\yS\yT)—l\yQ\yT) - ix (5.35)
=1

where W = W* = col(u-{, coul ), (N, ug) s given by Qu = ASu, and Ay > -+ > Ap,.
Consider now W = W* as a function of m. By defining ¢y = tr(R;1) and

U = tr(P) = tr(Ry) — tr ((\psz)—l\yQ\pT) - iAz—, (5.36)
=1

for m € {1,2,...,r}, it is possible to relate m directly to the fusion gain with £,.
For instance, m can be chosen adaptively to be the smallest integer m such that

o=ty ST N T, (5.37)

for some threshold 7 € [0,1].
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—— Algorithm 5.11: GEVO-KF

Input: Ry €S"% , Ry € 812_,’_, Rip € R™*"2  Hy c R™2*™ and m
1. Let Q= HoRYHY and S = HyRyHy + Ry.
2. Compute Aq,...,Any and uq,...,un, by solving Qu = ASu.
3. Define ® = col(ul—,...,u;rn), and compute Q) = col(v-lr,...,v;rn) such that v;rvj =
;5 and rowspan(Q) = rowspan(®P).
4. Compute QRQQT =UXU" and let ¥* =UTQ.
Output: W*

5.3.3 GEVO for Kalman Fusion

The GEVO method for KF is automatically retrieved by setting Riz = R}, =0 in
Algorithm 5.7, such that

Q= HyR3H] S = HyR HJ + R,.

For convenience and to be consistent with the other methods, the KF case is
provided in Algorithm 5.11. KF assumes zero cross-correlations and is therefore
applicable when some kind of decorrelation procedure is utilized. One example is
the GIMF [169].

5.3.4 GEVO for Covariance Intersection

For fusion using CI, the GEVO method does not apply directly. The reason is the
dependency on w. In [57], an iterative algorithm based on alternating minimization
(AM, [20]) is proposed. First, it is noted that CI only differs from KF through the
w parameter. The basic idea is to alternate between keeping w and @ fixed. A
generalization for m > 1 of the original algorithm proposed in [57] is provided in
Algorithm 5.12. The loss function value Ji is defined in (5.38).

The parameter € in Algorithm 5.12 is a design parameter chosen as a compro-
mise between computational speed and exactness of the solution given by the final
iterate. Here, wg =1/2 is used.

Convergence Analysis

The AM method in Algorithm 5.12 alternates between solving two different kinds
of optimization problems. Each separate problem is well-posed, and a global mini-
mum is obtained. The solution to the problem in step 1 is given by the generalized
eigenvalues associated with the largest generalized eigenvalues of a GEVP. Step 2
involves solving a convex optimization problem [135] for which any local minimum
is also a global minimum [29]. This does, however, not imply that the final itera-
tion of Algorithm 5.12 is a global minimizer. Below, it is shown that the iterations
of Algorithm 5.12 converge to a stationary point.
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—— Algorithm 5.12: GEVO-CI
Input: wg, Ry € Siﬂ_, Ry € SZ_Q_,’_, Hy e R™*™ m k=0, and €
1. Let kK <+ k+ 1. Compute Aq,...,Any, and ug,...,up by solving Qu = ASu,
where Q = HyRIHY /w? | and S = HoRyHS Jwj_1 + Ra/(1 — wp_1). Let
O = col(u-{7 e ,u;l,-@), where u; is a generalized eigenvector associated with A;.

2. Let Rp = CDkRQCDg. Compute wy, by solving
minimize tr (le + (1 —w)Hy @ Ry, quHQ) .
w

3. Let Jj be according to (5.39). If (Jp_1 — J)/Jp > €, then go back to step 1.
Otherwise continue to step 4.

4. Define ® = col(uI,...,uIn), and compute Q = col(v-lr,...,v;rn) such that v;-rvj =
d;; and rowspan(Q) = rowspan(®).

5. Compute QRsQT =USUT and let W =U'Q.
Output: WV

Let J(w,®) = tr(P) with P according to (5.6), i.e.,
-1
J(w,®) = tr ((lel +(1- w)HQTqJ(cDRQcDT)—chHg) ) . (5.38)

Define

Jp_1=J(wp—1,Pp), Je = J (Wi, Pp). (5.39)

1
2
Consider a sequence of ny, iterations and hence 2nj, subiterations. Each iteration
and subiteration have the same feasible set. Since in each subiteration a minimum
is obtained it is concluded that

JrzJiz2Jdy 12N,

which is a nonincreasing sequence {J;}. Denote by {(w, )i} the sequence of
points generating {J}. Since P € S’frﬁ, there exists a lower bound Jjy > 0 such
that J(w,®) > Jiow, V(w, D). Hence, the monotonic convergence theorem [25] is
applicable, which states that

lim Jg = J(w,®), (5.40)
k—o0
where (@0,®) is the limit point. In the limit J_1—J 1 —0and Jg — Jpp — 0.
2 2
Since J(w,®) is differentiable w.r.t. w and @ on its domain, this implies that
0 0
—J(w,D =0 —J(w,® =0 5.41
Ow (wa ) o s oD (wv ) b ) ( )

and hence ((IJ,CI)) is a stationary point. The convergence results are summarized in
Theorem 5.13. It should be emphasized that from Theorem 5.13 alone, it cannot

be concluded if (w,®) is a local minimizer, global minimizer or a saddle point.
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Figure 5.8. Results of the numerical convergence rate analysis, where ng € {6,9}
and € € {0.1%,0.01%}. The plots show the relative frequency of the number of
iterations until the criterion (Jp_1 — Ji)/J < € in Algorithm 5.12 is met.

Theorem 5.13. Let {(w, )i} be a sequence of points generated by Algorithm 5.12
and let J(w,®) be given by (5.38). Then {(w,®)}} converges to a stationary point
(@,D) of J(w,D).

The convergence rate is evaluated numerically. In each simulation, Ry, Ry €
S%7, are iid. according to Ri, Rz ~ W(I,ng), where W(I,n;) is the Wishart
distribution of n, degrees of freedoms [180]. If in a certain sample Rz = Ry, then
Ry is resampled until Ry % Ry. This resampling is done because R = R; would
trivially yield w =1 in Algorithm 5.12 for all feasible W.

The evaluation is performed with n, € {6,9} and € € {0.1%,0.01%}. In each
case, and for each m, 1000000 MC simulations are conducted. The evaluation
measure is the number of iterations until (Jy_1—Jg)/Ji < €. The results are shown
in Figure 5.8. The statistics are summarized in Table 5.3, where typ, mean, and std
refer to the typical value, the mean, and the standard deviation, respectively. The
GEVO-CT algorithm converges very fast in general, e.g., for n, =9 and ¢ = 0.01%
with m = 3 the mean number of iterations is approximately 4.056 +0.634 and the
typical value is 4. An interesting feature is that the convergence rate is improved
by increasing m. The number of iterations increases as ny increases and as €
decreases.

Table 5.3
CONVERGENCE RATE ANALYSIS

ng =6, e=0.1%

ng =6, e=0.01%

ng=9,€e=0.1%

ng =9, e=0.01%

m typ mean std typ mean std typ mean std typ mean std

1 3 3.995 1.311 4 4.795  2.099 4 4.156  1.241 4 5.108  2.059
2 3 3.421 0.645 4 4.035 0.961 4 3.744 0.663 4 4.487 0.914
3 3 2.836  0.549 3 3.298 0.691 3 3.376  0.513 4 4.056  0.634
4 2 2.260  0.449 3 2.687 0.554 3 3.062  0.313 4 3.582  0.568
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—— Algorithm 5.14: GEVO-LE

Input: R; € S:L_ﬂ_, Ry € ST_'_, Hy € R™*™ and m

1. Transform into the information domain
7, =Ry}, T, = Hy Ry 'Hy.
2. Factorize T; = U;$,U{ and let T} = EI%UIT. Factorize T1TpT] = UySpUq and
let Ty = U;. Transform using T'= TT; according to
I =T, 1T" =1, Iy =TT,T".
3. Let D be diagonal. For each i =1,...,n;s compute
[D]3; = min (1,[Z5]y;) -
4. Let Ty = T-'DT~T and Rio = RlIfyH;—RQ. Compute W using Algorithm 5.7

with inputs R1, Ra, Ri2, Ho, and m.
Output: W

5.3.5 GEVO for the Largest Ellipsoid Method

To be able to use the GEVO framework with the LE method, some adaptations
are required. As discussed in Section 4.4.3, the LE method makes an implicit
assumption about Rjo if Hy = I. Based on this and the results in (4.24), Rjo is
now derived for arbitrary Ha. Let §; = v; —E(w:), 95 = v —E(y{), and 4 = 4 —E(¥)
as before. Assume the common information decomposition in (4.23), i.e.,

Ri'=TI{+1I, Ry 'y =Tiys + 1,4,
Ry' =I5+ HyZ,HJ, Ry Yy = T5ys + HoZ 4.

The key step is to compute the common information Z, assumed implicitly in the
LE method in Algoirthm 4.17. This corresponds to step 1 to 3 in Algorithm 5.14.
Then (4.24) gives Ri2 according to

Ri2 = Ri1Z,Hj Ry.

When Rj2 has been obtained, Algorithm 5.7 is applicable. The GEVO method
for LE is provided in Algorithm 5.14. If rank(H2) = ny, then both Z; and Zy in
Algorithm 5.14 are full rank. Hence, also Z, is full rank, i.e., I;l =T.

In Section 4.4.3, it was noted that if Ho = I, then LE corresponds to a par-
ticular Rjs. As a consequence, W computed by Algorithm 5.7 is guaranteed to
be optimal. That is, W computed by Algorithm 5.14 is optimal w.r.t. tr(P), if
Hy =1 and P is computed using (5.8). The LE method is a best CLUE when the
following conditions hold: (i) Hy = I; and (ii) R is according to the componen-
twise aligned structure described in Section 4.4.3. This means that W computed
by Algorithm 5.14 implies an optimal conservatively fused estimate if (i) and (ii)
hold simultaneously.
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5.3.6 Theoretical Comparison of GEVO and PCO

The GEVO method in Algorithm 5.7 computes W*, which is optimal w.r.t. tr(P).
In certain cases, W* is equal to W,¢, computed by the PCO method in Algo-
rithm 5.2, but in general, Wy, = W*. This has actually already been demonstrated,
cf. the motivating example of Section 5.3.1. Example 5.15 illustrates a case when
Woco = W* and a case when W, is as far as possible from W*.

—— Example 5.15: Relationship Between GEVO and PCO
Assume that ng = ng = 2, Hy = I, and Ria = 0. Let Ry = diag(4,1) and R;
be defined either as: (i) Ry = diag(1,4); or (ii) Ry = diag(4,1). Let Wevo be
computed using Algorithm 5.11 and W,¢, be computed using Algorithm 5.2. Let
Umin and umax be the eigenvectors associated with the minimum and maximum
eigenvalues Apmin(R2) and Amax(R2), respectively. In case (i)

Ypevo = [0 1] = uin, Upeo = [0 1] = ugyin,
such that Wpco = Wgevo. In case (ii)
Wpevo = [1 0] = tf s, Yoo = [0 1] = uyn,

such that Wyevo W, = 0. That is, PCO yields Wpeo = ul;,, but to minimize tr(P)
the u) .. should be used. As demonstrated below, in case (ii), PCO yields the

worst possible choice of ¥ w.r.t. to tr(P).

The observation made in Example 5.15 is a special case of a more general result.
Assume that R12 =0, such that (y1,R1) and (yy,Ry) are fused optimally using
(5.5). Let HyR1HJ € S}? and Ry € S2 be given by

HoR HY =VEVT, ¥ = diag(pi1,. .- fing), (5.42a)
Ry =VIIVT, I1 = diag(1, ..., 7T, ), (5.42b)
where V = [vl vnQ] is an orthogonal matrix, p11 > --- > py, are the eigenval-

ues of HgRlH;, and 71 > --- > 7y, are the eigenvalues of Ro. That is, HgRlH—Qr
and Ry share eigenvectors, and their eigenvalues are ordered correspondingly. In
this case

Q= (HyR HJ)? =V32VT, S=HyRiH) +Re=V(S+INVT.

Since S € "2

1, the GEVP Qu = ASu solved in GEVO can be expressed as

ST Qu=VE+I)"WTVE2V = VAV T4 = ), (5.43)

where A = diag(\1,...,\ny) and N\; = p2/(p1; + ;). The assumed ordering of u;
and m; implies that
1 <...< ¥’
M1 =+ T Hng + Tng
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and hence A1 > --- > A,,. Since Ri2 =0, Algorithm 5.11 is applicable, where the
output W* minimizes tr(P) with P given in (5.5). In this case W* = col(v], ..., v}

m)-
Meanwhile, using Algorithm 5.2 yields Wpeo = col(v! v} ). However,

ng—m—+12°7r"Yng

by inspection of Algorithm 5.11 it can be seen that this W,c, in fact minimizes
tr(WSWT)~'WQWT) and hence maximizes tr(P) among all feasible W € R™*"2,
Under the given assumptions, it is concluded that PCO provides the worst possible

W if the goal is to minimize tr(P)6. These results are summarized in Theorem 5.16.

Theorem 5.16. Assume that Ris = 0, and that HgRlH;r € S and Ry € S,
are given according to (5.42), where py3 > -+ > pn, and m > -+ > mp,. Let
W € R™*"2 and P be given according to (5.5). Then, W, computed by the PCO
method in Algorithm 5.2 solves

maximize tr(P)
v (5.44)
subjectto WWT =T

In practice, it is not likely to have exactly the conditions assumed in Theo-
rem 5.16. One relevant question is what can be expected when the conditions hold
approximately. Consider A and B = A+ A. From matrix perturbation theory it is
known that if the eigenvalues of A are distinct, then for small A such that A ~ B,
the eigenvalues and eigenvectors A and B are approximately equal [164]. This can
be utilized as follows. Assume

HyR H)] =VEVT +A, Ry =VIIVT — A,
where V| ¥, and IT are defined as in (5.42). Then
Q=VEVT+AVIVT + VIVTA+ A2 S=vVE+mvT.
The matrix A of the EVP defined in (5.43) is now given by
A=Ag+VE+ID)WIAVEVT 4+ V(E+T1) 7 IZVTA + A2,

where Ag = V(X +IT)"'22VT. Assume that A is such that A ~ Ag and Ry ~
VIIVT. If, in addition, the eigenvalues of each of Ag and VIIVT are distinct, then
the following apply: (i) PCO with Rs yields approximately the same solution as
PCO with VXVT; and (ii) GEVO with A yields approximately the same solution
as GEVO with Ag. If so, Theorem 5.16 is expected to be approximately true.

In the previous reasoning, it is not stated what a small A quantitatively means.
However, the main point here is in the qualitative sense. That is, if (5.42) holds
approximately, then PCO likely is a bad choice for DR.

5.3.7 Parametrized Fusion Example

The GEVO method is now evaluated in a simple fusion example.

6PCO maximizes the MSE in this case.
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Simulation Specifications

Assume that N =2, ny, =ng =6, and Hy = I. The problem is to fuse (y1,R1) and
(yw, Ry). The scenario is parametrized in p € [0,1] according to

Ri'=1—-p Aty pr !, A~! = diag (64,32,16,8,4,2),
Ry'=(1—p)B ' 4pr !, B~ = diag(5,8,13,21,34,55),
with
16 4 4 -2 0
4 20 8 —8—4—4
I1— |4 83 0 —-4-4

The quantity pI'~! is interpreted as common information. By construction, Ris =
pRiT ™1 Ry. The parameter p is varied in the interval [0,1], and (£, P) is computed
for each p and for each of the considered methods. As p increases, y; and ¥
become more correlated, eventually becoming fully correlated at p = 1.

The following methods are compared:

o KF: The Kalman fuser as defined in (5.5), where W is derived using Algo-
rithm 5.11.

o CI: Covariance intersection as defined in (5.6), where W is derived using
Algorithm 5.12.

o LE: The largest ellipsoid method as defined in (5.8), where W is derived
using Algorithm 5.14.

As pointed out earlier, applying KF in a DSN requires some sort, of decorrelation
mechanism. Otherwise, the independence assumed in KF is violated. In the next
comparison, KF is based on two different assumptions: (i) y2 is decorrelated by the
removal of common information such that R 1 (1—p)B~1. This case is denoted
decorrelated KF (dKF). (ii) y1 and y2 are uncorrelated. This case is denoted
NKF. Table 5.4 provides a summary of how different quantities are computed in
the simulations.

Table 5.4
COMPUTATION OF SIMULATED QUANTITIES

Method Ry* Ria M P

dKF 1-p)B~1 0 Algorithm 5.11  (

CI (1—p) B 14por=1  pRT™1Ry  Algorithm 5.12 (

LE (1—p)B~14pr=1  pRiT"'Ry Algorithm 5.14  (5.8)
NKF  (1—p)B~l4pr=!  pRiT"1Ry Algorithm 5.11 (
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Figure 5.9. Results from the parametrized fusion example. Solid, dashed, and dotted
lines refer to m =1, m = 2, and m = 3, respectively.

Evaluation Measures

COIN and ANEES are used for evaluation. In addition, RMTR-GTB is used,
which is defined as follows. Assume a fixed m and let P be the covariance computed
by a certain method defined above. Let P®5¢ be the covariance computed using
(5.4) with W derived using Algorithm 5.7 where Rj2 is known. Then

RMTR-GTB = (5.45)

Results

The results are visualized in Figure 5.9. Solid, dashed, and dotted lines refer to
m =1, m=2, and m = 3, respectively.

dKF is able to achieve RMTR-GTB slightly below 1. This is possible because
dKF, using the ideal decorrelation step, exploits more structure in the problem
compared to what is possible using the MSE optimal estimator in (5.4). dKF is
conservative w.r.t. both COIN and ANEES. On the other hand, NKF provides
RMTR-GTB <1 but at the cost of not being conservative for p > 0. NKF hence
utilizes more information than is actually available. This effect becomes more
prominent for large m and p.

The performance of CI increases as p increases, but for small p, the performance
is relatively poor. The reason for this is that since CI is conservative for all possible
Rj12, CI implicitly assumes strong correlations, but small p means weak correlations.
COIN is typically larger for large m in the case of CI.
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The LE method provides relatively good performance for all p. LE is conserva-
tive w.r.t. ANEES but not w.r.t. COIN, for which it provides values marginally
larger than 1.

5.3.8 Numerical Evaluation

The GEVO method is evaluated using a DTT scenario identical to the one used
in Section 5.2.2 to evaluate the PCO method. GEVO is also compared to PCO.

Simulation Specifications

The scenario is depicted in Figure 5.3 and the simulation parameters are sum-
marized in Table 5.2. The communication scheme of Rule 3.6 is assumed. It is
assumed Hy =1 and m = 2.

The following methods are compared:

o NKF: The naive Kalman fuser as defined in (5.5), where W is derived using
Algorithm 5.11.

o CI: Covariance intersection as defined in (5.6), where W is derived using
Algorithm 5.12.

o LE: The largest ellipsoid method as defined in (5.8), where W is derived
using Algorithm 5.14.

Evaluation Measures

COIN, ANEES, RMT, and RMSE defined in Section 3.2 are used for evaluation. In
addition, RMTR and RMSER defined in Section 5.2.2 are used. By construction,
RMTR is larger than or equal to 1.

Results

Figure 5.10 illustrates the results for Agent 3 only”. COIN, ANEES, RMT, RMSE,
RMTR, and RMSER are computed at time instants where track fusion is per-
formed. As a comparison, the results from the PCO method evaluation have been
included for RMT and RMSE. The PCO curves are given by the dashed lines and
use the same color coding as the corresponding GEVO curves, e.g., the red dashed
lines refer to NKF with W derived using the PCO method.

Cl is the only method that is conservative w.r.t. both COIN and ANEES. LE is
conservative w.r.t. ANEES. NKF is never conservative. As indicated by the RMT
and RMSE plots, LE and KF achieves significantly better performance when using
GEVO instead of PCO. CI achieves significantly improved RMSE, but only slightly
improved RMT in the GEVO case. For LE, the performance loss of transmitting
(yw, Ry) instead of (y2, R2) is zero in this case with W computed using GEVO-LE.
This can be explained by the binary behavior suggested by LE, cf. Algorithm 4.17,
where each component of the fused estimate is taken exclusively from either of the

"The estimation results for the other two agents are similar.
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Figure 5.10. Results from the GEVO method evaluation. The dashed curves in the
RMT and RMSE plots illustrate the corresponding results from the PCO method
evaluation. The gray area in the ANEES plot represents an ANEES 99.9% confi-
dence interval.

two estimates that are fused. In this case, it is useless to increase m since the
additional information in (yy, Ry) cannot be utilized by LE.

An interesting observation is that RMSER is smaller than 1 for NKF. The rea-
son is that when full estimates are exchanged, the double counting of information
by the naive KF method makes the RMSE diverge. This effect is reduced when
the GEVO derived DR estimates are exchanged instead of full estimates.

5.4 Dimension-Reduction Using Local Information
Only

The GEVO framework for computation of W requires that Agent 2 has access to R;.
This might be possible under restrictive assumptions in certain well-specified static
sensor networks. However, for general DSNs, this is an unrealistic assumption.
Consider the scenario in Figure 5.11. Assume Rj2 =0 and that Agent 2 is about
to communicate a DR estimate (yy,Ry) derived using GEVO-KF to Agent 1.
Since Agent 2 does not have access to Rj, Agent 2 wants to replace R; by some
reasonable covariance matrix that is locally computable and at the same time
yields a sufficiently good approximation of the optimal W* produced by GEVO-
KF knowing R;. Let P(W) be the covariance computed by fusing (y1,R1) and
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Figure 5.11. Left: A DTT scenario where Agent 2 transmits (yy,Ry) to Agent 1.
To compute W* using GEVO, Agent 2 must have access to Ry which is unavailable.
The objective is to replace R and derive a reasonable approximation W’ of W*.
Right: Since tr(P(W)) > tr(P(W*)), W is a good substitution for W*.

(yw, Ry). The objective is for Agent 2 to derive W’ such that
tr (P(W')) 2 tr (P(¥Y)).

One such approximation is W’, see the r.h.s. of Figure 5.11.

The proposed solution is given by the common information estimate (CIE).
CIE is an estimate that can be computed locally for each agent and captures the
information being shared in the sensor network. As such, CIE can be interpreted
as a digital twin [62] of the network information.

5.4.1 The Common Information Estimate

CIE is computed locally using all information that has either been received or
transmitted by the agent. For instance, if Agent 2 transmits (yy, Ry) to Agent 1
for fusion, then (yy,Ry) is also fused with the CIE computed in Agent 2. The
basic ideas originate from [55], where a similar approach is made based on fusing
a similar estimate exclusively with received or transmitted information®.

The SSM in (3.1) is assumed. State estimation is done using the EKF in
Algorithm 3.1. The track fusion methods considered in this section are KF, CI,
and LE, but other methods are also applicable. In this section, it is assumed for
simplicity that NV = 2. However, as a consequence of its modular construction,
CIE can be used for arbitrary N.

Revisiting the Common Information Decomposition

Assume Hs = I such that Ry,Ro € Sﬁ’; Recall the common information decom-
position defined in (4.16), i.e.,

RV = (Rt 417, Rty = (RS) My +T714, (5.46a)
Ry'=(Rg)' 4T, Rylyy = (RS) ys+T714, (5.46b)

8These two special cases are not studied further in this scope.
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where the estimate (%,T) is common to both local estimates. The basic idea used in
the CIE methodology is to keep approximate track of (4,T). Similar to Section 4.4,
7¢ = (R$)! is allowed to be singular.

In general, locally filtered estimates cannot be decomposed perfectly according
to (5.46). However, this is not an issue for two main reasons: (i) In decentralized
estimation sharing of information is the dominating source of cross-correlations
between estimates and hence there is in general a large portion of common infor-
mation shared between the local estimates. (ii) The purpose of the CIE is to be
used as a substitute for R; to derive W and therefore it is not essential that the
underlying structure assumed in (5.46) is completely satisfied.

To illustrate the usage of CIE, assume that (5.46) holds, I'~! is known, and
that Z{ = 0 and (R§)~! € S"I%,. An estimate (y$,RS) is recovered by subtracting
(3,T) from (y2, R2). The result is two uncorrelated estimates (9,T) and (y§, RS) for
which GEVO-KF can be applied by replacing R; and Rp by I' and RS, respectively.
After W* has been derived using Algorithm 5.11 it is possible to compute

yy = Pys, Ry = W*R§ (W),

which are then transmitted from Agent 2 to Agent 1.

In general, 0 = Zf € S"*. Assume that Agent 2 knows I' but not Z{. To
investigate the effect of assuming Z¢ = 0 when in fact Z{ = 0, assume w.l.o.g. that
I~! =7 and Z{ = D where D = diag(dy,...,d,,) is diagonal with d; > 0. Let
(yS, RS) be given as above. By construction, @ =T2 =1 and S = R§. The true
values Q¥ and S° are now interpreted as perturbations of @ and S, i.e.,

_ N2 _ B 1 B
Q' =(r '+ ) =+ D)% 0= (T I+ Ry=(T+ D)+ RS,
For small D these matrices can be approximated as

Q*=I+4+2D+D*) '~ (I+2D) ' =1—-(I+2D) 2D~ 1-2D,
SO=RS+I—-(I+D)'D~R5+1-D.

Hence, consider the following perturbations
Q" =Q+6Q, 0Q = —2D, S% =S +348, 68 =-D.

Assume that (A?,u?) solves Q%u® = A\YS% and that ()\;,u;) solves Qu = ASu.
Using the results of [164] it is implied that, if A, ..., A0 are distinct, then for small
D, (\;,u;) is a reasonable approximation of ()\?,u?). This essentially means that
for small D it can be expected that the performance degradation is small when

using W = col(u],...,u}) instead of W* = col((u{)T,..., (ud)7).

Defining the Common Information Estimate

CIE is denoted by (%,T) and is filtered in an EKF setting analogously to the local
estimate. The local estimate is for now denoted by (£, P) instead of (y2, R2). These
estimates are computed as follows:
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Figure 5.12. Schematics of the CIE methodology. Subscript 0 refers to initial val-
ues. Sensor information is used only in the measurement update (MU) of the local

estimate. The fuse blocks are realized by one of the methods in Section 5.1.2. The
GEVO block is realized by one of the methods in Section 5.3.2.

Table 5.5
GEVO INPUT MAPPING

Method R; Roy Ry
GEVO-KF T (p~l_r—1H)=1 wp-l_r-L-lgl
GEVO-CI T P wpyT
GEVO-LE T P wpwT

o (Z,P) is predicted at each time step and filtered with local measurements
(2,C), and fused with datalink estimates (yd, R1) received from other agents.

+ (%,T) is predicted at each time step, fused with (i) datalink estimates (y4!, R)
received from others, and (ii) locally computed DR estimates (yy, Ry) trans-
mitted to other agents.

The same process model is assumed for both (Z, P) and (4,I'). The process noise
covariance @) acts as a forgetting factor that ages previously exchanged information
[55]. The larger @ is, the faster previously exchanged information is forgotten.

Schematics of the CIE is provided in Figure 5.12, where only the computation of
covariances is illustrated. It is suggested that (§,T) is initialized at the same time
as (&, P) using 49 = &9 while Iy > Py is chosen sufficiently large to be consistent
with the fact that initially T~' is negligible. Initialization of (z, P) is done by any
standard procedure from target tracking [27].

Using The Common Information Estimate With GEVO

Utilizing (4,T) in GEVO-CI and GEVO-LE is straighforward: R; is replaced by
I'and R2 by P. Then GEVO-CI or GEVO-LE is used. To be able to apply
GEVO-KF, (%,P) and (4,T) must first be decorrelated. This is accomplished
by subtracting (4,T) from (&, P), an operation similar to the one that GIMF. In
particular, Ry is replaced by T and Ry by (P~' —T~!)~! and then GEVO-KF
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is run. Table 5.5 summarizes the mapping between the quantities used in this
section and the input variables of the different GEVO algorithms.

Decorrelation Procedure Analysis

To ensure that KF does not double count information when fusing a received
estimate (yy, Ry) with the local estimate, it must be shown that subtracting (4,T)
from (Z,P) fully decorrelates the local estimate and the CIE. For the following
analysis it is assumed that P,;lll - kaul. The latter is ensured if P Ly I‘Ofl and
only the operations described below are used. Let Ty = i — 2k, Y = Y — 2k,
and Sk” = 3k|l — 2. What needs to be show is that

E (S i) =0, (5.47)

for all k> 1,1 >0, where

~ 1. 1. . 1
61@\! = Ak\l (Pk‘llxkﬂ _I‘k‘ll'}/kﬂ) ) Ak|l = (Pk‘ll -1 11) . (5.48)

The definition of the CIE, including the filtering scheme in Figure 5.12, es-
sentially involves four types of operations: (i) initialization; (ii) prediction; (iii)
measurement updates; and (iv) track fusion. Next, the condition in (5.47) is shown
using the following argument based on the principle of induction: If E(6k|fy;€r‘ ) =0
is true both before and after any of the operations (i)—(iv), then E(Sk‘ﬁgll) =0

holds for all k> 1,1 > 0 given that only the operations (i)—(iv) according to above
are used.
Start with (i), where it can be seen that 59 = & and Py = E(#0i]) yield
E(Z048) = E(#0#}) = Py. This corresponds to
5 e\—1 e —1z e\—1 —1\—1
o =Po ((P5) " 25 +Ty Ho) Po=((F5) " +17)

where E(ig%r) =0, (P§)~! is exclusive information, and Iy = Py by assumption.

As a consequence E(6p7]) = 0.
For the prediction step (ii), assume w.l.o.g. that

—1
Zp = Py ((ank)*lfiuc +rk_‘k1%|k) s Py = ((P;fug)*l + F;J;Cl) ;o (5.49)
where E(izllﬂz‘k) = 0 such that E(£k|k’y;€r|k) = Pyji,- The SSM in (3.1) implies

Vit 1)k = Tht 1k — Tht1 = Fedpp — (Frp +wg) = FpFgp — Wk,

and similarly &, 1| = FxZp, —wg. Since E(ik‘kw}'ﬂ-) = E(ik‘kw-,!) =0 it holds that

(&t 1k Vhsap) = E ((kakuc —wr) (Fege — wk)T) = Fp Py FY + Qi = Py
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Moreover, since E(ﬁ;k‘kw-,g) = E(&Mkw};) =0

E(Op 1k Ve1/k)
1. 1o T
=E (Ak+1lk (Pk+1|kxk+1\k - rk+1|zﬂk+1lk) Vk+1|k)
=E (Ak+1|k (P;;rl”k(kakw - wk)rk_fl\k(kak - wk)) (FrVnpk — wk)T) ;

such that

E(Op 1k Vet1fk) = Dptifk (P;;rll‘k(FkPmkF;;r +Qk)r;;r11‘k(Fkrk|kF];r + Qk))

-1 -1
= Atk (Pk_,_l‘kplﬁ—llk - rk+1|krk+1\k) =0.

This means that 5k 41k and g4 q); are fully uncorrelated.

For the measurement update (iii) and the fusion step (iv), let superscript f
denote the result after a measurement update or a fusion update. By assump-
tion, both (iii) and (iv) only involve merging of uncorrelated information, these
operations are given as

fy-1af _ p—1la —1, Fy=1_ p—1_, 41
(Pk\k) Ty = Pk\l Tkl + A", (Pk\k) = Pk:|l + AT,
and
fy=1sf _p—1a —17 fy-1_ p—1 -1
(Tee) ™ A = T Yo + B0, Te) ™ =T +B7,

where Py '2y = (Pg,) 25, + Ty Aw and Py = (Pg,) ™" + T, Hence the com-

mon information decomposition is preserved directly and all correlations are re-
moved by the decorrelation step. For instance, in (iii), A=! = 0 and B~ = 0.

Since E(d(’ylgk)T) =0 it follows that
E(g;gk('%]:w)T) =E (A£|l ((Plal)iljiﬂ + Ail&) (’?I{Vc)-r) =0.

where 51{|k = 3}:%7%, and (81{|k’A£|k:) is defined analogous to (5k|k7Ak|k) in (5.48).
Theorem 5.17 summarizes the decorrelation analysis.

Theorem 5.17. Assume (£k|lapk\l) and (ﬁk”?l"k“) are initialized and computed ac-
cording to Figure 5.12. Let (Sk”,Ak”) be computed according to (5.48). Let
0|t = Ok — T and Fg; =Yg — - Then

E(Sepvay) = 0,

for all k >1,1> 0.
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Figure 5.13. One example of convergence of the CIE. Two agents estimate the
position of a target using sensor measurements and exchanged DR estimates. The
ellipses for Rq, the local estimate at Agent 1, and I', the CIE covariance at Agent 2,
are plotted for different k. For this case, I' approaches R; relatively fast.

Convergence Example

The applicability of the CIE is related to how well ' approximates R;. Next,
convergence properties of T are illustrated using a simple example. Let 2 € R? be
stationary. Two agents estimate x using sensors that measure both components
of z with constant measurement covariances. Since z is stationary, Fj, = I and
Qi = 0. The example is simulated for time points k = 1,2,...,7. At odd k,
Agent 1 transmits a DR estimate to Agent 2, and at even k, Agent 2 transmits
a DR estimate to Agent 1. KF is used for fusion, and GEVO-KF is used for
computing W. The resulting ellipses for Ry and T for different &k are illustrated in
Figure 5.13. In this case, I' converges to approximately R; relatively fast.

Summary

To circumvent the issue of not having access to Rj, the CIE (4,T) has been pro-
posed. The benefits of (4,T') are twofold: (i) it replaces (y1,R1) such that it
becomes possible to compute W in a decentralized context; and (ii) it can be
used along with a decorrelation procedure for GEVO-KF and KF to be applied
without double counting of information. Theorem 5.17 states that (yy,Ry) com-
puted in this way and transmitted to another Agent 7, is uncorrelated with (4,T).
This means that (yy, Ry) is uncorrelated with previously transmitted information
which is crucial for using KF to fuse (y1,R2) with (yy, Ry). However, since (§,T)
is not equivalent to (y1,R1), the computed W is in general suboptimal.

5.4.2 Numerical Evaluation
The GEVO framework with CIE is now evaluated in a DTT scenario. The scenario
is identical to the one used in the DCA evaluation in Section 3.3.4.

Simulation Specifications

The scenario is illustrated in Figure 5.14. Two agents track a common target in
d = 2 spatial dimensions. The CAM in (3.6) is assumed for the dynamics, and
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Figure 5.14. Scenario used in the numerical evaluation. The agents are placed at
fixed locations (—2000,1000) m and (5000,0) m. The target is initially located at
(3000,8000) m, represented by the black circle, and moves along the black trajectory.
The ellipse represent the measurement error covariance of each sensor.

Table 5.6
PARAMETERS USED IN THE SIMULATIONS

Parameter Comment
d= spatial dimensionality
ng =6 state dimensionality
Ts=1 sampling time [s]
ow =2 standard deviation of process noise [ms_%]
or = 1000 standard deviation of radial measurement noise [m]
op=1 standard deviation of azimuth measurement noise [°]
(—2000,1000)  Agent 1 location [m]
(5000, 0) Agent 2 location [m)]
(3000,8000)  target initial position [m)]
ng =18 number of time steps

M = 10000 number of MC runs

the sensors are defined according to the nonlinear model in (3.8). The agents
communicate their local tracks according to the scheme in Rule 3.6. Relevant
simulation parameters are summarized in Table 5.6.

CIE is evaluated in combination with the following methods:

o dKF: The Kalman fuser as defined in (5.5), where W is derived using Al-
gorithm 5.11. The decorrelation step described in Section 5.4.1 is used to
decorrelate exchanged estimates.

e CI: Covariance intersection as defined in (5.6), where W is derived using
Algorithm 5.12.

o LE: The largest ellipsoid method as defined in (5.8), where W is derived
using Algorithm 5.14.

These methods are compared to:

o LKEF: A local EKF for which no tracks are shared.
+ CRLB: In the RMSE plots, CRLB is represented by 4 /tr(PQ,), where PY

pos
is computed as in Section 3.2.1.
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e DCA-EIG: The eigenvalue based scaling method proposed in Section 3.3.2,
where CI is used for track fusion.

Evaluation Measures

RMSE, RMT, and ANEES are used for evaluation. In addition, a variant of
RMTR is used to compare the relative performance of using GEVO with CIE to
using GEVO with globally available knowledge?. Consider a certain agent and
method. Let Pé (T') denote the covariance computed in the ¢th MC run at time
k using CIE. Likewise, let Pf{(R;) denote the covariance computed in the ith MC
run at time & using global knowledge about R;. The RMTR-LTG is defined as

VA S8, ()
VE S (P (Ry)

RMSE, RMT, and RMTR-LTG are computed for the position components of the
error and covariance. ANEES is computed for the full state.

RMTR-LTGj =

(5.50)

Results

The results for Agent 1 are shown in Figure 5.15'°. RMT and RMSE are normal-
ized by op.

The RMTR-LTG plot indicates that the relative performance is close to 1 in all
cases, and in particular in the case of dKF. Hence, the performance degradation
when using CIE is small. In fact, for LE and m =1, the performance w.r.t. RMT
is slightly improved when using CIE. However, this is not a general result. LE and
dKF approach the CRLB in terms of both the RMT and the RMSE. CI performs
worse than dKF and LE, but better than DCA-EIG for all m.

CI and DCA-EIG are conservative w.r.t. ANEES. LE and dKF are slightly too
optimistic. The latter is a consequence of the fact that the decorrelation procedure
described in Section 5.4.1 cannot fully cope with common process noise.

Remark 5.18. In Section 5.3.5 it is stated that W computed by GEVO-LE is optimal if
R it known. Hence, the RMTR-LTG plot seems like a counterexample to this statement.
However, ¥ computed by GEVO-LE is optimal w.r.t. tr(P) for the full state, but the
RMTR-LTG plot only visualizes the position components.

5.5 Dimension-Reduction for Association Quality

Figure 5.16 illustrates a multitarget tracking scenario. Agent 2 communicates
DR versions of its local tracks to Agent 1. Before Agent 1 can fuse the received
DR estimates, Agent 1 needs to associate them with its local tracks. So far, the
track-to-track association has been neglected. However, reducing dimensionality

9Globally available knowledge in the sense that, in each time step, Agent 2 has access to Ry
and Agent 1 has access to Ra.
10The results for Agent 2 are similar.
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Figure 5.15. Results from the CIE evaluation. RMSE, RMT, and RMTR-LTG
are computed for the position components of the error and covariance. ANEES is
computed for the full state. The gray area represents an ANEES 99.9% confidence
interval.

might have a severe negative effect on the association quality. In Section 5.3, the
communication management is designed for enhanced track fusion performance. In
this section, the problem is to design the communication management to promote
track-to-track association quality.

5.5.1 Problem Model

Assume that N = 2 and that there are n; targets. Targets and estimates are
distinguished by subscript (i), e.g., the state of the ith target is z(;) € R,

Multitarget Estimation Model
Let

Y1(6) = T(@i) T V13)> vi) ~ N0, Ry(5)), (5.51a)
Yo(i) = T(5) T+ V23:)> V() ~ N (0, Ryyy), (5.51b)

be the local estimates of z(;) in Agent 1 and Agent 2, respectively. For instance,

Y1(s) 1s the state estimate and Ry;) the corresponding covariance of the ith target

in Agent 1. All cross-covariances Ryg(;) = E(vl(i)v-zr(i)) are assumed to be zero'l.

11t is assumed that estimates have been decorrelated before they are communicated. For
instance, by using the techniques in [169] or Section 5.4.1.
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Figure 5.16. Top: Multitarget tracking scenario, where Agent 2 communicates DR
tracks to Agent 1. Bottom: Before the track fusion step, the received DR tracks
must be associated with the local tracks.

The ith DR estimate is given by
ywiiy = Y ¥20i) Rys) = Yo Ry Yy, (5.52)

where W;) € R™*"* with m < ng and rank(W;)) = m.
The sets of local tracks of Agent 1 and Agent 2 are, respectively, given by

Vi ={Wi1), Ri1))s > Wi(ne)> Rigne)) } » (5.53a)
Yo = {(v21), R2(1))>- - -» W2(ns)> Ro(ne)) } - (5.53Db)

Agent 1 and Agent 2 track exactly the same targets and hence have the same
number of tracks. Moreover, it is assumed that the elements of ); and )s are
labeled according to z(1),...,Z(n,), €8, (Y1(3i), R1()) and (ya(s), La(s)) are estimates
of the same target z(;). This might sound a bit counterintuitive w.r.t. the normal
association problem. However, the assumption is not a restriction in this case
since here the actual correct association result is known, as described later'2, and
the task is to compute ¥(y),...,¥,,). Let

Yo = {(way, Rw@))s-- (0w (ng) Roing) } - (5.54)

Since Ria(;) =0, (y1(3:), Ri¢iy) and (Yw(s), Rw(s)) are optimally fused using KF,
which in this case yields

—1

A —1 T p—1 —1 T p—1

) = P (Ruz‘)yl(i) +\p(i)R\l’(z‘)y‘I’(i))’ Py = (R1(¢) +\P(i)R\V(i)\p(i)) :
(5.55a)

121n short, the correct association result can be assumed to be known in the proposed solution
since there Agent 2 approximates )1 by Yo, where Vs of course is fully known to Agent 2.
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Association Model

The association problem is formulated as a linear assignment problem [30]. In case
of full estimates, the assignment matrix is

2 2
Ay - Ay
Mpn = | : ; (5.56)
2 2
d(ntl) d(ntnt)

where d?i :
J

) is a Mahalanobis distance (MD) given by
T 1 - _
4y =Y Sandens i =v1e ~ Y26 San = Fag + Ragy. (5:57)

Similarly, the DR assignment matrix My, is defined as

Ry e 1R
Ma= |+ | (5.58)
2 2
T(ntl) T(ntnt)

where r(2 ) is an MD given by

ij
-1
2 T T
i = (e — )" (¥ Baw ¥+ Reg)) (e —vwi)
-1
_ T T T _
= Y35 ¥ (‘I’(j)saﬂ‘l’(j)) Wi Yj)- (5.59)
Agent 1 receives estimates from Agent 2 and solves the association problem

using global nearest neighbor (GNN) association. Let P™ be the set of all ny x ny
permutation matrices, i.e.,

P = {TT e R

[I1);; € {0,1},1II1" =1 } . (5.60)

A permutation matrix IT € P™ assigns exactly one estimate in ) to each of the
estimates in Y. The optimal IT for a certain assignment matrix M is computed
using [30]
minimize tr(TTM)
1 (5.61)
subjectto ITeP"t.

Note, in this formulation correct assignment is given by Il = 1.

Motivating Example

As an example of how ;) affects the association performance, consider the sce-
nario in Figure 5.17a, where n; = 2, n, = 2, and m = 1. Each agent has a local
estimate of each of the two targets as defined in Figure 5.17a, where Ry(1) = Ry(g)
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(a) Target tracking scenario (b) Fusion and assignment loss functions

Figure 5.17. Two agents estimating two targets. The scenario is illustrated in (a).
Projections of the state estimates along W evaluated at o = 0° and a = 90° are
illustrated in (a). The fusion loss function tr(P(Z-)) and the assignment loss function
tr(ITMg,) are shown in (b).

and Ro(1) = Ry(). Assume W) =Wo =W = [cosa sinoz], where « is an angle.
Based on this parametrization, it is possible to define Mg, as a function of . Let

Lo=tr(IIMay) [n=rty =111y + 79y, Le=tr(lIMay) | 98] = rhia) + (),
be the cost corresponding to correct and incorrect assignments, respectively. By
construction, Lo, Le, and tr(F)) = tr(Fy)) are functions of a.

The fusion and association performance w.r.t. « is evaluated by computing Lo,
Le, and tr(F;)) for each a € [0°,180°]. The results are shown in Figure 5.17b. The
fusion optimal W corresponds to o* = 90°. However, this W lies in the interval
where Lo > L., which would imply incorrect assignment. To have correct assign-
ment in the dimension-reduced case while maintaining good fusion performance,
the selected W should be such that it minimizes tr(F;)) subject to Lo < Le.

Problem Formalization

Assume the targets T(1)s---L(n,) are sufficiently separated such that solving the
assignment problem in (5.61) with M = My, yields ITy. Moreover, assume that
Agent 2 has no knowledge about ). The problem is for Agent 2 to compute
\I’(-';),...,\I/&t) € R™ guch that when Agent 1 solves (5.61) with M = My,, the
solution IT is as close as possible to I'lp. In other words, since it in general is
not possible to obtain the correct association in the dimension-reduced case, it
is desirable to compute ¥(y),..., ¥, in such a way that the association is not
degraded too much. The focus is on the case m = 1. However, some of the results
are given for arbitrary m > 1.
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Remark 5.19. The considered problem is not the common association problem of DTT,
where received tracks are associated with local tracks and the correct assignment Il is
unknown. Here, the correct assignment is known by construction, and hence, there is
the freedom of defining Myg,;; and Mg, such that ITg =1I.

5.5.2 Problem Analysis

Properties of the considered association problem are examined. Sufficient con-
ditions for correct assignment are given. An example is used to show that the
problem is further complicated by inherent randomness. Statistical properties of
the problem are derived at the end to be used in the subsequent section.

A Sufficient Condition for Correct Assignment

Consider now an oracle’s perspective. The motivating example of Section 5.5.1
illustrates an important property of the problem. That is, for W ;) # 0 and y;;) # 0

T _
W) LY = i)Y =0,

where ¥(;;) = y1(;) — Y2(;)- From this it can be inferred that for the association it
is desirable to have

Yy =0 N izj = W a) =0, (5.62)

since in this case T(ij) =0 and T(Qij) >0 if 4= j. A sufficient condition for correct

assignment is hence that (5.62) holds for all j as this would imply tr(Mg,) = 0.
However, by assumption Agent 2 has no knowledge about ) and hence without
further knowledge Agent 2 cannot compute W ;) such that (5.62) is satisfied.

Problem Properties

In the example of the previous section the fusion optimal W gave incorrect as-
sociation. Luckily, it is not generally the case that the fusion optimal W yields
incorrect assignments. Unfortunately, it is impossible to say something general
about tradeoffs between fusion and association performance. The main reasons
for this are described below.

Consider \I/(E) € R"™, and let Q;) = R%(j) € St* and Sij) = Bay + Ragy) €
S}*. . In the fusion case the optimal \}[;y solves [57]

NI\
maximize —2 0 ) (5.63)
Yi) YiySun Y
Hence the fusion optimal W) for a certain target z(;) can be solved isolated from
the other targets. This is not true in the association problem where optimal ;)
for a certain target T(5) depends on all estimates in both Y; and ) through Mg;,.
A slightly less restrictive sufficient condition for correct assignment, cf. (5.62),
is that for each j
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realization 1 realization 2

Figure 5.18. Two noise realizations of the same scenario. In realization 1 correct
assignment is obtained while in realization 2 incorrect assignment is obtained.

If this condition holds, then nearest neighbor [27] association yields the same
results as GNN association. The condition in (5.64) can also be expressed as

Yoduntun Yo Yo Tandn Y

i) S Y i) Sin ¥

. Vi, (5.65)

where each fraction is structurally similar to the fraction in (5.63). However, a
complication compared to the fusion case is that T(Qij) is a realization of a random
variable .

G = in V) (‘1’@)5@3‘)‘1’&)) Vi) Y(is)-
where y(;;) = y1(:) — Y2(j)- Hence, assuming that Agent 2 has access to Ry(;) and
a good estimate of (), the fusion optimal W(;) could be computed while it would
still be difficult to predict 7“2i- due to randomness. Figure 5.18 shows two possible

realizations of each of the random variables

Yi(1) = T(1) T v101)> Yo(1) = T(1) T V2(1),
Yi(2) = T(2) T V12) Ya(2) = T(2) T V2(2),

where vy(1y,v1(2) ~ N(0,R1) and vy(1),va2) ~ N(0,R2). Since the covariances
are the same in each case and since by assumption Ry = Ry2) = Ri1 and
Ry (1) = Ry(2) = Rz the fusion optimal W;) satisfy ¥(;) = W) = V¥ in both cases.
Computing M4, (W) in realization 1 and realization 2 yields

0.11 0.01}

0.05 1.01
Ml{ } 0.01 0.11

0.31 0.05 Mz = {

respectively. In realization 1 correct assignment Ilj is obtained while in realiza-
tion 2 the incorrect combination is chosen. The example illustrates that, due to the
inherent randomness, it is in general impossible to decide if a fusion optimal W)
will imply correct or incorrect assignment without knowing the actual realization.

Statistical Properties

Assume m > 1. By construction

= - T
Y yi ~ N (‘Ha‘)ﬂﬂ(z‘j)v‘y<j>5<ij)‘1’(j>> )
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where Z;;) = x(;) — 7(j). Hence [144]

ifi=

r2 o~ g Xme T (5.66)
Xmws if1#7,

where X,Qn is the central chi-squared distribution with m degrees of freedom, and

in,u is the noncentral chi-squared distribution, where v is the noncentrality pa-

rameter. The expectation value and the variance are given by [144]

E(T(Qij)) =m-+ V(ij)» Var(r?ij)) =2m+ 4y(ij)’ (5.67)

-1
: _ =T wT T - L
with V(U) = SC(ZJ)‘I’(]) (\I’(])S(”)‘I’(J)> \I’(])IE(”) One conclusion is that as V(z])
increases the relative effect of randomness decreases since E(r(gij)) scales as v(;;)
while var(r(zij)) only scales as , /7(;7). This result is important and is used in the

solution proposed in the next section.

5.56.3 Preserving Correct Assignment With Dimension-Reduced
Estimates

In this section a method for preserving high association quality is suggested. Based
on the analysis of Section 5.5.2, an optimization formulation is provided for com-
putation of ;). This leads to the proposed descent based optimization strategy,
where a key ingredient is the adaptive step size.

Approximated Assignment Matrix

The proposed solution is based on the analysis of the previous section. In partic-
ular, T(Qij) is estimated using E(’P(Zij)) in (5.67). To compute T(Qij) Agent 2 must
have access to both (y1;y, Ry(;)) and (ya(5), Ra(j))s but (y1(;), Ri¢iy) is unknown to
Agent 2. A substitute to (yy(;), 1(;)) that is locally available is (yo(;), Ro;)). Let

2T T & wT ) s
) = Vi ¥ (‘I’u)s(ij)‘l’(j)) Vo) Ui (5.68)

where §(;jy = Ya(s) — Yo(5) and g(ij) = Ry(;) + Ry(;) such that ;) NN(j(ijyg(ij))-
This is consistent with r(QZ.j) in the sense that
E(#2 ) " if i =,
Ti.n)= 1
(i) i T & T . o
’ m+ 70, W (%5569 YpFan, iz

which is identical to (5.67) except that S(ij) is replaced by S'(ij). Let the approxi-
mated assignment matrix be defined as

f(QH) f(le)
Mar=1| - : . (5.69)

~2 ~2
T(nt) . T(ntnt)
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Proposed Solution

Since only an approximation Mdr of My, is accessible, ¥(;) is computed based
on the sufficient condition in Section 5.5.2, cf. (5.64). This condition is utilized
because it is desirable to have some margin when choosing ‘¥(;, to avoid that T(Zij)
is zero or very small if ¢ = j. Moreover, if \V(; satisfies this sufficient condition there
is no need to take into account the other W;),7 # j when computing W ;—correct
assignment is obtained regardlessly.

Consider now a certain j and W) Let

o) = Sl Visgy = i) 01 (5.70)
v zTS(ij)z’ (i) (i3)Y(i5)

be defined for all ¢ # j. To maximize all f;(z) simultaneously is in general impos-
sible since this is a multiobjective optimization problem. However, it is possible

to consider a worst-case approach and maximize the smallest f;(z). This implies
a maximin formulation where W; is computed using

. . T
maximize (W .
{;(j) <Igl¢1§1 Ji( (J))> (5.71)
The problem in (5.71) is a nonconvex problem involving optimization over a finite
set of quadratic form ratios. The problem is difficult to solve in general and
therefore the following optimization strategy is proposed.

Optimization Strategy

For each individual f;(z), the z that maximizes f;(z) is known to be given by the
eigenvector u that corresponds to the maximum eigenvalue A of

As }Af(ij) € S and rank(f/(ij)) =1 this eigenvalue problem has only one strictly
positive eigenvalue A for which the corresponding eigenvector is denoted by wu;.
Since u; in general differ for different ¢, it is not possible to maximize all f;(z)
simultaneously. However, for a certain z the values of all f;(z) are known, and
hence it is possible to compute

* =argmin  f;(2). (5.73)

i£]
To increase f;= it is suggested that
2z + Qugx, (574)

where « resembles the step size to traverse along u;+. Using a too large |a| there
is a risk that f; for some other i # i* is severely decreased. Too small |a| means
slow convergence. Consider now Proposition 5.20.



5.5 Dimension-Reduction for Association Quality 119

Proposition 5.20. Let u,z € R", Y,S € R"*" and f(z) = (2"Y2)/(27Sz), where
z # 0 and rank(S) = n. Then a first-order approximation of f(z + au), for any
scalar «, is given by

uT(Y—f(z)S)z.

fz+au) =~ f(2) +2a TS, (5.75)
Proof: From [139]
of(z) _QSzzTYz 2Yz _ 2f(2)Sz n 2Yz (Y = f(2)9)
0z (2182)2 TSz TSz TSz 218z
A first-order approximation of f(z+ au) is given by
of () ut (Y — f(2)8)z
s T -
fz+au) = f(z)+ au o7 | f(z)+2a TS, .
O

Proposition 5.20 states that a first-order approximation of f; evaluated at z in
the direction of au;+ is given by

uzT* (Y(ij) - fi(z)g(ij))z

filz+auix) = fi(2) + 2a - (5.76)
Proceed by solving
T (Vs — ()50, T (Fies — fi(2)Sie
fi(2) + 202 (¥ — fi(2) (]))Z:fi*(z)—FZOzuZ Yirj = [i2)Sirj)z 5 g
275352 2T Sz

for each ¢ # j,i*. This yields n; — 2 solutions for «, where some might be negative
and other positive. Since the task is to increase f;+ while not decreasing the other
fi too much, « is chosen such that |«| is the smallest among all those that satisfy

Ocu—ir* (}Afi*j fAfi(z)S’z-*]—)z
ZTSZ'*jZ

> 0. (5.78)

This last condition is introduced to ensure that the correct sign is chosen for a.
The operations in (5.73)—(5.78) are performed iteratively until some termina-
tion criterion is met. The optimization algorithm is summarized in Algorithm 5.21.

Example

As an example of the proposed optimization strategy, consider a scenario with
ny = 3 and ny = 4. Assume j = 3. The following two loss functions need to be
examined

ZTY/ z ZT}A/ z
fi(z) = 2 fa(2) = =
z 5(13)2 Z 5(23)Z
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—— Algorithm 5.21: Association Quality Based Dimension-Reduction ———

Input: Y5, j, amin, and amax ~ T R

1. For each i = j: Let Y(z'j) = g(ij)g(ij), S(ij) = R2(i) + RQ(j) and f;(z) =
(leA/'(ij)z)/(zTg(ij)z). Let u; be the eigenvector corresponding to the maxi-
mum eigenvalue A; of }A’(ij)u = )\S'(Z-j)u. Let k = 0 and zg < z9/||20||, where

_N L.

20 = Zi:17i¢j N Wi

2. Let k< k+ 1. Compute

i* =argmin  fi(z5_1).
2]
3. For each i # j: Define

. Y Vi — Fi(ze—1)S () 20—
fi(Zk—lJraui*)=fi(2k—1)+204% (i — Jiler1) 503 )2 S

—
2 _15(i5) #h—1

4. For each i # j,i*: Solve for a in f; = f;«. Store the different « in a vector a.
5. If

T o
ol (Yij — fi(2p—1)Six j)2—1
2h_ 1871

>0,

then let oy be given by the minimum positive element of a. Otherwise, let
ay, be given by the maximum negative element of a. If |ay| < aumin, then let
oy, < sign(ag)amin. If |ag| > amax, then let aj < sign(ag)omax.

6. Let 2z, < z1./||2k |, where zp, = zp,_1 + o ug*.

7. Terminate with ¥ §) = Z-llc— if a predefined stopping criterion is met. Otherwise,
go back to step 2.
Output: \I’(j)

The multiobjective problem of maximizing f; and fo simultaneously is not solvable,
and therefore Algorithm 5.21 is used. The original Algorithm 5.21 uses an adaptive
step size |a| € [amin, @max]|. This is compared to the same algorithm with: (i) a
small fixed step size a = amin; and (ii) a large fixed step size @ = max-

The optimization results for the three cases, which all use the same initial
vector zg, are shown in Fig. 5.19 for kyax = 25 iterations. In Figure 5.19a, fi is
plotted against fa. The yellow dots resemble f; and f2 at randomly sampled z.
Figure 5.19b visualizes

fmin = min (f17f2)7

for each iteration, k =1,2,...,knax. In this case, the adaptive step size provides
the best results. The small step size gives slow convergence, while the large step
oscillates as it becomes inaccurate due to the large step size. It cannot be concluded
if Algorithm 5.21 has reached a global maximum or a stationary point.
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20 adaptive |a| € [amin, @max]
fixed & = amin _
15 fixed @ = amax 7
6
210 b
“~ E 5
«Z
5 4
3
0 ] ]
0 5 10 15 20 4 8 12 16 20 24
f1 k
(a) Loss function f; versus fo (b) Loss function fi,j, versus k

Figure 5.19. Example of the proposed optimization strategy with ny = 3 and ng = 4.
Algorithm 5.21 is compared to the same algorithm but with fixed step size. The
black circle marks the common initial value zg. The squares mark the final point of
each case. Yellow dots resemble f| and f9 evaluated at randomly generated z.

Comments

In essence, the proposed optimization strategy in Algorithm 5.21 is an iterative
descent based optimization method, where the descent directions are chosen from
a finite set of predefined directions. Steps 4—6 correspond to a backtracking line
search where the step size « is selected. Algorithm 5.21 takes apyiy > 0 as an input
to avoid getting stuck at local minima, and @max > @min such that the linear
approximation given by (5.76) does not become too poor. The stopping criterion
used here is k > knax, i.e., the algorithm terminates after kyax iterations.

It should be emphasized that there are no guarantees that Algorithm 5.21
converges to a global maximum w.r.t. the problem in (5.71). In fact, simulations
verify that, in general, only local maxima are reached.

5.5.4 Numerical Evaluation

Algorithm 5.21 is now evaluated using a numerical example. The association
performance when computing W) using Algorithm 5.21 is compared to the case
when W; is computed using Algorithm 5.11.

Simulation Specification

A target tracking scenario with ny = 10 targets is assumed. It is assumed that the
dimensionality n, = 6, which here is interpreted as a CAM. For each target T(),
a pair of covariances Ry(;) and Ry(;) are defined, which are held fixed throughout
the simulations. An MC approach is used, where in each MC run state estimates
Y1(s) and yo(;) are sampled using Ry(;) and Rp(;), respectively, and the model in
(5.51). A scaling factor c is used to scale the two spatial uncertainty components.
Hence, for larger ¢, the association problem becomes more difficult to solve. The
assumed target tracking scenario is depicted in Figure 5.20 with ¢ = 1.
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Figure 5.20. Scenario used in the evaluation. The targets are represented by black
dots. The ellipse around a target illustrates the uncertainty of the corresponding
estimate in the two spatial dimensions.

The association performance is evaluated using the probability of incorrect
assignment (PIA). This quantity is computed for a certain ¢ as the mean over all
MC runs of the number of incorrect assignments divided by n;. It is computed for
the following cases:

o (1,)2): The full estimate configuration, where Agent 1 receives Yo from
Agent 2.

o V1, My) + W) using Algorithm 5.11: A dimension-reduced configuration,
where Agent 1 receives Yy from Agent 2 and ;) is computed using Algo-
rithm 5.11. In this case it is assumed that Agent 2 has access to ) such
that fusion optimal ;) can be computed.

o (V1,Mw) + W) using Algorithm 5.21: A dimension-reduced configuration,
where Agent 1 receives Yy from Agent 2 and W;) is computed using the
proposed optimization strategy in Algorithm 5.21.

The standard deviation of PIA is also computed.

Results

The simulation results are visualized in Figure 5.21, where PIA is plotted against
c. For each value of ¢, M = 1000 MC runs are evaluated. PIA is computed in
the same realizations of )| and )» for each of the cases described previously. The
shaded areas in the plot resemble 1-o confidence intervals.

Perfect association is maintained in the full estimate case for all values of c.
The approach that utilizes Algorithm 5.21 clearly outperforms the approach that
computes W) for optimal fusion performance.

5.6 Summary

This chapter has examined the problem of designing efficient communication man-
agement based on reducing the dimensionality of exchanged tracks. The PCO
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— (V1,)2)
V1, Y¢) + ‘I’(j) using Algorithm 5.11

- (V1, M) + W) using Algorithm 5.21

0.75

0.5

PIA

0.25

[

Figure 5.21. Results of the numerical evaluation. The incorrect assignment rate
PIA is computed as a sample mean for each of the three cases for different values of
¢ €1]0.1,5.0]. The shaded areas illustrate the standard deviation of PIA.

method, which utilizes a PCA, was developed to be used for deriving DR esti-
mates. From a track fusion perspective, however, the PCO method yields poor
performance in many cases. The GEVO framework was developed to overcome the
limitations of the PCO method. It was shown that the GEVO method computes
DR estimates, which are MSE optimal w.r.t. fusion performance in cases of BSC,
KF, and LE.

The GEVO framework requires globally available knowledge about local co-
variances to work optimally. This, in general, unrealistic assumption was relaxed
by the CIE. The CIE framework was designed to keep approximate track of infor-
mation shared among the agents within the DSN. It was demonstrated that the
GEVO method with the CIE does not degrade the performance too much while
only using local information.

Finally, the track-to-track association problem was formalized in a DR context.
The goal was to design the communication management to preserve association
quality when exchanging DR estimates. To this end, an optimization algorithm
was developed. However, it needs to be addressed that this novel problem was just
recently formalized and that the proposed solution is only a first step to handle
the issue of track-to-track association in a DR context.






Final Remarks

The decentralized target tracking (DTT) problem was addressed. This DTT prob-
lem involved network-centric operations with multiple heterogenous agents. Two
components of a DTT system were in particular studied:

o Track fusion. Agents exchange local track estimates with other agents. The
track estimates are generally correlated, which must be handled. This thesis
has focused on conservative track fusion techniques. Several methods and
adaptations to established methods have been proposed.

o Communication management. In certain DTT problems, e.g., battery-driven
and other low-power networks, there are communication constraints that re-
strict the amount of track data being exchanged. Communication reduction
is also crucial in low-signature operations. This thesis has addressed both
cases, and different data reduction methodologies have been proposed.

The contributions involved both theoretical and practical developments. All theory
and method evaluations were based on numerical experiments.

Summary

The conservative linear unbiased estimator (CLUE) was introduced as a framework
for robust track fusion under partially known correlations. A best CLUE was
proposed for optimal conservative track fusion. A key contribution was the robust
optimization (RO) based technique applicable to general CLUE problems. Inverse
covariance intersection (ICI) and the largest ellipsoid (LE) method were adapted
for more general models. Several properties related to the CLUE framework and
the proposed methods were derived.

Two approaches to reduced communication were examined. At first, the diag-
onal covariance approximation (DCA) was introduced, and several methods were

125
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developed for preserving conservativeness. The second approach was to exchange
dimension-reduced (DR) estimates. Theory and methods were developed to this
end, with the main results being the generalized eigenvalue optimization (GEVO)
framework. Optimality guarantees were provided for some of the GEVO meth-
ods. In addition, the thesis proposed the common information estimate (CIE) as
a resolution to the issue of having access to local information only. At last, an
optimization algorithm was developed for computing DR estimates for association
quality.

Conclusions

Track fusion and communication management correspond to subproblems P1 and
P2 of Section 1.3, respectively.

Concerning P1, most of the contributions are found in the CLUE framework.
The CLUE framework is provided as a toolbox for system engineers to design, an-
alyze, and build fusion subsystems for target tracking applications. For instance,
the lower and upper bounds can be used as guidelines in the system design, and
the RO based methodology can be used as a reference when tailoring fusion algo-
rithms for specific applications. The CLUE framework was developed with both
conservativeness and tracking performance in mind. In the end, these are the
criteria that a system engineer must compromise between when designing a track
fusion component.

The DCA and DR approaches are dedicated to P2. The DCA methodology
supplies, e.g., system engineers with theory to handle certain communication con-
straints robustly. The DCA methodology is generic in the sense that it focuses on
the preservation of conservativeness and therefore can be used with many different
track fusion methods. The primary strength of the DR framework, and in partic-
ular GEVO, lies in its foundation in mathematical optimization, which allows for
optimal communication reduction. By adding the CIE to the DR framework, it is
possible to efficiently reduce the communicated data in any DTT problems. This
enables a flexible and modular system design while taking a finite bandwidth into
account.

Future Outlook

A key aspect of the CLUE framework is optimality under conservativeness. For
instance, covariance intersection (CI) is a best CLUE given that the correlations
are completely unknown. However, when there is only partial knowledge available
about the correlations, CI is overly conservative. In the numerical DTT examples
simulated in this thesis, it can be seen that CI is often overly conservative in
dynamic target tracking problems. At the same time, other methods such as ICI
and LE are not strictly conservative in the same examples. A future topic to study
is how to exploit structure even more in these examples so that improved tracking
performance can be obtained while at the same time guaranteeing conservative
estimates. It would be interesting to see how stochastic optimization can be used
in a similar way to how RO is used for general CLUE problems.



127

With larger sensor networks and advances in sensor technology and data-driven
methods, it follows that more data is processed and shared. Hence, there is a need
to utilize and communicate data more efficiently. The DCA and DR frameworks
considered in this thesis are two relevant techniques that can be further exploited
and tailored to particular problems. The GEVO framework is tailored to spe-
cific linear track fusion methods but could, e.g., be adapted to machine learning
algorithms and nonlinear track fusion problems. The considered data reduction
techniques can be developed to work more adaptively. For instance, to integrate
decision logic for when and with whom to communicate. Moreover, it would be
interesting to extend the GEVO framework to incorporate the estimation perfor-
mance within a future time horizon time step instead of the instantaneous track
fusion performance only.



128 6 Final Remarks




(1]

(10]

(11]

(12]

(13]

Bibliography

N. R. Ahmed, W. W. Whitacre, S. Moon, and E. W. Frew. Scalable decentralized partial
state estimation with sensor uncertainties using factorized data fusion. In Proceeding of
the AIAA SciTech 2016 Infotech@Aerospace Conference, San Diego, CA, USA, Jan. 2016.

N. R. Ahmed, W. W. Whitacre, S. Moon, and E. W. Frew. Factorized covariance intersec-
tion for scalable partial state decentralized data fusion. In Proceedings of the 19th IEEE
International Conference on Information Fusion, Heidelberg, Germany, July 2016.

J. Ajgl and O. Straka. Covariance intersection in track-to-track fusion without memory. In
Proceedings of the 19th IEEE International Conference on Information Fusion, Heidelberg,
Germany, July 2016.

J. Ajgl and O. Straka. Covariance intersection in track-to-track fusion with memory. In
Proceedings of the 2016 IEEE International Conference on Multisensor Fusion and Inte-
gration, Baden-Baden, Germany, Sept. 2016.

J. Ajgl and O. Straka. Analysis of partial knowledge of correlations in an estimation fusion
problem. In Proceedings of the 21st IEEE International Conference on Information Fusion,
Cambridge, UK, July 2018.

J. Ajgl and O. Straka. Comparison of fusions under unknown and partially known correla-
tions. In Proceedings of the 7th IFAC Workshop on Distributed Estimation and Control
in Networked Systems, volume 51, pages 295-300, Groningen, Netherlands, Aug. 2018.

J. Ajgl and O. Straka. Fusion of multiple estimates by covariance intersection: Why and
how it is suboptimal. International Journal of Applied Mathematics and Computer Science,
28(3):521-530, Sept. 2018.

J. Ajgl and O. Straka. Rectification of partitioned covariance intersection. In Proceedings
of the 2019 American Control Conference, Philadelphia, PA, USA, July 2019.

J. Ajgl and O. Straka. Inverse covariance intersection fusion of multiple estimates. In
Proceedings of the 23rd IEEE International Conference on Information Fusion, Rustenburg,
South Africa, July 2020.

J. Ajgl and O. Straka. Lower bounds in estimation fusion with partial knowledge of
correlations. In Proceedings of the 2021 IEEE International Conference on Multisensor
Fusion and Integration, Karlsruhe, Germany, Sept. 2021.

J. Ajgl, M. Simandl, M. Reinhardt, B. Noack, and U. D. Hanebeck. Covariance intersection
in state estimation of dynamical systems. In Proceedings of the 17th IEEE International
Conference on Information Fusion, Salamanca, Spain, July 2014.

A. Amar, A. Leshem, and M. Gastpar. Recursive implementation of the distributed
Karhunen-Loéve transform. IEEE Transactions on Signal Processing, 58(10):5320-5330,
2010.

K. Anstreicher and H. Wolkowicz. On Lagrangian relaxation of quadratic matrix con-

129



130

Bibliography

(14]

[15]

(16]

(17]

(18]

(19]

[20]
[21]
[22]
[23

(24]

25]

[26]

27]

28]

29]
(30]
(31]

(32]

(33]

straints. SIAM Journal on Matrix Analysis and Applications, 22(1):41-55, 2000.

M. A. Bakr and S. Lee. Distributed multisensor data fusion under unknown correlation
and data inconsistency. Sensors, 17(11):2472, Oct. 2017.

Y. Bar-Shalom and L. Campo. The effect of the common process noise on the two-sensor
fused-track covariance. IEEE Transactions on Aerospace and Electronic Systems, 22(6):
803-805, Nov. 1986.

Y. Bar-Shalom, X. Li, and T. Kirubarajan. Estimation with Applications to Tracking and
Navigation. John Wiley & Sons, Ltd, New York, NY, USA, 2001.

Y. Bar-Shalom, X. Li, and T. Kirubarajan. Estimation with Applications to Tracking and
Navigation: Theory Algorithms and Software. John Wiley & Sons, Ltd, New York, NY,
USA, 2004.

Y. Bar-Shalom, P. K. Willet, and X. Tian. Tracking and Data Fusion: A Handbook of
Algorithms. YBS Publishing, Storrs, CT, USA, 2011.

G. Battistelli, L. Chisci, G. Mugnai, A. Farina, and A. Graziano. Consensus-based linear
and nonlinear filtering. IEEE Transactions on Automatic Control, 60(5):1410-1415, May
2015.

A. Beck. First-Order Methods in Optimization. Society for Industrial and Applied Math-
ematics, Philadelphia, PA, USA, 2017.

A. Ben-Tal and A. Nemirovski. Robust convex optimization. Mathematics of Operations
Research, 23(4):769-805, Nov. 1998.

A. Ben-Tal and A. Nemirovski. Robust optimization — Methodology and applications.
Math. Program., 92:453-480, May 2002.

A. Ben-Tal, L. E. Ghaoui, and A. Nemirovski. Robust Optimization. Princeton University
Press, Princeton, NJ, USA, 2009.

A. R. Benaskeur. Consistent fusion of correlated data sources. In Proceedings of the 28th
Annual Conference of the IEEE Industrial Electronics Society, pages 2652—2656, Sevilla,
Spain, Nov. 2002.

J. Bibby. Axiomatisations of the average and a further generalisation of monotonic se-
quences. Glasgow Mathematical Journal, 15(1):63-65, 1974.

G. J. Bierman and M. R. Belzer. A decentralized square root information filter/smoother.
In Proceedings of the 24th IEEE Conference Decision and Control, pages 1902-1905, Fort
Lauderdale, FL, USA, Dec. 1985.

S. S. Blackman and R. Popoli. Design and analysis of modern tracking systems. Artech
House, Norwood, MA, USA, 1999.

D. Bossér, R. Forsling, I. Skog, G. Hendeby, and M. L. Nordenvaad. Underwater environ-
ment modeling for passive sonar track-before-detect. In OCEANS 2023, Limerick, Ireland,
June 2023.

S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, New
York, NY, USA, 2004.

R. E. Burkard, M. Dell’Amico, and S. Martello. Assignment Problems. Society for Indus-
trial and Applied Mathematics, Philadelphia, PA, USA, 2009.

M. E. Campbell and N. R. Ahmed. Distributed data fusion: Neighbors, rumors, and the
art of collective knowledge. IEEE Control Systems Magazine, 36(4):83-109, Aug. 2016.

N. A. Carlson. Federated filter for fault-tolerant integrated navigation systems. In Pro-
ceedings of the 1988 IEEE Position Location and Navigation Symposium, pages 110-119,
Orlando, FL, USA, Dec. 1988.

N. A. Carlson. Federated square root filter for decentralized parallel processors. IEEE



Bibliography 131

(34]

(35]

(36]

(37]

(38]

(39]

[40]

[41]

(42]

[43]

44]

[45]

[46]

[47]

(48]

(49]

[50]

[51]

Transactions on Aerospace and Electronic Systems, 26:517-525, May 1990.

F. Castanedo. A review of data fusion techniques. The Scientific World Journal, 2013:1-19,
2013.

H. Chen, K. Zhang, and X.-R. Li. Optimal data compression for multisensor target tracking
with communication constraints. In Proceedings of the 43rd IEEE Conference Decision and
Control, volume 3, pages 2650-2655, Atlantis, Paradise Island, Bahamas, Dec. 2004.

L. Chen, P. Arambel, and R. Mehra. Fusion under unknown correlation: Covariance
intersection as a special case. In Proceedings of the 5th IEEE International Conference on
Information Fusion, Annapolis, MD, USA, July 2002.

L. Chen, P. Arambel, and R. Mehra. Estimation under unknown correlation: Covariance
intersection revisited. IEEE Transactions on Automatic Control, 47:1879-1882, Nov. 2002.

Z. Chen, C. Heckman, S. Julier, and N. Ahmed. Weak in the NEES?: Auto-tuning Kalman
filters with Bayesian optimization. In Proceedings of the 21st IEEE International Confer-
ence on Information Fusion, pages 1072-1079, Cambridge, UK, July 2018.

C.-Y. Chong. Hierarchical estimation. In Proceedings of 2nd MIT/ONR Workshop on
Distributed Information and Decision Systems, Monterey, CA, USA, July 1979.

C.-Y. Chong, K. Chang, and S. Mori. A review of forty years of distributed estimation. In
Proceedings of the 21st IEEE International Conference on Information Fusion, Cambridge,
UK, July 2018.

G. O. Corréa and A. Talavera. Competitive robust estimation for uncertain linear dynamic
models. IEEE Transactions on Signal Processing, 65(18):4847-4861, Sept. 2017.

C. Cros, P.-O. Amblard, C. Prieur, and J.-F. Da Rocha. Fusion of distance measurements
between agents with unknown correlations. IEEE Control Systems Letters, 7:2143-2148,
2023.

R. C. de Lamare and R. Sampaio-Neto. Reduced-rank adaptive filtering based on joint
iterative optimization of adaptive filters. IEEE Signal Processing Letters, 14(12):980-983,
2007.

E. Delage and Y. Ye. Distributionally robust optimization under moment uncertainty with
application to data-driven problems. Operations Research, 58(3):595-612, 2010.

Z. Deng, P. Zhang, W. Qi, G. Yuan, J. Liu, Z. Deng, P. Zhang, W. Qi, Yuan, Gao, and
J. Liu. The accuracy comparison of multisensor covariance intersection fuser and three
weighting fusers. Information Fusion, 14(2):177-185, Apr. 2013.

Z. Duan and X.-R. Li. Lossless linear transformation of sensor data for distributed estima-
tion fusion. IEEE Transactions on Signal Processing, 59(1):362-372, 2011.

B. Dulek, S. T. Topaloglu, and S. Gezici. Optimal linear MMSE estimation under correla-
tion uncertainty in restricted Bayesian framework. IEEE Transactions on Aerospace and
Electronic Systems, 59(4):4744-4752, 2023.

J. Fang and H. Li. Dimensionality reduction with automatic dimension assignment for
distributed estimation. In Proceedings of the IEEE International Conference on Acoustics,
Speech, and Signal Processing, pages 2729-2732, Las Vegas, NV, USA, Mar. 2008.

J. Fang and H. Li. Joint dimension assignment and compression for distributed multisensor
estimation. IEEE Signal Processing Letters, 15:174-177, 2008.

J. Fang and H. Li. Optimal/near-optimal dimensionality reduction for distributed estima-
tion in homogeneous and certain inhomogeneous scenarios. IEEE Transactions on Signal
Processing, 58(8):4339-4353, 2010.

J. Fang and H. Li. Dimensionality reduction design for distributed estimation in certain
inhomogeneous scenarios. In Proceedings of the 17th International Conference on Digital
Signal Processing, pages 1-6, Corfu, Greece, July 2011.



132

Bibliography

(52]

(53]

(54]

(55]

[56]

[57]

(58]

(59]

[60]

[61]

(62]

[63]

[64]

(65]

[66]
[67]

[68]

[69]

R. Forsling. Decentralized Estimation Using Conservative Information Extraction. Licen-
tiate Thesis No. 1897, Link6ping University, Linkoping, Sweden, Dec. 2020.

R. Forsling, B. Noack, and G. Hendeby. A quarter-century of covariance intersection:
Correlations still unknown? IEEE Control Systems Magazine. Accepted for publication
in Sep. 2023. Scheduled for the Apr. 2024 issue.

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Consistent distributed track fu-
sion under communication constraints. In Proceedings of the 22nd IEEE International
Conference on Information Fusion, Ottawa, Canada, July 2019.

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Communication efficient decentral-
ized track fusion using selective information extraction. In Proceedings of the 23rd IEEE
International Conference on Information Fusion, Rustenburg, South Africa, July 2020.

R. Forsling, A. Hansson, F. Gustafsson, Z. Sjanic, J. Lofberg, and G. Hendeby. Conserva-
tive linear unbiased estimation under partially known covariances. IEEE Transactions on
Signal Processing, 70:3123-3135, June 2022.

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Optimal linear fusion of dimension-
reduced estimates using eigenvalue optimization. In Proceedings of the 25th IEEE Inter-
national Conference on Information Fusion, Linképing, Sweden, July 2022.

R. Forsling, F. Gustafsson, Z. Sjanic, and G. Hendeby. Decentralized data fusion of
dimension-reduced estimates using local information only. In Proceedings of the IEEE
Aerospace Conference, Big Sky, MT, USA, Mar. 2023.

R. Forsling, F. Gustafsson, Z. Sjanic, and G. Hendeby. Decentralized state estimation in
a dimension-reduced linear regression. 2023. URL https://arxiv.org/abs/2210.06947.
Preprint, arXiv.

R. Forsling, Z. Sjanic, F. Gustafsson, and G. Hendeby. Track-to-track association for fusion
of dimension-reduced estimates. In Proceedings of the 26th IEEE International Conference
on Information Fusion, Charleston, SC, USA, June 2023.

C. Fritsche, U. Orguner, and F. Gustafsson. On parametric lower bounds for discrete-time
filtering. In Proceedings of the 2016 IEEE International Conference on Acoustics, Speech
and Signal Processing, pages 4338-4342, Shanghai, China, Mar. 2016.

A. Fuller, Z. Fan, C. Day, and C. Barlow. Digital twin: Enabling technologies, challenges
and open research. IEEE Access, 8:108952-108971, 2020.

C. Funk, B. Noack, and U. D. Hanebeck. Conservative quantization of fast covariance
intersection. In Proceedings of the 2020 IEEE International Conference on Multisensor
Fusion and Integration, pages 6874, Virtual Conference, Sept. 2020.

C. Funk, B. Noack, and U. D. Hanebeck. Conservative quantization of covariance matrices
with applications to decentralized information fusion. Sensors, 21(9), 2021.

Y. Gao, X.-R. Li, and E. Song. Robust linear estimation fusion with allowable unknown
cross-covariance. IEEE Transactions on Systems, Man, and Cybernetics: Systems, 46(9):
1314-1325, 2016.

L. E. Ghaoui, F. Oustry, and H. Lebgret. Robust solutions to uncertain semidefinite
programs. SIAM Journal on Optimization, 9(1):33-52, May 1998.

G. H. Golub and C. F. van Loan. Matrix Computations. The Johns Hopkins University
Press, Baltimore, MD, USA, 4 edition, 2013.

F. Govaers and W. Koch. Distributed Kalman filter fusion at arbitrary instants of time.
In Proceedings of the 13th IEEE International Conference on Information Fusion, pages
1-8, Edinburgh, Scotland, July 2010.

M. Greiff and K. Berntorp. Optimal measurement projections with adaptive mixture
Kalman filtering for GNSS positioning. In Proceedings of the 2020 American Control
Conference, pages 4435-4441, Denver, CO, USA, July 2020.



Bibliography 133

[70]

(71]
(72]

(73]
[74]

[75]

[76]

[77]
[78]
[79)
[80]

(81]

/82
83
[84]
[85]
86]

(87]

(88]

(89]

[90]

M. Greiff, A. Robertsson, and K. Berntorp. MSE-optimal measurement dimension re-
duction in Gaussian filtering. In Proceedings of the 2020 IEEE Conference on Control
Technology and Applications, pages 126—133, Aug. 2020.

T. N. E. Greville. Note on the generalized inverse of a matrix product. SIAM Review, 8
(4):518-521, 1966.

S. H. Grime and H. F. Durrant-Whyte. Data fusion in decentralized sensor networks.
Control Engineering Practice, 2(5):849-863, Oct. 1994.

F. Gustafsson. Statistical Sensor Fusion. Studentlitteratur, Lund, Sweden, 2018.

D. Hall, C.-Y. Chong, J. Llinas, and M. Liggins, editors. CRC Press, Boca Raton, FL,
USA, 2012.

U. Hanebeck, K. Briechle, and J. Horn. A tight bound for the joint covariance of two
random vectors with unknown but constrained cross-correlation. In Proceedings of the
2001 IEEE International Conference on Multisensor Fusion and Integration, pages 85—90,
Baden-Baden, Germany, Aug. 2001.

U. D. Hanebeck and J. Horn. Data validation in the presence of imprecisely known corre-
lations. In Proceedings of the 2003 European Control Conference, Cambridge, UK, Sept.
2003.

H. R. Hashemipour, S. Roy, and A. J. Laub. Decentralized structures for parallel Kalman
filtering. IEEE Transactions on Automatic Control, 33(1):88-94, 1988.

M. Hassan, G. Salut, M. Singh, and A. Titli. A decentralized computational algorithm for
the global Kalman filter. IEEE Transactions on Automatic Control, 23(2):262-268, 1978.

T. Hastie, R. Tibshirani, and J. Friedman. The elements of statistical learning: Data
mining, inference and prediction. Springer-Verlag, New York, NY, USA, 2 edition, 2009.

S. Haykin. Digital Communication Systems. John Wiley & Sons, Ltd, Hoboken, NJ, USA,
1 edition, 2014.

C. W. Hays and T. Henderson. Matrix decomposition approaches for mutual information
approximation with applications to covariance intersection techniques. Information Fusion,
95:446-453, 2023.

M. Honig and J. Goldstein. Adaptive reduced-rank interference suppression based on the
multistage Wiener filter. IEEE Transactions on Communications, 50(6):986-994, 2002.

R. A. Horn and C. R. Johnson. Matrix Analysis. Cambridge University Press, New York,
NY, USA, 2012.

J. Hu, L. Xie, and C. Zhang. Diffusion Kalman filtering based on covariance intersection.
IEEE Transactions on Signal Processing, 60(2):891-902, 2012.

Y. Hua, M. Nikpour, and P. Stoica. Optimal reduced-rank estimation and filtering. IEEE
Transactions on Signal Processing, 49(3):457-469, 2001.

A. Jazwinski. Stochastic processes and filtering theory. Academic Press, New York, NY,
USA, 1970.

A. Jindal and K. Psounis. Modeling spatially-correlated sensor network data. In Pro-
ceedings of the 1st IEEE Communications Society Conference on Sensor and Ad Hoc
Communications and Networks, pages 162—-171, Santa Clara, CA, USA, Jan. 2004.

R. Johnson and D. Wichern. Applied Multivariate Statistical Analysis. Pearson Prentice
Hall, Upper Saddle River, NJ, USA, 6 edition, 2007.

S. J. Julier and J. J. LaViola Jr. An empirical study into the robustness of split covariance
addition (SCA) for human motion tracking. In Proceedings of the 2004 American Control
Conference, Boston, MA, USA, June 2004.

S. J. Julier and J. K. Uhlmann. A non-divergent estimation algorithm in the presence of



134

Bibliography

[91]

[92]
[93]
[94]
[95]
[96]

[97]

(98]
[99]

[100]

[101]
[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

unknown correlations. In Proceedings of the 1997 American Control Conference, pages
2369-2373, Albuquerque, NM, USA, June 1997.

S. J. Julier and J. K. Uhlmann. Simultaneous localisation and map building using split
covariance intersection. In Proceedings of the 2001 IEEE/RSJ International Conference
on Intelligent Robots and Systems, Maui, HI, USA, Nov. 2001.

S. J. Julier and J. K. Uhlmann. Using covariance intersection for SLAM. Robotics and
Autonomous Systems, 55(1):3—-20, Jan. 2007.

S. J. Julier and J. K. Uhlmann. General decentralized data fusion with covariance inter-
section. In Liggins et al. [110], chapter 14.

T. Kailath, A. H. Sayed, and B. Hassibi. Linear Estimation. Prentice Hall, Upper Saddle
River, NJ, USA, 2000.

R. E. Kalman. A new approach to linear filtering and prediction problems. Transactions
of the ASME—Journal of Basic Engineering, 82(Series D):35-45, 1960.

S. M. Kay. Fundamentals of Statistical Signal Processing: Estimation theory. Prentice
Hall, Upper Saddle River, NJ, USA, 1993.

T. H. Kerr and L. Chin. Advances in the Techniques and Technology of the Application of
Nonlinear Filters and Kalman Filters, chapter The theory and techniques of discrete-time
decentralized filters, pages 55-93. Number 256. North Atlantic Treaty Organization: The
Advisory Group for Aerospace Research and Development, Neuilly sur Seine, France, 1982.

B. Khaleghi, A. Khamis, F. O. Karray, and S. N. Razavi. Multisensor data fusion: A
review of the state-of-the-art. Information Fusion, 14(1):28-44, Jan. 2013.

U. A. Khan and J. M. F. Moura. Distributing the Kalman filter for large-scale systems.
IEEE Transactions on Signal Processing, 56(10):4919-4935, Oct. 2008.

N. Kimura and S. Latifi. A survey on data compression in wireless sensor networks. In
Proceedings of the IEEE International Conference on Information Technology: Coding and
Computing, volume 2, pages 8-13, Las Vegas, NV, USA, Apr. 2005.

J. Klingner, N. Ahmed, and N. Correll. Fault-tolerant covariance intersection for localizing
robot swarms. Robotics and Autonomous Systems, 122, 2019.

J. Lai, Y. Zhou, J. Lin, Y. Cong, and J. Yang. Cooperative localization based on efficient
covariance intersection. IEEE Communications Letters, 23(5):871-874, 2019.

S. Leonardos and K. Daniilidis. A game-theoretic approach to robust fusion and Kalman
filtering under unknown correlations. In Proceedings of the 2017 American Control Con-
ference, Seattle, WA, USA, July 2017.

H. Li, F. Nashashibi, B. Lefaudeux, and E. Pollard. Track-to-track fusion using split
covariance intersection filter-information matrix filter (SCIF-IMF) for vehicle surrounding
environment perception. In Proceedings of the 16th IEEE International Conference on
Intelligent Transportation Systems, Hague, Netherlands, Oct. 2013.

H. Li, F. Nashashibi, and M. Yang. Split covariance intersection filter: Theory and its
application to vehicle localization. 14(4):1860-1871, Dec. 2013.

W. Li and F. Yang. Information fusion over network dynamics with unknown correlations:
An overview. International Journal of Network Dynamics and Intelligence, Feb. 2023.

X.-R. Li and V. P. Jilkov. Survey of maneuvering target tracking. Part I. Dynamic models.
IEEE Transactions on Aerospace and Electronic Systems, 39(4):1333—-1364, 2003.

X.-R. Li and Z. Zhao. Measuring estimator’s credibility: Noncredibility index. In Proceed-
ings of the 9th IEEE International Conference on Information Fusion, Florence, Italy, July
2006.

X.-R. Li, Z. Zhao, and V. P. Jilkov. Practical measures and test for credibility of an
estimator. In Proceedings of Workshop on Estimation, Tracking and Fusion: A tribute to



Bibliography 135

[118]

[119]

[120]

[121]

[122]
[123]

[124]

[125]

[126]

[127]

[128]

[129]

Yaakov Bar-Shalom, Monterey, CA, USA, May 2001.
M. Liggins, D. Hall, and J. Llinas, editors. CRC Press, Boca Raton, FL, USA, 2009.

A. Lima, P. Bonnifait, V. Cherfaoui, and J. A. Hage. Data fusion with split covariance
intersection for cooperative perception. In Proceedings of the 24th IEEE International
Conference on Intelligent Transportation Systems, Indianapolis, IN, USA, Sept. 2021.

J. Llinas. Network-centric concepts: Impacts to distributed fusion system design. In Hall
et al. [74], chapter 3.

J. Lofberg. Support for robust conic-conic optimization in YALMIP. Unpublished.

J. Lofberg. YALMIP: A toolbox for modeling and optimization in MATLAB. In Proceed-
ings of the CACSD Conference, volume 3, Taipei, Taiwan, Sept. 2004.

J. Lofberg. Automatic robust convex programming. Optimization Methods and Software,
27(1):115-129, Feb. 2012.

R. C. Luo, C. C. Chang, and C. C. Lai. Multisensor fusion and integration: Theories,
applications, and its perspectives. IEEE Sensors Journal, 11(12):3122-3138, Aug. 2011.

H. Ma, Y.-H. Yang, Y. Chen, K. J. R. Liu, and Q. Wang. Distributed state estimation
with dimension reduction preprocessing. IEEE Transactions on Signal Processing, 62(12):
3098-3110, 2014.

R. P. S. Mahler. Multitarget Bayes filtering via first-order multitarget moments. IEEE
Transactions on Aerospace and Electronic Systems, 39(4):1152-1178, 2003.

J. Matousek, J. Dunik, and R. Forsling. Distributed point-mass filter with reduced data
transfer using copula theory. In Proceedings of the 2023 American Control Conference,
pages 1649-1654, San Diego, CA, USA, June 2023.

S. P. McLaughlin, R. J. Evans, and V. Krishnamurthy. Data incest removal in a survivable
estimation fusion architecture. In Proceedings of the 6th IEEE International Conference
on Information Fusion, Cairns, Queensland, Australia, July 2003.

S. P. McLaughlin, V. Krishnamurthy, and S. Challa. Managing data incest in a distributed
sensor network. In Proceedings of the 2003 IEEE International Conference on Acoustics,
Speech, and Signal Processing, Hong Kong, China, Apr. 2003.

C. B. Moler and G. W. Stewart. An algorithm for generalized matrix eigenvalue problems.
SIAM Journal on Numerical Analysis, 10(2):241-256, 1973.

MOSEK ApS. The MOSEK optimization toolbox for MATLAB manual. Version 9.2., 2021.
URL http://docs.mosek.com/9.2/toolbox/index.html.

E. J. Msechu and G. B. Giannakis. Sensor-centric data reduction for estimation with WSNs
via censoring and quantization. IEEE Transactions on Signal Processing, 60(1):400-414,
2012.

D. Nicholson, S. Reece, A. Rogers, S. Roberts, and N. Jennings. Distributed data fusion
overarching design concerns and some new approaches. In Hall et al. [74], chapter 2.

B. Noack, M. Baum, and U. D. Hanebeck. Automatic exploitation of independencies for
covariance bounding in fully decentralized estimation. In Proceedings of the 18th Triennial
IFAC World Congress, Milan, Italy, Aug. 2011.

B. Noack, S. J. Julier, and U. D. Hanebeck. Treatment of biased and dependent sensor
data in graph-based SLAM. In Proceedings of the 18th IEEE International Conference on
Information Fusion, Washington, DC, USA, July 2015.

B. Noack, J. Sijs, and U. D. Hanebeck. Algebraic analysis of data fusion with ellipsoidal
intersection. In Proceedings of the 2016 IEEE International Conference on Multisensor
Fusion and Integration, pages 365-370, Baden-Baden, Germany, Sept. 2016.

B. Noack, J. Sijs, and U. D. Hanebeck. Inverse covariance intersection: New insights



136

Bibliography

[130]

[131]

[132]

[133]

[134]

[135]

[136]
[137]
[138]
[139]
[140]
[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

and properties. In Proceedings of the 20th IEEE International Conference on Information
Fusion, Xi’an, China, July 2017.

B. Noack, J. Sijs, M. Reinhardt, and U. D. Hanebeck. Decentralized data fusion with
inverse covariance intersection. Automatica, 79:35—41, May 2017.

J. Nygards, V. Deleskog, and G. Hendeby. Safe fusion compared to established distributed
fusion methods. In Proceedings of the 2016 IEEE International Conference on Multisensor
Fusion and Integration, Baden-Baden, Germany, Sept. 2016.

J. Nygéards, V. Deleskog, and G. Hendeby. Decentralized tracking in sensor networks with
varying coverage. In Proceedings of the 21st IEEE International Conference on Information
Fusion, Cambridge, UK, July 2018.

R. Olfati-Saber and R. Murray. Consensus problems in networks of agents with switching
topology and time-delays. IEEE Transactions on Automatic Control, 49(9):1520-1533,
Sept. 2004.

R. Olfati-Saber and J. S. Shamma. Consensus filters for sensor networks and distributed
sensor fusion. In Proceedings of the 44th IEEE Conference Decision and Control, pages
6698—6703, Sevilla, Spain, Dec. 2005.

U. Orguner. Approximate analytical solutions for the weight optimization problems of CI
and ICI. In Proceedings of the 2017 IEEE Symposium on Sensor Data Fusion: Trends,
Solutions, Applications, pages 1-6, Bonn, Germany, Oct. 2017.

B. N. Parlett. The Symmetric Eigenvalue Problem. Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA, 1998.

K. Pearson. LIII. On lines and planes of closest fit to systems of points in space. Philo-
sophical Magazine, 2(11):559-572, 1901.

A. Petersen and M.-A. Beyer. Partitioned covariance intersection. In Proceedings of the
2011 International Symposium Information on Ships, Hamburg, Germany, Sept. 2011.

K. B. Petersen and M. S. Pedersen. The matrix cookbook, Nov. 2012.

W. Qi, P. Zhang, and Z. Deng. Robust weighted fusion Kalman filters for multisensor
time-varying systems with uncertain noise variances. Signal Processing, 99:185-200, June
2014.

H. Qiu, M. Qiu, Z. Lu, and G. Memmi. An efficient key distribution system for data fusion
in V2X heterogeneous networks. Information Fusion, 50:212—-220, 2019.

S. Radtke, B. Noack, U. D. Hanebeck, and O. Straka. Reconstruction of cross-correlations
with constant number of deterministic samples. In Proceedings of the 21st IEEE Interna-
tional Conference on Information Fusion, Cambridge, UK, July 2018.

S. Radtke, B. Noack, and U. D. Hanebeck. Fully decentralized estimation using square-root
decompositions. In Proceedings of the 23rd IEEE International Conference on Information
Fusion, Rustenburg, South Africa, July 2020.

C. R. Rao. Linear Statistical Inference and its Applications. John Wiley & Sons, Ltd, New
York, NY, USA, 2 edition, 1973.

M. A. Razzaque, C. Bleakley, and S. Dobson. Compression in wireless sensor networks: A
survey and comparative evaluation. ACM Transactions on Sensor Networks, 10(1), Dec.
2013.

S. Reece and S. Roberts. Robust, low-bandwidth, multi-vehicle mapping. In Proceedings
of the 8th IEEE International Conference on Information Fusion, Philadelphia, PA, USA,
July 2005.

D. B. Reid. An algorithm for tracking multiple targets. IEEE Transactions on Automatic
Control, 24(6):843-854, 1979.

M. Reinhardt, B. Noack, and U. D. Hanebeck. The hypothesizing distributed Kalman



Bibliography 137

[149]

[150]

[151]

[152]

[153]
[154]
[155]

[156]

[157]
[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

filter. In Proceedings of the 2012 IEEE International Conference on Multisensor Fusion
and Integration, Hamburg, Germany, Sept. 2012.

M. Reinhardt, B. Noack, and U. D. Hanebeck. Reconstruction of joint covariance matrices
in networked linear systems. In Proceedings of the 48th Annual Conference on Information
Sciences and Systems, Princeton, NJ, USA, 2014.

M. Reinhardt, B. Noack, P. O. Arambel, and U. D. Hanebeck. Minimum covariance bounds
for the fusion under unknown correlations. IEEE Signal Processing Letters, 22(9):1210-
1214, Sept. 2015.

S. Reuter, B.-T. Vo, B.-N. Vo, and K. Dietmayer. The labeled multi-Bernoulli filter. IEEE
Transactions on Signal Processing, 62(12):3246-3260, 2014.

A. Ribeiro and G. Giannakis. Bandwidth-constrained distributed estimation for wireless
sensor networks-part I: Gaussian case. IEEE Transactions on Signal Processing, 54(3):
1131-1143, 2006.

A. H. Sayed. A framework for state-space estimation with uncertain models. IEEE Trans-
actions on Automatic Control, 46(7):998-1013, 2001.

L. Scharf and D. Tufts. Rank reduction for modeling stationary signals. IEEE Transactions
on Acoustics, Speech, and Signal Processing, 35(3):350-355, 1987.

I. D. Schizas and A. Aduroja. A distributed framework for dimensionality reduction and
denoising. IEEE Transactions on Signal Processing, 63(23):6379-6394, 2015.

I. D. Schizas, G. B. Giannakis, and Z.-Q. Luo. Distributed estimation using reduced-
dimensionality sensor observations. IEEE Transactions on Signal Processing, 55(8):4284—
4299, 2007.

S. Shafieezadeh-Abadeh, V. A. Nguyen, D. Kuhn, and P. M. Esfahani. Wasserstein distri-
butionally robust Kalman filtering. In NeurIPS, pages 8483-8492, Sept. 2018.

V. Shin, V. Hamdipoor, and Y. Kim. Reduced-order multisensory fusion estimation with
application to object tracking. IET Signal Processing, 16(4):463-478, Apr. 2022.

J. Sijs and M. Lazar. Empirical case-studies of state fusion via ellipsoidal intersection. In
Proceedings of the 14th IEEE International Conference on Information Fusion, Chicago,
IL, USA, July 2011.

J. Sijs, M. Lazar, and P. P. J. v. d. Bosch. State fusion with unknown correlation: El-
lipsoidal intersection. In Proceedings of the 2010 American Control Conference, pages
3992-3997, Baltimore, MD, USA, June 2010.

D. Smith and S. Singh. Approaches to multisensor data fusion in target tracking: A survey.
IEEE Transactions on Knowledge and Data Engineering, 18(12):1696-1710, Oct. 2006.

J. L. Speyer. Computation and transmission requirements for a decentralized linear-
quadratic-Gaussian control problem. IEEE Transactions on Automatic Control, 24(2):
266-269, Apr. 1979.

J. Steinbring, B. Noack, M. Reinhardt, and U. D. Hanebeck. Optimal sample-based fusion
for distributed state estimation. In Proceedings of the 19th IEEE International Conference
on Information Fusion, Heidelberg, Germany, July 2016.

G. W. Stewart and J.-G. Sun. Matrix Perturbation Theory. Academic Press, Boston, MA,
USA, 1990.

S. Sun, H. Lin, J. Ma, and X. Li. Multi-sensor distributed fusion estimation with ap-
plications in networked systems: A review paper. Information Fusion, 38:122-134, Nov.
2017.

A. Tamjidi, R. Oftadeh, M. N. G. Mohamed, D. Yu, S. Chakravorty, and D. Shell. Uni-
fying consensus and covariance intersection for efficient distributed state estimation over
unreliable networks. IEEE Transactions on Robotics, 37(5), Oct. 2021.



138

Bibliography

[167]

[168]

[169]

[170]
[171]
[172]
[173]
[174]
[175]
[176]

[177]

[178]

[179]

[180]
[181]
[182]

[183]

[184]

[185]

[186]

J. H. Taylor. The Cramér-Rao estimation error lower bound computation for deterministic
nonlinear systems. IEEE Transactions on Automatic Control, 24(2):343-344, Apr. 1979.

X. Tian and Y. Bar-Shalom. Exact algorithms for four track-to-track fusion configura-
tions: All you wanted to know but were afraid to ask. In Proceedings of the 12th IEEE
International Conference on Information Fusion, pages 537-544, Seattle, WA, USA, July
2009.

X. Tian and Y. Bar-Shalom. On algorithms for asynchronous track-to-track fusion. In
Proceedings of the 13th IEEE International Conference on Information Fusion, Edinburgh,
Scotland, July 2010.

C. K. Toh. Wireless ATM and Ad-Hoc Networks: Protocols and Architectures. Springer-
Verlag, New York, NY, USA, 1997.

J. K. Uhlmann. Covariance consistency methods for fault-tolerant distributed data fusion.
Information Fusion, 4(3):201-215, Sept. 2003.

P. Venkitasubramaniam, L. Tong, and A. Swami. Quantization for maximin ARE in
distributed estimation. IEEE Transactions on Signal Processing, 55(7):3596-3605, 2007.

B.-N. Vo, B.-T. Vo, and D. Phung. Labeled random finite sets and the Bayes multi-target
tracking filter. IEEE Transactions on Signal Processing, 62(24):6554-6567, 2014.

T. R. Wanasinghe, G. K. I. Mann, and R. G. Gosine. Decentralized cooperative localization
approach for autonomous multirobot systems. Journal of Robotics, Apr. 2016.

R. Wang. Karhunen-Loéve transform and principal component analysis, page 412—460.
Cambridge University Press, Cambridge, UK, 2012.

S. Wang and Z.-S. Ye. Distributionally robust state estimation for linear systems subject to
uncertainty and outlier. IEEE Transactions on Signal Processing, 70:452-467, Dec. 2022.

J. L. Williams. Marginal multi-Bernoulli filters: RFS derivation of MHT, JIPDA, and data
association-based member. IEEE Transactions on Aerospace and Electronic Systems, 51
(3):1664-1687, 2015.

D. Willner, C.-B. Chang, and K.-P. Dunn. Kalman filter configurations for multiple radar
systems, Apr. 1976. Technical Note.

A. Willsky, M. Bello, D. Castanon, B. Levy, and G. Verghese. Combining and updating of
local estimates and regional maps along sets of one-dimensional tracks. IEEE Transactions
on Automatic Control, 27(4):799-813, 1982.

J. Wishart. The generalised product moment distribution in samples from a normal mul-
tivariate population. Biometrika, 20A(1/2):32-52, 1928.

M. A. Woodbury. Inverting modified matrices. Department of Statistics, Princeton Uni-
versity, Princeton, NJ, USA, 1950.

Z. Wu, Q. Cai, and M. Fu. Covariance intersection for partially correlated random vectors.
IEEE Transactions on Automatic Control, 63(3):619-629, Mar. 2018.

L. Xiao, S. Boyd, and S. Lall. A scheme for robust distributed sensor fusion based on
average consensus. In Proceedings of the 4th International Symposium on Information
Processing in Sensor Networks, pages 63—70, Apr. 2005.

L. Yan, X.-R. Li, Y. Xia, and M. Fu. Optimal sequential and distributed fusion for state
estimation in cross-correlated noise. Automatica, 49(12):3607-3612, Dec. 2013.

M. Zarei-Jalalabadi, S. M. B. Malaek, and S. S. Kia. A track-to-track fusion method
for tracks with unknown correlations. IEEE Signal Processing Letters, 2(2):189-194, Apr.
2018.

J. Zhang, G. Scebba, and W. Karlen. Covariance intersection to improve the robustness
of the photoplethysmogram derived respiratory rate. In Proceedings of the 42nd Annual
International Conference of the IEEE Engineering in Medicine & Biology Society, Montréal,



Bibliography 139

[187]

[188]

[189]

[190]

[191]

Canada, July 2020.

K. Zhang, X.-R. Li, P. Zhang, and H. Li. Optimal linear estimation fusion - part VI:
Sensor data compression. In Proceedings of the 6th IEEE International Conference on
Information Fusion, pages 221-228, Cairns, Queensland, Australia, July 2003.

Y. Zhou and J. Li. Data fusion of unknown correlations using internal ellipsoidal approx-
imation. In Proceedings of the 17th Triennial IFAC World Congress, pages 2856—2860,
Seoul, Korea, July 2008.

H. Zhu, Q. Zhai, M. Yu, and C. Han. Estimation fusion algorithms in the presence of
partially known cross-correlation of local estimation errors. Information Fusion, 18:187—
196, July 2014.

Y. Zhu, E. Song, J. Zhou, and Z. You. Optimal dimensionality reduction of sensor data in
multisensor estimation fusion. IEEE Transactions on Signal Processing, 53(5):1631-1639,
2005.

Z. Zhu and C. N. Taylor. Conservative uncertainty estimation in map-based vision-aided
navigation. IEEE Transactions on Aerospace and Electronic Systems, 53(2):941-949, Apr.
2017.






PhD Dissertations
Division of Automatic Control
Linkoping University

M. Millnert: Identification and control of systems subject to abrupt changes. Thesis
No. 82, 1982. ISBN 91-7372-542-0.

A. J. M. van Overbeek: On-line structure selection for the identification of multivariable
systems. Thesis No. 86, 1982. ISBN 91-7372-586-2.

B. Bengtsson: On some control problems for queues. Thesis No. 87, 1982. ISBN 91-7372-
593-5.

S. Ljung: Fast algorithms for integral equations and least squares identification problems.
Thesis No. 93, 1983. ISBN 91-7372-641-9.

H. Jonson: A Newton method for solving non-linear optimal control problems with gen-
eral constraints. Thesis No. 104, 1983. ISBN 91-7372-718-0.

E. Trulsson: Adaptive control based on explicit criterion minimization. Thesis No. 106,
1983. ISBN 91-7372-728-8.

K. Nordstrom: Uncertainty, robustness and sensitivity reduction in the design of single
input control systems. Thesis No. 162, 1987. ISBN 91-7870-170-8.

B. Wahlberg: On the identification and approximation of linear systems. Thesis No. 163,

1987. ISBN 91-7870-175-9.
S. Gunnarsson: Frequency domain aspects of modeling and control in adaptive systems.

Thesis No. 194, 1988. ISBN 91-7870-380-8.

A. Isaksson: On system identification in one and two dimensions with signal processing
applications. Thesis No. 196, 1988. ISBN 91-7870-383-2.

M. Viberg: Subspace fitting concepts in sensor array processing. Thesis No. 217, 1989.

ISBN 91-7870-529-0.
K. Forsman: Constructive commutative algebra in nonlinear control theory. Thesis

No. 261, 1991. ISBN 91-7870-827-3.
F. Gustafsson: Estimation of discrete parameters in linear systems. Thesis No. 271, 1992.

ISBN 91-7870-876-1.
P. Nagy: Tools for knowledge-based signal processing with applications to system identi-

fication. Thesis No. 280, 1992. ISBN 91-7870-962-8.
T. Svensson: Mathematical tools and software for analysis and design of nonlinear control
systems. Thesis No. 285, 1992. ISBN 91-7870-989-X.
S. Andersson: On dimension reduction in sensor array signal processing. Thesis No. 290,

1992. ISBN 91-7871-015-4.
H. Hjalmarsson: Aspects on incomplete modeling in system identification. Thesis No. 298,

1993. ISBN 91-7871-070-7.
I. Klein: Automatic synthesis of sequential control schemes. Thesis No. 305, 1993.

ISBN 91-7871-090-1.

J.-E. Stromberg: A mode switching modelling philosophy. Thesis No. 353, 1994. ISBN 91-
7871-430-3.

K. Wang Chen: Transformation and symbolic calculations in filtering and control. Thesis
No. 361, 1994. ISBN 91-7871-467-2.

T. McKelvey: Identification of state-space models from time and frequency data. Thesis
No. 380, 1995. ISBN 91-7871-531-8.

J. Sjoberg: Non-linear system identification with neural networks. Thesis No. 381, 1995.

ISBN 91-7871-534-2.
R. Germundsson: Symbolic systems — theory, computation and applications. Thesis

No. 389, 1995. ISBN 91-7871-578-4.
P. Pucar: Modeling and segmentation using multiple models. Thesis No. 405, 1995.
ISBN 91-7871-627-6.



H. Fortell: Algebraic approaches to normal forms and zero dynamics. Thesis No. 407,
1995. ISBN 91-7871-629-2.

A. Helmersson: Methods for robust gain scheduling. Thesis No. 406, 1995. ISBN 91-
7871-628-4.

P. Lindskog: Methods, algorithms and tools for system identification based on prior
knowledge. Thesis No. 436, 1996. ISBN 91-7871-424-8.

J. Gunnarsson: Symbolic methods and tools for discrete event dynamic systems. Thesis
No. 477, 1997. ISBN 91-7871-917-8.

M. Jirstrand: Constructive methods for inequality constraints in control. Thesis No. 527,
1998. ISBN 91-7219-187-2.

U. Forssell: Closed-loop identification: Methods, theory, and applications. Thesis No. 566,
1999. ISBN 91-7219-432-4.

A. Stenman: Model on demand: Algorithms, analysis and applications. Thesis No. 571,
1999. ISBN 91-7219-450-2.

N. Bergman: Recursive Bayesian estimation: Navigation and tracking applications. The-
sis No. 579, 1999. ISBN 91-7219-473-1.

K. Edstrom: Switched bond graphs: Simulation and analysis. Thesis No. 586, 1999.
ISBN 91-7219-493-6.

M. Larsson: Behavioral and structural model based approaches to discrete diagnosis.
Thesis No. 608, 1999. ISBN 91-7219-615-5.

F. Gunnarsson: Power control in cellular radio systems: Analysis, design and estimation.
Thesis No. 623, 2000. ISBN 91-7219-689-0.

V. Einarsson: Model checking methods for mode switching systems. Thesis No. 652, 2000.
ISBN 91-7219-836-2.

M. Norrlof: Iterative learning control: Analysis, design, and experiments. Thesis No. 653,
2000. ISBN 91-7219-837-0.

F. Tjarnstrom: Variance expressions and model reduction in system identification. Thesis
No. 730, 2002. ISBN 91-7373-253-2.

J. Lofberg: Minimax approaches to robust model predictive control. Thesis No. 812, 2003.
ISBN 91-7373-622-8.

J. Roll: Local and piecewise affine approaches to system identification. Thesis No. 802,
2003. ISBN 91-7373-608-2.

J. Elbornsson: Analysis, estimation and compensation of mismatch effects in A/D con-
verters. Thesis No. 811, 2003. ISBN 91-7373-621-X.

0. Harkegard: Backstepping and control allocation with applications to flight control.
Thesis No. 820, 2003. ISBN 91-7373-647-3.

R. Wallin: Optimization algorithms for system analysis and identification. Thesis No. 919,
2004. ISBN 91-85297-19-4.

D. Lindgren: Projection methods for classification and identification. Thesis No. 915,
2005. ISBN 91-85297-06-2.

R. Karlsson: Particle Filtering for Positioning and Tracking Applications. Thesis No. 924,
2005. ISBN 91-85297-34-8.

J. Jansson: Collision Avoidance Theory with Applications to Automotive Collision Miti-
gation. Thesis No. 950, 2005. ISBN 91-85299-45-6.

E. Geijer Lundin: Uplink Load in CDMA Cellular Radio Systems. Thesis No. 977, 2005.
ISBN 91-85457-49-3.

M. Enqvist: Linear Models of Nonlinear Systems. Thesis No. 985, 2005. ISBN 91-85457-
64-7.

T. B. Schon: Estimation of Nonlinear Dynamic Systems — Theory and Applications.
Thesis No. 998, 2006. ISBN 91-85497-03-7.

I. Lind: Regressor and Structure Selection — Uses of ANOVA in System Identification.
Thesis No. 1012, 2006. ISBN 91-85523-98-4.



J. Gillberg: Frequency Domain Identification of Continuous-Time Systems Reconstruc-
tion and Robustness. Thesis No. 1031, 2006. ISBN 91-85523-34-8.

M. Gerdin: Identification and Estimation for Models Described by Differential-Algebraic
Equations. Thesis No. 1046, 2006. ISBN 91-85643-87-4.

C. Gronwall: Ground Object Recognition using Laser Radar Data — Geometric Fitting,
Performance Analysis, and Applications. Thesis No. 1055, 2006. ISBN 91-85643-53-X.
A. Eidehall: Tracking and threat assessment for automotive collision avoidance. Thesis
No. 1066, 2007. ISBN 91-85643-10-6.

F. Eng: Non-Uniform Sampling in Statistical Signal Processing. Thesis No. 1082, 2007.

ISBN 978-91-85715-49-7.
E. Wernholt: Multivariable Frequency-Domain Identification of Industrial Robots. Thesis

No. 1138, 2007. ISBN 978-91-85895-72-4.

D. Axehill: Integer Quadratic Programming for Control and Communication. Thesis
No. 1158, 2008. ISBN 978-91-85523-03-0.

G. Hendeby: Performance and Implementation Aspects of Nonlinear Filtering. Thesis
No. 1161, 2008. ISBN 978-91-7393-979-9.

J. Sjoberg: Optimal Control and Model Reduction of Nonlinear DAE Models. Thesis
No. 1166, 2008. ISBN 978-91-7393-964-5.

D. Tornqvist: Estimation and Detection with Applications to Navigation. Thesis
No. 1216, 2008. ISBN 978-91-7393-785-6.

P-J. Nordlund: Efficient Estimation and Detection Methods for Airborne Applications.
Thesis No. 1231, 2008. ISBN 978-91-7393-720-7.

H. Tidefelt: Differential-algebraic equations and matrix-valued singular perturbation.
Thesis No. 1292, 2009. ISBN 978-91-7393-479-4.

H. Ohlsson: Regularization for Sparseness and Smoothness — Applications in System
Identification and Signal Processing. Thesis No. 1351, 2010. ISBN 978-91-7393-287-5.

S. Moberg: Modeling and Control of Flexible Manipulators. Thesis No. 1349, 2010.
ISBN 978-91-7393-289-9.

J. Wallén: Estimation-based iterative learning control. Thesis No. 1358, 2011. ISBN 978-
91-7393-255-4.

J. D. Hol: Sensor Fusion and Calibration of Inertial Sensors, Vision, Ultra-Wideband and
GPS. Thesis No. 1368, 2011. ISBN 978-91-7393-197-7.

D. Ankelhed: On the Design of Low Order H-infinity Controllers. Thesis No. 1371, 2011.
ISBN 978-91-7393-157-1.

C. Lundquist: Sensor Fusion for Automotive Applications. Thesis No. 1409, 2011.
ISBN 978-91-7393-023-9.

P. Skoglar: Tracking and Planning for Surveillance Applications. Thesis No. 1432, 2012.
ISBN 978-91-7519-941-2.

K. Granstrom: Extended target tracking using PHD filters. Thesis No. 1476, 2012.
ISBN 978-91-7519-796-8.

C. Lyzell: Structural Reformulations in System Identification. Thesis No. 1475, 2012.
ISBN 978-91-7519-800-2.

J. Callmer: Autonomous Localization in Unknown Environments. Thesis No. 1520, 2013.
ISBN 978-91-7519-620-6.

D. Petersson: A Nonlinear Optimization Approach to H2-Optimal Modeling and Control.
Thesis No. 1528, 2013. ISBN 978-91-7519-567-4.

Z. Sjanic: Navigation and Mapping for Aerial Vehicles Based on Inertial and Imaging
Sensors. Thesis No. 1533, 2013. ISBN 978-91-7519-553-7.

F. Lindsten: Particle Filters and Markov Chains for Learning of Dynamical Systems.
Thesis No. 1530, 2013. ISBN 978-91-7519-559-9.



P. Axelsson: Sensor Fusion and Control Applied to Industrial Manipulators. Thesis
No. 1585, 2014. ISBN 978-91-7519-368-7.

A. Carvalho Bittencourt: Modeling and Diagnosis of Friction and Wear in Industrial
Robots. Thesis No. 1617, 2014. ISBN 978-91-7519-251-2.

M. Skoglund: Inertial Navigation and Mapping for Autonomous Vehicles. Thesis
No. 1623, 2014. ISBN 978-91-7519-233-8.

S. Khoshfetrat Pakazad: Divide and Conquer: Distributed Optimization and Robustness
Analysis. Thesis No. 1676, 2015. ISBN 978-91-7519-050-1.

T. Ardeshiri: Analytical Approximations for Bayesian Inference. Thesis No. 1710, 2015.
ISBN 978-91-7685-930-8.

N. Wahlstrom: Modeling of Magnetic Fields and Extended Objects for Localization Ap-
plications. Thesis No. 1723, 2015. ISBN 978-91-7685-903-2.

J. Dahlin: Accelerating Monte Carlo methods for Bayesian inference in dynamical models.
Thesis No. 1754, 2016. ISBN 978-91-7685-797-7.

M. Kok: Probabilistic modeling for sensor fusion with inertial measurements. Thesis
No. 1814, 2016. ISBN 978-91-7685-621-5.

J. Linder: Indirect System Identification for Unknown Input Problems: With Applica-
tions to Ships. Thesis No. 1829, 2017. ISBN 978-91-7685-588-1.

M. Roth: Advanced Kalman Filtering Approaches to Bayesian State Estimation. Thesis
No. 1832, 2017. ISBN 978-91-7685-578-2.

I. Nielsen: Structure-Exploiting Numerical Algorithms for Optimal Control. Thesis
No. 1848, 2017. ISBN 978-91-7685-528-7.

D. Simon: Fighter Aircraft Maneuver Limiting Using MPC: Theory and Application.
Thesis No. 1881, 2017. ISBN 978-91-7685-450-1.

C. Veibick: Tracking the Wanders of Nature. Thesis No. 1958, 2018. ISBN 978-91-7685-
200-2.

C. Andersson Naesseth: Machine learning using approximate inference: Variational and
sequential Monte Carlo methods. Thesis No. 1969, 2018. ISBN 978-91-7685-161-6.

Y. Jung: Inverse system identification with applications in predistortion. Thesis No. 1966,
2018. ISBN 978-91-7685-171-5.

Y. Zhao: Gaussian Processes for Positioning Using Radio Signal Strength Measurements.
Thesis No. 1968, 2019. ISBN 978-91-7685-162-3.

R. Larsson: Flight Test System Identification. Thesis No. 1990, 2019. ISBN 978-91-7685-
070-1.

P. Kasebzadeh: Learning Human Gait. Thesis No. 2012, 2019. ISBN 978-91-7519-014-3.
K. Radnosrati: Time of flight estimation for radio network positioning. Thesis No. 2054,
2020. ISBN 978-91-7929-884-5.

0. Ljungqvist: Motion planning and feedback control techniques with applications to
long tractor-trailer vehicles. Thesis No. 2070, 2020. ISBN 978-91-7929-858-6.

G. Lindmark: Controllability of Complex Networks at Minimum Cost. Thesis No. 2074,
2020. ISBN 978-91-7929-847-0.

K. Bergman: Exploiting Direct Optimal Control for Motion Planning in Unstructured
Environments. Thesis No. 2133, 2021. ISBN 978-91-7929-677-3.

P. Bostrom-Rost: Sensor Management for Target Tracking Applications. Thesis No. 2137,
2021. ISBN 978-91-7929-672-8.

A. Fontan: Collective decision-making on networked systems in presence of antagonistic
interactions. Thesis No. 2166, 2021. ISBN 978-91-7929-017-7.

S. Parvini Ahmadi: Distributed Optimization for Control and Estimation. Thesis
No. 2207, 2022. ISBN 978-91-7929-197-6.

F. Ljungberg: Identification of Nonlinear Marine Systems. Thesis No. 2258, 2022.
ISBN 978-91-7929-493-9.



A. Zenere: Integration of epigenetic, transcriptomic and proteomic data. Thesis No. 2294,
2023. ISBN 978-91-8075-068-4.

K. Nielsen: Localization of Autonomous Vehicles in Underground Mines. Thesis No. 2318,
2023. ISBN 978-91-8075-167-4.

D. Arnstrom: Real-Time Certified MPC: Reliable Active-Set QP Solvers. Thesis No. 2324,
2023. ISBN 978-91-8075-218-3.

M. Malmstrom: Approximative Uncertainty in Neural Network Predictions. Thesis
No. 2358, 2023. ISBN 978-91-8075-405-7.



FACULTY OF SCIENCE AND ENGINEERING

Linkdping Studies in Science and Technology, Dissertations No. 2359
Department of Electrical Engineering

Linkdping University
SE-58183 Linkdping, Sweden

www.liu.se

LINKOPING
UNIVERSITY




	Abstract
	Populärvetenskaplig sammanfattning
	Acknowledgments
	Contents
	Notation
	1 Introduction
	2 Preliminaries and Prior Work
	3 Decentralized Single-Target Tracking
	4 Conservative Track Fusion Under Partially Known Correlations
	5 Dimension-Reduction for Efficient Communication Management
	6 Final Remarks
	Bibliography


 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 6.890 x 9.843 inches / 175.0 x 250.0 mm
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20070320125831
       708.6614
       S5-utfall
       Blank
       496.0630
          

     Tall
     0
     0
     No
     635
     395
     None
     Up
     0.0000
     0.0000
            
                
         Both
         AllDoc
              

       PDDoc
          

     Uniform
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.9b
     Quite Imposing Plus 2
     1
      

        
     161
     160
     161
      

   1
  

    
   HistoryItem_V1
   DefineBleed
        
     Range: all pages
     Request: bleed all round 14.17 points
     Bleed area is outside visible: no
      

        
     0.0000
     0
     0.0000
     14.1732
     0
     0
     581
     343
     0.0000
     Fixed
            
                
         Both
         AllDoc
              

       PDDoc
          

     0.0000
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.9b
     Quite Imposing Plus 2
     1
      

        
     161
     160
     161
      

   1
  

    
   HistoryItem_V1
   StepAndRepeat
        
     Trim unused space from sheets: no
     Allow pages to be scaled: no
     Margins: left 0.00, top 0.00, right 0.00, bottom 0.00 points
     Horizontal spacing (points): 0 
     Vertical spacing (points): 0 
     Crop style 1, width 0.30, length 5.67, distance 14.17 (points)
     Add frames around each page: no
     Sheet size: 8.268 x 11.693 inches / 210.0 x 297.0 mm
     Sheet orientation: tall
     Layout: rows 0 down, columns 0 across
     Align: centre
      

        
     0.0000
     14.1732
     5.6693
     1
     Corners
     0.2999
     ToFit
     0
     0
     0.7000
     0
     0 
     0
     0.0000
     0
            
       D:20071003103129
       841.8898
       a4
       Blank
       595.2756
          

     Tall
     589
     352
     0.0000
     C
     0
            
       PDDoc
          

     0.0000
     0
     2
     1
     0
     0 
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.9b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     557
     405
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.9b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 6.496 x 9.449 inches / 165.0 x 240.0 mm
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20220421103128
       680.3150
       S5
       Blank
       467.7165
          

     Tall
     1
     0
     No
     505
     349
    
     None
     Left
     5.6693
     0.0000
            
                
         Both
         1
         AllDoc
         11
              

       CurrentAVDoc
          

     Uniform
     8.5039
     Left
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.9b
     Quite Imposing Plus 2
     1
      

        
     162
     164
     163
     164
      

   1
  

 HistoryList_V1
 qi2base





