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1. INTRODUCTION

This paper investigates how overparameterization affects
the, via the delta method, calculated uncertainty in the
prediction from a parametric black-box model, such as a
neural network (nn). To be able to use a model in a safety-
critical application, such as medical image recognition or
autonomous driving, it is important to be able to quantify
the uncertainty in the predictions of the model, [Paleyes
et al., 2020]. For nns, there are numerous methods to
quantify the uncertainty in the predictions, [Gawlikowski
et al., 2021]. Here, the delta method, [Liero and Zwanzig,
2011, Malmström, 2021] is an example of such a method.
It relies on a two-step procedure. Firstly, to compute the
uncertainty of the parameters in the black-box model,
and secondly to propagate, through linearization, the un-
certainty in the parameters to uncertainty in the out-
put. Hence, it is a method based on identifying a distri-
bution for the parameters of the black-box model. The
method shares similarities to the Laplacian approximation
of Bayesian nns, [Immer et al., 2021]. Broadly speaking,
methods to quantify the uncertainty in the predictions
can be separated into two categories. The first category
of methods is based on creating ensembles of predictions,
[Gal and Ghahramani, 2016, Lakshminarayanan et al.,
2017, Malmström, 2021]. The second category of methods
is based on learning the uncertainty by modifying the
nn structure or the cost function, [Blundell et al., 2015,
Izmailov et al., 2021, Kendall and Gal, 2017].
For black-box models, such as nns, a common design
choice is to use an overparameterized model to guarantee
that the model is flexible enough to describe the true
system. In the literature, the problem of quantifying the
⋆ This work is supported by Sweden’s innovation agency, Vinnova,
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uncertainty for overparameterized models has previously
been studied, see [Hjalmarsson and Gustafsson, 1995, Pin-
telon et al., 1996, Stoica and Marzetta, 2001, Stoica and
Söderström, 1989]. For example, independently of how a
system has been overparameterized, [Pintelon et al., 1996]
shows that the uncertainty in the learned (estimated)
parameters is the same. In this paper, the contribution
is to show, that using the delta method to compute the
uncertainty in the prediction of a black-box model, the un-
certainty is always larger for an overparameterized model
compared to the calculated uncertainty from a model with
minimum flexibility required to describe the true system.
However, the calculated uncertainty in the prediction is
the same if the added parameters of the overparameterized
model do not add flexibility to the model.

2. PROBLEM FORMULATION

This paper will consider regression problem with least-
squares loss function, and investigate how the use of
overparameterization affects the prediction uncertainty
calculated by the delta method.

2.1 Signal model and likelihood

Consider a mapping between an input xn ∈ Rnx to some
output f∗(xn) ∈R. Here nx is the dimension of the input.
A parametric black-box model f(xn;θ) is used to model
this relationship, where θ ∈ Rnθ is the model parameters.
Assume a scalar measurement yn ∈R of the output f∗(xn)
given by

yn = f∗(xn) + en, (1)
where en is i.i.d. measurement noise. The parameters of
the black-box model are learned from the measurements
yn by minimizing a loss function VN (θ), i.e.,
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θ̂N = arg min
θ

VN (θ). (2)

The least-squares loss function

VN (θ) =
N∑

n=1
||yn − f(xn;θ)||2 (3)

is a common choice for regression problems. Here N
denotes the number of data points. If the noise en has
a Gaussian distribution, and loss function (3) is used, the
estimate in (2) is the maximum likelihood estimate (mle).

2.2 Neural network model structure

A fully connected nn with L layers can be written as
h(0) = x, (4a)

a(l+1) =
[
h(l) 1

]⊤
W (l), l = 0, . . . , L − 1, (4b)

h(l) = σ
(
a(l)), l = 1, . . . , L − 1, (4c)

where σ() denotes the activation function. The latent
variable a(l) containing the value of all the nodes in the
l’th layer of the nn, and h(l) denotes the transformation
using the activation function of the values in all the nodes
in the l’th layer of the nn. Collecting all the weights and
biases included in the matrices W (L), . . . , W (0) into the
parameter vector using the Vec(·) function, i.e.,

θ ≜
[
Vec(W (L))⊤ . . . Vec(W (0))⊤]⊤

, (4d)
the nn can be written as a parametric model

f(x;θ) = a(L). (4e)

2.3 True system

Define a model set M∗ as a collection of candidate models,
[Ljung, 1999]. If the model set generated by the black-box
model f(xn;θ) includes the true system f∗(xn), then there
exists a θ0 such that

f(xn;θ0) = f∗(xn). (5)
In practice, it is difficult to guarantee that M∗ includes
the true system. However, if a very flexible model, such
as a deep nn is used, it can be assumed that such a
θ0 exists, [Liang and Srikant, 2017]. Hence, for these
applications, it is sensible to assume that the model
set includes the true system. For nn, there are some
symmetries in the parametrization that makes θ0 non-
unique. These symmetries can be handled similarly to
overparameterization, but a description of them is outside
of the scope of this paper. Interested readers are referred
to [Hwang and Ding, 1997].
If the true system is contained in the model set M∗, an
estimate of θ found by solving (2) is, asymptotically in the
number of data points, the mle. This is true whether the
noise is Gaussian distributed or not, [Ljung, 1999]. From
here on, throughout this paper, it will be assumed that all
model sets include the true system, regardless of if they
are generated by an overparameterized model or not.

2.4 Parameter covariance

Under the assumption that the signal-to-noise ratio (snr)
tends to infinity, the mle gives that the estimated param-
eters convergence in distribution to

θ̂N ∼ N (θ0, P θ
N ). (6)

Here P θ
N is the Cramér-Rao lower bound (crlb). For the

regression problem in (3), the crlb is given by
P θ

N = λN

(
Iθ

)−1
, (7a)

Iθ =
N∑

n=1
Iθ

n , (7b)

Iθ
n = E

[
ψ(xn;θ)ψ⊤(xn;θ)

]
, (7c)

where Iθ denotes the information matrix, the prediction
error and the prediction error variance are given by

ϵ(xn;θ) = yn − f(xn;θ), (8a)

λN = 1
N

N∑
n=1

ϵ2(xn;θ), (8b)

and the derivative of the prediction error with respect to
the parameters θ

ψ(xn;θ) = − ∂

∂θ
ϵ(xn;θ) = ∂

∂θ
f(xn;θ). (9)

2.5 Error propagation using the delta method

The delta method [Liero and Zwanzig, 2011], is a method
to propagate the uncertainty in the parameter to uncer-
tainty in the prediction using a linearization of the model.
That is, the covariance of the prediction is given by

P f
N (x) ≜ var

(
f(x; θ̂N )

)
= ψ⊤(x;θ)P θ

N ψ(x;θ), (10)
for any input x. It is based on the observation that, if the
parameters are Gaussian distributed, close to the param-
eters θ̂N , the model can accurately be represented by a
linearized local approximation around f(x; θ̂N ), Liero and
Zwanzig [2011]. In system identification, this is a standard
method to project the uncertainty of the parameters onto
the prediction, see [Chryssoloiuris et al., 1996, Hwang
and Ding, 1997, Papadopoulos et al., 2001, Rivals and
Personnaz, 2000]. Then, the uncertainty in the prediction
is given by the norm of the projection, [Hjalmarsson and
Martensson, 2010].
This paper will study how the prediction uncertainty given
by (10) is affected by using an overparameterized model.
To do so, overparameterized models will be separated into
two categories:
(i) Models where the redundant parameters do not add

any flexibility, e.g., when some elements in a(l) can
be written as a linear combination of the other ele-
ments of a(l). These will be referred to as redundant
parameters of Category 1.

(ii) Models where the redundant parameters add flexibil-
ity, e.g., when more hidden nodes than necessary are
used for an nn. This will be referred to as redundant
parameters of Category 2.

3. OVERPARAMETIZED MODELS

The delta method is based on a linear approximation of a
nonlinear model. Hence, to analyze how (10) is affected by
overparameterization, consider the linearization

f(x;θ) = φ⊤(x)θ + d, (11)
where φ(x) = ψ(x;θ), and d is the difference between
the value of the function and the linear approximation
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θ̂N = arg min
θ

VN (θ). (2)

The least-squares loss function

VN (θ) =
N∑

n=1
||yn − f(xn;θ)||2 (3)

is a common choice for regression problems. Here N
denotes the number of data points. If the noise en has
a Gaussian distribution, and loss function (3) is used, the
estimate in (2) is the maximum likelihood estimate (mle).

2.2 Neural network model structure

A fully connected nn with L layers can be written as
h(0) = x, (4a)

a(l+1) =
[
h(l) 1

]⊤
W (l), l = 0, . . . , L − 1, (4b)

h(l) = σ
(
a(l)), l = 1, . . . , L − 1, (4c)

where σ() denotes the activation function. The latent
variable a(l) containing the value of all the nodes in the
l’th layer of the nn, and h(l) denotes the transformation
using the activation function of the values in all the nodes
in the l’th layer of the nn. Collecting all the weights and
biases included in the matrices W (L), . . . , W (0) into the
parameter vector using the Vec(·) function, i.e.,

θ ≜
[
Vec(W (L))⊤ . . . Vec(W (0))⊤]⊤

, (4d)
the nn can be written as a parametric model

f(x;θ) = a(L). (4e)

2.3 True system

Define a model set M∗ as a collection of candidate models,
[Ljung, 1999]. If the model set generated by the black-box
model f(xn;θ) includes the true system f∗(xn), then there
exists a θ0 such that

f(xn;θ0) = f∗(xn). (5)
In practice, it is difficult to guarantee that M∗ includes
the true system. However, if a very flexible model, such
as a deep nn is used, it can be assumed that such a
θ0 exists, [Liang and Srikant, 2017]. Hence, for these
applications, it is sensible to assume that the model
set includes the true system. For nn, there are some
symmetries in the parametrization that makes θ0 non-
unique. These symmetries can be handled similarly to
overparameterization, but a description of them is outside
of the scope of this paper. Interested readers are referred
to [Hwang and Ding, 1997].
If the true system is contained in the model set M∗, an
estimate of θ found by solving (2) is, asymptotically in the
number of data points, the mle. This is true whether the
noise is Gaussian distributed or not, [Ljung, 1999]. From
here on, throughout this paper, it will be assumed that all
model sets include the true system, regardless of if they
are generated by an overparameterized model or not.

2.4 Parameter covariance

Under the assumption that the signal-to-noise ratio (snr)
tends to infinity, the mle gives that the estimated param-
eters convergence in distribution to

θ̂N ∼ N (θ0, P θ
N ). (6)

Here P θ
N is the Cramér-Rao lower bound (crlb). For the

regression problem in (3), the crlb is given by
P θ

N = λN

(
Iθ

)−1
, (7a)

Iθ =
N∑

n=1
Iθ

n , (7b)

Iθ
n = E

[
ψ(xn;θ)ψ⊤(xn;θ)

]
, (7c)

where Iθ denotes the information matrix, the prediction
error and the prediction error variance are given by

ϵ(xn;θ) = yn − f(xn;θ), (8a)

λN = 1
N

N∑
n=1

ϵ2(xn;θ), (8b)

and the derivative of the prediction error with respect to
the parameters θ

ψ(xn;θ) = − ∂

∂θ
ϵ(xn;θ) = ∂

∂θ
f(xn;θ). (9)

2.5 Error propagation using the delta method

The delta method [Liero and Zwanzig, 2011], is a method
to propagate the uncertainty in the parameter to uncer-
tainty in the prediction using a linearization of the model.
That is, the covariance of the prediction is given by

P f
N (x) ≜ var

(
f(x; θ̂N )

)
= ψ⊤(x;θ)P θ

N ψ(x;θ), (10)
for any input x. It is based on the observation that, if the
parameters are Gaussian distributed, close to the param-
eters θ̂N , the model can accurately be represented by a
linearized local approximation around f(x; θ̂N ), Liero and
Zwanzig [2011]. In system identification, this is a standard
method to project the uncertainty of the parameters onto
the prediction, see [Chryssoloiuris et al., 1996, Hwang
and Ding, 1997, Papadopoulos et al., 2001, Rivals and
Personnaz, 2000]. Then, the uncertainty in the prediction
is given by the norm of the projection, [Hjalmarsson and
Martensson, 2010].
This paper will study how the prediction uncertainty given
by (10) is affected by using an overparameterized model.
To do so, overparameterized models will be separated into
two categories:
(i) Models where the redundant parameters do not add

any flexibility, e.g., when some elements in a(l) can
be written as a linear combination of the other ele-
ments of a(l). These will be referred to as redundant
parameters of Category 1.

(ii) Models where the redundant parameters add flexibil-
ity, e.g., when more hidden nodes than necessary are
used for an nn. This will be referred to as redundant
parameters of Category 2.

3. OVERPARAMETIZED MODELS

The delta method is based on a linear approximation of a
nonlinear model. Hence, to analyze how (10) is affected by
overparameterization, consider the linearization

f(x;θ) = φ⊤(x)θ + d, (11)
where φ(x) = ψ(x;θ), and d is the difference between
the value of the function and the linear approximation

at the linearization point. However, d will not influence
the uncertainty in the prediction calculated by the delta
method, hence assume d = 0. Note that for a model linear
in the parameters, the information matrix can be written
as

Iθ = ΦN Φ⊤
N , (12a)

where
ΦN = [φ(x1) · · · φ(xN )] . (12b)

A model of minimum flexibility but still flexible enough to
describe the true system can be referred to as a canonical
model. To make a distinction between whether the model
is canonical or overparameterized, a subindex c is added
here.

3.1 Models with redundant parameters of Category 1

As an example that the true input-output relationship is
given by

f∗(x) = 1 + 6x + x2. (13)
Then one canonical model is given by the regressor
φ⊤

c (x) = [1, x, x2], while φ(x)⊤ = [1, x, x + 1, x2] is
an overparameterized model with redundant parameters
of Category 1. Hence, there exists some transformation
T (θ) = θc which transforms the parameters of the overpa-
rameterized to parameters of the canonical representation
model. In the linear case,

θc = Tθ. (14)
Here T ∈ Rnθc ×nθ is a transformation matrix where nθc

is the number of parameters in the canonical model which
is smaller than or equal to nθ. The case where nθc

= nθ

represents when there exist some symmetries in the model,
e.g., changing the ordering of the nodes in (4).
For (7) to hold, it is assumed that the information matrix
Iθ is invertible. That is, the data is informative enough,
and the model is not overparameterized. Assume that the
data is informative enough with respect to the model set
generated by the canonical model. For an overparame-
terized model with redundant parameters of Category 1,
where the information matrix is singular, the inverse is
replaced by a Moore-Penrose pseudo-inverse denoted with
the superscript +, [Stoica and Marzetta, 2001], i.e.,

P θ
N = λN

(
Iθ

)+
, (15)

which also works when there exists a null space in the
parameter space.
Theorem 1. Consider a canonical model of the true system
f∗(x) = φ⊤

c (x)θc,0. Form a new model with more param-
eters φ⊤(x)θ using the (wide) transformation matrix T
with full row rank. Then, the models estimated by (2) will
give identical uncertainty in the prediction independently
of the choice of T , i.e.,

φ⊤
c (xm)P θc

N φc(xm) = φ⊤(xm)P θ
Nφ(xm). (16)

Proof. With the transformation given in (14), the regres-
sors for the overparameterized model can be written as
φ⊤(xm) = φ⊤

c (xm)T . Hence, the information matrix for
the overparameterized model can be written as

Iθ = T ⊤IθcT. (17)

Recall that, if A has full column rank, B has full row rank
and C is invertible the pseudo-inverse of their product is

(ACB)+ = B+C−1A+. (18)
Let Ir denote the identity matrix of size r. Using that
TT + = Inθc

, the uncertainty in the prediction for the
canonical model can be written as
φ⊤

c (xm)P θc

N φc(xm)= (19a)
= λNφ⊤

c (xm)TT +(
Iθ

c

)−1(
T ⊤)+

T ⊤φc(xm) (19b)
=λNφ

⊤(xm)
(
T ⊤IθcT

)+
φ(xm) (19c)

= φ⊤(xm)P θ
Nφ(xm) (19d)

This is identical to the uncertainty from (10) which was
calculated using an overparameterized model with redun-
dant parameters of Category 1.

�

Similar results have been presented in [Stoica and Marzetta,
2001]. There it is shown that even though the informa-
tion matrix for the parameters is singular, a projection
of the matrix can give an invertible information matrix.
In [Pintelon et al., 1996] it is shown that the crlb is
independent of the given overparameterization. The main
difference in Theorem 1, is that it is the uncertainty in the
prediction that is considered where equivalence is shown
to a canonical model. Thereby, it is shown that the effect
of the null space in Iθ can be neglected. This is a result of
the structure from having the same transformation when
computing the parameter covariance and propagating the
uncertainty.

3.2 Models with redundant parameters of Category 2

Once again, consider the problem to identify a model
for the system in (13), but now, the overparameterized
model has parameters that add unnecessary flexibility,
i.e., redundant parameters of Category 2. For example if
the regressor φ(x) = [1, x, x2, x3]⊤ is used. If the model
has redundant parameters of Category 2, the information
matrix for the overparameterized model is likely to be
invertible.
Theorem 2. Consider the linear model (11) and assume
that the true system can be described by a canonical
model with less flexibility. If both models are estimated
using (2) where nθ is fixed and nθ ≪ N , then as the
snr goes to infinity, the uncertainty in the prediction (10)
for a canonical model is smaller compared to that of an
overparameterized model, i.e.,

φ⊤
c (xm)P θc

N φc(xm) < φ⊤(xm)P θ
Nφ(xm). (20)

Proof. Without loss of generality, the overparameterized
model can be written in terms of the canonical model such
as

φ⊤(xm) =
[
φ⊤

c (xm) φ⊤
o (xm)

]
, (21a)

Φ⊤
N =

[
Φ⊤

c,N Φ⊤
o,N

]
, (21b)

ΦN Φ⊤
N =

[
Φc,N Φ⊤

c,N Φc,N Φ⊤
o,N

Φo,N Φ⊤
c,N Φo,N Φ⊤

o,N

]
, (21c)

where φ⊤
o (xm) and Φ⊤

o,N correspond to the parameters
added in the overparameterized model. Using the block-
wise inverse the parameter inverse of the information
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matrix for the parameters of the overparameterized model
is

(
ΦN Φ⊤

N

)−1=
[(

Φc,N Φ⊤
c,N

)−1+K⊤RoK −K⊤Ro

−RoK Ro

]
, (22a)

where
Ro=

(
Φo,N (IN − Rc)Φ⊤

o,N

)−1
, (22b)

Rc = Φ⊤
c,N

(
Φc,N Φ⊤

c,N

)−1Φc,N , (22c)

K = Φo,N Φ⊤
c,N

(
Φc,N Φ⊤

c,N

)−1
. (22d)

Since nθ ≪ N and both the model set of the canonical
and overparameterized model include the true system,
the prediction error variance is asymptotically the same
and equal to the variance of the noise λ0, [Ljung, 1999].
Then the variance of the overparameterized model can be
written as

λ0φ
⊤(xm)

(
ΦN Φ⊤

N

)−1
φ(xm)=λ0φ

⊤
c (xm)

(
Φc,N Φ⊤

c,N

)−1
φc(xm)

+ λ0φ
⊤
c (xm)K⊤RoKφc(xm)−λ0φ

⊤
c (xm)K⊤Roφo(xm)

− λ0φ
⊤
o (xm)RoKφc(xm) + λ0φ

⊤
o (xm)Roφo(xm). (23)

Here (23) can be seen as a quadratic optimization problem
where the regressor that adds flexibility to the model
φ⊤

o (xm) and Φo,N are free to choose. Write
χ⊤ = [φ⊤

c (xm)K⊤,φ⊤
o (xm)], (24a)

then the optimization problem becomes
min
χ

λ0φ
⊤
c (xm)

(
Φc,N Φ⊤

c,N

)−1
φc(xm)+λ0χ

⊤Qχ, (24b)

where

Q =
[

Ro −Ro

−Ro Ro

]
. (24c)

Since Ro is invertible by definition, Q is a positive semi-
definite matrix, the minimum is found when χ⊤Qχ = 0.
In order to obtain a non-trivial solution, one has to choose
φ⊤

c (xm)K⊤ = φ⊤
o (xm), i.e., the added flexibility has

to be written as a linear combination of the canonical
model. Hence, adding flexibility to the overparameterized
model will always increase (24b). This concludes that the
calculated uncertainty in the prediction for an overparam-
eterized model with redundant parameters of Category 2
will be larger compared to that of the canonical model.

�

Note that choosing φ⊤
c (xm)K⊤ = φ⊤

o (xm) would result
in that neither (21c) nor Ro is invertible, i.e., the same
setting as Theorem 1, where T = K⊤. Hence equality in
(20) can only be obtained when the redundant parameters
are of Category 1.
By formulating a model selection problem, for nested
model structures, similar results as Theorem 2 have been
shown in [Hjalmarsson and Gustafsson, 1995] where the
calculated uncertainty is higher for the larger model. That
the uncertainty in the prediction is higher for an over-
parameterized model compared to a canonical model, is
also the premise for using model selection algorithms,
such as the Bayesian information criteria (bic), [Schwarz,
1978]. This paper provides insights into why the calculated
uncertainty has to be strictly larger for the overparame-
terized model, and how the result generalizes to the case
with redundant parameters of Category 1. That is since
the minimum of the minimization problem in (24b) is
obtained when the added regressor can be written as a

linear combination of the regressor of the canonical model,
added flexibility must increase the calculated uncertainty
in the prediction.
The results of Theorem 1 and Theorem 2 can be sum-
marised as for an overparameterized model, the calculated
uncertainty from using the delta method will always be
larger compared to a canonical model. However, if the
additional parameters do not add any flexibility, the un-
certainty in the prediction is the same. In practice, by
observing structure of the chosen model, it is hard to
distinguish between the two aforementioned categories of
overparameterization. However, after quantifying the un-
certainty, if the information matrix Iθ is rank deficient it
would indicate that it is likely that the model might have
redundant parameters of Category 1.

3.3 Nonlinear models

The main idea of the delta method is a two-step lineariza-
tion. Firstly, to compute the parameter uncertainty, and
secondly to propagate the uncertainty to the output of the
model. Hence, the delta method gives a linear approxima-
tion of a nonlinear model. Asymptotically in the number
of data points, close to the mle, a good approximation
for many nonlinear models is given by a linear approx-
imation, [Enqvist, 2005, Ljung and Glad, 1994, Nocedal
and Wright, 2006]. Consequently, using (10) to calculate
the uncertainty in the prediction for these nonlinear mod-
els, the result of Theorem 1 and Theorem 2 should hold
asymptotically close to the estimated parameters since the
delta method uses a linear approximation of the nonlinear
model.

4. NUMERICAL EXAMPLES

A simulation study will be used to validate the results
from Theorem 1 and Theorem 2. The true system under
consideration is how the normalized traction force depends
on the wheel slip referred to as the magic formula tire
model, [Pacejka and Besselink, 1997],

f∗(x)=D sin
(
Carctan

(
Bx−E(Bx−arctan(Bx))

))
. (25)

It is exactly modeled by an nn with two layers and two
nodes in the hidden layer [Malmström, 2021]. Hence the
true system is included in the model set. For the simulation
B = 14, C = 0.1, D = 0.6, E = −0.2 in (25), 200
mesurements are generated where x ∼ U [−0.6, 0.6], and
e ∼ N (0, 0.01).

4.1 Models with redundant parameters of Category 1

A nonlinear canonical model given by
fc(x,θc)=θc

1σ(θc
2x+θc

3)+θc
4σ(θc

5x+θc
6)+θc

7, (26)
and an example of an overparameterized model with
redundant parameters of Category 1 is e.g.,

f(x,θ) =θ1σ(θ2(x + 1)+θ3(2 − x)+5θ4)
+ θ5σ(θ6x + θ7) + θ8. (27)

The parameters of these models are estimated using (2),
and then the uncertainty in the parameters and prediction
is computed using (10). From Fig. 1a one can conclude
that the uncertainty of the overparameterized model with
redundant parameters of Category 1 is the same as the
uncertainty of the canonical one.
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matrix for the parameters of the overparameterized model
is

(
ΦN Φ⊤
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)−1=
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K = Φo,N Φ⊤
c,N

(
Φc,N Φ⊤

c,N

)−1
. (22d)

Since nθ ≪ N and both the model set of the canonical
and overparameterized model include the true system,
the prediction error variance is asymptotically the same
and equal to the variance of the noise λ0, [Ljung, 1999].
Then the variance of the overparameterized model can be
written as

λ0φ
⊤(xm)

(
ΦN Φ⊤

N

)−1
φ(xm)=λ0φ
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⊤
o (xm)Roφo(xm). (23)

Here (23) can be seen as a quadratic optimization problem
where the regressor that adds flexibility to the model
φ⊤

o (xm) and Φo,N are free to choose. Write
χ⊤ = [φ⊤

c (xm)K⊤,φ⊤
o (xm)], (24a)

then the optimization problem becomes
min
χ

λ0φ
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(
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c,N

)−1
φc(xm)+λ0χ

⊤Qχ, (24b)

where

Q =
[

Ro −Ro

−Ro Ro

]
. (24c)

Since Ro is invertible by definition, Q is a positive semi-
definite matrix, the minimum is found when χ⊤Qχ = 0.
In order to obtain a non-trivial solution, one has to choose
φ⊤

c (xm)K⊤ = φ⊤
o (xm), i.e., the added flexibility has

to be written as a linear combination of the canonical
model. Hence, adding flexibility to the overparameterized
model will always increase (24b). This concludes that the
calculated uncertainty in the prediction for an overparam-
eterized model with redundant parameters of Category 2
will be larger compared to that of the canonical model.
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Note that choosing φ⊤
c (xm)K⊤ = φ⊤

o (xm) would result
in that neither (21c) nor Ro is invertible, i.e., the same
setting as Theorem 1, where T = K⊤. Hence equality in
(20) can only be obtained when the redundant parameters
are of Category 1.
By formulating a model selection problem, for nested
model structures, similar results as Theorem 2 have been
shown in [Hjalmarsson and Gustafsson, 1995] where the
calculated uncertainty is higher for the larger model. That
the uncertainty in the prediction is higher for an over-
parameterized model compared to a canonical model, is
also the premise for using model selection algorithms,
such as the Bayesian information criteria (bic), [Schwarz,
1978]. This paper provides insights into why the calculated
uncertainty has to be strictly larger for the overparame-
terized model, and how the result generalizes to the case
with redundant parameters of Category 1. That is since
the minimum of the minimization problem in (24b) is
obtained when the added regressor can be written as a

linear combination of the regressor of the canonical model,
added flexibility must increase the calculated uncertainty
in the prediction.
The results of Theorem 1 and Theorem 2 can be sum-
marised as for an overparameterized model, the calculated
uncertainty from using the delta method will always be
larger compared to a canonical model. However, if the
additional parameters do not add any flexibility, the un-
certainty in the prediction is the same. In practice, by
observing structure of the chosen model, it is hard to
distinguish between the two aforementioned categories of
overparameterization. However, after quantifying the un-
certainty, if the information matrix Iθ is rank deficient it
would indicate that it is likely that the model might have
redundant parameters of Category 1.

3.3 Nonlinear models

The main idea of the delta method is a two-step lineariza-
tion. Firstly, to compute the parameter uncertainty, and
secondly to propagate the uncertainty to the output of the
model. Hence, the delta method gives a linear approxima-
tion of a nonlinear model. Asymptotically in the number
of data points, close to the mle, a good approximation
for many nonlinear models is given by a linear approx-
imation, [Enqvist, 2005, Ljung and Glad, 1994, Nocedal
and Wright, 2006]. Consequently, using (10) to calculate
the uncertainty in the prediction for these nonlinear mod-
els, the result of Theorem 1 and Theorem 2 should hold
asymptotically close to the estimated parameters since the
delta method uses a linear approximation of the nonlinear
model.

4. NUMERICAL EXAMPLES

A simulation study will be used to validate the results
from Theorem 1 and Theorem 2. The true system under
consideration is how the normalized traction force depends
on the wheel slip referred to as the magic formula tire
model, [Pacejka and Besselink, 1997],

f∗(x)=D sin
(
Carctan

(
Bx−E(Bx−arctan(Bx))

))
. (25)

It is exactly modeled by an nn with two layers and two
nodes in the hidden layer [Malmström, 2021]. Hence the
true system is included in the model set. For the simulation
B = 14, C = 0.1, D = 0.6, E = −0.2 in (25), 200
mesurements are generated where x ∼ U [−0.6, 0.6], and
e ∼ N (0, 0.01).

4.1 Models with redundant parameters of Category 1

A nonlinear canonical model given by
fc(x,θc)=θc

1σ(θc
2x+θc

3)+θc
4σ(θc

5x+θc
6)+θc

7, (26)
and an example of an overparameterized model with
redundant parameters of Category 1 is e.g.,

f(x,θ) =θ1σ(θ2(x + 1)+θ3(2 − x)+5θ4)
+ θ5σ(θ6x + θ7) + θ8. (27)

The parameters of these models are estimated using (2),
and then the uncertainty in the parameters and prediction
is computed using (10). From Fig. 1a one can conclude
that the uncertainty of the overparameterized model with
redundant parameters of Category 1 is the same as the
uncertainty of the canonical one.
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(a) Nonlinear model with redundant param-
eters Category 1.
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(b) Linear model with redundant parameters
Category 2.

10 15 20 25 30 35

3

3.5

4

4.5

5

5.5
10

-4

(c) Nonlinear model with redundant parame-
ters Category 2.

Fig. 1. Calculated uncertainty in the prediction for a canonical and an overparameterized model using the delta method. In (a) the model is
nonlinear and the overparameterized model has redundant parameters of Category 1. While in (b) the model is linear in its parameters
and the overparameterization has redundant parameters of Category 2 which add flexibility to the model. In (c) the model is a two-layer
nn with an increasing number of nodes in the hidden layer, i.e., it is nonlinear and the overparameterization with redundant parameters
of Category 2. The simulation data is generated by (25).

4.2 Models with redundant parameters of Category 2

A canonical model linear in its parameters is given by
φc(x)=[σ(−40x+0.0061), σ(−6.8x+0.0036), 1]⊤. (28)

And a model with more flexibility but with redundant
parameters of Category 2 is defined by

φ⊤(x) = [φ⊤
c (x),φ⊤

oj
(x)], (29a)

φ⊤
oj

(x) = [σ(Woj x + boj ),φ⊤
oj−1,m], (29b)

where oj = 1, ..., 3, and Woj = boj = oj .

A nonlinear canonical model is given by a fully connected
two-layer nn with two nodes in the hidden layer and
sigmoid as an activation function, i.e., (4) with L = 2.
Increasing the number of nodes in the hidden overparam-
eterized model with redundant parameters of Category 2
can be obtained.
Once again the parameters are estimated using (2) and
the uncertainty in the prediction is calculated using (10),
both for the nonlinear model and the model linear in
its parameters. For each model, the mean uncertainty is
computed for Nv validation data points according to

P̄ f
N = 1

Nv

Nv∑
i=1

P f
N (xi). (30)

From Fig. 1b and Fig. 1c, Theorem 2 can be verified as
the models with redundant parameters of Category 2 have
a higher mean prediction uncertainty compared to the
canonical model.

5. CONCLUSION

When calculating the uncertainty in the prediction using
the delta method, for an overparameterized model, the
prediction uncertainty will always be larger or equal com-
pared to one of the models with minimum flexibility that
still can describe the true system, i.e., a canonical model.
Hence, the conclusion is that even though the model is
overparameterized, the uncertainty in the prediction cal-
culated by the delta method is not underestimated, i.e.,
the uncertainty in the prediction is not too low. The delta
method relies on linearizations, hence asymptotically in

the number of data points, the results from Theorem 1 and
Theorem 2 apply locally around the estimated parameters
for some nonlinear models. Section 4 provides an example
of two such nonlinear models.
A future research direction could be to investigate if the
result also holds for larger black-box models such as nns
used for image classification.
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