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Abstract

In this article we investigate stationary coupled Korteweg—de Vries (cKdV) systems and prove
that every N-field stationary cKdV system can be written, after a careful reparametrization of jet
variables, as a classical separable Stédckel system in N + 1 different ways. For each of these N + 1
parametrizations we present an explicit map between the jet variables and the separation variables
of the system. Finally, we show that each pair of Stéckel representations of the same stationary
cKdV system, when considered in the phase space extended by Casimir variables, is connected by an
appropriate finite-dimensional Miura map, which leads to an (N + 1)-Hamiltonian formulation for
the stationary cKdV system.
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1 Introduction

Since the classical works of Bogoyavlensky, Novikov [14] and Mokhov [26] there has been a tremen-
dous amount of research devoted to connections between soliton hierarchies and their integrable finite-
dimensional reductions (see for example the bibliography in the survey [5] as well as the introductory
part in [13]). In [2,3] the authors presented a fairly general construction of finite-dimensional completely
integrable Hamiltonian systems obtained by reductions of the Korteweg—de Vries (KdV) and the coupled
Korteweg—de Vries (cKdV) soliton hierarchies to their stationary and restricted flows.

In this article we thoroughly investigate the concept of stationary ¢KdV systems and their Stéckel
representations, obtaining new results in this area, as described below.

In Section 2 we remind the construction of the N-component cKdV hierarchy u;, = K, [u] from the
energy-dependent Schrédinger spectral problem [1,25]. We present these — classical — results in a novel
setting of symmetric bilinear differential operators J;, defined in (2.12), which allows for presenting the
pure algebraic recursion formulas for conserved densities (see Proposition 2.1 and formula (2.19)). In
Subsection 2.3 we present the integrated form of kernels of all N + 1 Hamiltonian operators B,, of the
cKdV hierarchy (see Proposition 2.2) (the N-component cKdV hierarchy is N 4+ 1 Hamiltonian) in the
language of bi-linear operators J;. Both these results are new. In Subsection 2.4 we remind the reader
the structure of the Lax formulation of ¢cKdV hierarchy.

In Section 3 we study the main object of this paper: the stationary cKdV system. This is a finite-
dimensional system originating by restricting the cKdV hierarchy to one of its stationary manifolds
M, = {[u] : Ky+1]u] = 0}. In Subsection 3.1 we explain how each Hamiltonian operator B, generates a
Hamiltonian foliation of the (2n + N)-dimensional stationary manifold M,, into 2n-dimensional leaves.
These Hamiltonian foliations are transversal to each other. In Subsection 3.2 we introduce another set
of N + 1 foliations of M,, into 2n-dimensional leaves, each related with imposing a particular stationary
constraint on Lax representation of the cKdV hierarchy. We call these foliations Stéckel foliations of M,,.
We conclude this subsection by proving that Hamiltonian foliation and Stéckel foliation for the same m
coincide (see Theorem 3.2). In Subsection 3.3 we present the Lax representation of the stationary cKdV
system on leaves of each of Stéckel foliations and then we show how these foliations lead in a very natural
way to separation (spectral) curves of Stickel systems.

Section 4 contains some basic facts about Stéckel systems and their Lax formulation. This section is
introduced in order to keep the article self-contained.

In Section 5, comparing the Lax formulation of the stationary cKdV system as given in Subsection 3.3
with the Lax formulation of Stickel systems as given in Section 4, we prove the main theorem of this
article (Theorem 5.1), stating that each stationary cKdV system can be represented as a Stéckel system
on M,, on N + 1 ways.

In Section 6 we prove that all Stéckel representations of the stationary cKdV systems obtained in
Section 5, are connected by a corresponding Miura map. This yields immediately (N + 1)-Hamiltonian
formulations of the cKdV system on M,. Thus, in this article we demonstrate that the (N + 1)-
Hamiltonian structure of the cKdV hierarchy generates (N -+ 1)-Hamiltonian structure of the stationary



cKdV system on M,,. In consequence, the leaves of a m-th Stéckel foliation become symplectic leaves of
the corresponding m-th Hamiltonian operator of the stationary cKdV system.

Section 7 is devoted to examples. The subsection 7.1 focuses on the Dispersive Water Waves (DWW)
hierarchy (so that N = 2) and its first part contains a very detailed presentation of all main formulas and
ingredients for the case n = 2. The second part of this subsection presents the case n = 3 and m = 0.
The subsection 7.2 is devoted to the case N = 4, n = 2 and m = 0. This last example is non-generic
sincen+m < N — 1.

In article [13] we performed a similar analysis to described above, but for the KdV case, i.e. the
one-component case.

Recently, in [23,24], the authors revisited the idea of the stationary cKdV system. Their results
focused mainly on the N = 2 and N = 3 case and on first two (i.e. lowest) flows of the hierarchy, while
our analysis is general, i.e. valid for all NV and all n. Besides, they do not consider the separability problem
in the general setting, intensively studied in our article.

Let us also mention that a new approach, partly related to our results, based on the Nijenhuis geometry
applicable to multi-component integrable equations, i.e. of KdV type, was proposed recently in [15,16].

Let us mention that the construction inverse to the one presented in this article is also possible:
starting from a carefully chosen family of Stéckel systems one can reconstruct the related hierarchies of
stationary systems and hence reconstruct the associated soliton hierarchy. The idea of such a construction
appeared for the first time in 1999 during a visit of one of the authors (M.B.) to A.P. Fordy in Leeds
University. This idea was then explored for the first time in [8-10].

Finally, let us also mention that a similar idea, linking Stéckel systems with dispersionless field systems
was introduced in papers by Ferapontov and Fordy [19-21] and the paper [22].

2 Coupled KdV hierarchy

In this section we review, following [1,25], and develop the classical construction of the cKdV hierarchy
from the energy dependent Schridinger spectral problem as well its multi-Hamiltonian representation.

2.1 Energy-dependent Schréodinger spectral problem

The N-component cKdV hierarchy originates as the compatibility condition of the energy dependent
Schrédinger spectral problem with the appropriate evolutionary part:

1 1
11/th = g]Pkwx - Z(Pk)zwa k= 1727 ) (21)

where

N
@Z: Zul)\l, UNE—l.
i=0

Here and below, u; = u;(x,t1,ta,...) are the dynamical fields, while P, are so far unspecified functions

of the spectral parameter A and jet variables in u;. The compatibility conditions (¢z);, = (Y1), of
(2.1) yield the following hierarchy of evolution equations
1 1
th = Z(Pk)gx —+ Q(Pk)x —+ iQka = J]P)k, k= 1, 2, - (22)
where
o 1 1
_ i - 93 ) (s
J= ; TN = 000 wids + 5 () (2.3)



Further, in accordance with [1,25], we assume that each Py is a polynomial of order k£ — 1 in A:

k—1
P, = Z P 1 N =P X4 4 P oA+ Py (2.4)
1=0

The conditions for the coefficients P; in (2.4) can be obtained by requiring consistency of the evolution
equations (2.2). It turns out that the coefficients P; in (2.2) or (2.4) actually do not depend on k and
that they satisfy the equation

1 1
JP = ZP&T + QP + §Q1P =0, (2.5)
where P is the Laurent series in A: -
P=> PA, (2.6)
i=0
and thus
P, = [/\’“_173]>O,

where [-]>¢ means the projection on the part polynomial in A.

Notice that v N N
JP= > upPxT= Y > P

1=0 j=0 k=—o00 i=max{0,k}

and thus a straightforward consequence of (2.5) is the equality
N
> JiPix =0,  where k<N. (2.7)
i=0

To simplify the notation, in (2.7) and further we assume that P; = 0 for i < 0. The condition (2.5) not
only provides us with (differential) equations on the coefficients P; in (2.4) or (2.6), but also assures the
consistency of the equations from the hierarchy (2.2).

There exists an alternative description of the cKdV hierarchy within the above scheme. If we define

Py = [)\1“179} =)\N-lp_p, = Zpi/\kflfi
i=k

<0 =

then, due to (2.5), JP, = —JPy, and thus the hierarchy (2.2) can alternatively be written as
th = _JED]C' (2'8)

Consequently, the cKdV hierarchy can be defined by (2.2), or equivalently by (2.8), provided that
the condition (2.5) holds. The members of the cKdV hierarchy have the form of mutually commuting
N-component evolution equations,

uy, = Ky, k=12,..., (2.9)
defined on an infinite-dimensional functional (smooth) manifold F. Coordinates on F are given by jet

variables [u] := (u, Uz, Uyy, . . .), with the (field) vector w := (ug,...,un—_1)T. More explicitly, by (2.2)
and (2.8), the evolution equations (2.9) can be written in the following two equivalent ways:

i—1 N
(ui—l)tk = (Kk)z = ZJij_H'k = —Z Jij—H-kv 1= 1, . .,N. (2.10)
7=0 j=i

IThus in particular for 0 < k < N the formula (2.7) takes the form

N
> JiPi_p =0.
i=k



The above equivalence is immediately apparent form the equality (2.7) and will be used in subsection 2.3
for reconstructing the known [1] multi-Hamiltonian structure of the cKdV hierarchy.

For N =1 the cKdV hierarchy reduces to the KdV hierarchy and for N = 2 to the Dispersive Water
Waves (DWW) hierarchy.

2.2 Algebraic recursion

To solve (2.5) for the coefficients P; we need to integrate differential equations provided by this condition
or equivalently by (2.7). Integrating (2.5) we obtain

1 Lo 2 — N

57773“ - ZPI + QP =c(N) = —4N7, (2.11)
where ¢(\) is a polynomial in A with coefficient being constants of integration of differential equations
provided by (2.5). Here, for convenience, we make the simplest possible choice c¢(\) = —4AY so that
Py = 2. Other choices lead to hierarchies (2.9) with members being linear combinations of symmetries
originating from the simplest possible choice as described above and by a linear change of basis in the
cKdV hierarchy we can always choose the polynomial constant ¢(\) as in (2.11).

We will now attempt to solve (2.11) recursively for the coefficients P;. Let us start by defining the

following auxiliary differential (symmetric) bi-linear operators:

N
T(F.0) =S TF 9N, Tilf.0) = 100 (ferg + faw — o) — puifo. (212)
1=0

Thus

T5,9) =~ (furg + fore — fo92) — Q0. (2.13)

The bi-linear operators (2.12) and the linear operators (2.3) are related by the following useful formulas:
1
[Ti(f,9)], = =7 (fJig + 9Jif) (2.14)

and

TGy = =309,

Using the above b-linear operators, the equation (2.11) can be written in the equivalent form:

J(P,P)=A". (2.15)
Now, since
N oo o N i—k
TP.PY =YD D (P, PN F = Z SN G(P PN
i=0 j=0 k=0 k=—o0 i=0 j=0

by (2.12) and since Py = 2 we find that Jn(Py, Py) = 1 and thus, from the above equation, it follows

that
i—k

N
NN JiPPijx)=0 for  k<N. (2.16)
=0 j=0
In [1] it was noticed that we can always solve (2.11) for coefficients P; in terms of previously calculated
(differential) expressions in ug, ..., un—1. The following proposition provides us with a compact formula
for that.

Proposition 2.1. The coefficients P; of the series (2.6) satisfy the following recursive formula

k—1 N—1it+k—N
Po==Y In(PPej)= >, Y JiPPijk-n), k=12 (2.17)
j=1 i=0 j=0



Note that (2.17) is indeed of a recursive form as the right hand side contains P; only up to Py_1.
Note also that this formula is purely differential-algebraic.

Proof. The recursion (2.17) is a consequence of the formula (2.16), which can be rewritten in the form

N i+k—N
SN Fi(PjPijik-n)=0,  where k>1. (2.18)
i=0 ;=0
For fixed k (2.18) involves only coefficients P; for 0 < i < k and P, can be found only in the terms
In(Po, Pr) = §Pk- Thus, solving for Py we find the recursion (2.17). O

Explicitly, (2.17) can be written as

) N—-1i+k—N

ZZU21j+kNPa

ZPk 1P+Z< Py i n(Pj)as — 1(Pk] N)
i=0 j=0

(2.19)

where k = 1,2,.... The formula (2.17) (or (2.19)) was not present in literature before and it provides

us with an effective way of calculating higher coefficients P; from the lower ones without any need of

integration. The functions P; turn out to be components of cosymmetries of the cKdV hierarchy (2.9),

see the formula (2.20) below.

2.3 Multi-Hamiltonian structure

The evolution equations from the N-component cKdV hierarchy (2.9) are multi-Hamiltonian with respect
to N 4 1 mutually compatible Hamiltonian operators B,,: [1,25]

u, =K, =Byy, =...=BnYr—m = ... = Bnvr—n, m=0,1,...,N, (2.20)

where v, = (P,,..., Py y_1)T are cosymmetries of the hierarchy with P; given by (2.17) or (2.19). The
first and the last Hamiltonian structure (that is with respect to the Hamiltonian operators By and By)
are direct consequences of the two representations the hierarchy expressed in (2.10). The remaining
Hamiltonian structures with respect to the Hamiltonian operators B,, can be constructed taking m
first equations from the structure with respect to the operator By and N — m last equations from the
structure with respect to the operator By. So, the Hamiltonian operators B,,, for m = 0,1,... N, act on
an arbitrary covector field n = (ny,...,nn5)7 as

N
.
IN
3

(an)j = Z JiNi—jimi1 for 1

(an)j == ZJimfj+m+1 for m+1<j3<N,
Thus, the operators B,,, have the explicit form:
Jo

Jo - Jme1

—Jmi1 - —dn

—JN

Any two consecutive Hamiltonian operators B,, define (the same) hereditary recursion operator R
through

R :=B,,+1B,.", m=0,1,...,N —1,



given explicitly by

0 - 0] —JoJy*
1 —J1J5
R = N , (2.21)
1| —JInoaJdyt

so that one can generate all the vector fields of cKdV hierarchy and their cosymmetries with the help of
the recursion operator R through

K, ., =R'K, and  Yry1-n = (RN ™yi_n, r=12...,

where K1 = u, and y;_n = (0,. .., PO)T. Let us however point out that the above method of constructing
the hierarchy requires integrating the nonlocal operator (2.21) while our formula (2.17) gives us an explicit
(although recursive) form of all Py that are obtained by purely differential operations.

In what follows we will need two propositions (Proposition 2.2 and Proposition 2.3) that characterize
the kernels of the Hamiltonian operators B,,. In order to formulate and prove these propositions we need
to define the following functions:

k-1 &k
Jem(€) = Z Z Ti(Emtj—ks Emti—jt1), 1<k<m, (2.22a)
i=0 j=i+1
N i
Gem(€) ==2 > Ti(Pip,&mrizjs1), m+1<k<N, (2.22b)
i=k j=k
N i
em(€,) = Z Z Ti(Emtj—kt1,Emti—jt1),s m+1< k<N, (2.22¢)
i=k j=k
where m € {0,..., N} and &€ = (&,...,&n)T with & = &[u] is an arbitrary covector.
Lemma 2.1. We have:
1 E
[fr,m ()] = D) z;gm-&-j—k(ﬁms)ja (2.23a)
]:
| N
[98.m(&))e = =35 Z;ch_k(Bmﬁ)j, (2.23b)
j:
| N
[Gk,m(&)]e = B Z§m+g‘—k+1 (Bmﬁ)j~ (2.23¢)

j=k

Proof. Differentiating (2.22a) and (2.22c) with respect to = and using the relation (2.14) we see that

k—1 k
1
[frm (e = = > [Emrikdibmrizjar + EmvicrrJibmei-i]
i=0 j=it+1
= 1F it
=50 D Empinibmriogr = =5 > Emijok ) Sifmyioini
i=0 j=it1 j=1 =0

and

N i
. 1
[Tk,m(€)]e = 1 Z Z [Emti—kt1di€mti—jr1 + Emizjr1SiCmtj—kt1]

ik j=k
N i N N

1 - 1

=-3 > Y bkt Jibmyioj = —3 D bmrikir Y Jibmriojt1-
i—k j—=k =k i



Hence, we obtain (2.23a) and (2.23c). Differentiating (2.22b) we obtain

N i
1
@ = 2SS e r BByt Py
i=k j=Fk
1 N 2 1 N N
) Z Z PjkJilmti-jr1 = B} Z Pj_ Z Jilmti—j+1
i=k j=k s =
as
N i N
Z ng“*ﬂlJin*k = szmﬂ k1 JiPij = meﬂ k+1 Z JiP;i—; =0,
i=k J:k i= k] k i= P j
where the last equality is a consequence of (2.7) since here j > 0. Hence, (2.23b) follows. O

The following proposition describes the form of kernels of all Hamiltonian operators B,,

Proposition 2.2. For fized m € {0,1,..., N}, € € kerB,, (that is B,,& = 0) if and only if

?S‘

fk: m(ﬁ) =

for  1<k<m, (2.24a)
gem(&) =cx  for  m+1<k

<N, (2.24b)
where c1,...,cny are arbitrary constants.

Proof. Let us assume that the conditions (2.24) hold. Differentiating (2.24a) and using (2.23a) we obtain
the system

l\.’)\r—l

k
[fk,m w = - Z m+g k J = 07 1 < k < m, (225)
which recursively implies that
(IBBmE)j =0 for 1<j<m.

Notice that the implication is correct since the formula (2.25) can be interpreted as the matrix product

of the triangular matrix &,,;_; with the constant non-zero diagonal term &,, with the vector B,,§. For

m > 1 always &, # 0, which follows from the condition: Jy&,, = 0, required by the fact that & € kerB,,
Next, differentiating (2.24b) and using (2.23b) we have

N
[9k,m (§)]2 = —% Y Pik(Bng), =0,  m+1<k<N, (2.26)

from which
(]B%mﬁ)jzo for m+1<j<N.

Thus, the conditions (2.24) imply that B,,& = 0. The reverse implication is a matter of straightforward
integration of (2.25) and (2.26). O

Later we will also need an alternative description of kernels of B,,, contained in the following propo-
sition.

Proposition 2.3. Let us fit m € {0,1,..., N} and a natural n > 0 such that n +m < N — 2. Then
& € kerB,, (that is B,,€ = 0) if and only if

fem(§) =c,  for  1<k<m, (2.27a)
Ge;m (&) + Grtn+1m(§) =cx  for  m+1<k<N-n-1, (2.27b)
gem(§) =ck  for  N-n<k<N, (2.27¢)
where c1,...,cN are arbitrary constants.



Proof. Just like in the previous proof, one can see that (2.27a) and (2.27c) imply that
(Bmﬁ)jzo for 1<j<m and N-n<j<N (2.28)

Finally, differentiating (2.27b) and taking into account (2.28),

1N7n71 1 N—n—1
[95.m (&) + Grpnirm@le = =5 D Pik(Bmb);+5 D Emsi-r-n(Bnf); =0,  (2:29)
Jj=k j=k+n+1

where m +1 < k < N —n — 1. Thus, (2.29) recursively implies that
(Bmf)j:() for m+1<j<N-n-1 (2.30)

Hence, collecting together (2.28) and (2.30) we actually see that from the conditions (2.27) it follows that
B,,& = 0. The reverse implication is straightforward. O

Remark 2.1. Let us notice that the characterizations of the kernels of the Hamiltonian operators B,,,
as in the above propositions, are not the only possible ones. For instance, Proposition 2.2 would still
be correct if the functions g ., in (2.24b) were entirely replaced by g m, as defined in (2.22c¢). Choices
made in Propositions 2.2 and 2.3 are dictated by later needs.

2.4 Lax representation

Introducing the vector eigenfunction ¥ = (1,,)” we can rewrite the linear problems (2.1) for the cKdV
hierarchy (2.9) in the form
U, =V U, k=123, (2.31)

where t; = x and

0 1 —5 (Pr) 1P )
v, = and V= 1k )q 2 k=23 2.32
' <—@ 0) " g <—411 (Pr),e — 3QPr 1 (Pr), (2:32)

see |1]. Then, by the compatibility conditions (¥, );, = (U4, ), and (¥, ), = (Vy, )¢, we obtain, respec-
tively, the Lax equations
d

d
—V; - -V V1,V =0 k=1,2,... 2.33
dtk 1 dx k+[ 1 k‘] ’ ) &y ( )

and the zero-curvature equations

dy 4

—V, ., Vi] =0, k=2,3,.... 2.34
dth dtSV”W‘ Vi] =0 s 3 (2.34)

Thus, V; can be considered as the Lax matrix of the cKdV hierarchy, the matrices Vi, for £ > 1 play the
role of auxiliary matrices while the hierarchy itself can be obtained by the matrix Lax equations (2.33).
The zero-curvature equations (2.34) are differential consequences of the hierarchy.

3 Stationary cKdV systems

In this section we consider (see also the special case considered in [13]) stationary cKdV systems. A
stationary cKdV system is a system that originates by restricting the (infinite) cKdV hierarchy (2.9) to
one of its stationary manifolds. We will then show that the resulting finite-dimensional integrable system
can be in a very natural way associated with an appropriate Stéckel system. Actually, due to the fact
that the N-component cKdV hierarchy is (N + 1)-hamiltonian, see (2.20), we can perform this association
on N + 1 different ways.



The (n + 1)-th stationary flow of the cKdV hierarchy (2.9) is determined by the following condition:
U, =0 or equivalently K, =0, (3.1)

which by (2.10) takes the form of a system of N differential equations:

-1 N
(Knt1)j = Z JiPi_jiny1 = _Z']'ipi—j-&-n-&-l =0, j=1...,N. (3:2)
i=0 i=j

The stationary condition (3.1) provides a constraint (or rather a system of constraints) on the infinite-
dimensional (functional) manifold F, on which the cKdV hierarchy is defined, reducing it to the finite-
dimensional submanifold, n-th stationary manifold:

M, = {[u] € F| K4y =0},

Due to complete integrability of the cKdV hierarchy, the constraints provided by (3.1) are invariant with
respect to all the flows of the hierarchy. As a result, the infinite hierarchy (2.9) reduces to the finite
system (3.3) described in the following definition.

Definition 3.1. The n-th stationary cKdV system is the system consisting of the first n evolution
equations from the cKdV hierarchy (2.9) together with its (n 4 1)-th stationary flow:

Uy, =K1, Uy, :K27 ey Uy :Kn7 Kn+1 =0. (33)

From the recursive formula (2.19) one can observe that the cumulative differential order (i.e. the
sum of differential orders of all components) of the vector field K} increases by two as k increases by
one. Thus, the cumulative order of (n + 1)-th vector field K, 11 is equal N + 2n, which means that the
vector field K,,+1 depends on 2(N + n) jet variables. Since the stationary condition (3.2) provides N
independent constraints it follows that the stationary manifold M,, is (2n + N)-dimensional.

From the integrability of the cKdV hierarchy (2.9) it follows that the manifold M,, is invariant with
respect to all the flows of the hierarchy and thus all the vector fields K, in (3.3) are tangent to M,,.
They still pairwise commute since they commute on the ambient space F. Note that also the higher
vector fields K, 12, K, 3, ... properly reduce to M,,, however, we do not study these reductions in this
article.

The system (3.3) is the main object of our study. In [13] the authors studied the particular case of
(3.3) for N =1, that is the stationary KdV system.

3.1 Hamiltonian foliations of M,,

The (differential) order of the system of differential constraints (3.2) can be lowered by integrating
them with respect to the spatial variable x. This procedure provides us with a system of differential
constraints parameterized by IV integration constants. It turns out that it can be done on N + 1 different
ways, due to the (N + 1) Hamiltonian structures of ¢cKdV hierarchy (2.20). In particular, for the m-th
Hamiltonian representation B,,~¥n+1—m = 0 of the (n + 1)-th stationary cKdV flow (3.1) we can see that
on the stationary manifold M,, the covector v,,+1—,, belongs to the kernel of the respective Hamiltonian
operator B,,. As result, the ‘integrated’ constraints with respect to the m-th Hamiltonian structure can
be obtained requiring that 4,41—, fulfill the conditions from Proposition 2.2 or Proposition 2.3.

10



Let us, by setting & = v,,+1—m, where & = P,,_ 4, in (2.22), define the following auxiliary functions:

k-1 k

fk = fk,m('7n+1—m) = Z Z \%(Pj-‘rn—k)Pi—j-i-n-i-l)v (343‘)

i=0 j=i+1

N i
Ik = Gleym (Ynt1-m) = —QZ Z\Z‘(ijk, P jiny1), (3.4b)
i—k j—k

gk _gkm 7n+1 m ZZ»Z Jj+n— k+1; i— j+n+1) (34C)
i=k j=k

where in each case 1 < k < N. Observe that they do not depend on m.
Thus, by Proposition 2.2, by setting & = ;41— in (2.24) we find the following integrated form of
the (n + 1)-th stationary cKdV flow (3.1):

fe=ck for 1<k<m, (3.5a)
gk = Ck for m+1<k<N, (3.5b)
where ¢1,...,cy are (arbitrary) integration constants. Moreover, for cases that n +m < N — 1, by

Proposition 2.3, setting & = ~p41-m in (2.27) yields the following alternative integrated form of the
(n + 1)-th stationary cKdV flow (3.1):

fr=ci for 1<k<m, (3.6a)
Gk + Jk+n+1 = Ck for m+1<k<N-—-n-—1, (36b)
Jr = Ck for N-n<k<N, (3.6¢)
Therefore, for each m € {0,1,..., N} the above relations define a 2n-dimensional foliation of the station-
ary manifold M,,, parameterized by the vector ¢ = (c1,...,cn). The leaves of this foliation are given
by

M = A{lu] € My |s.t. (3.5) forn+m >N —1or (3.6) forn+m< N -1}, (3.7)

so that for each m:
M= | M. (3.8)

ceRN

We will refer to this foliation as Hamiltonian foliation of M,,. The case n +m > N — 1 will be referred
to as the generic case while the case n +m < N — 1 we will call the non-generic case.

Remark 3.1. The Hamiltonian foliation (3.8) of the n-th stationary manifold M,, could be defined in
a simpler way, through the leaves

ME = {[u] € My, |58, (3.5)},

given only by the relations (3.5), i.e. without introducing the non-generic case. We will however use the
definition (3.7) which is motivated by later needs.

3.2 Stickel foliations of M,,

The stationary manifold M, can also be foliated in a way that allows for representing a given cKdV
stationary system as a Stéckel system defined on leaves of this foliation. We will therefore call this
foliation (see its definition below) of M,, the Stickel foliation. In fact, we will construct N + 1 different
Stéckel foliations of M,,, one for each choice of m € {0,..., N}.

We start by observing that the (n 4 1)-th stationary flow (3.1) of the cKdV hierarchy can be written

as
1
Qtn,+1 = ( n+1) Q + Pn—‘,—l@m ( n+1) 3z = J]Pn—i-l =0. (39)

11



Note that this equation contains not only the stationary flow K, 11 = 0 but also the first n equations of
the infinite recursion (2.5) on P;. The stationary condition (3.9) can be integrated once to the form:

1 1
_g]PnJrl(PnJrl)zz + — 16 (]PnJrl) QPnJrl ()‘)7 (310)

or in our shorthand notation, using (2.13), as
T (Prt1,Pry1) = C(A), (3.11)

where C()\) is an appropriate polynomial in A with coefficients being integration constants that follow
from the next proposition. Below we investigate the left hand side of (3.11) more thoroughly.

Proposition 3.1. The left-hand side of (3.11), or (3.10), takes the following explicit form

n+N-—1
T Pri1,Pgr) = AN 4 3™ ek, (3.12)
k=0

where the coefficients hy are differential functions of u given by

N &
he =3 Y Ti(Pairs Payij)- (3.13)
i=0 j=i

Forn+ N <k < 2n+ N the coefficients hy, in (3.13) vanish and ha,n = 1.2

Proof. For k =n + 1 (2.4) has the form

Ppi1 = [\"Plyg =Y Poid.

=0
Thus,
N n n N n+intj
j(Pn+17Pn+1) :ZZZ\Z(Pnfjup )\1+J+k ZZZ\Z n—k+j- n+z j))\k
=0 j=0 k=0 1=0 j=1i k=j
2n+ 2n+N

i
Mi

k k
sz n—k+j n—i—z ] = Z hk)‘a
k=0

k=0 =0 j=i

Taking into account that P,_,_; = 0 for j < k —n and P,,_; = 0 for j > n + 4, we obtain that for

k=2n+ N
N 2n+N

honin =Y > TiPjn-n, Parij) = In(Po, Po) = 1,

i=0 j=i
while for n + N <k < 2n+ N — 1 we obtain

N n+ti N i+2n—k
Z Z z P, k:Jr]anJrifj) = Z Z J(P P; —j+2n— k) 0,
i=0 j=k— i=0  j=0

were we used the equality (2.16). The remaining coefficients hj are non-vanishing. O

From Proposition 3.1 it follows that

n+N-—1
C) = AN 4 3 gl
k=0

2Tt is worth here to compare (3.11) with J(A"P, A"P) = A2*t N which follows from (2.15).
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where €, are some integration constants. Due to (3.11) the functions (3.13) are integrals of motion of all
the flows of the n-th stationary system (3.3). The integration constants €y, are thus the values of integrals
of motion Ay, depending on particular initial conditions.

In two lemmas below we analyze the functions hj more closely.

Lemma 3.1. For k < N:

k J k
1 1
hi)e = ~3 Z Py Z JiPntioj = —3 Z Py (Kny1)j+1, (3.14a)
§=0 i=0 §=0
and if k > N

Nl

D) Prk+j Z JiPryi-j = —35 Z Pk (Knt1) i1, (3.14b)
Jj=0 i=j+1

moreover if additionally k > n

1 N-—-1 N 1 N-—1
hi)e = =5 > Pokig Y JiPrtioj = —5 > Pk j(Kng1)jgn (3.14c)

j=k—n i=j+1 j=k—n

Proof. Differentiating (3.13) with respect to « and using the relation (2.14) one finds that

N k
— Y Y [ PuticjJiPakij + PookgJiPagioj] = — EZZPH ki JiPovioj.  (3.15)

=0 j=1 =0 j=1

pM»—*
l\.')

Thus, for k < N, using (2.10), we obtain (3.14a). For k > N one finds that (3.15) takes the form

L N= j k N
= — 5 Z n—k+j Z Ji Py i Z Pnkarj Z JiP”JFi*j’
j=0 i=0 j:N i=0

where the second term vanishes by the equality (2.7), now using (2.10) we get (3.14b). O

We will now prove that the manifold M,, can be reconstructed, on N + 1 different ways, from
appropriate subsets of the set of all functions hy. This is the content of the next theorem.

Theorem 3.1. Let us fix m € {0,...,N}. Then, the set of solutions of the system of equations
hk-:Ck+1 k:O,...,m—l (3.16&)

and
ht = Ck—n+1, k=n+m,...,n+ N —1. (3.16b)

where all ¢ vary over R, coincide with the stationary manifold M,,.

When we fix the values of all ¢, then the equations (3.16) define a particular leaf of a 2n-dimensional
foliation of the stationary manifold M,,. This foliation is parameterized by the vector ¢ = (c1,...,cn).
Therefore, for each m € {0,1,..., N}, we define

M = {u] € My, |s.t. (3.16)}, (3.17)
and then M,, is foliated into ME
M, = U M
ceRN

Note that foliations (3.17) for different m are transversal to each other. We will refer to the foliation
(3.17) as m-th Stickel foliation of M,,. By construction, the leaves M¢

n.m are invariant with respect
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to the evolution flows from the n-th stationary system (3.3). This means that the mutually commuting
vector fields K}, from the n-th stationary cKdV system (3.3) are tangent to all the leaves /\;lf%m

Proof. We have to show that for each m € {0,1,..., N} the constraints (3.16) imply the conditions (3.2).
We will show it by differentiating (3.16) and using (3.14) taking into account the relation between k and
N. We need to consider two cases.

Let us start with the generic case (i.e. n+m > N). By (3.16):

hi = k41 for 0<k<m—1, (3.18a)
ht = Ck_ni1 for n+m<k<n+N-—1. (3.18b)

Differentiating (3.18a) and using (3.14a) we obtain the system
1
:_ﬁzpn*kﬂ(KnH)jH:O, 0<k<m—1,

which recursively implies that
(Kn-i-l)j =0 for 1 g ] g m.

Similarly, differentiating (3.18b) and using (3.14c) we obtain

2

-1
Pogyj(Knt1)j+1 =0, n+m<k<N+n-—1,

—n

[\J\F—‘

(hi)z = —

Il
>

J

from which it follows that
(Knt1); =0 for m+1<j<N.

Thus, for n +m > N the relations (3.16) imply all the conditions (3.2).
In the non-generic case n +m < N we first rewrite (3.16) in the form:

hi = Ck41 for 0<ks<m—1, (3.19a)
hi = Ck—nt1 for N<k<n+N-1. (3.19b)
Rk = Ck—nt1 for m< k< N. (3.19¢)

The relations (3.19a) together with (3.14a), similarly as (3.18a), imply that
(Knt1); =0 for 1<j<m.

Differentiating (3.19b) and using (3.14c) we get the system

l\.’)\»—t

Z Prptj(Knt1)j41 =0, N<k<N+n-1,
f—

] n

which now implies that
(Kn+1)j:O for N*ﬂ‘l’lg]gN (320)

We obtain the remaining cases differentiating (3.19¢) and using, this time, (3.14a):

k
1

(hk)e = — 3 Z n—ktj (Kng1)j1 =0, n+m<k <N, (3.21)
j=k—n

since P,,_g+; # 0 only for n — k 4+ j > 0. Taking into account (3.20) the system (3.21) implies that

(Knt1); =0 for m+1<j<N—n.
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Thus, appropriately gathering the above cases we actually see that also for n +m > N the relations
(3.16) imply all the conditions in (3.2). O

Lemma 3.2. The coefficients hy in (3.13) satisfy the following relations:

hi = fr41 for k<N, (3.22a)
hi = Gr—n+1 for k > max(N —1,n) (3.22Db)
hi = Grk—n+1 + Jk+2 for n<k<N-—1. (3.22¢)

For the proof see Appendix.

Notice that, by Lemma 3.2, in the generic case n +m > N — 1, the set of constraints (3.16) takes the
form:

fe=he_1 = ck for 1<k<m,

gk = hjyn—1 = ck for m+1<k<N.

Thus we can see that in the generic case the set of constraints (3.16) is identical with the ‘integrated’ set
of constraints (3.5) associated with m-th Hamiltonian representation of the (n + 1)-th stationary cKdV
flow (3.1). By the same lemma, in the non-generic case n+m < N — 1, the set of constraints (3.16) takes
the form:

he—1 = fr = ¢k for 1<k <m,
Rkin—1 = Gk + Jhtnt1 = Ck forr m+1<k<N —n,
Ritn—1 = gk = Ck for N-n+1<k<N,

which is equivalent with (3.6). The above results lead to the following theorem.

Theorem 3.2. The Hamiltonian foliation MCS ,  and the Stickel foliation M coincide.

n,m n,m

Thus, in the sequel, we will only use the notation M7, . for leaves of this foliation.

3.3 Stationary cKdV system on the leaves M .

The constraint (3.1), defining the n-th stationary manifold M,,, can also be obtained by imposing an
appropriate constraint on the Lax hierarchy (2.31). To see this, let us impose the following constraint

Uy, = A"l (3.23a)

or equivalently
Vo1 ¥ = A" u¥ (3.23b)

on the linear problems (2.31). The factor A"y is chosen here in order to relate the stationary system
(3.3) with an appropriate Stéckel system. The parameters p and \ are spectral parameters of the linear
problems (2.31) and (3.23), and they are assumed to be isospectral, i.e. independent of all evolution
variables. Then, the constraint (3.23a) and the compatibility condition (¥y, )s, ., = (W, ), yields

d
dtn+1

V=0, k=1,2,... (3.24)

which due to the form of V; in (2.32) is equivalent to the (n+1)-th stationary flow of the cKdV hierarchy
(3.1). As a consequence, the equations (2.33) and (2.34), after imposing (3.24), yield the following Lax
representation of the stationary cKdV system (3.3) on M,,:

d

%Vn+1 = [Vk,Vn+1], k= 1,....,n.
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In consequence, the stationary cKdV system (3.3) on MG, has the following Lax representation

d

dthﬂ =wm v k=120, (3.25)

n+1

where V,(Cm) originate by inserting the constraints (3.16) into Vi given by (2.32). Note that now it is the
matrix V,,11 (and respectively Vil”j_)l) that plays the role of the Lax matrix of the stationary cKdV system
on M,, (and, respectively, on My, ), while the matrices V}, (and Vfcm), respectively), for k = 1,...,n,
play the role of auxiliary matrices.

Nontrivial solutions for the linear problem (3.23b) exist provided that the characteristic equation
det (V1 — Aul) =0 (3.26)

is satisfied. Explicitly written, the characteristic equation (3.26) takes the form

1 1 1
*gpn—ﬂ—l(ﬂbn-&-l)rz + E(Pn-&-l)i - ZQHD3+1 = )\Qm 2, (327)

where the left-hand side coincides with with the ’integrated’ form (3.10) of the (n + 1)-th stationary flow
(3.9). The equation (3.27) can be written in our shorthand notation as

T(Prs1,Prir) = A2, (3.28)

By Proposition 3.1, the relation (3.27) (or equivalently (3.28)) attains the form of a spectral curve

n+N-—1
A2n+N_|_ Z h Ak_/\2m 2
k - Y (329)
k=0

where hy are given by (3.13). Since the functions hj depend not only on x but also on all evolution
parameters t1,...,t,, it follows from (3.29) that they are in fact integrals of motion of all the flows of
the stationary cKdV system (3.3) on M,,, as we mentioned earlier.

With each foliation M, |, (one for each m € {1,...,N}) we now associate the curve (3.29) with
appropriate hy fixed by (3.16), that is a curve (depending on N parameters cy)

N—m n m
)\2n+N + Z Cm+k)\n+m+k_l 4 ZHk)\nJ’_m_k + ch)\k_l — )\2m 27 (330)
k=1 k=1 k=1

where we use the notation
Hi:hn+m7iv 7;:17"')”7

that will prove to be useful later. Dividing (3.30) by A™ we obtain

N—-m n m
)\2n+N7m + Z Cm—&-k)\nJrkil + ZHk)\nfk + ch/\kfmfl _ )\mPJ2 (33]_)
k=1 k=1 k=1

As we will prove in the subsequent sections, if we now treat the curve (3.31) as a separation curve for a
particular Stickel system of Benenti type, we will be able to construct a map between jet variables on
M, and the separation variables of this Stéckel system such that it preserves the dynamics (i.e. it maps
the solutions of one systems onto solutions of the other system).
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4 Stackel systems of Benenti type and their Lax representation

4.1 Stackel systems in separation variables

This section contains some basic information about Stéckel separable systems of Benenti type. Consider
the separation curve in the form (cf. (3.31))

N+ Y HXTE= "2 mez, (4.1)

where o()) is a (Laurent) polynomial in the variable A\. The separable systems associated with (4.1)
belong to the so-called Benenti subclass of Stéckel systems [4,11]. Consider now the coordinates (A, p)
on a phase space M = T*Q, where A = (\1,...,\,)T are coordinates on an n-dimensional configuration
space Q and p = (pi1, ..., it,)T are the fibre (momenta) coordinates. Taking n copies of (4.1) at n points
(Ai, i) we obtain the system

)+ D H AR =Arp2, i=1,...n (4.2)
k=1

that is linear with respect to Hg. It can thus be easily solved with respect to these variables yielding n
functions Hy = Hy (A, ) on M. In result, we obtain n quadratic in momenta (Stéckel) Hamiltonians:

1
H; = ilJ’TAka“_FVk) k=1,...,n, (43)

on the phase space T*(Q, where G, are treated as contravariant metrics on the configuration space Q.

Explicitly
. AT A
G, = 2diag (Al’ . Aﬂ) ; A; = H()\i -\
J#i
Further, all Ay are (1, 1)-Killing tensors for all the metrics G,,, and the are given by

Ak:(—l)k+1diag (gi’;,...,gik), kE=1,...,n,

where s; denotes the elementary symmetric polynomial in variables \; of degree k, e.g.

:Z)‘“ SQZZ)\i)\j, ey Sp = A1A2 - Ay

i<j

Notice that the Stickel matrix S associated with the linear system (4.2) is the Vandermote matrix,
Si; = Al "7, see [6], with the determinant and its inverse given by

(—1)it! 9,

det S =[N —X), (87D = A oM
J J

i<j

(4.4)

Each metric G,, in (4.3) can be generated through G,, = L™Gy, where L := diag(A1, ..., A,) is a special
conformal Killing tensor [17]. Due to (4.4), the potential functions V4, in (4.3) are given by

Osg, o
k+1 k _
E 8)\ , k=1,...,n. (4.5)

By construction, the Hamiltonians (4.3) are in involution with respect to the Poisson bracket

{f, 9} = m(df,dyg), f,g € C™(M),
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with the Poisson bi-vector 7 =}, % A % (thus, (A, p) are Darboux coordinates for 7). The time
evolution of any observable £ € C*° (M) with respect to the Hamiltonian Hy, has the form &, = {¢, Hy}
and the Hamiltonian evolution equations are

0H;,

Atk = {A7Hk} = W) l'l"tk = {M?Hk:} = —

0Hj,

aT, k‘:1,...,n. (46)

By construction, the variables (A, p) are separation variables for all the Stickel Hamiltonians Hy, in (4.3).

4.2 Stackel systems in Viéte coordinates

Apart from the separation coordinates (A, ) we will also work with Viéte coordinates, defined by

n

i A e )
g = (=1)"ss, pi:—z kA: , i=1,...,n. (4.7)
k=1

The transformation (4.7) between the separation coordinates and the Viéte coordinates is a canonical

transformation (since it is a point transformation) so that 7 =7 | (% A a%, In Viéte coordinates the
Stéckel Hamiltonians (4.3) take the form
L 7
H; = ip ArGop + Vi, k=1,...,n, (48)
(where p = (p1,...,pn)" and ¢ = (q1,...,q,)7) and the respective Hamiltonian equations attain the
form OH oH
={q,H,} = =, ={p, Hy}=—"L  k=1,...,n 4.9

If o(\) = Y, a;\" the potential functions (4.5) are given by V;, = >, aiV,ii), where the so-called
elementary separable potentials V,gl) can be explicitly constructed from the recursion formula [12]

VO = RYO oy = (O oy O — (. 0,-1)7,

where
—¢ 1 0 0 00 0 -X
R= 0 0 , pi-|t 00 (4.10)
0 0 1 0 .0 :
—¢, 0 0 0 0 0 1 -

In Viéte coordinates the metric G has the form (Go)”¥ = 2¢;4;_n—1, where, for convenience, we
set qop = 1 and g¢; = 0 for ¢ < 0 or ¢ > n. The metrics for arbitrary m are given again by G,, =
L™Gy. An interesting fact is that in Viéte coordinates the special conformal Killing tensor L has the
matrix representation identical to R defined by (4.10) [11]. Further, the Killing tensors Ay, are in these
coordinates given by

Qi—j+k—1 if ¢ g] and k& < j,

(Ap); =S —qi—jyr—1 if i>j and k> j,
0 otherwise,
where k = 1,...,n. Notice that (A;)} = &} in any coordinate system.

Reversing the fiber part of the map (4.7) we find that

n

0
Hi = Z(_Dkaik_pk'
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Hence, we can obtain the formula

- A‘_‘ =S Vv¥p,  kez, (4.11)
i=1 v j=1

that we will be useful later. It follows directly by (4.4) and the fact that the elementary potentials in
separation coordinates are given by

n k
(k) _ (_1yj+1 Osj Y

which in turn is an immediate consequence of (4.5).

4.3 Lax representation of Stickel systems

Let us now, following [7], present the Lax formulation of Stéckel systems of Benenti type. The results
below are necessary for the proof of the main theorem of this paper, Theorem 5.1.

The Hamiltonian evolution equations (4.6) or (4.9), associated with the separation (spectral) curves
(4.1), have the following (isospectral) Lax representation

d

—IL = |Ug, L k=1,... 4.12
dtk [k7 ]7 ] » 1, ( )

with L and Uy being 2 x 2 traceless matrices depending rationally on the spectral parameter A. The Lax

matrix L has the form?®
L= <:) _“U> , (4.13)

where u is a function on @) given in the separation coordinates A by
n n
we= [ =) = A"+ (—DFspAn T,
k=1 k=1

while v and v are functions on 7*@Q given in the separation coordinates (A, u) by

" " sy A _
= -1 k+1 D B ) A" k
’ 1;( ) l 70X A 1

1=

and
o = % [/\m (0()\) + ; HkA"*k) - 02} : (4.14)

In fact, w is defined so that the spectral curve (4.1) can be reconstructed from the characteristic equation
of L:

0 =det[L — A"ul] = —(v® + uw) + A" p? = —\" (a(A) +) H,m*’f) + AZmy2, (4.15)
k=1

One can show that the expression in the quadratic bracket in (4.14) factorizes so that w takes the form
of a Laurent polynomial in \:

(4.16)

mAm{W] .
|

u

Here, the operation [-] is defined as follows. Given an analytic function ¢ and a (pure) polynomial u,

3In general the Lax matrices for Benenti systems are parametrized by two arbitrary functions f(\) and g()), see [7]. In
this paper we choose these functions as g = %f =",
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we define {%} so that the following decomposition holds:

+
o<[e]
+

u

where the (unique) remainder r is a lower degree polynomial than the polynomial u, see [7] for details.
In particular, when % is a Laurent polynomial, we have

HL - [Mu?o} o [WEfOLO, (4.17)

where [-]>o is the projection on the part consisting of non-negative degree terms in the expansion into
its Laurent series at oo and [-]<¢ is the projection on the part consisting of negative degree terms in the
expansion into its Laurent series at O.

The auxiliary matrices Uy, are defined by

ugL [t ] up
Uy = {} = uooF , k=1,...,n, (4.18)
Lo [u;;m]Jr - [%U}+
where
" k—1 _
Ug 1= {W]_}r = >\k71 + (71)k5k)\k7171.

The Lax equations (4.12) (describing the evolution of the Lax matrix (4.13) with respect to Hamilto-
nian equations (4.6)), can be derived from the evolution equations for u,v,to:

|

w, = {u, Hyd = —2up0 + 2u [”%} , (4.19a)
+
10

vy, = {0, Hy)} = uprw —u [u’“ } , (4.19b)

u Jy

v 10
wy, = {1, Hy} = —2w [uL} +20 [“’“—} : (4.19¢)
u J+ u l4

which were obtained in [7].
Since w; =1 and [}] = 0, the equations (4.19a) and (4.19b) for k = 1 read

. . 10
u= —2v, v=10+uQ, Q::—[—} .
uly

Here and in what follows, the dot means the derivative with respect to the first Hamiltonian flow,
ie. £ =¢&,. Hence, we can rewrite the Lax matrix (4.13) as

—1y u
L= . ) 4.20
(e ) 20
(see also [18]). Further, observing that
i = [uku] = 2 [12]
u | u lq
and . )
g = {uku} =-2 {ukn} =-2 {m} -2 {ukug} =-2 {M} - 2u, 9,
LU L u I4 u + u I4

we can rewrite the auxiliary matrices (4.18) in the form

1-
—5Ug U
U= ( .2 ) k=1,...,n. 421

¥ (%Ukqu iy (4.21)
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(note that also in this notation U; = L, as it should be). The characteristic equation (4.15) for L in the
form (4.20) is given by

1. 1.
—5ull + ZuQ —u?Q = N2 (4.22)

Using the form (4.20) of I and the form (4.21) of Uy we see that the Lax equation (4.12) , for k = 1
yields the following ODE:
i+ 4010 + 2uQ = 0, (4.23)

while the remaining (i.e. for &k = 2,...,n) Lax equations in (4.12) yield, due to (4.23), the following
hierarchy of PDE’s:

Ug,, = Ul — Ully, (4.24)
1. . :
Q4 = Uk + 20, Q + u, Q. (4.25)

Notice that the equation (4.23) can also be obtained by differentiating (4.22) with respect to time ¢;.
Besides, using (4.19a), equations (4.24) are identically satisfied.

Now, comparing (4.20-4.21) and (2.32) opens the possibility of constructing a map between Stackel
systems defined by the curve (3.31) and an appropriate stationary cKdV system. This map will be
constructed in the next section.

The functions u, v and to can also be written in Viéte’s coordinates (4.7). The function u is given by

n

u=\"+ Z @\ F,

k=1

b= —% i [i(Gm)klpl})\"_k = _%u.

k=1 i=1
while the function to can still be obtained from the formula (4.14) or (4.16).

5 Equivalent Stackel representations of stationary cKdV systems

on M,

We are finally in position to formulate and prove the main result of this paper: the two seemingly distinct
objects, stationary cKdV systems and Stéckel systems of Benenti type, are in fact the same, i.e. represent
the same finite dimensional integrable system written in two different systems of coordinates. More
precisely, we will prove below that each stationary N-field cKdV system on M, can be identified, on
N + 1 equivalent ways, with an appropriate Stéckel system of Benenti type.

Let us thus fix m € {0,1,..., N} and consider the separation curve (3.31),

N—m n m
)\2n+N—m + Z cm+kAn+k—l + ZHkAn—k + ch)\k—m—l — \™ 27 (51)
k=1 k=1 k=1

associated with m-th foliation (3.8) of the n-th stationary cKdV system (3.3). Comparing (5.1) with
(4.1) we see that

N—m m
O’(}\) _ )\2n+N—m + Z Cm+k:An+k_1 + ch)\k—m—l.
k=1 k=1

The identification we want to achieve will be done through an appropriate map between the jet variables
[u] of the stationary cKdV system and coordinates of the Stéckel system (5.1) defined on the (extended)
Poisson manifold of dimension 2n+ N, spanned by the coordinates (A, p, ¢) and equipped with the Poisson
bracket 7 =3, ai)\i A 6% (so that ¢ = (c1, ..., cn) are Casimir variables for ). Thus, this identification
will depend on the choice of m € {0,1,..., N} and can therefore be obtained on N + 1 different ways.
Let us now explicitly write the Stéckel system defined by the curve (5.1). Solving (5.1) with respect

21



to Hj, and passing to (extended) Viéte coordinates (g, p,c) we obtain n Stickel Hamiltonians Hy =
Hy(q,p,c), k=1,...,n, of the form (4.8) with potentials V) given by

N-—m .
Y N SPRYAEIY SR )
=1 i=1

The Stickel Hamiltonians Hy, on the extended phase space generate the following Stéckel system

8Hk aHk

qs, :{q,Hk}:%, Dt, :{p,Hk}E—a—q, ¢, ={c,H,} =0, k=1,....,n. (5.2)

In what follows we will need the following lemma.

Lemma 5.1. The element Q from the Lax matrices (4.20) and (4.21) associated with the separation
curve (5.1) is a polynomial of order N:

o=- PL —_ [%} o= AN 4 Ldt, (5.3)

where l.d.t. denotes the lower degree terms with coefficients being functions of (q,p, c).

Proof. The relation (5.3) is a direct consequence of the identity (4.17) and the fact that w is a polynomial.

O
We are now in position to formulate and prove the main theorem of this paper.
Theorem 5.1. For a given m € {0,1,..., N}, the transformation between the jet variables [u] on the
stationary manifold M,, and the Viéte coordinates (q,p,c) given by
1 1
q; = §P21 D = 521((;;11)2](PJ)$7 L= 1,...7n, (54&)
j=
and
¢ = h;_1, 1=1,...,m, ¢ = hpyi—1, i=m+1,...,N, (54b)

maps (after the identification t; = x) the r-th flow uw;, = K, of the stationary cKdV system (3.3) on
M, onto the r-th flow of the Stickel system (5.2). The metric G, in (5.4) is expressed in coordinates
gi = qi[u] that are given by the first formula in (5.4a).

Proof. Let us make the following identification

u=-P,

DN | =

between the variables ¢; and the jet variables [u]. This formula immediately yields the first part of the
map (5.4). Extending it to the momenta part we immediately obtain the second part (this part depends
on m) of (5.4). By Lemma 5.1 also Q and Q must then coincide (the explicit identification between Q
and Q also depends on m). Thus further, after the identification ¢; = z and by comparing LL in (4.20)
with V,,41 in (2.32) and Uy, in (4.21) with respective Vi in (2.32) we see that on the particular leaf M
we must have /

L=V, U=V, k=1,..,n

so that Lax formulations of both systems coincide. Moreover, (4.22) coincides with (3.27), (4.23) coincides
with (3.9) and (4.25) coincides with (2.2). Finally, the map (5.4b) is given by (3.16). Thus, the whole
map (5.4) maps the Stéckel system defined by the curve (5.1) to the corresponding stationary cKdV
system (3.3) on M,,. O

Remark 5.1. Let us remark that the map (5.4a) is defined on each leaf My, ,,, while the whole map (5.4)
is defined on the stationary manifold M,,. Thus, (5.4a) maps the r-th flow u; = K, on the leaf M
onto the r-th flow of the Stéckel system (4.9) (we remind the reader that each cKdV flow u;, = K, is
tangent not only to M,, but also to each leaf My, ,, of the respective foliation).
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6 Miura maps between Stickel representations on M,

In this chapter we prove that all N + 1 Stéckel representations (5.2) of the stationary cKdV system (3.3),
when considered on the whole stationary manifold M,, and not only on the leaves My, (that is on the
extended phase space when ¢ are variables on M, rather than parameters of the foliation Mﬁm) are
connected by appropriate Miura maps. To simplify the presentation, we will only consider the case when
one of the representations is given by m = 0 (the general case does not create any problems whatsoever).
Consider thus two Stéckel representations of the same cKdV stationary system (3.3) on M, generated
by the curves

N n
NN LN o AR N T R = g2 (6.1)
k=1 k=1
and
N-—m n m
A2n+N-m | Z s g AR 4 Zﬁkj\nfk i Zékxkfmfl — 2, (6.2)
k=1 k=1 k=1

with m € {1,..., N}. We will thus consider the Stéckel system generated by the curve (6.1) (it has the
form (5.2)) in the extended Viéte coordinates (g, p,c), with (g, p) still given by (4.7) and we will also
consider the Stéckel system generated by the curve (6.2) (it also has the form (5.2)) in the extended Viéte
coordinates (g, p, €) where (g, p) are Viéte coordinates defined by A and fi,. The theorem below shows
that these systems are indeed two different parametrizations of the same system, connected by a Miura
map, as it should be, since both are connected by two invertible maps (5.4) with the same stationary
cKdV system (2.9).

Theorem 6.1. The following Miura map on the stationary manifold M,

a=q
p= (RT)mlﬁ7 [(RT)m:| ij - Vj(n_H_m)(q)’ Z’] = ]'7 SRR (63)
ci:Hm—i+1(67ﬁvé)7 i:17"'ama

Ci:Ei; Z:m+1,7N

transforms the Stdckel system defined by the curve (6.2) to the Stickel system generated by the curve
(6.1). Similarly, the inverse of this map, given by

a=q

p=(R") "p, [(RT)"] =V, ij=1,m,
ij

éi:anH»l(qapvc)? i=1,...,m

EZ‘:C“ ’L:m+1,,N

transforms the Stickel system defined by the curve (6.1) to the Stickel system generated by the curve

(6.2).
Proof. For the fixed m € {1,..., N}, the map

A=\ w=\"0 (6.4)
transforms the curve (6.2) into the curve (6.1), provided that

Ci:Ei, 2:m—|—1,,N
Ci:Hm—H-la i=1,...,m
Hi: m+is i:l,...,n—m

H;,=¢—i+1, t=n—m-+1,...,n.
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As result, the maps (6.4) and (6.5) induce the following Miura map 9t : M,, — M,

i = A, i=1,....n

izj\;nii, 1=1,...,n
SRS | (6.6)
¢i = Hy_iv1(A @, €), i=1,...,m

C; = G4, t=m+4+1,....
Let us now write the Miura map (6.6) in Viéte coordinates. Since \; = \; we have ¢; = g;. Further, since
Wi = N Ji;, we obtain

n n o yn—i+m -
)‘k

_772 AP 772 ik 7iv(n—i+m)(, _
pi = A A P qQ)Pk,

k=1 k=1 k=1

where the last equality follows from (4.11). Alternatively, we see that the first Hamiltonian flows of the
corresponding Stéckel systems are ¢ = Gop and ¢ = G,,p.* Now, since ¢ = q and G,, = R™Gy =
Go (RT)™ we have

p=Gy'Gup = (R")"p.

Rewriting the Hamiltonians H,, in the coordinates (g, p, €) completes expressing the Miura map (6.6) in
Viéte coordinates.
The proof of the second statement of the theorem is analogous. The relations (6.5) can be inverted to

Ci = n—i+1, 1= 1a ,m
C; = ¢, i=m+1,...,N
- ' (6.7)
Hi:Cm—H—lv t1=1,....m
H, = Hi_p, i=m+1,...,n.
The maps (6.4) and (6.7) induce the inverse Miura map MM~ : M,, — M,, given by

S\i:)\ia iil,...,n

71‘:/\;m i 1=1,...,n

a a (6.8)

¢ = n7i+1()\,u70)7 1=1,....m

¢ = ¢, i=m+1,...,N,

The Miura map 9t maps the Stéickel system generated by the curve (6.2) into the Stéckel system
generated by the curve (6.1), while the map 91~! maps this system back into the system generated by
(6.2). O

Obviously, (g, p,c) are canonical coordinates with respect to the Poisson bi-vector m = Y . | 82 A

B%i while the coordinates (g, p, €) are canonical coordinates with respect to the Poisson bi-vector 7 =
Sy 8%1' A %. Since there exists a Miura map between (6.1) and (6.2) for each m € {1,..., N}, we can
construct, in a standard way, N + 1 Poisson bi-vectors for the Stéckel system (6.1) on M,,, each given
by rewriting the bi-vector 7 in the coordinates (g, p, ¢), yielding N + 1 Hamiltonian representations of
the Stéckel system (6.1). Thus, we have proved that the N + 1 Hamiltonian representations of cKdV
hierarchy leads to N + 1 Hamiltonian representations of its stationary system. Let us note that the very
existence of Miura maps between stationary systems (and hence the multi-Hamiltonian structure of these

systems) has been first observed in [2] for the KdV case.

4Note that we are not distinguishing between metrics defined in coordinates ¢; and §; because ¢; = G;, analogously in
the case of the matrix R.
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7 Examples

In this final section we present examples illustrating all main ingredients of the theory. Subsection 7.1
focuses on the DWW hierarchy (so that N = 2) and contains two examples. The first example is for
n=2and all m = 0,1,2 and is given with all details. In the second example of this subsection we present
the case n = 3 and m = 0. In subsection 7.2 we illustrate our theory for the case N = 4, n = 2 and
m = 0. This example aims to show what happens in case we reduce the cKdV hierarchy to stationary
manifolds M,, of low (in comparison to the number N of components) dimension.

7.1 Dispersive Water Waves hierarchy

Assume that N = 2 and denote u := (ug,u1)? = (u,v)T. Then the formulas from Section 2 lead to the
DWW hierarchy, the first members of which are given by

1 1
(“) - K, = <UI> , (“> —K,= (2”“”” e 4”3‘"”> , (7.1a)
vy Uz t

v Uy + 5V,
3 3 3 9
u K= FU Uy + SUVVy + FUUL + U3T + ’U’ng + gUzV22 (7.1b)
—_ 3 = .
. %vum + %uvx + %‘5@2% + 'ng ’

2

u _ (K4)
<v) = Kai= (K’vzu + Buvvg + Suuy + Juse + 32030, + Jvvse + v > ’ (7.1c)
ty 8 T 4 x x 3x 16 x 3x x V2x
where
3 5 1 9 3 9 5
(K4)1 = §u2vw + 1—61)3u$ + gU’UQUQ; + Zuvuz + gvui’»az + guzwvw + Zuwvzx + guv&u

L1545 PRLIFI
— 0203 + — VUV, + VD
320 7T 16 T 16 6

This hierarchy, according to (2.20), is three-hamiltonian with the Hamiltonian operators given by

—1v0, —Lo,v 0 103+ tud, + 30,u 0
o= (T S) m (P 5)
B 0 102 + Lud, + 30,u
271D+ Lud, + Lo,u 21}6 +1av

The cosymmetries v = (Py, Py11)T are given by

3 3 5 1
Py=2, P =, P,=u+ ZUQ’ P; = §uv + §v3 + ngm,
3 15 35 5 5
P4 ZUZ + gu’u + 4u2m + 6741}4 + gvvgm + EU%,
P 152+35 +5 +5 +5 +63 +352 35 i
v+ —uv VU9 Ug Vg Uy + ——V — V% Vgy U’U — V4g,
T8 16 g8 8 g 2128 32V V2 T 35 16 4

while the recursion operator (2.21) attains the form

R — 0 i8§+u+%um3;1 .
1 v+ 2v,0;7

Moreover, the Lax matrix V; and the first three auxiliary matrices V;, are as follows
0 1 -1 A+ 3
Vl:(2 )a V2:<3 1,12 flv; 1 1 jZU)»
ANM—vA—u O A% — SvA —(u—i—iv))\—iuv—zvgx 7V
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V, = (—}1%)\ — Jue — Zvvy A2+ Jud+4 3024 %u)

(V3)21 %Uz)\ + %um + %'Uvz
where
L, 1o 1 by 1 , 1, ) 2
(V3)o1 = A* — 51})\ ~3 (4u+v ) A — A (8uv+3v +2U21) A— 3 (4u + 3uv® 4 2ug, + 3v; +3’U’L)2£) ,
and
V, = <(V4)11 A3+ %1})\2 + % (3'()2 + 4u) A+ % (51)3 + 12uv + QUQI)> 7
(V)21 —(Va)n
where
1 1 1
(V)11 = —ivw)\Q ~3 (2uy + 3vvg) A — D) (12vuy + 12uv, + 150%v, + 2vs,)
1 1 1
(Vi)o1 = A° — 51}/\4 ~3 (4u + U2) 3 — 6 (4uv + 03+ 209, ) A2

(Su2 + 18uv? + dug, + 5v* + Svvg, + Gvi) A

sl sl-

2 3 E 2 2
12u”v + buv” + 6vus, + 12u,v, + 8uvg, + 5 V7V + 1500 + vy | -

7.1.1 The stationary reduction with n =2 and m =0,1,2

Here we consider three Stéckel representations of the stationary DWW system for n = 2.

Stationary system

For N = 2 and n = 2 the stationary system (3.3) consists of two evolution equations (7.1a)

1 1
(u) _ Kl = (ux> , <u) — KQ = <2vu$ + uvgx + 41}337) (7‘2)
v/, Vg v/, Ugpe + 5VVg

2
and of the stationary flow K3 =0,

15,2 0

<§v2um + %uvvI + %uuT + %u&r + %vvg,m + gvzv2m> B (O>
3 3 1 = :
50Uy + FUVy + T UV + U3z

The normal form of the stationary flow K3 =0 is

15 45 9
Uz = —6uuy, + ?112% + 3uvv, + Zv?’vm — §vwv21
15
V3, = —6vu, — buv, — ?v%w

and yields us the stationary manifold My parameterized by the jet variables [u] = (u, gz, U2z, U, Uz, Vo).
The vector fields (7.2) in this parametrization attain on Ms the form

u) (U u) _ (—vue = quve — P, (7.3)
vy vy ) vy uz+%vvfﬂ . ‘

1 2

The corresponding separation curve (3.29) attains the form

N B A3 4 oA+ h A + hg = A2,
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which yields the following hy in (3.13) on Moy

hy = f§uv lv% — §v ,
2 4 8
ho = —guv2 — iuh — zuz — gV — {5—61)?3 — é—iu
hi = —gllze + gUavle ~ %uvgx %uv?’ - %u% - %02’1)293 - 6941)5,
ho = —5021@1 + T %U’U’ng %uvz - %uv‘1 - §u2v2 + Eui — glUze leu?’ - 6%1)3@21

Foliation for m =0

Consider first the case m = 0. Putting h3 = ¢ and he = ¢; we obtain the foliation of Ms into leaves
MG . Solving these relations with respect to ug, and vay,
15 65 5

00 4 2

Uy = Scov — 4y — 3u? + —wv? + — -0

5 .
2 6 1V Vop = —4cy — 6uv — 51}‘5,

we arrive at the curve (3.31) for the leaves M$ ;. It has the form

)\6 + 02)\3 -+ Cl>\2 -+ Hl)\ —+ HQ = /1,2 (74)
with H; given by
3 5 - 1 7 5 1 1 1
H, = guzv + 1—6uv3 + gumvm + 581)5 + 3—2111)225 + 502u + gCQUZ + iclv,
1 3 5 3 1 15
Ho— 42030 20202 - 2wt 2 Uy — — 2, .2 194
R U T T R R T A T
—1—21)21)2—10 uv—i—lc u—ic v3+§c v?
128 ° 4° 27 16 g

The Lax matrices V;CO) in (3.25) are as follows, Vgo) =V,

v _ _ivx %U +A
2 A3 — %v)\z — (u + %Uz) A+ uv + §v3 + co ivm

YO _ —i%)\ - ium — %vvm A2 + %v)\ + %’UQ + %u
3 (V§0)>21 TV + JUs + Svvg |7
where
(0) 1 1 1 1 1 . 5 1 1 1
(VB )21 = )\4 — 5'0)\3 — 5 (U — Z’UQ )\2 —+ iuv —+ Z'Us —+ Co )\ — a’l]4 —+ Zu2 — Evi —+ Cc1 — §C2'U.

Foliation for m =1

For the case m = 1, putting hy = ¢; and hy = ¢o we obtain the foliation of Mj into leaves MG ;. Solving
these relations with respect to us, and va,,

15 15 6vug vy — 6uv? + 2u — 32¢; 5
_ 2 2 4 x T T _ 3
Uoy = 6Cov — 2u —l——Q uv +—4v + 1ot 302 , vgx——402—6uv—§v ,
we arrive at the curve (3.31) for the leaves MS ;,
N e\ + AT+ Hio\+ Hy = M2, (7.5)
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where

5 1 (2uy + 3vv,)? 8cy 1

H _ 7 4_7 o 2_ -
UL 16 Ve T R dut30?) | du+4se? 27
1 (2uy + 3vvy) (vuy — 2uv,) 4cyv 1 3
Hy = — 2u) (4u + 3v?) — == e z = v?
2 = ggolv” 4 2u) (du+307) 8 (du + 30?) w302 TR

The Lax matrices V,(cl) in (3.25) are as follows, Vﬁl) =V,
v lv+ A
V(l) 1 (% v+
pra 1)\ ( v))\+uv+ 203 + ¢y i%
by (—ivw)\ — Uz — Svv, A2+ Loa+ 0?4 §u>

V( 1
3 (Vg )>21 e + Fug + vy,

1 1 1 1 1 90202 + 120ugv, + 4u — 64¢q
V(l)) e A ~ 202 ) a2 + 4.3 A — x zVz x -
( 3 ); Rt T\ )M gt e 8(3v2 + 4u)

Foliation for m = 2

Finally, for m = 2 we put ho = ¢1 and h; = cp which leads to the foliation M$ 5 of Ms. Solving these
relations again with respect to us, and va,

2 (4 9v2) (16 3 - 36v° ULV,
vy — 48cyv (4u + 9v?) (16¢1 + Buv? — u2) — 36v3u,v 72u2+gw2+gv4,
4U + 3'112 (4u + 31} ) 2 4
25610 — 120%u,v, — 16vui + 48uvv§ + 16uu, v, 32¢s 3 5
Vog = 5 — 5 —4duv — Sv,
(4u + 30v2) 4u + 3v 2

we arrive at the curve (3.31) for the leaves M$ ,. It has the form

My AN A2+ H\+ Hy = N2)2

while
2 — 2uy, + 3 1 8 32
H, = _( UV — V) ( "124902 ) _lu (2u+v2) + C2 - 61'02 -
(4u + 3v?) 4 du+3v° (4u+ 302)
302 — du) v, + dvu,)”  (2up + 3vy)? 1 4 8¢y (4u + 02
H, = ((3v u) v ) (2t + 3vva) (4u+v?) (du+30v%) + 2y e (du+ o)

16 (4u+302)°  8(du+3v?) 64 du+30% " (du+302)°

The Lax matrices V,(f) in (3.25) are as follows, Vf) =V,

V(Q) _ f%’um A+ %v
2 M= 2oA? — (u+ 3) A -k + o302 +4u)  Jue )]
VO — ivz)\ — %um — %vvz . A2+ v/\ + 4 v + u
’ M= JoN = § (ut o) N - ed - Bl 4o 8 Z%A + qus + Fova )
where
(Bv vy + 2uy) (2uv, — vuy) 32v 8
= + —C2 .
(302 4 4u)? (302 + 4u)? (302 4 4u)
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Stéckel system for m =0

Take first m = 0. The separation curve (7.4)
N o3+ e N2+ Hi\+ Hy = 12
yields the following Stédckel Hamiltonians in Viéte coordinates

Hy = p3qu + 2p1p2 + 45 — 44245 + 3¢5q1 — c2qf + crq1 + c2qs, (7.6a)
Hy = p2q} + 2p1peq1 — Paga + 03 + q2qi — 34547 + 45 — cagaqy + 1o, (7.6b)

that in turn lead to the following Stéckel system

a1 2p2
Q2 _ 2p2q1 + 2p1 (7.7)
P1 2c1q1 — c1 — p — 5qi + 12¢2¢3 — 3¢5 |’
2/ —cg + 44} — 6g21
q 2p2q1 + 2p1
G2 _ 2p2q} + 2p1q1 — 2p2go (7.8)
P cag2 — 2p5q1 — 2p1p2 — 442G} + 6451
2/ . c2q1 — c1+p3 — i + 6q247 — 363
The map (5.4) attains the form given by
1 1 3 1 1 1
q1 = 57% q2 = 5“ + §U2; b1 = Zul’ + Zm}m P2 = 1%; (7-93)
and by
9 1 3 1 5 15 3 1 5
c1=hy = —guvz = gl ZuQ — 502 — 1—6112 — 6—4114, co=hg = —QUV = U2 — §v3, (7.9b)

It maps the first two flows in (7.3) onto the first two components in (7.7) and (7.8), respectively. The

remaining two components become identities on My due to the second part of the map (7.9). The Lax

matrices Véo), V§°> and Vgo) transforms by (7.9) respectively onto L, U; and Uy given by

L— —p2A — p1 — P2q1 N+ @+ g
AN — g3 2 _ A2 —q3 2 A A ’
o+ (@ —e) P+ (-G +e+2ap) N+ pA+pr+pa
U, = ( 0 1) U, = ( —pa A+ q1>
A =2 A +3¢7 —2¢2 0) MogM+ (¢ —20)\—¢ +4qg+c2  p2 )’
where

k=q! —p3+d5—3¢iq +c1 —caqa.

The inverse of the map (7.9) is given by
w=2¢y =3¢},  uy=4p1—8paq1, v=2q1, v, =4p,
and
Uz = 16coqy — 4cp — 20p§ — 52(]11l + 96q2qf — 12(157 Vo = —4cy + 16q£1)’ — 24q2q; .

Stackel system for m =1

For m = 1 the curve (7.5) is
N+ e N+ H\+ Hy = \i?
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yielding the following Stickel Hamiltonians in Viéte coordinates
2 2 _ 4 2 2 1
Hy = —p3q2 +p1 — a1 +3¢2¢7 — 4¢3 + Cqu + c2q1,
2
— 2 _ 3 2 a
Hy = —p3q2q1 — 2p1p2g2 — G247 + 2¢5q1 + ay + caqa,
2

giving rise to the following Stéckel system

Q1 2p1
q2 _ —2p2q2
p1 4¢3 — 6g2q1 — c2 ’

1
2/ p§—3qf+2qz+mg

q1
q2
b1

—2paqo
—2p1g2 — 2p2q1G2
1

P3a2 — 245 + 3q7q2 — c1;

p2/ . \P3 +2mp2 + ¢f —deq + ol — o

The map (5.4) is given by

1 1 n 3 4 1 2ug + Vv,
= = = —U —U = —’Ux’ = — s
q1 2 ) q2 2 ] ) p1 4 D2 4U+3’02
together with
3 3 3 3 9 3
cp=hg = —3—2v2u2m + l—ﬁvuzvz — 1—6uvvgz — 1—6uv§ — 6—4uv4 — guzvz + 1—6
1 1, 94
— —UU2g U’ — —v°vag,
8 4 64’
1 )
ca =h3 = UV~ Ve §v3,

(7.10a)

(7.10b)

(7.11)

(7.12)

(7.13a)

(7.13b)

and it maps the first two flows in (7.3) onto the first two components of (7.11) and (7.12), respectively.
The remaining two components become identities on My due to (7.13). The Lax matrices Vgl), Vgl) and

Vél) transforms by (7.13) respectively onto IL, U; and U, given by

L= P2g2 — P1A M+ g+ g
M—qaN+(qf — @) A — (6§ — c2 — 2q102) A — P32 + o A2

0= (10 o ) v
PN 200 +3¢2 —2¢2 0) 2 M= A+ (qf —2¢2) A — ¢} + 2 + dq1g2

The inverse of the map (7.13) is given by
u = 2g — 3q7, Ug = —12p1g1 — 4p2q, v =2q, Vg = 4p1

together with

A+ ql)
D1 ’

4c
Uz = 12¢c0q1 — q—; + 4p§q2 — 24p% — 48(]411 + 84q2q% — 8q§, Voy = —4co + 16qz1)’ — 24q2q; .

Stickel system for m = 2

Finally, for m = 2 the curve (7.5) is

)\4 + Cg)\71 + Cl)\72 + Hi\N+ Hy = 22 2,
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yielding the Stickel Hamiltonians

1
H, = —Pfch —2p1p2g2 + qf’ — 2¢2q1 — 01% +co—, (7.14a)
q2 q2
2 2 2 2 2 1 ‘J% q1
Hy = —qopi +p3¢5 — @3 + i +c1 | — — —5 | +ca—, (7.14b)
q2 q3 q2
that generate the following Stéckel system:
q1 —2p1q1 — 2p2go
—2p1g2
q2 1
_ 7.15
P B3¢+t e | (7.15)
2/, 2p1p2 +2q1 + 2% — 201 L
1 q3 q5
q1 *217122
02 e (7.16)
= _ a _ . 1 .
D1 2q192 + 2¢1 qé Cogs ]
r/,, \~e+r-d+20+a(h-2%)+al
The map (5.4) is given by
1 1 3 4 2ug + vy 2 (—4vum + duv, — 31121)95)
_ = _ = 2 e i = _ 7.17
q1 21}) q2 2’LL+ SU ) P Au + 302 ) P2 (4u+3v2)2 ’ ( a‘)
and by
3 3 3 9 3 1
Cc1 = hO = 7§U2U2x + TG'UUQC'UQC — T6UUU2$ — E i — GZUU4 — §u21}2 + TGU?C
1 1 9
— guugm — ZUS — 6—41)311296, (717b)
1 1 1 3 3 9 9
Cy = hl = 7§'U’LL2;E + guz'l)z - éU’UQ:E - ZU’Us - Z'LL2'U — @'UZUQI — @”US,

and it maps the first two flows in (7.3) onto the first two components of (7.15) and (7.16), respectively.
The remaining two components become identities on My due to (7.17). The Lax matrices ng), ng) and

ng) transforms by (7.13) respectively onto LL, U; and U, given by

L_ (qup1 + q2p2) A + @2p1 NM+ar+ g
M =g+ (B ) N - (qlp% +20p1p2 —Ca g + 1 Z—%) Ak —(q1p1 + @p2) A —q@p1 ]’

U — 0 1
P -2 +3¢3 - 2¢ 0)

( q1P1 + q2p2 A+ q )

U =
TN =@+ (0f —202) A= (@up + 202012 — 20002 — 2y F 1) —@ipy — qap2

where

9 1
K = —q2p7 +C1—.
a
The inverse of the map (7.17) is given by

u = 2g2 — 3qi, Uy = 12p1q} + 12p2gaqy — 4p1ga, v = 2q1, vy = —4p1q1 — 4p2qo,
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together with

4c
Uny = 12¢2q1 — 721 — 24p3q} — 48p1p2goqr — 24p3a5 + 4pige — 48¢7 + 84qaqi — 843,

Voy = —4des + 16¢7 — 24gaq: .

Miura maps

Consider again the case N = n = 2. For m = 1 the Miura map (6.3) between parametrizations

(ql, q2,P1,P2,C1, Cg) and ((jl, qd2,P1,D2,C1, 52) of the stationary manifold Mg attains the form

a1 = q, q2 = q2, P1 = —q1D1 — G2P2, P2 = D1,

o o _ _ L ~ 1 o
¢1 = Hi(q,p,€) = —P3Ga + DT — @1 + 30207 — G5 + G+ &, (7.18)
2
Co = 627
where H; is given by (7.10) and for m = 2 the respective form
@ = q, q2 = G2, D= ((ﬁ - 62) P1 + q1G2D2, P2 = —q1p1 — Q2P2,
_ Y A _q
¢1 = Hy(q,p,¢) = —0i + D3G5 — G5 + @iz + & < — 5) e, (7.19)
q2 q3 g2
_ o o ~ o _q 1
co =H1(q,p,€) = —pis — 2p1D2% + @ — 251 — C1q% + Czqf-
2 2

where H; and H, are given by (7.14). This yields the three-Hamiltonian representation of all the vector
fields of the Stéckel system (6.1) (and thus the three-Hamiltonian representation of the stationary cKdV
system (3.3)) in the (q1, g2, p1, P2, ¢1, c2) parametrization:

WQdHl = 7T1d01 = 7T2d02,
7T()dH2 = 7T1dH1 = 7T2d01,

where 9 = 7, while 7 is generated by the Miura map (7.18) and my is generated by the Miura map
(7.19). Explicitly, the matrix representations of Poisson bi-vectors 7; are as follows

0 0 1000 0 0 -a¢ 1 5L 0
0 0 0100 0 0 —q¢ 0 %? 0
|-t 0 0000 N T
0 0 -1 00 0 0’ ! -1 0 pp 0 =900
OH OH OH OH
0 0 0 0 0 0 731)11 731)21 a(hl 3f121 0 0
0 0O 0 0 0 O 0 0 0 0 0 0
0 0 G- -a % %
Hy — 0H
20 0 q192 —q2 % aapf[
| 4 +@ - 0 Qp2 — gg; - ggj
T @  —qp2 0 =52 o
__OHy _ 8H, OHy OH, 0
Op1 Op2 9q1 0q2
_6H1 _8H1 OH; OH, 0
dp1 Op2 oq1 0q2

where the Hamiltonians Hy, H» are given by (7.6). Now, the three Hamiltonian representations for the
Stéckel systems associated with m = 1 and m = 2 can be obtained by means of the Miura maps (7.18)
and (7.19).

Let us finally observe that this system has also been discussed in [23], where the authors considered its
three equivalent Ostrogradsky representations related with three different albeit equivalent Lagrangian
formulations and where the above Poisson operators have also been presented.
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7.1.2 The stationary reduction with n =3 and m =0

Here we consider the n = 3 stationary DWW system (see Section 7.1), i.e. the case N =2 and n = 3.

Stationary system

The third (n = 3) DWW stationary system consists of first three evolution equations from the hierarchy
(given already in (7.1)):

<“> K, = (“I) , (“> K, = <5”“$ e 111”33”) : (7.20)
v Vg v Uy + 5VV,
tl t2 2

W _ e 302, + 3uvvg + Suug + Juse + 30v3s + JUs02, (7.21)
v/, 8= Svug + 3uvy + 20%vp + Jss ’ '

and the fourth stationary flow, K, = 0, (cf. and (7.1c)) which in the normal form is given by

5 1. . 5
U3y = 7?1)21% — 15uvv, — buu, — 1351)31}% — §UU3x — DUy Vg,
. 105 15
Vse = —24u?v, + 403U, 4+ 60uvv, — 18Uz, v, — 20ULva, — 10uvs, + > viu, + 3U2U3£ (7.22)

— 15vv,v9, — 151}2.

The constraints (7.22) define the 2n + N = 8-th dimensional stationary manifold M3 parametrized by

the jet coordinates [u] = (u, Uy, U2z,0, Vg - . ., Vs ). The two vector fields (7.20) preserve their form in the
above parametrization of M3, while the vector field (7.21) attains on M3, parametrized as above, the
form
wy —%U2um — %uvvz — %v?’vz — i’U‘Uggm — %vzvgx (7.23)
3vuy 3 15,2 1 ' .
v/, SSEVUg + 5UVg + UV + U3

The corresponding spectral curve (3.29) is
A 4 By At £ a3 4 ho A+ Wy A+ ho = p. (7.24)

The corresponding functions h, in (3.13) attain the explicit form

35 15 5 3 5 1
By = — 2204 — 22002 S0 — S = 22— .
4T T TR TR T Y Tt T e
7 5 25 3 15 1 5 5 1
hs —3—27)5 iuv?’ 3—21)21;1)2 §u2v — Eviv 2u2xv 8uzvx 8uvgm me,
35 55 15 21 15 9 5 1 1 1
h2 = _%’06 — &UU4 — @U2zv3 — T6U2U2 — @U%'UQ - 3*2U2$U2 — guvng 32’()455'1) — ZUE} + Eui
1 1 1
- 6741)%1 - guuQ!L’ + 3721)9:")390’
25 45 95 23 15 7 15 15
hl = —%’U'Y — @uvs — %’Ugw’lfl — E’U/Q’US — ﬁgvivg — §U2w’l}3 + 67411@’1);”’1)2 — EuvngQ
— %mﬂﬂ — Zu% + %uiv — %uviv — %v%wv — %uquv + %vxv%v — %uumvm — Eu%gw
3 4 1 n 1 1
— — VU2 — —=U2zV2p + —=UgpV3p — —=UV4g,
64 @ 2F gy FrTRT T 3gnwTor gy T
25 75 15 75 15 35 5
ho = —ﬁUUG — mvngs — @’LLZ’U4 — 710241/51/4 — mUQxUAL + muxvaS — @UUQ;C’UB — ﬁl@x’l}g
9 45 15 9 15
— T6U3U2 + auivz — ﬁuvivz — ﬁ’l}%xvz — @UUQ;E'U2 =+ %vwivz — @U’Ug{l}xv
— 1—5u2v21v — Evzvgrv — iu%vhv + iugcvgzv — iuvmv + gu2v2 — iuvg + iv%
32 128 °* 64 64 64 64 T 16 r 256 °7
1
- @uzvzlﬁm + 674uvm(03m - @Uvaélar
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Foliation for m =0

We will now consider the Hamiltonian foliation of M3 defined by (3.16) for m = 0, that is hy = c2 and
hs = c1, which yields the 2n = 6-dimensional leaves M , defined by the conditions

Ugy = —4cy — 3u? — —uv? — vt — Zovg, — S0,
2 16 2 4 (7.25)

15
Vge = 32¢cov — 16¢1 + 40uv® — 10uzv, — 10uve, + 1405 + ?v%gx — 5vv925.

Each leaf M$ is now parametrized by the jet coordinates [u] = (u, Uz, v, Vs, V2z, v3:). All three vector
fields K; preserve their explicit form when reducing from Mj to the leaf Mg, due to the fact that they
do not contain neither usg, nor vy, that define this leaf within the manifold Mjs. Taking into account
conditions (7.25) the spectral curve (7.24) attains the form (cf. (3.31))

M o\t 4 e AP+ Hi N2 + Ho) + Hs = 1/, (7.26)

while H; are explicitly given by

1 5 35 5 1 1 15 35 21 1
Hy = — 12 + —ovpty + 0202 + —up? + — 0,00 4+ —1° + —120% + v + ——18 — —12
LT Tt T g e te T g Ve T gl T g le e U T A g TR T e
1
+ 5C2U + §02v2 + 5C10;
35 5 15 3 5 3
Hy = mvfcvd + ﬁuszvz + Euiv + §UU§U + 6—4%1)3%1) + éuuxvx - @’Uﬁﬂgx + 3—21%1)33c
n 1 n 1 4 n 1 n 1 n 3 4
—CoUuV + =Cov —CoVsz + —C1U + =1V,
5C2 32 gC2v2 5C1 31
and
175 5 9 15 15 3 5
3 = @viv‘l + 1—6%%03 + 6—4u§112 + 6—41“1320112 + %vwngUQ + 1—6uu$vIv - %vivng
+3 +922+12 1 n +932+1524
—UgU3z0 + —— UV, + = V5, — —UgVUpV2g + - UVzU35 + -2 UV —uv
64 % 64 256 % 64 e T 32 128
21 5 35 7 3
2 st 6, 2 03 L2 99 g L 5 9 2
ot e T Rt T g e e T oY T Toaa” Y T g
1 5
— 5502114 — ECQ'U’UQJ- + zcluv + 1—661113 + gclvgl.

Stéckel system

The relation (7.26), if treated as the separation curve (5.1), yields the Stéckel Hamiltonians (given here
directly in Viéte coordinates (4.7))

Hy = 2pspaqi + p3a2 + P + 2p1ps — ¢ + Baaqi — 443¢; — 64547 + 6q2q3q1 + @5 — @5 + c2q2 — c2G; + c1qn,
Hy = 2p3q1 + 2psp2qf + 2p1psq1 + P3q1a2 — P3as + 20102 + qsqi + 434 — 620347 — 3d5q1 + 243qu,
— @3q2 + 3305 + c2q3 — 2q1G2 + €12
Hj = 2pop1q1 + 2p3p1go + D347 + P3ds + 2pap3qide — 2p2psqs — Padids + Pt + 4424347 — 34347 — 36343q1
+ 20243 — 47q3 — C2q143 + C143,

which generate the following Stéickel system (cf. (4.9)) on M

q1 2p3

q2 2p2 + 2p3q1

q3 _ 2p1 + 2p2q1 + 2p3q2

pi| | 6a) —20q2¢5 + 12g3¢F + 12¢3q1 + 2c2q1 — ¢1 — 2p2ps — 6qaqs |
P2 —5q¢1 4+ 12247 — 6g3q1 — p3 — 3¢5 — ¢2

2V g} — 692q1 + 2g3
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q1 2p2 + 2p3q1
a2 2p3qi + 4p2q1 + 2p1
q3 _ 2p2qf + 2p1q1 + 2p3q2q1 — 2p3q3
m | | 5 — 4036 — 126342 — Apapsqr + 12qoq3q1 + 363 — 2p2 — 202 — 2p1ps — P24 + C2qo
P2 4} — 8g243 + 6q3q3 — P3q1 + 9g3q1 + caq1 — 1 — 64243
ZY —qi + 64207 — 4g3q1 + 3 — 3¢5 — 2
7 2p1 + 2p2q1 + 2p3q2
q2 2p2q3 + 2p1q1 + 2p3qaq1 — 2psqs
q3 2p3q3 + 2p1g2 + 2p2q1q2 — 2p2q3 — 2p3q1q3
p1 5¢3q1 — 12q2q347 — 2p3¢1 + 6¢3¢1 — 2p1p2 — 2p2p3qz + P3Gs + 3¢5¢3 + 243
P2 —4q3q3 — 2p2p3q1 + 6q2q3q1 — 2G5 — 2p1p3 — 2p3¢2
p3 @} — 4247 + 6q3qf + p3q1 + 34341 + c2q1 — ¢1 + 2pap3 — 4q2q3

t3

Their Lax representation (4.12) is given by the Lax matrix (4.13), given in Viéte coordinates by

L— <—p3>\2 — (p2 +P3q1) A — p1 — D2q1 — P3G2 A+ @A+ @)+ g3 )
Loy psA? + (p2 +p3qi) A+ p1 + P21 + p3q2)

where

Lot = A — A + (¢ — a2) N — (6§ — 2q2a1 + 43) N + (¢f — 30207 + 2q3q1 — P} + @5 +c2) A

—q} = 3q143 — 2p2p3 — Paq1 + 432 — 3q7q3 + 2q2q3 + ¢1 — caqi,

and by the auxiliary matrices (4.18), given in Viéte coordinates by

U, = ( 0 1) Uy — ( —p3 A+ q1>
M =20 A+3¢i —2¢2 0]’ Mg+ (] —2¢)N—¢ +4qq2—2q3  p3 )’
Us — —Ap3 — P2 — P3q1 M+ @A+ g
TN g (@) N (B -2 2g3) A Ap: ’
QA" + (fh Q2) (fh q192 + (Js) + K Aps + p2 + P3q1
where
A2 2 2
K=+q¢ —p3+q +c2—3¢7q2 + 4q143.

Transformation between jet and canonical coordinates
Finally, let us present the map (5.4) between the jet variables [u] = (u, Uz, U220,y ..., 04,) and the

(extended by Casimirs ¢;) Viéte coordinates on the stationary manifold Ms. It is explicitly given by

1 1 n 3, 3 L 5 4 n 1
= v =-—u+-v = —uv + —0° + Vg,
a1 oV q2 2 gV a3 4 16 g2 (7.272)
1 n 1 . 1, n 1 1 . 1 1 ’
= —VUy + —UV; + —V Uy + — V3, = —Uy + — VU, = —U,
=y 1 1 16" Pr=yte Ty Ps =1
and by
T 5 5 4 25 3, 15 , 1 5 1
c1=h3=——=0" — —uv® — —— U,V — —UV — —VLV UV Uy Vg UV2g — — V4,
32 4 32 2 16 2 8 16 (7.27b)
3% 4, 15 4, 5 35, 5 4 1 )
ca=hy=——v"— —uv Vog ¥ U — —v, — Uy

Applying the map (7.27a) to the above Stickel system we reconstruct the respective vector fields

(7.20) and (7.23) together with the constraints (7.25) or equivalently (7.27b).

The inverse of the map (7.27) is given by

u = 2g2 — 3¢i, Uy = 4pa — 8paqu,

v=2q1, vy =4p3, v = 16¢; — 24qaq1 +8q3, Vs = 48p3qi — 32paq1 — 32p3q2 + 16p1,
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together with

Ugy = —4cy — 20p3 — 52¢1 + 96¢2q7 — 40q3q1 — 1243,
4z = 160p3q1 — 160paps + 448¢7 — 1120q2q7 + 480g3q; + 480g5q1 — 160g2q3 — 16¢1 + 64caq: .

7.2 The case of N=4,n=2and m=0

Let us now take a closer look at four-component (N = 4) stationary cKdV system with n = 2. We will
again only consider the case m = 0.

Four component cKdV hierarchy

Assume thus that N = 4 and denote u = (uo, u1, g, u3)? = (u,v,w,r)”. Then, the coefficients P; of the
series (2.6) are

3 5 3

Py =2, P=r, P2:1T2—|—w, P3:§7‘3—|—§7‘w+v,

35 15 3 3
P — 4 2

A 64 +8 w—|—27“v—|—u+4w

63 35 15 3 15 1 3

P = 128 o 4 6" r3w + §r2v—|— iru—i- @TUP + 17 + S
231 4 315 4 35 .3 15 2 105 202 15 5 5 3

Po= oppr T " W T vt g Ut gy W rowt grra + gery 4 juw

R

4 ) 4 2x

The first three members of the four component cKdV hierarchy (2.9) have the form

1 1
U Uy, U ury + §ruw + 373z
v I v . Ury + rvx + Uy
=K, = , =K, = , (7.28)
w Wy w wry + rwx + Vg
3
r 6 Ty r ts L + Wy
3,2 1 1
U 37 uz + rum + 7"7"335 + 7'17"21 —|— FWlUg + UWg + 7W3g
3
v K= 87" UI —|— rugC + ury, + rvrw + r3$ + w% + vw,
=K;=
w 87" Wy + ’I“Ux + vrw + rwrw —+ Uy + wwz
15
v/, §7’21"3C + 3rw, + 2wry 4 v,

Their zero-curvature curvature representation (2.33) is generated by the Lax matrix

v, — 0 1
P M e w2 —ovd—u 0

and the auxiliary matrices

1 1
Vy = Al A QT) :

()\5 — %r)ﬁ* — (%TQ + w) A3 — (v + lwr) A2 — (u + %vr) A— %ur — %7’295 irm
Vs = <}1r$/\}1wz§rm P, r)\+ r Jr w)7
(V3)a1 rw)\ + wm + 87"7”;,;

36



1 . 1 1 1 1
(V3)a1 = A% — 57’)\‘) - <8r2 + 2w> - <Zr3 + wr + v) 23— (2102 + grzw +u+ 2v7"> A2
— §m‘2 + 1ur + 1vw + 17‘ A— §u7’2 — §7‘2 — 1uw - 1w — §7"r
8 2 2 4% 8 8T 2 4oy

Stationary system

In the case of N = 4 the second cKdV stationary system consists of the two evolution equations in (7.28)
and the third stationary flow, K5 = 0, which in the normal form is given by

15 4 n 3 5 3 3 15 , 3

Uy = — T + =T Wy — Vry — —TWTry — —WWy, Vp = ——TTp — =TWy — =Wy,
16 8 4 2 8 2 2

45 45 15 15 9

W3y = _TGTSTI — 1—67“4111$ — 127“311)7“9; + ?rzvm — ?rzwwﬂC + 6rvw,; + 2vwr, — 3rw2rw — 5%7‘29;
— duw, + 3w2wz,
15 3 15

T3z = —T4rz + fr?’wx + —r2w7‘x —4ur, — 4rvry + 3w2rz + 6rww, — 4vw,.

16 2 2

These constraints define the 2n + N = 8-th dimensional stationary manifold My, parametrized by the
jet coordinates [u] = (u, v, w, Wy, Way, T, Tz, T2,). The vector fields (7.28) attain on Mo, parametrized as
above, the form:

U %r?’m + %rzwa: — Uy — %rwrw — %www
v B —18—57“27"1. — %rwx — %wrI
w B Wy ’
v/, T
U gr‘lm + %r?’ww + %TZwrw - %rvm + %w%‘w + %rwwgﬂ — VW,
v B —% 2w, — %rwrx — %wmE
w - *1@57"2% — rwg — %wrw
T ¢ %rrm + Wy
The spectral curve (3.29) corresponding to Msj is
A 4 hsAS At + hg AP 4 hod? + hy A + hy = 12, (7.29)
while the functions hy in (3.13) are
5 15 9
h5:—§r3—§wr—v, h4=—ar4—§wr2—m“—1w2—u7
9 3 3
hs = —6—47“5 - 1wr3 —vr? — ZwQT — U — VW — T,
9 3 3 1 1 1 5 1
hg = —6747117’4 — gUT‘S — §w2r2 — UT'Q — 51}?1)7“ — 57‘2;{/" — EIUB — TGTJZ“ — uw — Z’LUQ_»L7
L 9 4 3 5 3 s 9 5 1 1 1, n 1 1
= ——ur® — —ur® — —vwr® — —ro.r° — —UWr — —WayT — —VW — Wy — —WT
"6 8 8 327 2 8 4 g Ut g
9 9 3 3 3 3 1 1
ho = 76—4ur4 — 6—41“2951"3 — guwr2 — S—ngﬂz + TgWeler = TgWraa’ — Zuw2 + Ewi
3 r2 w
— —WTS — —WWay.
6 © 8

Foliation

Let us consider the Hamiltonian foliation of My defined by (3.16) for m = 0. That is, we consider the
foliation of My given by the conditions

hs =c4, hg=c3, hz=c2, ha=cy,
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which in the normal form are given by

25 4 3 5 3 4 53 3
u2047‘—03+6—4r —|—§Tw—iw7 v:—04—§7“ —§Tw,
3 9 116 654 2 2 52 3
way = =g car” — degr® —10cqrw + Beor + degw — dey — 21 — rfw = 9rfw® — g+ 20%, (7.30)

3
Top = 4cgr + deqw — deo + grs + 4r3w + 6rw?.

The above conditions define leaves MS$ ; parametrized by the jet coordinates [u] = (w,w,,7,7,). Notice
that the field variables v and v are entirely eliminated using (7.30). In consequence, the vector fields
(7.28) on the leave MS  attains the two-component form

_15,.2,. _1
T/, Ty T/, 57T + Wy

1 2

as the remaining components in these vector fields become identities.
Taking into account (7.30) the spectral curve (7.29) takes the form, cf. (3.31),

M e\ + et 4+ e\ + A2+ Hyd + Hy = 1, (7.32)
where
5 1 3 - 1 1 5 1 1
H, = grmwm + ﬁrrg + HSN — 6—47""11) — Zr?’wz — 17“11)3 + a04r4 — 104102 - 1037“3 — 5037"10
+le? g Lot
—CoT —Ccow + —cr
S 2 2 2 2 17,
15 1 3 1 87 13 17 1 3
Hy= 2022 — — a4 Zprow, + —w? + —op® 4 =2 6 A4 0 L4 95
2= 8" e T g e T g e T e T e T U s” Y T 16 T
5 1 1 1 1 1 1 3 1
+ Ecy“gw + Zc;;rwz — 6—43037“4 — 103r2w — 103102 — E?)CQTS — ch‘w + gclrQ + §clw.

Stackel system
The Stéckel Hamiltonians, defined by the separation curve (7.32) and written in Viéte coordinates are
Hy = qp5 + 2p1p2 + 41 — 66205 + 1063547 — 4g5q1 — caqi + 3caqeai — cads + csq; — 2¢3q1q2
+ c2q2 — C24F + 11,
Hs = p} 4 2paqip1 + P3¢; — Pade + 4247 — 56541 + 60505 — a5 + 2¢4q145 — cadi gz + c3q3q2 — c3q3
— C2q1Q2 + C1Q2.

They generate the following Stéckel system

o}l 2p2
q2 _ 2p1 + 2p2q1
D1 —7¢% + 30q2qt + 4caqd — 30g3q7 — 3c3q? + 2caq1 — 6cagaqn + 4q5 — p3 — c1 + 2¢32

2/, 6¢7 — 20g2q7 — 3caq? + 12¢3q1 + 2c3q1 — 2 + 2¢4q2

73 2p1 + 2paqa

e| 2p2G3 + 2p1q1 — 2p2q2

D1 | —6g247 + 2093¢3 + 3caqeqi — 12¢3q1 — 2p3q1 — 2¢3q2q1 — 2¢4q3 — 2p1p2 + C2go
P2/, \—af + 100201 + caq? — 186347 — c3qf + c2q1 — deaqaqu + 443 + p3 — c1 + 2302

Their Lax representation (4.12) contains the Lax matrix (4.13), given in Viéte coordinates by

L= (—P2>\ —pi—pi M Har+g )
Loy p2X+p1+peqi)’
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where

Lot = A — i\ + (¢ — @2) M + (=& + 2g0q1 + ca) > + (qf — 3a247 — caqu + @5 + c3) A2
+ (—Q? +4¢207 + c1qi — 3g5q1 — c3q1 + 2 — caq2) A
+ ¢ — cad? — 43 — p3 + esqi + 6475 + 1 — coq1 — Baia2 — c3q2 + 2c4q142,

and the auxiliary matrices that are given by

0 1
U, = ,
! (/\4 =201 X% + (3q7 — 2¢2) A2 + (—4¢} + 6g2q1 + ca) A + 5qi + 343 + c3 — 2caqr — 12q3q2 0)
—-p2 A+ (h)
Uy = ,
? <(U2)21 b2
where

(U)o = A° — iA + (¢ — 242) N + (—F + 4goq1 + 1) N + (qf — 64207 — caqi + 3¢5 + c3) A
— @)+ caqt — 99143 + e — c3q1 + 83 g2 — 2caqa.

Transformation between jet and canonical coordinates

Finally, the map (5.4) between the jet variables and the (extended by Casimir variables ¢;) Viéte coordi-
nates on the stationary manifold Mj is given by

1 3 1 1 1 1
q1 = 57"7 Q2 = §T2 + 5’“% p1 = Z”"z + Zwm P2 = 17’95, (7.33a)
together with

9 3 3 1 1 1 5
C1 = h2 = —@U}T‘l — gvT?’ — §w27’2 — U/TQ — ivw’r — 57‘2;1;7" - Zw?) - Tﬁri —uw — ZU}QI7

9 3 3 1
cog =hg = _674765 — Zwr?’ —or? — szr —Ur = UW = o, (7.33b)

15 9 3 5 3
03:h45—@r4—§wr2—vr—iw2—u, 04:h55—§r3—§wr—v.

Notice that eliminating the fields u and v from (7.33b) one obtains the relations

5 3 1 5 1
c1 = —§c4r3 + 037"2 — §C4Tw + c3w — 3—27*6 — §r4w + Zr2w2 - 57"7'21; — 1—67"33 + §w3 — ngm,
3 5 (7.34)
Co = c3r +cqw + 57“5 + 3w + irw2 — ngz.

Applying (7.33a) to the above Hamiltonian equations we obtain respective vector fields (7.31) together
with the relations (7.34).
The inverse of the whole map (7.33) is given by

w=2¢—3q}, wy=4p1 —8paqr, T=2q1, T, =4po,
together with

u = 2c4q1 — C3 — 5q‘11 + 12qzqf - 3q§, v=—cq4+ 4q§’ — 6g2q1,
Woy, = 4OC4qf — 2803q% + 16¢coq1 — 40c4q2q1 + 8czqe — 4cq — 20pg — 76q§3 + 280(12qi1 - 216q§q% + 16qg’,
Togy = —1204(]% + 8csq1 + 8caqa — 4co + 24(]? - 80(12@? + 48(1;‘]1'
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8 Conclusions

In this article we investigated a surprising link between the stationary N-field cKdV system and a family
of N + 1 Stéackel systems. The result of this paper is that — in a very precise sense — each stationary
cKdV system can be parameterized as a Stickel system in exactly NV + 1 different ways. These different
parametrizations are then shown to be equivalent through appropriate finite-dimensional analogues of
Miura maps. One of the profits coming from our construction is the fact that n-time solutions of these
Stéckel systems lead to a particular n-time solution of the first n systems of the N-field cKdV hierarchy.

An open problem, worth further investigation, is to find other constraints on various soliton hierarchies,
including cKdV, that also lead to some classes of Stackel systems.

Appendix
Proof of Lemma 3.2. It is immediate to see that (3.13) for k < N has the form:
kok
hie =Y > Ti(Poijs Paviog) = fri,
i=0 j=i

hence (3.22a).
Notice that by (2.16) we have the equality

N i+n
>0 TiPakigs Pariy) =0 (A.1)
i=0 j=k—n

valid for £ < 2n 4+ N — 1. Taking into account that P,_;4; # 0 only for j > kK —n and P,4;_; # 0 only
for j < i+ n one can see that if k > N and k > n the formula (3.13) takes the form:

+
Z 1 n k+J7Pn+i7j)
j=k—

min{k,i+n} k

hk—z Z %(PnkarJ’ n+i— J ( Z Z

=0 j=max{i,k—n} i=k—n+1 j=1

b 1) N +n
y:. Z (Z Z > % n k+]7Pn+i7j)

umz

—_

i=k—n-+1 i j=k—n
N i+n 7—1
= E § E 2 P, k+]7Pn+ifj)
i=k—n+1 \j=k+1 j=k—n

=-2 Z Z sji(Pn—k—i-j’Pn-&-i—j) = GJk—n+1-

i=k—n+1j=k—n

Thus, comparing it with (3.4b), we prove the formula (3.22b) for & > N. The remaining case k = N — 1
will be obtained as part of the following computation.
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Similarly as above, the formula (3.13) for n < k < N — 1 takes the form:

min{k,i+n} k k k—n i+n
by —Z Z Ji(Pp—pyjs Pagi—j) = ( Z Z-FZ Z )Z( n—ktjr Prvi—j)
ik —

1=0 j= max{zk n}

k N i+n
( Tyl oy N )zwn_w,%_j)
i=k—n+1 j=1 i=k—n+1j=k
k k i+n N
( ¥ Yoy Yoy oy
i=k—n+1 j=1t i=k—n+1j=k— ] =k

k i+n k i—1 N i+n
( Z Z + Z + Z Z )\71( n— k+]7P7l+i—j)

i=k—n+1j=k+1 i=k—n+1j=k—n i=k+1j=k—n

k N i+n
( Z Z * Z Z) (Pt Poti—j)-

i=k—n+1j=k—n i=k+1j=k—n

||;>

)Z( n—k+js Prti—j)

Now, comparing with (3.4b) and (3.4c) we see that

k
E n k+75 n+z ])

i=k+1j=k—n i= k +1j=k—n

N
= gk—nt1t Z

i—1
i=k+1 j=k+

Ti(Pro—k+js Pnvi—j) = Gk—n+1 + Grro-
1

Hence, we obtain (3.22c) and the remaining case of (3.22b), since the sum in the last line of the above
computation vanishes for k = N — 1.
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