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Abstract

This thesis explores the use of a column generation method, a subgradient method,
and a logic-based Benders decomposition method on a minimized makespan
K-rural postman problem. The K-rural postman problem here describes a search
and rescue mission using multiple identical unmanned aerial vehicles (UAVs) to
cover an area, represented as a complete graph. Each decomposition method has
a separate problem for each UAV. In the subgradient and column generation
case, a heuristic is used to find an improved upper bound for the makespan.
This upper bound can in turn be used to decrease the feasible regions of the
subproblems. Moreover, because the subproblems are slow to solve, a maximum
calculation time is used, resulting in a feasible solution and a lower bound for
each subproblem. These two modifications to the decomposition methods result
in a non-standard behaviour.

Multiple fictional problem instances of different sizes and numbers of UAVs
were generated and used for evaluating the methods. A maximal time limit is
used in these instances. We conclude that solving the original, non-decomposed,
problem for smaller instances with a standard solver is faster and gives better
results than the decomposition methods. For larger instances, solving the non-
decomposed model led to memory issues on several occasions. However, the
suggested subgradient and column generation methods can solve every problem.
The logic-based Benders decomposition method performed best on instances
with multiple UAVs, but had issues when fewer UAVs are utilized.

Keywords:
mathematical optimization, arc routing problem, K-rural postman prob-
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Sammanfattning

Den hir masteruppsatsen utforskar anvindningen av en kolumngenereringsmetod,
en subgradientmetod och en logikbaserad Benders dekompositionsmetod pa
en variant av lantbrevbararproblemet. Varat brevbararprolem beskriver sok-
och rdddningsuppdrag dér K dronare anvinds for att avsoka ett omrade med
malfunktionen att minimera flygtiden fér den langsammaste dronaren. Varje
dekompositionsmetod anviander sig av ett problem for varje drénare. I subgradient-
och kolumngenereringsmetoden anvéndes en heuristik for att hitta en battre 6vre
begransning till dronarnas flygtid. Den forbéttrade 6vre begransningen kunde
sedan anvidndas for att minska det tillatna omradet fér de mindre problemen.
Eftersom de mindre problem var svarlosta, anvindes en maximal berdkningstid
vilket resulterade i att en tillaten 16sning och undre grans gavs for varje mindre
problem. Dessa tva modifikationer resulterade i icke typiska beteenden.

Metoderna utvirderades pa flera fiktiva testinstanser av olika storlekar dar an-
talet drénare varierar. En tidsbegransning anvénds pa varje probleminstans.
Slutsatserna fran uppsatsen ar de original brevbérare problemet ger bést 16sning
och snabbast 16sningstid i de mindre instanserna. Vid l6sning av stérre problemin-
stanser, gav original problemet flerfaldiga gdnger minnesproblem. Subgradient-
och kolumngenereringsmetoden kunde déremot 16sa varje probleminstans inom
tidsbegransningen, vilket gjorde de mer palitliga. Logikbaserade Benders dekom-
positionsmetoden presterade béattre i instanser med flera drénare, men stotte pa
problem i instanser med farre drénare.

Nyckelord:
matematisk optimering, K-lantbrevbararproblem, heuristik, Lagrange dua-
litet, subgradientmetod, kolumngenereringsmetod, logikbaserad Benders
dekompositionmetod.
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Chapter 1

Introduction

Unmanned aerial vehicles (UAVs), commonly known as drones, have become
more commercially available over the last few years. They are used in a wide
range of applications, from filming and agriculture to being used in drone racing.
They have a lot of potential in different use cases. The one explored in this thesis
is for search and rescue missions. Multiple UAVs can be deployed to search an
area more safely and efficiently than if humans were deployed. This is especially
relevant in disaster situations, where seconds could be the difference between life
and death. As one can imagine, this idea has some difficult hurdles to overcome,
one of which is how the UAV should fly to scan the area of interest as quickly as
possible. This is the main focus of this thesis.

1.1 Background

This thesis work was done in collaboration with Saab AB as part of their project
to “develop an operator-assisted Al-enabled mission system for basic autonomous
functions” [I] called Urdarbrunnen. A part of this Saab project is to create
autonomous UAVs for search and rescue missions, where they take a supporting
and non-combat role. A project from the CDIO Initiative works as a spiritual
precursor to the thesis [2]. Parts of that project are relevant to this thesis and
will therefore be referenced.

Tondel, 2024. 1



2 Chapter 1. Introduction

1.2 Problem Description

To initiate a search and rescue mission, an area to be searched is needed. Different
types of areas come with different challenges; for example, cold weather might
affect battery and motor functionality or trees might make traversing the area
harder. However, because this thesis work focuses on routing, an idealized version
of the area and UAVs is used. We assume that the area is such that UAVs can
travel in any direction with constant speed, and that they are identical in terms
of speed, battery capacity, et cetera. We also assume that they fly at different
heights such that they never collide.

The area of interest is divided into straight search lines, which the UAVs should
traverse. This is because of some properties of the UAVs that make them prefer
to fly in straight lines. To scan along these search lines, each UAV is equipped
with a downward-facing camera. This camera scans with a radius of r and it
is this radius that decides the spacing of the search lines. See Figure for a
visualization of the scan radius, and Figure for an example of how an area is
divided.

Figure 1.1: Two UAVs in black traverse the search lines (dotted black lines).
The UAVs have a scan radius of r, and the search lines have a spacing of 2r.
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(a) An area that should be searched, (b) The area is divided into three

coloured in blue. search lines as dotted black lines. The
spacing is dependent on the scan
radius r of the UAVs.

Figure 1.2: An example of how an area is divided into search lines.

With these assumptions, our goal is to find a route such that, using multiple
identical UAVs, all the search lines have been traversed at least once. Each of the
UAVs should start and end its route at the same point, which may be different
between the UAVs, while keeping its battery non-empty. The mission should
be concluded as fast as possible. Thus, assuming that the UAVs perform their
separate search mission in parallel, the aim is to minimize the travel time of the
UAV with the longest route, or in other words, minimize the makespan of the
mission.

1.3 Aims and Goals

This thesis work aims at using mathematical optimization to solve the problem
described in Section with subgradient, column generation, and logic-based
Benders decomposition methods. They should all be evaluated both on compu-
tation time and on the quality of the solution. This is because they both affect
the length of the search and rescue mission, the faster we obtain the route and
the faster the route is, the quicker the overall mission will be. When solving the
problem, these questions should be answered:
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1. How well does a subgradient scheme perform on this type of problem
compared to solving the non-decomposed problem directly with a standard
solver?

2. How well does a column generation scheme perform on this type of problem
compared to solving the non-decomposed problem directly with a standard
solver?

3. How well does a given logic-based Benders scheme perform on this type of
problem compared to solving the non-decomposed problem directly with a
standard solver?

In addition to these questions, the methods should be compared to each other.
To build a foundation for the thesis work, the relevant literature is studied.

1.4 Outline

Chapter [I] — Introduction: Introduces the reader to the thesis and explains the
problem in non-mathematical terms.

Chapter [2]— Related Work: Reviews relevant literature concerning this problem.

Chapter [3] — Problem Formulation: Formulates a mathematical model corre-
sponding to the problem description in Section [T.2]

Chapter [4 — Mathematical Optimization Theory: Introduces some theory that
should assist the reader in understanding the model and solution approaches.

Chapter [5] — Modelling: Applies the solution methods introduced in Chapter []
to the problem that was formulated in Chapter [3]

Chapter [6] — Implementation and Data: Details about what is measured and
which problem instances are used. The result of this can be seen in the next
chapter.

Chapter [7]] — Results and Discussion: Presents graphs, figures, and tables of
the result from testing the methods from Chapter [f] When these results are
presented, they are also be discussed.

Chapter [§] — Conclusion: Concludes the thesis based on results from Chapter [7]
Lastly, it suggests what future works could investigate.



Chapter 2

Related Work

There are many routing problems similar to the one studied in this work. These
routing problems have in common that they can be described as graphs, which
include all problem-relevant information. For example, a city map can be reduced
to a graph where every road is an edge and every crossing is a node. Each edge
usually has a cost associated with traversing it. This type of abstraction is useful
when, for example, one is searching for the fastest way to snow plough every
street in the winter. A well-written example of this problem can be seen in [3]
and [4].

Graph routing problems usually come in two different types: 1) arc routing
problems (ARP), where some edges are required to be visited, or 2) vehicle
routing problems (VRP), where the nodes shall be visited. An example of a
VRP is the classic travelling salesman problem. In this problem, a salesman
wants to find the fastest way to travel between a list of cities and return home.
Here, the nodes are the cities that must be visited, and the edges are the roads
connecting the cities. Some cost representing the travel distance is associated
with every edge. To read more about VRP problems, see [5l [6].

The arc routing problem studied in this thesis work shares a similar structure
to the postman problem. This problem originates from a postman who should
deliver mail to all mailboxes along a set of roads (edges) and return to the
starting point (node). This problem was first formulated around 1960 [6]. Since
then, different versions of the problem have been studied. For example, if the
edges have a different cost depending on which way one traverses it is called
the windy postman problem [7], if the required edges are continuous curves it

Tondel, 2024. 5



6 Chapter 2. Related Work

is called the drone postman problem [§], and if the edges have capacities it is
called the capacitated postman problem [9]. A list of different types of ARP
can be found in [I0]. If only a subset of edges is required to be visited, the
problem is called a rural postman problem; for example, consider the case where
the postman needs to traverse some roads without mailboxes to reach roads
with mailboxes. Some cited articles above are considers the rural problem. The
problem described in Section[I.2]is also a type of rural problem but with multiple
(or K) vehicles; hence it is a K-rural postman problem (K-RPP).

2.1 K-rural Postman Problem

There are multiple use cases of the K-RPP, some examples are snow removal,
garbage collection, or like the one explored in this thesis, search and rescue
missions. Each use case has different constraints and modifications that depend
on the exact problem. One difficulty with K-RPP type problems is that they
are generally NP-hard [6]. (To read more about what P, NP-complete, NP, and
NP-hard problems are, see [6].)

In general, NP-hard problems are difficult to solve. Thus, different solution
methods are developed for these types of problems, for instance, heuristics.
Heuristics are methods that find good approximations of a solution but do
not aim for optimality. An example for the K-RPP is to divide all the edges
into smaller subsets for each vehicle and solve these smaller, easier routing
problems [IT]. Another example of a heuristic is first to create a single feasible
route, which is then separated into K smaller routes. These smaller routes are
then improved with some algorithms. Later on, these routes are merged and
then separated and improved again. This is done in the hope of finding better
and better solutions. This heuristic is used, and explaned in more detail, in [12].

Heuristics are categorized into two main types: metaheuristics and specific
heuristics [13]. Both these types are huge classes of methods, of which multiple
subtypes exist. Specific heuristics are made only for a specific problem in mind,
like the heuristics mentioned above. Metaheuristics are general methods that
combine exploring the search space, called diversification, with the use of focusing
on the most promising region, called intensification. When exploring, they might
consider infeasible solutions in the hope of finding a better, feasible solution in
future steps. These methods work, in principle, on any optimization problem.
To read more about heuristics, see [I3]. This thesis mostly focuses on a type of
specific heuristics that are based on Lagrangian dual methods. These methods
give quantative information about how good the solution is, using information
from the Lagrangian dual. Exactly how this is done is shown in Chapter
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2.2 Scheduling Problem

The problem of interest is not only a K-RPP, but it can also be seen as a
scheduling problem. To see this, let us start by explaining what a scheduling
problem is. Suppose that multiple machines are required to perform multiple
jobs. An example is a workshop with multiple lathes, that should create different
items. To switch between different jobs (items) there can be a changeover time,
for example switching the nozzle on the lathe for the next item. The objective is
to minimize the overall time it takes for every machine to complete all its jobs;
this is referred to as makespan minimization. Gantt figures are often used to
show how this might look like, see Figure for an example.

Machine 1

Machine 2

Machine 3

0 100 200 300 400 500
Time
Figure 2.1: Gantt chart over three different machines that run in parallel with
different jobs. The dark grey blocks are the changeover times, while the coloured

blocks are the different jobs. Note that the changeover time at the end can for
example be cleaning or resetting the machines.

Jobs can also be separated into operations with processing requirements. Weights,
batch sizes, and costs may be added. The number of jobs, machines, processes,
et cetera, may also vary. As one can imagine, there are a lot of different types of
scheduling problems, to read more about them see [14].

To get back to the problem in this thesis, if every UAV is seen as a machine and
the required edges as jobs, then the problem is a type of scheduling problem.
The flight times between objects that are searched can be seen as changeover
time between jobs, and the objective is to minimize the time it takes for every
job to be completed. The UAVs can only perform one job at a time. As expected,
this type of scheduling problem is also NP-hard [I5]. Problems with parallel
identical machines which can only perform one job at a time, while minimizing
the cost for the most expensive machine, have been studied since the 1960s. To
read more about related solution methods, see [I5 [14].






Chapter 3

Problem Formulation

From the problem description in Section we first formulate the problem in
words and then present a mathematical model in the next section. To ensure
that the drones fly along all the search lines, nodes are added to each end of each
search line making them edges. Constraints are then added, which require the
edges to be traversed. Hence, they will be referred to as required edges. Adding
starting nodes for each UAV, and letting every node have an edge to every other
node, will result in the K-RPP of interest. Since all possible edges are created,
the graph is complete. See Figure for an example of how a graph is obtained.
Each edge cost corresponds to the travel time for the UAVs. Every UAV travels
at the same constant speed. This travel time is the Euclidean distance times the
constant speed, and thus can be seen as a scaled Euclidean distance. This also
means that time is seen as the cost in this thesis work and thus time, cost, and
battery usage are interchangeable. It should be noted that every node, except
for the starting nodes, is connected to exactly one required edge. This structure
is later relied upon in the heuristic described in Section [5.1.3

Tondel, 2024. 9
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19
-—-—- -- -
° *---- - - )
-—-—- -- -

(a) An area is divided into three search
lines as dotted black lines. The spacing
is dependent on the radius r of the

UAV’s camera.

(b) The graph associated with the area.
The dotted lines are the required edges,
representing the search lines. The
coloured nodes are different UAV start-
ing nodes. The edges of the complete
graph that are not required are not
shown.

Figure 3.1: An example of how the graph structure is obtained.

In this problem, the objective is to minimize the makespan meaning

e minimize the time it takes for the UAV that finishes last,

while considering the constraints

e cach UAV can only travel for a certain time before the battery is empty,

e all UAVs should start and end at their starting node,

e cach required edge should be visited at least once by a UAV,

e when a UAV traverses an edge, it should enter and exit the correct node,

e only one route should be assigned to each UAV.

The mathematical formulation of this problem statement is given in the upcoming

section.
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3.1 Mathematical Model

The following mathematical model is taken from the CDIO project [2] with some
modifications. The model uses the notation found in Tables B.1H3.3l

Table 3.1: Sets and indices used in the mathematical model.

Sets and indices | Description
K Set of UAVs, k € K.
N Set of nodes, i € N.
£ Set of edges, represented by pairs (i,7) € N x N
&R Set of edges that are required to be visited, repre-
sented by pairs (i,7) € ER C &.

Table 3.2: Parameters used in the mathematical model.

Parameters Description
cfj The cost for traversing the edge (i,7) € £ in time
units.
Sk The starting node for UAV k € K.
B Battery capacity [time units] for all UAVs k € K.

Table 3.3: Variables used in the mathematical model.

Variables | Values | Description

my >0 Variable representing the cost for UAV k € K.
m >0 Variable representing the largest my.
Tijk {0,1} Variable representing if UAV &k € K has traversed

edge (i,7) € &, with value 1 if it has and 0 otherwise.

Yik >0 Variable representing the order of node i € N in the
route of UAV k € K.

The model is as follows:

Objective:
min 1M (3.1)

Constraints:
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Make sure m is the largest my,.

mp<m, kek (3.2)

Make sure my, is the sum of the cost (time) associated with UAV k.

my = Z cfjxijk, kek (3.3)
(i,9)€€

Make sure each UAV k only travels as long as the battery allows.

mp < B, kek (3.4)

Make sure that UAV k starts and ends its mission at node sy.

Y agw <l kek (3.5)
J:(1,5)EE, j#sk

Y k<1, kek (3.6)
1:(1,)EE, i#sk

Make sure that the required edges are visited at least once by some UAV.

Z Tijk -+ Z Tjik > 1, (’L,j) S gR (37)

kel kel

Make sure that the number of entries to a node is the same as the number
of exits for each UAV (node balance).

Z Tyjk = Z Titk, KGN, ke K (38)

j:(L,5)e€ i:(i,0)€E
Make sure that each UAV’s node order starts with its starting node.

Yk =1, kek (3.9)

Make sure there are no sub-tours by requiring that the node order for each
UAV is correct.

Yix = Yix + Tije — |E|(L — 2ijr),  (i,5) €&, j# sk, ke (3.10)



Chapter 4

Mathematical Optimization
Theory

To solve the mathematical model in Chapter [3] some optimization theory is
needed. This chapter begins with more general theory and then continues with
theory focusing on solution methodologies.

4.1 Linear Programming

Linear programming (LP) problems are problems with affine constraints, con-
tinuous variables, and linear objective functions. This area of mathematics was
founded in 1949 by Dantzig [6] and is still studied to this day. LP problems have
vector valued variables, which means vector notation can be used to describe
the problem. An example of this is the LP problem

T

min ¢ x,
st. Az >b, (4.1)
x>0,

where x € R", ¢ € R", b € R™, and A € R™*", The restrictions result in a
feasible set that is a convex polyhedron. With the right solution procedure, LP
problems are fast to solve. Some notable general methods, that work on any LP
problem, are the simplex method and the barrier methods [6]. However, these
general methods are often slow for huge-scale problems, and thus problem-specific
methods are usually preferred.

Tondel, 2024. 13



14 Chapter 4. Mathematical Optimization Theory

A fundamental property of LP is that it always has a convex feasible set and a
convex (or concave) objective function.

Definition 1 [16/ Convex set. A set S is convex if
A+ (1-NyesS, Xe(0,1), z,yes.

Definition 2 [I7l] Convex and concave function. A function f:R™ - R
is convex if

fOz+ (1 =Ny) <Af(x)+ (1 -N)f(y) Ae(0,1), z#uy,
where x,y € R™. If f is convex, then —f is concave.
Theorem 1 [I7] The feasible set in an LP problem is a convex set.

Definition 3 [I7/ Convex combination. A conver combination of the points

x', 22, ..., xP is a point x such that

mIiAZmZ, Xp:/\lzland)\,z(),z:l,,p
i=1

i=1

Definition 4 [I7/ Extreme point. Given A € (0,1) and the points y,z € X.
The point x is an extreme point in X if

r=My+(1-Nz <= z=y=2=z.

Theorem 2 [17] Let X be a non-empty bounded feasible set to an LP problem.
Then at least one extreme point is optimal.

An LP problem will resemble Figure [{.1] which shows the feasible set and extreme
points. In fact, the feasible set can be rewritten as a convex combination of these
extreme points. Thus, we have the following definition.

Theorem 3 [16] Inner Representation. Let Problem have the convex
polyhedral bounded feasible set {x| Ax < b and x > 0} with the extreme points
x', i=1,...,P. Then the feasible set can be expressed as a convex combination
of the extreme points, which is called inner representation. Hence,

P P
iB:Z)\iiL'i, Z/\izl, )\Z‘ZO,Z':L...,P}.

i=1 i=1

{x|Aw§bandw20}:{w
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Figure 4.1: LP feasible region in two dimensions, seen in blue with constraints
in black. The black points are extreme points. With a linear objective function,
the set of optimal solutions is either the entire region, one of these black points,
or a convex combination of two points (any point along the border of the region).

A property of LP problems is that each LP problem is associated with an
equivalent LP problem. The original problem is called the primal problem and
the new LP problem is called the LP dual problem, and is defined as follows.

Definition 5 LP dual. The LP dual problem to the primal problem 18:

max by,
st. ATy <e, (4.2)
y=>0,

where y € R™ are called the LP dual variables.

Notice that columns in the primal problem become constraints in the LP dual
problem and vice versa (because of the transposed A matrix). Another interesting
observation is that every constraint in the primal problem has an LP dual variable
associated with it.

The LP dual problem has some properties that will be of use later on. One is
the following theorem.

Theorem 4 [I7] Strong LP duality. If the primal problem or the dual
problem has a bounded optimal solution, then the other problem has a
bounded optimal solution as well. Furthermore, the objective functions are the
same in optimum, that is,

ch* _ bTy*,

where x*,y* are optimal solutions.
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To read more about the LP dual, see [17, [6].

Remember that LP is linear, thus only linear relations can be modelled. This
means relations of continuous measurable things, for instance in terms of, weight,
time, or length, are possible to model. However, there are multiple problems
with discrete elements, for example, whether a UAV is traversing an edge or not.
To properly model this, binary variables can be introduced.

4.2 Mixed Binary Linear Programming

Mixed binary linear programming (MBLP) is almost like LP, but with one
crucial difference: it allows binary-valued variables alongside linear variables.
This means that the problem can have both € R™ and y € Z" as variables.
The objective function and constraints are still linear, and vector notation is
still of use. An example of a MBLP is

min ¢;x + ey, (4.3)
st. Ajxz+ Az y<b, (4.4)
T >0, (4.5)

y € {0,1}. (4.6)

Here ¢; € R", c5 € R*, b € R™, A; € R"™™ and Ay € R™™. With
integer variables, the problem is much harder to solve, since convexity no longer
holds. One can easily relax the problem into an LP problem by replacing the
binary constraint with 0 < y < 1. This will result in a less restrictive
solution which might no longer be an integer, and thus infeasible in the dual
problem . As a result, LP relaxation will always give an optimistic bound.
If the LP relaxation has only integer-valued extreme points, then the problem
has the integrality property and an LP solution is optimal. A illustration of this
can be seen in Figure [4.2]
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E

(a) A feasible area for a two-
dimensional LP problem in blue with
integer points in black. The points
on the edge of the region are optimal

A feasible
dimensional LP problem in blue with
integer points in black. This problem
does not have the integrality property.

area for a two-

(b)

points for both LP and integer prob-
lems. This problem has the integrality

property.

Figure 4.2: An example of the integrality property.

Note that there are better optimistic bounds than the one found with LP. An
important example of this is the Lagrangian relaxation explored in Section [1.3.1]

The difficulties with mixed problems have led to different solution procedures
being developed, for instance, branch and bound. This is a general procedure
that works with integer problems or in this case MBLP problems. A general
branch and bound procedure starts by solving the LP relaxed problem. Then
it will look at a variable, with a fractional value, at the time and try different
integer values on it, by branching, to obtain a feasible solution (upper bound)
or an infeasible solution (lower bound). Each such branch is part of a bigger
search tree over the different variable values. Then the LP relaxation gets a
new constraint that fixes a variable as above and re-solve. The procedure is
then repeated to find values for the other variables. If one branch has a worse
lower bound than the current upper bound, then it will not be explored, and the
branch is cut. This is done until the optimum is found (the remaining search
tree is empty). It turns out, unsurprisingly, that this solution procedure is slow
on larger problems and there are multiple different versions of it. (An example
is the branch and cut method [I8].) Because branch and bound is a general
procedure that works on the problem described in Section [3.1], a version of it
will be later used as a baseline when solving the problem.
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4.3 Solution Methods for Mixed Binary Linear
Programming Problems

The K-RPP in Section that describes our problem is an MBLP and is slow
to solve in the general case. As mentioned in Section the problem is even
NP-hard. Thus, some techniques are needed to efficiently get good solutions to
this problem. The first method explored in this thesis is the subgradient method.

4.3.1 Subgradient Method

Sometimes some constraints make the problem complicated and harder to solve.
In these cases, the problem can be rewritten so that the problematic constraint
is part of the objective function. This procedure is called Lagrangian relaxation,
and it works the following way. Say we have the primal problem which
has the problematic constraint . Let X be a non-empty bounded region,
zeR” ceR", beR™ and A € R*"*™,

min ¢’z (4.7a)
st. Az <b (4.7b)
reX (4.7¢)

Then the following can be defined:

Definition 6 [16] Lagrangian function. The Lagrangian function to prob-

lem 1s defined as
L(.’B, l"‘) = ch + IJ,T(A.’I} - b)7
m

where pp € R’ is called the Lagrangian dual variable.

Definition 7 [I6] Lagrangian dual function. The Lagrangian dual function

to problem is defined as

h(p) = min L(z, p),

where L(z, p) is the Lagrangian function (see Definition[6]).

Definition 8 [76] Lagrangian dual problem. The Lagrangian dual problem
to problem 1s defined as

max h(p),
s.t. pn >0,

where h(pu) is the Lagrangian dual function (see Definition @)
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The Lagrangian dual problem is manly of interest because of the following
property.

Theorem 5 [16] Weak duality. If & is feasible in the primal problem and
fo >0 then h(fr) < f(@).

Since our problem is non-convex (because of the binary variables) we do not
have strong duality, which would have given equality if &, ft are optimal.

From Theorem [5, solving the Lagrangian dual problem will give us a lower
bound. This lower bound will be better (or equal) to the bound given by the
LP relaxation [I7], and thus worth exploring. (The LP relaxation rarely gives a
good lower bound [I7]). If a feasible solution & to the primal problem is found,
an upper bound is obtained. Thus, an interval where the optimal solution lies is
known. The solution & can be found by, for example, modifying an x that is
optimal in the Lagrangian dual function (see Definition .

The above concept is essentially the idea of the developed subgradient method.
By iteratively searching the Lagrangian dual function using different g > 0 and
modifying the resulting solutions x, better and better bounds are obtained until
some stopping criteria is fulfilled. To understand how this is done, we start by
looking at some properties of the Lagrangian dual problem.

It can be seen that the Lagrangian function is linear with respect to p. If the set
X is discrete, then h(p) = minge x L(x, p) will have a finite number of solutions,
& € X. For each such solution, &, L(&, ) is a linear function with respect to p.
Hence, this linear function describes a hyperplane. When p changes, different
such hyperplanes are optimal for the Lagrangian dual function h(p). Therefore,
h(w) is a piece-wise linear function with a finite number of pieces. See Figure
[4:3] for an example of how a Lagrangian dual function can look like this. The
following theorem should therefore not come as a big surprise.
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h(w)

7

Figure 4.3: Example of the Lagrangian dual function in two dimensions as thick
blue lines for different values of . This dual function is defined by a finite
number of straight lines represented in blue.

Theorem 6 [17] The Lagrangian dual function h(u) is concave.

An idea to find the optimum of the Lagrangian dual problem is to simply use
some gradient descent method. But because the Lagrangian function is piece-wise
linear, it will not be differentiable for all p. Therefore, something similar to the
gradient is used, namely the subgradient.

Definition 9 [I7] Subgradient. A vector v € R™ is a subgradient to the
concave function h at the point i € R™ if

h(p) <h(p) +~"(n—p), peR™

Notice that the subgradient is not unique, which implies that there will be a set
of subgradients for each point fi. This set is referred to as the subdifferential
and denoted Oh(f1). A subgradient has some interesting properties, which can
be seen in Theorem [7} and Proposition

Proposition 1 [16] Suppose p* € R is the optimal point, 1 € R is non-
optimal, and 7y is a subgradient at point f1 for the concave function h. Ift > 0
and sufficiently small, then

[+ ty — ™[] < || — p”]|.
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Theorem 7 [16] Let p € R7. If z[p] solves h(p) = mingex ¢’z +p’ (Az—b)
where h(p) is the Lagrangian dual function, then v = Azx[u] — b is a subgradient
at p to the function h.

With these theorems and proposition, the following is known:

e the Lagrangian dual function is concave; thus, with a sufficiently sized step-
length ¢(9), a non-optimal solution can always be improved in the sense that
the distance to tan optimal h*  decreases, using
D = max{0, pu® + tO~®} where (i) is an iteration counter,

e a subgradient is given by v = Ax[u()] — b.

By using the Polyak step length, see below, a solution procedure can be made.

Definition 10 The Polyak step is defined as

UBD® — h(u®)
IOl
Here \) ¢ 10,2[ is the Polyak relazation parameter, UBDY s the best found

upper bound at iteration (i) and h(u™) is the Lagrangian dual objective value at
iteration (i).

NONNG

The general subgradient solution procedure goes as shown in Figure [£.4]

Figure 4.4: The subgradient procedure, where UBD stands for upper bound and
LBD stands for lower bound.

4.3.2 Column Generation Method

The column generation method works differently than the subgradient method.
Instead of using a subgradient, it rewrites the problem into a restricted master
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problem (RMP) and a subproblem (or multiple subproblems). In our case, the
RMP will be a set covering problem containing a set of feasible routes for each
UAV. The best ones from this set are then selected, which results in a feasible
solution that might not be optimal in the original problem. Hence, it gives an
upper bound. The subproblem will generate new feasible routes for the RMP,
by using information from the RMP solution. In our case, there will be one
subproblem for each UAV, see Figure [f.5] The general idea is, that if only good
routes are generated, then only a small set of routes needs to be considered
to find the optimum. The feasible set of the orginal problem is a bounded
set, contains a finite number of routes, this method will converge. If the RMP
contains every feasible route, it is called a complete master problem.

New route
for UAV n

Information

Figure 4.5: How the RMP and the subproblems (SP) communicate.

The information from the RMP that the subproblem uses to generate good
routes is the reduced cost, which is defined as follows.

Definition 11 The reduced cost for variable x in problem is
c=c— Ay,

where y € R™ are the optimal LP dual solution, ¢ € R™ and A € R™*™. The
reduced cost for the variable x;, i =1,...,n, is

m
C; = C; — E YjQij-
j=1

Because the reduced cost uses the LP dual solution, it can only be applied on
LP problems. Hence, the LP relaxed RMP is considered, called LP RMP.

The reduced cost represents the effect a variable will have on the objective value
if it is included in the solution. If ¢, represents the reduced cost for the route



4.3. Solution Methods for Mixed Binary Linear Programming Problems 23

variable x,., then

¢ > 0 = using route r will increase the objective value of the LP RMP,
¢, < 0 = using route r will decrease the objective value of the LP RMP,
¢, = 0 = using route r will not affect the objective value of the LP RMP.

So, if the subproblem generates a feasible route with negative reduced cost ¢, it
will improve the objective value of the LP RMP. This new route will correspond
to adding a new variable, x,., which will be used in a new optimal solution in
the updated LP RMP. This is because the subproblem finds the optimal route
for the current reduced cost.

If no reduced cost is non-negative, it implies that the found route will lead to an
improved extreme point and hence we are in global optimum for the LP RMP.
Thus, ¢, > 0 corresponds to a stopping criterion.

Once the LP RMP is solved, the RMP is solved with integer variables. Hence,
the LP problem is solved in the hopes that good routes are found for the integer
case. Therefore, this method will rarely reach optimum. However, once all the
relevant routes have been generated, the LP RMP provides a lower bound, and
a solution from the integer RMP provides an upper bound. A general scheme of
this method can be seen in Figure [1.6]

Yes

Figure 4.6: The the column generation method, where SP is subproblem and
RMP is restricted master problem.

To see how this method works, consider the following example. Say we have a
route finding problem where one UAV should find the cheapest route in a graph
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with edges &, nodes N, and required edges E® C £. The original problem is

min Y e, (4.8a)
(i,9)€€

5.t wijtag > 1, (i,5) € EX, (4.8b)

x e Z, (4.8¢)

Zij € {07 1}7 (Zaj) €¢, (4.8(21)

where c‘fj is the travelling cost from node i € N to node j € N and x;; represents
whether the edge (4, j) is used. Let Z be a set of linear constraints that makes
sure that x is a feasible route. The set Z corresponds to constraints (3.5)—(3.6)
and 7 from the mathematical model in Section but for the case
of a single UAV. In this problem, the RMP will have binary variables x, that
represent whether the UAV takes a route r or not. These routes will have the
cost ¢ and parameters a;j, € {0,1} which represent if the route r visits the
required edge (i, ) € ER or not. With this, the LP RMP is

n
* e R
Zip pp ‘= 1NN E ¢y T,
r=1

n

st (@ +agir)e, 21, (i,5) €ER Jyy
Z (4.9)

where n is the number of routes in the LP RMP and X := Z(m)eg cfj:rijr. The
variable ;. is binary, that is 1 if the route r traverses the edge (¢,7), and 0
otherwise. Solving gives the LP dual solution y;; > 0 and u, which is used
when calculating the reduced cost ¢, for variable x,

Cr = CZF — Z Yij(@ijr + ajir) — u. (4.10)
(i,5)€ER

To find the route that gives the largest reduction in the RMP, the route that
gives the smallest reduced cost is searched for. Hence, the objective function of
the subproblem is to minimize the reduced cost while considering a;;, and a;,
as variables. Remember that since a;j, € {0,1} and that they represent if the
route travels along (i,j) € £ or not, they are equivalent to Tijr, (1,7) € ER.
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This means that the subproblem that generates a route is the following. Note
that the index r is redundant in the subproblem.

Zhp i= min Z csz,;j - Z Yij(Tij +xji) —u
(i,5)€€ (i,j)EER
s.t. reZ
zij € {0,1}, (i,j) €€

(4.11)

The resulting solution « is saved and assigned a binary route variable z,., and
its values for the required edges are stored in a;j, and a;;. The cost for x is
saved as the parameter cX. If the reduced cost for this route is ¢, < 0 then z,,
Qijr, Qjir and cZ.z are added to the RMP, and n is updated to n+ 1. The RMP is
then solved again, and the process is repeated. If ¢. > 0, then the process stops,
and the integer RMP is solved. To see how this method applies to our problem,
see Section [£.21

4.3.3 Logic-Based Benders Decomposition

In a mixed integer problem, it is the integer variables that make the problem
difficult to solve. A way around this problem is by fixing the integer variables,
which results in an easier LP problem. This is the idea behind the standard
Benders decomposition that was introduced in 1962 [19]. By having a subproblem
that is the LP dual of the primal problem but with fixed integer variables; and an
RMP that generates new values for the fixed variables, the problem is Benders
decomposed [20]. The RMP uses values accumulated from all the subproblems
to get more and more restrictions on the integer values. These constraints are
so-called Benders cuts.

This is where logic-based Benders decomposition differs from the standard one. It
can be seen as a more generalized method from the 1990s [19]. The method does
not use the LP dual to get Benders cuts, nor is the subproblem an LP problem.
It uses the inference dual instead and finds Benders cuts from logical inference.
Therefore, the method can, in principle, be used on any optimization problem.
In our case, the subproblem will generate routes that are less restricted than the
dual problem. These routes work as cuts in the RMP. The RMP then generates
trial route values for the subproblem to consider. Both the subproblem and
RMP will be MBLP problems, in this thesis. The implementation is presented
in Section [5.3] It is already implemented and given by Saab to be used in
comparison to the other methods. Hence, we will not go much deeper into
logic-based Benders decomposition theory. To read more about logic-based
Benders decomposition, inference dual, et cetera, see [19] 21} 22].






Chapter 5

Modelling

In this chapter, the solution methods explored in Chapter [4] are applied to the
mathematical model from Chapter

5.1 Subgradient Method
In problem (3.1)—(3.10]) only constraints (3.2)) and (3.7) can not be separated

over k € K. Relaxing them would make it possible to create multiple smaller,
separated problems, one for each UAV. Hence, the Lagrangian function with
the Lagrangian dual variables g > 0 and 7 > 0 for constraint and ,
respectively, is

L(:E,m,m,/,l,,ﬂ') =m+ Z /Lij(l — Zl’ijk — Zl‘jik) + Zwk(mk —Th)

(i,7)€ER ke ke ke

=(1- Z )M+ Z i (1 — Z Tijk — Z Tjik) + Z Mg
ke (i,j)€ER ke ke kek
(5.1)
When constraint is relaxed, the non-negative variable m becomes unre-
stricted. This in turn can make the Lagrangian dual function unbounded. The
term (1 — ), i k) will therefore behave in the following way.

— 1
min(1 — Z )M = { 00, Dkex Tk >

m>0 pre 0, Dorex T <1

Tondel, 2024. 27
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To mitigate this effect, an extra constraint on the Lagrangian dual variable =
is introduced, namely >, . 7 < 1. Thus, the variable m will, in any feasible
primal solution of the Lagrangian dual function, be zero or multiplied with zero.
Therefore, the term containing 7 can be removed from the Lagrangian function.
Hence, we restate the Lagrangian function as (assuming finite sums)

L(x,m,p,m) = Z pij (1 — Z Tijr — Z Tji) + Z T

(i,5)€ER ke ke ke
(5.2)
= Z Hij =+ Z Mg — Z 13 (Tijk + Tjin)
(i,4)€ER kek (i,j)€ER
To facilitate some notation, define Ly as
Ly = mpmy, — Z wij(Tije + Tjik) (5.3)
(i,)€ER
Hence, L(x, m,pu, ) = Z Wi + Z L. (5.4)
(i,j)eer kek

Because the sum Z(i’ jyeer Hij does not contain any primal variables, it can be
disregarded when minimizing the Lagrangian function. (These terms need to be
remembered when we are calculating the value of the Lagrangian dual function
later on.) The remaining terms in , > rei Lk, can be separated over UAV k
to obtain multiple smaller problems with Lj as the objective function. Hence, the
separated problems are defined as follows, for a fixed k with the same notation
as in Section Bl
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Lj :=min MMk — Z 1 (Tijk + Tjik), (5.5a)
(i,§)€ER
s.t. mp = Z cfjxijk, (5.5b)
(i.j)€E
mr < B, (5.5¢)
Y mek <1, (5.5d)
J:(4,5)EE, j# sk
> @ik <1, (5.5¢)
i1(i,5) EE, isn
Z Tejp = Z Tiek, lteN (5.5f)
J:(L,g)€E i:(i,0)€E
ys =1, (5.58)
yi 2yt xge — NI —zige),  (6,5) €E, §F# sk,
(5.5h)
zijr € {01}, (i,j) €&, (5.50)
yi >0, ieN. (5.5))

Thus, the Lagrangian dual function for this problem is defined as

W, m) = > i+ > Li, (5.6)

(i,j) €ER kek

where L} is defined in (5.5)).

With the extra constraint on 7, mentioned earlier, the Lagrangian dual problem
becomes

max h(p, ),

s.t. Zwk <1,

kek (5.7)

The Lagrangian dual problem (5.7) has the subgradients =, and ~, for the
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Lagrangian dual variables pu and 7, respectively. They are defined as

Vi =1=D Tijk — > Tjiks (i,5) € €Y, (5.8)
ke ke
Yoy 1= M kek, (5.9)

where & and m are optimal points in (5.5 for their respective k.

Updating the values of p and 7 in the subgradient method can result in infeasible
values. When this happens, the infeasible Lagrangian variables need to be
projected into feasibility. In the case of w, this is done by setting the negative
elements to zero. In the case of =, it is a bit harder. Namely, the projection
problem , needs to be solved, where w(**1) is the infeasible dual variable.

min || x|
5.8 > m <1 (5.10)

kek
>0

Figure [5.1] illustrates this projection of 7 in two dimensions and can be seen
below.

S}

Figure 5.1: Example of the projection of 7w(**1) onto the feasible set in two
dimensions. The resulting point is ey, and the blue triangle is the feasible set.

Note that due to the separation of the Lagrangian function (5.4)), after solving the
problem , the value of the Lagrangian dual function s calculated. The
battery constraint sets an upper bound on my. If an upper bound UBD
which is less than B is found, then B can be replaced by this UBD. The reason
for this is that B > UBD > m* = maxyci My, where m™ is the optimal solution.
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This will result in better lower bounds from the Lagrangian dual function in this
new, more constrained, problem. For a more detailed explanation of what this
update implies, see Section [5.1.2)

Considering all of this, the subgradient algorithm is summarized in Algorithm

Algorithm 1 Subgradient algorithm

1: Initialize UBD™Y := B. Use it to calculate an initial feasible solution, E(O)7m(0)7

using the heuristic described in Algorithm [3

2: Initialize with UBD® := maxzex m®), LBD©® := —00,LBD?)., := —co, \(? €
10,2] e.g. 271°, u© feasible e.g. ,ul(-?) = ;%W’ (i,5) € ER andfeasible e.g. one
element is 1 and the other elements are 0.

3: Solve Problem (5.5) with p®, #® UBD® to obtain ¥, m® and using this,
calculate b := h(m®, u @) in accordance with (5.6).

4: It W > LBDYY then LBDY . = h® qalse LBDY | .= LBDU Y. Set

local local local local

LBDY := max(LBD\". .., LBD;_))

local>

5: Modify the result from step E(i),ﬁ(i), in an attempt to make it fea-
sible in the original problem from Section [3.1] using Algorithm If
the resulting variables are feasible, set U BD(’? ‘= maXkex Mg’ if
maxpex Mt < UBDU™Y else set UBD™ := UBDU~1.

6: If UBD® got updated in step [5| go to step E else go to step

7: Set A .= A LBfo,lal = —o0, pW == p@ 70 = 7O g6 to step

8: Modify the Polyak relaxation parameter A@ by increasing or decreasing it, depend-
ing on how well the last iterations performed. See Algorithm [2}

9: Calculate the subgradient 'yn(i) which have elements of the following form 1 —
D kex xi;)k = 2Dkek l‘ﬁ?k, (i,5) € E.
10: Cz(au_l)culate the subgradient 'y,r<i) which have elements of the following form
3
m,’, kek.

. () ._ uBDW_LBDW (i) ._ uBDY_LBD®
11: Calculate the new Polyak steps by = A, il

If the norm of any gradient is zero, set its respective step length to zero.

12: Calculate pCFD .= p® + t;i)'yu(i). If an element is infeasible, < 0, project it into
feasibility by setting that element to 0.

13: Calculate w0+D) .= (&) 4 tgf.)'y,r(i). If w0+ is infeasible, project it into feasibility
by solving the problem ([5.10]).

14: If optimality gap < € or the step length was small enough in the last X iterations:
done, else go to|3] For an optimality gap formula, see (6.1]).
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The starting solution in Step [1] is likely feasible. The reason for this is that in
the instances used in Chapter [7] the battery capacity is much higher than the
edge costs. In the case of having a battery constraint close to the edge costs,
it would be a non-trivial problem to obtain a feasible solution to the problem
instance.

5.1.1 Updating the Polyak relaxation parameter

The way A9 is updated can be seen in Algorithm [2} This algorithm increases \
if the lower bound is updated too frequently, and decreases A if the lower bound
is updated too infrequently. The reasoning behind this is that with a small step
size the subgradient method is going to update the LBD every iteration, but
with a slow convergence and with a too large of a step size this method will not
update LBD at all. Note that with this update, there is no longer a guarantee
that A() € (0,2), for all 4.

Algorithm 2 Modify relaxation parameter \(?)
Data: itr, [bdList
Result: A
/* Let itr be an iteration counter. */
if itr mod 5 =0 then
/* Let lbdList be a list of 0/1 values, that represent whether
or not LBDisca1 got updated in the last 5 iterations, 1 if
it has, O otherwise. */
if sum(lbdList)=5 then
L A+ 2A
else if sum(lbdList)< 2 then
L A<+ 0.5X

5.1.2 Updating the Battery Constraint — Subgradient

Replacing the right-hand side in the battery constraint with the upper
bound results in a new problem. This new problem is more restrictive, because
UBDy, < B, resulting in a new dual function that is higher. The benefit of doing
this is that better bounds can be found.

This implies that the current point (¥, m®, u® ") which is still on the
current dual function needs to be moved to the new dual function. Luckily,
this can be done with the next iteration when using a new subgradient, which
has the same structure as before, but based on the new dual function. In the
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iteration where the upper bound gets updated, the algorithm should stay at the
same point and not update because the new subgradient direction is not known.
This also means that the current point might be further away from the lower
bound than before, and thus a new lower bound, a local lower bound, is needed
to make the Polyak relaxation parameter update correctly. Hence, a local lower
bound LBD1gca is used in Algorithm m To avoid problems with having dual
parameters that are optimized for the current, and not the new Lagrangian dual
function, the Lagrangian dual variables and Polyak relaxation parameter are
reset to their initial values. This is done in Algorithm [I]in Step[7} For a general
illustration of the new dual function, see Figure [5.2}

v

1

Figure 5.2: Example of how the dual function might change with a new more
restrictive upper bound constraint, resulting in the new optimal value h*(u),
which the new subgradient step will aim towards. The point (ug, h(ug)) is the
current point for the subgradient method in the current dual function. This type
of update has happened once before, where the method moved from the old dual
function to the current dual function.

5.1.3 Generating Feasible Solutions Using a Heuristic

A heuristic that modifies the separated problem’s solution, see Problem (5.5)), is
used to generate a feasible solution to the original problem seen in Section [3.1
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This heuristic is used in Step [5] of Algorithm [[] and goes as follows. Consider the
route with the smallest travel cost and a required edge that is not part of any
route. If the upper bound allows it, replace a non-required edge with the edge
(i,7) or (4,4), in the least expensive way. If it does not allow it, try the edge
on the next UAV. An example can be seen in the Figure Update then the
travel cost and repeat for every missing required edge.

(a) Different locations are considered for edge (7, j). The blue and black edges
are part of the route, of which the blue ones are the required edges.

i J

(b) A required edge replaces a non-required, where it is the least expensive.

Figure 5.3: An example of how a missing required edge (4, j) is added to a route.
The case (j,) is not shown here but should also be considered.

Because of how the search area is divided into required edges, see Figure 3.1
the idealized drone assumptions in Section [[.2] and the fact that the graph is
complete with Euclidean distances, every other edge will be a required edge
in an optimal route. Therefore, if every edge is enumerated in order starting
from 1, every odd edge is a non-required edge and every even edge is a required
edge. This makes finding the potential locations for the missing edge simple.
See Algorithm [3] for more details.
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Algorithm 3 Route heuristic
Data: missing edges, z, problem, UBD
Result: z,m
for (i,7) in missing edges do
k <+ the UAV with the cheapest route
for node in the route for UAV k do
/* Makes sure only non-required edges are considered in
the replacing process */

if edge (node, node+1) is not a required edge then

| cost < the cost of replacing edge (node, node+1) with (i, j) or (j,%)

if min(cost) < UBD then
x < the new route that uses the edges that corresponds to min(cost)
| m < the new cost for route k which is min(cost)

This algorithm can be used to create an initial solution if the route for every
UAV is going from its starting node to its starting node. In this case/situation,
every required edge is a missing edge.

5.1.4 Speeding up the subgradient method

A problem with Algorithm [I]is that the separated problems are difficult
to solve. They are easier to solve than the original problem, but they are still
difficult to solve. Hence, we speed up the subgradient method by setting a
time limit on the solution of the separated problems. This results in the solver
returning the best-found feasible solution, (Z, m) and the best-found lower
bound LBD, < L, for all k, within this time limit. Therefore, calculating
L(p, 7, &, m) := UBD" gives an upper bound to the Lagrangian dual function
h(p, ) < UBD". This upper bound, UBD", might exceed the optimal value
to the original problem, seen in Section and can therefore not be used, see
Figure [5.4] However, & and m can still be used to calculate an approximation
of the subgradient by using them in the formulas found in f. Because
the solution is e-optimal, which means UBD" — h(p, ) > € for some small ¢,
the approximate subgradient will be an e-subgradient. An increased number of
iterations, compared to the ordinary subgradient method, might therefore be
necessary for the method to converge. However, each iteration will nevertheless
be faster due to the time restriction on the solver.
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o o o
LBD" h UBD"

—>

3

(a) A point in the Lagrangian dual function, h, and its lower bound LBD"
and upper bound UBD". The upper bound is calculated with a feasible, but
non-optimal, solution to the Lagrangian dual function. The gap between h
and its upper bound is of size €, which makes the solution used to calculate
the upper bound e-optimal.

O O < —
LBD" h m* UBD™

(b) How m™ and h relate to each other. Note that it is not known how the
upper bound of h is related to ﬁl*. Therefore, only the lower bound of A, and
the upper bound of m*, UBD™ | is of use.

Figure 5.4: Illustration of e-optimal solution and how bounds relate to a value
of the Lagrangian dual function, h, and the optimal solution of the original
problem, m*.

Moreover, the variable & might now include “redundant” nodes, meaning a node
that is not connected to a required edge, see Figure [5.5] If these redundant
nodes are removed, the solution can be modified with the heuristic described
in Algorithm [3] to obtain a feasible solution to the original problem seen in
Section If these redundant nodes are not removed, the heuristic can produce
sub-tours and thus infeasible solutions.

With the time limit for the separated problems (5.5)), A(u, ) can no longer be
used to calculate a lower bound to the optimal value, m*, of the original problem
seen in Section 3.1} To obtain a lower bound, LB D), will be used in the following
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O Redundant node
--- Replacement edge

Figure 5.5: Figure of a route with a redundant node. The blue arrows are the
required edges and the black edges are the non-required edges that the route
traverses. The grey node is redundant because the edges connected with it can
be replaced with an single edge where the dotted line is.

way.

Wt b)) = Y wt Y Li> D p+ Y LBDp 54y

(i,j)€ER keK (i,5)€ER ke

So, a faster method is obtained that obtains a lower bound and an upper bound
to m™*. Thus, the algorithm used in this thesis is the same as Algorithm [1| but in,
Step |3} instead of calculating A" using the Lagrangian dual function (5.6)), we
use h(") := E(i’j)egR Hij + > peic LBDy. The performance of this method can
be seen in Chapter [7] The maximum time starts at one second and increases
with one second at a time if the optimum is not found or routes are regenerated.
When a new upper bound is found, the time limit is set to one second again.
This can be seen as an optimistic approach.

5.2 Column Generation

To apply the column generation method to our problem described in Section [3.1]
we will start by describing the RMP and the subproblem. This method uses
the same notation as in the mathematical model but with some extra notation
described in Tables The RMP is similar to the one in the example in
Section [.3.2] but with multiple vehicles and to minimize the makespan that is,
the route cost for the most expensive UAV.
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Table 5.1: Sets and indices used in the column generation method.

Sets and indices ‘ Description
R ‘ Set of routes, r € R.

Table 5.2: Parameters used in the column generation method.

Parameters ‘ Description
Chr The cost of route r € R for UAV k € K.
Qijer Whether or not route » € R for UAV k € K covers
the required edge (i, j) € ER, with value 1 if it does
and else 0.

Table 5.3: Variables used in the column generation method.

Variables | Values | Description
Ther {0,1} Variable representing if route r» € R for UAV k € K
is used, with value 1 if it is used and O otherwise.
Tk >0 LP dual variable, where k € K.
Lij >0 LP dual variable, where (i, j) € ER.
Pk Free LP dual variable, where k € K.

Note that because each UAV uses different starting nodes, each UAV has its
own set of routes. The RMP is

Objective:
min m (5.12)

Constraints:

Make sure m is the maximum route cost.

> g, keK (5.13)
reR

Make sure every required edge is covered.

Z Z(aijkr + ajigr)TRr > 1, (4,5) € ER (5.14)

reR keK
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Make sure every UAV k is only assigned one route.

o ape=1, kek (5.15)

reR

Let m > 0 be the LP dual variable for constraint (5.13)), p;; > 0 for the constraint
(5.14) and lastly let ¢ be the LP dual variable for constraint (5.15). For this
RMP the reduced cost ¢, for the variable xy, will be

Cr =0 — (—cprmi) — Z Wij (Qijrr + Qjikr) — @k
(i,4)€ER

= CkrTk — Z ij (Gijr + Qjikr) — k-
(i,j)€ER

(5.16)

Something interesting is that the LP dual constraint related to constraint (5.13))
is ) pcx ™k = 1. This in turn means that the reduced cost for the variable 7 is
always zero, that isc=1—3, - m = 0.

Note that ¢} are constants in the subproblem and can therefore be disregarded
when minimizing, but should be remembered when calculating the reduced cost.
In each subproblem a;jxr, @jikr, and cg, will be variables where k and r are fixed.
Using earlier notation, cg, := my, and a;j5, := 2;;1. Hence, the subproblem is,
for each UAV £, using the same notation as in Section [3.1]
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SZ := min TEME — Z Mij (-Tijk + -Tjik), (5.17&)
(i,5)€ER
s.t. my = Z cfjmijk, (5.17b)
(i,5)€€
m, < B, (5.17¢)
> mge<l, (5.17d)

J:(4,9)€EE, #sk
Z Tisk <1, (5.17e)

4:(4,J)EE, i#sk

Z Tejk = Z Titks le N, (5.17f)

j:(€,5)€€ i:(i,0)€E
Ysp =1, (5.17g)
yi >y +xige — [E[(1 = 2ijk), (4,7) € E,J # sk
(5.17h)
zijr € {0, 1}, (i,5) € &, (5.17i)
yi >0, ieN,  (5.17j)
(5.17k)

where S} is the optimal value. Note that each subproblem in this column gener-
ation scheme is identical to each separated problem from the subgradient
method. Their only difference is that the column generation method uses LP dual
variables and the subgradient method uses Lagrangian dual variables. The reason
behind this similarity is the choice of constraints to relax in the subgradient
method and the choice of RMP in the column generation method.

Remember that my is the sum of the travel costs, meaning that in the subproblem
MMy = Z(i,j)eé’ chf;jxijk. This means that for each UAV k, the edge cost will
be scaled with the LP dual variable 7. Similarly, p;; affects the edge costs
for the required edges. Figure [5.6]illustrates this. These effects represent how
important the edge is and the potential benefit of including it in the route.
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(a) Edge (4,5) € £ with its scaled cost 7c};. This scaling is different for every
UAV k.

< .

(b) Required edge (i,7) € E® with its new cost m,c5; — p1s;. This cost change
is different for every UAV k and required edge (i, 7).

Figure 5.6: Shows how the LP dual variable from the RMP affects the subproblem.

Similar to with the subgradient method, the heuristic in Algorithm [3] can be
applied on the routes obtained when solving the subproblems (5.17). Thus, re-
sulting in a feasible solution to the original problem and thus an upper bound can
be obtained. This upper bound can replace B that is used in constraint (5.17c).
Note that the LP RMP only gives a lower bound in the last step and not in each
iteration, which means the relative gap can not be calculated for each iteration.
The reason for this is that the value of the LP RMP is related to which routes it
can include. In Section [5.2.2] an alternative way of obtaining a lower bound in
each iteration is explained.

An algorithm of a column generation method is given in Algorithm [4
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Algorithm 4 Column generation algorithm

1: Initialize with some feasible routes x, at least one route for each UAV k and
such that each required edge is covered while keeping the battery constraint
in mind. The largest cost associated with these initial routes will be our
initial UBD.

2: Solve the LP RMP and calculate the dual variables p, 7 and ¢.

3: Solve the subproblem (5.17)) for each k using the fixed dual variables from
and using UBD in the battery constraint.

4: Calculate the reduced cost (5.16|) for each new route generated. If the reduced
cost for every route is > 0 go to [§] else go to

5: Use the heuristic described in Algorithm [3| on the solution from step [3] to
obtain a feasible solution and U BD,.,. Update the upper bound UBD :=
min(UBD, UBDhyey).

6: For each subproblem solution, with negative reduced cost, assign a route
variable x, and its respective a;;, aijk, and cg,.. Thereafter, add the routes
to the set R in the RMP. If the U BD updates, add these heuristic routes to
R in a similar way.

7: Remove any routes that are more expensive than UBD from the route and
go to[]

8: Solve the RMP with integer constraints. If the solution is better than UBD,
update UBD and go to[2] Else go to[9}

9: The LP RMP gives a lower bound and the RMP gives an upper bound.
Done.

The starting routes used are generated by the heuristic described in Algorithm [3]
As noted in the paragraph directly after Algorithm [I] these solutions are likely
feasible in the problem instances used in Chapter [7} If no feasible solution is
found, the column generation algorithm can not start.

5.2.1 Updating the Battery Constraint — Column Genera-
tion

Updating the constraint (5.17d), the battery constraint m; < B, with the upper
bound UBD, results in a new column generation problem. In this new column
generation problem, the subproblem and which routes are feasible changes.
Therefore, the current LP RMP might include infeasible routes and thus is
no longer the correct LP RMP for the updated problem. To remedy this, the
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infeasible routes can simply be removed, instead of restarting the method. To
visualize this, the LP dual of the LP RMP is of use because a route corresponds
to a constraint (because of how LP duality works, see Section[A.1). An infeasible
route then means a constraint that is too restrictive and hence needs to be
removed to obtain the correct feasible region, which is needed for the correct
lower bound in the column generation method. This is illustrated in Figure [5.7]
When removing constraints, new values of the dual variables become possible
and hence new routes can be generated. Also, the number of possible routes
to generate decreases, making the set of routes to consider smaller. This is the
motivation behind removing routes when updating the upper bound in step [7] in
Algorithm

———— e

== Old constraint == Old constraint
I Old feasible region I New feasible region

(a) The old feasible region in blue (b) The new feasible region in blue
to an LP dual of an LP RMP be- to an LP dual of an LP RMP af-

fore introducing a new upper bound. ter introducing a new upper bound.
This new upper bound results in an This new upper bound results in an
old constraint being too restrictive. old constraint being removed. This
Hence, the feasible region will be gives us the correct feasible region
incorrect. for this iteration.

Figure 5.7: How the feasible region of dual change when updating the upper
bound. Note that if the old constraint is not removed, the feasible region for the
new LP dual of an LP RMP will be incorrect.

5.2.2 Speeding up the Column Generation method

Similarly as in the subgradient case, the subproblem is hard to solve.
Thus, similarly as in Section [5.1.4] a maximum time on the solver is used to
speed up this method. The solver then gives us a feasible solution and a lower
bound LBDj to each subproblem solution S}, such that LBD, < S}.
The feasible solution can be added to the set of routes by using the reduced cost
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when deciding whether this new route should be added to the RMP, in the same
way as before. To obtain an upper bound, as done in the subgradient case, some
redundant nodes (see Figure have to be removed (to prevent sub-tours) to
use the heuristic described in Algorithm

One crucial difference with this modified method is that this reduced cost will
no longer work as a stopping criterion because it no longer gives information
on whether all optimal routes have been generated. Therefore, another way of
obtaining a lower bound is used. Consider the original problem in Section |3.1
and LP relax it, which results in the optimal solution 7. Note that the feasible
region is a bounded set, thus an inner representation (see Theorem [3]) can be
used. Let 7 = 1,...n be all the extreme points (representing routes), and so the
LP dual problem can be expressed as

mip =min M (5.18a)
st. m> imm}\kr, kel (518b)

r=1
zn: Z(xijkr + Zjikr) e > 1, (i,5) € EX, (5.18c¢)

r=1kek
i)\kr =1, kek, (5.18d)

r=1

Ak > 0, kek,r=1,...,n, (5.18¢)

where my,, Z;jrr are parameters containing route specific information. With
this, the problem can be Lagrangian relaxed with respect to (5.18bH5.18dl), which
results in the Lagrangian function (assuming finite sums)



5.2. Column Generation 45

L(z,m, i, p, 0, 0)

= m +Z 7 ( kar)\k,« —m) + Z Wij (1 —Z Z )\kr(ifijkr + xjikr)>

ke r=1 (i,5)€ER ke r=1

+ 2 el - Z Ar)

kel

= Y (A=m)+ D, wyt) e
ke (i,j)€EER ke
n

AN ke =D iy @ik + Tjike) — Pk | Ak,

keK r=1 (i,j)€ER

where 7, is the Lagrangian dual variable corresponding to constraint ([5.18b)),
H;; to constraint (5.18¢|), and ¢y, to . Notice that if the constraint
is kept, then Y-, - pu(1 =3 "_; Aer) = 0 and thus the Lagrangian dual variable
@k can be chosen freely. This means that the LP dual variables to the LP RMP
in Section are feasible Lagrangian dual variables (because their feasible region
is a subset of the feasible region of the Lagrangian dual variables). So if we
choose the LP dual variables as the Lagrangian dual variables, the Lagrangian
function becomes

L(m7m7 m? M,Tr,(P) (519)
=mY (L=m)+ Y, mig+ ) (5.20)
ke (4,7)€ER keKx

+ Z Z My Tl — Z Wij (Tijrr + Tjikr) — Ok | Akr (5.21)

kek r=1 (i,j)€ER

/ Remember the reduced cost ¢, from (5.16]) and /

that >, . m = 1 (because of the LP dual con-
straint related to constraint [5.18d| m

(5.22)

PRSI chrm (5.23)

(i,j)€ER ke ke r=1

The reduced cost, ¢, for xg,-, seen in (5.16)), includes the dual variables 7
and . Thus, the Lagrangian dual function, with optimal LP dual variables
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7, w*, *, with respect to an LP RMP (5.12)—(5.15)), is

h(m*, u*, ¢*) =min Z pij + Z o+ Z ZékrAkr

(i,5)€ER kel kek r=1
s.t. Z Agr = 1, ke ’C,
reR
Akr 20 keK,r=1,...,n.

Note that the objective function of the LP dual to the LP RMP (5.12H5.15)) is
Do jyeer Mij + 2pex Pr- Let mfp pp be the optimal solution to the LP RMP.
Then, for optimal LP dual variables, the following holds.

Z i+ Z ¢y, = /Strong LP duality (Theorem [])/ = 1/p pyp

(i,4)EER kek
Therefore,
h(m™, 1", ") = Mp pup+ mMin Z Z Chor Moy (5.24)
ke r=1
st.Y My =1 kek, (5.25)
r=1
A >0 kekK,r=1,...,n. (5.26)

- / Remember that the subproblem ([5.17)) minimizes such /

that the reduced cost for UAV k using route r is S} — . (5.27)

= TMp pup T Z Se— Z Pk (5.28)
ke kex

Thus,

mgp > / Weak duality (Theorem [f]). /
= h(m™, ", ")
> / Remember S; > LBDy,. /

Z TATLIPRMP + Z LBD;C - Z Pk -
keKx kel

Hence, a lower bound can be obtained at every iteration. Thus, a stopping
criterion based on the optimal gap can be used. (See Sectionfor an optimality
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gap formula.) More iterations can be expected using this modified method, but
each iteration will be faster. (The performance ins presented in Chapter ) The
maximum solver time is set in the same optimistic way as in the subgradient
method, see the paragraph at the end of Section

5.3 Logic-Based Benders Decomposition
A logic-based Benders decomposition method was given by Saab to the mathe-

matical model in Section [3.1] The notation is the same as, but with some extra
notation seen in Table 5.4l

Table 5.4: Sets and indices used in the mathematical model.

Sets and indices | Description

g Set of routes generated in the subproblem. It consists
of {€9,k9,m9} € G where k9 € K is a UAV, m9Y is
the route cost and £9 C & is the set of edges that
make up the route.

N, ;;4 A set of nodes, which is determined by the RMP and
are associated with UAV k € K. Used in subproblem.
Ep A set of edges, which is determined by the RMP and

are that are associated with UAV k € K. Used in
subproblem.
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Using this, the RMP becomes

min m,
s.t. Z.’L‘ijk > 1,
kex
me > Y i,
(i,5)€ER
m > mg,
mye >m? (11— Y (1
(i,§)EECNER
my 20,
m >0,
Tijk € {0, 1},

- xijkg)

)

(5.29a)
(i,7) € ER, (5.29h)

kek, (5.29¢)
kek, (5.29d)

{£9,k9,m} €6,

(5.29¢)
kelk, (5.291)

(5.29g)
kek, (i,j)ec&r

(5.29h)

The edges used in this RMP for UAV k are saved in 5,;4 and the nodes cor-
responding to these edges are saved in N ,;4. These sets are then used in the
subproblem to generate new constraints in the RMP of the form (5.29¢]). The

subproblem for UAV k € K is
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min mp,
s.t. mpg > Z Z ijxz‘jlm
ieNP jeNA\{i}
Doomgr= Y wju i€ N\ {s},
JENE\{i} JENI\Y
ysk = 17
Z Lsjk < ]-7
FJENE\{sx}
Z Tisk S 17
iej\/',f‘\{s}
Tijk + Tjik > 1, (i,4) € &,
yi = yi+wige — WAL= 2i), 0,5 € NP\ {s}, i # 5,
l'ijk S {Ovl}a (Zvj) € 5]24
(5.30)
With more UAVs, each node associated with a required edge is spread out

between the different UAVs (in N{'), and thus each subproblem

5.30) will

have fewer binary variables the more UAVs are used. Algorithm [] shows more

concretely how this method works.
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Algorithm 5 Logic-based Benders Decomposition

Data: problem, timeLimit

Result: Solution to the problem

routes < empty list

objValBest < co

while True do

itterRoutes < empty list

objValltter «+— —co

objValMP <« Solve MP using problem, routes

assignments < list of (i, j), k,m when z;;, = 1,V (i, j) € ER,

Vk e K, from the MP solution

for assign in assignments do
objValSP « Solve subproblem using problem, assign
itterRoutes < append the route generated from subproblem solution
objValltter +— max{objValltter, objValSP}

objValBest < min{objValBest,objValltter}

if objValBest = objValltter then

L Save the solution
routes < routes + itterRoutes
if objValMP > objValBest then
L break

if the solution is identical in the last 26 iterations then
L break




Chapter 6

Implementation and Data

We here describe what is measured and on which problems the methods are
tested; the chapter starts by explaining how the methods are implemented.

6.1 Implementation Details

The hardware used to generate the result for Chapter [7]is a 13th Gen Intel®)
Core™ 19-13950HX processor with 32 cores and 64 GB RAM. All methods were
implemented using the Python programming language.

In the subgradient method, the separated problems (5.5) were solved using the
package Python-MIP with the solver Gurobi [23]. The projection problem ([5.10))
was solved with SciPy [24] using the SLSQP method.

In the column generation and logic-based Benders decomposition methods, the
package Python-MIP with Gurobi was also used, along with the original problem’s
implementation.

Each algorithm is stopped after 30 minutes (1800 s). In the subgradient, column
generation, and logic-based Benders decomposition methods, a stopping criterion
based on simulated parallelization was added. This means that, because the
separated problems can, in theory, be calculated in parallel on separate computers,
only the time it took for the longest problem is used. This is done to give these
methods the best conditions when comparing.

Tondel, 2024. 51
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6.2 Evaluation Details

The methods explained in Chapter [5] were evaluated based on:

e The time it took in seconds to solve the problem instances for the given
methods, with a maximum calculation time of 30 minutes. (Remember that
the simulated parallel time that is used in the decomposition methods.)

e The number of confirmed optimal solutions, meaning if a method gets

LBD =UBD.
e The optimality gap found calculated by the formula
UBD — LBD
optimality gap = “LBD| (6.1)

e Comparing each solution obtained from each method, whether a method
performed best in a problem instance or not.

e The gap relative to the best-found solution, using the formula

™M — Mpin

relative gap = (6.2)

A )

Mpin
where 1,3, is the best-found solution given by the different methods and
m is a solution of a method.

6.3 Input Data

To test these methods, different problem types were made. Every problem is
made by discretizing different geometric shapes, which decides the problem type.
The problems have a fixed distance between each search edge, as described in
Section [I.2] The same area is discretized with different amounts of required
edges, which can be justified by for example the use of different cameras or by
letting the UAVs fly at different heights. Consequently, we will consider multiple
versions of each problem type with different amounts of required edges. The
number of UAVs also varies, between one and three UAVs for each problem
instance. For ease of comparison between problem instances, every starting node
is included regardless of the number of UAVs used. The various problem types
will be explained in the coming sections.

6.3.1 The Annulus Problem Type

An annulus is a disc-shaped form with a circular hole in the middle, see Figure[6.1
Since the annulus has round edges and the entire area should be scanned, the
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discretized edges will not stay inside the annulus area, see Figure [6.2] for an
example of how the area is covered. More exact specifications for the shape
used in these problem types can be seen in Appendix [A] Figure illustrates
how the annulus is discretized. Appendix shows a table containing more
problem-specific information.

Figure 6.1: Annulus area that should be searched in blue before discretization.

(a) Annulus problem with 4 re- (b) Annulus problem with 12 re-

quired search edges. The grey trans- quired search edges. The grey trans-
parent area is what the UAV cam- parent area is what the UAV cam-
eras cover, while the blue annulus eras cover, while the blue annulus
is the area of interest. is the area of interest.

Figure 6.2: How the UAV cameras cover the annulus problem.
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(a) The annulus area discretized (b) The annulus area discretized
into 4 required edges in black. The into 24 required edges in black. The
coloured nodes are starting nodes. coloured nodes are starting nodes.

Figure 6.3: Examples of how some annulus problem instances are created.

6.3.2 The Peanut Problem Type

The peanut shape is made from an equation seen in Appendix [A] and shown in
Figure[6.4] Similar to the annulus problem type, this shape has round boundaries.
Hence, the discretization will extend outside the peanut area. For a figure of
how the UAV cameras cover some problem instances, see Figure [6.5] and for
the discretization, see Figure Appendix shows a table containing more
problem-specific information.

Figure 6.4: Peanut area that should be searched in blue before discretization.
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(a) Peanut problem with 4 required (b) Peanut problem with 12 re-

search edges. The grey transpar- quired search edges. The grey trans-
ent area is what the UAV cameras parent area is what the UAV cam-
cover, while the blue annulus is the eras cover, while the blue annulus
area of interest. is the area of interest.

Figure 6.5: How the UAV cameras cover the peanut problem.

(a) The area discretized into 4 re-  (b) The area discretized into 24 re-
quired edges in black. The coloured quired edges in black. The coloured
nodes are starting nodes. nodes are starting nodes.

Figure 6.6: Figures of how some peanut problem instances are created.

6.3.3 The Square and L problem type

Both the square and L shape seen in Figure [6.7] can be discretized by considering
lines with fixed x values; Appendix [A] contains more information about how these
problem types are made. Because the distance between search edges depends on
the radius of the camera, the entire square can be scanned without extending
outside the area. The same is true for the L shape. Figure [6.8illustrates how
some square and L problem instances are discretized. Appendix [A.3HA.4] shows
tables containing more problem-specific information.
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(a) The square area that should be

searched in blue before discretiza-

tion.

(b) The L area that should be
searched in blue before discretiza-
tion.

Figure 6.7: The square and L area used in their respective problem type.

(a) The square area discretized into
4 required edges in black. The
coloured nodes are starting nodes.

(¢) The square area discretized into
24 required edges in black. The
coloured nodes are starting nodes.

(b) The L area discretized into 4 re-
quired edges in black. The coloured
nodes are starting nodes.
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(d) The L area discretized into 24 re-
quired edges in black. The coloured
nodes are starting nodes.

Figure 6.8: Figures of how some Square and L problem instances are created.
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Results and Discussion

This chapter contains the result from using each method described in Chapter
on each problem, described in Section It starts with some more method-
specific discussion about their characteristics. After that, the next section follows
up with some data from testing these methods.

7.1 General Method Characteristics

Some general aspects of how each solution method works were observed. These
traits are described in the following sections, starting with the MBLP solutions.

7.1.1 Mixed Integer Binary Problem

When trying to solve the problem instances mentioned in Section using
MBLP (the original problem from Section would sometimes result in either
not finding a solution, within the time limit of 30 minutes, or a memory issue
would be encountered. This memory issue would kill the computer process,
which made it complicated to extract the found solution. Therefore, even if a
solution was found right before the memory issue, it is interpreted as not finding
a solution at all. As expected, on large problem instances or instances with
multiple UAVs, this issue was more noticeable due to these instances being more
difficult problems to solve. (For example, adding a second UAV to a problem
would require another set of binary edge variables, thus doubling the number of
binary edge variables.)

Tondel, 2024. 57
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For smaller instances, solving MBLP often gave the best bounds (smallest
optimality gap) and the best answers (by comparing feasible solutions) when
compared to the other methods. The result that MBLP performed best for
smaller problem instances was to be expected because decomposition methods
usually perform worse for smaller problems. To divide a small problem into
multiple problems is, in principle, not worth the extra effort.

7.1.2 Subgradient

In the subgradient method used, when the upper bound got updated, the
subgradient method resets the parameters (Step [7|in Algorithm , and thus the
local lower bound makes a sharp decrease. Then in the next iteration, the local
lower bound slowly increases. This update would often result in the local lower
bound being larger than the lower bound after a few iterations. See Figure [7.1]
where the curve shape is most noticeable from iteration 93 to iteration 120. This
was an expected trait of this method because, when updating the upper bound,
the feasible region shrinks for the Lagrangian dual problem (see Section ,
thus improving the optimality gap.

700 A
650 -

600

550 A ‘

h
500 A h L
450 -

400 -

Value

— UBD
350 1 === LP RMP

0 50 100 150 200 250 300 350
Iterations

Figure 7.1: Plot of the upper bound (UBD), the lower bound (LBD), and the

local lower bound (LBD local) during iterations of the subgradient method. The
problem instance is an annulus problem with 16 required edges and 3 UAVs.

This solution method was also reliable by always finding a solution to each
problem instance. This is partly due to starting with an initial feasible solution
and thereby guaranteeing this, and due to the separated problems (5.5 being
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easier to solve. This initial feasible solution is, usually, a relative bad solution.
One reason being that the order of the reqired edges are not considered. A
illustration how much the initial solution and the best-found solution, using the
subgradient method, differs is Figures [T.2H{7.3] Note that the initial solution
and the best-found solution use the same heuristic (described in Section [5.1.3).
The best-found solution is found by applying the heuristic to the routes received
when the subgradient method is terminated, while the initial solution applies
the heuristic to a route going from the start node back to itself.

UAV 1

UAV 2

0 100 200 300 400 500 600 700 800 900 1000 1100
[s]

(a) The initial feasible solution.

0 100 200 300 400 500 600 700 800 900 1000 1100
sl

(b) The best found feasible solution.

Figure 7.2: Gantt scheme of the subgradient solution to the annulus problem
with 2 UAVs and 16 required edges. These solutions are obtained with the
heuristic. The coloured blocks with R are the required edges traversed by their
respective UAVs, and the dark grey blocks are the non-required edges.
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(a) The initial feasible solution. (b) The best found feasible solution.

Figure 7.3: Plot of the subgradient solution to the annulus problem with 3 UAVs
and 6 required edges. These solutions are obtained with the heuristic. The
dotted lines are the required edges, the black arrows are the non-required edges
of the solution traverses, and the coloured arrows are the required edges of the
solution traverses.
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7.1.3 Column generation

It was observed, in the column generation method, that the values of the LP RMP
could increase and make discrete jumps when the upper bound was updated.
This is not a typical LP RMP behaviour. Typically, the objective value of the
LP RMP is either unchanged or decreasing.

Luckily, this behaviour can be explained. The reason jumps happen is that a
new upper bound is found and infeasible routes are removed; thus, the feasible
region becomes more constrained (see Section . Note that every such jump
is therefore an increase. The discrete jumps correspond to when the integer
RMP is solved (Step [8]in Algorithm [4]) The reason the jumps are discrete is
that the integer-valued RMP is solved, and thus no lower bound is found (the
lower bound is found when solving the subproblems). The continuous jumps are
made when the upper bound is updated from modifying the subproblems (Step
in Algorithm . This means that a lower bound is also found, and therefore it
is continuous. An illustration of this is given by Figure[7.4] It was also observed
that the LP RMP does not always jump when updating the upper bound, which
can be seen in the figure around iteration 13.

A
700 A

650 -

_—
—

= UBD
350 1 === LP RMP

0 5‘0 l(I)O 15‘)0 260 25‘)0 360 35‘)0
Iterations
Figure 7.4: Plot of the upper bound (UBD) and the value of the LP RMP during

iterations of the column generation method. The problem instance is a peanut
problem with 8 required edges and 3 UAVs.

As part of the solution, the column generation method sometimes used routes
with redundant nodes (mentioned in Section and seen in Figure |5.5). An
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example can be seen in the Gantt chart in Figure [7.5] and in Figure [7.6a] where
the second node used by UAV 2 is redundant. In the Gantt chart, one can see
that this node increases the value of the answer, because UAV 2 has the most
expensive route. An explanation for this is that the subproblem is stopped after
a time limit (see Section thus non-optimal routes are generated and added
to the RMP. Then, when the integer RMP is solved, this non-optimal route is
chosen. This also means that, simply removing each such redundant node before
adding it to the solution, would improve this method.

0 100 200 300 400 500 600 700 800
[s]
Figure 7.5: Gantt chart of the result from the column generation method to
the annulus problem with 16 required edges and 3 UAVs. The grey rectangles

are the edges of the UAV traverses that are non-required, while the coloured
rectangles are the required edges. Each rectangle has a black border.

Another observation is that the use of redundant nodes is more common in the
square and L problem types where nodes share a vertical line, see Figure
This can be explained by that the cost of flying to this redundant node and
then to the next node is the same as only flying between the two nodes. The
reason for this is that the cost corresponds to the Euclidean distance. Note that
this cost might even be slightly cheaper if the edge cost becomes truncated by
Gurobi or Python.
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@ UAV1start ®

@ UAV 2 start

(a) Route plot of the result to the

annulus problem with 16 required edges

and 3 UAVs.

@ UAV 1 start

(b) Route plot of the result to the L

problem with 16 required edges and 2
UAVs.

Figure 7.6: Route plots of some results from the column generation method. The
coloured arrows are the required edges traversed by the UAVs, and the black
arrows are the non-required edges. The dotted black lines are the required edges.
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From the results, it turns out that both the subgradient method and column
generation method perform similarly. This should not be surprising since they use
the same heuristic (see Section , the same subproblem /separated problem
and calculate the lower bound similarly (see Sections and . One
difference is the average number of upper bound updates, which can be seen in
Table [7.1] It can be seen that column generation updates the upper bound more
often for one UAV, while with two and three UAVs, the subgradient method
updates the upper bound more often.

Table 7.1: The average number of times the upper bound got updated for the
different numbers of UAVs for problem instances with 4/8/12 and 16/20/24
across all problem types.

4/8/12 Req. edges Subgradient Column generation Diffrence
Avg. 1 UAV 2.92 3.75 —0.83
Avg. 2 UAVs 5.42 2.92 2.50
Avg. 3 UAVs 7.08 3.50 3.59
16/20/24 Req. edges

Avg. 1 UAV 4.08 5.50 —1.42
Avg. 2 UAVs 6.17 2.83 3.33
Avg. 3 UAVs 8.25 2.00 6.25

7.1.4 Logic-based Benders Decomposition

The logic-based Benders decomposition, like MBLP did not find a solution for
every problem instance. For the instances where it finds a solution, this solution
is found in the first iteration and due to the stopping criterion (see Algorithm
it only makes at most 26 iterations.

A unique trait of this method is that with more UAVs, it solves the problem
faster. This can be explained by, as mentioned in Section [5.3] that the method
spreads out every binary edge variable to each UAV. Thus, the more UAVs, the
fewer binary variables every subproblem considers.

7.2 Computational Results

The following sections will contain multiple tables sorted after the problem type.
The content of the tables uses the notations:
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e Verified opt. [%] — how many percent of the solutions considered are
verified optimal,

e Opt. gap [%] — the optimal gap in percent (see (6.1])), given by the
solutions,

e Best [%] — the percentage of best solutions a method gets compared with
the other methods,

e Rel. gap [%] — the relative gap in percent (see (6.2])), given by the
solutions,

e MBLP — the original mathematical problem described in Section [3.1}

e Subgradient — the subgradient method described in Section Notice
that this method is sped up as mentioned in Section[5.1.4]and uses simulated
parallel time (mentioned in Section [6.1),

e CG — the column generation method described in Section Notice that
this method is sped up as mentioned in Section [5.2.2] and uses simulated
parallel time (mentioned in Section [6.1]),

e LBBD — the logic-based Benders decomposition method described in
Section Notice, that LBBD makes use of simulated parallel time
(mentioned in Section [6.1)).

When multiple problems are considered at once, the average of these metrics is
used.

7.2.1 Annulus Problem Type

The results from solving the annulus instances are presented in Tables [T.2H7.4]
Something unique about the annulus problem type is that MBLP solves every
problem instance. LBBD solves almost every annulus problem instance, except
the instance with 20 required edges and 2 UAVs. In the coming sections, it will
be clear why this is unique.

In the case of 1 UAV (see Table every method except for CG solved the
instances to optimum. Both the column generation and subgradient method,
as mentioned in Section perform similarly. This can be seen in that the
optimality gap, best [%] and relative gap are close to each other. The column
generation method has more verified optimal solutions for smaller problem
instances (instances with 4/8/12 required edges). For larger problem instances
(instances with 16/20/24 required edges), the subgradient method has a better
relative gap (see Tables [7.2H7.4). Another observation is that in the instance
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with 2 and 3 UAVs with 16/20/24 required edges, column generation has a
better optimality gap but a worse relative gap than the subgradient method.
This means that column generation has a worse feasible solution to the original
problem but obtains a better lower bound.

The logic-based Benders decomposition method has, when able to solve the
problem instance, an optimality gap of around 20-60%. It sometimes finds the
best solution, like in all instances with 1 UAV, the instance of 3 UAVs and 24
required edges and an instance with 3 UAVs and 4/8/12 (it has the best [%] at
33.33 there). There does not seem to be a pattern of how good the route is.

Table 7.2: Results from solving the annulus problem type with 1 UAV. A
maximum computation time of 30 min per instance was used.

Result for annulus problem type with 1 UAV
4/8/12 req. edges Verified opt. [%] Opt. gap |%] Best [%] Rel. gap |%]
MBLP 100 0 100 0
Subgradient 33.33 0.46 100 0
CG 66.67 0.21 100 0
LBBD 0 33.92 100 0
16/20/24 req. edges
MBLP 100 0 100 0
Subgradient 0 2 100 0
CG 0 8.47 0 1.79
LBBD 0 20.13 100 0
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Table 7.3: Results from solving the annulus problem type with 2 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for annulus problem type with 2 UAVs

4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%)]
MBLP 66.67 1.07 100 0
Subgradient 0 15.31 66.67 0.88
CG 66.67 4.18 66.67 0.01
LBBD 0 49.23 0.00 10.63
16 req. edges

MBLP 0 10.95 100 0
Subgradient 0 35.99 0 2.44
CG 0 20.67 0 2.68
LBBD 0 37.23 0 9.53
20 req. edges

MBLP 0 16.98 0 4.85
Subgradient 0 44.93 100 0
CG 0 27.61 0 5.42
LBBD - - - -
24 req. edges

MBLP 0 12.69 100 0
Subgradient 0 60.70 0 1.03
CG 0 64.70 0 8.45
LBBD 0 31.05 0 4.87
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Table 7.4: Results from solving the annulus problem type with 3 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for annulus problem type with 3 UAVs
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%]
MBLP 66.67 2.54 100 0
Subgradient 0 56.76 0 7.64
CG 33.33 13.33 33.33 2.84
LBBD 0 56.77 33.33 16.24
16/20 req. edges
MBLP 0 23.01 50 4.60
Subgradient 0 65.87 50 0.77
CG 0 41.80 0 14.82
LBBD 0 43.68 0 15
24 req. edges
MBLP - - - -
Subgradient 0 105.38 0 4.55
CG 0 52.41 0 5.37
LBBD 0 38.32 100 0

Figure shows a graph with the computation time for each annulus problem
instance. Notice that even here, the subgradient and column generation method
has around the same calculation time. In the annulus problem instance with 2
UAVs, the column generation method is much slower at 8 required edges. As
mentioned in Section the logic-based Benders decomposition method gets
faster the more UAVs are used, while every other method becomes slower.
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Figure 7.7: Graph plot over how much time each method needed for each annulus
problem, using 1800 seconds as a maximum for the solver. Remember that every
decomposition method uses simulated parallel time.

7.2.2 Peanut Problem Type

The results from solving the annulus instances are presented in Tables 7.7
In this problem type, MBLP fails to find a solution in every larger problem
instance (instances with 16/20/24 required edges). In the case of 2 UAVs, it
failed to solve the instance with 12 required edges to optimality, and with 3
UAVs it failed to solve the instance with 12 required edges. Every other smaller
instance is solved to optimality and thus performs best out of all the methods.
In the case with 12 UAVs (see Figure only the instance with 12 UAVs and
12 required edges the Logic-based Benders decomposition outperformed it in
terms of speed, but not in terms of objective value (see Table .

Like MBLP, the logic-based Benders decomposition method also failed on the
larger problem instances with one UAV. For the problem instance using 2 UAVs
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with 24 required edges, it also did not find a solution, but in both the case of
2 and 3 UAVs, this method had the best performance in terms of speed (see
Figure. Even here, the optimality gap never reached zero, even if the solution
was optimal (the gap was around 30-60%).

The subgradient and column generation methods perform similarly. For smaller
instances (instances with 4/8/12 required edges) using 2 or 3 UAVs, the column
generation method outperformed the subgradient in every metric. In the case
of 1 UAV, they found the same solutions, but the subgradient method has a
better optimality gap. For larger instances, the subgradient performed better,
except for the optimality gap for instances with 2 or 3 UAVs. As concluded in
the previous section there this was also the case, (Section , this means that
the column generation found a better lower bound but a worse feasible solution
to the original problem (in the larger instances with 2-3 UAVs).

Table 7.5: Results from solving the peanut problem type with 1 UAV. A maximum
computation time of 30 min per instance was used, and “-” means no solution
was found within this time limit.

Result for peanut problem type with 1 UAV
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%)]
MBLP 100 0 100 0
Subgradient 66.67 1.45 100 0
CG 66.67 2.55 100 0
LBBD 0 35.03 100 0
16/20/24 req. edges
MBLP - - - -
Subgradient 0 6.90 66.67 0.03
CG 0 14.21 33.33 0.47
LBBD - - - -
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Table 7.6: Results from solving the peanut problem type with 2 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for peanut problem type with 2 UAVs
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%)]
MBLP 66.67 4.47 100 0
Subgradient 0 19.51 66.67 3.36
CG 66.67 6.81 66.67 3.36
LBBD 0 46.09 0 20.45
16/20 req. edges
MBLP - - - -
Subgradient 0 56.60 50 0.21
CG 0 35.43 0 5.74
LBBD 0 32.96 50 5.77
24 req. edges
MBLP - - - -
Subgradient 0 62.46 100 0.00
CG 0 40.60 0 8.46
LBBD - - - -

Table 7.7: Results from solving the peanut problem type with 3 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for peanut problem type with 3 UAVs
4/8 req. edges Verified opt. [%] Opt. gap (%] Best [%] Rel. gap [%]
MBLP 100 0 100 0.00
Subgradient 0 64.63 0 5.72
CG 100 0 100 0
LBBD 0 62.53 0 34.73
12/16/20/24 req. edges
MBLP - - - -
Subgradient 0 93.23 100 0
CG 0 47.70 0 6.55
LBBD 0 42.22 0 9.52
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Figure 7.8: Graph plot over how much time each method needed for each peanut
problem using 1800 seconds as a maximum for the solver. Remember that every
decomposition method uses simulated parallel time.
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7.2.3 Square Problem Type

Likewise, here in the square problem type, the results are similar to the results
from the last two sections. The result is shown in Tables [Z.5HZ. 7 and MBLP
gave the best solutions for smaller instances (with 4/8/12 required edges). An
interesting result in this problem type is that, in the cases with 2 and 3 UAVs,
this method did not solve every smaller instance to optimality. It did manage
to solve every instance with one UAV. The logic-based Bender decomposition
method is still the fastest method when considering 2 or 3 UAVs (see Figure ,
but could not solve every instance with 1 or 2 UAVs. In this problem type, it
gave a lower optimality gap (compared to this method’s earlier performance) of
around 11-45%.

When analysing the subgradient and column generation methods, the subgradient
was faster and gave a better (or equal) relative gap for larger problem instances.
Something interesting is that the subgradient also gave a better optimality gap
for instances with 1 UAV and for large instances using 2 UAVs. For smaller
instances with 2 and 3 UAVs, the column generation method performed better
in all metrics (except for speed). Only for larger instances with 3 UAVs does
the column generation method outperform the subgradient in terms of both
optimality and relative gap.
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Table 7.8: Results from solving the square problem type with 1 UAV. A maximum
computation time of 30 min per instance was used, and “-” means no solution
was found within this time limit.

Result for square problem type with 1 UAV
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%]
MBLP 100 0 100 0
Subgradient 66.67 0.2 100 0
CG 33.33 0.8 100 0
LBBD 0 20.34 100 0
16 req. edges
MBLP 100 0 100 0
Subgradient 0 1.84 100 0
CG 0 5.68 100 0
LBBD 0 10.90 100 0
20/24 req. edges
MBLP 0 1 100 0
Subgradient 0 2.50 0 0.27
CG 0 7.46 100 0
LBBD - - - -
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Table 7.9: Results from solving the square problem type with 2 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for square problem type with 2 UAVs
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%)]
MBLP 66.67 2.94 100 0
Subgradient 33.33 3.65 100 0
CG 66.67 3.41 100 0
LBBD 0 32.69 100 0
16 req. edges
MBLP 0 11.44 0 0.68
Subgradient 0 25.31 100 0
CG 0 14.42 0 1.36
LBBD 0 18.56 100 0
20 req. edges
MBLP 0 18.6 0 2.73
Subgradient 0 30.57 100 0
CG 0 49.41 0 2.94
LBBD - - - -
24 req. edges
MBLP - - - -
Subgradient 0 26.87 100 0
CG 0 99.89 0 4.36
LBBD - - - -
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Table 7.10: Results from solving the square problem type with 3 UAVs. A
maximum computation time of 30 min per instance was used, and “-” means no
solution was found within this time limit.

Result for square problem type with 3 UAVs
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%]

MBLP 66.67 5.02 100 0
Subgradient 0 33.42 66.67 2.32
CG 0 9.66 66.67 6.93
LBBD 0 44.74 0 30.62
16/20 req. edges

MBLP 0 20.53 100 0
Subgradient 0 56.99 0 8.39
CG 0 32.93 0 7.53
LBBD 0 29.51 0 16.71
24 req. edges

MBLP - - - -
Subgradient 0 62.22 0 1.29
CG 0 88.46 0 1.29
LBBD 0 24.15 100 0
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Figure 7.9: Graph plot over how much time each method needed for each square
problem using 1800 seconds as a maximum for the solver. Remember that every
decomposition method uses simulated parallel time.
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7.2.4 L Problem Type

In Tables the result from solving the L problem type is shown. The
result is similar to the previous sections, the logic-based Bender decomposition
method performed best in terms of speed in the instances it could solve with 2
or 3 UAVs. In the case of 3 UAVs and 20 required edges it, surprisingly, used the
maximum calculation time (like the other methods). See Figure MBLP
performed best for smaller instances (4/8/12 required edges). It could solve the
instance with 16 required edges using 2 and 3 UAVs, but had a worse relative gap
than the column generation and subgradient methods. The column generation
method also had a better optimality gap in these instances. In the instance with
1 UAV, MBLP could not solve the problem with 24 required edges.

As before, the column generation performed better in every metric than the
subgradient for smaller instances, but for larger, the subgradient got a better
relative gap. The optimality gap in the instances with 2 and 3 UAVs was worse
for the subgradient method, since the column generation method found a better
lower bound but worse upper bound (feasible solution to the original problem).

Table 7.11: Results from solving the L problem type with 1 UAV. A maximum
computation time of 30 min per instance was used, and “-” means no solution
was found within this time limit.

Result for L problem type with 1 UAV
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%]
MBLP 100 0 100 0
Subgradient 33.33 0.42 100 0
CG 33.33 2.86 100 0
LBBD 0 35.03 100 0
16 req. edges
MBLP 0 5.56 100 0
Subgradient 0 9.20 100 0
CG 0 15.65 0 0.11
LBBD - - - -
20/24 req. edges
MBLP - - - -
Subgradient 0 8.05 50 0.61
CG 0 19.73 100 0
LBBD - - - -
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Table 7.12: Results from solving the L problem type with 2 UAVs. A maximum
computation time of 30 min per instance was used, and “-” means no solution

was found within this time limit.

Result for L problem type with 2 UAVs

LBBD

4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%]
MBLP 66.67 4.98 100 0
Subgradient 33.33 14.21 100 0
CG 66.67 13.37 66.67 4.38
LBBD 0 46.09 0 4.57
16 req. edges

MBLP 0 43.27 0 10.23
Subgradient 0 69.18 100 0
CG 0 41.70 0 1.01
LBBD - - - -
20/24 req. edges

MBLP - - - -
Subgradient 0 70.86 100 0
CG 0 53.20 0 12
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Table 7.13: Results from solving the L problem type with 3 UAVs. A maximum
computation time of 30 min per instance was used, and “-” means no solution
was found within this time limit.

Result for L problem type with 3 UAVs
4/8/12 req. edges Verified opt. [%] Opt. gap [%] Best [%] Rel. gap [%)]
MBLP 33.33 24.18 100 0
Subgradient 0 87.53 0 6.13
CG 33.33 20.83 33.33 2.61
LBBD 0 66.15 0 12.71
16 req. edges
MBLP 0 67.19 100 0
Subgradient 0 124.69 0 0.3
CG 0 69.64 0 3.08
LBBD 0 53.72 0 4.38
20/24 req. edges
MBLP - - - -
Subgradient 0 130.95 0 3.06
CG 0 71.02 0 6.73
LBBD 0 46.21 100 0
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Figure 7.10: Graph plot over how much time each method needed for each L
problem, using 1800 seconds as a maximum for the solver. Remember that every
decomposition method uses simulated parallel time.






Chapter 8

Conclusion

To conclude the results from Chapter [} we start by trying to explain the
behaviour of solving the MBLP, see Section [3.1

As mentioned in Section [7.1.1} MBLP outperformed every other method for
smaller problem instances (problems with required edges 4/8/12). While for
larger problem cases (problems with required edges 16/20/24) MBLP usually
performed worse. This was because it failed to find a solution within this time
limit or encountered memory issues (mentioned in Section . Only for the
problem types annulus and square with one UAV MBLP found feasible solutions
for all the larger problem instances. Another observation is that for the MBLP,
based on both computation time and whether a solution was found, the easiest
problem type to solve was annulus followed by square followed by L and lastly
the peanut problem type. Therefore, whether a solution is found seems to heavily
depend on the problem type. Note that each problem type has instances with
the same amount of nodes, edges, and UAVs, thus the difference being the edge
costs.

A hypothesis for this behaviour is that if each required edge is the same length,
the problem would be easier to solve. This would explain why the square is easier
to solve than the L which is easier to solve than the peanut problem type. This
hypothesis, sadly, does not explain why the annulus problem type is the easiest
one to solve. Looking at the scanning area (see Section , it can be seen that
only the annulus problem has a gap between the required edges, corresponding
to the circular hole at the centre of the area. Thus, the required edges are
divided into subsets. Reasonably, in an optimal solution, these required edges
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in each subset should be connected. So two possible explanations as to why
Gurobi performs best on the annulus problem type are: either that it happened
by chance to find the solution early in each annulus problem, or it can early
determine in its branch and bound search that only branches where edges within
each subset are connected need to be considered. However, more analysis needs
to be done to confirm this. If the second explanation is the case, a new area
partition strategy could be constructed that partitions the problem into multiple
subsets to improve the solution time.

As mentioned, the MBPL method could not solve every problem instance,
thus making the decomposition methods used in this thesis more interesting.
The column generation and subgradient methods gave similar results, which is
reasonable since the methods share multiple similarities. Thus, between those
two methods, it is difficult to decide on an unambiguous winner. But there are
some differences to be noted. For starters, in the smaller instances the column
generation slightly outperformed the subgradient method in the statistics for the
number of confirmed optimal solutions, the optimal gap, and the relative gap.
But as mentioned before, the subgradient method was faster for these instances.
One explanation behind this result is that the stopping criteria are too harsh on
the subgradient method and thus terminating early. Another explanation is that
using the reduced cost results in a subproblem, see , that gives generally
better routes than the subgradient direction from the solution obtained from
the separate problems, see ([5.5).

For the larger instances, with two and three UAVs, the subgradient method
outperformed the column generation method in terms of relative gap. In terms
of the optimality gap however, the column generation method performed better.
This means, as mentioned earlier in Chapter [8] that the column generation
method finds a better lower bound but a worse upper bound. However, in the
case of one UAV, they perform around the same. To explain this, let us state
some observations. The larger instances are harder to solve and thus will take
more time. From Table it can be seen that the subgradient method updates
the upper bound more often in the cases with multiple UAVs. Lastly, each
time the subgradient method updates the upper bound, the parameters reset
and the local lower bound makes a sharp decrease (see Figure . From this,
an explanation is that the subgradient, after an upper bound update, never
has enough time to make large improvements to the lower bound such that it
is better than the lower bound from the column generation method. Thus, it
obtains a worse optimal gap. Another explanation is that with larger problems,
the e-gradient (see Section will be worse. Thus, making the subgradient
method do worse updates and not fully utilising the shrinking property of the
feasible region, mentioned in Section and Section [5.2.1
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On the other hand, a reason why the column generation method gets a better
optimality gap can be that the LP RMP is always solved to optimality. Therefore,
it will give the correct LP dual variables for the objective function for each
subproblem (not some e-reduced cost). Thus, obtaining good enough solutions for
a better lower bound. The reason it might not get that good of an upper bound
is that, when stopping each subproblem, this new route does not correspond
to the route with the best reduced cost. Thus, the LP RMP might generate
a similar route in the next iteration, and somewhat get stuck. This, together
with the fact that both methods start with the same initial solution and the
subgradient method updates the upper bound more, could explain why the
subgradient method obtains a better upper bound.

Something worth noting with these two methods is that in the case of one UAV,
in a route that traverses every required edge, the Lagrangian dual function value
will be the same as the makespan for the UAV (see , because every required
edge is traversed, and if 7 = 1 it will be equal to the makespan m). Thus,
because these methods use the same Lagrangian dual function for the lower
bound, both will have, in the optimal solution, an optimality gap of 0%.

The decomposition method that differs the most is the logic-based Benders
decomposition method. Because this method could not always find a solution
within the time limit, this method can be deemed as unreliable. This problem
could be mended by some sort of speed-up, as it was done with the subgradient
and column generation methods. As noted in Section [7.1.4] this method never
updates. This makes it likely that the method is not working entirely as intended,
thus finding another way of updating it would probably improve the method.

To analyse the heuristic (from Section [5.1.3), looking at the initial solution using
the heuristic in Figures[7.2] and [7.3] and compare it to the best-found solution
obtained by using our heuristic, we can see its limitation. The solution given
by only using the heuristic does not consider the order in which edges traverse
and by itself does not give an optimality gap. Thus, on its own, it does not
perform very well. It greatly benefits from having a route to modify and having
a smaller upper bound, because this makes it more considerate where to add
each missing required edge. Using this information, a new solution method could
be developed. This method would use another heuristic that generates routes
and tries with different upper bounds (heuristically) on the already implemented
heuristic to obtain better and better feasible solutions.
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To conclude this thesis, let us go back to the beginning and answer the questions
that were posed.

1. How well does a subgradient scheme perform on this type of prob-
lem compared to solving the non-decomposed problem directly
with a standard solver?

2. How well does a column generation scheme perform on this type
of problem compared to solving the non-decomposed problem
directly with a standard solver?

To answer questions one and two, both the subgradient method and column
generation method perform much more reliably than only solving the original,
non-decomposed, problem. They give answers to every problem instance, and
both decomposition methods performed similarly. On smaller problems, they
performed worse than solving the original problem in terms of all measured
metrics. However, on larger problem instances, the decomposition methods
always gave a solution and gave an optimality gap (which other heuristics might
not give).

3. How well does a given logic-based Benders scheme perform on
this type of problem compared to solving the non-decomposed
problem directly with a standard solver?

The logic-based Benders decomposition method performs worse on smaller
problems in terms of every measured metric on smaller problem instances. It
failed to give a solution to multiple instances but performed better on instances
with three UAVs in terms of speed and giving a solution.

Lastly, when writing this thesis, interesting ideas for further explorations within
this topic came up that could not fit within this work. Some noteworthy are the
following ideas.

e When creating problem instances, only complete graphs were studied.
However, the case when the graph is not complete is worth exploring.
The reason is that in real-life scenarios, UAVs might not be able to fly
everywhere. For example, a mountain or trees might be in the way.

Luckily, the methods explored in this thesis can be used for a non-complete
graph if one makes the graph complete through modifications. This can be
done by for example creating new edges which correspond to the shortest
path between the relevant nodes. Moreover, a new heuristic is probably
needed with this approach.

e Another thing worth exploring is using less idealized assumptions, for
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example, that the UAVs must change the battery once they are empty
or that winds affect the cost of traversing an edge. In the windy case,
the problem becomes a K-windy rural postman problem, meaning a new
mathematical model is needed. In the battery case, one can do this by
thinking of the battery change as new drones that can only start flying
once another drone has returned to the starting node. Thus, it requires a
slight modification of the original problem.

Real-life instances are worth exploring. The problem instances used in
this thesis are entirely fictional and if this method should be applied to
real instances, one can probably find some sort of pattern or property
which can be used to simplify the problem. One such way is removing
unnecessary edges. For example, UAV 1 in an optimal route, never flies to
UAV 2’s starting node, and thus the edges connecting to UAV 2’s starting
node are not necessary when planning the route for UAV 1.

Generally, the decomposition of makespan problems is, to our knowledge,
not much studied. Thus, exploring more properties of them can be in-
teresting. In this thesis, updating the upper bound resulted in a smaller
solution space, which turned out to be a good property. To examine how
much this affects the answer would be interesting. For example, comparing
already having the optimal solution as an upper bound with starting with
a bad upper bound. One might even be able to develop an algorithm that
focuses on updating the upper bound to utilize this property more.

Comparing different solvers is interesting because they might not have
the same memory issues faced when generating the results. They might
also make use of other properties that might make these decomposition
methods faster to use, like how the discussion theorized about why the
annulus problem types are faster to solve. Comparing other solvers is also
interesting because it might reveal some limitations of these methods.

The special case when every UAV shares the same starting and end points
might be of interest. (The starting point and end point does not necessarily
have to be the same.) The reason for this, is that there will only be a
single subproblem to consider.
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Appendix A

Problem Instance Information

In this appendix, more exact information for creating the problem instances can
be found. Note tables problem data of the different problem types can be seen
in their respective sections below.

The area of the annulus problem type is made from two circles with radius 30
and 70 respectively, with the centre at (0,0). The start nodes are placed at
coordinates (100,0), (0,100), and (0, —100).

The area of the peanut problem type is made from fixating y and solving the
equation

x4+xzy2—|—y4—x3+xy—%:0
for x with SciPy fsolve. These variables are then scaled with a factor of 100.
The start nodes are placed at coordinates (100, 77), (—40, —35), and (—25, —50).

Both the annulus problem and the peanut problem get discretized similarly.
Namely, start with choosing a step size 2r corresponding to the number of nodes
one wishes to have. Then fixate y-values by having the step size 2r in between
them. For each such fixed y-value, y; considers the scan width that corresponds
to the step size 2r (as in Figure . For the peanut and the outer edge of the
annulus, choose the largest of the |z| values within this scan width z, resulting
in the node point (yx, ). In the inner edge of the annulus, choose the smallest
|z| value instead. Repeat this for every fixed y value.

The area of the square problem type is made from a square with corners in the
coordinates (50, 50), (50, —50), (=50, —50), and (—50,50). The starting nodes
are placed at (70,0), (0,70) and (—70,0).
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The area of the L problem is made from two rectangles. The first rectangle has
its corners in the coordinates (0,0), (0,100), (25,100) and (25,0). The second
rectangle has its corners in the coordinates (0,0), (0,25), (60,25) and (60, 0).
The starting nodes are placed at (70, 75), (75,66.3397) and (80, 75).

The square problem type and L problem type are made by choosing nodes along
their edges with a step size 2r.

The distance between each node is the Euclidean distance to every other node.
For simplicity’s sake, we can say that every UAV travels at one time unit per
distance unit, thus the edge cost is equal to the distance times one.

A.1 Annulus Problem Data

Problem Nr. required edges | Nr. UAVs | Nr. nodes
Annulusd_ 1 4 1 11
Annulusd_ 2 4 2 11
Annulus4_ 3 4 3 11
Annulus8_1 8 1 19
Annulus8_ 2 8 2 19
Annulus8_3 8 3 19
Annulus12_1 2 1 27
Annulusl12_2 12 2 27
Annulus12_3 12 3 27
Annulus16_1 16 1 35
Annulusl6_2 16 2 35
Annulusl6_3 16 3 35
Annulus20_ 1 20 1 43
Annulus20_2 20 2 43
Annulus20_3 20 3 43
Annulus24_ 1 24 1 51
Annulus24_ 2 24 2 51
Annulus24_3 24 3 51
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A.2 Peanut Problem Data

Problem Nr. required edges | Nr. UAVs | Nr. nodes
Peanut4_ 1 4 1 11
Peanutd_2 4 2 11
Peanut4_3 4 3 11
Peanut8_ 1 8 1 19
Peanut8_ 2 8 2 19
Peanut8_3 8 3 19
Peanut12_1 12 1 27
Peanut12_2 12 2 27
Peanut12_3 12 3 27
Peanut16_1 16 1 35
Peanut16_2 16 2 35
Peanut16_3 16 3 35
Peanut20_1 20 1 43
Peanut20_2 20 2 43
Peanut20_3 20 3 43
Peanut24_ 1 24 1 51
Peanut24_2 24 2 51
Peanut24_3 24 3 51

A.3 Square Problem Data

Problem Nr. required edges | Nr. UAVs | Nr. nodes
Square4_ 1 4 1 11
Squared_ 2 4 2 11
Squared 3 4 3 11
Square8_ 1 8 1 19
Square8_ 2 8 2 19
Square8_ 3 8 3 19
Squarel2_1 12 1 27
Squarel2_2 12 2 27
Squarel2_3 12 3 27
Squarel6_ 1 16 1 35
Squarel6_2 16 2 35
Squarel6_3 16 3 35
Square20_1 20 1 43
Square20_ 2 20 2 43
Square20_3 20 3 43
Square24 1 24 1 51
Square24 2 24 2 51
Square24_3 24 3 51
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A.4 L problem Data

Problem | Nr. required edges | Nr. UAVs | Nr. nodes
L4 1 4 1 11
L4 2 4 2 11
L4_3 4 3 11
L8 1 8 1 19
L8 2 8 2 19
L8 3 8 3 19
Li2_1 12 1 27
L12_2 12 2 27
L12_3 12 3 27
L16_1 16 1 35
L16_2 16 2 35
L16_3 16 3 35
L20 1 20 1 43
L20_2 20 2 43
L20_3 20 3 43
L24 1 24 1 51
L24_2 24 2 51
124 3 24 3 51
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