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AlBs2-type TaBs is one of the transition-metal diborides, a class of refractory ceramics, that has
increasingly received attention due particularly to their potential for hard-coating applications. In
this work, we perform the first-principles calculations, in combination with the cluster-expansion
method, to investigate the effect of mixing AlBs with TaB2 on the thermodynamic stability, struc-
tural parameters, electronic density of states, and mechanical behavior of the resulting (Ta,Al)Bs
solid solutions. We find that the solid solutions display the chemical ordering of Ta and Al atoms
both residing on the metal sublattice of the material, together with the preference for partial sub-
stitution of vacancies for Al atoms. This results in the formation of Al-deficient (Ta,Al)Bs with the
chemical composition Tag.Alg.3B2, predicted to be thermodynamically stable even at absolute zero
in the ternary Ta—Al—B system. We further find that such formation of Al vacancies in (Ta,Al)B2
not only enhances the stability of the solutions but also improves their elastic properties and hard-
ness, both of which could be attributed to the effect of electronic band filling. This investigation
indeed sheds light on the interplay between the mixing of Ta and Al atoms and the presence of Al
vacancies on the alloying and mechanical behaviors of (Ta,Al)Ba, and it thus offers valuable insights

for further research and development of these ceramics.

I. INTRODUCTION

In the realm of ceramic materials for hard-coating ap-
plications, transition-metal diborides (MBs) have gar-
nered significant attention in recent years, in particular
those crystallized in the hexagonal AlBs-type structure
with the P6/mmm space group [1-13]. The diborides
stand out due not only to their high thermal and chemi-
cal stabilities, good mechanical properties, but also to the
possibility of fine-tuning their properties through alloy-
ing. The adoption of alloying strategies to form double-
metal diborides (M, M{__B5), as demonstrated through
both theoretical and experimental investigations, has
proven instrumental in substantially enhancing the sta-
bilities and/or properties compared to their constituent
diboride compounds (M'By and M”Bs) [4-6, 8-13]. For
example, the introduction of Al atoms into TiBs has been
proven to enhance the oxidation and corrosion resistances
of the material. Moreover, the mechanical properties of
the resulting off-stoichiometric Ti;_,Al,Bois can be im-
proved or tailored by controlling its chemical composi-
tion, as reposted by Bakhit et al [8]. Another compelling
instance is observed in the case of Sc,Ta;_,Bs solid so-
lutions, where first-principles calculations conducted by
Mopoung et al [13] have recently revealed that a band-
filling mechanism, modulated by the composition of the
constituent compounds, plays a major role in determin-
ing and enhancing their stability and mechanical proper-
ties.

In addition, the substitution of vacancies for either M
atoms or B atoms of MBy has been identified as a sub-
stantial factor influencing the stability and elastic prop-
erties of some metal diborides, for example, TaBs and
NbBs, as elucidated by Dahlqvist et al [14]. The remark-
able improvement of the stability, as well as the elastic
properties of those diborides due to the participation of
vacancies, can be attributed to the influence of electronic
band filling. This seamlessly aligns with the theoreti-
cal findings of Ektarawong et al [15], who recently re-
vised the binary Ta—B convex hull. The study not only
confirmed the thermodynamic stability of TaBy_s where
0.167 < § < 0.25 due to the presence of vacancies on the
boron sublattice but also reported a significant enhance-
ment in mechanical properties, especially hardness (with
an approximate increase of 40%), of the material. It is
worth noting that the values for different elastic quanti-
ties of B-deficient TaBs_s, evaluated by Ektarawong et
al [15] are quantitatively in good agreement with existing
experimental data on the elastic properties of tantalum
diboride [2, 16]. Furthermore, as demonstrated by Jo-
hansson et al [17], AlB; is not thermodynamically stable
in stoichiometric form and exhibits a strong preference
for Al vacancies to stabilize the material in the form of
Al;_sBs, where 0.076 < § < 0.089, and the vacancies are
found to exert a notable influence on the electronic and
vibrational properties of the material.

Among several double-metal diborides, having been
suggested to be potential candidates for hard coating ap-



plications [5, 8, 10, 11, 13], Ta,Al;_,Bs resulting from
mixing TaBy with AlBs has barely been explored. Re-
cently, Sroba et al [18] demonstrated through their ex-
periments the insolubility of Al in TaBs, as observed
in their magnetron co-sputtered Tag 75Alg.25B2.14 and
Tag.g9Alg.31Bs.16 films. This, however, contradicts the
theoretical predictions, derived from the density func-
tional theory calculations, of Alling et al [5] that Ta and
Al atoms in Ta,Al;_ By display chemical ordering and
it thus leads to the formation of an ordered solid solution
of Tag.5Aly.5Bs, thermodynamically stable up to at least
1273 K. Moreover, according to the theoretical and exper-
imental studies of Sroba et al [18], introducing Al in TaB
seemingly results in decreases both of elastic moduli and
the hardness of the material. Such contradiction between
experimental observations and theoretical predictions in
terms of the mixing thermodynamics of Ta and Al in
(Ta,Al)Bs solid solutions raises several important but
unanswered questions related to the stability and per-
haps also the properties of (Ta,Al)Bsy, which are given as
follows: (i) How does the addition of Al atoms into TaBs
actually affect its thermodynamic stability as well as its
electronic and elastic properties? (ii) Is there a possibility
for vacancies to partially substitute for Ta, Al and/or B
atoms in (Ta,Al)Bs, as previously observed for TaBy [15]
and AlBs [17]7 (iii) If (Ta,Al)Bs2 shows a preference for
the formation of vacancies, as stated in (ii), what are the
stable chemical compositions and atomic configurations
of the solid solutions under thermodynamic equilibrium
conditions? (iv) How does the presence of vacancies in
(Ta,Al)B; affect its thermodynamic stability as well as
its electronic and elastic properties? (v) Lastly, could
the presence of vacancies in (Ta,Al)Bs be an explanation
for the discrepancies between experimental observations
and theoretical predictions in terms of the mixing behav-
ior of Ta and Al in (Ta,Al)By?

To provide answers to the above questions, we in this
work conducted the density functional theory (DFT) cal-
culations [19, 20], together with the cluster-expansion
(CE) formalism [21, 22] to investigate the thermody-
namic stability as well as the electronic and elastic prop-
erties of (Ta,Al)Bs solid solutions, and also to evaluate
the impact of vacancy formation on the stability and the
properties of the solid solutions. Our investigation un-
veils (Ta,Al)Bs solid solutions without the presence of va-
cancies are not thermodynamically stable. However, we
showed that partial substitution of vacancies for Al atoms
in (Ta,Al)By at some specific compositions can lead to
thermodynamic stabilization of the materials. Further-
more, we reconstructed the convex hull for the ternary
Ta—Al—B system, and demonstrated how the presence
of vacancies affects the electronic and elastic properties
of Al-deficient (Ta,Al)By. Our findings and also detailed
discussion on Al-deficient (Ta,Al)By are indeed essential
for a more comprehensive understanding of the alloying
behavior of (Ta,Al)Bsy. Such insights are of great impor-

tance for guiding future studies and the development of
these ceramic materials.

II. COMPUTATIONAL DETAILS
A. First-principles calculations

We applied the enumeration algorithm [23], as im-
plemented in the integrated cluster expansion toolkit
(ICET) package [24] to the hexagonal primitive unit cell
of AlBy-type TaBy (P6/mmm space group) in order to
create a set of structural models containing up to 36-atom
of ordered solid solutions of (Ta,Al)Bs and Al-deficient
(Ta,Al)B; in primitive supercells. The Vienna ab initio
simulation package (VASP) [25, 26] was implemented to
perform all total-energy calculations, based on the den-
sity functional theory (DFT) [19, 20]. This employed
the projector augmented wave (PAW) method [27, 28|,
together with the generalized gradient approximation
(GGA) [29] for description of the electronic exchange-
correlation effects. In this work, the plane-wave energy
cut-off was set to 500 eV and the Monkhorst-Pack k-
point grids [30] was used for the integration of the Bril-
louin zone. Also, we ensured the numerical convergence
of the calculated total energy within 1 meV/atom with
respect to the plane-wave energy cut-off and the number
of k-point grids. To minimize the total energy (E.¢) of
all (Ta,Al)By and Al-deficient (Ta,Al)Bs, their structural
models were allowed to fully relax during the DFT calcu-
lations. For the total electronic density of states (DOS)
calculations, the Monkhorst—Pack k-point sampling was
used together with the tetrahedron method [31].

B. Cluster-expansion formalism

To identify the ground-state configurations of either
(Ta,Al)Bs or Al-deficient (Ta,Al)By due to the presence
of vacancies, we utilized the cluster-expansion method
[21, 22] for the expansion of their mixing energies
AFE, ;. (). According to this approach, the AE,, ;. (o)
of any atomic configuration o of the alloy system under
consideration can be expanded as:

AEpia(0) =Y maJola(o). (1)

I, (o) represents the cluster correlation function of a
symmetry-equivalent cluster «. The m,, and J, parame-
ters are the multiplicity and the effective cluster interac-
tions (ECIs) of cluster a, respectively, corresponding to
the I'y (o). Here, a set of T'y (o) called correlation vec-
tors was used to represent unique ordered configurations
of (Ta,Al)By and Al-deficient (Ta,Al)Bs. Each T', (o)
is defined through the product of spin designations of
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FIG. 1: (a) Mixing energies of TazAli_;Ba (AEnm:z), where 0 < z < 1, calculated within up-to-36 atom primitive supercells.
The orange crosses represent CE-predicted A Ey,i. of 20,421 enumerated configurations of Ta,Al;_, B2, whereas the red hollow
circles represent DFT-calculated AFE,, i, of 742 configurations of Ta,Al;_,Bs, used in the final fitting process. The black-filled
circles with connected lines at « = 0,0.5,0.6, and 1, represent the convex hull of TayAli_;Ba. (b) Strength of 32 effective
cluster interactions (ECIs) between Ta and/or Al atoms residing on the metal sublattice of Ta;Al;_,B2, obtained from the
cluster expansion. The ECIs consist of 1 singlet (yellow circle), 19 pairs (red crosses), and 12 triplets (purple squares).

atoms and/or vacancies participating in the alloying pro-
cess. For the pseudo-binary solid solutions (Ta,Al)Bs,
the CE formalism for regular binary alloys, as de-
scribed in our previous works, was directly used [15, 32].
However, for Al-deficient (Ta,Al)By, we employed the
multi-components CE formalism [33-35], considering the
atomic configuration of Ta and Al atoms, as well as va-
cancies within the metal sublattice of (Ta,Al)Bs.

Through the implementation of the ICET package, we
determine two different conditions for the construction of
correlation vectors. The first conditions is for the correla-
tion vectors of (Ta,Al)Bq, comprising a singlet, 19 pairs,
and 12 triplets, while the other condition comprising of
2 singlets, 39 pairs, and 58 triplets is for the correlation
vectors of Al-deficient (Ta,Al)Bs. The process of fitting
the ECIs was conducted utilizing LASSO regression via
scikit-learn package [36] based on the reference data ob-
tained from the DFT calculations to predict AE,,;, (o)
for all enumerated configurations both of (Ta,Al)By and
Al-deficient (Ta,Al)Bs.

C. Elastic properties calculations

To obtain the elastic properties of these structures,
the elastic constants C;; of (Ta,Al)Bs and Al-deficient
(Ta,Al)Bs of a given configuration o were evaluated us-
ing the second derivative of the total energy Fi,.(€) with

respect to strain ¢;, defined as:

1 82 Etot (6)

Cil - ‘/eq 8€i8€j

(2)

e=0

For this particular case, Fy:(€) is expanded into a power
series of the strain vector € in Voigt’s notation, € =
(€xmrEyys€22:2€0y, 265,26y, ) = (€1,€2,€3,€4,€5,€66), Where €;
represents the strain along the i-th direction and V¢, is
the equilibrium volume of o of (Ta,Al)Bs or Al-deficient
(Ta,Al)Bs under consideration [37]. Regarding the prac-
tical implementation, Fy,(€) was obtained by applying
strains ¢; of £1% and +2% distortions without volume
conservation to the fully relaxed structure and then re-
laxing the atomic coordinates within the structure. The
lattice vectors were fixed during this relaxation step. The
energies at different degrees of distortion were evaluated
through DFT calculations and then fitted to a quadratic
function.

For interpreting the elastic constants of the hexago-
nal system, the C;; from Eq.2 were projected onto six
projected hexagonal elastic constants C;;, including C11,
6’12, 013, 033, 644, and 066 using a symmetry—based pro-
jection method [15, 38]. The C;; for all structures were
examined to satisfy the necessary conditions for mechan-
ical stability in the hexagonal system [39]. The projec-



tions and the conditions are defined as follows:

_ 3 1 1
Ci1 = g(Cu + Ca) + ZC12 + 50667
Cho = S(Chi + Coa) + 21z — 2
12 =2(Cn 22) + 7C12 = 5 Ces,
(3a)
_ 1 _
Ciz = 5(013 + Ca3), (33 =Css,
o D
Cyy = 5(044 +Cs5),  Cee = 5(011 — Ch).
Ci1 > |Chal,
conditions: ¢ C33(Cyy + C12) > 2C%,, (3b)

C’44 > 0, 066 >0

These C_'ij provide the interpretable description of the
elastic behavior using the Voigt-Reuss-Hill method [40]
to calculate the bulk modulus (B), shear modulus (G),
and Young’s modulus (F), that indicate the resistance of
our structures to bulk compression, shear stress, and nor-
mal stress, respectively. Other mechanical properties like
Vickers hardness (H) and the bulk-to-shear ratio (B/G)
were also estimated in this work. The hardness repre-
sents the resistance to localized plastic deformation of
materials. For this work, we estimated H from correla-
tions with G and B moduli, following the semi-empirical
model developed by Chen et al [41], which have been
shown to agree well with experimental values for AlBs-
type MBa, particularly AlBs-type TaBs [42]. According
to the model, hardness can be expressed as:

3 0585

H=2( - 3. (4)

o)
Furthermore, the B/G ratio can be used to indicate the
brittleness or ductility of materials. According to Pugh’s
criteria [43], any materials with the B/G ratio values
larger than the critical value of 1.75 are distinguished to
be ductile materials, whereas those with the B/G ratio
values lower than the critical value are all brittle.

III. RESULTS AND DISCUSSION

A. Pseudo-binary convex hull of (Ta,Al)B;

Previously, Johansson et al demonstrated the thermo-
dynamic stability of Al-deficient Al;_sBs within the nar-
row range of 0.076 < § < 0.089 due to the presence of Al
vacancies [17], and Ektarawong et al revealed the thermo-
dynamic stability of B-deficient TaBs_s within the range
of 0.167 < § < 0.25 due to the presence of vacancies on
the boron sublattice [15]. The preliminary step of this

work, however, begins with the examination of thermody-
namic stability within the pseudo-binary (Ta,Al)Bs sys-
tem without any vacancies. Fig. 1(a) displays AE,,;, (o)
of Ta, Al _,Bs, where 0 < x < 1, evaluated with respect
to TaBy and AlBs, and defined as:

AEmwc (O’) = Etot (O’) — xEtOt (TaBQ) (5)

—(1 - l‘)EtOt(AlBg),
where o in Eq.5 represents any unique configuration
of Ta,Al;_,Bs. In the present work, the DFT-derived
AFE, ;. (o) of 742 distinct configurations of Ta, Al;_,Bs
(the red hollow circles in Fig. 1(a)) were employed as ref-
erence data for the fitting process, which was conducted
through the use of the CE method outlined in IIB with
the resulting cross-validation score of 6 meV/fu. This
ensures the predictive capability of the fitting procedure.
Subsequently, the determined ECIs were utilized to pre-
dict the AFE,,;(0) of the remaining enumerated o of or-
dered Ta,Al;_,Bs as represented by the orange crosses
in Fig. 1(a).

The manifestation of negative values of AFE,,;.(o)
for numerous configurations o of Ta,Al;_,Bs indicates
a tendency of mixing between TaBs; and AlB5, where
Ta,Al,_,Bs display chemical ordering of Ta and Al
atoms, as the temperature approaches absolute zero.
These results align qualitatively with the theoretical pre-
dictions, previously reported by Alling et al [5] and Sroba
et al [18]. In addition, the atomic configuration o plays
a main factor influencing AFE,,;, (o) within this system,
as can be seen in Fig. 1(a). Our findings, illustrated in
Fig. 1(b), highlight the significant impact of ECIs be-
tween Ta and Al atoms in this system. Particularly, it
should be noted that the predominant interaction is the
pair interaction corresponding to the second coordina-
tion shell (shortest interlayer bond distance between Ta
and/or Al atoms) with a positive value of 0.09 eV /f.u.,
followed by the singlet interaction of —0.03 eV /f.u. gov-
erned by the relative content of Ta and Al , and the pair
interaction corresponding to the first coordination shell
(shortest intralayer bond distance between Ta and /or Al
atoms) of —0.02 eV /f.u., respectively. Apart from these
3 ECIs, the strengths of other ECIs, whose magnitudes
are lower than 0.02 eV /f.u., are less significant.

Among all the configurations of Ta,Al;_,Bs presented
in Fig. 1(a), AFn;. (o) of TaBa, AlBy, two ordered solid
solutions of Ta,Al;_,Bs with x = 0.5 and 0.6 lie on
the convex hull of the pseudo-binary TaB;—AlBs sys-
tem (four black-filled circles connected by the thick black
line), suggesting that they are candidates for ground-
state configurations of Ta,Al;_,Bs. The visualization of
these four candidates is displayed in Fig. S1. Our ground-
state conﬁgurations of Ta0,5A10_5B2 and T30.6A10_4B2
show the AFE,,;,(o) of approximately —0.05 eV /f.u. and
—0.04 eV/fu., respectively, which are lower than that
of the ordered solid solution of Tag 5Aly 5B2 reported in



TABLE I: Formation energies of vacancy (AFEyqc) for all inequivalent crystallographic sites of Ta, Al, and B in the dilute limit
of Tag.5Alp.5B2 and Tag.¢Alp.4B2. Type of vacancy (VA(i)) denotes an inequivalent crystallographic site ¢ of atom A where A
= Al, Ta, or B, replaced by a vacancy (see also their visualizations in Fig. S2). The AE,q. is evaluated by Eq. 6 where a single
atom of A is removed from the ideally defect-free solid solutions, which are modeled within sufficiently large supercells.

Composition

Supercell size (Number of atoms)

Type of vacancy  AEyq. (€V/vacancy)

Tag.5Alo.5B2 3x3x2 (648 atoms)

Tag.6Alo.4B2 3x3x2 (540 atoms)

Vai) —0.769
Vaie) —0.934
Vais) —0.855
Va1 1.591
Va2 1.381
Viras) 1.629
Ve) 1.093
Vi) —0.941
Vaie) —0.970
Vra) 0.953
Vra(2) 1.449
Vags) 1.331
Vi) 0.872
Vi(2) 0.734

Ref. [18] by around 0.01 eV /f.u. It is worth further not-
ing that AE,,;, (o) of our ground-state Tag 5Aly 5B and
Tag.gAlp.4Bs are still significantly lower than the mean-
field estimated mixing Gibbs free energy (AG,..) at
1473 K of random solid solutions of Ta,Al;_,Bs, where
0 < z < 1, as reported also in Ref. [18]. This suggests
chemical ordering of Ta and Al atoms in Ta,Al;_,Bs
solid solutions is retained up to at least ~1500 K. In ad-
dition, it should be noted here that the convex hull of
this pseudo-binary (Ta,Al)Bs system, constructed from
the DFT calculations, concurs with that predicted by
the CE approach.

B. Formation of vacancies in (Ta,Al)B,

To investigate whether Ta, Al or B atoms in (Ta,Al)B,
solid solutions can partially be substituted by vacancies,
as previously observed in their constituent compounds,
we firstly examined the formation of vacancies at each
site of an atom within the dilute limit of our ground-state
configurations of (Ta,Al)By. The formation of vacancies
in the dilute limit is characterized by the defect formation
energy (AE,q.), delineated as:

Algvac = Evac - (Evac—free - ZMANA) (6)
A

Here, Eyqc (Eyac—free) stands for the total energy of the
defective (defect-free) (Ta,Al)Bs, modeled within a su-
percell, containing at least 540 atoms. The summation
in Eq.6 encompasses all relevant atomic species (A = Al,
Ta, and B), where p 4 represents the chemical potential of
A atom, and N4 denotes the number of removed A atoms
from the supercell. In this case, the defective struc-

tures of ordered Tag s5Alg5Bo and ordered Tag gAlg 4Bo
are constructed by selectively removing only a single Al,
Ta, or B atom from the supercell for all of its possible
inequivalent crystallographic sites, and the chemical po-
tentials w4y, e, and pup are estimated from the total en-
ergies per atom of face-centered cubic Al, body-centered
cubic Ta, and a—rhombohedral B, respectively.

The calculated values of AFE,,. for ordered solid so-
lutions of Ta0.5A10_5B2 and Ta0.6A10,4B2 are listed in
Table I. Our findings reveal that only AE,,. for Al va-
cancies in the dilute limit of both TagsAlysBs and
Tag.¢Aly.4Bs exhibit negative values, with a magnitude of
~1 eV /vacancy across all sites. Conversely, the values of
AE,,. for Ta and B vacancies are all positive. The neg-
ative values of AFE,,. observed for Al vacancies in these
structures suggest an improvement in the solutions’ sta-
bility. That is, the solid solutions with reduced Al con-
tent could be more favorable from the thermodynamic
point of view, and it indicates the substantial contribu-
tion of Al vacancies, which from now on will be denoted
as Va with vacancy concentration of u, to the thermody-
namic stability of Tag 5Aly 5sB2 and Tag gAlg.4Bo.

To search for candidates for ground-state configura-
tions of Al-deficient (Ta,Al)By due to the presence of
Al vacancies, based on the two ground-states structures
of Tag5Alp5Bs and TaggAlp4Ba, we generated struc-
tural models containing up to 36-atom of Al-deficient
(Ta,Al)By in primitive supercells, where Ta, Al, and Va
are uniquely distributed in the ordered manner on the
metal sublattice of the solid solutions. For fixed Ta con-
tents with x = 0.5 and 0.6 of Ta,Al;_,Bs, we reduced
Al content from the two ground-state structures to model
Ta0_5A10,5,#Va#B2 and TaOVGA10_4,#Va#B2 with 0 < n<
0.167. By performing the DFT calculations in combi-



nation with the CE method, Figs.2(a) and 2(b) illus-
trate, respectively, mixing energies of Tag 5Alg.5—, Va,Bo
(AE:?”I( )) and Tao 6A104 MVaMBQ (AEm”,( )) where
0 < p < 0.167. The AE], ;. (o) is defined as the mixing
energies of Tag 5Alg5—, Va,Ba assessed in relation to the
lowest-energy configurations of Tag 5Alg 5Bo (a’fffo) and
Tag 5Alg 333 Vag.167B2 (0550_167), identified in this work
and expressed as:
AE,.(0) =

Eiot(0) — 0167Et0t( MS() 167)

-1~ 0167)Et0t( )

where o denotes any configuration of Tag 5Alg.5—, Va,Bs
with 4 =0,0.083,0.1,0.125,0.167.

On the other hand, AE! . (o) is defined as the dif-
ference in energy of TaggAlg4—, Va,Bs relative to the

lowest-energy configuration of TaggAlp4—,Va,By with
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FIG. 2: (a) Mixing energies of Tag.5Alg.5—,Va,Ba (AE,,;.),
calculated within up-to-36 atom primitive supercells, and
(b) mixing energies of Tag.6Alp.4—,Va,Ba (AE],;,), modeled
within 30-atom primitive supercells, where 0 < p < 0.167.
The orange crosses represent CE-predicted mixing energies
of enumerated configurations, whereas the red hollow circles
represent DFT-calculated mixing energies. The black-filled
circles with connected lines in (a) at u = 0,0.083 and 0.167,
represent the convex hull of Tag.5Alg.5—, Va, B2 and the black-
filled circle in (b) at p = 0.1 is the lowest AE;,;, among
the considered configurations of Tag.¢Alp.3Vag.1B2. The black
dashed lines indicate the values of AE,, ;. or AE/ . that are
equal to 0 eV /fu. of AFE,,;,, mixing energies of vacancy-free
TagyAli—; B2, in Fig 1(a).

p=0.1 (055 ) found in the present work, and it can
be expressed as:

AE! . (o)

mix

= Bo1(0) = Brot(05%.1)- (8)

Also, o signifies any configuration of Tag gAlg.3Vag.1Bs.
Following the previously outlined CE procedure, the final
sets of ECIs were determined by fitting the AE! . (o)
(AE! . (o)) of unique 1,253 (391) training configura-
tions with the cross-validation score of 0.078 (0.015)
eV/fu. for TagsAlgs—,Va,Bs where 0 < p < 0.167
(Tag.eAlp.3Vag 1B2) to identify its ground-state candi-
dates, as all represented in Fig.2 by the red hollow
circles. The mixing energies for the remaining config-
urations of Al-deficient (Ta,Al)Bs, predicted from the
CE models, are also depicted in Fig.2 (the orange
crosses). Fig.2 also shows the convex hull construc-
tion of these two cases — the singular ground-state con-
figuration of TaggAlp3Vag1B2 and the Tag 5(Al Va)Bs
convex hull — by the thick black lines connecting
the black-filled circles. This overall presents three
Al-deficient (Ta,Al)By configurations as novel ground-
state candidates for the Ta—Al—B system with compo-
sitions of TaO.GAlo.gvao,lBg, Ta0,5A10,417Va0,083B2, and
Ta0_5A10_333Va0,167B2, as depicted in Fig. S3.

C. Construction of ternary ground-state diagram
for Ta—Al-B system

To sketch the ternary ground-state diagram of the
Ta—Al—-B system and to visualize the thermodynamic
stability both of (Ta,Al)Bs and of Al-deficient (Ta,Al)Ba,
we evaluated the stability of our identified ground-state
candidates with respect to all relevant competing phases
in the Ta—Al—B system. Those are TazBo, TaB, TasBg,
TagBy4, TagsAl, TassAlsg, TaAls, face-centered cubic Al,
body-centered cubic Ta, and a—rhombohedral B. Herein,
we considered also ground-state configurations of Al-
deficient Al;_sBs and B-deficient TaBs_s, which were
predicted in Refs. [15, 17] to be thermodynamically sta-
ble even at absolute zero. These configurations were
included as competing phases for (Ta,Al)B, and Al-
deficient (Ta,Al)By. It is important to note that TaBs
was considered in many different prototypes of MBsy
structures, all of which lie above the Ta—B convex hull
because of including AlBs-type TaBs_g in our consider-
ation. On the other hand, the presence of both Ta and
B vacancies as well as other types of structural point
defects does not qualitatively improve phase stability in
other prototypes, as revealed in Ref. [15]. Formation en-
ergies (Ey) of all structures were computed in terms of
total energies per atom evaluated concerning three pure
phases, face-centered cubic Al, body-centered cubic Ta,
and a—rhombohedral B. Subsequently, the Ta—Al-B
convex hull was constructed in three dimensions and
mapped onto the two-dimensional ternary ground-state
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FIG. 3: Ternary diagram visualizing the thermodynamic stability of (Ta,Al)Ba, Al-deficient (Ta,Al)Bs, and all relevant com-
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above the convex hull. The pseudo-binary alloys of (Ta,Al)Bs, Tag.5(Al,Va)Bs, and Tag.¢(Al,Va)By are represented by the

black dotted line, the blue line, and the green line, respectively.

diagram, as illustrated in Fig. 3. Additionally, the Ey
and energies above the convex hull of all considered pro-
totypes of TaBy structures are listed in Table S1.

The diagram reveals that AlBy and TaBs persistently
lie above our sketched Ta—Al—B convex hull, consistent
with previous results in both the Al-B convex hull [17]
and the Ta—B convex hull [15]. Furthermore, the solid
solutions of Ta,Al;_,Bs lying along the straight line
drawn between TaBs and AlBs (the black dotted line
in Fig. 3) were verified to be positioned above our con-
structed convex hull. According to our predictions, the
E; of ground-state TagsAlgsB2 and TageAlg.4Bs are,
respectively, 14 meV /atom and 22 meV /atom above the
convex hull. These findings clearly underscore the in-
stability of Ta,Al;_,Bs solid solutions, and they are ex-
pected to undergo phase separation even at absolute zero
into mixtures of more thermodynamically stable phases.

For the ground-state candidates of Al-deficient
(Ta,Al)B,, we present a visual representation of these
candidates on the blue and green lines, separating from
the black dotted line of (Ta,Al)Bg shown in Fig. 3. As can
be seen from Fig. 3, Tag 5Alg.5—,, Va,Bs where = 0.083
and 0.167 lie above the hull, indicating also their in-
stability. However, their E; are merely slightly above
the hull by less than 10 meV/atom. Interestingly, the
Tag.¢Aly.3Vag.1Bo is positioned on the Ta—Al—B con-

vex hull, emerging as the sole thermodynamically sta-
ble configuration of the Al-deficient (Ta,Al)Bs solid so-
lutions considered in this work. This outcome indicates
the potential stability of Al-deficient (Ta,Al)By where the
B/(Ta+Al) ratio is slightly over-stoichiometric, and the
Ta content is roughly twice that of Al. Based on our pro-
posed ternary diagram, one would expect that the solid
solutions of Ta,Al;_,Bs with 0.6 < z < 1 may in ther-
modynamic equilibrium undergo phase separation into
face-centered cubic Al, Al-deficient TaggAlg3Vag.1Ba,
and B-deficient TaBs_s5. This is seemingly in line
with the experimental findings that Tag 75Alg.25B2.14 and
Tag.69Alg.31B2.16 films were characterized to mainly be
TaB..2 surrounded by the amorphous Al-rich regions [18].
However, it is essential to note that this suggestion was
drawn only from the theoretical aspect, whereas the oc-
currence of an off-stoichiometric ratio and phase sepa-
ration in as-synthesized materials can be influenced by
various experimental factors.

D. Structural and electronic properties of
Al-deficient (Ta,Al)B;

We found that, in addition to the thermodynamic sta-
bility, the presence of vacancies essentially influences the
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structural and electronic properties of (Ta,Al)By. Fig. 4
displays the DFT-calculated lattice parameters (a and c)
and the unit-cell volume of the three ground-state struc-
tures of Al-deficient (Ta,Al)Bs in a comparison to their
corresponding vacancy-free structures, AlBy, and TaBs.
Notably, the lattice parameters of the two mono-metal
diborides are closely in line with the values reported in
the previous studies [3, 7, 14-18, 44, 45]. The changes in
the lattice parameters for Ta,Al;_,Bs with © = 0.5 (0.6)
show that the parameter a falls roughly 3.2% (2.9%) from
the parameter of TaBs (nearly the same as that of AlBs),
whereas its parameter ¢ increases by around 3.4% (2.9%)
with respect to that of TaBs. Additionally, the unit-cell
volumes of the Ta,Al;_,B> solid solutions demonstrate

a linear trend drawn between the volumes of TaBs and
AlB,, following Vegard’s law. These changes are in good
agreement with the theoretical results of the (Ta,Al)Bs
random solid solutions reported in [18]. The introduc-
tion of Al vacancies in (Ta,Al)Bs obviously alters the lat-
tice parameters and the unit-cell volume of the solutions
as compared to their corresponding vacancy-free struc-
tures. For Tag 5Alg.417Vag.0s3B2, Tag.5Alo.333Vag.167Ba,
and Tag gAlp.3Vag 1B, the parameter a (¢) are increased
(decreased), respectively, by 0.7% (3.9%), 1.1% (4.3%),
and 1.4% (2.1%), relative to that of their vacancy-free
structures. This thus results in a linear reduction in the
unit-cell volume of 1.3%, 2.4%, and 1.4%, respectively,
compared to that of their vacancy-free structures.

The impact of Al vacancies on the electronic proper-
ties can be examined by analyzing changes in electronic
density of states (DOS) of the solid solutions, as depicted
in Fig. 5. The black lines in Figs. 5(a) - 5(d) represent
the DOS of Ta,Al;_,Bo, where x takes on the values
of 0, 0.5, 0.6, and 1, respectively, revealing metallic be-
havior of the materials with non-zero electronic states at
the Fermi level. According to the bonding analysis of
transition-metal diborides, crystallizing in the AlBo-type
structure [5, 13, 14], a valley, observed below the Fermi
level, also known as a pseudogap, typically separates the
bonding states from the antibonding states due mainly
to the interactions between atoms residing on the metal
sublattice, and the stability of these diborides can to a
large extend be influenced by occupation of electrons in
these states [5]. In the case of Ta,Al;_,Bs, the pseudo-
gap of TagsAly5Bs and TaggAlg4Bo shifts toward the
Fermi level relative to those of TaBs, because of the dif-
ference in the number of valence electrons between alu-
minum’s three valence electrons, compared to tantalum’s
five valence electrons, as straightforwardly elucidated by
Sroba et al [18]. This results in a decrease in the num-
ber of valence electrons occupying the antibonding states,
as Al substitutes Ta atoms. Consequently, Ta,Al;_,Bo
demonstrates increased stability at the optimal compo-
sitions around z of 0.5 and 0.6, consistent with the ob-
served AFE,,;, depicted in Fig. 1(a). As for Al-deficient
(T&,AI)BQ, DOS of Ta0_5A10,5,#VauB2 with n = 0.083
and 0.167, and TaggAlp.4—,Va,Bs with ¢ = 0.1 are
shown in Figs. 5(b) and 5(c). Our results reveal a minor
shift of the Fermi level towards the pseudogap because
of the presence of Al vacancies, indicating not only the
reduction of the number of electrons occupying the an-
tibonding states but also the associated improvement in
the stability of the solid solutions. However, an excessive
number of vacancies in the system may eventually lead
to the partial removal of electrons occupying the bond-
ing states and/or an increase in the number of broken
bonds around the vacancies, thus destabilizing the mate-
rials [14, 15, 17].
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E. Elastic properties of Al-deficient (Ta,Al)B,

Apart from its influences on the stability as well as the
structural and electronic properties, the introduction of
Al vacancies on the metal sublattice is expected to play
an important role in altering the elastic properties as well
as the hardness of (Ta,Al)Bs solid solutions. Given the
relevance of these properties for potential hard-coating
applications, we have provided in Table II our calculated
key elastic characteristics for TaBg, AlBs, (Ta,Al)Bag,
and Al-deficient (Ta,Al)B; in comparison to the theo-
retical and experimental data reported in other works
[2, 3, 7, 15, 18, 44-47]. Moreover, the trends of changes
in bulk modulus, shear modulus, Young’s modulus, and
hardness, as the vacancy concentration g increases from
0 to 0.167, are illustrated in Fig. 6. Our calculated C_’ij,
elastic moduli and hardness for TaBs exhibit good agree-
ment with the theoretical data of TaBsy, previously re-
ported in the literature [3, 7, 18, 45]. The calculated
elastic moduli and hardness of TaBy also align quite well
with those measured from the experimentally synthesized

bulk TaB..5 [2, 16, 46, 47]; however, as shown in Ref. [15],
the calculated elastic moduli of TaB5 can further be more
consistent with the existing experimental data if the B
vacancies are taken into account in the structural model
of the diboride. On the other hand, the calculated elas-
tic properties of AlBy (and also Al-deficient AlBs3) have
not been extensively examined with relatively few reports
available in the theoretical literature [18, 44, 45].

For the ordered solid solution of TagsAlg5B2
(Tag.gAlp.4B2), we found a decrease in the bulk, shear,
and Young’s moduli of approximately 22.5% (17.8%),
14.8% (9.4%), and 16.3% (11.0%), respectively, as com-
pared to those of stoichiometric TaBs. The decreases
in their elastic moduli primarily stem from reductions in
most Cij. Nevertheless, we noticed a slight increase in the
hardness values of around 2.0% (6.5%), relative the that
of TaBs. Also, our theoretically derived value of hard-
ness of the ordered Tag 5Aly.5B2 was found to be higher
than that of the disordered Tag5Alg5B2, predicted by
Sroba et al [18], by 11.8%. Additionally, the B/G ratio
of the solid solutions was observed to decrease slightly
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TABLE II: Projected hexagonal elastic constants (C;;), bulk modulus (B), shear modulus (G), Young’s modulus (E), hardness
(H), and B/G ratio of AlB2, Tag.5Alo.5B2, Tao.5Alo.417Vao.0s3B2, Tao.5Alo.333Vao.167B2, Tao.cAlo.aB2, Tao.6Alo.3Vao.1B2, and
TaBz. A comparison is conducted with existing experimental and theoretical data on the elastic properties of AlBy and TaB2

found in the literature.

Elastic constants C;; (GPa)

Elastic moduli (GPa), Hardness (GPa) and B/G ratio

Composition 011 012 013 633 644 666 B G E H B/G Ref.
AlB> 558.2 101.7 2.1 389.5 48.4 228.2 185.3 125.0 306.1 18.3 1.5 This work
665.0 41.0 17.0 417.0 58.0 - 205.2 105.4 269.9 - 2.0 Calc.[44]
522.0 75.0 79.0 255.0 32.0 - 190.5 95.0 244.4 - 2.0 Calc.[45]
- - - - - - 175.7 107.0 266.8 14.2 1.6 Calc.[18]
Tag.5Al0.5B2 553.7 157.3 105.5 387.1 156.2 198.2  243.0 175.5 424.3 25.1 1.4 This work
Tag.5Alo.417Vag.0s3B2 570.3 130.4 109.6 402.2 163.7 220.0 245.4 186.7 446.9 28.0 1.3 This work
Tag.5Alo.333Vag.167B2 588.0 107.8 103.5 417.7 152.6 240.1  244.0 190.0 452.5 29.1 1.3 This work
Tag.¢Alg.4B2 567.6 149.4 130.2 399.9 178.3 209.1 257.7 186.7 451.2 26.2 1.4 This work
Tag.6Alo.3Vag.1B2 580.2 127.6 131.2 415.0 199.5 226.3  258.8 202.4 481.6 30.5 1.3 This work
TaBo 611.1 140.2 216.2 460.8 224.8 235.4 313.5 206.1 507.2 24.6 1.5 This work
598.0 145.0 214.0 442.0 208.0 227.0 308.0 219.0 531.0 27.2 1.4 Calc.[3]
596.5 138.5 193.1 427.2 188.7 229.0 294.8 190.5 470.2 22.9 1.5 Calc.[?]
597.0 140.0 196.0 433.0 191.0 - 295.8 191.5 472.5 - 1.5 Calc.[45]
- - - - - - 288.8 195.0 477.5 24.6 1.5 Ca,lc.[lS]
TaB~2 - - - - - - - 228.043.0 551.04+3.0 25.6+0.7 - EXpt.[Q]
- - - - - - - - - 22.3—29.2 - EXpt.[16]
- - - - - - - - - 24.7 - EXpt.[46]
- - - - - - - - - 24.5 - Expt.[47]
TaB1.833 615.5 126.3 188.0 534.2 259.3 244.6 307.7 234.4 560.7 32.4 1.3 Ca,lc.[lS]
TaBi1.s 609.3 127.2 182.8 546.7 264.0 241.0 305.6 236.5 564.0 33.3 1.3 Calc.[15]
TaBi1.75 599.6 126.5 180.0 554.8 268.5 236.5 303.0 237.0 564.1 33.8 1.3 Calc.[15]

with respect to that of TaBs, indicating the increase in
brittleness of the solid solutions relative to TaBy. Over-
all, alloying TaB, with AIB5 led to a reduction in most
of the elastic constants C_'Z-j and moduli with a slight in-
crease in the hardness and the degree of brittleness with
respect to those of TaBs.

By investigating the influences of Al vacancies on
the elastic properties of (Ta,Al)Bs, an enhancement
in the elastic properties of Al-deficient (Ta,Al)By rela-
tive to those of (Ta,Al)By was evidently observed, ex-
cept the bulk modulus remaining relatively constant at
~244 GPa and ~258 GPa for TagsAlgs—,Va,Bs and
Tag.¢Alp.4—, Va,Bs where 0 < v < 0.167, respectively, as
can be seen from Fig. 6(a). As depicted in Fig. 6(b) and
6(c), the shear and Young’s moduli of Tag 5Alp 5, Va,Bo
where p = 0.083 (0.167) showed a slight increase by 6.4%
(8.3%) and 5.3% (6.6%), respectively, as compared to
those of the ordered Tag 5AlysBs without the presence
of Al vacancies (p = 0).

Similarly, for Tag.gAlg.3Vag.1 B2, the shear and Young’s
moduli increased by 8.4% and 6.7% respectively as com-
pared to those of ordered and vacancy-free Tag gAly.4Bo,
see also Fig. 6(b) and 6(c). These improvements in the
shear and Young’s moduli of Al-deficient (Ta,Al)By with
respect to those of vacancy-free (Ta,Al)By can directly

be attributed to the reduction in the number of electrons
occupying the antibonding states induced by the partial
substitution of vacancies for Al atoms residing on the
metal sublattice, as already discussed in Ref. [14] and
in Section IITD of the present work. Consequently, such
increases in the values of the shear modulus as well as
the roughly constant bulk modulus result in an enhance-
ment of the hardness of TagsAlgs5—,Va,Bs where p =
0.083 (0167) by 116% (159%) and Tao~6A10,3Va0,1B2 by
16.4% as compared to those of the vacancy-free solid so-
lutions (see Fig. 6(d)). Conversely, the reductions in the
value of B/G ratio were found for Al-deficient (Ta,Al)Bs
compared to the vacancy-free solid solutions, indicating
an increase in brittleness due to the presence of Al vacan-
cies. It would, however, be good to note that, although
these hardness values of Al-deficient (Ta,Al)Bs, accord-
ing to our predictions, potentially surpass that of TaBs,
for example, Tag gAly.3Vag.1Bs with the hardness of 30.5
GPa, it is 9.8% lower than the hardness of B-deficient
TaBs_s (with § = 0.25).
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FIG. 6: (a) Bulk modulus, (b) shear modulus, (c) Young’s modulus, and (d) hardness in GPa of AlB, (black squares),
Tag.5Alg.5—, Va,Bs with g = 0,0.083,0.167 (red diamonds), Tag.¢Alp.a—,Va,Bz with g = 0.1 (purple stars), and TaB; (black

circles), respectively.

IV. CONCLUSION

In summary, our work provides comprehensive in-
sights into the thermodynamic stability, as well as the
structural, electronic, and elastic properties of (Ta,Al)Bs
and Al-deficient (Ta,Al)Bs alloys. The investigation
was done by employing first-principles calculations with
the aim of addressing the key questions raised in the
introduction. Firstly, we demonstrated how the intro-
duction of Al atoms into TaBs induces changes in lattice
parameters and the electronic density of state, primarily
driven by a decrease in the occupancy of electrons in the
antibonding states. While most elastic properties of the
resulting solid solutions exhibit a slight deterioration
with respect to those of TaBs, there is a marginal
enhancement in their hardness. Furthermore, despite
exhibiting negative mixing energies across various
compositions compared to TaBs and AlBs, (Ta,Al)Bs
solid solutions, all without the presence of any structural
defects are found to be thermodynamically unstable
relative to all relevant competing phases at absolute zero
in Ta—Al—B system.

Our calculations also indicate a preference for par-
tial substitution of vacancies for Al atoms in the
(Ta,Al)By. Through the thermodynamic consideration of
different compositions and configurations of Al-deficient
(Ta,Al)Bs, we identified Tag gAlp.3B2 as one of the stable
phases in the Ta—Al—B system. The presence of vacan-
cies significantly contributes to the increase in stability
via the reason of electronic band filling. Our predicted
stable composition of Al-deficient (Ta,Al)Bs as well as
the newly proposed ternary ground-state diagram of the
Ta—Al—B system demonstrate reasonable agreement be-
tween theoretical predictions and experimental observa-
tions, indicating a tendency for (Ta,Al)Bs solid solutions
to undergo phase separation into their relevant compet-
ing phases, such as face-centered cubic Al, Al-deficient
Tag.¢Alp.3B2, and B-deficient TaBy_ 5. Although the
elastic properties as well as the hardness of (Ta,Al)Bs
solid solutions can, for a given Ta content, be enhanced
due to the partial substitution of vacancies for Al atoms
in the solutions, they are unfortunately inferior to those
of B-deficient TaBo_;.
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Figure S1. Visualization of four candidates for ground-state configurations of Tax  Ali«B>, where
0 < x < 1, consisting of (a) TaBa, (b) Tao.sAlosB2, (¢) TaosAlosB2, and (d) AlB2, which are
obtained from the convex hull in Fig. 1. Large gray, large dark gray, and small yellow spheres
represent Ta, Al, and B atoms, respectively.
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(a) TaosAlosB2 (b) Tao.cAlo.4B2

Figure S2. Visualization of (a) 3x3x2 supercell (648 atoms) of Tao.sAlo.sB2>and (b) 3x3%2 supercell
(540 atoms) of Tao.cAlo4B>. In the visualizations, large gray, large dark gray, and small yellow
spheres represent lattice sites of Ta, Al, and B atoms, respectively. Large red, pink, and orange
(sky blue, blue, and dark blue) spheres denote inequivalent crystallographic sites of Al(Ta) atoms,
namely, Al(1), Al(2), and Al(3) (Ta(1), Ta(2), and Ta(3)) sites, respectively. Small green and lime
spheres denote inequivalent crystallographic sites of B atoms, namely, B(1) and B(2) sites. These
sites are considered for estimating formation energies of a single Al, Ta, or B vacancy in the dilute
limit as listed in Table 1.



(a) Tao.sAlo.417Vao.083B2 (b) Tao.sAlo333Vao.167B2 (c) TaosAlo3Vao.1B2

Figure S3. Visualization of candidates for ground-state configurations of Al-deficient (Ta,Al)B..
(@) Tao.sAlo.417Vao.0s3B2and (b) Tao.sAlo333Vao.167B2 are obtained from the convex hull in Fig. 2(a),
whereas (c) TaosAlos3Vao.1B2is obtained from the ground-state configuration in Fig. 2(b). Large
gray, large dark gray, and small yellow (large red) spheres represent Ta, Al, and B atoms (Al
vacancies), respectively.

TABLE S1. Formation energies (Ey) and energies above the Ta-Al-B convex hull in Figure 3 (Eu»)
of different prototypes of stoichiometric TaB,.

Phase Pearson symbol  Space group Er (eV/atom) E.» (meV/atom)
AlB:-type hP3 P6/mmm -0.654 22
WB2-type hP12 P65 /mmc -0.669 7
MoB:-type hR18 R3m -0.663 13
ReBa-type hP6 P65 /mmc -0.267 408
RuB»-type oP6 Pmmn -0.305 370
FeBo-type oP12 Pnma -0.204 471

MnB;-type ol18 Immm -0.435 240
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