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Abstract—The particle filter (PF) approximates the posterior
distribution of the states in filtering problems, and it is well-
known that it converges to the true posterior when the number
of particles tends to infinity. It would be natural to assume that
measures such as mean square error (MSE) decreases mono-
tonically as the number of particles increases. This is, however,
not always true. We present a simple two-dimensional linear
Gaussian system where the MSE grows initially before it starts
to decrease to eventually reach the optimal filter performance,
which in this case is provided by the Kalman filter (KF). Other
indicators such as the efficient number of particles and trace of
the particle covariance show a similar strange behavior.

Inspired by this, we derive a condition for what we term
projected instability, which means that the particle in the
standard SIR PF that gives the best prediction actually increases
the state estimation error. For linear systems, this gives an explicit
condition in terms of the state space matrices when this situation
occurs. Monte Carlo simulations of a large number of random
linear systems indicate that everything works as expected as long
as the system does not have a projected instability, otherwise the
particle filter can perform badly or even diverge.

Index Terms—Particle Filter

I. INTRODUCTION

Since the particle filter (PF) was invented in 1993 [1], there
have been plenty of surveys and tutorials [2]-[4] published.
They all state that the PF converges to the true Bayesian
posterior distribution as the number N of particles tends to
infinity in theory. This statement is based on the seminal
papers [S]-[7] on convergence analysis. There is much less
known of the theoretical performance of the PF for small
numbers N and the transient behaviour of how well the
posterior is approximated. It might be natural to assume that
the performance will monotonically increase with N. After
all, a PF with a smaller NV is a special case of a larger one,
so performance should not be worse. The only thing that can
affect this is the mixing step, but it is still rather unintuitive
that a larger N can be worse than a smaller one.

To motivate the problem, we start by providing two exam-
ples of linear Gaussian systems (where the Kalman filter (KF)
provides the ground truth posterior distribution), where the
standard SIR PF performs as expected in one of them but in
the other example the mean square error as a function of the
number of particles, MSE(V), initially increases before start-
ing to decrease to eventually reach the optimal performance
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as provided by the KF. There is really nothing strange about
the illustrative examples, the Kalman filter has no problem
at all, and the signal to noise ratio looks fine for a standard
(bootstrap) SIR PF to be applied. One property of the examples
is that the state noise is rank deficient, a problem we have
studied in earlier contributions [8], [9] from other perspectives.

The difference of the two examples is that the problematic
one satisfies a condition we call projected instability. This
novel condition is based on an analysis of how a particle
that after the time update gives a perfect prediction of the
measurement actually can increase the state estimation error.
That is, particles with high weights can destabilise the PF.

We thus have a tool to detect systems where problems may
occur. The stability condition can be seen as an indicator
and warning bell of potential issues in the PF. Though we
constrain this contribution to examples that are linear, the
stability condition is straightforward to generalise to nonlinear
systems.

We further run a simulation study, which shows that the
studied issue only occurs when the stability condition indicates
an unstable system, though we also show that the stability
condition is only a necessary condition and not a sufficient
one.

Section II gives some brief background theory of the PF.
Section IIT presents two examples that will be compared and
provides Monte Carlo simulation results of MSE, as well as
the efficient number of particles and trace of the estimated
covariance. Section IV introduces the projected instability.
Section V provides a broader simulation study of random-
ized systems, some of which contain a projected instability.
Section VI analyses the problem from the theoretical point of
view, and gives some insights into the mechanics which occur.
Section VII gives a brief view of how the behavior changes if
an optimal proposal is used for the PF. Section VIII concludes
the paper.

II. BACKGROUND

The PF is a useful filter for estimating the state in many
nonlinear systems of the type

(1a)
(1b)

Tpt1 = flzk) + wi
yr = h(zk) + Vi,



where xz € R", y € R™, f and h are functions
R™ — R™ and R™* — R™v, respectively, and wj, and v are
noises of dimensions 7, and n,, respectively, and with known
probability distributions.

The algorithm for the SIR PF with N particles can be seen
in Algorithm 1, where ¢ is the proposal. For this work, we
will primarily be focusing on the version where the proposal
is the prior
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Algorithm 1 The standard (bootstrap) SIR PF implementation

0: Initialize particles 7 =1: N as
2 ~ i (20)
wy o< plyolzf”).

1: Resample according to weights w,@l

Pr(zy), = 2i)y) = w, (3a)
oM =1/N (3b)
2: Time Update
2 ~ ez ) 4)
3: Measurement update:
(4)) (8) (@)
i 6y Pl |22 )p(yk|zy”)
wy) o @) e 5)

a1z )

4: Repeat from 1

The principle is to use samples, referred to as particles, to
approximate the probability distribution as

Z w8 — ), ©)
(4) (%)

where ;7 and w),” are the state and assigned weight of the :th
particle, and yo.; are all measurements up until time k. Using
this, it is possible to approximate the expected value of any
function of x. The estimated value of xj, given measurements
up to time k is thus defined as

Brpe = Zwk) @ 7)

Since the method is based around approximating the proba-
bility distribution with a number of samples, the expectation
would be that the more particles one uses, the better results
one can expect. This is also common knowledge among
practitioners.

In fact, it has been shown that when the number of parti-
cles approaches infinity, the approximation in (6) converges
towards the true probability p(zx|yo:.x) almost surely [7].

ka|Z/0 k

III. ILLUSTRATIVE EXAMPLES

There are however cases where the common knowledge
fails. To illustrate this, we will use the two systems below:

System 1:
0.6 -1 1
Th+1 = ( 0 0.5> Tr + (1> W (8a)
—_—— ——
F1 G
Yp = (1 0) Tk + Vi, (8b)
——
H
System 2:
06 1 1
Tht1 = ( 0 0.5> Tk + (1> W (9a)
—— ——
F G
Yp = (1 0) Tk + Vg, (9b)
H

where in both systems wy and vy are Gaussian distributions
with variances Q = 1 and R = 0.2 respectively. The initial
uncertain of the system Py was assumed to be I. Both systems
are stable, and even have the same poles 0.6 and 0.5. A
practitioner might notice that the measurement noise is low
which is generally not good for the standard PF. Further, the
process noise only affects part of the state. While this might
cause issues, there are so far no reasons to believe that the
above understanding of the particle filter would break.

Note that, as the system is fully linear, the KF can be applied
to provide the optimal estimates as a comparison.

A. MSE

Applying a PF to the systems, however, results in the
MSE estimates' seen in Figs. 1a and 1b. Clearly something
strange is going on here. For System 1, increasing the number
of particles results in a larger MSE for small numbers of
particles. Further, despite the similarities, System 2 appears
to require much fewer particles to approach the lower bound,
here calculated by the KF.

B. Spread of MSE

While observing the average MSE over multiple runs is
often a good measure, it can also be interesting to see how
the averaged MSE over all time steps differs for different
simulations. This is here shown in Figs. 1c and 1d. As before,
it is clear that for small numbers of particles for System 1, the
MSE increases as the number of particles increases. Further,
it is clear that even for larger numbers of particles there is
the potential for large outlier errors in the PF, and that the
largest errors continue to grow even after the median MSE
has decreased.

'Measuring the mean squared error over all simulations and time steps of
the filtered estimate £y, over 10000 simulations, with 100 time steps in each
simulation.
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(a) MSE for System 1 in (8).
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(c) Spread of the MSE for System 1 in (8).
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(b) MSE for System 2 in (9).
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(d) Spread of the MSE for System 2 in (9).

Fig. 1: A comparison of the MSE for the two studied systems, averaged over x; and x5. The green line is the KF MSE.

This can be contrasted with the behaviour for System 2,
which behaves as one would expect from a PF. For small
numbers of particles the error is larger with a larger spread
and as the number of particles increases both the MSE and
the spread of the MSE decreases.

C. Number of effective particles

Another method used to analyse how well the PF estimates
the system is to look at the number of effective particles Neg of
the system, as introduced by [10]. N is a tool for estimating
how many particles contribute to the approximation at any
specific time, and is computed as

_r
SIED}

i=1

Neg(k) ~ (10)

Using this measure, we are interested in the spread of the
average N over all time steps. This is shown in Figs. 2a
and 2b. For System 2, the average number of effective particles

is approximately a constant fraction of the total number of
particles. For System 1 however, we can see that for low
numbers of particles, the number of effective particles is closer
to 1, but then increases to some constant fraction when the
number of particles increases. The average number of particles
approaching a constant fraction coincides with the median
MSE in Figs. lc and 1d approaching the MSE of the KF.
As with the MSE spread, there are also many outliers with
very low Ngg even for high numbers of particles.

D. Covariance estimation

The final measure used in this work, is the estimate of the
covariance of the distribution. For a PF this is calculated as

N

- i D . D . \7

Py = E w;(c) (36;2) —lfkwc) (33;2) —l‘kuc) ; (11)
=1

where Ty, is the filtered estimate of xj, described in (7). The
idea is that for the PF to provide a good estimate of the entire
probability distribution, it should also have a good estimate
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(a) Mean of N for System 1 in (8).
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(b) Mean of N for System 2 in (9).

Fig. 2: Spread of the number of effective particles of a PF (10), averaged over all time steps , as a function of number of
particles. The green line represents the total number of particles.
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(a) Trace of the estimated covariance, for System 1 in (8).
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(b) Trace of the estimated covariance, for System 2 in (9).

Fig. 3: A comparison of the average estimated trace over all time steps of the covariance (11) of the two systems. The green

line represents the true (optimal) covariance.

of the covariance. To simplify the presentation somewhat, we
will only present the trace of the covariance, averaged over
all time steps, which should give a good general estimate
of how spread out the particles are compared to how spread
out they should be. These measures are presented in Fig. 3.
As with the previous analyses, for System 1, the estimate
for small numbers of particles is much worse, and it only
starts improving at approximately 300 particles. A connection
can also be drawn to the number of effective particles shown
previously. Since in many cases there was only 1 particle
with any meaningful weight, the covariance must be around
0, which is reflected here. The fact that for System 1 there
are large deviations between runs even for large numbers of
particles can also be seen.

IV. THE PROJECTED INSTABILITY

In this section we will show the interesting fact that a
particle that gives a perfect prediction which fits exactly to the
measurement can actually increase the state estimation error
under a certain condition.

A. Derivation for Linear Systems

Assume a linear system
(12a)
(12b)

Tpy1 = Fog + Guwy,

yr = Hzy + vy,
where wy, and vy, are noises with covariances () and R respec-
tively. Next, assume there is state noise uﬁ,(j) that propagates

the current particle av:,(:) to a new particle

#, =Fe + cul, (13)
that gives a perfect fit to the measurement
v = Hiyl),, (14)

or, if no such solution exists, one for which the norm of

e — HEY) (15)

is as small as possible. In the SIR-PF, clearly, this noise

realization would result in the largest weight possible for that
particle in the measurement step.



To find the process noise which satisfies (14), combine the
equation with (12) and (13) to get

H (Fi? + Guf) = H (Fa, + Gug) + vy

— o\ =(HG) HFi\" +(HG) HGu,+(HG) vy,
| _ (16)
where 2" = ), — &{") is the error between the estimate and
the true state, and the subscript T denotes the pseudo-inverse.
Note that if no solution to (14) exists, the solution provided
in (16) instead minimizes the norm of (15).
Inserting this expression back into (13) results in
551(;411 =Tk+1 — 55221
= (F-G(HG)HF)# - G(HG) v, —G(HG) HGuy
17)
The conclusion is that the system in (12) contains what we
term as a projected instability if

F=F—-G(HG)HF, (18)

has eigenvalues outside of the unit circle, since this is the
requirement for the system in (17) to be unstable.

For the simple case where H € R™™ and G € R"*!, F
can be further simplified as

F:F—LGHF.

ite (19)

B. Illustrative Examples

Applying this indicator to systems 1 and 2 from (8) and (9),

we get
= 0 0
b= <—O.6 1.5>

- 0 0
Fa= <—O.6 —0.5> ’

respectively. Clearly, F; has an eigenvalue in 1.5 (and one in 0)
and System 1 therefore contains a projected instability, while
System 2 has its eigenvalues in 0 and —0.5 and is therefore
does not contain a projected instability. This indicates that the
projected instability may be the explanation in the difference
of behaviour.

(20a)

(20b)

C. Extension to Nonlinear Systems

The derivation of the condition for projected instability can
be extended to nonlinear systems of the form
(21a)
(21b)

Trt1 = f(@k, wi)
Yk = h(zkvvk)a
for some nonlinear functions f(x,w) and h(z,v).
First, we find the process noise that gives a perfect predic-
tion. To do this extension, one must again assume an estimate
I, propagated in time
wy = sol{w : ygy1 = h(f(&,w),0)},

or, if no such solution exists, select w;, to minimize the norm
of

(22)

Yre+1 — h(f(ja U)),O), (23)

and then plug in this value to get the state estimation error
propagation

Tpp1 = fzg, wr) — f(Tg, Wr). (24)

To judge if the error increases is not an easy task generally,
but linearization can be applied to judge if there is a projected
instability locally.

V. SIMULATION STUDY

In order to test when behaviors similar to the one in
Section IIT occur, a simulation study was performed.

For this, we generated 1000 random two-dimensional sys-
tems with ' with eigenvalues between 0.5 and 2, and Q
with norms between 1 and 200. The measurement noise R
was kept at 1 for all systems. For all systems the state was
initialized as xy = (O O)T and Py = I. The matrices G and
H were randomized to be unitary column and row matrices
respectively, and for reasons which will be discussed later,
selected such that G = HT. Finally, F was required to be
stable. The exact method can be seen in Algorithm 2.

Algorithm 2 System randomization
0: A\p ~U(0.5,2)
l0g(Quize) ~ U0, log(200))
where U is a uniform distribution.
1: fori,j=1,2
F;; ~N(0,1)
H; ~N(0,1)
c H + Higll
G+ HT
Q — QsizeG * GT
: F+ F-GHG)HF
D F e max(Tf F_’)\)F
. If the new F' is unstable, return to 1.

I N

To start with, each system and process noise combination
was simulated 100 times for each of 21 particle numbers
logarithmically spread between 10 and 1000.

While above, the behavior is shown by the MSE increasing,
it is also possible that instead the filtering attempts diverge
completely (all weights becoming 0), and the likelihood of
this occurring increasing as the number of particles increases.
In this case, observing the increase in MSE is difficult as not
all simulations even result in an MSE. As such, two criterion
were selected to determine if the behavior occurred.

The first was whether the MSE increased. If the average
MSE of at least 2 particle numbers greater than 10 is at least
30% larger than the MSE for 10 particles, the behaviour is said
to be displayed. If, for any system, there were particle numbers
for which the MSE was larger than it was for 10 particles, but
the increase was less than 30%, a more thorough investigation
with 1000 simulations was performed and the threshold was
reduced to 10%.

The second criterion was instead to see if the number of
diverged filtering attempts increased. The test was performed
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Fig. 4: The PF behaviors for various simulated systems

similarly to the MSE test, but we were instead interested in
seeing if, for at least 2 of the simulated particle numbers, the
percentage of diverged estimates was at least 30 percentage
points larger than it was for 10 particles. As above, if the num-
ber increased but did not reach the threshold of 30 percentage
points, a new test with 1000 simulations was performed and
the threshold was reduced to 10 percentage points.

If either of these criterion were met, the system was deemed
to show the described behavior. We have further separated
systems for which more than 70% of all filtering attempts
diverged for both 10 and 100 particles.

The result can be seen in Fig. 4. First off, it is clear that,
independently of the size of ), no PF displays the behavior
or diverges for a system with A\(F) < 1. Secondly, while
this behavior is most commonly found in systems with a
much smaller measurement noise than process noise, it is
also possible for it to occur in systems with a more normal
combination of measurement and process noise. Finally, for

systems where A(F') > 1, increasing the size of @) or further
increasing \(F) results in first the studied behavior to increase
in likelihood, and then in the likelihood of the filter diverging
completely to increase.

An important take away is that both the described behavior
and all filters diverging entirely is an outcome which requires
the use of much more particles to get an accurate estimate,

both of which only occur when F is unstable.

VI. ANALYSIS

While we cannot present a proof at this moment, the results
in Section V strongly indicate that the projected instability is
a necessary condition for this behavior to occur. It is however
also shown that it is not a sufficient condition. We will first
provide an argument for what the projected instability does
in this case, and then present and analyze some other factors
which appear to also have an influence on whether the behavior
is displayed.

A. Projected instability and the PF

The process described for the projected instability is what
would occur if the PF at each point selected the process noise
which would lead to the largest weight after the measurement
update. Under certain circumstances the PF does something
similar to that process. Assuming that multiple particles have
been assigned a certain state , these will next be propagated in
time with different realizations of the process noise. The par-
ticles very close to the hyperplane corresponding to noise-free
measurements will be assigned a high weight and therefore
kept, while the ones far from it will be given a low weight
and discarded in the resampling. This is illustrated in Figs. 5a
and 5b. So long as this continues, the error in the particles
will grow increasingly larger.

What is limiting this process from spiralling towards infinity
is that the further the estimates get from the true state, the
larger the process noise will need to be in order to move the
particles to the hyperplane. This means that it becomes less
likely that any process noise realisation of the PF results in
a particle near the hyperplane. The end result of this process
will resemble Figs. Sc and 5d, where no particle reaches the
hyperplane and the closest one is the only one being kept.
When the number of particles is increased, it is more likely that
one of the particles appears close to the hyperplane, meaning
that the estimate can move further away from the true state.

This process however, only occurs when the PF suffers from
particle depletion. If at all times, enough particles exist which
are close enough to the true measurement to be kept, then the
ones which are closer in the unmeasured state will be more
likely to have process noise realisations which arrive at the
new hyperplane. As such, once the number of particles is large
enough, the depletion stops occurring and the PF provides
genuinely good results.

B. Noise requirements

As was observed in Section V, the likelihood of the behavior
occurring increases as the proportion of the process noise
relative to the measurement noise increases up to the point
where the filter starts to diverge.

Using the reasoning in Section VI-A, if the measurement
noise is smaller than the process noise, only the particles
generated relatively close to the hyperplane corresponding to
noise-free measurements will have weights which are not very
low, and as such these are the only ones being kept during the
resampling step. This is what causes the PF to project the
particles onto the hyperplane to begin with. If the covariance
of the measurement noise is larger than the process noise, even
particles generated relatively far from the hyperplane may be
kept, which means that the assumption that the particles are
propagated onto the hyperplane does not hold.

Connected to the requirement on the noise above is the
requirement on the direction of the process noise. For the
random simulations, the direction of the process noise, G was
selected to be HT. This was based on the reasoning that, in
addition to the above requirements,H and G must be such that
different wy_ result in large changes in yj. This occurs most
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Fig. 5: An illustration of the PF approximation of the state distribution with 100 particles. The blue dots represent the particles,
with the size of the dot representing the weight, and the magenta diamond represents the true state. The purple line represents
the states corresponding to noisefree measurements and the grey and pink regions correspond to the 95% and 80% confidence
region respectively of the current measurement. The red ellipsoid corresponds to the true 95% confidence region given all

available measurements.

strongly if the process noise is parallel to the measurement,
meaning G = HT. If they are close to orthogonal, all
realizations of the process noise will result in approximately
the same weight, meaning that the measurement update again
will not propagate the particles onto the hyperplane. Any
small angle between the measurement and the process noise
direction will however suffice, as can be seen with, system 1
in (8).

To further test this, systems were generated in the same way
as in Section V, with different angles between G and H T The
results can be seen in Fig. 6. For a 45° angle, the system still
often displays the behavior, though it now requires a larger
A(F) or norm of @ than previously for it to occur. For a 90°
angle, no system displayed the behavior, and only one system
diverged which we believe to be an outlier.

C. Stability

So far, we have always assumed the underlying system to be
stable. This is also important to explain the behaviors observed
above. The result is that a realization of the system will stay
somewhat close to O at all times. This holds for both the
true state, and would hold for the particles, if they were not
projected onto the hyperplane by the combined measurement
and resampling step. A PF with very few particles would be
less likely to generate any particles close to the hyperplane,
and the particles would therefore behave closer to a random
realization which will result in them spreading around 0. Since

®  Behavior not displayed
| ®  All estimates diverged E) ®
®  Behavior displayed
jod |

A(Fbar)
(b) 90°

Fig. 6: The PF behaviors for various simulated systems, with
different angles between G and H”
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Fig. 7: The PF behaviors for simulated systems with optimal
proposal

this is a stable system, this results in an MSE which is not
that high. Increasing the number of particles somewhat instead
results in the unstable behaviour described above, which takes
the estimate further from 0. If the system was not stable,
the error for this estimate would diverge, since there is no
guarantee that the true state and randomly propagated particles
would end up anywhere near each other.

VII. OPTIMAL PROPOSAL

It is also of interest to see how different proposals interact
with a projected instability. For this reason we also attempted
a run where we instead used the optimal proposal as defined
in [11]

(@ ) = plarlz L ue), (25)

which is easy to compute for a linear system.

The same study as shown in Section V was performed with
the optimal proposal, and the results can be seen in Fig. 7.
From this, we can see that while the PF now rarely displays
the studied behavior, it still has big issues with diverging filters
when the system contains a projected instability. This is also
reasonable, as the cause for the MSE to increase was that
it was unlikely for any particle to be propagated close to
the measurement for low numbers of particles with the old
proposal. With the optimal proposal particles will be more
likely to be placed close to the measurements, meaning that
the filter is more likely to diverge instead.

VIII. CONCLUSION

We have in this work explored a strange behavior of the PF.
We have introduced the condition of a projected instability,
and shown that this condition can in many cases cause issues
for the PF, potentially leading to an MSE which does not
monotonically decrease, or filters diverging entirely. We have
further shown how to calculate when this condition occurs in
linear systems, and what other conditions play a part in the
behavior occurring.

The main intention of this work is to provide more insight
into the behavior of PFs at large, and possibly a new method
for analyzing problems with a PF. While this work focuses on
the linear case, the derivation of the condition can be easily

extended to nonlinear systems, though all actual calculations
become very difficult. We also believe that the projected
instability might be of interest in systems which are not stable,
though it will likely only result in diverged filters.

A secondary intention is to give an explanation to others,
should they come across a system which displays this behavior.
In that case, as shown, while switching to an optimal proposal
will likely remove said behavior, it is likely that the filter will
diverge. While not studied as extensively, initial results indi-
cate other proposals behaving similarly to either the standard
proposal or the optimal one. The method which has seen the
best performance has been marginalization, though this might
not be possible in nonlinear systems.
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