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Identifying crystal structures beyond known prototypes from x-ray powder diffraction spectra
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The large amount of powder diftraction data for which the corresponding crystal structures have not yet been
identified suggests the existence of numerous undiscovered, physically relevant crystal structure prototypes.
In this paper, we present a scheme to resolve powder diffraction data into crystal structures with precise
atomic coordinates by screening the space of all possible atomic arrangements, i.e., structural prototypes,
including those not previously observed, using a pre-trained machine learning (ML) model. This involves
(i) enumerating all possible symmetry-confined ways in which a given composition can be accommodated in
a given space group, (ii) ranking the element-assigned prototype representations using energies predicted using
the Wyckoff representation regression ML model [Goodall et al., Sci. Adv. 8, eabn4117 (2022)], (iii) assigning
and perturbing atoms along the degree of freedom allowed by the Wyckoff positions to match the experimental
diffraction data, and (iv) validating the thermodynamic stability of the material using density-functional theory.
An advantage of the presented method is that it does not rely on a database of previously observed prototypes
and is, therefore capable of finding crystal structures with entirely new symmetric arrangements of atoms. We
demonstrate the workflow on unidentified x-ray diffraction spectra from the ICDD database and identify a
number of stable structures, where a majority turns out to be derivable from known prototypes. However, at

least two are found not to be part of our prior structural data sets.
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I. INTRODUCTION

Powder diffraction using x rays [x-ray diffraction (XRD)]
is a key characterization technique to resolve crystal struc-
tures, which is used in most materials-related fields. Refine-
ment based on diffraction data is generally highly successful
in yielding precise and accurate structural information [1,2].
However, there are also many challenges associated with this
process [3-5], leading to the existence of numerous synthe-
sized materials with indexed diffraction peaks for which the
precise crystal structures remain unknown [6,7]. The dis-
covery of these unknown structures plays a crucial role in
addressing materials design challenges [8].

Moreover, the structural information in most theoretical
crystal structure databases [9-11] originates from experi-
mental structures [12,13]. Discovering new crystal structures
that are not yet included in the existing crystal structure
databases is essential for expanding their diversity. Many
machine learning (ML) models for materials rely on these
theoretical databases for training data [14—17]. With a broader
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selection and structurally diversified set of materials to train
on, these algorithms can expedite the discovery of materials
with desirable properties.

A significant volume of literature addresses the structural
characterization of XRD patterns. The first steps usually in-
clude separating the contributions from phases present in the
sample, locating the Bragg peaks, indexing, and space group
classification [18]. Automated tools have long been in com-
mon use for indexing [19-24]. Many prior works have
explored ML models for these and related tasks. LeBras et al.
used constraint reasoning and kernel clustering for phase
identification [25] and Park ef al. developed convolutional
neural networks to classify the crystal system, extinction
group, and space group for a pattern [26]. More recent ex-
amples include Bragg peak positioning [27], crystallographic
orientation [28], artifact removal [29], novelty detection [30],
volumetric segmentation [31], phase identification and back-
ground extraction [32-55], and a wide range of structural
classifications [56—73]. Hence, there is a rich set of prior
works on identifying space group, lattice parameters, and
compositions from experimental powder XRD patterns. For
further details, see recent reviews covering this topic, e.g.,
Refs. [74-77].

The focus in the present work is on the next step of struc-
tural characterization: taking an indexed and classified pattern
and deriving one or more matching crystal structures with
specific coordinates for the atomic positions (see discussions
in Refs. [8,18,78-82]). The use of ML models to directly solve
the inversion problem currently appears to be limited to spe-
cific types of systems [83,84]. The more common approach is
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to start from reference structures, selected either for compo-
sitional similarity or by matching known diffraction patterns,
which are then iteratively refined. The atomic positions within
these structures are optimized to align the simulated and ex-
perimental XRD patterns, targeting the minimization of the
R value [79,85,86], a measure of XRD pattern misalignment
which is widely recognized to not produce a unique solution
[5]. It is a common practice to rule out some of the matching
structures based on thermodynamic instability, which can be
estimated, e.g., by calculations using density-functional the-
ory (DFT) [87,88]. Numerous techniques, such as particle
swarm optimizers, Monte Carlo methods, and genetic algo-
rithms, address the challenges of simultaneously optimizing
the R value and thermodynamic stability [89-95].

The iterative optimization of the positions of N atoms
in three-dimensional (3D) space to match a powder XRD
pattern has a computational complexity of O(N?). A first
step to overcome this combinatorial wall is to restrict the de-
grees of freedom by leveraging the identified symmetry. The
first-principles-assisted structure solution (FPASS) technique
[7,96] further leverages symmetry information by biasing the
assignment to Wyckoff positions [97] based on occupancies
mined from crystal structure databases. This approach allows
a high-throughput workflow to analyze XRD data with mini-
mal manual input. Griesemer et al. [98] developed a method
to use reference structures from the prototypes of known
structures within crystal structure databases such as OQMD
[10]. A similar approach was used in Ref. [99]. However,
approaches that rely, even just in part, on previously observed
structures will have difficulties in identifying structures that
belong to completely new prototypes that do not yet exist in
any databases [100].

In this work, we present an algorithm to invert XRD
patterns into crystal structures with specified atomic coordi-
nates without using data from previously identified structures
and prototypes. Our approach uses an efficient systematic
enumeration of possible reference structures via a coarse-
grained representation of crystal symmetry using Wyckoff
positions. The enumeration of Wyckoff position assignments
is restricted based on the composition, space group, and for-
mula units per unit cell, which are available from indexing
and classification. The possible assignments are exhaustively
explored up to a space group dependent limit of unit cell
complexity. The candidate reference structures are then pri-
oritized by a predicted formation energy using the Wyckoff
representation regression (Wren) ML model that operates on
the coarse-grained representation [16]. While there are prior
works that have proposed systematic enumeration of struc-
tures, e.g., over integer decision variables of coordinate values
[101], our approach can demonstrably reach structures up
to relevant complexity since the enumeration over Wyckoff
positions aligns well both with the information available from
structural analysis in crystallography and the description of
crystals in the Wren ML model.

We have implemented the above scheme in a software
package HTTK-SYMGEN, which utilizes GPU-accelerated op-
timizations to refine a cost function related to the R value and
interatomic distances on an ensemble of possible candidate
matches for a given XRD pattern. We demonstrate the ap-
plication of our implementation for inverting XRD to crystal

structures on synthetic and experimental patterns, including
the identification of two crystal structures on prototypes that
are not present in materials databases.

The rest of the paper is organized as follows. In Sec. II,
Background, we define the concepts of Wyckoff prototypes
and protostructures, which we consistently use for our coarse-
grained description of crystal structures. We also explain how
simulated and experimental XRD are matched using the R fac-
tor and give an overview of the Wren ML model on which
this work is based. Section III, Workflow, describes the steps
to invert an XRD pattern. Section IV, Implementation, gives
the details on our implementation of the workflow in the
HTTK-SYMGEN software. Section V discusses limitations in
the applicability of our algorithm and the provided imple-
mentation. Sections VI-VIII present tests on synthetic and
experimental XRD. Sections IX and X present our discussion
and conclusions.

II. BACKGROUND
A. Wyckoff prototypes and protostructures

Crystal structures are commonly characterized by the sym-
metry properties of the lattice and the positions of the atoms.
This leads to the division of all possible crystal structures into
230 space groups. Each space group has a set of Wyckoff
sites, labeled using letters in the Latin alphabet (a, b, c, etc.),
distinguished based on how the symmetry operators act on
them. The coordinates of a Wyckoff position can be fixed, or
there can be one or more freely variable coordinates, allowing
a degree of freedom along a line, plane, or in 3D space. We can
obtain the coordinates of the atoms by specifying the Wyckoff
position and numerical value for each degree of freedom for
the given Wyckoff position. The Volume of International Ta-
bles for Crystallography lists the Wyckoff positions for each
space group [102].

The concept of “a crystal structure prototype” does not
have a single, strict definition in literature; it can refer to any
representation with a one-to-many relationship to a range of
crystal structures with precisely specified atomic coordinates.
In this paper, we use the term Wyckoff prototype to refer to
the specific kind of prototype that groups crystal structures by
space group and a list of occupied Wyckoff labels, i.e., where
distinct atoms of unspecified species reside. Furthermore, we
will adopt the name Wyckoff protostructure for a Wyckoff
prototype with specific elements assigned to all of the occu-
pied Wyckoff sites, but where the precise atomic coordinates
allowed according to the degrees of freedom of the occupied
Wyckoff sites are not specified.

The Wyckoff prototypes used in this work are based on the
formalism established by the AFLOW prototype labels and
thus use nearly the same notation [103]. An AFLOW proto-
type label is a textual representation of a prototype defined
as the following series of fields separated by an underscore
character (_): the anonymous chemical formula, the Pearson
symbol, the space group number, and the sequence of occu-
pied Wyckoff letters. For example, Calcite structure (CaCO3)
has the AFLOW prototype label ABC3_hR10_167_a_b_c. In
this work, we specify Wyckoff prototype IDs using AFLOW
labels, which can be extended into protostructure IDs by
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appending a segment consisting of a colon (:) and a list of
elements separated by a dash (-) to assign specific elements
to each of the Wyckoff sites. For example, the protostructure
ID ABC3_hR10_167_a_b_e:Ca-C-0 signifies that calcium
atoms occupy the orbits of Wyckoff position a, carbon atoms
the b position, and oxygen the ¢ position.

We furthermore define that these IDs should be normal-
ized over all possible AFLOW labels that represent the same
prototype via transformations of the positions under the coset
representatives of the affine normalizer of the space group
[104] to use the transformed set whose ID would appear first
when sorted on the sum of the alphabetical indices of the
Wyckoff letters and, second, lexicographically on the order
they appear in the ID. The normalization of our IDs turns them
into an origin-independent representation of the respective
prototype and protostructure.

B. Matching simulated and experimental XRD

Structure matching with experimental XRD data is done
by identifying a suitable crystal structure and computing a
simulated XRD of this reference structure. Then, the value of
an R factor is optimized by perturbing the atoms in the refer-
ence structure [85,86,96]. The R factor is a unitless measure
of a relative mismatch between the peaks of the simulated and
experimental patterns, but in the context of refining structures,
multiple definitions are in use. To allow direct comparisons
with Ref. [98] we use their definition:

Zpeaks (Iexpt - Isim )2
k= — )
Zpeaks Isim

where [ is the intensity of the peaks. Each peak in the
simulated pattern is matched to the closest peaks in the ex-
perimental pattern as long as they are within 0.15° in 26. If
multiple peaks are within this range, their intensity is com-
bined before comparison.

The algorithm for generating simulated XRD patterns from
a crystal structure is obtained from De Graef and McHenry
[105]. To summarize, all points in the limiting sphere given
by 2/A are calculated from the reciprocal lattice of the crystal
structure, where A is the wavelength of the x-ray beam. Then,
for every reciprocal point Gy in this limiting sphere, we
calculate 6 using the Braggs condition [106]. The atomic
scattering factor for a given s = sin(6)/A and an element with
atomic number Z is given by

N
f(s)=Z—cs* Z a,-e_bisz, 2
i=1

where a and b are the fitting parameters for each species and
c is 41.782 14. The structure factor for given hkl indices is
given by

N .

snlehkl 2iChx;+ky;+1z;

By = E ﬁ(_ - 2T ihxithyi+ zl)’ 3)
i=1

where N is the number of atoms in the unit cell and (x, y, z)
denotes the atoms’ relative (fractional) coordinates. The in-
tensity is obtained by multiplying |Fj|> with the Lorentz

polarization factor

1 + cos®(20u)

I = |F|* = .
sin® (O ) cos(Oper)

“

We use an implementation of the algorithm based on the
one in PYMATGEN [107] that uses atomic scattering parameters
from a table in De Graef and McHenry [105].

The context largely determines what can be considered a
good or bad R value. Comparing R values across different
studies is challenging due to differences in the definitions. Pre-
vious works that discuss this topic more broadly suggest that a
low R value does not necessarily guarantee a correct structure,
nor does a high R value disqualify a candidate [98,108,109].
Therefore, it is recommended to visually inspect how well
the patterns match [110,111]. In this work, we primarily use
the R value as a guide for quick relative comparisons. Our
optimization workflow employs a continuous cost function
that is inspired by the R factor (see Sec. III B).

C. Wren

As outlined in the Introduction, our algorithm uses for-
mation energies estimated using an ML model to guide the
choice of reference structures to investigate further. Most
available energy-predicting models, such as machine learning
interatomic potentials, will not work in the present context
since they require knowledge of (at least approximate) atomic
coordinates, which are not known at the stage when reference
structures are selected.

Hence, an essential component of our work is the Wren
ML model [16]. This model takes as input precisely what
we defined above as a Wyckoff protostructure and uses a
message-passing neural network to predict the lowest forma-
tion energy representation of that protostructure allowed by
the degrees of freedom for the occupied Wyckoff positions.
An ensemble of models is trained using different random ini-
tializations, which increases accuracy and enables an internal
representation of the uncertainty of the model as a combina-
tion of aleatoric and epistemic uncertainty.

The present work uses the pretrained model delivered with
Ref. [16], which consists of ten ensemble members trained
on the union of the datasets of Materials Project (MP) [9]
and Wang, Botti, and Marques (WBM) [112]. This combined
dataset contains 322 915 materials after cleanup, with 19312
unique Wyckoff prototypes. The resulting validation error for
formation energy prediction was shown to be approximately
30 meV/atom. For more details on the ML model and its
performance, see Ref. [16].

III. WORKFLOW

Our workflow to invert XRD into crystal structures with co-
ordinates takes the compositional and symmetry information
(retrieved after indexing) as input. Enumerating the allowed
occupations of Wyckoff positions for that space group (see the
formulation provided in Sec. IIT A), yields a list of Wyckoff
protostructures. These are subsequently ranked and short-
listed based on predicted formation energies using the Wren
model. Each Wyckoff protostructure can be used to construct
a crystal structure by populating the degrees of freedom the
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FIG. 1. Overview of the workflow. HTTK-SYMGEN contains three
major components: the AflowStringGenerator method takes
composition and space group information and enumerates valid
Wyckoff protostructures. This is then ranked and sorted using the
Wren model. After sorting, the StructureSolver method takes a
Wyckoff protostructure and lattice parameters and generates crystal
structures by assigning values to the available degrees of freedom.
Synthetic XRD is generated using this structure and compared with
the experimental XRD. A structure that matches the experimental
XRD and passes the minimal distance checker will be further evalu-
ated using DFT.

Wyckoff site allows (detailed in Sec. IV B). This representa-
tion can be passed to an optimization workflow, where the
values are filled to minimize a cost function (discussed in
Sec. III B) so that the resultant structure produces a simulated
XRD that agrees with the experimental XRD. An overview of
the implementation is provided in Fig. 1.

A. Enumeration

To enumerate all possible Wyckoff positions that a given
composition x, can accommodate, we query the multiplicities
of each Wyckoff position in a given space group. Let it be
M = {m, my, ....m,} where m is the multiplicity for a given
Wyckoff site and n is the number of Wyckoff positions in
that space group. For a given number of atoms 7, we reduce
the space of M to M’ by only taking the sites that match the
condition m; < n forevery j € {1, ..., n}.

This problem can be formulated as a generalized case of the
subset sum problem [113], where we are to find every subset
S’ € M’ such that

> km; =, (5)
i=1

where n’ is the size of M’, and k is zero or some positive
number.

For a set of elements in M’, numerous solutions can
satisfy Eq. (5). Each atom type in the composition allows
independent solutions. When chained together, ensuring no
two atoms fill a Wyckoff site with zero degrees of freedom
(detailed in Sec. IV A), these solutions lead to a series of
Wyckoff protostructures. The enumeration process can be
computationally demanding, especially for compositions with
numerous atoms, and its complexity majorly depends on the
selected space group. This problem can be framed as the
non-negative integer solutions of the linear diophantine equa-
tion [114].

B. Cost function

We use the R value to report how well our simulated
patterns match the experimental ones. However, the optimiza-
tion part of the workflow requires a more continuous and
well-behaved cost function to be stable. Therefore we use an
alternative cost function that measures the overlap between
two XRD profiles by mapping a pseudo-Voigt profile over
the experimental and simulated peaks (denoted as f and g,
respectively) so that peaks are represented as a continuous
vector and calculating

f-g
Il llgll,

One of the advantages of this cost function is that it is bounded
between (0, 1), allowing us to use a fixed threshold to assess
the similarity.

We also define another objective function, which ensures
that the distance between atoms is not closer than a defined
threshold. We use the average of the sum of Wigner-Seitz radii
[115] of two atoms as this threshold, denoted as D,,;,. The
minimum distance cost function can then be defined as

(6)

Cxrp =1

Clistance = Z Z max (07 D?,n;]) - D(i,j))/zs (7

i=1 j=i+1

where D; ; is the distance between two atoms i and j in the
crystal structure.

In our implementation, a gradient descent optimization
is used to identify the minima of the combined XRD and
distance cost functions. The minima are reached when the
gradients with respect to the degrees of freedom converge,
mirroring the convergence to a local structural minimum. This
search is executed multiple times with varied initializations,
and the outcomes are contrasted in order to identify the global
minima. More details are provided in Sec. IV C.

IV. IMPLEMENTATION

We have implemented the workflow described in Sec. III
in a subpackage HTTK-SYMGEN of the high-throughput toolkit
(httk) software package [116]. This software package has
two significant components. AflowStringGenerator han-
dles the enumeration and serialization of Wyckoff positions
and StructureSolver handles operations on a given Wyck-
off protostructure.

103801-4



IDENTIFYING CRYSTAL STRUCTURES BEYOND KNOWN ...

PHYSICAL REVIEW MATERIALS 8, 103801 (2024)

A. Generating candidate protostructures

AflowStringGenerator takes the chemical composition
and space group and returns a list of Wyckoff protostructures.
This decoration is constructed by formulating the combina-
torial search as a modified subset sum problem. A recursive
search function is implemented, which iterates over the mul-
tiplicities of Wyckoff sites for a given space group and
checks whether any combination of summed multiplicity val-
ues would be equal to the desired composition (number of
atoms). More details on the algorithm for the enumeration are
given in the Supplemental Material, Ref. [117].

As an example, consider the case where we have to find the
number of ways to accommodate eight atoms in space group
61. Space group 61 can accommodate three Wyckoff posi-
tions, denoted by the Wyckoff letters a, b, and c. Sites a and b
have four and c has eight multiplicities, respectively. There are
two different ways to put eight atoms from this space group,
“ab” [4 4+ 4] and “c” [8]. One has to be careful of the added
constraint that if a Wyckoff site has no degrees of freedom,
it cannot be reused again in the solution. For example, we
cannot take “aa” because the Wyckoff site a does not have
any degrees of freedom. Therefore, trying to put eight atoms
in two a sites would mean that more than one atom would sit
on exactly the same coordinates.

The HTTK-SYMGEN implementation includes lookup infor-
mation of symmetry operations, Wyckoff letters and multi-
plicities, and affine transformations for the origin choices for
the standard settings as listed in Volume A of the Interna-
tional Tables for Crystallography [102]. Our lookup tables are
based on the data available via PYTHON library PyXtal [118],
which we have modified slightly with the help of the Bilbao
Crystallographic Server [104] to match the information in the
International Tables.

The generated assigned Wyckoff prototype strings are
passed through the pretrained Wren model. As explained in
Sec. I1C, the pretrained Wren ensemble comprises ten mod-
els trained to converge from different random initializations.
A standard deviation is calculated from the ensemble pre-
dictions, which is then subtracted from the mean predicted
formation energy to yield an uncertainty-adjusted value. This
adjusted value sets a baseline for the formation energy of
the protostructures and is used to shortlist the enumerated
protostructures.

For efficient evaluation, protostructures with uncertainty-
adjusted predicted formation energy exceeding 40 meV/atom
above the lowest prediction are excluded. This threshold,
while user adjustable, is chosen based on the mean absolute
error of Wren. Wren demonstrates better accuracy the closer
the prediction is to the convex hull of thermodynamical sta-
bility in a sufficiently sampled composition [16]. This is a
particularly useful property in the context of XRD inversion,
where candidates are predominantly located in proximity to
the convex hull.

B. Parsing assigned Wyckoff protostructures

A core feature of HTTK-SYMGEN is the ability to realize a
Wyckoff protostructure and create an internal representation
that returns a filled cell from a list of values that fills the de-
grees of freedom allowed by each Wyckoff position, provided

by the method StructureSolver. As an example, consider
the protostructure ID ABC3_oP40_61_c_ab_3c:As-I-0.

Referring to the previous example, space group 61 accom-
modates three Wyckoff positions: 4a, 4b, and 8c, with the
number indicating multiplicity. 4a and 4b do not have any
degrees of freedom, while 8¢ is a general position with three
degrees of freedom. Referring to the protostructure ID, the
inference to be made here is that 8 arsenic atoms occupy
Wyckoff site ¢, 8 iodine atoms split between sites a and b (4
atoms in site a 4+ 4 atoms in site b), and 24 oxygen atoms are
distributed across three c sites (8 4+ 8 4 8), summing up to 40
atoms in the unit cell. Therefore, one would have to specify
B)+ 0+ 0)+ (34 3+ 3) or 12 numbers between [0, 1] to
define the positions of every atom in this structure uniquely.

Every atomic arrangement permitted by this prototype can
be explored by adjusting these 12 values. The desired structure
is determined by using this list as input for an optimizer and
minimizing specific objective functions, which in this case are
the XRD mismatch and distance cost function.

C. Structure refinement using XRD data

Our starting point for XRD inversion is an experimental
XRD pattern for which the unit cell parameters, the reduced
composition, scaled intensity, and 26 values of the diffraction
peaks are known. This is the information commonly available
in databases of otherwise unidentified patterns.

After obtaining these unit cell parameters and symmetry
information, we pass this to AflowStringGenerator. This
yields a list of Wyckoff protostructure IDs, which are passed
through Wren for energy prediction. The sorted list of Wyck-
off protostructure labels is then truncated using the cutoff
criteria, and the shortlisted candidates are parsed using the
StructureSolver method, which identifies the degrees of
freedom for each Wyckoff site in the candidate prototype.
For each candidate prototype, n different initial structures are
generated, using Latin-hypercube [119] spacing implemented
in Scipy [120] for optimal sampling of the search space.

The cost functions described in Egs. (6) and (7), as well as
the code for generating simulated XRD, Eq. (4), is written in
the numerical analysis library, JAX [121,122]. Since the prob-
lem is framed and written in an ML library that targets parallel
computation, we can evaluate these n random structures in
parallel on a GPU.

This capability facilitates the simultaneous identification
of the global minima for cost functions Cistance and Cxrp
simultaneously over a grid (n, dof), where (dof) denotes the
degrees of freedom associated with the Wyckoff prototype.
We employed a gradient descent methodology [123] for the
optimization of atomic positions in each structure, leveraging
the Adam optimizer [124] available in OPTAX [122] with a set
learning rate of 0.001.

The gradient convergence, as detailed in Sec. III B, Work-
flow, serves as our termination criterion. Post convergence,
we filter for unique atomic configurations and rank them by
their R values before proceeding with DFT calculations for
formation energy.

We use the electronic structure code VASP (version 5.4)
[125,126] for DFT calculations, using the INCAR settings
and pseudopotentials chosen to comply with Materials Project
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[9] settings. Projector augmented wave pseudopotentials
[127,128] were used with the Perdew-Burke-Ernzerhof gener-
alized gradient approximation (PBE/GGA) functional [129].
The MaterialsProject2020Compatibility [130] correc-
tion scheme implemented in PYMATGEN [107] was applied to
the final DFT energy. We used the High-Throughput Toolkit
(httk) [116] to manage the calculations.

V. LIMITATIONS AND CHALLANGES

In this section, we clarify the role of this work as a com-
ponent of frameworks for large-scale automated structural
characterization using XRD by discussing some of the limi-
tations and challenges of applying our work in that context.
This kind of use has recently seen increased interest as part of
the transition into highly automatized synthesis and character-
ization (see, e.g., Ref. [131]).

a. Uniqueness of solution. The algorithm produces a prior-
itized list of solutions that all match a provided XRD, ordered
from the lowest predicted formation energy up to a cutoff
value related to the accuracy of the energy predictions. In
some cases, the result is a single solution, but there may
be more, especially if the experimental data is of a nature
that does not allow the requirements on the R-value match
to be very stringent. In such cases, reducing the results into
a single true solution requires further in-depth theoretical or
experimental analysis, which may not be easy to automate and
can require significant effort. Strictly speaking, the same kind
of deeper characterization is required also to confirm that the
true solution has been found even if there is a single well-
fitting identification when there are limits on how exhaustively
all possibilities have been screened (e.g., see discussion on
complexity below). Nevertheless, the XRD pattern inversion
problem has long been known not to be uniquely solvable,
and our algorithm arguably handles the ambiguity as well as
is possible under the circumstances by finding all solutions
matching the provided information. This differs from other
tools that are deliberately designed to be biased towards those
solutions that share features of previously identified struc-
tures.

b. Bounds on structural complexity. Our systematic enu-
meration of protostructures enables an efficient coarse-
grained screening of candidates. However, the complexity of
the brute force exploration of Wykoff positions in a given
space group is similar to the subset sum problem, which is
identified to be an NP-hard problem. The combinatorics are
especially challenging for compositions with many atoms in
space groups with a large number of Wyckoff positions with
at least one degree of freedom (e.g., 47 and 123). For example,
this class includes many molecular crystals, which end up
having many atoms assigned to general Wyckoff positions
in space groups representing fairly low symmetry. Hence, in
practice, the enumeration has to stop at some level of com-
plexity set by the number of occupied Wyckoff positions and
the number of atoms in the unit cell. In this work we have set
those limits at 16 assigned Wyckoff positions and 64 atoms
per unit cell, which are chosen because structures beyond
these are not well represented in the Wren training data [16],
and we therefore suggest not going beyond these limits in
HTTK-SYMGEN. These bounds preclude finding structures of

arbitrary complexity; however, the user can choose the limits
based on available computational resources.

c. Needfor initial indexing, space group identification. The
method as presented relies on a prior step of accurate indexing
and space group identification. A reasonably small deviation
in lattice shape significantly affects the cost function defined
in Eq. (6). Also, XRD patterns may have been obtained under
high pressure, which affects subsequent analysis of candi-
dates, e.g., by DFT relaxations using zero external stress.

d. Presence of multiple phases, disorder, and background
contributions. Our present implementation assumes the pro-
vided powder XRD is for a single ordered phase with no
significant background contribution, possibly by first taking it
through some form of preprocessing. As discussed in the In-
troduction, much prior literature (many involving ML models)
deals with the complex problem of separating contributions
from multiple phases. However, this problem has been argued
to remain a major challenge for automated XRD analysis
[132]. There is nothing inherent to our algorithm preventing a
future extension to consider possible mixtures of enumerated
reference structures, and such an extension could help further
address these challenges. However, such an extension would
significantly increase the computational effort and has not yet
been implemented.

VI. TESTING GENERALIZABILITY
OF ENERGY PREDICTIONS

Predictive ML models are known to be accurate primarily
for data similar to the training dataset, which often is dis-
cussed in terms of interpolative vs extrapolative use of models.
In this section, we investigate the out-of-dataset predictive
power of Wren in the context of this work by creating two
new retrained versions.

The first model is trained only on a subset of the orig-
inal dataset where we have removed an entire anonymized
composition AB,Cg from the original dataset, which results in
314 554 materials. A technicality of this test is that it would be
expensive to train the model to the same level of convergence
as the original pretrained Wren model provided with [16],
given that it will be used only for this test. Hence, we run the
training only for 50 epochs, where we observe that when used
with 20 ensembles, the overall performance is on par with
Wren. We then create a second model trained on the entire
dataset used for the original Wren in the same way as the first
model (50 epochs, 20 ensembles).

We can now compare these two models for protostructures
with the composition removed from the training of the first
model, AB,Cg. In this domain, the first model error comes
out to 88 meV/atom (see Fig. 2), whereas the second model
gives an error similar to the original Wren, 37 meV/atom. The
conclusion is that the restricted model can generalize well
into the space of an entire composition that is not part of
its training data without uncontrollably large errors. Rather,
the error for out-of-dataset predictions is thus still below
the reported mean absolute error (MAE) of DFT calcula-
tions on general chemistries and structures (~ 100 meV/atom
[133,134]). Hence, the remaining accuracy is sufficient for the
enumeration-based screening workflow of this work.
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FIG. 2. Top: A scatter plot comparing the predictive accuracy of
Wren models trained on two different datasets: one on the complete
WBM + MP dataset and the other omitting all data points with
the composition AB,Cs. The size of each point represents the level
of predictive accuracy, with larger points indicating higher errors.
Bottom: The rolling MAE of the two models as a function of the
DFT formation energy and, in the background, a gray kernel density
estimate plot of the data distribution. The model trained on the com-
plete dataset has an error of 37 meV/atom, while the model trained
on the dataset with the excluded composition reports an error of 88
meV/atom. Wren displays higher accuracy for protostructures with
lower formation energy, and its accuracy generally goes down as the
formation energy increases.

VII. TESTS OF SYNTHETIC XRD INVERSION

To evaluate the performance of the complete workflow in
identifying the atomic positions belonging to a previously
unseen prototype from an XRD pattern, we randomly chose
a few materials from the materials project dataset. These ma-
terials were part of the AB,Cg space that is excluded from
the training data in the retrained models discussed in the
previous section. We chose structures that are evaluated to
be on the convex hull of thermodynamical stability. Then,
we simulated the XRD patterns for these structures. We were
able to reproduce the original crystal structure from which the
XRD was generated by starting only from the simulated XRD
and the composition. The two examples are discussed in more
detail below, with a summary presented in Table I (more data
is available in the Supplemental Material, Ref. [117]).

In the first test, we start from a synthetic XRD for Li,MnFg
(mp-752936) and the knowledge that it is in space group
150. Using AflowStringGenerator, we find that this com-
position and space group allow 7150 different enumerated
protostructures. Ranking the Wyckoff protostructure IDs us-
ing Wren and sorting them based on the aleatoric and
epistemic uncertainty (explained in workflow) and using a

TABLE I. Summary of the highlighted structures. “enum” repre-
sents the total number of enumerated candidates and “cutoff” is the
number of candidates left after applying a cutoff of 40 meV above
the lowest prediction. “rank” shows at what position the structure is
ranked based on predicted formation energy.

mp-id Composition  spgp  enum  Cutoff  Rank
mp-752936 Li;MnFg 150 7150 180 1
mp-9126 Sb,SrO¢ 162 41 9

cutoff of 0.04 eV/atom from the lowest predicted energy gives
a shortlisted number of 180 candidates. The original proto-
structure ID is A6B2C_hP27_150_3g_ef_ad:F-Li-Mn, and
it was predicted as the most likely structure (at the top of
the sorted list) in the Wren ranking. Hence, the number of
protostructures to take to the next step of matching the R value
using StructureSolver is brought down by the screening
with Wren from 7150 to 180, i.e., in this case, the screening
of formation energies reduces the computational effort of the
following step with a factor of 40.

The remaining list of protostructures, sorted by the en-
ergy predicted by Wren, is sequentially processed using
StructureSolver. We initialize 512 random structures for
a given protostructure and optimize them to match the XRD
profile. For each protostructure, multiple instantiations among
the 512 structures relax into the same structure. Duplicate
structures are trivially excluded by comparing the values
of the degrees of freedom and picking the structure corre-
sponding to the best R value. For this particular case, the
StructureSolver screening results in three protostructures
3g_ef_ad, 3g_2e_ad, and 3g_2e_bd reproduced by the orig-
inal XRD. It may be sufficient to use DFT to discern the most
stable of the structures.

In the second test, we use a synthetic XRD for Sb,SrOg
(mp-9126) and the knowledge that it is in space group
162. Enumeration gives in this case that the composition
and space group only allow 42 protostructures. Wren is
used to predict formation energies, and the cutoff crite-
rion is applied to yield nine shortlisted Wyckoff proto-
structures. The original structure has a protostructure ID
A6B2C_hP9_162_k_c_b:0-Sb-Sr with two degrees of free-
dom appearing as the third-ranked option. In this case, solving
the structure requires optimizing only two degrees of freedom,
which exactly reproduces the synthetic XRD. The next best
structure has an R value greater than 0.15.

Our tests have been run on a NVIDIA A40 GPU, and the
Wren formation energy predictions are found to generally,
on average, take approximately 0.002 s per protostructure.
The processing with StructureSolver takes around 30 s
per protostructure. The computational load can be scaled up
more or less perfectly in parallel onto multiple GPUs. This is
helpful for potentially solving a large number of XRD peaks
that are indexed to sufficient accuracy. Analysis of an addi-
tional 25 structures is provided in the Supplemental Material,
Ref. [117].

VIII. TESTS OF EXPERIMENTAL XRD INVERSION

In this section, we use the proposed framework to identify
crystal structures from experimental XRD. We first validate
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FIG. 3. A few examples of structures identified from experimental XRD patterns in the RRUFF dataset. Each row corresponds to an entry
in the RRUFF dataset, showing (first column) all the candidate structures identified by our algorithm; (second column) the crystal structure in
the RRUFF dataset, regarded here as the true one; (third column) comparison of the synthetic XRD from our solutions and the experimental
XRD in RRUFFE. For the fourth row, our algorithm found two solutions with the same good R value of 0.012. For the fifth row, we found five
solutions and only show the one with the lowest R value here (the others are included in the Supplemental Material [117]).
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TABLE II. Summary of the crystal structures identified from experimental XRD data. The “DFT hull dist” in the table is the positive or
negative distance to the known convex hull of thermodynamic stability from Materials Project; i.e., when negative, it indicates a structure that
is stable with respect to the competing phases, and thus that the known hull needs to be updated with the listed structure. The “known” column
means that the prototype is present in at least one of the databases used to train Wren, i.e., MP or WBM.

ICDD-ID Composition Protostructure ID Known DFT hull dist. (meV/atom) R value
00-044-1073 LiSbFe,;0¢ A2BC6D_oP20_34_2b_a_3c_a:Fe-Li-O-Sb No 9 0.090
00-024-1293 TiFeCl; A3BC_hP10_186_c_a_b:Cl-Fe-TI Yes -5 0.065
00-060-0238 SnTe,Ni; A3BC2_hP12_194_ae_c_f:Ni-Sn-Te No 7 0.059
00-040-1408 In,Se; A2B3_hP10_194_f_af:In-Se Yes 55 0.230

the framework by reproducing already identified structures in
the RRUFF project database [135] and then apply the same
methods on previously unidentified powder diffraction data in
the International Centre for Diffraction Data (ICDD) PDF-2
2012 database [136,137]. The closed nature of the latter im-
poses technical limitations on large-scale access to the atomic
coordinates of identified structures. Hence, we were not able
to devise a test of the ability of our framework to recover
already identified structures in this database. This highlights
the important contribution of open datasets, such as the one
provided by RRUFF.

A. Test of recovery of structures in RRUFF

We start from the RRUFF project database retrieved on
Jan 24, 2024, with 2902 XRD patterns. The dataset is filtered
to remove disordered structures (1992), structures that are
difficult to automatically process (e.g., internal inconsisten-
cies, unusual symmetry settings, or where the RRUFF data
indicates low confidence; 447), and structures of complexity
beyond what our present implementation can handle (163)
(see Sec. V). This leaves 300 entries. We used DFT cal-
culations using the PBE functional [129] to relax all these
structures and kept only the ones we could confirm to have
reasonable stability at zero temperature (i.e., less than 100
meV/atom above the Materials Project [9] convex hull of
thermodynamical stability). The end result is a data set of
189 structures suitable for testing our algorithm. (More details
on the filtering are available in the Supplemental Material,
Ref. [117]).

Our implementation enumerates and identifies crystal
structure candidates for the remaining 189 XRD patterns. We
count the inversion as a success if the known structure in
RRUFF appears anywhere in our final remaining candidates
after applying the energy screening cutoff of 40 meV/atom
above the energy of the structure with the lowest predicted
energy and has an R-value match better than a chosen cut-
off of less than 0.1. The result is that 186 out of the 189
structures are recovered. Figure 3 shows some examples of
these recovered structures. However, we stress that this test
only demonstrates the ability of our algorithm to reproduce
structures from experimental XRD that are similar to those
available in the training data set (which is very likely to
hold for all the RRUFF structures). Also, the workflow yields
multiple candidate structures for a given XRD pattern (e.g.,
Ilmenite_R130214-9_11917 in Fig. 3), which required addi-
tional DFT evaluations. More details on this test are available
in the Supplemental Material, Ref. [117].

B. Recovery of unidentified ICDD structures

In this section, we investigate previously unidentified ex-
perimental XRD data from the (ICDD database. The edition
we use omits the precise atomic coordinates for all entries
and does not clearly specify which structures the coordinates
are known for. Hence, our selection of relevant XRD data to
investigate has used the patterns marked as unidentified in the
work presented by Griesemer et al. [98]. We detail four cases
here (summarized in Table II), and results for additional ICDD
XRD patterns are provided in the Supplemental Material,
Ref. [117].

LiSbFe,0¢ (ICDD ID: 00-044-1073). the ICDD database
provides the diffraction pattern, unit cell parameters, and
space group Pnn2, along with the reduced formula unit.
The space group 34 has only three Wyckoff positions.
Upon running the workflow, we identified that there were
128 unique Wyckoff protostructures that the given com-
position can accommodate. We identified that there were
two formula units per unit cell, and the protostructure with
ID A2BC6D_oP20_34_2b_a_3c_a:Fe-Li-0-Sb was deter-
mined to be the solution. This poststructure has 13 degrees
of freedom, and our workflow yielded a crystal structure with
an R value of 0.09 and an energy of 9 meV/atom above the
convex hull of thermodynamic stability from the Materials
Project. The entire enumeration workflow was completed in
23 min.

A unique Wyckoff protostructure ID does not absolutely
ensure that there is no other way to reach the same struc-
ture through the already known prototypes, for example, via
sub- and supergroup relationships and by realizing the crystal
structure by placing atoms within the degrees of freedom just
slightly on or off symmetry in a different prototype. Hence,
we calculated formation energies with DFT of all the relevant
substitutions into alternative candidate Wyckoff prototypes
from both the materials project and WBM to ensure that no
other structure reproduced a similar or lower formation en-
ergy. We conclude that the found prototype is a new prototype
that is not present in those databases. However, we find a very
similar prototype ABC2D6_oP20_34_a_b_ab_3c (Materials
Project entry: mp-8673), with a comparable R value of 0.102,
which from DFT calculations comes out as slightly less stable
at 36 meV/atom above the convex hull. A deeper look into the
atomic placements reveals a layered nature of these structures,
and it appears the two prototypes represent different stackings
between Sb and Fe atoms. (These differences are elaborated
on in the Supplemental Material, Ref. [117], including a radial
distribution plot.)
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FIG. 4. Experimental XRD resolved using HTTK-SYMGEN. Four structures are shown to be solved using our workflow. The blue line shows
the experimentally obtained peaks fitted over a pseudo-Voigt function. Yellow-dashed lines show the XRD profile generated using structures
solved by HTTK-SYMGEN. R value is calculated only in the region where ICDD data is available; regions outside are removed from the plot.

SnTe,Ni; (ICDD ID: 00-060-0238). The ICDD en-
try specifies space group 194 (P63/mmc). Utilizing the
AflowStringGenerator method, we identified a total of
74 unique Wyckoff prototypes. The protostructure with ID
A3BC2_hP12_194_ae_c_f :Ni-Sn-Te was determined to be
the solution. The calculated crystal structure based on this
protostructure is 7 meV/atom above the convex hull of ther-
modynamical stability from the Materials Project, with an
R value of 0.059. None of the prototypes present in these
datasets met either the R value or the formation energy cri-
teria. The entire computational workflow was completed in a
span of 17 min.

There are no entries with the same protostructure
ID AB2C3_hP12_194_c_f_ae in the Materials Project or
the WBM dataset (but we did not do the same exhaustive
analysis via DFT calculations of all possible alternatives as
for LiSbFe,Og).

In;Se; (ICDD ID: 00-040-1408). The pattern files were
provided and were identified to be in space group P63/mmc.
Using our algorithm, we identify that there are two for-
mula units per unit cell, and the protostructure with ID
A2B3_hP10_194_f_af:In-Se was determined to be the so-
lution, with two degrees of freedom along the z direction at
the Wyckoff position f, which was occupied by In (f) and Se
(a,f). There were only 16 different combinations of Wyck-
off positions that satisfied the composition. The R value is
0.23, with an energy above the hull of 55 meV/atom. The
corresponding Wyckoff prototype (A2B3_hP10_194_f _af)is
previously reported, as seen in mp-1094034 and mp-1246153.

TiFeCl; (ICDD ID: 00-024-1293). The structure
was reported to be in space group 186 (P63mc).
Upon enumeration, there were a total of 1874 possible
Wyckoff protostructures, from which we identified
A3BC_hP10_186_c_a_b:Cl-Fe-T1 as the  correct
protostructure label for the structure with an R value of
0.065, and an energy of 5 meV/atom below the convex the
hull. The prototype corresponding to this structure turns
out to already exist in the Materials Project (mp-1096852,
mp-19241, etc.) and OQMD. Hence, it was also identified by
Griesemer et al. [98] with a formation energy insignificantly
higher (3 meV/atom) than our structure. (There is a slight
complication here in that while they also report their match
to be in space group P63mec, their final atomic coordinates
differ slightly from ours in a way that makes us identify their
structure to be in a supergroup, space group 194 (P63/mmc).
Hence, it is possible that the structure actually is in this
supergroup rather than the space group reported in ICDD.) A
comparison of simulated and experimental patterns for these
identifcations is shown in Fig. 4.

IX. DISCUSSION

The ability in tests on synthetic patterns to identify proto-
types in the structural space omitted in training, along with the
identification from previously unidentified experimental XRD
patterns from the ICDD database of two crystal structures with
Wyckoff prototypes not present in existing databases, substan-
tiates the capability of our method to identify new, previously
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unseen, prototypes. The success in applying the method to
experimental patterns also demonstrates robustness against
noise and other imperfections absent in simulated patterns.
Therefore, our approach shows promise not only in theoretical
simulations but also in its applicability to real-world experi-
mental data.

Our test on XRD patterns from the ICDD database have
been successful in finding new structures with better R-value
matches, and higher stability based on DFT formation energy
calculations, compared to solutions using known structures
and prototypes. Since the DFT calculations place them be-
low, or just slightly above, the convex hull of thermodynamic
stability, well within the theoretical accuracy of DFT with
semilocal exchange-correlation functionals of approximately
100 meV /atom [133,134] they represent new relevant crystal
structures that belong in the materials databases. However,
given the nonuniqueness of XRD inversion, further in-depth
experimental and theoretical characterization would formally
be required to completely confirm these as the true solutions
for the respective ICDD entries and dismiss the possibility
of even better matches (cf. the discussion on limitations in
Sec. V).

The identified prototypes could arguably have been found
by a type of extended screening suggested in some prior
works. For example, the FPASS method by Ward et al. [96]
describes how to stochastically pivot into a different combi-
nation of Wyckoff sites within the same space group during
its evolutionary exploration. However, the difference with the
workflow presented in this paper is that it describes how to
systematically explore the entire space of these previously
unseen prototypes.

In Sec. V, we have extensively discussed various limi-
tations and challenges in applying our algorithm, including
its combinatorial complexity. Nevertheless, our tests demon-
strate that our implementation in practice has a computational
efficiency sufficient to explore relevant levels of structural
complexity.

X. CONCLUSIONS

In this work, we have presented a scheme that can resolve
experimental XRD patterns without relying on a database
of previously resolved structural prototypes. The use of a
coarse-grained descriptor in the Wren ML model allows ex-
ploring candidate structures at a low computational effort,

which enables prioritizing among large sets of candidates,
including in the unexplored parts of the structural space.

We have demonstrated the ability of our model to invert
both simulated and experimental XRD patterns. Our tests
show how crystal structures with new Wyckoff prototypes
can be obtained, i.e., that symmetric arrangements of atoms
that have never been observed before can be identified. We
are unaware of other equally automated and systematic tech-
niques with this capability. Our work represents a significant
advancement in the field, offering a highly automated, effi-
cient, and versatile tool for the identification of new crystal
structures.

The source code is being prepared for public release and
is available on request. It will be available as a standalone
package and bundled with a future release of HTTK.
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