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Abstract

Splines are used broadly in simulations and 3D-modelling. For applications where abrupt changes occur in
the data, ordinary B-splines introduce spurious overshoots and unwanted oscillation. In this thesis we explore
cubic L1 splines, often referred to as Lavery splines after John E. Lavery, as an alternative to conventional
B-splines. Cubic L1 splines, in contrast to conventional B-splines, do not enforce continuity in the second
derivative. Instead cubic L1 splines allow freedom in the first derivatives and are defined by minimizing the
L1 norm of the second derivative over a given spline. The resulting minimization problem is not linear in
general, but a discretization of the problem is. The problem can therefore be solved with standard interior
point methods.

After presenting the necessary mathematical background and definitions, uni-variate cubic L1 splines are
explored in detail followed by bi-variate cubic L1 splines. With the mathematical theory behind the splines
in place, a discretization of the problem is made to make it computationally solvable. The implementation of
the splines was done in the Julia programming language using the JuMP package. Our main findings indicate
that cubic L1 splines do in fact interpolate abruptly changing data better than conventional methods. L1

splines perform especially well when there are linear segments in the data. However, for naturally oscillative
data, cubic L1 splines underperform in comparison to conventional B-splines. Additionally the computa-
tional complexity of L1 splines is significantly higher due to the optimization problem that must be solved in
order to obtain the spline coefficients, unlike B-splines, which can be calculated by solving tridiagonal linear
systems.
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1. Introduction

Splines are very useful for interpolating data and are used broadly in many applications such as computer
graphics, topography for geographical data and path planning. Instead of using straight lines between the
data points, any continuous curve can be used. This thesis will focus on a type of spline that are a piece
wise third degree polynomial, called cubic B-splines, or in this thesis often referred to as conventional splines.
These are relatively simple to calculate and it interpolates data great, see Figure 1.1, which interpolates a
sinusoidal function using cubic B-splines.

Figure 1.1: Sampled sine interpolated using cubic splines.

As can be seen Figure 1.1, the interpolation from the data points almost looks like a true sinusoidal
function. even though it is just a ordinary piece wise polynomial of degree three. In some cases however,
cubic B-splines can generate oscillations when in the presence of abruptly changing data, see Figure 1.2.

1.1 Background

Interpolation using splines is of great interest in simulations on geographical features. Such features are repre-
sented as data points which are gathered by LiDAR measurements or similar methods. Certain features such
as buildings or riverbanks, which include sharp edges, result in abruptly changing data points and are subject
to oscillations when interpolated with conventional spline methods, often referred as Gibbs phenomenon, see
Figure 1.2 for example. This has a significant impact on results of simulations that use splines to represent
these features. For example in simulation of water flow trough a shallow river, minor inaccuracies in the river
surface will result in unreliable flow due to turbulence and the chaotic nature of fluid dynamics.
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Figure 1.2: Example of Gibbs phenomenon

This introduces the need to find a alternative way of interpolating data points, which will be henceforth
referred to as nodes. This thesis will study how so called L1 splines can minimize these oscillative behaviors.

2. Method

To define the L1 splines, general cubic splines are studied as well as p-norms. Uni-variate cubic L1 splines
are explored first to give an intuitive understanding of why these splines look the way they do. Bi-variate
cubic L1 splines are then defined in a similar way.

2.1 Cubic Spline

A cubic spline that interpolates the data (xi, zi) can be formulated as

z(x) = ai + bi(x− xi) + ci(x− xi)
2 + di(x− xi)

3,

x ∈ [xi, xi+1], i = 0, . . . , I − 1 (2.1)

for some constants ai, bi, ci, di on each subinterval [xi, xi+1], where I + 1 is the number of data points.
This results in 4I unkowns which need to be computed. Standard cubic splines enforce continuity of the
approximation aswell as the first and second derivatives at the inner points (xi, zi), i = 1, . . . , I − 1. This
together with sufficient boundary conditions result in a unique spline for a given data set. The cubic splines
presented by Lavery (2000 [1]) relax these constraints to enforce continuity only in the approximation and
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its first derivative. The resulting spline z(x) satisfies the following constraints:

z(x−
i ) = z(x+

i ) = zi, i = 1, . . . , I − 1 (2.2a)

z′(x−
i ) = z′(x+

i ), i = 1, . . . , I − 1 (2.2b)
z(x0) = z0, (2.2c)
z(xI) = zI . (2.2d)

Equations (2.2a) and (2.2b) contain 2(I − 1) and I − 1 constraints respectively. With (2.2c) and (2.2d) this
results in

4I − (2(I − 1) + (I − 1) + 2) = I + 1

degrees of freedom. This means that one can freely choose the I + 1 derivatives z′(xi) = bi, i = 0, . . . , I.
These are in fact the same bi as in equation (2.1) for i = 0, . . . , I − 1 and

bI :=
dz

dx
(xI) = bI−1 + 2cI−1(xI − xI−1) + 3dI−1(xI − xI−1)

2.

The cubic spline z(x) can thus be expressed solely in the interpolation points (xi, zi) and the derivatives bi.
Lavery (2000) expresses the z(x) as

z(x) = zi + bi(x− xi) +
1

hi
[−(2bi + bi+1) + 3∆zi] (x− xi)

2 +
1

h2
i

(bi + bi+1 − 2∆zi)(x− xi)
3,

i = 0, 1, . . . , I − 1 (2.3a)

where

hi = xi+1 − xi, (2.3b)

∆zi =
zi+1 − zi

hi
, (2.3c)

bi =
dz

dx
(xi). (2.3d)

The ansatz in equation (2.3a) satisfies the constraints in (2.2). Continuity from the right, that is z(x+
i ) =

zi, is trivial for i = 0, . . . , I − 1 as all terms containing (x − xi) will be equal to zero leaving only zi. To
examine continuity from the left we find

z(x−
i ) = zi−1 + bi−1(xi − xi−1) +

1

hi−1
(−(2bi−1 + bi) + 3∆zi−1) (xi − xi−1)

2

+
1

h2
i−1

(bi−1 + bi − 2∆zi−1) (xi − xi−1)
3

= zi−1 + bi−1hi−1 − 2bi−1hi−1 − bihi−1 + 3∆zi−1hi−1

+ bi−1hi−1 + bihi−1 − 2∆zi−1hi−1

= zi−1 +∆zi−1hi−1 = zi−1 +
zi − zi−1

hi−1
hi−1 = zi, (2.4)

for i = 1, . . . , I. Thus z(x−
i ) = z(x+

i ) = zi for i = 1, . . . , I − 1, z(x0) = z0 and z(xI) = zI and constraints
(2.2a), (2.2c) and (2.2d) are fulfilled.
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For (2.2b) z′(x+
i ) = bi, i = 1, . . . , I − 1 is trivial.

z′(x−
i ) = bi−1 +

2

hi−1
(−(2bi−1 + bi) + 3∆zi−1) (xi − xi−1)

+
3

h2
i−1

(bi−1 + bi − 2∆zi−1) (xi − xi−1)
2

= bi−1 − 4bi−1 − 2bi + 6∆zi−1 + 3bi−1 + 3bi − 6∆zi−1 = bi, (2.5)

for i = 1, . . . , I − 1. Thus, z′(x−
i ) = z(x+

i ) and constraint (2.2b) is fulfilled. z(x) therefore correctly
interpolates the data points (xi, zi) under the constraints in (2.2).

Figure 2.1 shows how these splines are dependent on the derivatives. Notice that the spline is continuous,
as is its first derivative. The second derivative is however not needed to be continuous. The data points are
as follows: x = [0, 1, 2, 3], z = [0, 0, 1, 1]. This example will continue more thoroughly in section 2.6.3.

Figure 2.1: Cubic spline for varying derivatives bi.

2.2 The p-norm

To be able to define the Lavery Lp splines, the p-norm must first be defined. Let X be a vector space,
consider all x ∈ X. A norm must satisfy the following properties,

||x|| ≥ 0 (2.6a)
||x|| = 0 ⇔ x = 0 (2.6b)

||ax|| = |a| ||x|| ∀a ∈ R (2.6c)
||x+ y|| ≤ ||x||+ ||y||. (2.6d)
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The p-norm (or Lp-norm), 1 ≤ p ≤ ∞, on some vector space is defined as

||x||p =

(
I∑

i=0

|xi|p
)1/p

, (2.7)

which satisfies the conditions in (2.6). For a function f on a function space X, the p-norm is similarly defined
as

||f ||p =

∫
X

|f |p
1/p

. (2.8)

The set of all functions where the integral in (2.8) is convergent is called the ℓp-space. In this study, the one
norm is of special interest, that is

||x||1 =

I∑
i=0

|xi|, (2.9)

and

||f ||1 =

∫
X

|f |. (2.10)

2.3 Cubic Lp Splines

Let

−∞ < x0 < x1 < · · · < xI−1 < xI < ∞ (2.11)

be a strictly monotonic partition of the finite real interval [x0, xI ] with function values zi at the nodes xi.
For 1 ≤ p < ∞ we define the cubic Lp spline z(x) of the data {(xi, zi)}Ii=0 to be a piecewise cubic polynomial
that minimizes the Lp-norm of the second derivative of z(x) on the interval [x0, xI ] over all piecewise cubic
polynomials such that

z(xi) = zi, i = 0, . . . , I, (2.12)

and

z′(x−
i ) = z′(x+

i ), i = 1, . . . , I − 1. (2.13)

In other words, minimizing  xI∫
x0

∣∣∣∣ d2dx2
z(x)

∣∣∣∣p dx
1/p

(2.14)

or equivalently
xI∫

x0

∣∣∣∣ d2dx2
z(x)

∣∣∣∣p dx. (2.15)
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2.4 Uni-variate cubic L1 splines

The L1 norm on the second derivative of z(x) is∣∣∣∣∣∣∣∣ d2dx2
z(x)

∣∣∣∣∣∣∣∣
1

=

xI∫
x0

∣∣∣∣ d2dx2
z(x)

∣∣∣∣ dx. (2.16)

Twice differentiating the ansatz (2.3a) results in

d2

dx2
z(x) =

bi+1 − bi
hi

+
6

h2
i

(bi + bi+1 − 2∆zi)

(
x− xi −

hi

2

)
. (2.17)

With the substitution t = (x−xi

2 − hi

2 )/hi, equation (2.16) can be reformulated as

xI∫
x0

∣∣∣∣ d2dx2
z(x)

∣∣∣∣ dx =
I−1∑
i=0

1
2∫

− 1
2

|(−1 + 6t)bi + (1 + 6t)bi+1 − 12∆zit| dt := E(b̄), (2.18)

where

b̄ = ( b0, b1, . . . , bI ) = ( z′(x0), z
′(x1), . . . , z

′(xI) ) ∈ RI+1.

To remove oscillatory behavior we can minimize the norm of d2

dx2 z(x) with respect to the first order derivatives
in each data points xi, i = 0, 1, . . . , I, that is

min
b̄∈RI+1

E(b̄). (2.19)

The integral can be approximated as a right Riemann sum. This gives

E(b̄) ≈
I−1∑
i=0

J−1∑
j=0

|(−1 + 6tj)bi + (1 + 6tj)bi+1 − 12∆zitj |∆tj , (2.20)

on some partition − 1
2 = t0 < t1 < · · · < tJ = 1

2 where ∆tj = tj+1 − tj . As ∆tj → 0, the Riemann sum
converges towards the integral, or the approximation converges to E(b̄). This also means that the problem
becomes linear with respect to b̄ which can be solved rather easily with standard Linear Program (LP).

The solution to the minimization problem in (2.19) is generally not unique. There are many ways one
could constrain the problem to yield a unique solution. One way presented in Lavery (2000) is to add a
regularization term. Let

L(b̄) := E(b̄) + λ

I∑
i=0

|bi| (2.21)

for some sufficiently small real value λ > 0. Equation (2.19) can be replaced with

min
b̄∈RI+1

L(b̄). (2.22)

Minimizing L(b̄) rather than E(b̄) always results in a unique solution by choosing the curve with the lowest
sum of absolute value of slopes or (in some sense) the flattest curve.
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2.5 Bi-variate cubic L1 Splines

Bi-variate cubic L1 splines are similar in form to uni-variate cubic L1 splines, but extended to two spacial
dimensions. Let

−∞ < x0 < x1 < · · · < xI−1 < xI < ∞, (2.23)

and

−∞ < y0 < y1 < · · · < yJ−1 < yJ < ∞, (2.24)

be strictly monotonic partitions of the real intervals [x0, xI ] and [y0, yJ ] with function values zij at the nodes
(xi, yj). Notice that the nodes must lay on the intersections of lines y = xi and x = yj which creates a
rectangular grid, meaning these splines do not have the capability to interpolate an arbitrary set of data.

Let

x̃ =
x− xi

∆xi
, ỹ =

y − yj
∆yj

, (2.25a)

with

∆xi = xi+1 − xi, ∆yj = yj+1 − yj , (2.25b)

for i = 0, . . . , I − 1, j = 0, . . . , J − 1 and

zxi,j =
∂

∂x
z(xi, yj), zyi,j =

∂

∂y
z(xi, yj), (2.25c)

for i = 0, . . . , I and j = 0, . . . , J .
In a rectangular grid, [xi, xi+1]× [yj , yj+1], the Sibson element (Han and Schumaker, 1997 [2]) is a shape

preserving function z(x, y) which has the desired properties that the derivatives are linear along the edges
and the element depends only on z, ∂z/∂x and ∂z/∂y at the corners of each rectangle (12 parameters per
rectangle). With an affine mapping from (x, y) to (x̃, ỹ), the rectangle [xi, xi+1] × [yj , yj+1] is mapped to
[0, 1]× [0, 1] using (2.25a) which is shown in Figure 2.2.

(xi+1, yj)(xi, yj)

(xi+1, yj+1)(xi, yj+1)

(x̃, ỹ)

(1, 0)(0, 0)

(1, 1)(0, 1)

Figure 2.2: The affine map from (x, y) to (x̃, ỹ).
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By drawing the two diagonals of the square, one creates four triangles as can be seen in Figure 2.3. The
Sibson element stated by Han and Schumaker is defined on each of these four triangles.

(1, 0)(0, 0)

(1, 1)(0, 1)

( 12 ,
1
2 )

1

2

3

4

Figure 2.3: The subdivision of the unit square.

The Sibson element on the triangle in (x̃, ỹ) with vertices in (0, 0), (1, 0) and ( 12 ,
1
2 ), triangle 1 in

Figure 2.3, can now be formulated as

z1(x, y) = [1− 3x̃2 + 2x̃3 − 3ỹ2 + 3x̃ỹ2 + ỹ3]zij

+∆xi[x̃− 2x̃2 + x̃3 − 1

2
ỹ2 +

1

2
x̃ỹ2]zxij

+∆yj [ỹ − x̃ỹ − 3

2
ỹ2 + x̃ỹ2 +

1

2
ỹ3]zyij

+ [3x̃2 − 2x̃3 − 3x̃ỹ2 + ỹ3]zi+1,j

+∆xi[−x̃2 + x̃3 +
1

2
x̃ỹ2]zxi+1,j

+∆yj [x̃ỹ −
1

2
ỹ2 − x̃ỹ2 +

1

2
ỹ3]zyi+1,j

+ [3ỹ2 − 3x̃ỹ2 − ỹ3]zi,j+1 +∆xi[
1

2
ỹ2 − 1

2
x̃ỹ2]zxi,j+1

+∆yj [−ỹ2 + x̃ỹ2 +
1

2
ỹ3]zyi,j+1 + [3x̃ỹ2 − ỹ3]zi+1,j+1

+∆xi[−
1

2
x̃ỹ2]zxi+1,j+1 +∆yj [−x̃ỹ2 +

1

2
ỹ3]zyi+1,j+1,

x ∈ [xi, xi+1], y ∈ [yi, yi+1], i = 0, . . . , I, j = 0, . . . , J. (2.26)

The Sibson element on the other three triangles are almost the same. To obtain the Sibson element zn(x, y)
on triangle n , the following changes are made to Equation 2.26.
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2 :

x̃ → ỹ ∆xi → ∆yj

ỹ → 1− x̃ ∆yj → ∆xi

zij → zi+1,j zxij → zyi+1,j zyij → −zxi+1,j

zi+1,j → zi+1,j+1 zxi+1,j → zyi+1,j+1 zyi+1,j → −zxi+1,j+1

zi,j+1 → zij zxi,j+1 → zyij zyi,j+1 → −zxij

zi+1,j+1 → zi,j+1 zxi+1,j+1 → zyi,j+1 zyi+1,j+1 → −zxi,j+1 (2.27)

3 :

x̃ → 1− x̃ ∆xi → ∆xi

ỹ → 1− ỹ ∆yj → ∆yj

zij → zi+1,j+1 zxij → −zxi+1,j+1 zyij → −zyi+1,j+1

zi+1,j → zi,j+1 zxi+1,j → −zxi,j+1 zyi+1,j → −zyi,j+1

zi,j+1 → zi+1,j zxi,j+1 → −zxi+1,j zyi,j+1 → −zyi+1,j

zi+1,j+1 → zi,j zxi+1,j+1 → −zxi,j zyi+1,j+1 → −zyi,j (2.28)

4 :

x̃ → 1− ỹ ∆xi → ∆yj

ỹ → x̃ ∆yj → ∆xi

zij → zi,j+1 zxij → −zyi,j+1 zyij → zxi,j+1

zi+1,j → zi,j zxi+1,j → −zyi,j zyi+1,j → zxi,j

zi,j+1 → zi+1,j+1 zxi,j+1 → −zyi+1,j+1 zyi,j+1 → zxi+1,j+1

zi+1,j+1 → zi+1,j zxi+1,j+1 → −zyi+1,j zyi+1,j+1 → zxi+1,j (2.29)

Recall the definition of E(b̄) from Equation (2.18) for the uni-variate case. We define E(b̄x, b̄y) similarly
for the bi-variate case, see Equation (2.32) the difference being that we now integrate the second order partial
derivatives of z.

E(b̄x, b̄y) :=

∫∫
D

∣∣∣∣∂2z

∂x2

∣∣∣∣+ 2

∣∣∣∣ ∂2z

∂x∂y

∣∣∣∣+ ∣∣∣∣∂2z

∂y2

∣∣∣∣ dxdy, D = [x0, xI ]× [y0, yJ ] (2.30)

where

b̄x =
{
zxij : i ∈ {0, . . . , I}, j ∈ {0, . . . , J}

}
, (2.31)
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and

b̄y =
{
zyij : i ∈ {0, . . . , I}, j ∈ {0, . . . , J}

}
. (2.32)

The integration domain D = [x0, xI ]×[y0, yJ ] is split to a double sum of each rectangle [xi, xi+1]×[yj , yj+1]
and then split to the four triangles 1 - 4 as showed in Figure 2.4.

D :

y2

y1

y0
x0 x1 x2 x3

Figure 2.4: A visual example of how the domain D is split to smaller subdomains.

The double integral over domain D in (2.30) can be reformulated on each Sibson element as

E(b̄x, b̄y) =

I−1∑
i=0

J−1∑
j=0

 ∫∫
1

∣∣∣∣∂2z1
∂x2

∣∣∣∣+ 2

∣∣∣∣ ∂2z1
∂x∂y

∣∣∣∣+ ∣∣∣∣∂2z1
∂y2

∣∣∣∣ dxdy
+

∫∫
2

∣∣∣∣∂2z2
∂x2

∣∣∣∣+ 2

∣∣∣∣ ∂2z2
∂x∂y

∣∣∣∣+ ∣∣∣∣∂2z2
∂y2

∣∣∣∣ dxdy
+

∫∫
3

∣∣∣∣∂2z3
∂x2

∣∣∣∣+ 2

∣∣∣∣ ∂2z3
∂x∂y

∣∣∣∣+ ∣∣∣∣∂2z3
∂y2

∣∣∣∣ dxdy

+

∫∫
4

∣∣∣∣∂2z4
∂x2

∣∣∣∣+ 2

∣∣∣∣ ∂2z4
∂x∂y

∣∣∣∣+ ∣∣∣∣∂2z4
∂y2

∣∣∣∣ dxdy
 . (2.33)
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Twice differentiating the function in (2.26) gives the partial derivatives

∂2z1
∂x2

=
1

∆x2
i

(
[−6 + 12x̃]zij +∆xi[−4 + 6x̃]zxij + [6− 12x̃]zi+1,j +∆xi[−2 + 6x̃]zxi+1,j

)
, (2.34a)

∂2z1
∂x∂y

=
1

∆xi∆yj

(
6ỹzij +∆xiỹz

x
ij +∆yj [−1 + 2ỹ]zyij − 6ỹzi+1,j +∆xiỹz

x
i+1,j

+∆yj [1− 2ỹ]zyi+1,j − 6ỹzi,j+1 −∆xiỹz
x
i,j+1 + 2∆yj ỹz

y
i,j+1

+6ỹzi+1,j+1 −∆xiỹz
x
i+1,j+1 − 2∆yj ỹz

y
i+1,j+1

)
, (2.34b)

∂2z1
∂y2

=
1

∆y2j

(
[−6 + 6x̃+ 6ỹ]zij +∆xi[−1 + x̃]zxij +∆yj [−3 + 2x̃+ 3ỹ]zyij + [−6x̃+ 6ỹ]zi+1,j

+∆xix̃z
x
i+1,j +∆yj [−1− 2x̃+ 3ỹ]zyi+1,j + [6− 6x̃− 6ỹ]zi,j+1 +∆xi[1− x̃]zxi,j+1

+∆yj [−2 + 2x̃+ 3ỹ]zyi,j+1 + [6x̃− 6ỹ]zi+1,j+1 −∆xix̃z
x
i+1,j+1 +∆yj [−2x̃+ 3ỹ]zyi+1,j+1

)
. (2.34c)

The partial derivatives of z2, z3 and z4 are obtained using the same transformations as for z2, z3 and z4, that
is, (2.27), (2.28) and (2.29) respectively.

As it is now E(b̄x, b̄y) does not guarantee a single optimum. A regularization term needs again to be
added. In the uni-variate case, the absolute value of the derivatives was sufficient. In the bi-variate case,
this doesn’t guarantee a unique optimum in general. However, in practice this is not an issue. As long as an
optimum is found, the resulting L1 spline yields less oscillations than a standard spline. Let

L(b̄x, b̄y) := E(b̄x, b̄y) + λ

I∑
i=0

J∑
j=0

[ ∣∣zxij∣∣+ ∣∣zyij∣∣ ] . (2.35)

The coefficients of the bivariate cubic L1 spline is given by

min
b̄x∈RI+1×J+1

b̄y∈RI+1×J+1

L(b̄x, b̄y). (2.36)
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2.6 Implementation

So far, we have only described what the problem looks like but not how to actually solve it. The aim of
this section is to give one possible approach to implementing the splines. Details are provided for a two-
dimensional discretization where a one-dimensional version follows directly if the y coordinate is ignored.

2.6.1 Discretization
Until now the problem has been described strictly in continous variables and functions. In practice, the
problem must be discretisized. For easier reading, let

Γ (zn(x, y)) :=

∣∣∣∣ ∂2

∂x2
zn(x, y)

∣∣∣∣+ 2

∣∣∣∣ ∂2

∂x∂y
zn(x, y)

∣∣∣∣+ ∣∣∣∣ ∂2

∂y2
zn(x, y)

∣∣∣∣ . (2.37)

The integrals in (2.33) are discretized using 2N by 2N points in each rectangle. A discretization of the first
triangle can be seen in Figure 2.5.

(0, 0)

( 12 ,
1
2 )

(1, 0)

Figure 2.5: A discretized triangle with height N and base 2N

Equation (2.33) is approximated by

E(b̄x, b̄y) ≈
I−1∑
i=0

J−1∑
j=0

1

N2

{
N∑

k=0

k∑
l=0

[Γ( z1(x̂ik, ŷjl) ) + Γ( z2(x̂ik, ŷjl) )

+ Γ( z3(x̂ik, ŷjl) ) + Γ( z4(x̂ik, ŷjl) )]

+

2N∑
k=N+1

2N−k∑
l=N

[Γ( z1(x̂ik, ŷjl) ) + Γ( z2(x̂ik, ŷjl) )

+ Γ( z3(x̂ik, ŷjl) ) + Γ( z4(x̂ik, ŷjl) )]

}
, (2.38)

where

x̂ik = xi +
k

2N
∆xi,

and

ŷjl = yj +
l

2N
∆yj .
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The quadrature approximation in (2.38) yields a linear function with respect to b̄x and b̄y, that is, the partial
derivatives in x and y. This can be solved using techniques for LP-optimization.

2.6.2 Solving Linear Programming problems with absolute values
The minimization problem in Equation (2.36) is, because of the absolute values in Γ(zn(x, y)), not linear in
nature. It is possible to remove the absolute values in the objective function by introducing new variables
with sufficient additional constraints.

A standard linear programming (LP) minimization problem can be formulated as

min z = cTx

s.t. Ax ≥ b (2.39)
x ≥ 0

which can be solved using standard LP solvers. Since the objective function (2.36) has absolute values, it is
not linear in general with respect to b̄x and b̄y. Notice however that

min z = |x| ⇔ min z = y

s.t.

{
y ≥ x

y ≥ −x
(2.40)

for all x ∈ R, which makes the problem linear. The number of constraints (and variables) for the bi-variate
case, are on the order of order O(IJN2), where I and J are the number of data points on the x axis and
y axis, respectively, and N the number of data points that are sampled when approximating the integral.
Because this new minimization problem is linear, standard LP algorithms, such as the simplex method, can
be used. In this project, an Interior Point Method (IPM) was used. The LP problem was modeled in the
Julia programming language [3], using the JuMP package [4]. The open source solver HiGHS [5] was used to
solve the LP problem.

2.6.3 Numerical example
The following numerical example is the same as in Figure 2.1. The data points are x = [0, 1, 2, 3] with
corresponding function values z = [0, 0, 1, 1]. The regularization term λ used in this example is set to zero.
Figure 2.6 illustrates how interpolation of this data, given by (2.3a), looks for a few different values of bi.
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Figure 2.6: Cubic spline for varying derivatives bi.

To calculate the Lavery splines defined in (2.22) and (2.36) for the uni- and bi-variate cases respectively,
a minimization problem needs to be solved. In order to solve this as an LP-problem, the integral is first
discretized. Then the problem is reformulated to get rid of the absolute values. After these changes the
Lavery splines can be solved as a standard LP-problem. The minimization for the example data is

min

1∫
0

|(−4 + 6x)b0 + (−2 + 6x)b1| dx+

+

2∫
1

|(−10 + 6x)b1 + (−8 + 6x)b2 + 12| dx+

+

3∫
2

|(−16 + 6x)b2 + (−14 + 6x)b3| dx. (2.41)
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The integrals can be approximated as

1

2
(|(−4 + 6 · 0)b0 + (−2 + 6 · 0)b1|+

|(−4 + 6 · 1)b0 + (−2 + 6 · 1)b1|+
|(−10 + 6 · 1)b1 + (−8 + 6 · 1)b2 + 12|+
|(−10 + 6 · 2)b1 + (−8 + 6 · 2)b2 + 12|+
|(−16 + 6 · 2)b2 + (−14 + 6 · 2)b3|+
|(−16 + 6 · 3)b2 + (−14 + 6 · 3)b3|) (2.42)

using a trapezoid rule. Reformulating according to (2.40) results in the following minimization problem:

min y1 + y2 + y3 + y4 + y5 + y6

s.t.



y1 ≥ −4b0 − 2b1

y1 ≥ 4b0 + 2b1

y2 ≥ 2b0 + 4b1

y2 ≥ −2b0 − 4b1

y3 ≥ −4b1 − 2b2

y3 ≥ 4b1 + 2b2

y4 ≥ 2b1 + 4b2

y4 ≥ −2b1 − 4b2

y5 ≥ 4b2 + 2b3

y5 ≥ −4b2 − 2b3

y6 ≥ 2b2 + 4b3

y6 ≥ −2b2 − 4b3

(2.43)

The right plot of Figure 2.7 shows the absolute values of the second derivative of z(x) for the different
bi. As we can see, b = (0, 0, 0, 0) (orange line) allows the second derivative to be identically zero at every
interpolation point, meaning that the minimization in (2.43) results in all yi = 0. All in all the orange spline
of the left plot is the optimal solution to the LP-problem.
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Figure 2.7: Numerical example with data points: x = (0, 1, 2, 3) and z = (0, 0, 1, 1)

3. Results

The conventional B-splines were calculated using the BasicInterpolators.jl package [6], and for plot-
ting the Plots.jl package in Julia [7] was used.

3.1 Uni-variate splines

The univariate splines for some chosen data points is shown below. The L1-spline can be seen on the left and
the standard cubic spline is shown on the right. The data points for the different figures shows: Figure 3.1
similar to a step function, Figure 3.2 similar to a rectangle wave and Figure 3.3 shows some chosen nonuniform
scattered data points. The data points are chosen to test how the L1-spline will behave with abrupt changes
in both data and slope. A sampled sine wave was added to see how L1-spline performs for natural oscillative
data points, see Figure 3.4.
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Figure 3.1: Heavyside step function using L1-splines (left) and conventional cubic splines (right).

Figure 3.2: A rectangle wave using L1-splines (left) and conventional cubic splines (right).
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Figure 3.3: Some nonuniform data points, interpolated using L1-splines (left) and conventional cubic splines
(right).

Figure 3.4: A sampled sine, interpolated using L1-splines (left) and conventional cubic splines (right).

3.2 Bi-variate splines

The bi-variate splines for several test cases are shown below. The bi-variate L1-spline are shown on the left
side and the standard bi-variate cubic spline can be shown on the right side. The data set are as follows:
Figure 3.5 a step function (or wave) in three dimensions, Figure 3.6 a plateau and the last two (Figure 3.7,
3.8, 3.9, 3.10) and (Figure 3.11, 3.12, 3.13, 3.14) are geographical data. The first being a portion of the river
Rhine using 50x50 gridded data and the last is from Seaside, Oregon, USA using 351x351 gridded data.
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Figure 3.5: A step function in one direction, interpolated using Bi-variate L1-splines (left) and conventional
cubic splines (right).

Figure 3.6: A plateau, interpolated using Bi-variate L1-splines (left) and conventional cubic splines (right).
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Figure 3.7: Portion of the Rhine, interpolated using Bi-variate L1-splines (left) and conventional cubic splines
(right).

In Figure 3.7, it’s hard o tell the difference. Below is zcubic − zlavery plotted.

Figure 3.8: Difference between Bi-variate L1-splines and conventional cubic splines in Figure 3.7.

Even though you can see some difference, it may still be hard to see the the result. Below, Figure 3.9 is
a zoomed in version of Figure 3.7.

20



Figure 3.9: The same geographical data as in Figure 3.7 but zoomed in. Bi-variate L1-splines (left) and
conventional cubic splines (right).

Figure 3.10: Difference between Bi-variate L1-splines and conventional cubic splines in Figure 3.9.
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Figure 3.11: Geographical data points (down-scaled) from Seaside, Oregon, interpolated using Bi-variate
L1-splines (left) and conventional cubic splines (right).

Just as in Figure 3.7, it is hard o tell the differences between the L1-spline and the conventional B-spline
in Figure 3.11. Below is zcubic − zlavery plotted.

Figure 3.12: Difference between Bi-variate L1-splines and conventional cubic splines in Figure 3.11.

Since the beach and ocean is not that interesting, a zoom in on just the city part may be more relevant.
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Figure 3.13: The same geographical as in Figure 3.11 but zoomed in. Bi-variate L1-splines (left) and con-
ventional cubic splines (right).

Figure 3.14: Difference between Bi-variate L1-splines and conventional cubic splines in Figure 3.13.
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4. Discussion

From the results in Chapter 3, there are differences between conventional cubic splines and Lavery splines.
Lavery splines look more natural and cubic splines oscillate more when data changes abruptly. For sinusoidal
data points, the L1-splines performs worse than cubic B-splines.

The computation times of the spline coefficients differ significantly. The cubic splines can be calculated
practically instant in comparison to Lavery splines. Since Lavery splines require an optimization step, the
computation time scale incredibly badly with increasing number of interpolation points, as the number of
constraints grow in tandem.

4.1 Analysis

An analysis is done to discuss the results in Chapter 3.

4.1.1 Uni-variate analysis
In the uni-variate case, the results indicate that L1-splines do in fact perform better for abruptly changing
data, in comparison to conventional cubic splines. Figure 3.1 and Figure 3.2 display this clearly as the
overshoot seen in the right plots (B-splines) is not noticeable in the left ones (L1-splines). The results also
hint to the fact that cubic L1-splines conserve linearity at inner points of linear segments of the interpolation
data, a claim that will not be proved in this thesis. Figure 3.3 features nonuniform data with abrupt
changes. The most noticeable differences between L1-spline and B-splines for this data, can bee seen where
linear segments follow abrupt changes. Again, cubic B-splines introduce oscillation at these points. It is
also noticeable that cubic L1-splines are more linear than conventional cubic splines when the spacing of
the interpolation points increases abruptly, but the values at these points does not. See Figure 3.3 in the
interval x ∈ [10, 15]. Figure 3.4 shows that L1-splines do not always outperform conventional B-splines. For
naturally oscillative data, as in Figure 3.4, conventional B-splines (right plot) seem to preserve the shape of
the sinusoidal wave better than cubic L1-splines.

4.1.2 Bi-variate analysis
The bi-variate L1-splines performed overall better than the bi-variate cubic B-splines for the data sets pre-
sented in Chapter 3. In Figure 3.5, overshoot is clearly present in the cubic B-splines when the data changes
abruptly. This does not happen when interpolating the same data using L1-splines. This is also seen in
Figure 3.6. L1-splines preserve the “flattest” of the plateau without overshooting at the edges. Figure 3.7
features data from a part of the Rhine river and Figure 3.11 part of Seaside, Oregon. The difference between
the right and left plot are not obvious because of the large number of points, and the scale of the surface. The
difference between the left plot (L1-splines) and the right plot (B-splines) are seen in Figure 3.8. It is now
more clear that the convectional splines once again overshoot where the data changes abruptly. In Figure 3.8
the two lines where the difference spikes, represent the transition from riverbank to river. These differences
are made even more clear in Figure 3.9 and Figure 3.10 where only a portion of the river is considered.

The dataset from Seaside, Oregon contains more data than the other examples. In Figure 3.11 and
Figure 3.12, an overview can be seen of the city and the ocean side. Again the plots look almost identical.
Figure 3.13 shows a smaller portion of this data, and focuses on the buildings. Figure 3.14 shows the difference
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between B-splines and L1-splines for this data. The most noticeable feature in is the large yellow spike in the
middle of this plot, which represents the overshoot seen in the tallest building in the right plot of Figure 3.13.

4.2 Limitations

The data are limited to lie on a rectangular mesh grid, which is quite common in real world data. Another
limitation is that calculation of the spline coefficients for cubic L1-splines is computationally expensive. When
running the data set from Seaside, Oregon, the computation time for the L1-spline coefficients was several
days, but this is of course dependent on what computer is used for the calculations. The data used, is a
351-by-351 grid. Even in the minimal case N = 2, the computation was slow. N = 2 means that the integral
was approximated using only 2 points.

In applications where the spline coefficients are calculated only once, for example when multiple simula-
tions are run on the same surface, cubic L1-splines should definitely be considered for enhanced performance,
whereas applications where quick calculation of the coefficients is crucial, conventional methods could be
better suited.

4.3 Opportunities for improvements

The integral was approximated using Riemann sums. For better approximation, other quadrature rules could
be used like the Trapezoid rule or Simpson rule to approach the same accuracy without sampling as fine grid
for the integral.

Though the LP-solver we used worked great, there are some things that could have been looked into to
make the optimization run faster. We have used HiGHS (open source, https://highs.dev/) solver which
worked great. To increase performance, one could try using Gurobi (licensed, https://www.gurobi.com/,
[8]) which is known to be one of the fastest solvers for optimization problems.

Additionally, a heuristic method could also be looked into. One could for example split the domain in
smaller subdomains. Then solve these smaller parts and average all these (maybe with some weights) to find
a near-optimum. Since the domain will be smaller in the subdomain, the optimization parts will be faster
than solving the whole problem. The results may though not be within the wanted margin of error for the
implementation.

One could further investigate if there are more specialized algorithms for this problem. Because IPM and
the simplex method are very general algorithms, there are certainly a lot of opportunities for improvements.
For example could the possibility to use column generation to solve the problem be investigated.
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Appendix A

Our Github page with the code and the test data can be found here: https://github.com/osse01/Bachelor/tree/main/.
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