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Abstract—Maintaining consistent uncertainty estimates in lo-
calization systems is crucial as the perceived uncertainty com-
monly affects high-level system components, such as control or
decision processes. A method for constructing an observability-
constrained magnetic field-aided inertial navigation system is
proposed to address the issue of erroneous yaw observability,
which leads to inconsistent estimates of yaw uncertainty. The pro-
posed method builds upon the previously proposed observability-
constrained extended Kalman filter and extends it to work with a
magnetic field-based odometry-aided inertial navigation system.
The proposed method is evaluated using simulation and real-
world data, showing that (i) the system observability properties
are preserved, (ii) the estimation accuracy increases, and (iii) the
perceived uncertainty calculated by the EKF is more consistent
with the true uncertainty of the filter estimates.

I. INTRODUCTION

Maintaining consistent uncertainty estimates in localization
systems is crucial as the perceived uncertainty commonly
affects high-level system components, such as control or
decision processes. In an odometry-aided inertial navigation
system (INS), such as the magnetic field-odometry-aided INSs
presented in [1]–[4], the uncertainty about the position and
yaw of the navigation platform can, if the errors in the initial
state are uncorrelated, never become smaller than the initial
position and yaw uncertainty. This is because odometry and
inertial measurements only provide relative motion informa-
tion. Hence, for any algorithm used to estimate the navigation
state xk in an odometry-aided INS it should hold that

P
p
k ⪰ P

p
0 and Pϕk ⪰ Pϕ0 , (1)

where P
p
k and Pϕk denote the covariance of the, at time k,

estimated position and yaw states, respectively.
In [1], an extended Kalman filter (EKF) was used in a

magnetic field-aided INS (MAINS). In Fig. 1, the square roots
of Pϕ0 and Pϕk as calculated by the EKF in the MAINS
are shown. As seen from the figure the square root of Pϕk
falls below that of Pϕ0 . Hence the inequality in (1) does not
hold and the uncertainty estimate of the EKF is inconsistent.
The inconsistency is because the EKF linearizes the system
model around the estimated state, which causes the yaw to
be perceived as observable even though it is not. This type
of inconsistency effect has been observed in multiple EKF-
based implementations of odometry-aided INS, see e.g., [5]–
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Fig. 1: Example of the perceived yaw uncertainty calculated by
the EKF used to realize magnetic field-odometry-aided INS in
[1] (black line). Also shown is the perceived yaw uncertainty
of the proposed observability-constrained EKF algorithm (red
line), as well as the initial uncertainty (blue line).

[7], and is troublesome if the yaw information should be
fused with information from other systems or be used in a
control or decision process. Next, we will present a way to
fix this inconsistency by modifying the EKF algorithm so
that it preserves the observability properties of the underlying
nonlinear system. The presented method is an extension of the
method published in [6]. Our contributions are:

• An extension of how the basis vectors spanning the sub-
space of the unobservable state space (hereafter referred
to as the unobservable subspace) can be chosen, simpli-
fying the preservation of the observability properties.

• The derivation of the unobservable subspace for the
model used in [1].

• An experimental evaluation that verifies the effectiveness
of the proposed method when applied to the MAINS.

The code and data to produce the presented results can be
found at: https://github.com/Huang-Chuan/OC-MAINS-code.

II. PRESERVE OBSERVABILITY PROPERTIES

The behavior of odometry-aided INS is commonly described
by a nonlinear state-space model of the following form

xk+1 = f(xk, uk, wk), x ∈ Rnx ,

yk = h(xk) + ek, y ∈ Rny .
(2)

Here f and h are the nonlinear functions, and uk denotes
the control input. Further, wk and ek denote the process and

https://github.com/Huang-Chuan/OC-MAINS-code


measurement noise, respectively. They are assumed to be white
noise with covariance Qk and Rk, respectively.

Several approaches have been proposed to preserve observ-
ability properties of the model (2) in EKF filtering, see [5], [6],
[8]–[11], one of which is called the observability-constrained
EKF [6]. The basic idea of the method in [6] is to modify
the Jacobians used in the EKF, such that the basis of the
unobservable subspace, evaluated at state estimates, lies in
the nullspace of the observability matrix evaluated at state
estimates of EKF. The unobservable subspace is a subspace of
the nullspace of the local observability matrix [12] associated
with (2), i.e., the observability matrix constructed as

Ōk ≜


H̄k

H̄k+1Φ̄(k + 1, k)
...

H̄k+nx−1Φ̄(k + nx − 1, k)

 . (3a)

Here x̄k:k+nx−1 denotes the nominal trajectory, which is the
solution of (2) with the control sequence ūk:k+nx−1 and the
process noise turned off. Further,

Φ̄(k + i, k) = F̄k+i−1F̄k+i−2 · · · F̄k, (3b)

where

H̄k =
∂h

∂xk

∣∣∣∣
xk=x̄k

and F̄k =
∂f

∂xk

∣∣∣∣xk=x̄k
uk=ūk
wk=0

. (3c)

The unobservable subspace Nk can be represented as

Nk = span{N(x̄k)}, (4a)

where N : Rn → Rn×p is a matrix valued function such
that ŌkN(x̄k) = 0, and p denotes the dimension of the
unobservable subspace. That is, the columns of N(x̄k) are
basis vectors that span the unobservable subspace. The basis
of the unobservable subspace is not unique. Hence, right
multiplying N(x̄k) with any full-rank matrix Ek ∈ Rp×p will
not change the span of the basis. That is,

span{N†(x̄k)} = span{N(x̄k)}, (5a)

where

N† : Rn → Rn×p and N†(xk) = N(xk)Ek. (5b)

This property, which was not used in [6], will be important
when modifying the Jacobians, as it reduces the changes made
to the Jacobians to preserve the observability properties.

Once the basis vectors of the unobservable subspace are
determined, they are, as will be described next, used to modify
the Jacobians used in the EKF. Let

F̂k =
∂f

∂xk

∣∣∣∣xk=x̂k|k
uk=ûk
wk=0

and Ĥk =
∂h

∂xk

∣∣∣∣
xk=x̂k|k−1

(6)

be the Jacobians used in the unmodified EKF. Here x̂k|k and
x̂k|k−1 denote the posterior and prior estimate of the state,
i.e., the estimate of xk given measurements up to time k and
k−1, respectively. These Jacobians are modified by making the

Algorithm 1 Observability-constrained EKF

Input: {ūk, yk}Lk=1

Output: {x̂k|k, Pk|k}Lk=1

Initialisation : estimated state x̂1|0, covariance matrix P1|0
For k = 1 to L do

Measurement update:
Calculate Ĥk using (6) and find H̃∗

k by solving (7b)
Sk = H̃∗

kPk|k−1(H̃
∗
k)

⊤ +Rk
Kk = Pk|k−1(H̃

∗
k)

⊤S−1
k

x̂k|k = x̂k|k−1 +Kk(yk − h(x̂k))

Pk|k = Pk|k−1 −KkH̃
∗
kPk|k−1

Time update:
x̂k+1|k = f(x̂k|k, ūk, 0)

Calculate F̂k using (6) and find F̃ ∗
k by solving (7a)

Gk = ∂f
∂wk

∣∣
xk=x̂k|k,uk=ūk,wk=0

Pk+1|k = F̃ ∗
kPk|k(F̃

∗
k )

⊤ +GkQkG
⊤

end for

smallest possible (in terms of the Frobenius norm) changes to
their entries while still preserving the observability properties.
This is done by solving the following optimization problems.

F̃ ∗
k = argmin

F̃k

∥F̃k − F̂k∥2F

s.t. span{N(x̂k+1|k)} = span{F̃kN(x̂k|k−1)},
(7a)

and
H̃∗
k =argmin

H̃k

∥H̃k − Ĥk∥2F

s.t. H̃kN(x̂k|k−1) = 0.

(7b)

Here ∥·∥F denotes the Frobenius norm. The constraints in (7a)
and (7b) guarantee that the unobservable subspace is preserved
and that the unobservable directions cannot be observed. The
observability-constrained EKF algorithm is shown in Alg. 1.

III. APPLICATION TO THE MAINS

The MAINS utilizes an IMU and an array of magnetome-
ters, see Fig. 2, to perform odometry. The method presented
in Section II will next be used to modify the EKF algorithm
used in the MAINS to address the inconsistency illustrated in
Fig. 1. Due to space constraints, the system model presentation
next does not include derivations or an in-depth description of
the underlying physics. The interested reader is encouraged to
read [1] for details.

A. State-Space Model

Consider a simplified MAINS system in which IMU biases
are not included in the state vector. The biases are excluded as
they only complicate the forthcoming observability analysis,
and biases never improve observability. Later, when evaluating
the proposed method, the biases are included.

Let the state vector xk be defined as

xk ≜
[
(pn
k)

⊤ (vn
k)

⊤ (qk)
⊤ (θk)

⊤]⊤ . (8)



Fig. 2: The sensor board used in the MAINS. It has 30 PNI
RM3100 magnetometers and an Osmium MIMU 4844 IMU.

Here, the superscript n denotes the navigation frame where the
physical quantity is resolved. Further, pn

k ∈ R3, vn
k ∈ R3 de-

note the position and velocity, respectively. Moreover, qk ∈ H
denotes the unit quaternion that encodes the orientation of the
body frame w.r.t. the navigation frame, and θk ∈ Rκ denotes
the coefficients of the polynomial model used to describe the
magnetic field; see [1] for details.

The state dynamics is given by [1]

xk+1 = f(xk, uk, w
θ
k), (9a)

where

f(xk, uk, w
θ
k) =


pn
k + vn

kts + (Rksk + g) t
2
s
2

vn
k + (Rksk + g)ts
qk ⊗ expq (ωkts)
A†B(ψk)θk + wθk

 . (9b)

Here uk ≜ [s⊤k ω⊤
k ]

⊤ is the system input, where sk ∈ R3

and ωk ∈ R3 denote the specific force and angular velocity
in body frame, respectively. wθk ∈ Rκ denotes the process
noise affecting the coefficients of the magnetic field model.
Furthermore, ts denotes the sampling period, Rk ∈ SO(3)
denotes the rotation matrix corresponding to qk, ⊗ denotes
quaternion multiplication, and expq(·) maps an axis-angle
rotation to a quaternion. Moreover, the vector g ∈ R3 denotes
the local gravity. The matrices A† and B(·) are used in [1]
to propagate coefficients of the magnetic field model; see [1]
for details. Lastly, ψk ∈ R6 denotes the pose change between
time k and k + 1, i.e.,

ψk =

[
R⊤
k ts(v

n
k + gts/2) + skt

2
s /2

ωkts

]
, (10)

where the first and second elements encode the translation and
orientation change, respectively.

The measurements are from the magnetometer array, whose
equation is given by

yk = Hxk + ek, (11a)

where

H =

03×10 Hθ(r1)
...

...
03×10 Hθ(rm)

 . (11b)

Here Hθ(ri) ∈ R3×κ denotes the measurement matrix for
magnetometer sensor location ri, whose expression is given in
[13]. Further, m denotes the number of magnetometer sensors.

B. Linearized Error State Model

Since the state vector contains a quaternion component with
a unit norm, the state space is an embedded submanifold [14],
which is not a vector space. Therefore, the standard derivative
typically applied to vector spaces cannot be applied to linearize
the model as in (9b). Instead, the error state formulation
presented in [15] will be used, which uses a small angle
approximation to perform the linearization indirectly.

Let δxk denote the error state vector

δxk ≜
[
(δpn

k)
⊤ (δvn

k)
⊤ (ϵk)

⊤ (δθk)
⊤]⊤ . (12a)

Further, let x̄k denote the nominal state vector

x̄k ≜
[
(p̄n
k)

⊤ (v̄n
k)

⊤ (q̄k)
⊤ (θ̄k)

⊤]⊤ . (12b)

Here the standard additive error definition is used, except for
the orientation error. For example, δvn

k = vn
k− v̄n

k. The orienta-
tion error ϵk ∈ R3 satisfies the equation Rk ≈ R̄k(I3+[ϵk]×),
where [·]× is an operator that maps a vector in R3 to a skew-
symmetric matrix such that [ξ]× b = ξ × b.

Given the measurement input ũk = [s̃⊤k ω̃⊤
k ]

⊤, the linearized
error state dynamics is given by [1]

δxk+1 = F̄kδxk + Ḡkwk, (13a)

where

F̄k=


I3 I3ts 0 0
0 I3 −R̄k[s̃k]×ts 0
0 0 exp([ω̃kts]×)⊤ 0
0 A†J̄kR̄

⊤
k ts A

†J̄k[η(R̄k, v̄
n
k)]× A†B(ψ̄k)

 , (13b)

ψ̄k =

[
R̄⊤
k ts(v̄

n
k + gts/2)
ω̃kts

]
, (13c)

η(R̄k, v̄
n
k) = R̄⊤

k ts(v̄
n
k + gts/2), (13d)

J̄k =
∂B(ψk)θk

∆pk

∣∣∣∣
ψk=ψ̄k,θk=θ̄k

. (13e)

Here s̃k ∈ R3 and ω̃k ∈ R3 denote the measured accel-
eration and angular velocity, respectively. Further, wk ≜
[(wsk)

⊤ (wωk )
⊤ (wθk)

⊤]⊤ denote the process noise, where
wsk ∈ R3 and wωk ∈ R3 denote the acceleration and angular
velocity measurement noise, respectively. The explicit form of
Ḡk is not given as it is relevant in the observability analysis;
interested readers can find it in [1].

The corresponding measurement model is given by

δyk = Hδxδxk + ek, (14a)

where

Hδx =

03×9 Hθ(r1)
...

...
03×9 Hθ(rm)

 (14b)

and δyk ≜ yk −Hx̄k.

https://www.pnicorp.com/rm3100/


C. Unobservable subspace and Interpretations

Let

N(xk) ≜


I3 03×1

03×3 −[vn
k]×g

03×3 R⊤
k g

0κ×3 0κ×1

 , (15)

then the basis of the unobservable subspace associated with
the linearized error state model is given by the column vectors
in N(x̄k). The first three columns of N(x̄k) correspond to
a body frame translation and the last column with the first
three corresponds to a navigation frame rotation around the
gravity vector. See [16] for a proof. Note that the unobservable
velocity component is caused by the fact that the yaw angle
cannot be determined. Thus the direction of the velocity in the
navigation frame is ambiguous.

D. Suggested Modifications of the Jacobians

Since the measurement model (14) is linear and Hδx fulfills
the constraint in (7b), it is left unmodified, i.e., H̃∗

k = Hδx .
Only the Jacobian involved in the state transition, i.e.,

F̂k=


I3 I3ts 0 0

0 I3 −R̂k[s̃k]×ts 0
0 0 exp([ω̃kts]×)⊤ 0

0 A†ĴkR̂
⊤
k ts A

†ĴkR̂
⊤
k ts[v̂

n
k + g ts

2 ]×R̂k T̂ k+1
k

 (16)

needs to be modified. Here the accent ·̂ denotes the posterior
estimate of the quantity and T̂ k+1

k ≜ A†B(ψ̂k). Furthermore,
the equality [Rξ]× = R[ξ]×R

⊤, R ∈ SO(3), ξ ∈ R3 is used.
Solving the optimization problem in (7a) is typically diffi-

cult, However, a suboptimal solution can be obtained by nar-
rowing the search space for F̃k and transforming the constraint
by selecting a specific set of transformations {Ek, Ek+1} such
that the basis vectors in the constraint are equal, i.e.,

N(x̂k+1|k)Ek+1 = F̃kN(x̂k|k−1)Ek. (17)

Since the goal is to make minimal changes to the original Ja-
cobian F̂k but still fulfill the constraints in (7a), the sub-blocks
of matrices F̂k that are independent of the linearization points
are kept unchanged. Furthermore, the sub-block T̂ k+1

k will not
affect the constraint since the last κ rows of N(x̂k|k−1) are all
zeros. Hence, it is kept as it is. The remaining subblocks of
F̂k must be modified to meet the constraint in (7a). Therefore,
the proposed modified Jacobian F̃k has the structure

F̃k =


I3 I3ts 0 0

0 I3 F̃
(1,2)
k 0

0 0 F̃
(2,2)
k 0

0 A†ĴkR̂
⊤
k ts A†ĴkR̂

⊤
k tsF̃

(3,2)
k T̂ k+1

k

 , (18)

where F̃ (1,2)
k , F̃ (2,2)

k , and F̃ (3,2)
k are the block matrices to be

determined. Further, transformations {Ek, Ek+1} are chosen as

Ek =

[
I3 ak
0 1

]
, Ek+1 =

[
I3 ak+1

0 1

]
. (19)

Here ak, ak+1 ∈ R3 are column vectors. Then the optimization
problem (7a) can be written as

F̃ ∗
k = argmin

F̃k

∥F̃k − F̂k∥2F (20a)

s.t. ak+1 = ak − [v̂n
k|k−1]×gts, (20b)

[v̂n
k+1|k]×g = [v̂n

k|k−1]×g − F̃
(1,2)
k R̂⊤

k|k−1g, (20c)

R̂⊤
k+1|kg = F̃

(2,2)
k R̂⊤

k|k−1g (20d)

A†ĴkR̂
⊤
k ts(−[v̂n

k|k−1]×g + F̃
(3,2)
k R̂⊤

k|k−1g) = 0 (20e)

These constraints are obtained by matching the entries on both
sides of (17).

The constraint (20b) does not concern the modification of
the Jacobian. It is the result of keeping the first row of F̃k the
same as that of F̂k.

Since the constraint in (20) only contains one unique
subblock of F̃k the optimization problem in (20) can be split
into three separate optimization problems of the form

F̃ ∗(i,2)

=argmin
F̃ (i,2)

∥F̃ (i,2) − F̂ (i,2)∥2F ,

s.t. F̃ (i,2)u = w.

(21)

Here F̂ (i,2) denotes the matrix to be modified and u,w ∈ R3.
For example, the constraint (20c) corresponds to u = R̂⊤

k|k−1g,
w = [v̂n

k|k−1 − v̂n
k+1|k]×g. The optimization problem has a

closed-form solution [6]

F̃ ∗(i,2)

= F̂ (i,2) − (F̂ (i,2)u− w)(u⊤u)−1u⊤. (22)

Note that in [6], the optimization problem set for F̃ (2,2) is dif-
ferent, where F̃ (2,2) is constrained to be a rotation matrix and
the object is to minimize the squared norm of the difference
of the quaternions corresponding to the rotation matrices. In
this paper, we also adopted this approach. Furthermore, when
dealing with (20e), we consider the term in the parenthesis to
be 0, although in the general case, it can be any vector in the
nullspace of A†ĴkR̂

⊤
k ts.

IV. EXPERIMENTAL EVALUATION

The proposed observability-constrained MAINS (OC-
MAINS) algorithm is compared with the original MAINS
algorithm in [1]. Both algorithms are evaluated using Monte
Carlo simulations and real-world data. As a performance
measure, the root mean squared error (RMSE), defined as

RMSE =

(
1

M

M∑
i=1

∥ρ̂k,i − ρk,i∥2
)1/2

, (23)

is used. Here, ρ denotes the quantity for which RMSE is
computed, M is the number of simulations, and i denotes
the simulation index. Furthermore, the perceived uncertainty
of the estimate at each timestep is calculated as

perceived uncertainty =

(
1

M

M∑
i=1

P ρk,i

)1/2

. (24)



Here P ρk,i denotes the covariance of the posterior estimate of
the quantity ρ calculated by the EKF during the i:th simulation.
The covariance of the yaw is calculated as

Pϕk,i = ∇yaw(q̂k,i)
⊤
P ϵk,i∇yaw(q̂k,i). (25)

Here P ϵk,i ∈ R3×3 denote the block covariance matrix corre-
sponding to the orientation error. Furthermore, ∇yaw(q̂k,i) ∈
R3×1 denotes the gradient w.r.t the Euler angles of the function
that converts q̂k,i to the yaw angle.

A. Simulation Setup and Result
In the simulation, a sensor board, similar to that shown in

Fig. 2, moves in squares of size 2 × 2 meters; see Fig. 3a.
The trajectory’s duration was 8 seconds, and the data was
sampled at 100 Hz. The IMU measurements were generated
as the true value corrupted by white noise and biases. The
magnetometer measurements were generated as the magnetic
field from a multi-dipole model corrupted by additive white
noise. The magnitude of the simulated magnetic field is in
Fig. 3a. In total, 50 simulations with independent noise, bias,
and initial state realizations were used in the Monte Carlo
simulation evaluation. The same parameter settings were used
in both algorithms. Due to space constraints, all the settings
are not presented here, but they can be found in the published
code.

The results are shown in Fig. 3b and Fig. 3c. The figures
show that the proposed OC-MAINS algorithm generally has
a smaller position and yaw RMSE. Further, the perceived
uncertainty of the yaw estimate is more consistent with the
true uncertainty (See also Fig. 1.). Concerning the position
estimates, even though the perceived uncertainty of the OC-
MAINS is somewhat more consistent with the true uncertainty
of the position estimates, significant inconsistency still exists.
However, it is worth noting that the perceived uncertainty of
OC-MAINS is always higher than the initial uncertainty, thus
satisfying the condition in (1). The original MAINS algorithm
does not meet this condition.

B. Experimental Setup and Result
In the experiment, a person held the sensor board in Fig. 2

parallel to the ground and walked in squares for a few laps. The
true trajectory was measured using a camera-based tracking
system. The same parameters were used in both algorithms.

The results are shown in Fig. 4b and Fig. 4c. From Fig. 4c,
it can be seen that the yaw error of OC-MAINS is significantly
lower than that of the original MAINS. Also, it can be seen
that the perceived and true yaw uncertainty agree when using
the OC-MAINS algorithm. From Fig. 4b, it can be seen that
the position error of the original MAINS and OC-MAINS
algorithms are about the same, but the OC-MAINS algorithm
has slightly better performance in the y-axis direction. For
the OC-MAINS algorithm, the perceived and true uncertainty
agrees in the y- and z-axis directions, whereas in the x-axis,
there is a significant inconsistency. This could result from
imperfect IMU calibration. Similar to in the simulations, the
perceived uncertainty of OC-MAINS is always higher than the
initial uncertainty, thus satisfying the condition in (1).

V. SUMMARY & CONCLUSIONS

A method to construct an observability-constrained mag-
netic field-aided INS has been proposed. The proposed method
modifies the state transition matrix in the EKF to ensure
that the observability properties of the nonlinear system are
preserved in the filtering process. The method extends the
work in [6] by introducing a transformation of the basis that
spans the unobservable subspace. This transformation reduces
the changes that must be done to the state transition matrix.
The proposed method was evaluated on simulation and real-
world datasets, showing that (i) the observability properties are
preserved, (ii) the estimation accuracy increases, and (iii) the
perceived uncertainty calculated by the EKF is more consistent
with the true uncertainty of the estimates.
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(a) Estimated and true trajectory, and the magnetic field magnitude.
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(b) Position RMSE (solid) and perceived uncertainty (dashed).
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Fig. 3: Monte Carlo simulation results. The RMSE results
are the average value calculated from 50 independent sim-
ulations.
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(b) Position RMSE (solid) and perceived uncertainty (dashed).
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Fig. 4: Results from real-world experiment. The RMSE
results are the average value calculated from using 12
randomly selected initialization states.
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