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Abstract— Direction of arrival (DOA) estimation is a fundamental

problem in signal processing and has applications in various
fields such as radar, sonar, and acoustic. In this paper, we
propose a method for DOA estimation using the received power at
each sensor. The method is based on the directional sensitivity
of the sensor elements at various frequencies. We model the
directional sensitivity using a Fourier series (FS) model, where
the parametric model enables Cramér-Rao lower bound (CRLB)
computations. The FS model is estimated from measurements
of a wideband noise signal. To estimate the DoA, the measured
power profile is compared to the Fs model using the least squares

method.
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The proposed power-based method offers several advantages over classical time-delay methods, particularly in allowing
arbitrarily small arrays and still handle broadband signals. Additionally, it enables low-rate sampling, which simplifies
hardware requirements and significantly reduces processor load. In numerical evaluations with a microphone array
and natural sound sources, we still benchmark our method against state-of-the-art time-delay methods. Real-world
experiments show promising results, performing on par with the best of the other evaluated methods for all natural
signals, despite relying on significantly less information. A key benefit is robustness against array size limitations. By
utilizing the received signal power instead of time delays or phase information, the method enables small arrays with
great DOA resolution. Furthermore, outdoor data collected a year after calibration confirms its robustness, demonstrating

consistent performance over time.

Index Terms— DOA Estimation, Directional Sensitivity, Microphone Array, Fourier Series, CRLB, YALMIP

[. INTRODUCTION

The direction of arrival (DOA) of a sound source is an
essential parameter in various applications, including surveil-
lance, tracking, and localization. The estimation of DOA has
been extensively studied for the past decades [1]-[3]. For a
more recent study, refer to [4]. Traditional DOA estimators
rely on sensor arrays and are based on time delays of the
received signal at each microphone, known as time-difference
of arrival (TDOA) measurements. Array processing techniques,
such as minimum variance distortionless response (MVDR)
beamforming [5], multiple signal classification (MUSIC) [6],
estimation of signal parameters via rotational invariance
techniques (ESPRIT) [7], and multi channel cross-correlation
coefficient (MCccCC) [8], [9], are commonly used for DOA
estimation. These principles can be applied to essentially any
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array geometry and signal waveform. The rule of thumb for
classical methods is to separate the sensors with half the
wavelength. With a fixed amount of sensors, placing them
farther away will give aliasing (ambiguity in DOA) and too
close will decrease frequency resolution and accuracy. As an
example, for a broadband signal with frequency content in the
interval 340-3400Hz (corresponding to human speech), the
sensor separation should be 5-50 cm. That is, it is inherently
difficult to design one sensor array for broadband signals when
using time-delay based methods [10]-[12].

Alternative approaches, such as sum-difference beamform-
ing in radar systems [13], [14] and tensor-based techniques that
exploit the multidimensional structure of signals [15], [16],
have been introduced to enhance DOA resolution. Amplitude-
comparison methods like sum-difference beamforming rely
on coherent array processing and phase-preserving sum and
difference beams, typically under narrowband radar assump-
tions with carefully structured antenna patterns. These methods
do not extend naturally to compact broadband microphone
arrays. In contrast, our method requires only received power
measurements and introduces a frequency-dependent Fourier
series (FS) model of the directional sensitivity, which enables
Cramér-Rao lower bound (CRLB) analysis and practical DOA
estimation with arbitrarily small arrays. Tensor-based ap-
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Fig. 1: Visualization of the concept with 4 microphones facing away from
each others. The colorful lines represent the directional sensitivity of each
microphone. In the figure the sound is arriving with a DOA of 10° with respect
to the blue microphone, the dashed line represents the direction of the sound.
Note that each microphone receives a different sound level, marked with dark-
colored markers (m, @, 4, ¢) in the figure. The data for the directional sensitivity
is from a wideband noise signal.

proaches, on the other hand, are powerful for multidimensional
signal processing and coherent sources, but they generally
require large arrays and phase information, leading to high
computational cost. Our method complements tensor tech-
niques by targeting scenarios where array size and sampling
rate are heavily constrained.

Recently, there has been growing interest in DOA estimation
using compact arrays with a limited number of microphones
[17]-[19]. A key challenge with small arrays lies in the
restricted sensor spacing, which significantly reduces the res-
olution and accuracy of classical time-delay-based methods.
Moreover, most existing techniques inherently rely on spatial
separation between sensors — a requirement that becomes
impractical in small-form-factor applications.

To address this limitation, we previously proposed a method
to estimate the DOA using only the received power at each
microphone [12]. This approach enables simple hardware, low
sampling frequency, and smaller arrays. The main limitation
of the method is that the accuracy quickly deteriorates for
signals with a different frequency content than the training
signal. In this paper, we extend the method to estimate the DOA
of signals with different frequency content. Additionally, the
proposed method is benchmarked to state-of-the-art methods
in both an anechoic chamber and an outdoor scene.

We propose a training phase where the directional sensitivity
of each microphone element is estimated for different frequen-
cies. The directional sensitivity is the power attenuation of the
microphone as a function of the DOA angle. The directional
sensitivity is estimated by emitting a wideband noise signal
from different DOA angles and using the received power at
each microphone to estimate a FS model of the directional
sensitivity. The FS model is then used as a fingerprint of the
observed power vector in a real-time estimator. The parametric
model enables the use of the CRLB to evaluate the performance
of the estimator. A visualization of the concept is shown in
Fig. 1.

The contributions in this paper extend the work in [12] in
the following ways:

« A frequency dependency is introduced to the signal model
to estimate the DOA of signals with different frequency
content.

o A logarithmic signal model is proposed and analyzed to
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enhance the performance of the method.

« Estimation data is collected from an outdoor scene to
show the robustness of the method.

o The proposed method is benchmarked to state-of-the-art
methods in both an anechoic chamber and an outdoor
scene.

To clarify the setup throughout the paper, we list the
following assumptions made in the signal model and the
proposed method:

A1 The microphones are assumed to have directional sensi-
tivity, either by design or due to the construction of the
array.

A2 The array is small enough to be approximated as a
single point, i.e., the time delays between microphones
are negligible, unlike in traditional DOA methods.

A3 The microphones measure the signal power directly, or
compute it from the received signal.

A4 There is only one sound source present in the environ-
ment, which is assumed to be a stationary point source.

A5 Environmental reverberation and reflections are assumed
to be none or minimal.

A6 For ease of presentation, the DOA angle is assumed to lie
in the plane of the array.

The paper is organized as follows: Section II introduces the
signal model and establishes the assumed noise distribution.
The proposed method is described in Section III, followed by
the derivation of the CRLB in Section IV. Subsequently, Sec-
tion V delves into the array design and experimental setup. The
results of the proposed method are discussed in Section VI,
along with a comparison to state-of-the-art methods. Finally,
Section VII presents the conclusions from the study.

In order to ease reading and comprehension, a list of
notations used throughout the paper is provided in Table I.

TABLE |

LIST OF NOTATIONS USED IN THE PAPER.
Notation Description
Yn Measured signal at microphone n
Sn Signal at microphone n
Un Measurement noise in the signal yp,
on Noise standard deviation in the signal yy,
Pn Measured power at microphone n
en Measurement noise of the power measurement p,,
An Noise variance of the power measurement py,
L Number of samples in the measurement window of py,
« Absolute level of received power
gn Microphone gain at microphone n
hn(¥) Directional sensitivity of microphone n at angle v

DOA angle of the sound source
2% Vector of parameters for microphone n
FS vector for the angle 1
P, Measurement model of the power at microphone n
x Vector of optimization variables
N Number of microphones in the array
D Order of the FS
K Number of observed directions
M Number of band-pass filters

Hpp(fm) Band-pass filter with frequency fn,

Wm Frequency weight for band-pass filter m

B Variables in logarithmic scale

° Estimated variables

In Fisher information matrix (FIM) for microphone n
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Il. SIGNAL MODEL

The signal model, based on [12], denotes the measured
signal from microphone n at discrete time ! with the scalar

Yn(l) = 5,(1) + v (1), (1

where s, (l) is the received signal and v,,(I) is the measure-
ment noise, which is assumed to be uncorrelated with s, (1),
and normally distributed, i.e., v, (I) ~ N(0,02). The power of
the measured signal from microphone n can then be calculated
as

1 L
_ § : 2
Pn = L - yn(l)7 (2)

where L is the number of samples in the signal of interest. By
inserting (1) into (2), the signal power can thus be expressed
in three terms

1 RS N
p= g2 0 g 2 2O 2 0, O

2 PRy en
where p; is the power of the received signal, p; is a cross-
term from the signal and the noise, and e,, is the power of the
measurement noise. Here, the number of samples L is assumed
to be large, hence p5" — 0. Further, since vy, (t) is normally
distributed, e,, will be chi-squared distributed with L degrees
of freedom, i.e., %en ~ X%- However, since the degrees of
freedom is assumed to be large, the chi-squared distribution
can be approximated with a normal distribution
9 20 ;11

ean(an, i ):N(amn). 4

We assume that each microphone has a directional sensitiv-
ity in the power attenuation by design or from the construction
of the array. Further, the absolute level of the received power,
assumed to be the same at all sensors, is denoted « and is
considered to be a nuisance parameter from a DOA estimation
perspective. Thus, the power p,, measured by microphone n
can be expressed as

Pn = agnhy (1/}) + én, @)

where g,, is the microphone gain, h, (1) is the amplification
of the signal from direction 1, hereinafter referred to as the
directional sensitivity of microphone n. The noise is denoted
en, and assumed to be normally distributed as described in (4).
The microphone gain g,, is partly caused by the microphone’s
sensitivity and the gain of the pre-amplifier, and is assumed
to be unknown.

During data collection, it was evident that the noise mean
and variance depend on the sound level of the recorded sound,
i.e., a higher « yields a larger noise mean and variance. To
account for this dependency, we transform the measurement
model (5) into the logarithmic scale

Pn =+ G + hn (V) + én, (6)

where p,, = 10log;,(pn), and the notation Z is introduced to
refer to the parameter = in logarithmic scale. We assume that
the noise is distributed according to

en ~ N (52, ),) . (7

L A
2 Approx
— Ep XL —

n

In the logarithmic scale, the signal-to-noise ratio (SNR) is
assumed to be sufficiently high such that the approximation

log(z+y) =logz+log(1+ %) =logz+£40 ((%)2) (8)

holds, as the higher-order terms become negligible. This
approximation is valid at sufficiently high SNR, and its use
at low SNR remains a limitation that may reduce accuracy.

I1l. PROPOSED METHOD

The approach we propose is based on two phases, a training
phase to estimate the parameters of the directional sensitivity
for each microphone, and an estimation phase to estimate the
DOA of the signal.

A. Fourier Series Model

Since the directional sensitivity is 27 periodic, h,(v¥) =
hyn (Y+27), a Fourier series (FS) is a natural parametric model
structure for approximating this function based on calibration
measurements. This approach eliminates the need for table
lookups and interpolation. The FS model is defined as

D

=0y +Zﬁg,6c0s(d (1/1+ %)) ©
d=1

+07  sin(d (v + 22))

where 0,, is a parameter vector of length 2D + 1, D is the
order of the FS, and

®(y) = [1 cos(v) sin(y)
0, = [G(T)L 0?,0 0?,5

cos(Dvp)  sin(D)]

T
n mn
aD,c eD,s]

The choice of D is a trade-off between model complexity
and model fit. A higher order FS model can capture more
complex directional sensitivity patterns, but also increases the
risk of overfitting. However, a low order FS model can be too
simple to capture the directional sensitivity and thus yield a
poor model fit.

Besides being a compact representation of h, (1), a para-
metric model enables CRLB calculations for the DOA estima-
tion.

B. Training Phase: Sensor Parameter Estimation

In the parameter estimation phase, the array is exposed to
wideband noise from different directions ), and the measured
signal y,, is observed in a controlled environment. Then, the
power of the measured signal, p,, is computed according to
(2). This yields the measurement model

Po(; , gny On) = agnh(y + mTﬂaon)+0'72w (10)

where a, g,, and 6,, are the parameters to be estimated, and
o2 is the noise bias.

The parameters of the directional sensitivity, 6, as well
as the microphone gain g, are thereafter estimated using



YALMIP with the FMINCON solver [20]. The optimization
problem is formulated as

minimize V(x)
z={a,g91,--,gN;01,..,ON}
subject to a>0
g =1
h(0,0,)=1 ¥Yn=12,...,N

an
where N is the number of microphones and V' (x) is the loss
function

Ny K
:Zr pnk w}ﬁa gn70n)>2; (12)
n=1 k=1
where @ contains the optimization variables «, {g1,...,9n}

and {6;,...,0n}, and K is the number of observed direc-
tions. Measurements p, ; capture the power of the signal
at microphone n when the sound source is located at di-
rection ty. The term o2 appears since the noise does not
have zero mean, and is estimated from measurements of the
background noise. To ensure the optimization problem has
a unique solution, the constraints gy = 1 and h(0,0,) =
1 are imposed, as the gain and directional sensitivity are
otherwise defined only up to a scaling factor. The number of
optimization variables in (11), i.e., the dimensionality of x, is
1+ N+ N(2D+1), where 1 is for o, N is for the microphone
gains g,, and N(2D + 1) is for the parameters 6,, of the
directional sensitivity. Thus, to ensure a unique solution, the
number of measurements K N must be larger than the number
of optimization variables, i.e., KN > 14+ N + N(2D + 1).
However, in practice, the more measurements the better, as
this will yield a more accurate estimate of the directional
sensitivity.

Similarly, the logarithmic scale model can be derived by
expressing the power of the measured signal in decibels as,

Dn, = 1010g,4(pn ), resulting in the measurement model
P (138, Gn, 0n) = G + Gn + h(¢ + FF,00) + 77, (13)

The corresponding optimization problem is then formulated

as
minimize Vie)
z={®g1,--,gn,01,....0N }
subject to g1=0
h(0,0,) =0 Vn=1,2,....,N
(14)
with the loss function
N K ,
V@ =3 s> (bnp— Pa(i@90.00)", (15
n=1"" k=1
where & contains the optimization variables &, {g1,...,gn}

and {él,...,éN}.

C. Online DOA Estimation

In the estimation phase, the DOA is estimated using the
directional sensitivity model and the measured power of the
signal. We formulate the problem as a nonlinear least squares
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(NLS) problem without constraints to enhance the computa-
tional efficiency. The estimation method is applicable both in
the absolute and logarithmic scale, and is solved using the
separable least squares (SLS) method [21], [22].

1) Absolute scale: From the training, the model for micro-
phone n can be expressed as

Pn('l/)§aagnaén) = agn (7/J+ n2ﬂ—) n+0'1217
—_—
b ()

(16)

where §,, and 6 are the estimated parameters from the training
phase from (11). This model can be seen as linear in « and
nonlinear in v, and thus the SLS approach can be applied to
estimate these parameters.

The DOA estimator can then be computed using SLS as

b = argmin V (v, &(1)) (17a)
G&(y) = argmin V (¢, o), (17b)

where the cost function is deﬁied as
Viba) =Y (p— Pur0,9,0,)) - (®)

This can be rephrasec? ;
. 2
5 = argrmns (= Fn0)(on — o2)) o
v ot 3 (%)

o= St @) pn —3). (19b)

N
2 n=1 hi(¥)
where h, (1)) = G, ® (¢ + n21)§,, denotes the nonlinear part
of the model, as shown in [21, p. 257].
2) Logarithmic scale: Similarly, the logarithmic model for
microphone n can be expressed as

P03 @, G, On) = G+ G + B + "25)6, +52,  (20)

B ()

where f]n is the estimated microphone gain and 0, is the
estimated parameters from the training phase from (14). This
model can be seen as linear in & and nonlinear in 1.

The DOA estimator can then be computed using SLS as

b = argmin V (1, &(1)) (21a)
a(y) = argmin V (¢, @), (21b)
where the cost function is defined as
N B . a2
V(@) =Y (po = Pal3.50,00)) - 22)
n=1
This can be rephrased as
_ R 2 2
) = argmin S (P = Pulw:6(), 50, 0,)) " (230)
A ) v n=1 )
60) =+ (b = (haw) +52)) (23b)

n=1

where ?Ln () = gn + PV + ”2”)0 is the nonlinear part of
the model, as shown in [22, p. 66].
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Fig. 2: Visualization of the different methods. In the upper one, we sum all the
band-pass filtered models with weights w,,, to create a model of the incoming
sound based on its frequency content. In the lower visualization, we calculate
the cost of each band-pass separately and sum these terms with the weights
wm,. The opacity in the figure represent the weights w;y, .

D. Frequency dependency

During data collection it was observed that the directional
sensitivity highly varies with the frequency content of the
signal. Therefore, a dependency of the frequency is introduced
in the parameters of the directional sensitivity, i.e., 8,(f),
where f is the frequency content of the signal.

1) Training: In the training phase, when learning the di-
rectional sensitivity, we thus need to include the frequency
dependency. One way to do this is by band-pass filtering a
wideband noise signal through M number of adjacent band-
pass filters in order to span the whole spectrum

yn(lafm):HBP(fm)*yn(l)7 me:{fhan}
(24a)
L
Pmn = Z va(l, fm), (24b)

where Hgpp(f,,) denotes a band-pass filter with frequency
content f,, and * denotes the convolution operation. There-
after, the optimization problems (11) and (14) can be solved
for the signal power in each band-pass filtered signal, sepa-
rately. Thus, for each band-pass frequency and microphone, a
model for the directional sensitivity is learned.

2) Estimation: For the frequency dependency the estima-
tion can be addressed in various ways, and one way is to
create a model of the directional sensitivity by computing the
frequency content of the received sound. Another way is to
compare a band-pass filtered version of the received sound
with the directional sensitivity for the corresponding band-
pass filter, for all band-pass filters. Both these methods are
visualized in Fig. 2.

a) Combine into one directional sensitivity: First, we com-
pute the frequency content of the incoming sound in the bins
of the filter bank, denoted w,,,

2

N 1 L
Wi =35 | D [P walle e (25)
n=1 N fE€fm l1=1

These weights must be calculated for each sound signal
input to the system. To model the directional sensitivity of
the incoming sound, we sum the models for the different
frequencies with the weight of the frequency content, that is

Pr(¥; 0, gmons On(f))

wmgm,né(d} + %)én(fm) +O.3L'

(26)

Il

Q
3 Y
M~ =

hn (¥)
This can be seen as a SLS problem, which is linear in o and
nonlinear in . Therefore, (19a) can be applied.

The frequency weights are introduced as an estimate of the
SNR of the incoming sound in the different frequency bins. It
can be shown that the weights are proportional to the inverse of
the noise variance in the frequency bins, and thus the weights
are used to enhance the signal in the frequency bins with low
noise variance.

b) Each band-pass separately: The second approach is to
treat each band-pass filter separately, and then sum them in
the cost function. The signal model for microphone n and
band-pass filter m is expressed as

Pm,n(w7 Oé, gm,n; é’ﬂ(fm))

= i Gnn @V + R)0(f) +00, - 27)
h?n,n(w)
The DOA estimate is then be calculated according to
F
) = arg max Z Wi Vin (), (28a)
v m=1
N 3 2 2
v (1/)) (Zn:l hm,n (¢) ( m,n ~ am,n)) (28b)
St B () ’
N 3 2
— hm n m,n -~ Ymn
S o () P = ) 50

Ay =
m N ~
Zn:l h?n,n(w)
This method can also be performed in the logarithmic scale
using the signal model

P (465 s Gy O (i)

= Qm + gm n T ‘I’W + n27r) (fm) ?n n* (29)
-
The DOA estimate is then be calculated as
F
Y = arg mm Z Wi Vi (V) (30a)
m=1
N ) R )
Vi) = 37 (Brnin = Poucn (65 Gy G O (i) )
n=1
(30b)
) =23 (Pn = (B 0) +52)) - (300)
N n=1 7 ) -

As the logarithmic scale assumes a high SNR, only the
frequency bins with a SNR above 20 dB are used in the DOA
estimation.



IV. CRAMER-RAO LOWER BOUND

With the signal model defined in Section II, the CRLB can
be derived for the DOA angle .

A. Absolute Scale

To calculate the CRLB, a probability density function (PDF)
of the measurement is required. Since the noise e,, is assumed
to be normally distributed as e,, ~ N (02, \), the PDF of the
measurement is denoted as

P(pn|w70n7a7)‘) (agn (¢7

where \ = 203/ is the noise variance and assumed to be the
same for all microphones.
This yields the FIM

n) 02N, (31)

2% 02
In(¢,0) = ~F K i Wa) log P (pn|t), On, A)]
dady Oa2
1 /
_ L (agnh ag’hy, hzl)n ’ (32)
agihatiy, g
_ Oh(¢,6n)
where h,, denotes h (i, 0,,) and hj, , = =52

Assuming that the estimate in (19a) is unbiased and that the
PDF P(ply) satisfies the regularity conditions, the CRLB can
be used to evaluate the performance of the estimation method
[21]. Thus, the CRLB of v is computed as

()

1,1
2 9
(IRIP 1Ry 12 = (. 2y)?)

where | - || denotes the Euclidean norm of a vector and (-, -)
denotes the inner product of two vectors, and

h=[gih1 g2ho
w= oy, g2l

var(t) > CRLB(1)

(34)
(35)

T
gnhy]"
T
Ny ]
Note that the denominator is strictly positive as long as h and

hip are not parallel according to Cauchy—Schwarz inequality.
The term /) can be interpreted as the SNR of the signal.

B. Logarithmic scale
Using the logarithmic scale, the PDF of the measurement is
described by

where \ = 20,,/L is the noise variance assumed to be the same
for all microphones.
This yields the FIM

0t 07 o
I,(¢,a) = -E [( o 6@9&) log P(pn|t), O, @, A)

960y

W) ]
h' 1

0,) +a2,)), (36)

(37
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(a) The sensor array in the ane-
choic chamber.

(b) Top view of the dimension
and microphone placement of
the sensor array.

Fig. 3: An overview of the sensor array used in this paper.

_ Oh(v,0,) 771)
where h’ %

Thus, the CRLB of 1/) is computed as

N -1
<ZIn<w,d)>

1

(20 (1) = 4 (2w )

where hj, denotes a vector of the derivatives /. Note that
the CRLB does not depend on the SNR of the signal in this
case, only the noise variance and the derivatives of h(v,,,).
This is due to the fact that we have different assumptions on
the noise distribution in the two cases.

We can also calculate the CRLB for the wideband noise
signal as

var() > CREB(w) =

1,1

)

= (38)

CRLB (9

-1
(Zwm w,am)> . (39

1,1

where w,, is a normalized version of the weights w,,, such
that @, = wy,/ max wy,, i.e, maxw,, = 1. This weighing
is similar to weighing the variance of the noise in the CRLB
calculation, A,, = »w,,, i.e., the noise variance is higher for
the frequencies with lower weights.

V. EXPERIMENTAL ARRAY DESIGN

To evaluate the method, a hardware prototype consisting
of eight microphones has been designed and used to collect
data in an anechoic chamber and outdoors. We use the data
collected in the anechoic chamber from [12], and the outdoor
data were collected in December 2023.

A. Hardware Prototype

The sensor array used in this paper is a uniform circular
array (UCA) in the form of an octagon with eight microphones.
The microphones used are the omnidirectional CBL99 from
AKG [23] connected to a Behringer UMC1820 preamplifier
[24]. The preamplifier is connected to a computer which allows
for a sampling frequency of up to 96 kHz. The array and its
dimensions are shown in Fig. 3.
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B. Anechoic Measurements

Data were collected in an anechoic chamber, at the Swedish
Defence Research Agency (FOI) in Linkdping in May 2022,
ISO rated from 100 Hz to 10 kHz. The sensor array was put on
a turntable, and a Genelec 1029A speaker [25] was placed at a
distance of 5 meters from the center of the array. In the setup,
microphone 1 was facing the speaker at ¢» = 0°, microphone 2
at 1 = —45° and so on. Thereafter, data were recorded with
a sampling frequency of 48 kHz using 19 different types of
signals.

1) Wideband noise with a bandwidth of 100 Hz—10kHz that
lasted for 10 seconds.

2-11) Sinusoids with frequencies of 500-9500 Hz separated
with 1kHz for 1 second each.

12) Hovering drone sound during 5 seconds.

13) Elephant trumpet of an Indian elephant lasting 2.39 sec-
onds [26].

14) Police siren lasting 10.48 seconds [27].

15) Female scream lasting 2.2 seconds [28].

16) Attenuated wideband noise, i.e., the wideband noise sig-
nal with half the amplitude.

17) Amplified wideband noise, i.e., the wideband noise signal
with twice the amplitude.

18) Gunshot of a Smith & Wesson Chief’s Special 9 mm
revolver shot with blanks inside the anechoic chamber.

19) Background noise collected during 26.41 seconds.

C. Outdoor Measurements

Data were also collected in an outdoor environment at
Linkdping University in December 2023. The weather con-
ditions were calm with a light breeze and the temperature
was around -4°C, with approximately 10 centimeters of snow
on the ground. The microphone array was put in the middle,
and then a circle was drawn around it with a radius of
5m. Thereafter, points separated by 3.09 meters were then
measured and marked, leading to 10 different points separated
by 36°. The speaker, a Genelec 8030C [29], was then moved
to these points. In total, data from 10 different angles was
collected using the same type of signals as in the anechoic
chamber, with the exception of the gunshot.

D. Simulated Data

In order to validate the noise assumption, as well as the
method, simulated data has been generated. First, the signal
is generated using the signal model in (1) to validate the
derivation of the noise distribution in (4). Thereafter, data
is simulated using the signal model in (29) and the noise
distribution in (7). This is done to evaluate the method and
compare it to the CRLB.

VI. ESTIMATION RESULTS

This section presents the results of the proposed method for
DOA estimation. The method is evaluated using both anechoic
and outdoor data, and the results are compared to state-of-the-
art methods.

Directional sensitivity of microphone 1

—— Fourier series of order 7 * Measurements |

500+125 Hz 2250+125 Hz

-30

-50 : : : :
% 4000+125 Hz 5750+125 Hz
L -30 % Py
= TN N
= | 1 *
E y y * %
< .50 —=— : : : : : : |

7500+125 Hz 9250+125 Hz

NN N N
ORI K

Direction of Arrival [°]

Fig. 4: The measured power of the band-pass filtered wideband noise signal,
and the corresponding FS of order 7 as a function of the DOA for microphone 1,
both in the logarithmic scale.

A. Training

For the training, the wideband noise signal is measured
from 24 angles uniformly distributed around the array in
the anechoic chamber. The signal is band-pass filtered into
40 different frequency bands with a bandwidth of 250 Hz,
centered around the frequencies 250 Hz, S00Hz, ..., 10kHz.
Then, the signal power of the band-pass filtered signals is
computed according to (2). Thereafter, the noise variances,
o2(fm) and 62 (f.m), are computed from measurements of the
band-pass filtered background noise. Finally, the optimization
problems (11) and (14) are solved to estimate the model
parameters.

B. Fourier Series Fit

In the optimization problem, different orders of the FS are
examined to find the best one. As mentioned, the choice
of model order is a trade-off between model fit and model
complexity. Higher model orders also leads to overfitting,
which is undesirable. By experimental evaluation, a model
order of 7 is a good trade-off for both the absolute and the
logarithmic model. The measured power of the band-pass
filtered wideband noise signal as well as the corresponding
FS of order 7 in logarithmic scale is illustrated in Fig. 4. It
is worth noting that below 1000 Hz the directional sensitivity
is uniform for all angles. Hence, in this interval there is not
much information to estimate the DOA from.

C. DOA Estimation

For the DOA estimation, all signals are used except for
the background noise. The validation data from the anechoic
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Fig. 5: Bar graph of the performance for the different methods for all signals
except the sinusoids, all models have an order of 7. Comb refers to the
combined method in Section III-D.2.a, and Sep refers to the separate method
in Section III-D.2.b. The y-axis is in logarithmic scale.

chamber, was collected at 24 angles uniformly distributed
around the microphone array, but at different angles than for
the training data. For the gunshots, the data was collected at
8 angles distributed around the microphone array. The data
from the outdoor scene was collected at 10 angles uniformly
distributed around the microphone array.

Then, the power of the signals is calculated and compared to
the estimated FS model using the least squares (LS) formula-
tion from (19a). For the frequency dependent model, 40 band-
pass filters were used with a bandwidth of 250 Hz in order to
get the results. The performance for the different methods are
presented in Fig. 5.

Here, it is seen that all signals are estimated with good
precision. It is clearly noted that the method where we sum the
band-pass version of the incoming signal in logarithmic scale
performed best for all signals. With this method, all signals
have a root mean square error (RMSE) value below 1°. This
method will thus be referred to as the proposed method in the
following sections.

We also compare the performance from the proposed
method to state-of-the-art methods, where the results for the
anechoic data are presented in Fig. 6a, while the data from the
outdoor experiments are presented in Fig. 6b. The violin plots
show the distribution of the estimation error for the different
methods, where the width of the violin corresponds to the
density of the data, and the white dot represents the median
value. Each colored dot represents an individual estimation
error for a specific signal, where the color corresponds to the
signal number. For the narrowband methods, i.e., MUSIC and
MVDR, the same band-pass filtering steps as our method has
been performed

y;n(l) - HBP(fm) * yn(l)7 (40)
Viiusic(¥) = MUSIC(y1"y ), (41)
Vmusic ( (42)

V) = Z Wi Vigusic (¥)-

where Hpp(f,,) is a narrowband band-pass filter around
frequency f,,, and w,, is the same frequency weights as in
our method [30]. Since the state-of-the-art methods rely on

transform to obtain the complex-valued signal [31].

For the anechoic data, the proposed method performs similar
to the Mccc for the natural signals, i.e., Signal 1 and 12-
18. While for the pure sinusoids, MCCC performs better.
Compared to MUSIC and MVDR beamformer, the proposed
method outperforms these methods for all signals, except for
the low frequency sinusoid. This is especially evident for the
500 Hz sinusoid, where the proposed method fails to provide
accurate estimates. By looking at the direction sensitivity at
500Hz in Fig. 4, it is seen that the directional sensitivity
is almost uniform for all angles, which explains the poor
performance of the proposed method. Further, it is clearly
noted that the narrowband methods perform worse for higher
frequencies, especially with frequencies that do not fulfil the
spatial Shannon sampling theorem, ie., Ay < % = f <
2100 Hz [10].

In the results for the outdoor data, it is seen that the
proposed method performs similar to the MCCC for most of the
signals. Our method outperforms MCCC for some sinusoids,
especially the high frequency sinusoids. For the outdoor data,
both MUSIC and MVDR beamformer perform worse than the
proposed method for all signals, except for the low frequency
sinusoid. The resulting RMSE values for the different methods
are presented in Table II.

The reason why the estimation error is higher for the pure
sinusoids is probably caused by the choice of band-pass filters.
With a bandwidth of 250 Hz, the band-pass filters are too wide
for the pure sinusoids, and thus the directional sensitivity is
not well estimated. However, for the natural signals, the band-
pass filters are well suited, and the directional sensitivity is
well estimated. It is worth noting that all natural signals have
a majority of the frequency content above 1000Hz, which
includes more information in the directional sensitivity.

It is also noted that for the outdoor data the estimation error
of all methods has a bias of around 2.5°. This is most likely
due to the fact that the setup is not perfectly calibrated, which
is hard to achieve in an outdoor environment. This bias could
be removed by retraining the model with additional outdoor
data, but this is not the focus of this paper.

The SNR for the anechoic data ranged between 22.2 dB and
68.0 dB, where the gunshot had the highest SNR, otherwise the
highest SNR was 59.7 dB. For the outdoor data the SNR ranged
between -14.1dB and 32.8 dB, and thus the outdoor data had
approximately 30 dB lower SNR than the anechoic data.

D. CRLB vs Simulated RMSE

The CRLB is evaluated at each filter-bank separately and is
then compared to the RMSE of simulated signal power, the
results are presented in Fig. 7. To calculate the RMSE of the
sinusoids, we simulate the signal power for the sinusoids using
the model in (36) with A = 0.12 using 100 Monte Carlo (MC)
simulations. The number of MC simulations is chosen such
that the variance of the RMSE is reasonably low, thus it can
be concluded that the RMSE follows the CRLB.

The CRLB for the wideband noise signal can also be
calculated as in (39), the resulting CRLB along with the RMSE
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Fig. 6: Violin plot of the estimation error for the different signals using various methods for the data collected in the different settings. The signal number
corresponds to the signals described in Section V-B, where 1, 12-18 are natural signals.

TABLE Il
MEAN RMSE VALUES IN DEGREES FOR THE DIFFERENT METHODS ACROSS
THE SIGNALS, BOTH FOR THE ANECHOIC AND OUTDOOR DATA. THE
SIGNAL NUMBER CORRESPONDS TO THE SIGNALS DESCRIBED IN
SECTION V-B, WHERE 1, 12—18 ARE NATURAL SIGNALS.

Signal No. Proposed MUSIC MVDR MCCC
1-17 11.64 60.04 27.07 0.99
Anechoic 2-11 19.48 92.77 31.95 1.17
1, 12-17 0.46 15.33 22.51 0.79
18 1.46 9.68 92.43 0.58
Outdoor 1-17 5.18 74.25 76.08 42.03
2-11 6.60 108.43 92.57 69.49
1, 12-17 3.14 29.15 59.23 2.78

from simulated data are presented in Fig. 8. To calculate the
RMSE of the wideband noise signal, we simulate the signal
power for the sinusoids using the model in (36) with A = 0.12
using 150 MC simulations. The frequency weights w,,, are the
same as for the measured wideband signal, using the anechoic
data.

From the comparison between the CRLB and the RMSE it

is seen that the RMSE seem to follow the CRLB using the
simulated data, both for the sinusoids and the wideband noise
signal. This is expected since the simulated data is generated
using the same model as the CRLB is calculated for.

Further, it is noted that the CRLB is lower for the wideband
noise signal than for the sinusoids, which is expected since the
wideband noise signal has more information in the directional
sensitivity than the sinusoids.

E. CRLB and RMSE as a function of

Usually, the performance of the method is evaluated using
the RMSE of the estimated DOA as a function of the SNR. How-
ever, as mentioned in Section IV, the CRLB is not dependent
on the SNR but rather on the noise variance . Since X and the
SNR are inversely related (SNR o 1/)), we can equivalently
evaluate the performance of the method as a function of \.

The CRLB is calculated for different values of )\, and the
RMSE is calculated from simulated data using the same model
as in (29). For the RMSE calculation, we generated 10 MC

simulations for each value of A, and the DOA angles are
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Fig. 8: v/CRLB compared to the RMSE of the wideband noise signal for
simulated data. The blue line represent the CRLB and the red line the RMSE.
The signal power were simulated using A = 0.12.

uniformly distributed with a step size of 5° from -180° to
180°, thus resulting in 72 different DOA angles. The resulting
CRLB and RMSE are presented in Fig. 9.

As seen in Fig. 9, the RMSE follows the CRLB for the
different values of ), as expected. Also, the RMSE is lower
for higher values of 1/), which is also expected since the
SNR is higher for lower values of . In the figure, it is also
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Fig. 9: v/CRLB compared to the RMSE of the wideband noise signal for
simulated data, using different values of A. The blue line represent the CRLB
and the red line the RMSE.

noted that the RMSE is marginally lower than the CRLB for all
values of ), this might be due to wrong assumptions in the
CRLB calculation for the wideband noise signal in (39), i.e.,
max W, = 1 may be slightly too pessimistic.

VII. CONCLUSIONS

In this paper, we have proposed an extension to the method
in [12] to estimate the DOA of signals with arbitrary frequency
content. To show the potential, a sensor array with eight
microphones has been used to estimate the DOA of 18 different
types of signals. First, a FS model of the directivity pattern of
each microphone was derived for several band-pass filtered
versions of a wideband noise signal emitted from different
DOA angles. We use measurements in logarithmic scale to get
a more robust model, as the noise mean and variance was
shown to depend on the sound level. Then, the received signal
power for the band-pass filtered signal at each microphone
was compared to the model.

In an anechoic setting, the method performs well compared
to state-of-the-art methods for the natural signals evaluated,
all with the majority of the frequency content above 1000 Hz.
Less good results are obtained for lower frequency content, as
the directivity pattern becomes uniform for low frequencies.
In theory, the proposed method avoids degradation of the
performance with the size of the array, enabling small arrays
with great DOA resolution. However, this needs to be validated
experimentally using a smaller array. The outdoor data shows
that the model of the directional sensitivity is fairly robust over
time and temperature changes, as the performance is great even
after a year.

Future work includes to investigate how reverberations
affect the algorithm, and whether they can be used to map
the environment or to localize the sound source. Moreover,
the model error should be investigated to understand the
limitations of the method. It would also be interesting to
investigate if the method can be used to estimate the 2D-
DOA of a sound source, i.e., the azimuth and elevation angles.
Thus, relying on the directional sensitivity of the microphones
in both the horizontal and vertical planes. Lastly, the method
should be tested on more complex signals, such as speech, to
evaluate the performance in real-life scenarios.
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