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Abstract—Due to recent events that have demonstrated the
vulnerabilities of global navigation satellite systems (GNSS) there
has been an increased interest in alternative methods for lo-
calization. One traditional alternative method is terrain-aided
navigation (TAN), where a platform localizes itself by measuring
the terrain elevation and comparing it to a digital elevation map
(DEM). While single-agent TAN has been extensively studied,
multi-agent TAN remains less explored. This paper addresses
the multi-agent TAN problem with a focus on its properties. We
formulate a weighted least squares (WLS) estimator for computing
a snapshot solution to the problem and formulate a Cramér-
Rao Lower Bound (CRLB) to evaluate it. Using the expressions
for the estimator and the CRLB we are able to highlight some
insightful properties of the problem. The findings are verified
in a simulation study where we evaluate the performance with
respect to the altitude sensor accuracy, the group formation
accuracy, the number of agents and their formation. Notably, we
observe that the solution is relatively insensitive to errors in agent
position, suggesting that low-accuracy inertial navigation systems
and distance sensors are sufficient for determining their positions.
Increasing the number of agents beyond a few seems to have a
large effect on both the efficiency and robustness of the estimator,
which lessens as the number of agents increases. However,
increasing the number of agents does not compensate for poor
altitude sensor quality. Additionally, while spatial separation
between agents is important for effective map utilization, further
separation beyond a certain point does not enhance performance.
These findings provide design guidelines for multi-agent TAN
systems and identify areas for further research.

Index Terms—Sensor Fusion, Positioning, Terrain-Aided Nav-
igation, Multi-Agent

I. INTRODUCTION

Recent events have shown that global navigation satellite
systems (GNSS) are susceptible to interference by malicious
actors [1]. However, the need for high precision localization
remains. One way to meet this need is to look for alternative
methods utilizing other sources of information. One class
of information sources predating GNSS are natural signals.
Natural signals are features in the environment that can be
mapped and used for localization, examples include terrain
elevation [2], magnetic anomalies [3], and the patterns of the
stars [4].

This work was performed within the Competence Center SEDDIT (Sensor
Informatics and Decision making for the DIgital Transformation), supported
by Sweden’s Innovation Agency within the research and innovation program
Advanced digitalization.

Navigation using terrain elevation, commonly referred to
as terrain-aided navigation (TAN) [5-7], has been explored
extensively. Applications include airplanes measuring the ter-
rain elevation using radar [2], autonomous underwater vehicles
(AUVs) using sonar to measure the bottom depth [8], and even
ground vehicles using inertial sensors to estimate their vertical
displacement, and in turn the terrain height [9]. An inherent
difficulty in utilizing measurements of the elevation of the
terrain is that a single measurement will generally correspond
to multiple points in an elevation database, even over a small
area. By collecting multiple measurements of the elevation
at approximately known locations, the number of possible
locations can ultimately be narrowed down significantly. This
is typically achieved by moving across the terrain and estimat-
ing the relative displacement between the measurements using
inertial sensors [7].

Recently, cooperative localization has seen increased in-
terest [10-12]. A group of platforms equipped with sensors
can leverage the information from its neighbors to improve
the overall positioning of the whole group. Instead of only
sampling the map in time, multiple agents can act as a sensor
array and sample spatially in TAN. This is conceptually similar
to AUVs employing multibeam sonar [8], but with a larger
footprint. Some work on the topic of multi-agent TAN has
been done [13-15]. In [14] a framework for cooperative local-
ization using TAN is presented. The results from a simulated
experiment using real terrain maps show that cooperative
TAN outperforms traditional TAN both in terms of positional
accuracy and robustness.

In this paper, instead of focusing on the practical aspects
of fusing the information in a decentralized fashion, we
examine what properties affect performance. Specifically, we
are interested in determining how the quality of altimeter
sensors and relative distance estimates affect the performance
of the estimator. These are factors that can be affected through,
e.g., using more expensive sensors. Additionally, we examine
how the composition of the array affects performance by
considering the effect of varying the number of sensors as
well as the mean distance between them.

The work is organized as follows. Sec. II describes the
problem description considered in the paper. Sec. III presents
the proposed estimator. In Sec. IV the Cramér-Rao Lower
Bound (CRLB) for the problem is specified. Sec. V discusses



the representation of the map. Sec. VI presents the simulation
setup and simulation results. Finally, in Sec. VII the conclu-
sions from the results are discussed.

II. PROBLEM DESCRIPTION

This paper considers the problem of TAN, where measure-
ments of the environment are used to estimate the position of
the sensor. The general problem is to estimate the trajectory
taken by the sensor, as it moves over time, which leads to
a state-space estimation problem. This section establishes the
general estimation problem formulation this paper addresses,
and then extends the often used single sensor terrain measure-
ment model to more general multi-sensor models, which will
be analyzed in this paper.

A. Navigation Model

The goal is to use terrain measurements in a navigation
filter, defined by the model

(Ta)
(1b)

Tp1 = (@, Uk, Vi),
Yn = h(zk) + ex,

where xj represents the navigation state, uy is known input
such as odometry, y; represents the available measurements,
and vy, and ey, are the process and measurement noise, respec-
tively, all at time k. The navigation state typically comprises
the position, kinematics such as velocity and sometimes accel-
eration, and potential additional properties of interest. In this
paper, the focus is terrain measurements; however additional
measurements, e.g., positions from a GPS system are possible.

For the remainder of this paper, the focus will be un-
derstanding the properties of the observations of the terrain.
Without loss of generality, and to simplify notation, from here
on xj will be assumed to be the position. Furthermore, as
we study measurements from a single time instance, the time
indicator k£ will be dropped, too.

B. Terrain Measurement

1) Single Sensor Terrain Measurement: Considering a sin-
gle sensor, with the simplified notation, the measurement
equation becomes

y=h(z) +e, )

where y is the measured altitude, and h(x) is the height of the
terrain at position x. The function h(x) can be represented by a
digital elevation model (DEM), in which case the measurement
noise e represents both errors in the altitude measured by the
sensor and errors in the DEM. In many cases the terrain h
could be heavily nonlinear, requiring the usage of nonlinear
methods to solve the resulting estimation problem.

The model (2), can be realized by flying platform at a
known mean sea level (using, e.g., a barometer combined with
inertial sensors) measuring the terrain elevation with a wide
lobe radar, as depicted in Fig. 1. Often, the measurement noise
can be approximated as Gaussian, e ~ N'(0, 02). However, as
reported in [7], the terrain can interfere with the measurement,
e.g., a part of the radar is reflected on the tree tops and not

Fig. 1: Illustration of a TAN scenario. Here, the altimeter
measures the distance from the platform to the terrain, y, and
the elevation map evaluated at the true position corresponds to
the terrain height, h(z). The measurement can be expressed
as § = z — h(z), where z is the altitude of the platform with
respect to the mean sea level (MSL). By using a barometer
and INS to measure z independently, a simpler measurement
model can be derived which excludes it, y = h(z).

the ground. In this case, using a Gaussian mixture to represent
the measurement error is often more appropriate [7].

It is also possible to use more advanced sensor config-
urations for single sensor TAN, and in this way simplify
the localization problem. An example of this is the multi-
beam sonar sensor used for underwater localization, studied
in [8]. In this case y, becomes a vector of several distance
measurements, which would then also be extracted from the
terrain model h.

2) Multiple Sensors Terrain Measurement: The natural ex-
tension to this is to introduce more than one sensor, separated
in space. This dynamic sensor array provides information from
several positions in a neighborhood, which can then be used
for localization.

Here, an array of IV sensors located at the relative positions
dn, n=0,...,N — 1, will be considered. The first sensor is
considered to constitute the origin of the array, i.e., dy = 0.
This results in the individual measurements

where w,, ~ N(0,%,) represents the uncertainty in the
relative position in the array. Note that n = 0 should be treated
slightly different from the other sensors, w,, = 0 as a result of
defining sensor n = 0 as the origin of the array. Estimating x
will hence be the same as estimating the position of the first
sensor, from which the other sensor locations can be derived.

The measurements in the array can now be stacked, ¥ =
[yo Y1 yN_l}T, and treated as a big measurement.
Using the same stacked notation to obtain D, W, and E, the
single sensor model structure is essentially preserved

Y=H(z®[D+W))+E



with
h(z)

H(z®(D+W)) = h(Hd.l o

ha+dv-1+wn-1)

and where x @ A is defined as adding the vector = to each
vector a, in the stacked vector A. Here, £ ~ N(0,Xg)
denotes the measurement errors, whose components are as-
sumed mutually independent and identically distributed with
e; ~ N(0,02) such that X = 02 - I, and W ~ N(0,Zy)
represents the uncertainty in the relative sensor positions D.

Throughout this paper, three different cases will be con-
sidered: (i) the array configuration is fully known, (ii) the
uncertainty in all relative sensor positions are independent,
and (iii) the relative sensor positions are uncertain with no
further structure. The three cases represent increasingly diffi-
cult estimation problems.

The first case is what can be expected from sensors mounted
on a rigid body. No additional uncertainty is introduced, and
W = 0, which can be interpreted as Xy = 0. This is
essentially a special case of the single sensor case described
in Sec. II-B1.

The second case requires that the relative positions of the
sensors can be estimated independently, e.g., using separate
measurements to obtain all the relative position with respect
to the first sensors. Assuming the uncertainty in the individual
positions, w; ~ N(0,%,,;) for i # 0, Xy becomes a (block-)
diagonal matrix with ¥,, ; on the diagonal.

Case three is the most general problem formulation, making
no assumption about the uncertainty of the relative sensor
positions, i.e., Yy > 0. This is typically the case when a
separate estimation algorithm is used to estimate the group
formation and the relative distances d,,, and this allows for
almost any way of obtaining the relative sensor positions.

III. ESTIMATION

Our goal is to find an estimate & of the first sensor in the
array. To start with, we consider the estimation problem in
the context of a one-dimensional terrain instead of an m-
dimensional one. Doing so leads to more intuitive expressions,
and is a trick we will employ throughout the paper. The
conclusions drawn using these simpler expressions can then be
applied to the m-dimensional case without loss of generality.

A. Known Geometry

We start by formulating an estimator for the case of a known
sensor array geometry (i).

1) Correlation Approach: In the context of a one-
dimensional terrain and sensors at known distances, we can
consider the measurements by the formation as sampling a
continuous time signal h(x) at NV discrete points. The standard
approach in signal processing to find a signal hidden in noise is
by matched filtering. The matched filter is a mirrored version

of the signal of interest. This coincides here with maximizing
correlation. The estimate is defined by

& = arg max Ry, (), (4a)
where

| N2

Ryn() = 5 > (yn — py) (M +dn) = pun),  (4b)
n=0
| N2

Hy = =5 Yn, (4c)
N n=0
| N2

= 77 h(z +dp). (4d)
n=0

If h(z) is indeed a stationary stochastic process with covari-
ance function Ry, (s), then we have E (Ryh(s)) = Rpp(s—2x),
which indicates that the faster decaying covariance function
(“whiter map”), the better potential precision. However, the
configuration {d,})—;' does not show up in the first order
moment E(Ryh(s)), but should show up in the variance
var (Ryp(s)).

2) Least Squares Approach: An alternative to the matched
filter/correlation approach is to apply the least squares (LS)
method. Since Y ~ N (H(xz @ D),Xg) the LS estimate is
given by

& = arg min V(z), (5a)
where
N-1 ,
V(@)=Y (yn—hlx+dn))". (5b)
n=0

If we expand the LS loss function (5b), we get
N-1

V(@)= ((yn — pn) — (W@ + dn) — un))’,

= 3 (= ) + (bl + dn) — 1))

- 2(yn - ﬂh)(h(x + dn) - Mh)
N-1
= ONRyn(@)+ Y ((m—pn)? + (ha+dn) — un)?)-
n=0

In the last equality, we used the fact that any constant can be
added to y,, without affecting that sum, and in particular the
factor y,, — pup, can be replaced by y,, — . This shows the
relation to the estimated correlation function f%hh(x).

Note that the last term can be interpreted as the estimated
variance of the terrain profile based on the available samples.
Thus, the LS estimate is biased towards areas with flat terrain
compared to the correlation approach.

However, the least squares approach is the optimal approach
in the navigation model, since this is how the Kalman filter
and other filters would handle the terrain altitude information
(i.e. optimal fusion with respect to the measurement model).
Note that the expression (5b) readily generalizes to an m-
dimensional terrain.



B. Uncertain Geometry

We now consider the two other cases where the array
geometry is not precisely known in an m-dimensional terrain,
starting with the general case (iii). Since h(x) is highly
nonlinear and W is stochastic, Y is in general not Gaussian
distributed. To find a closed-form expression for the distribu-
tion of Y a first-order Taylor expansion of every measurement
Y, about w,, can be employed:

Y~Y =H(x®D)+ Hjy(x®D)W + E, (6a)

H{/V(.%‘@D) = VwH(.%‘@(D-‘rW))lW:o, (6b)
which leads to the approximate distribution

Y~ N(py (@), By (), (Ta)

py (z) = H(z & D), (7b)

Sy (z) = Hiy (v & D)Sw (Hy (r & D))" +Xp,  (Tc)

where V, is the Jacobian of h(x) with respect to x and is
defined as

Ohy Oh1
oz OTm
Veh() = | 1 i | ®)
ahN ahN
oz OTm

Since (6a) is based on a Taylor expansion about W, the quality
of the approximate distribution will depend on how linear the
terrain is around the measurement points and the size of the
error terms W. Using the approximate distribution in (7a) we
can apply the weighted least squares (WLS) method

& = arg min V (z), (9a)

x

where
V(z) = (Y = pgp (@) (Sp(@) " (Y = py ().

The expression in (9) constitutes a possible estimator.

If we, again, instead consider a one-dimensional terrain and
independent errors W (i.e., case (ii)) then according to (6a)
the measurement Y is approximately Gaussian distributed with
mean and covariance given by

(9b)

py(x) = H(z & D), (10a)
Sy (z) = diag(6, .., 6% 1), (10b)
62 (x) = (h’(m + dn))2ai’n + 02, (10c)

where aim is the one-dimensional equivalent of X, ,,. Using

(10), the cost function of the WLS (9b) can be expressed as

N1 o i)
Vig)= Y (v (x2+ )" (11)
n=0 (h/(l‘ + dn)) 0-7211,71 + O'g

Evidently, measurements over steep terrain are weighted lower
in the WLS when the relative geometry of the array is not fully
known.

IV. CRAMER-RAO LOWER BOUND

The Cramér-Rao lower bound provides best case perfor-
mance for estimation problems. Analyzing the CRLB gives
insight into how difficult an estimation problem is, and can be
used as guidance when selecting sensor configurations.

A. Background

The CRLB, PCRLB, constitutes a lower bound of the variance
of an unbiased estimator & of x, given a measurement y with
known likelihood function,

P (i(y)) = (Z(@)
where Z(x) is the Fisher information matrix (FIM), evaluated
in the true parameter value. The CRLB is valid under mild
regularity conditions, which, e.g., guarantee that the likelihood
p(y|z) is twice differentiable. The FIM is given by

I(z) = E(VL logp(y|z)V, log p(y|z)).

In the case where y ~ N (u(z),3(x)), which corresponds
to (7a), the FIM can be expressed as

(12)

(13)

T X X
[I(m)}i,j - 8%30(1 )271(1‘) ag;ij)
+;tr(21($)8§£f)21(x)8§x(j>>, (14)

where tr(A) denotes the trace of a square matrix A.

Once again, the expression (14) is hard to interpret, there-
fore we resort to the one-dimensional case to gain deeper
understanding.

B. Known Geometry

We consider the measurement model corresponding to the
case of a known geometry (i). Using the fact that ¥ ~
N(H(z® D), Xg), the expression (14) simplifies to:

L+ d))?

ﬁM@>(§§%@Qf

where Z,, is the Fisher information associated with measure-
ment n and where we have used the fact that the Fisher
information is additive for independent measurements.

The expression in (15a) indicates that the slope of the terrain
is important, which has previously been reported for single-
sensor TAN [2]. We can also observe that the variance is
expected to be linearly dependent on o.. This observation
implies that the quality of the altitude sensor is important.
Likewise, if we assume the derivatives 1/ (x +d,,) to be in the
same order of magnitude, i.e.

W (@) = W (@ + da)| = -

I, (x) = (15a)

(15b)

~ |h/(I + dN—1)|a

then we can approximately express the CRLB as

pCRLB (z) ~ Ug

~—C 0,1,....,.N -1
W@+ d))EN "D ’



meaning that the lower bound for the variance would involve
the term N~%. From this, we would expect that for a small
number of sensors we will see a large improvement in terms
of efficiency by adding more, but as the number of sensors
increases the rate of improvement will become slower.

Note, the Fisher information and CRLB is a local property,
which does not take into account the difficulty of differentiat-
ing between different peaks in the likelihood. Its usefulness in
indicating expected performance of an estimator is therefore
limited to the case when the true peak in the likelihood is
discernible.

C. Uncertain Geometry

We now consider the case (ii), where the array geom-
etry is uncertain but independent for each sensor, i.e. W
is diagonal. Using the approximate Gaussian expression of
Y ~ N (u(z),(z)) in (10), yields an approximate expression
of the CRLB by using (14):

(W (z + dn))?
oz + (W (z +dn))%o3 ,
(Uﬁ,,nh’(x +d )W (x +dy) ) 2 162
o2+ (W(x+ dn))20121)’n ’

Zn(z) =

(16b)

N—-1 -1

PCRLB(x) _ <Z In(x)> ,

n=0
where we have again used the fact that the Fisher information
is additive for independent measurements. Note that if aﬁ,’n =
0 the expression in (15a) is recovered. We can expect that as
long as cr?um remains small, then the observations made in
regard to (15a) will generally hold for (16a) as well.

Of note here is that the second term in (16a) indicates that a
larger b/’ (z+d,,) will lead to a more informative measurement.
Perhaps more unintuitive, if A" (z +d,,) # 0,02 # 0, then the
second term seems to increase as oy, increases. The first
term seemingly behaves more along what could be expected,
becoming smaller as oy, increases in size. Admittedly, as
was mentioned in Sec. III-B, the expression (6a) is based on a
Taylor expansion about W, and is therefore only valid when
h'(x +d,) and o, are small.

Finally, for the general case (iii) we can also derive an
approximate CRLB by plugging in the approximate mean and
covariance fi, 3 from (6a) into (14). However, since there is
no structure in Xy to exploit, we have not been able to find
a simpler expression to analyze.

V. PRACTICAL MAP CONSIDERATIONS

To evaluate the terrain at intermediate points in the DEM
it is necessary to either use interpolation or a more general
representation. Traditionally in TAN, the map is assumed to
be linear between the points in the DEM and so intermediate
points are calculated using linear interpolation [2]. Since (16a)
involves second order differentiation of the map, we would
like a continuos representation that admits non-zero second
order derivatives. One possibility which we have opted for in
this paper is to consider cubic splines. We limit ourselves to

consider one-dimensional cubic splines here, but the concept
can be generalized to surfaces [16].

Given a dataset consisting of M data points, constructing
a one-dimensional piecewise cubic polynomial representation
amounts to defining and solving a system of 4(M — 1)
equations (there are M — 1 intervals with polynomials, each
with 4 parameters). The typical approach is to define

e 2(M — 1) equations specifying end point values as data
point values,

e M —2 equations specifying continuous first order deriva-
tives at the “inner data points”,

e M — 2 equations specifying continuous second order
derivatives at the “inner data points”,

This still leaves two equations to specify. In the natural
approach, the second derivative of the end points is set to
zero. This is very simple, but may not always be very accurate
[17]. Another simple approach which typically produces more
accurate results is the not-a-knot end conditions, where the
third order derivative of the end points is set to be equal to
their closest data point [17].

Using this approach, a one-dimensional piecewise cubic
polynomial terrain can be constructed by solving the above
systems of equations using the points in the DEM. By doing
so, the first and second order derivatives of the terrain have
an analytical expression.

VI. NUMERICAL RESULTS

Numerical simulations will now be used to illustrate and
verify the properties derived in Sec. III and Sec. IV.

A. Simulation Setup

As a part of the simulation study, we consider a variant
of case (ii) presented in the text. Specifically, we consider
N sensors measuring the altitude over a one-dimensional
terrain h(z) with an error in the relative positions modelled as
independent and identically distributed W ~ A(0,02 ). For
simplicity, we consider the mean relative positions between
the platforms to be an equidistant array, ie., d, = nd,
n=0,..., N — 1. This will not have an effect on the results
beyond potential minor alias effects.

The terrain used in the simulation study, which is shown in
Fig. 2, consists of samples from a real DEM of Sweden with
resolution 1x 1 m?. The piece of terrain is 2000 m long, and we
represent it by constructing a cubic spline representation with
the not-a-knot conditions as described in Sec. V. Since the
samples in the DEM are so dense, the resulting spline will be
representative of the true terrain. We consider the problem of
locating the first sensor in the array somewhere over the terrain
using the WLS estimator defined in (9). We assume no prior
knowledge about the position of the first sensor, corresponding
to a uniform prior.

We are interested in evaluating both the robustness of the
estimator and its efficiency. In this context, we refer to the
robustness of the estimator as its ability to discern the true
peak in the likelihood. A simple measure of this is the fraction
of successful estimates (discerned peaks) by the estimator over
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Fig. 2: Terrain curve with resolution 1 m from the south of
Sweden taken from a terrain database. The original terrain
database consists of a grid with resolution 1 x 1 m?. Markhéjd-
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a number of evaluations. We consider a simple condition to
check if a trial was successful by defining a threshold value ¢
and consider errors outside this value failures:

& =zl <6,

& — || > 4,
where || — x| is the estimation error of an estimate & given
the true value x. To evaluate the efficiency, we consider how
closely the root mean square error (RMSE) of the estimator
matches the CRLB. To separate the effects of robustness and
efficiency, we only include successful trials in the RMSE, and
which will correspond to a quantity that matches closer to the
CRLB which is conditioned on the true parameter value.

For evaluation purposes, the terrain is divided into a grid
of size 1m (i.e., 2000 grid points). At each grid point, the
CRLB is calculated using (16a). The resulting CRLB values
are then averaged over the grid points to yield a single value.
The estimator is evaluated by, at each grid point, calculating
snapshot estimates using Monte Carlo trials. In the Monte
Carlo trials the errors W and E are the random quantities.
Each trial is labeled a success or failure using the threshold
value, § = 50m as in (17), and which yields the fraction of
successful trials. The results from the successful Monte Carlo

trials are used to calculate the RMSE for a snapshot estimate
over the terrain using the expression

su.ccess, (17
failure,

1 M 1 K
_ a2
RMSE =, | - g N kg_lllxk Zr,ml?, (18)

m=1

where zy, is grid point k, £, ,,, is the estimated position at grid
point k during the successful trial m, K = 2000 is the number
of grid points in the map and M is the number of successful
MC trials. The average CRLB over the terrain P°*"® compared
to the RMSE e*™SE and the fraction of successful trials together
constitute the performance of the estimator for one set of
parameter values.
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Fig. 3: Results for tests when varying the standard deviation
of the error in the relative position between the sensors o,.
Here, P*'® is the full CRLB expression (16a), and P*"®
is the same CRLB expression but where the second term has
been omitted. The fraction of successful snapshots varies from
99% when o, = 0 to 98% when o, = 9.

B. Simulation Results

We examine the properties of the estimator by considering
a nominal set of parameters

02=1,02 =25 N =10 and d = 20,

and then vary each parameter. In doing so, the effect of each
parameter on the estimation performance can be examined
separately.

In Fig. 3 o, is varied. Here, both the CRLB expression
containing only the first and both terms in (16a) are plotted,
denoted P{R“® and P“®'® respectively. We can see that the
inclusion of the second term leads to a lower theoretical
variance. Clearly, the expression where the second term has
been omitted is more representative of the RMSE and is more
intuitive, as it increases when o, increases. Due to this result,
PRB is used instead of P®-® throughout the rest of the paper.
The fraction of successful trials as presented in Fig. 3 seems
to only be affected slightly as the SNR decreases.

In Fig. 4 the mean distance d between the platforms is
varied. We can see that increasing d seems to have a small
positive effect on the RMSE and number of successful trials
at first, which then tampers out. A plausible interpretation
becomes apparent if we consider points close to each other in
the terrain to be correlated. Increasing the distance will then
have a positive impact until the points become “uncorrelated”.

The number of platforms N is varied in Fig. 5. Here we
see a sharp decrease in the error and fraction of unsuccessful
trials as additional sensors are added for a low number of
sensors. Adding more sensors to an already large amount of
them seemingly still has a modest positive effect. The trend
seems to be in line with the expected results in Sec. IV-B.
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Fig. 4: Results for tests when varying the mean distance
between the sensors d. We can observe a moderate decrease in
the error and number of unsuccessful snapshots, which tampers
out at around d = 40.
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Fig. 5: Results for tests when varying the number of sensors
N. Here the values of /Py R*"® are omitted for N < 5. This is
due to the fact that using a low number of sensors easily leads
to at least one grid point in the map where the sensor array
measures featureless points, i.e. where h(z) ~ 0. This leads
to a very small value of the Fisher information, and in turn a
very large CRLB value. Since /P{*'® is the average CRLB
over the grid, even one such point leads to an unrepresentative
average.

Finally, in Fig. 6 the variance of the error in the sensors o,
is varied. The error and fraction of unsuccessful trials seem to
grow rapidly as o, increases. This result is expected, since if
the terrain is not observable in the noise then increasing the
number of measurements will only have a small impact. It is
also in line with the discussion in Sec. IV-B, with /PCTtEB
seemingly increasing linearly with o.. On the other hand, the
RMSE does not follow the same trend as o, > 2. This can be
understood as the variance of the estimator becoming very
large, so that even “legitimate” outcomes of the trials are
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Fig. 6: Results for tests when varying the standard deviation
of the altimeters o.. As o, increases, the CRLB, RMSE and
% of unsuccessful snapshots rapidly increase.

labeled as failures, resulting in the seemingly stable value of
the RMSE above o, > 3.

VII. CONCLUSION AND FUTURE WORK

This paper introduced multi-agent terrain-aided navigation
(TAN) as a method for navigation in GNSS-denied environ-
ments. Contrary to the single-agent TAN, which is a fairly
well studied topic, multi-agent TAN is less studied. The multi-
agent setup TAN problem has been properly formulated, and
its properties were studied in the context of altitude-based
TAN. The Cramér-Rao lower bound (CRLB) was derived,
and the effect varying the different parameters analyzed. This
analysis was then complemented with a simulation study to
quantify the results. One interesting observation that was made
is that the solution is relatively insensitive to errors in the
relative positions of the agents, which indicates that relatively
low accuracy inertial navigation systems and distance sensors
should suffice when determining the agent configuration. The
CRLB and the results indicate that there is a lot of performance
to be gained by increasing the number of agents beyond one,
but that the effect is less significant asymptotically. However,
it was also observed that to increase the number of agents is
not a solution to low quality altitude sensors. That is, adding
more agents is not a remedy for poor altitude sensors. It was
also shown that to be efficient, the agents must be separated
in space to utilize the variations in the map, but that once
enough separation is obtained, separating the agents more will
not improve the localization performance further. Combined,
all this provides guidelines for how to design multi-agent TAN
systems, and at the same time highlights aspects of the concept
that need to be explored further.

For future work we would like to consider the connection
between the terrain and the performance closer. By considering
the terrain as a realization from a stochastic process, it should
be possible to connect the findings in this paper to the
properties in the terrain, such as the correlation.
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