2025-11-05

The self-archived postprint version of this journal article is available at Linkoping
University Institutional Repository (DiVA):
https://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-219021

Matrix-Valued Measures and Wishart Statistics for
Target Tracking Applications

Robin Forsling, Simon J. Julier and Gustaf Hendeby

IEEE Transactions on Aerospace and Electronic Systems, (2025), 61(5), pp. 12234-12244.
Publisher: Institute of Electrical and Electronics Engineers

https://doi.org/10.1109/taes.2025.3571685

N.B.: When citing this work, cite the original publication.

© 2025 IEEE. Personal use of this material is permitted. Permission from IEEE must be
obtained for all other uses, in any current or future media, including reprinting/republishing
this material for advertising or promotional purposes, creating new collective works, for resale
or redistribution to servers or lists, or reuse of any copyrighted component of this work in other
works.

LINKOPING
II." UNIVERSITY


https://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-219021
https://doi.org/10.1109/taes.2025.3571685

Matrix-Valued Measures and Wishart
Statistics for Target Tracking Applications

Robin Forsling, Simon J. Julier, and Gustaf Hendeby

Abstract—Ensuring sufficiently accurate models is
crucial in target tracking systems. If the assumed
models deviate too much from the truth, the tracking
performance might be severely degraded. While the
models are usually defined using multivariate condi-
tions, the measures used to validate them are most often
scalar-valued. In this paper, we propose matrix-valued
measures for both offline and online assessment of target
tracking systems. Recent results from Wishart statistics,
and approximations thereof, are adapted and it is
shown how these can be incorporated to infer statistical
properties for the eigenvalues of the proposed measures.
In addition, we relate these results to the statistics
of the baseline measures. Finally, the applicability of
the proposed measures are demonstrated using two
important problems in target tracking: (i) distributed
track fusion design; and (ii) filter model mismatch
detection.

Index Terms—Target tracking, data fusion, evalua-
tion measures, model imperfections, model validation,
Wishart statistics.

I. INTRODUCTION

Target tracking involves estimating the state of a
target of interest using noisy sensor measurements.
The standard paradigm is model-based target track-
ing, where sensor models and motion models are
combined for tracking the target state over time [[1]. It
is essential for tracking performance that the assumed
models are sufficiently correct. If the assumed models
deviate too far from the actual underlying models,
there is often an unpredictable degradation in the
tracking performance.

Developing methodologies and measures for ac-
curate model assessment is still an open challenge
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[2H4]. Model imperfection in target tracking is of-
ten evaluated using the normalized estimation er-
ror squared (NEES) and the normalized innovation
squared (NIS) [5]. Both measures penalize the mean
squared error (MSE) weighted by the computed
covariance matrix. Hence, they are scale-invariant
in contrast to the MSE. NEES requires the ground
truth to be known and is therefore suitable for offline
analyses. Since NIS can be computed both online and
offline it is typically the preferred choice. However,
while the models in general are multivariate, both
NEES and NIS are scalar-valued. Hence, despite
their widely spread usage in application areas such
as navigation and target tracking, NEES and NIS
cannot sufficiently address the multivariate relations.
Moreover, as pointed out in [4], NEES and NIS often
fail to be useful even for evaluating scalar relations.
In this paper we propose matrix generalizations
of the NEES and NIS. In particular, by using the
eigenvalues of these matrices, different multivariate
properties and model imperfections can be examined.
We further utilize recent results from Wishart statis-
tics to facilitate the analysis of target tracking systems
based on eigenvalue statistics. A few applicationsE]
are used to demonstrate the usage of the proposed
matrix-valued measures and the implied statistics.

II. RELATED SCALAR-VALUED MEASURES

We start with the notation and mathematical pre-
liminaries. Related measures are then reviewed.

A. Notation

Let R™ be the set of all n-dimensional real-valued
vectors. By A >~ B and A > B we denote that
the difference A — B is positive semidefinite and
positive definite, respectively. The identity matrix of
applicable size is given by I. The expected value and
covariance of random vector z are denoted E(z) and
cov(z), respectively.

'MATLAB® code for all developments and applications of this
paper is available at: jhttps://github.com/robinforsling/dtt/.
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Let x;, € R™ be an n,-dimensional state at time
k to be estimated. An estimate of xj is given by
the pair (X, Py), where Xy, is the state estimate and
P} > 0 the covariance computed by the estimator for
Xy. Similarly, (X%, P%) is the estimate computed in
the ¢th sample or realization, e.g., in a Monte Carlo
(MC) simulation. The estimation error is defined
as X = Xy — x; and X}, = X, — xj is the
estimation error in the ¢th sample. It is assumed
that X, is unbiased, i.e., E(X;) = 0. The matrix
3k = cov(Xi) = E(XxX}) is referred to as the MSE
matrix or the true covariance of the estimation error.
Note, we use the same notation for a random variable
and a realization of it.

If z ~ N, (w1, X), then z is a Gaussian distributed
m-dimensional random vector, where p = E(z)
and ¥ = cov(z). Moreover, if z ~ N, (0,I),
then z'z ~ X2, where X2, denotes the central
chi-squared distribution with m degrees of freedom.
Let Z = [z z,| be a m x n real-valued
random matrix, where each column z; ~ N,,,(0, 1) is
independent and identically distributed (i.i.d.). Then
ZZ" ~ W,,(n,1) is an m x m positive semidefinite
matrix, where W, (n,I) is the real Wishart distribu-
tion [6l] with n degrees of freedom and covariance
parameter I. The Wishart distribution is the sampling
distribution of covariance matrices where the under-
lying samples are i.i.d. Gaussian random vectors. It is
hence relevant when computing sampled covariance
matrices from a Gaussian distributed error.

B. Preliminaries

Two central concepts are credibility and conserva-
tiveness. An estimator of xj, that computes (X, Py)
is credible at time k if E(X;) =0 an

P = 3. (1)

An estimator of xj, that computes (X, Py) is con-
servative at time k if

Py = 5. 2

In, e.g., [7], the conservativeness criterion is relaxed
using the trace operator. An estimator of xj that
computes (Xy, Py) is trace-conservative at time k if

tr(Py) > tr(Xg), 3)

which is a weaker property than conservative [§]].
Since Pj > 0, it has a unique Cholesky factor-
ization Py = LkLE, where Lj is lower-triangular

2It should be pointed out that the probability that a sampled
approximation, e.g., an MC estimator, of Py, equals to X, is zero.

and invertible. Moreover, an eigendecomposition of
an n X n symmetric positive semidefinite matrix S is
given by

S=> Auuj, (4)
1=1

where \; = A;(S) > 0 is the ith eigenvalue of S and
u, is the associated eigenvalue. Note, if unambiguous,
for simplicity we use \; instead of \;(S) for the ith
eigenvalue of S. It is assumed that

Amax = A1 2 -+ 2 Ap = Amin. &)
The condition in (I) is equivalent to
P,=3% — I=L'SL.". (6)
Similarly, the condition in (2) is equivalent to

P, -3 — I-L'SL, T
= 1>NL'SL ), Vi
= 12 A (L' Skl D). (D

C. Related Work

The NEES is introduced in [9] as a measure for the
uncertainty assessment in target tracking algorithms.
The NEES is computed as

1L 4 .

NEES; = ;(iz)T(PZ)*liz, ®
where M is the number of MC runs. The NIS is
computed similarly. Let y be the innovation at time
k, where y, = yr—¥y is the difference between mea-
surement y; and predicted measurement y;, at time
k, cf. a Kalman filter (KF, [10]). Let Sy = B;B]
be the covariance computed for yj. Then the NIS at
time k is computed as

K

> ISy ©)

I=k—K+1

1

where K is the number of time steps used.

As pointed out in [11H13], NEES exhibits a few
drawbacks: (i) it penalizes optimism and pessimism
asymmetrically; and (ii) it is inconvenient for com-
paring different estimators’ credibility. To overcome
these drawbacks the same authors propose the non-
credibility index (NCI) defined as

]\/I — . —
10 (%) (P}) "%,

NCI = — log (M ,  (10)
M; P\ EDT(2) 1%



where ¢ is the MSE matrix of ith MC run. If
unknown, X is approximated by

R 1
Sk= 57 2 %(®)" (11)
i=1

In [S] NEES and NIS are used to evaluate filter
consistency. A consistent filter ensures two important
properties [[14]: (i) the error statistics computed by the
filter is the same as the true error statistics; and (ii)
the filter mixes information obtained from the process
with measurement information in an optimal way.
To this end, a recent paper [4] suggests extending
NEES and NIS by including terms for the second-
order moments. This works remarkably well for filter
tuning and it has been shown that the extended
measures can be integrated into an automatic filter
tuning framework [4].

The measures mentioned so far—including NEES,
NIS, and NCI—are all scalar measures. However, for
an estimator to be credible or conservative, certain
matrix conditions must be fulfilled. Satisfying the
scalar conditions is not sufficient to ensure that the
matrix conditions are satisfied. For instance, for a
strict evaluation of conservativeness it is necessary to
consider semidefinite conditions, cf. (2)). This aspect
is briefly addressed in [12l], where the credibility
interval is defined as’]

[)\min(E’k)7 )\max(Ek)}v (12)

with

2, =L, 'S L. " (13)

To compute =, both ) and P, = L;L] must
be known. A workaround is to approximate these
covariances. An unknown covariance 3j = cov(Xy)
can be approximated by 3. as defined in (L.
Similarly, P can be approximated by the mean

R 1L
P, = M§P;€.

If the system is linear, then P: = Py, for all 4 and
hence lsk = Py.

In [15], the conservativeness index (COIN) is de-
fined by

(14)

COINj, = Amax (L "L 7). (15)

The next propositiorﬂ is a direct consequence of (7).

3For a perfectly credible estimator the credibility interval would
reduce to the single value 1.

ar 3 # X, then this is only an approximation. In [15] it is
assumed that P}“'C = Py. If not, P can be approximated by Py.

Proposition 1. If 3, = X, then (X, P}) is

conservative if and only if COIN; < 1.

Proof. An estimate (X, Py), where Py = LiL], is

conservative if P, = Y. Hence, if X, = X, it

follows from and by definition of COINy, that

Py =3 <= 12> Apax(Lg 'S,L.T) = COINy.
O

III. DEVELOPING STATISTICAL MEASURES FOR
EVALUATING MATRIX-VALUED PROPERTIES

We start with a motivating example to illustrate
that scalar-valued measures such as NEES in general
fail to evaluate matrix-valued conditions.

A. Motivating Example

It is now illustrated how merely looking at NEES
might lead to the conclusion that an estimator is
credible or conservative when it in fact is neither.

Let
8 1 8 0
) ehY
Clearly ¥ # P, i.e., the credibility condition is
violated. Moreover,

[

|1 025
o {0.25 1 } ’
with eigenvalues Apin = 0.75 and A = 1.25.
Hence, neither the conservativeness condition holds.
Consider now a stationary setting, where the es-
timation error X, ~ MN3(0,%) and P = LL' is
the covariance computed for x; at each k. If we
sample X ~ MN2(0,3X) over independent MC runs,
the NEES statistics can be computed using (8). For a
filter consistent estimator we should have NEES; =
n, = 2 and that NEES is x? distributed. The NEES
statistics is plotted in Fig.|l|and we see that NEES, /2
is very close to 1. In addition, the sampled probability
density function (PDF) of ||L~'%/|? is computed as a
histogram and plotted against the theoretical x? PDF.
By pure inspection, the NEES statistics is what we
would expect for a filter consistent estimator. How-
ever, since Apin(8) = 0.75 and A\, (E) = 1.25
we know that this estimator is not credible nor even
conservative.

B. Problem Formulation

In this paper, the objective is to develop measures
that can be used to evaluate matrix-valued conditions,
e.g., credibility and conservativeness. This means that
we do not only need new measures, but also statistical
properties related to these measures.
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Fig. 1. Motivating example. The estimation error is sampled
from N2(0,X) and P # X is the covariance computed
by the estimator. However, from the NEES it might be
concluded that P = X despite that Amin(E) = 0.75 and
Amax(2) = 1.25.

IV. PROPOSED MATRIX-VALUED STATISTICS

In this section the proposed matrix-valued statistics
are presented. We start with a matrix generalization of
NEES which is suitable for offline evaluation of target
tracking and data fusion systems. Then a similar
generalization of NIS is proposed that can be used
in online applications.

A. The Normalized Estimation Error Squared Matrix

The motivating example in the preceding section
illustrates that NEES is not sufficient to evaluate
credibility and conservativeness. However, still, the
normalized error and innovation are useful tools
which we want to generalize to the multivariate case.
The NEES matrix is proposed below in Definition
It is defined for MC based simulations and interpreted
as the sampled E, i.e., the sampled covariance of the
normalized estimation error L~ '%.

Definition 1 (The NEES Matrix). Let i}c be the
estimation error of the ¢th sample at time k. Let
P! = Li(L{)" = 0 be the covariance computed
by the estimator. The NEES matrix is defined as

)T (L) T (16)

M

Note that

() ( %) ( ?;)‘T>

- 2t () (1) 7 (1) 7'5)

S

i=1

S i‘»—l

sn

=7 Z ~1%! = NEESy,
where it is utilized that (L)~ T(L{)~! = (Pi)~!

Let A\(A) denote the average of the eigenvalues of
A. If we normalize NEES using n,

niztr(é )= =3 (&) =

which is also referred to as the average NEES [3].

AEr), (7

B. The Normalized Innovation Squared Matrix

The NEES statistic requires knowledge about the
true error and is hence used in offline applications
where a large number of independent MC runs are
simulated for a particular problem. A statistic that can
be computed online, and for single runs, is the NIS
statistics defined in (9). In a single run evaluation we
average over subsequent time steps instead of MC
runs. The NIS matrix is proposed in Definition
It is interpreted as the sampled covariance of the
normalized innovation B~'y.

Definition 2 (The NIS Matrix—Single Run Statis-
tics). Let yr € R™v be the innovation at time k. Let
S. =B kB{ > 0 be the covariance computed for yy.
The single run NIS matrix is defined as

Z B, 'y,y,B

I=k—K+1
Analogously to the NEES case, we have that

Z B, 'y B )

I, = — (18)

I=k—K+1
1 k
Tr-Tp-1<
K Z tr (y/B; 'B; 'y1)
I=k—K+1
1 k
—— Y VisT'm=Nis,
I=k—K+1
where it is utilized that S;” BfTBfl. If we divide
NIS by n,
1 . 1< . .
— (M) = — Y Ni(I) = A(IL).  (19)
Ty My i



In various applications, e.g., filter tuning, it is
relevant to compute also the NIS in an MC setup.
In this case the NIS matrix is defined as follows.

Definition 3 (The NIS Matrix—MC Statistics). Let
y: be the innovation of the ith sample at time k. Let
Si = Bi (B%)" = 0 be the covariance computed for
y;. The MC based NIS matrix is defined as

MEZF

C. Test Statistics

The NEES matrix and the NIS matrix are statis-
tics suitable for testing matrix relationships such
as credibility, cf. (I), and conservativeness, cf. ().
In particular, we are interested in the probability
distributions of the smallest and largest eigenvalues of
= and TI. With such distributions it is, for instance,
possible to evaluate if the innovations are samples
from a white process with B, 'y, ~ N(0,I). The
null hypothesis, in this case, is formulated as

Hol HkZI,

)" (Bi)" (20)

21

which is accepted or rejected using )\min(f[k) and
)\max(f[k) as test statistics. In the next section we
study the marginal distributions of the smallest and
largest eigenvalues of Wishart distributed matrices.

Remark 1. In this paper we mainly focus on the problem of
identifying if something is wrong, e.g., model errors, rather
than pointing out how it is wrong, e.g., which components
the model errors affect. This means that we are mainly
interested in the eigenvalue statistics. However, in one
of the applications we briefly analyze the corresponding
eigenvectors which contain information about in which
components the models errors contribute.

V. WISHART EIGENVALUE STATISTICS

If L7'x ~ N,,(0,1) and B~ly ~ Nny(O,I),
then & ~ W, (M,T) and II ~ W, (K, I). Hence,
we can utilize Wishart statistics to draw conclusions
about, credibility, filter consistency, and the models
used in a target tracking system.

In this section statistical properties of A\pin (V) and
Amax (V) are analyzed, where V.~ W,,(n,I). It is
assumed that n > m such that V >~ 0.

A. Joint Probability Distribution

Let I'(z) denote the gamma function, v(z,a,b) =
ff t*~Lexp(—t)dt be the generalized incomplete
gamma function, and r(z,a,b) = ﬁ’y(z,a,b) de-
note the generalized regularized incomplete gamma

w(z) = T DAL T -
(i —1)/2) and g(z,t) = t* exp(—t).

Let V.~ W, (nI)and Apax = A1 > -+ > A\, =
Amin be the ordered eigenvalues of V. The joint PDF

function. Define I'

of A= [\ Am] is given by [16] [17]

Alérs o bm) = Ky Hexp ~&/26 T —4),
=1 1<j (22)

where o = (n —m —1)/2, & > -+ > &, and the

normalization constant K ; is given by

2
o /2

omn/2T, (m/2)

K;= (23)

Cp(n/2)

B. Exact Marginal Probability Distributions

The exact probability that all eigenvalues of V ~
Wi (n, 1) lie within an arbitrary interval is developed
in [18]. The cumulative density functions (CDFs) of
the smallest and largest eigenvalues of V are then
obtained as special cases’}

The probability that all eigenvalues of V ~
Win(n,I) lie within an interval [a,b] C [0,00) is
(18]

w(a, b) PI' (G, < )\mln( ) 9 )\max(V) S b)
— K\/det(A(a,0)), (24)
where
Ky = KJ2am+m(m+1)/2 Hr(a + Z)
1=1
i T(a+i 25
= Ear g LT e

and A(a,b) is a skew symmetric matrix. A recursive
formula for ¢ (a,b) is provided in Algorithm

With v (a,b), the CDFs F,_, and F\___ for the
smallest and largest eigenvalues of V, respectively,
are given by

F)\Inin (a‘) =Pr (>\min < a) =1- w(a, OO),
Fp (b) = Pr (Amax < b) = 9(0,b).

(26a)
(26b)

max

since 1 has a positive support.

SPioneering work on the marginalization of the extreme eigen-
values of Wishart distributed matrices are found in [[16} [19H21].



Algorithm 1 Probability ¢ (a, b) that all eigenvalues
of V.~ W,,(n,I) lie within [a, b] [L8]
Input: m, n, a, and b
A= Ome
ap=a-+/
am2/2 m .
K\ = vmmmmmmra) [TZ, D +14)
fori=1,....,m—1do
for j=4,....,m—1do

[Alij+1 = [Ali;
21_a”_aj F(OLI —+ aj)
I(aj + 1) ()
~ 9(aj,a/2) + g(a;,b/2)
F(Ozj + 1)

> m X m matrix of zeros
> ¢ is an integer

7"(0(1' + a4, a, b)

r(ai,a/2,b/2)

if m is odd then
Cc = 0m><1
for:=1,...,m do
[c}i = T(aia a/27 b/2)
A A I:Olf:'m 8]
A+—A-AT
Output: (a,b) = Kx+/det(A)

> column vector of zeros

C. Approximate Marginal Probability Distributions

The CDFs F)_, and F)_, computed using Al-
gorithm [I] are exact. However, for large m,n the
asymptotic behavior is often sufficient. In addition,
numerical issues might arise when m and n (or n
alone) are largeﬂ In these situations approximate
CDFs are useful. It is known that the smallest and
largest eigenvalues converges to a shifted Tracy-
Widom distribution as m,n — oo [18, 23]. Here,
we will use the simpler approximations proposed
in [18, [22] which are based upon shifted gamma
distributions.

Let V. ~ W, (n,I) and let 7(z,a) be the lower
regularized gamma function. Moreover, let uq, o’f,
and s; be the mean, variance, and skewness of the
Tracy-Widom distributiotﬂ of type 1. Define

min

4
k=, 0= p=kb—m. QD)
s7 2
The CDF F), , is approximated using the result from
(18]

R
Pr(Amin(V) < a) =7 (H, mx<09+p>> |

(28)

%m, n on the order of > 100 are large in this context [22].

TFor details about these parameters, see, e.g., [23].

where
a = m7 (29a)
Omin
min = (VIF €n — VI F Cm) (29b)
1 1\
Omin = v/ Mmin <\/m T, - Tt Cn) , (29¢)

and where ¢,, and c,, are tuning parameters, here set
to ¢, = ¢, = —1/2 following [22].
Similarly, F)___ is approximated using [22]

max (0,5 + p)) (30)

max

Pr (Amax(V) <b) = r (K,

0
where
b — Mmax
p = 2 Hmax (la)
Umax
fmax = (VI T e + Vit en)’, (31b)
\/7 1 + 1 3
Omax — max .
K vm+tcen Vn+cn
(31c)

D. Expected Values

Assume that z is a random variable with nonneg-
ative support and CDF F,(¢). Then [24]

B = [ 1-RO& 6
0

Hence, since both A, and M.« have positive

support only, their expected values are given by

B(Amin) = / (- P, (©)de, (%)

oo

BOwa) = [ (1= P (@) G3b)

Let V. ~ W, (n,I). The expected values of
Amin(V) and Apax(V) are plotted in Fig. [2] for
m = 3 and different values of n. The inverse CDFs
Fy nlin and F;mlax are also plotted, corresponding to
one-sided 95% confidence intervals for A.;, and
Amax, respectively. All curves are normalized with
n. The curves approaches 1 as n tends to infinity.

E. Relation to x? Statistics

The Wishart distribution is a multivariate gen-
eralization of the x2 distribution. Let Z =



\ — EQmax)/n == Fy! (0.95)/n

301 max

' —

\\ E()‘min)/n F/\n}in (005)/TL
20} Sl
1.0
00 " | | | |

10 30 50 70 90 n

Fig. 2. Expected values and inverse CDFs of Anin and
Amax as functions of n. The curves are normalized with n.

[zl .. zn], where z; ~ N;,,(0,1) are i.i.d.. Then
ZZ" ~ Wy, (n,T) and

tI‘(ZZT) =tr (Z zﬂI) = Z tr (Zizg—)
=1 i=1
- (St~
=1

Hence, the X2 statistics is closely related to the
Wishart statistics. However, it is not possible to re-
construct the Wishart statistics from the x? statistics.
Still, the x? statistics is relevant when it comes to
the evaluation of scalar properties such as trace-
conservativeness, cf. @I), in which case the scalar
NEES can be used.

F. Example: Switching Target Dynamics

We will now use a target tracking example to
demonstrate the proposed statistics and compare them
to their scalar analogs. A target is first tracked using
correct models of the dynamics using a KF. After
a certain time, the target dynamics change without
changing the models in the KF. The goal is to be
able to detect these changes. To this end, we analyze
the NEES matrix and the NIS matrix before and after
the change in the target dynamics.

Assume two spatial dimensions and let T} be the
sampling time. The target state zj;, evolves according
to a discrete time (nearly) comnstant velocity (CV)
model

Xp+1 = Frxp + Grpwy, 34

where wy, ~ N5(0, Q) is the process noise, Qy the
process noise covariance, an

T2
1 0 T, 0 Lo
01 0 T 1o =
Fe=10 0 1 o ©&r= .0
0 0 O 1 0 T

(35)

A measurement y;, € R? at time k is given according
to the linear measurement model

1 0 0 0

01 0 O:|Xk+Vk, (36)

yi = Hgxp + vi = {
where v, ~ N5(0, Ry) is the measurement noise and
Ry, = 021 the measurement noise covariance.

We will simulate x, according to (34) using a Q.

that switches at time kgyicn. Let ull and uﬁ be two-

dimensional unit vectors, where uLlJ is longitudinal
and ug is lateral to the target velocity at time k. At
k= 17 cee 7kswilch

L (37)

and at k = kswilch + ]-7 e a20
107¢ 0 T
Q= ol w] [ 0 [l ] o®

where ¢ is the magnitude of the random acceleration.
The target hence first evolves according to isotropic
random accelerations and then according to nearly
central random accelerations.

The problem is evaluated using MC simulations.
We compute the NEES matrix = using Definition
and the NIS matrix IT’ using Definition [3| Both are
averaged over the MC simulations for each time k.
The results are summarized in Fig. [3] It is seen that
Amin and Ay ax respond very quickly when the switch
occurs. Since the change in dynamics is such that the
acceleration decreases in the longitudinal component
and increases in the lateral component, A, falls and
Amax rises. This is true for both the NEES and NIS
statistics. However, \ is approximately the same after
the Kgwiten. Hence, it would be difficult to observe
the change by merely looking at the scalar-valued
NEES and NIS. Confidence intervals derived from
the inverse CDFs are also included. By Fx_?;m we

denote the inverse CDF of the x? distribution with
Mm degrees of freedom.

8This corresponds to a sample-and-hold model.
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Fig. 3. Switching dynamics example. At Kgwich, the target dynamics switches from a CV model with isotropic random
accelerations to a CV model with central random accelerations. The switch is captured by Amin and Amax for both =
and II', but not clearly by X. The confidence intervals given by F'~! have been normalized for comparison reason.

VI. TARGET TRACKING APPLICATIONS

In this section we demonstrate two important appli-
cations for the proposed matrix-valued measures. In
the first application we consider track fusion design
where the task is to choose a track fusion method
offline evaluation of the NEES matrix. In the second
application we use the NIS matrix for online detection
of process model mismatch. In both applications
the eigenvalues of NEES/NIS matrix are evaluated
by utilizing the Wishart statistics presented in the
previous section.

MATLAB® source code for the applications is
available at |https://github.com/robinforsling/dtt/. The
repository also contains the functionality described in
the previous section.

A. Distributed Track Fusion Design

Track fusion is a type of data fusion. It is an
integral part of network-centric target tracking sys-
temsP_-] where multiple agents track overlapping sets of
targets [[15]. The goal with this example is to illustrate
how the NEES matrix statistics is used to evaluate
conservativeness.

1) Scenario and Models: Assume a target tracking
scenario where two agents track a common target in
two spatial dimensions. The target state xj, is assumed
to evolve according to the CV model
Wi ~ N4(07 Qk)7

Xp41 = Frpxp + wy, (39)

9For instance, target tracking in distributed sensor networks.

where Fy, is given in (35) and

20 % o
o oo T
Qk:q T2 3 2 ) (40)
Lo 1o
2
0 = 0 T

with T, = 1. At each time k the agents filters their
local measurements using a KF. A nonlinear mea-
surement model is assumed for both agents, where a
measurement y§ in Agent i at time k is generated
according to

vi =h(xp,sp) +vi, vi~AN2(0,Ry), (41)

where si is the position of Agent i, h(-) is a
mapping from Cartesian to polar coordinates with
origin in s}, and Ry = diag(o7,07) with o7 and
033 denoting the variances of the radial and azimuthal
error, respectively. At odd k£ Agent 1 shares its local
track with Agent 2 who fuses the tracks. At even k
a local estimates is shared in the opposite direction
for track fusion.

Assume now that a local extended Kalman filter
(EKF, [23]), which only uses local measurements
and no track fusion, has already been tuned in a
satisfactory way for this particular problem. To utilize
a received track a track fusion method is needed.
The task is here to select a track fusion method
based on performance and uncertainty assessment
obtained using an MC study. For this simple example
we consider covariance intersection (CI, [26]) and
the largest ellipsoid (LE, [27]) method as the two
candidate track fusion methods. For implementation


https://github.com/robinforsling/dtt/

TABLE 1
TRACK FUSION DESIGN PARAMETERS

Parameter Description
M = 10000 number of MC runs
3
g=>5 process noise parameter [ms~ 2 ]
or = 100 standard deviation of radial uncertainty [m]
oy =2 standard deviation of azimuthal uncertainty [°]

details and comparisons, see, e.g., [28]]. Simulation
parameters are summarized in Table [I}

2) Measures for Estimation Quality: Let (X5, P?%)
denote the local estimate, at time k£ and in MC run ¢,
after track fusion in one of the agents. Performance
is evaluated using the root mean trace (RMT) defined
as

RMTy, = (42)

1 M
i > (P).
i=1

A robust design of the track fusion must also
take into account the uncertainty assessment. To this
end we consider conservativeness, which basically
means that we want a track fusion method that is
able to ensure conservative estimates or at least does
not violate the conservativeness property too much.
Conservativeness is evaluated using )\max(é), where
= is the NEES matrix given in Definition In
particular, )\max(é) is compared to a predetermined
value of F/\;lax (p). For V.~ W,,(M,TI), the confi-
dence parameter p corresponds to the probability that
Amax (V) < Fy. nlax (p). Hence, since = is normalized
by M, we compare Amax(Z) with F;:ax (p)/M. If
Amax (8) < F/\;lax (p)/M, the estimator is considered
conservative.

3) Results: The NEES matrix statistics, com-
puted over all MC runs, for each k£ are displayed
in Fig. ] The gray area and curve correspond
t0 {Amin, M Amax} for the local EKF (LKF). Us-
ing CI for track fusion results in conservative but
rather pessimistic estimates as Ayax 1S below 1 <
F/\_mlax (p)/M. On the other hand, we cannot say that
LE is conservative with respect to (w.r.t.) the confi-
dence p. It is interesting that \ for LE does not deviate
considerably from the LKF which by assumption
is satisfactorily tuned. Moreover, both are below 1.
Hence, if we had only looked at \, or equivalently
NEES = n,)\, then we would probably have arrived
at the conclusion that also LE is conservative.

The RMT results are presented in Fig. Bﬂ The

190nly the results for Agent 1 are presented. The results for
Agent 2 are almost identical.

curves have been normalized by the Cramér-Rao
lower bound (CRLB, [3]) such that RMT; = 1 is
optimal. It is clearly seen that LE outperforms CI
w.r.t. RMT.

In summary, LE shows better performance than CI,
but at the cost of not being conservative. The main
point is that it requires the NEES matrix statistics
to be able to detect that LE is not conservative—the
NEES, cf. @]), is not sufficient in this case.

B. Filter Model Mismatch Detection

Using a representative process model is key to the
performance of any target tracking system. In prac-
tice, the assumed process model used in a tracking
filter almost always deviates from the true dynamics
of the tracked target. We will now demonstrate how
the NIS matrix can be used online to detect a process
model mismatch.

1) Scenario and Models: The considered scenario
is similar to the example in Sec. but without the
switching dynamics. In that example, a linear KF was
used to track a single target. The actual target state
x evolves in continuous time according to

00 1 0 0
oo o1 0

X=10 0 0 ol X" |a,l|" 43)
000 0 a

where x is the time derivative of x, a, and a, are
continuous white noise accelerations along the z-axis
and y-axis, respectively. It is assumed that

o)) 0[5

where o = 2. Note that, for all o # 0, det(Q®) = ¢
Discretizing the continuous time model in (@3) results
in F, according to (33) and [29]

0
. /az} S

azT}g 0 (xQT,? 0
3 3 2 2
0 Zs o0
Qr=10q"| 22 3¢ 9 2 (45)
ol 0 a1} 0
T 0 T
202 a?

If a = 1, then this Qj reduces to (40).

The linear sensor model in @[) is assumed, where
Ry = 021 The simulation parameters are summa-
rized in Table [

The target is simulated using Qj with o = 2 but
the KF uses Qi with a = 1. Apart from that, all
models used in the KF are correct. The task is to
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Fig. 4. NEES matrix results for the track fusion design. To evaluate if a track fusion method leads to conservative

estimates, Amax(Z2) is compared with Fy5 ! /M For convenience, also /\( )=
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Fig. 5. RMT results for the track fusion design. The RMT
curves have been normalized by the CRLB.

TABLE II
MODEL MISMATCH DETECTION PARAMETERS

Parameter Description
M = 10000 number of MC runs
3
q=10 process noise parameter [ms™ 2 ]
o, =10 standard deviation of measurement error [m]

detect the process model mismatch. Essentially, we
want to test the null hypothesis

Ho: II, =L (46)
Note, we will not design an actual detection algo-
rithm, but instead compute statistics related to the
model mismatch.

2) Measures for Model Mismatch Detection: The
NIS matrix IT is used for online evaluation of the
model assumption. We compute an accumulated I,
in a single run according to

I = ZB iy B (47)

NEES/n, and Amin(E) are included.

The single runs are evaluated separately using MC
simulations to obtain good statistics. The performance
is evaluated using the probability pge of detecting a
model mismatch. For a certain probability parameter
p € [0,1], we define

P = Pr((Amin < @x,p) V Amax > bann))

(48)
where ay,, = F;rnlin(l —p), bx,.. = F/\;l“ (p), and
V denotes logical or. This corresponds to the proba-
bility that at least one A(II) is outside a 100(2p—1)%
confidence interval. As a reference, we define the
corresponding probability for the S\(ﬂ) statistics ac-
cordingly as

P =Pr((A<ap)V(A>be), (49)

where a,> = FX_21(1 —p) and b,2 = FX_Q1 (p). For a
fixed p, larger pger means a more sensitive detector.

3) Complementary Measures: We also analyze
the eigenvectors of II to investigate if they add
any complementary information related to the model
mismatch. The idea is that the eigenvectors should
contain information about which directions there is a
mismatch in the process noise. For instance, in the
z-axis the actual white noise accelerations have a
variance of ¢%o? but the filter is based on ¢>.

Let Umax, k be the elgenvector associated with
)\de(Hk) By construction, Hk is computed in a
transformed domain due to the B,:l. We therefore
define

bmax,k = Bkumax,k' (50)

Let 05, be the angle between by, 1 and the z-axis,
which might be both positive and negative, computed
in each of the single runs. We compare b,ay ; and
the z-axis since for the true dynamics the process
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Fig. 6. Filter model mismatch detection, where mean values
of Amax, A, and Anin are plotted. Dashed lines refer to
normalized inverse CDFs of the computed quantities.

noise is larger in the x-component which should be
captured by A .x. For each time k, we will examine
0, and 09, corresponding to the mean and standard
deviation of 6y, respectively, obtained by averaging
over the MC runs. Note that, since the eigenvectors
are orthogonal, identical results would be obtained
by making the corresponding comparison with the
eigenvector associated with )\min(f[k) and the y-axis.

4) Results: Fig. [f illustrates the single run statis-
tics with p = 0.995. The thick solid curves represent
mean values of Apax, A, and Amin, averaged over
the MC runs for each time k. The dashed curves
illustrate normalized inverse CDFs under H,. We see
that \,ax Crosses F/\;l“ (0.995) /k somewhere around
k = 30. This indicates that there is a significant
level of probability to detect the model mismatch. The
same cannot be said for A Which relates to detecting
the model mismatch usmg x? statlstlcs

The probabilities pdm and 10det are approximated by
their sample means. That is, for each k, we average
the logical expressions inside Pr(-) in (48) and (49)
over the MC runs. The results are plotted in Fig. [7]
where pYY and pdet refer to the sampled approxi-
mations of @8) and (@9), respectively. It is clear
that using Wishart statistics the detection performance
is significantly improved compared to using the 2
statistics.

The results related to byax,, and 8y, are presented
in Fig. [8] These are the single run results which have
been averaged over the MC for easier interpretation.
While 6 is approximately zero-mean over all k, the
standard deviation oy is initially very high. However,
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Fig. 7. Filter model mismatch detection, where pyy and p,
are sampled approximations of {@8) and [@J), respectively.
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Fig. 8. Filter model mismatch detection. The angle 6
represents the deviation of byax from the z-axis.

as k increases, oy decreases and somewhere between
k = 30 and k = 40 it becomes less than 10°. Hence,
it seems like the eigenvectors of II contain some
additional information, although noisy, that can be
used to draw conclusions about which components
the assumed model fails to match the actual process.
This opens up for the possibility to use the eigenvalue
statistics to say whether there is a filter model mis-
match at all, and then use the eigenvectors to decide
how the filter can be retuned, in online applications.
However, we consider this to be future work.

VII. CONCLUSIONS

We have proposed matrix-valued measures, the
NEES matrix and the NIS matrix, with applications to
the design and evaluation of target tracking systems.
In particular, it has been shown how the eigenvalues
of the NEES and NIS matrices and the associated
eigenvalue statistics can be used to draw conclusions
about properties such as credibility, filter consistency,
and conservativeness. The applicability of the pro-
posed measures was demonstrated using two target



tracking problems: (i) distributed track fusion design;
and (ii) filter model mismatch detection.

While the focus of this paper has been on spe-
cific target tracking applications, we argue that the
proposed measures are useful in essentially all types
of estimation problems. For instance, the NIS matrix
can be used to evaluate the correctness of land-
mark initializations in simultaneous localization and
mapping (SLAM). It can also serve as an online
computable quality measure for, e.g., localization and
decision-making problems in general. It would also
be interesting to integrate the proposed measures in
an auto-tuning framework such as [4]. To this end
it might be useful to further elaborate on how the
eigenvectors of the NIS matrix can be exploited.
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