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“If I were again beginning my studies,
I would follow the advice of Plato

and start with mathematics.”

— Galileo Galilei





Abstract

Analog-to-digital and digital-to-analog interfaces (ADIs and DAIs) constitute
the essential link between the analog physical world and digital signal process-
ing systems. As modern communication systems demand higher bandwidths,
improved linearity, and increased energy efficiency, imperfections such as lin-
ear and nonlinear distortion and sampling errors increasingly limit achievable
performance. Such imperfections require compensation techniques that are
both effective and computationally efficient for high-speed, high-resolution
implementations. This thesis contributes low-complexity solutions for lin-
earization, equalization, and sampling-frequency synchronization, enabling
efficient signal processing in high-speed data-conversion systems.

Firstly, the design of low-complexity digital linearizers for ADIs is ad-
dressed. Several novel linearizers are introduced that are inspired by neural-
network architectures, but avoid the high training complexity associated
with neural-network-based approaches. These linearizers can outperform
classical linearizers, such as Wiener and Hammerstein, while requiring lower
implementation complexity. The proposed designs cover both memoryless
and memory (frequency-dependent) linearizers and are applicable to nonlin-
ear distortion occurring either before or after sampling. All designs enable
closed-form parameter estimation via matrix inversion, thereby eliminating
the need for unpredictable iterative nonconvex optimization. In addition,
an efficient memoryless linearizer based on 1-bit quantization is introduced,
enabling lookup-table-based implementations with only one multiplication
per corrected sample.

Secondly, equalization of digital-to-analog converters (DACs) frequency
response using linear-phase finite impulse response (FIR) filters is considered.
For several DAC pulse shapes operating across multiple Nyquist bands,
minimax-optimal equalizers are designed, and their properties are analyzed.
Based on these designs, expressions for the required filter order are derived
as explicit functions of bandwidth and target equalization accuracy, using
symbolic regression followed by further refinement. The resulting expressions
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provide accurate order estimates across different pulse shapes and operating
conditions.

Thirdly, a low-complexity time-domain sampling frequency offset (SFO)
estimation and compensation framework based on the Farrow structure
for interpolation is presented. By reusing the Farrow structure already
employed for SFO compensation, the proposed approach enables a unified
estimation and compensation architecture with significantly reduced overall
implementation complexity. The method operates on arbitrary bandlimited
signals, supports joint estimation of SFO and sampling time offset, and allows
estimation using only a single component (real or imaginary) of a complex
signal. A Newton-based estimator exploiting the structure of the problem is
developed to reduce computational complexity, while an alternative iterative
least-squares-based design provides an even lower-complexity solution. The
resulting estimators are robust to other synchronization errors and are well
suited for practical receiver implementations. In addition, motivated by
the appearance of low-order time-index-powered sums in the Farrow-based
formulation, a general cascaded-accumulator framework is developed as a
supplementary contribution, enabling efficient causal computation of time-
index-powered weighted sums of arbitrary order without data buffering and
reducing the multiplicative complexity from order KN to only K+1 constant
multiplications (where N is the number of terms and K is the power in
the sum), which is applicable both to SFO estimators and to other signal
processing applications beyond the SFO problem.
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Populärvetenskaplig
Sammanfattning

Analog-till-digitala och digital-till-analoga gränssnitt (ADI och DAI) utgör
den väsentliga länken mellan den analoga fysiska världen och digitala signalbe-
handlingssystem. I takt med att moderna kommunikationssystem kräver högre
bandbredder, förbättrad linjäritet och ökad energieffektivitet, begränsar bris-
ter som linjär och olinjär distorsion och samplingsfel i allt högre grad uppnåelig
prestanda. Sådana brister kräver kompensationstekniker med hög prestanda
och som är beräkningsmässigt effektiva för höghastighetsimplementeringar
med hög upplösning. Denna avhandling bidrar med lågkomplexitetslösningar
för linjärisering, utjämning och samplingsfrekvenssynkronisering, vilket möjlig-
gör effektiv signalbehandling i datakonverteringssystem med höga datatakter.

Först behandlas design av digitala linjäriserare med låg komplexitet för
analog-till-digitala gränssnitt. Flera nya linjäriserare introduceras som är
inspirerade av neurala nätverksarkitekturer, men undviker den höga trän-
ingskomplexiteten som är förknippad med neurala nätverksbaserade metoder.
Dessa linjäriserare kan överträffa klassiska icke-linjära linjäriserare som Wiener
och Hammerstein samtidigt som de har lägre implementeringskomplexitet. De
föreslagna designerna täcker både minneslösa och minnesberoende (frekvens-
beroende) linjäriserare och är tillämpliga på olinjär distorsion som induc-
eras antingen före eller efter sampling. Alla designer möjliggör sluten-form-
parameterestimering via matrisinversion, vilket eliminerar behovet av oförut-
sägbar iterativ icke-konvex optimering. Dessutom introduceras en effek-
tiv minneslös linjäriserare baserad på 1-bit kvantisering, vilket möjliggör
tabellbaserade implementeringar med endast en multiplikation per korrigerat
sampel.

För det andra beaktas utjämnare av digital-till-analog-omvandlares (DAC)
frekvenssvar med hjälp av så kallde FIR-filter med linjär fas. För flera DAC-
pulsformer som används över flera Nyquist-band designas minimax-optimala
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utjämnare och deras egenskaper analyseras. Baserat på dessa designer härleds
uttryck för den erforderliga filterordningen som explicita funktioner av band-
bredd och önskad noggrannhet, med hjälp av symbolisk regression följt av
ytterligare förfining. De resulterande uttrycken ger noggranna ordningsupp-
skattningar över olika pulsformer och driftsförhållanden.

För det tredje presenteras estimering och kompensation av samplings-
frekvens offset (SFO) baserat på Farrow-struktur för interpolering. Genom
att återanvända Farrow-strukturen som redan används för SFO-kompensation
möjliggör den föreslagna metoden en enhetlig estimerings- och kompensation-
sarkitektur med avsevärt minskad total implementeringskomplexitet. Metoden
fungerar för godtyckliga bandbegränsade signaler, stöder gemensam estimer-
ing av SFO och samplingstids-offset och tillåter estimering med endast en enda
komponent (reell eller imaginär) av en komplex signal. En Newton-baserad
estimator som utnyttjar problemets struktur utvecklas för att minska beräkn-
ingskomplexiteten, medan en alternativ iterativ minstakvadratbaserad design
ger en lösning med ännu lägre komplexitet. De resulterande estimatorerna
är robusta mot andra synkroniseringsfel och är väl lämpade för praktiska
mottagarimplementeringar. Dessutom, motiverat av förekomsten av tidsindex-
exponentierade summor av låg ordning i den Farrow-baserade formuleringen,
utvecklas en generell kaskadackumulatorstruktur som ett kompletterande
bidrag, vilket möjliggör effektiv kausal beräkning av tidsindexexponentierade
viktade summor av godtycklig ordning utan databuffring och minskar den
multiplikativa komplexiteten från ordningen KN till endast K+1 konstanta
multiplikationer (där N är antal termer och K är exponent i summan), vilket
är tillämpligt både på SFO-estimatorer och på andra signalbehandlingstil-
lämpningar utöver SFO-problemet.
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Chapter 1

Background and Motivation

All electronic communication and measurement systems ultimately interact
with the analog physical world. Analog signals are continuous-time waveforms,
whereas modern processing and storage are performed digitally. Bridging
these domains requires data conversion. Analog-to-digital converters (ADCs)
transform received continuous-time signals into digital form for processing.
Conversely, digital-to-analog converters (DACs) generate continuous-time
waveforms from digitally processed data for transmission. Together, these
interfaces form the essential link between the analog and digital domains and
are fundamental to modern communication systems.

As demands for higher data rates and wider bandwidths continue to
increase, ADCs are required to operate at ever higher sampling rates and
resolutions. Achieving these requirements simultaneously is inherently difficult,
particularly in modern deep sub-micron fabrication technologies where analog
circuit design is increasingly constrained by reduced supply voltages, device
variability, and power limitations. As a consequence, practical ADCs and
DACs exhibit nonidealities such as nonlinear distortion, limited and non-flat
frequency responses, and sampling-related errors. In many systems operating
at higher data rates, these imperfections constitute a dominant performance
bottleneck.

To alleviate the limitations imposed by analog hardware, signal processing
tasks are increasingly shifted to the digital domain. Once a signal has
been converted, digital signal processing (DSP) techniques can be applied to
compensate for analog imperfections with a level of flexibility and robustness
that is difficult to achieve in the analog domain. Digital linearization can be
used to suppress nonlinear distortion, digital equalization can compensate for
frequency-response limitations, and synchronization algorithms can correct
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Chapter 1 Background and Motivation

timing and sampling mismatches between system components. However,
in data-conversion systems, digital processing must operate directly at the
converter sample rate, which can be high. As a result, implementation
complexity becomes a critical concern. Even modest increases in the number
of operations per sample can lead to significant increases in power consumption,
and computational complexity.

Many classical DSP approaches rely on complex models, large numbers of
general multipliers, or iterative nonconvex optimization procedures, making
them unsuitable for practical real-time implementation in high-speed ADC-
and DAC-based systems. This observation motivates the development of
hardware-aware digital signal processing algorithms, in which implementation
constraints are treated as primary design objectives rather than secondary
considerations. By exploiting problem-specific structures and by favoring
fixed or low-complexity computational blocks, it is possible to achieve ef-
fective compensation of analog imperfections without incurring prohibitive
computational cost.

The goal of this thesis is to develop low-complexity DSP methods for data-
conversion systems. The focus is on three closely related problems: digital lin-
earization of ADCs and synchronization in the presence of sampling-frequency
offsets, as well as equalization of DAC frequency-response distortions. In
all cases, the emphasis is on achieving high performance with low computa-
tional complexity. Through consistent exploitation of structural properties
and careful consideration of implementation constraints, the contributions
of this thesis demonstrate that effective compensation of converter-induced
distortions in ADCs and DACs, as well as sampling-clock mismatches, can
be achieved without resorting to high-complexity digital processing, thereby
improving the practicality and efficiency of high-speed physical-layer systems.

1.1 Contributions

This thesis presents low-complexity signal processing solutions for high-speed
data-conversion systems. The contributions can be grouped into three main
research directions.

I. Low-Complexity Digital Linearization of Analog-to-Digital
Interfaces

The first contribution concerns the development of computationally efficient
digital linearizers for analog-to-digital interfaces (ADIs). Novel linearization
structures are proposed that are inspired by neural-network architectures but
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1.1 Contributions

avoid their high computational complexity, noise amplification, and costly
iterative training procedures.

Both memoryless (frequency independent) and memory (frequency de-
pendent) nonlinear distortion models are considered. Closed-form parameter
estimation based on matrix inversion is introduced, eliminating the need for
nonconvex iterative optimization typically associated with neural-network-
based linearizers. In particular:

• A low-complexity memoryless linearizer based on bias-modulus and
bias-ReLU operations with superior performance compared to conven-
tional parallel Hammerstein and Neural Networks based linearizer is
introduced [1] (Paper A).

• Frequency-dependent linearizers based on bias-modulus and bias-ReLU
operations are developed with significantly reduced implementation
complexity compared to classical parallel Hammerstein and Neural
Networks based linearizers [2] (Paper B).

• A novel 1-bit-quantization-based linearizer enabling lookup-table im-
plementations with extremely low arithmetic complexity (only one
multiplication) is proposed in [3] (Paper C) for frequency-independent
nonlinearities.

II. Order Estimation of FIR Equalizers for DAC Frequency-
Response Compensation

The second contribution addresses digital-to-analog converter (DAC) equal-
ization. Linear-phase finite impulse response (FIR) equalizers are analyzed
for compensation of DAC pulse-shape distortions across multiple Nyquist
bands.

• Explicit analytical design expressions for the required equalizer order
are derived as functions of bandwidth and target accuracy. These
expressions are obtained using large sets of minimax-optimal equalizers
combined with symbolic regression and subsequent curve fitting, thereby
substantially reducing the need for iterative order searches in practical
design. This contribution provides practical design guidelines and
theoretical insight into the structure and properties of linear-phase FIR
equalizers for multi-band DAC systems [4] (Paper D).
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Chapter 1 Background and Motivation

III. Low-Complexity Synchronization and Efficient Computa-
tion of Time-Index Powered Weighted Sums

The third contribution focuses on synchronization, particularly sampling
frequency offset (SFO) and sampling time offset (STO), together with efficient
methods for computing time-index-powered weighted sums.

• A low-complexity time-domain framework for joint SFO estimation and
compensation is developed using the Farrow structure. The method
operates on arbitrary bandlimited signals, supports simultaneous esti-
mation of SFO and STO, and enables efficient implementations based
on Newton and iterative least-squares techniques. The proposed ap-
proach is robust to other synchronization impairments and achieves low
computational complexity [5] (Paper E).

• An efficient cascaded-accumulator-based method for computing time-
index-powered weighted sums is introduced. The proposed structure
reduces the multiplicative complexity from order KN to only K+1 con-
stant multiplications, enabling causal, real-time computation without
data buffering. This framework generalizes beyond synchronization
applications and supports hardware-efficient implementations [6] (Pa-
per F).

Included papers

Paper A: Low-Complexity Memoryless Linearizer for Analog-to-Digital
Interfaces
Authored by: D. Rodriguez-Linares and H. Johansson
Published in Proc. 24th International Conference on Digital Signal Processing
(DSP), Rhodes, Greece, Jun. 2023, pp. 1–5.

Abstract: This paper introduces a low-complexity memoryless linearizer for
suppression of distortion in analog-to-digital interfaces. It is inspired by neural
networks, but has a substantially lower complexity than the neural-network
schemes that have appeared earlier in the literature in this context. The paper
demonstrates that the proposed linearizer can outperform the conventional
parallel memoryless Hammerstein linearizer even when the nonlinearities
have been generated through a memoryless polynomial model. Further, a
design procedure is proposed in which the linearizer parameters are obtained
through matrix inversion. Thereby, the costly and time consuming numerical
optimization that is traditionally used when training neural networks is
eliminated. Moreover, the design and evaluation incorporate a large set of
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multi-tone signals covering the first Nyquist band. Simulations show signal-to-
noise-and-distortion ratio (SNDR) improvements of some 25 dB for multi-tone
signals that correspond to the quadrature parts of OFDM signals with QPSK
modulation.

Paper B: Low-Complexity Frequency-Dependent Linearizers Based on Par-
allel Bias-Modulus and Bias-ReLU Operations
Authored by: D. Rodriguez-Linares and H. Johansson
Published in IEEE Access, vol. 13, pp. 209796–209812, Dec. 2025.

Abstract: This paper introduces low-complexity frequency-dependent (mem-
ory) linearizers designed to suppress nonlinear distortion in analog-to-digital
interfaces. Two different linearizers are considered, based on nonlinearity
models which correspond to sampling before and after the nonlinearity oper-
ations, respectively. The proposed linearizers are inspired by convolutional
neural networks but have an order-of-magnitude lower implementation com-
plexity compared to existing neural-network-based linearizer schemes. The
proposed linearizers can also outperform the traditional parallel Hammer-
stein linearizers even when the nonlinearities have been generated through a
Hammerstein model. Further, a design procedure is proposed in which the
linearizer parameters are obtained through matrix inversion. This eliminates
the need for costly and time-consuming iterative nonconvex optimization that
is traditionally associated with neural network training. The design effec-
tively handles a wide range of wideband multi-tone signals and filtered white
noise. Examples demonstrate significant signal-to-noise-and-distortion ratio
(SNDR) improvements of about 20–30 dB, as well as a lower implementation
complexity than the Hammerstein linearizers.

Paper C: Digital Linearizer Based on 1-Bit Quantizations
Authored by: D. Rodriguez-Linares and H. Johansson
Published in Proc. IEEE 24th International Conference on Communication
Technology (ICCT), Chengdu, China, Oct. 2024, pp. 1659 – 1663.

Abstract: This paper introduces a novel low-complexity memoryless lin-
earizer for suppression of distortion in analog frontends. It is based on our
recently introduced linearizer which is inspired by neural networks, but with
orders-of-magnitude lower complexity than conventional neural-networks con-
sidered in this context, and it can also outperform the conventional parallel
memoryless Hammerstein linearizer. Further, it can be designed through
matrix inversion and thereby the costly and time consuming numerical opti-
mization traditionally used when training neural networks is avoided. The
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linearizer proposed in this paper is different in that it uses 1-bit quantizations
as nonlinear activation functions and different bias values. These features
enable a look-up table implementation which eliminates all but one of the
multiplications and additions required for the linearization. Extensive simu-
lations and comparisons are included in the paper, for distorted multi-tone
signals and bandpass filtered white noise, which demonstrate the efficacy of
the proposed linearizer.

Paper D: Order Estimation of Linear-Phase FIR Filters for DAC Equalization
in Multiple Nyquist Bands
Authored by: D. Rodriguez-Linares, H. Johansson and Y. Wang
Published in IEEE Signal Processing Letters, vol. 31, pp. 2955–2959, Oct.
2024.

Abstract: This letter considers the design and properties of linear-phase
finite-length impulse response (FIR) filters for equalization of the frequency
responses of digital-to-analog converters (DACs). The letter derives estimates
for the filter orders required, as functions of the bandwidth and equalization
accuracy, for four DAC pulses that are used in DACs in multiple Nyquist
bands. The estimates are derived through a large set of minimax-optimal
equalizers and the use of symbolic regression followed by minimax-optimal
curve fitting for further enhancement. Design examples demonstrate the
accuracy of the proposed estimates. In addition, the letter discusses the
appropriateness of the four types of linear-phase FIR filters, for the different
equalizer cases, as well as the corresponding properties of the equalized
systems.

Paper E: Joint Sampling Frequency Offset Estimation and Compensation
Algorithms Based on the Farrow Structure
Authored by: D. Rodriguez-Linares, O. Moryakova and H. Johansson
Submitted to IEEE Open Journal of Signal Processing.

Abstract: This paper presents joint sampling frequency offset (SFO) esti-
mation and compensation algorithms based on the Farrow structure. Unlike
conventional approaches that treat estimation and compensation separately,
the proposed framework exploits the interpolator structure to enable a low-
complexity, fully time-domain solution applicable to arbitrary bandlimited
signals, without imposing constraints on the waveform or requiring FFT-based
processing. The estimation stage can operate on a real-valued branch of a
complex signal and supports the simultaneous estimation of SFO and sampling
time offset (STO), while being inherently robust to other synchronization
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1.1 Contributions

impairments such as carrier frequency offset. The proposed estimation algo-
rithms rely on two complementary methods, specifically, Newton’s method
and iterative least-squares formulation. Numerical results for multisine and
bandpass-filtered white noise signals demonstrate accurate estimation and
effective compensation over a wide range of operating conditions, confirming
the flexibility and efficiency of the proposed approach. Moreover, the influence
of the Farrow structure approximation error on the SFO estimation accuracy
is investigated.

Paper F: Efficient Computation of Time-Index Powered Weighted Sums
Using Cascaded Accumulators
Authored by: D. Rodriguez-Linares, O. Moryakova and H. Johansson
Published in IEEE Signal Processing Letters vol. 33, pp. 893–897, Feb. 2026.

Abstract: This letter presents a novel approach for efficiently computing
time-index powered weighted sums of the form

∑N−1
n=0 nKv[n] using cascaded

accumulators. Traditional direct computation requires K×N general multi-
plications, which become prohibitive for large N , while alternative strategies
based on lookup tables or signal reversal require storing entire data blocks. By
exploiting accumulator properties, the proposed method eliminates the need
for such storage and reduces the multiplicative cost to only K+1 constant
multiplications, enabling efficient real-time implementation. The approach
is particularly useful when such sums need to be efficiently computed in
sample-by-sample processing systems.

Excluded papers

Paper P.1 is excluded because it is the conference version of Paper E. Paper
P.2 is excluded since it is outside the scope of the thesis.

P.1 D. Rodriguez-Linares, O. Moryakova and H. Johansson, “Joint Sampling
Frequency Offset Estimation and Compensation Based on the Farrow
Structure,” in Proc. 25th International Conference on Digital Signal
Processing (DSP), Costa Navarino, Messinia, Greece, Jun. 2025, pp.
1–5.

P.2 A. E., Quiñones-Espín, M., Perez-Diaz, R. M., Espín-Coto, D., Rodriguez-
Linares, and J. D., Lopez-Cabrera, “Automatic detection of breast
masses using deep learning with YOLO approach,” Health and Technol-
ogy, vol. 13, no. 6, pp. 915–923, Oct. 2023.
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Chapter 1 Background and Motivation

1.2 Outline

This thesis is organized into four parts. Part I provides the theoretical foun-
dation and background for the contributions. It introduces the motivation
and summarizes the main results, presents the fundamentals of digital filters
and equalization, reviews weakly nonlinear distortion mechanisms in ADIs
together with corresponding linearization approaches, and discusses synchro-
nization models as well as estimation and compensation principles. This
part concludes with an appendix summarizing selected optimization methods
relevant to the proposed designs.

Part II contains the papers related to low-complexity linearization meth-
ods for weak nonlinearities arising in ADIs. Part III presents the work on
equalization and filter-order estimation for DACs. Part IV includes the papers
addressing synchronization algorithms and efficient computational structures
for time-index–powered weighted sums. Minor formatting adjustments have
been made to the included papers to ensure consistency with the thesis style.
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Chapter 2

Digital Filters and Equalizers

This chapter introduces digital filters and design methods relevant to inter-
polation, equalization, synchronization, and linearization in data conversion
systems, with emphasis on FIR structures and multirate implementations,
which are fundamental to the contributions of this thesis.

2.1 Preliminaries and Notation

This section presents the notation and briefly reviews the key mathematical
quantities used throughout the thesis.

Continuous-time signals are represented by x(t), where t is a continuous
variable, and discrete-time signals by x[n], where n is an integer index. The
Fourier transform of a continuous-time signal x(t) is denoted by X(f), and
that of a discrete-time signal x[n] by X(ejωT ). Unless otherwise stated,
scalars are denoted by lowercase letters (e.g., a, b), vectors by bold lowercase
letters (e.g., x,y), and matrices by bold uppercase letters (e.g., A,B). The
transpose and conjugate transpose (Hermitian) of a matrix A are denoted by
A⊤ and AH, respectively.1 The identity matrix of size N is denoted by IN .

Random variables are denoted by uppercase letters (e.g., X) and their
realizations by lowercase letters (e.g., x). The expectation operator is de-
noted by E{·}. For a complex-valued random variable X, the mean is
µX = E{X}, the variance is Var(X) = E{|X − µX |2}, and the standard
deviation is σX =

√
Var(X). The signal-to-noise ratio (SNR) is defined

as SNR = E{|X|2}/E{|W |2}, where X denotes the signal and W the noise.
Mean squared error (MSE) and normalized MSE (NMSE) are defined as

1The operator (·)H corresponds to the Hermitian adjoint, which in linear algebra is
denoted by (·)† and defined as A† = (A∗)⊤.
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Chapter 2 Digital Filters and Equalizers

MSE(X̂,X) = E{|X̂ −X|2} and NMSE(X̂,X) = MSE(X̂,X)/E{|X|2}, re-
spectively. Unless stated otherwise, noise is modeled as zero-mean, indepen-
dent and identically distributed (i.i.d.). Specific distributions (e.g., Gaussian
or uniform) are indicated when relevant.

2.2 Uniform Sampling

Let xa(t) be a continuous-time signal bandlimited to ωc < π/T , i.e.,

Xa(jω) = 0, |ω| ≥ ωc, (1)

where

Xa(jω) =
1

2π

∫ ∞

−∞
xa(t)e

−jωt dt. (2)

Uniform sampling with sampling period T , and thus a sampling frequency
fs = 1/T , produces the discrete-time sequence

x[n] = xa(nT ), n ∈ Z. (3)

Under the assumed bandlimiting condition ωc < π/T (which in practice
can be ensured by analog antialiasing prefiltering),2 the continuous-time signal
is uniquely determined by its samples {x[n]} [7, Sec. 5.3.3, pp. 196–199]. The
discrete-time Fourier transform (DTFT) of the uniformly sampled sequence
is then related to the continuous-time spectrum as

X(ejωT ) =
1

T

∞∑
k=−∞

Xa

(
j

(
ω − k

2π

T

))
, (4)

which exhibits spectral replicas at integer multiples of ωsT=2πfsT=2π (see
Fig. 1).

The original signal xa(t) can be reconstructed from its samples x(n) =
xa(nT ) using the Whittaker–Shannon interpolation formula [7, Sec. 5.3.5,
pp. 200–208]. In practice, however, DACs and reconstruction filters are used
to approximate this ideal interpolation.

In practical implementations, uniform sampling is realized using a single
analog-to-digital converter (ADC), where the analog signal is first filtered,
then sampled with sampling period T , and finally quantized to a finite word

2This prefiltering prevents spectral replicas generated by uniform sampling from over-
lapping in frequency, thereby avoiding aliasing.
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2.3 Finite Impulse Response (FIR) Filters

ω−ωc ωc

Xa(jω)

(before sampling)

ωT−π π0−2π 2π

X(ejωT )
(after sampling)

Figure 1: Frequency-domain interpretation of uniform sampling. Top: band-
limited Xa(jω). Bottom: sampling with sampling period T produces replicas
spaced by ωsT = 2π. If ωc < π/T , replicas do not overlap (no aliasing).

length [8, Ch. 7, pp. 143–162]. The sampling and quantization stages are
illustrated in Fig. 2.

t = nT Q∆(·)

xa(t) x[n] xQ[n]

Figure 2: Uniform sampling process in an ADC. The left block represents the
sampler, and the right block represents the quantizer.

2.3 Finite Impulse Response (FIR) Filters

Digital filters are generally classified as infinite impulse response (IIR) or
finite impulse response (FIR) filters. IIR filters are often more efficient for
frequency-selective filtering, i.e., filtering that passes or suppresses signals
in specific frequency bands, as they can achieve sharp magnitude responses
with lower order and efficient recursive implementation. For many classical
responses, closed-form or tabulated design solutions exist [9, Sec. 8.2, pp. 264–
266]. However, IIR filters do not in general allow linear-phase realizations,
and stability constraints must be explicitly enforced. Moreover, IIR filters
impose bounds on the achievable sampling rate that depend on the filter
structure and the execution times of the arithmetic operations [10].

13
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In contrast, nonrecursive FIR filters3 are always stable, admit linear-phase
realizations, and are simple to design using approximation-based formulations
such as minimax optimization, which often lead to convex optimization
problems [11, Ch. 5, p. 169]. For these reasons, nonrecursive FIR structures
constitute the primary filter implementations considered throughout this
thesis.

2.4 Linear-Phase FIR Filters

The frequency response of a causal Nth-order FIR filter is given by

H(ejωT ) =

N∑
n=0

h[n]e−jωTn, (5)

where h[n] denotes the impulse response, which is assumed real-valued through-
out this thesis.

An FIR filter has a linear phase if its impulse response is either symmetric
or antisymmetric. In this case, the frequency response can be expressed as

H(ejωT ) =

{
e−jωTN/2HR(ωT ), Type I and II,
je−jωTN/2HR(ωT ), Type III and IV,

(6)

where HR(ωT ) is a real-valued, zero-phase frequency response [11, Ch. 5,
pp. 169–238] [12, Ch. 9, pp. 289–318]. The exponential term represents a
pure linear phase delay of N/2 samples, whereas HR(ωT ) determines the
magnitude response.

Depending on the filter order and symmetry properties of h[n], linear-phase
FIR filters are classified into four types. Types II–IV exhibit structural zeros
at ωT = 0 and/or ωT = π, which impose constraints on their applicability.
Key properties of the different linear-phase FIR filter types are summarized
in Table 1.

For linear-phase FIR filters, the impulse response satisfies either the
symmetry

h[n] = h[N − n], (symmetric), (7)

or the antisymmetry

h[n] = −h[N − n], (antisymmetric), (8)
3Recursive FIR filters exist, but are based on pole/zero cancellation which generally

should be avoided [11, Sec. 6.3, pp. 252–255].
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2.5 Design of FIR Filters

Table 1: Properties of Linear-Phase FIR Filters.

Type Order Imp. resp. Multipliers Structural zeros

I Even Sym. N/2 + 1 None
II Odd Sym. (N + 1)/2 One, at ωT = π

III Even Antisym. N/2 Two, at ωT = 0 and π

IV Odd Antisym. (N + 1)/2 One, at ωT = 0

which leads to a phase response of the form

∠H(ejωT ) = −ωT N

2
+ ϕ0, (9)

where ϕ0 = 0 for symmetric filters (Types I and II) and ϕ0 = π/2 for
antisymmetric filters (Types III and IV), reflecting the inherent quadrature
phase shift of antisymmetric impulse responses.

Consequently the phase delay and group delay are both constant and
given by

τf (ωT ) = −
∠H(ejωT )

ωT
=

N

2
, (10)

τg(ωT ) = −
d

d(ωT )
∠H(ejωT ) =

N

2
, (11)

independent of frequency when ϕ0 = 0.4 This property ensures waveform
preservation while introducing only a constant group delay, which makes linear-
phase FIR filters well suited for equalization of DAC frequency response and
interpolation applications. Moreover, the symmetry or antisymmetry of the
impulse response reduces the number of distinct filter coefficients, resulting
in approximately half the number of multipliers compared to a general FIR
filter of the same order.

2.5 Design of FIR Filters

The design of FIR filters in this thesis follows standard frequency-domain
specifications and optimization-based design criteria commonly used in signal

4For antisymmetric impulse responses (ϕ0 = π/2), and also for symmetric Type II filters,
the group delay remains N/2 except at frequencies where H(ejωT ) = 0, where the phase is
undefined and discontinuities occur.
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processing. Since the focus of this work is not on filter design methodology,
only the essential concepts and notation required for subsequent developments
are summarized here.

A frequency selective FIR filter is typically designed to approximate a
desired frequency response subject to passband and stopband constraints. For
linear-phase filters, these specifications can be equivalently expressed in terms
of the zero-phase response HR(ωT ) introduced in Section 2.4. In particular,
a lowpass specification is commonly given as

1− δp ≤ HR(ωT ) ≤ 1 + δp, ωT ∈ [0, ωpT ], (12)
−δs ≤ HR(ωT ) ≤ δs, ωT ∈ [ωsT, π], (13)

where ωpT and ωsT denote the passband and stopband edges, respectively,
and δp and δs are the allowable passband and stopband ripples, respectively.

Given a fixed filter order N , the design problem consists of determining the
impulse response coefficients h[n] such that the approximation error between
the desired response HR,d(ωT ) and the actual response HR(ωT ) is minimized
according to a chosen optimality criterion. In this thesis, either a minimax
(Chebyshev) or a least-squares (LS) criterion is employed, depending on the
application (cf. Appendix A.1). These criteria can be stated as

min
h[n]

max
ωT∈Ω

∣∣W (ωT )
(
HR(ωT )−HR,d(ωT )

)∣∣ , (minimax), (14)

min
h[n]

∫
Ω
W (ωT ) |HR(ωT )−HR,d(ωT )|2 d(ωT ), (weighted LS), (15)

where Ω denotes the frequency region of interest and W (ωT ) is a weighting
function. These design frameworks are well established in the literature and
are therefore not repeated in detail here, but are utilized for the interpolation
filters (viz. Farrow structures) and digital equalizers considered in subsequent
sections.

2.6 Multirate Systems

Multirate signal processing refers to systems in which the sampling rate is
intentionally changed within the signal processing chain. Such operations are
fundamental to the synchronization and linearization methods developed in
this thesis, and enable efficient implementations of variable-rate and variable-
delay systems. This section briefly reviews the basic multirate operations and
structures used in the subsequent chapters.
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2.6.1 Decimation

Decimation by a factor of M reduces the sampling rate by retaining every
Mth sample of the input sequence. Given a discrete-time signal x(n), and an
integer M , the downsampled signal xd(n) is generated as

xd(n) = x(nM), n ∈ Z. (16)

This operation decreases the sampling rate from fs to fs/M .
In the frequency domain, decimation expands the spectrum by a factor

of M , which causes spectral replicas to overlap unless the input signal is
bandlimited prior to downsampling. If X(ejωT ) denotes the DTFT of x(n),
the DTFT of the decimated signal is given by

Xd(e
jωT ) =

1

M

M−1∑
k=0

X
(
ej

ωT−2πk
M

)
. (17)

The summation reflects the aliasing contributions from the spectral replicas.
To avoid aliasing, the input signal must be prefiltered by a low-pass

antialiasing filter that restricts the spectrum to the baseband interval ωT ∈
[−π/M, π/M ]. The combination of antialiasing filtering and downsampling
constitutes the decimation process [8, Sec. 12.3, p. 293]. This process is
illustrated in Fig. 3.

x[n] H(z) ↓ M
x1[n]

xd[m]

before downsampling

ωT−π/M π/M−π π

X1(e
jωT )

after decimation (↓ M), fs → fs
M
, no aliasing

ωT−π π

Xd(e
jωT )

Figure 3: Decimation by a factor of M . The input sequence is first filtered
by an antialiasing low-pass filter H(z) and subsequently downsampled.

2.6.2 Interpolation

Interpolation by a factor of L increases the sampling rate of a discrete-time
signal from fs to Lfs. When L is an integer, interpolation can be realized
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by upsampling the signal by a factor of L, followed by low-pass filtering to
remove undesired spectral components.

The upsampled sequence xu(n) is generated as

xu(n) =

{
x
(n
L

)
, n = kL, k ∈ Z,

0, otherwise.
(18)

In the frequency domain, upsampling results in a periodic replication of
the original spectrum. If X(ejωT ) denotes the DTFT of x(n), the DTFT of
the upsampled signal is given by

Xu(e
jωT ) = X

(
ejωTL

)
. (19)

As a consequence of the DTFT periodicity, L− 1 additional spectral images
appear within the interval ωT ∈ [−π, π].

To obtain the interpolated signal, the spectral images located outside the
baseband must be suppressed by a low-pass anti-imaging filter. The baseband
component centered at ωT = 0 is preserved, while the replicated spectra
introduced by upsampling are removed. The combination of upsampling
and anti-imaging filtering constitutes the interpolation process [8, Sec. 12.2,
p. 290]. This process is illustrated in Fig. 4.

x[m] ↑ L
xu[n]

H(z) xi[n]

before interpolation

ωT−π π

X(ejωT )

after upsampling (↑ L), images present

ωT−π π

Xu(e
jωT )

Figure 4: Interpolation by a factor of L. The input sequence is first upsampled
and subsequently filtered by a low-pass anti-imaging filter H(z).
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2.6 Multirate Systems

2.6.3 Polyphase Decomposition

A linear time-invariant filter’s transfer function H(z) can be expressed in
terms of its M polyphase components as

H(z) =

M−1∑
k=0

z−kHk(z
M ), (20)

where Hk(z) denotes the kth polyphase subfilter [13, Sec. 4.3, p. 120]. This rep-
resentation partitions the impulse response into M subsequences. Polyphase
decomposition, together with the noble identities,5 enables computationally
efficient implementations of multirate systems. It allows the sampling-rate
change operator to be interchanged with the subfilters.

Consider a decimator consisting of a filter Hk(z) followed by a downsampler
by M (cf. Fig. 3). Substituting (20) into this structure and applying the noble
identity (cf. Fig. 5, top), the downsampler can be moved ahead of the filtering
operation. This leads to the polyphase decimator structure shown in Fig. 5,
bottom, where each subfilter Hk(z) operates at the reduced sampling rate.
In the resulting structure, each polyphase subfilter operates on a decimated
sequence, such that filtering is effectively performed at the reduced sampling
rate [14, Ch. 7.4, p. 205].

x(n−k)
Hk(z

M ) ↓ M
yk(m) xk(n−k)

↓ M Hk(z)
yk(m)

≡

x(n)

z0 ↓ M H0(z)

z−1 ↓ M H1(z)

z−(M−1) ↓ M HM−1(z)

...
...

...
...

y0(m)

y1(m)

yM−1(m)

+
y(m)

Identity

Polyphase decimator

Figure 5: Equivalent representation of the decimator in Fig. 3.

Similarly, for an interpolator composed of an upsampler followed by a
filter H(z) (cf. Fig. 4 in Section 2.6.2), by expressing H(z) according to

5The noble identities for decimation and interpolation are illustrated in the upper part
of Fig. 5 and Fig. 6. For a more detailed explanation refer to [13, Sec. 4.2, pp. 119–120].
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(20) and applying the noble identity (see Fig. 6, top), the upsampler can be
moved to the right of the polyphase components. This leads to the polyphase
interpolation structure shown in Fig. 6, where the filter is decomposed into
M subfilters Hk(z) [14, Ch. 7.4, p. 206]. In this structure, each polyphase
subfilter operates at the lower input sampling rate, and the branch outputs
are interleaved to form the high-rate sequence. As in the decimation case,
the computational advantage follows from performing the filtering prior to
the rate increase, resulting in a more efficient implementation.

x(m)
↑ L H(zL)

y(n) x(m)
H(z) ↑ L

y(n)≡

x(m)

H0(z) ↑ L z0

H1(z) ↑ L z−1

HL−1(z) ↑ L z−(L−1)

...
...

...

...

y0(n)

y1(n)

yL−1(n)

+
y(n)

Identity

Polyphase interpolator

Figure 6: Equivalent representation of the interpolator in Fig. 4.

2.7 Equalization

In practical digital-to-analog conversion systems, the input signal is shaped by
the frequency response of the DAC. As a result, the DAC typically introduces
a deterministic frequency-dependent distortion that modifies the amplitude
of the signal spectrum, causing the overall system response to deviate from
the desired flat characteristic within the signal bandwidth [15,16].6

Equalization is employed to mitigate this distortion by introducing a
filter whose frequency response compensates that of the DAC, such that
their cascade approximates an ideal flat response within the frequency band
of interest. In general, equalization could be placed either before or after
the DAC. However, in digital implementations the equalizer is applied prior
to the DAC, since the signal after the DAC is in the analog domain and

6DAC frequency responses typically affect the amplitude response but do not introduce
phase distortion.
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therefore not directly accessible for digital processing.7 In this thesis, the
focus is therefore on digital pre-equalization, which forms the basis for the
developments presented in Paper D. The corresponding block diagram is
shown in Fig. 7, where the equalizer and DAC are connected in cascade to
achieve the desired overall response.

x[n]
HEQ(z) HDAC(s) HREC(s)

y(t)

Equalizer

Figure 7: Block diagram of the equalization scheme, where the equalizer
pre-compensates the DAC response before analog reconstruction filtering.

Let HDAC(jω) denote the DAC frequency response and HEQ(e
jωT ) the

equalizer response. The equalization objective is to achieve

HEQ(e
jωT )HDAC(jω) = e−jωTK , ωT ∈ Ω, (21)

where Ω ∈ (−π, π) denotes the operating frequency band within the first
Nyquist band, K is a delay ensuring realizability. Thus, the equalizer is
designed to approximate the inverse of the DAC response within the frequency
band of interest.

The design can be formulated as a worst-case (minimax) approximation
problem in which the objective is to determine the impulse response of
HEQ(e

jωT ) such that the maximum deviation from the desired response over
Ω is minimized.8 Specifically,

minimize δmax

subject to
∣∣HEQ(e

jωT )HDAC(jω)− e−jωTK
∣∣ ≤ δmax, ωT ∈ Ω,

(22)

where δmax represents the worst-case equalization error within the prescribed
bandwidth.

To illustrate the equalization process, Fig. 8 shows the pulse shape of a
non-return-to-zero (NRZ) DAC pulse p(t), also refer to as NRTZ, which is
commonly used in digital communication systems and is defined as p(t) =

7If both systems operate in the same domain and are linear time-invariant (LTI), the
cascade of two systems is commutative, i.e., HEQ(z)HDAC(z) = HDAC(z)HEQ(z) [14, Ch. 4,
eq. (60), p. 30].

8The response outside this band is a don’t-care region to prevent excessive amplification
and unnecessary filter complexity.
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u(t)− u(t− T ), where u(t) is the unit step function (i.e., u(t) = 1 for t ≥ 0
and 0 otherwise).9

0 T 2T

1

t

p(t)

Figure 8: NRZ pulse p(t) = u(t)− u(t− T ).

The frequency responses in the equalization are illustrated in Fig. 9.
The DAC frequency response typically exhibits attenuation (droop) but no
phase distortion over the signal bandwidth, as illustrated in the left panel.
The equalizer (center) is therefore designed to exhibit a complementary
response such that the cascade compensates these distortions (right). Ideally,
the combined response becomes approximately flat over Ω, resulting in an
undistorted reconstructed signal.

−π −π/2 π/2 π

0.5

1.5

1

0

ωT

|HDAC(jω)|

−π −π/2 π/2 π

0.5

1.5

1

0

ωT

|HEQ(e
jωT )|

−π −π/2 π/2 π

0.5

1.5

1

0

ωT

|HEQ(e
jωT )HDAC(jω)|

Figure 9: Frequency response of DAC equalization.

In this thesis, linear-phase FIR filters are adopted, which enable con-
trolled magnitude equalization while guaranteeing a linear phase response.
Consequently, the cascade preserves phase linearity and introduces only a
known integer delay K, which is usually acceptable. The specific equalizer
classes and their structural properties are discussed in Paper D, Section 3.
Furthermore, the required equalizer order can be estimated using symbolic

9In Paper D, we consider three additional DAC pulses used in multi-mode DACs for
multiple NBs [17], namely return-to-zero (RTZ), return-to-complement (RTC) [also known
as mixed mode or radio frequency (RF)], and return-to-complement-to-zero (RTCZ) [also
known as radio frequency return-to-zero (RFZ)].
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2.8 Farrow Structure for Interpolation

regression. An overview of the approach and the resulting expression are
provided in Appendix A.3.

2.8 Farrow Structure for Interpolation

The Farrow structure is a parameterized FIR architecture that enables efficient
realization of variable fractional-delay filters [18]. Its key advantage lies in
decoupling the fractional delay parameter from the filter coefficients, i.e.,
rather than redesigning or switching between multiple filters for each desired
delay, the Farrow structure expresses the delay dependence explicitly as a
polynomial in the delay parameter, while the subfilter coefficients remain fixed
after design. This separation makes it particularly attractive for real-time
applications requiring online delay adjustment.

GL(z) G2(z) G1(z) G0(z)

uL(n) u2(n) u1(n) u0(n)

+ + +
d

x1(n)

yc(n, d)

Figure 10: Variable fractional-delay filter implemented using the Farrow
structure.

As illustrated in Fig. 10, the structure comprises L + 1 parallel FIR
subfilters whose outputs are weighted by powers of the fractional delay d and
combined. The overall frequency response is given by

H(ejωT , d) =
L∑

k=0

dkHk(e
jωT ), (23)

where Hk(e
jωT ) denotes the kth fixed-coefficient subfilter.

The design objective is to approximate the ideal fractional-delay frequency
response

Hdes(e
jωT , d) = e−jωT (d+N/2), (24)

over a prescribed frequency band Ω and delay range D. Here N/2 is a
corresponding integer delay.10 The design problem therefore reduces to

10It is assumed that all subfilters have the same even filter order N and hence the same
integer delay N/2. In general, they may have different orders and corresponding delays.
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determining the FIR coefficients of the subfilters Hk(z) that minimize the
difference between H(ejωT , d) and Hdes(e

jωT , d) over (ω, d) ∈ Ω×D according
to a chosen optimality criterion.

A natural formulation is to minimize the worst-case approximation error
over the continuous frequency–delay domain,

min
{hk[n]}

max
ω∈Ω, d∈D

∣∣Hdes(e
jωT , d)−

L∑
k=0

dkHk(e
jωT )

∣∣, (25)

which is a minimax (Chebyshev) approximation problem. However, because
the domain is continuous in both variables, practical implementations require
discretization over a finite grid of frequency–delay pairs {(ωi, dj)}, which
results in a convex problem over the grid.

A widely adopted alternative is a least-squares (LS) formulation, wherein
the magnitude squared error is minimized over the discretized domain. This
yields

θ⋆ = argmin
θ
∥Aθ − b∥22 = (AHA)−1AHb, (26)

where A is full column rank provided that the sampled exponentials e−jωiTn

yield linearly independent columns. Here, the coefficient vector11 θ ∈ RP ,
with P=(N+1)L, is defined by

θ =
[
h1[0] · · ·h1[N ] · · · hL[0] · · ·hL[N ]

]⊤
∈ RP , (27)

and the entries of A ∈ CM×P , and b ∈ CM for M = NωNd are given by

A
(
(i, j), (k, n)

)
= dkj e

−jωiTn, n = 0, . . . , N, k = 1, . . . , L, (28)

b(i, j) = e−jωiT (dj+N/2) − e−jωiTN/2, (29)

where the second term in 29 corresponds to the fixed integer-delay path (see
Footnote 11). Here each frequency-delay pair (i, j) corresponds to one row
of the least-squares system, while each branch-tap pair (k, n) corresponds to
one column.

The design framework can be extended to incorporate additional con-
straints, such as linear-phase symmetry of the subfilters or regularization
terms that control robustness [19, 20]. Such constraints can be imposed

11The k = 0 term corresponds to the fixed integer-delay path e−jωTN/2 and therefore
has no coefficients.
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Figure 11: Magnitude response and approximation error of the Farrow struc-
ture for different design methods (shown for d = 0.5).

within a minimax formulation [20–23], as well as in a least-squares (LS)
framework [22,24–26]. Enforcing linear-phase symmetry halves the number
of independent coefficients.

Figure 11 shows the magnitude response and approximation error of the
Farrow structure for two design approaches: least squares with linear-phase
subfilter constraints (LP-LS), and minimax optimization with linear-phase
subfilter constraints (LP-Minimax). The minimax design was optimized for
δ=−85 dB over ωT ∈ [0, 0.9π] and delay range |d| ≤ 0.5, yielding subfilters
of length N = 64 and L = 6 branches with linear-phase symmetry (Type I
and III). To enable a fair comparison, the LP-LS design is realized with
the same filter order and number of branches, without targeting a specific
attenuation level.

The LS design typically yields a smaller average error across the consid-
ered frequency band, whereas the minimax design minimizes the maximum
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error, producing a more uniformly distributed approximation.12 Unlike LS,
which has a closed-form solution, minimax optimization is iterative and
computationally more demanding.

These Farrow structure designs provide the underlying interpolation basis
for the estimators and compensator proposed in Paper E.

12For instance, if the application demands a guaranteed maximum error level, the
minimax design may be preferred. Conversely, if minimizing the average error is more
critical, the LS design may be more suitable.
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Chapter 3

Nonlinear Distortion and
Linearization in ADIs

3.1 Nonlinear Distortion in ADCs and Linearization

Although ADCs are in general designed to operate linearly, practical imple-
mentations exhibit small nonlinear deviations due to circuit imperfections.
These nonlinearities are typically weak,13 yet they generate additional spectral
components that may degrade system performance.

Figure 12 (top) shows the measured output spectrum of an ADC when a
single-tone sinusoidal at f0 = 464 MHz is applied at its input. The dominant
component at f0 is accompanied by weaker tones at 2f0 = 928 MHz and
3f0 = 1392 MHz and a direct-current (DC) offset. After compensation, shown
in Fig. 12 (bottom), these components are substantially attenuated, though
not completely removed.

Such behavior is consistent with modeling the device as a weak polynomial
nonlinearity,

va(t) = a0 + a1x(t) + a2x
2(t) + a3x

3(t), (30)

where |a2|, |a3| ≪ |a1|, so that the linear term dominates, and higher-
order contributions represent small perturbations. Here, x(t) denotes the
continuous-time input signal to the ADC, and v(t) represents the correspond-
ing continuous-time distorted waveform at the output of the analog front-end,
prior to sampling. The observed discrete-time sequence is then obtained as
v(n) = va(nT ).

13Higher-order distortion components appear with significantly smaller amplitudes.
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Figure 12: ADC output spectrum.

For a single-tone excitation

x(t) = A cos(2πf0t), (31)

trigonometric identities yield

x2(t) =
A2

2

(
1 + cos(4πf0t)

)
, (32)

x3(t) =
3A3

4
cos(2πf0t) +

A3

4
cos(6πf0t), (33)

showing that the quadratic and cubic terms generate harmonic components
at 2f0 and DC, and 3f0, respectively, while the cubic term also alters the
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3.1 Nonlinear Distortion in ADCs and Linearization

fundamental. Substituting (31), (32) and (33) into (30) yields

va(t) = a1A cos(2πf0t)︸ ︷︷ ︸
fundamental

+
3

4
a3A

3 cos(2πf0t)︸ ︷︷ ︸
nonlinear distortion at f0

+
a2A

2

2
cos(4πf0t) +

a3A
3

4
cos(6πf0t)︸ ︷︷ ︸

nonlinear harmonic distortion

+ a0 +
a2A

2

2︸ ︷︷ ︸
DC component

. (34)

The expansion above shows that each polynomial term generates a distinct
spectral component whose amplitude scales differently with the input am-
plitude. This observation suggests representing the nonlinearity as a sum of
harmonic tones. For multi-tone or more general input signals, weakly nonlin-
ear systems, e.g., ADCs, produce not only harmonics but also intermodulation
products (IM) at frequencies corresponding to sums and differences of the
input tones. These cross-terms arise naturally from polynomial nonlinearities
and therefore can be captured by polynomial models.14 In practical ADC
implementations, such contributions may be further shaped by LTI filtering
arising from finite bandwidth and internal circuit memory. This structure
naturally motivates the use of parallel Hammerstein15 representations with
polynomial nonlinearities [27].

In the discrete-time domain, the pre-sampling16 model is illustrated in
Fig. 13 and can be represented as

v(n) = a0 +

D∑
k=0

a1(k)x(n− k) +

Q∑
p=2

D∑
k=0

ap(k)x
p(n− k), (35)

where D denotes the memory length (D = 0 for the memoryless case), a0 is a
constant offset, a1(k) represents the impulse response of the linear distortion
filter, and ap(k), p = 2, 3, . . . , Q, denote the impulse responses associated
with the nonlinear distortion branches. For notational simplicity, all branches

14For example, for a two-tone input x(t) = A1 cos(2πf1t) +A2 cos(2πf2t), the quadratic
term contains 2A1A2 cos(2πf1t) cos(2πf2t); using the identity cos a cos b = 1

2

[
cos(a− b) +

cos(a+ b)
]

yields IM components at f1 ± f2 in addition to harmonics. Higher-order terms
generate further integer combinations of f1 and f2.

15A general parallel Hammerstein model consists of parallel branches, each comprising
a memoryless nonlinearity followed by LTI dynamics, i.e., v(n) =

∑P
p=1(gp ∗ fp(x))(n),

where fp(·) may be an arbitrary nonlinear function. Throughout this thesis, we restrict the
nonlinearities to the polynomial form fp(x) = xp.

16In the pre-sampling model, the ADI nonlinearity occurs after sampling. The post-
sampling model (nonlinearity occurring before sampling) is discussed in Paper B, Section 4.
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+

+

+

a2(k)

a3(k)

aQ(k)

a1(k)

a0

(·)2

(·)3

(·)Q

v(n)xa(t)

t = nT

x(n)

Figure 13: Digital pre-sampling Hammerstein model with the upper (lower)
dashed box indicating the linear branch (nonlinear branches).

are assumed to have the same memory length D, although in general they
may differ.

3.1.1 Parallel Hammerstein Linearizers

For ADIs, distortion occurs in the receiver front-end and the incoming signal
is externally generated. The receiver therefore does not control the signal
prior to the ADC and cannot insert compensation before the nonlinearities
take place. Moreover, sampling- and quantization-dependent effects cannot
be compensated prior to their occurrence [28, 29]. Hence, postdistortion is
the natural strategy.17

When the distortion follows a parallel Hammerstein structure, as in (35),
a natural postdistortion strategy is to employ a linearizer with the same
branch-wise architecture. The parallel Hammerstein linearizer (hereafter
referred to simply as the Hammerstein linearizer) mirrors the distortion
mechanism by applying memoryless powers of the observed sequence, followed
by branch-specific LTI filtering and summation.

17Predistortion aims to precompensate distortion and is natural when the nonlinearity
occurs in the transmitter (e.g., power amplifier linearization) [30–38].
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+
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+

d2(l)

d3(l)

dP (l)

d1(l)

d0

(·)2

(·)3

(·)P

y(n)v(n)

Figure 14: Parallel Hammerstein linearizer.

The resulting linearizer, depicted in Fig. 14, can be expressed as

y(n) = d0 +

M1∑
l=0

d1(l)v(n− l) +
P∑

p=2

M1∑
l=0

dp(l)v
p(n− l), (36)

where d0 is a constant (offset), d1(l) is the impulse response of a linear-
branch filter, and dp(l), p = 2, 3, . . . , P , are the P impulse responses of the p
nonlinear-branch filters. Here, M1 represents the filter order (memory depth).
Again, for notational simplicity, all filters are assumed to have the same order,
although in general they may differ.

The Hammerstein linearizer is nonlinear in the signal but linear in its
parameters, enabling least-squares-based parameter identification with low im-
plementation complexity. For the weakly nonlinear ADI distortions considered
in this thesis, the Hammerstein structure therefore serves as the benchmark
linearizer. It is structurally simple, straightforward to design, and has been
shown to provide accurate modeling and compensation in a wide range of
practical circuits and systems [38–41]. In more general settings, however, one
may require more flexible structures such as the parallel Wiener–Hammerstein
configuration, the Volterra series representation, or neural networks, which
offer increased modeling capability at the expense of higher complexity, as
discussed in the following sections.
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3.1.2 Parallel Wiener Linearizers

+

+

+

(·)2

(·)3

(·)P

c1(l)

c0

c2(k)

c3(k)

cP (k)

y(n)v(n)

Figure 15: Parallel Wiener linearizer.

In contrast to the Hammerstein linearizer in Section 3.1.1, each branch
of the parallel Wiener linearizer first applies LTI filtering to the distorted
sequence and subsequently a memoryless nonlinearity. In the polynomial case
corresponding to the Hammerstein structure above, the compensated signal
is given by

y(n) = c0 +

P∑
p=1

(
M2∑
l=0

cp(k) v(n− k)

)p

, (37)

where c0 is a constant offset and cp(l) denote the impulse responses of the
filters on each branches, and M2 represents the filter order.

The Wiener linearizer (ilustrated in Fig. 15) has implementation complex-
ity comparable to that of the Hammerstein linearizer. It may be considered
in scenarios where the distortion mechanism is more accurately represented
by a Wiener-type ordering rather than a Hammerstein-type structure.
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3.1.3 Parallel Wiener–Hammerstein Linearizers

+

+

+

c2(k)

c3(k)

cP (k)

(·)2

(·)3

(·)K+1

d2(l)

d3(l)

dP (l)

d1(l)

d0

v(n) y(n)

Figure 16: Parallel Wiener-Hammerstein linearizer.

A more general configuration, corresponding to a parallel LNL (linear–nonlinear–
linear) structure [27], includes linear filtering both before and after the non-
linearities in each branch. In the polynomial case (Fig. 16) consistent with
the structures above, the compensated signal can be expressed as

y(n) = d0+

M1∑
l=0

d1(l)v(n− l)+
P∑

p=2

M1∑
l=0

dp(l)

(
M2∑
k=0

cp(k) v(n− l − k)

)p

, (38)

where d1(l) is the impulse response of a linear-branch filter, and cp(k) and
dp(l) denote the impulse responses of the pre- and post-nonlinearity filters,
respectively.

This structure increases parameterization relative to the Hammerstein
and Wiener configurations and is typically used when additional structural
flexibility is required [42, Ch. 5, pp. 143–146].

3.1.4 Volterra Series

In contrast to block-oriented models, where memory enters through linear
filtering surrounding static nonlinearities, the Volterra representation explicitly
captures nonlinear interactions among current and delayed input samples
through the polynomial expansion
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y(n) =
P∑

p=1

L∑
k1=0

· · ·
L∑

kp=0

hp(k1, . . . , kp)

p∏
i=1

v(n− ki) + w(n). (39)

Volterra series provide universal approximations of time-invariant nonlinear
operators with fading memory [43].18 In principle, they are easy to design
via matrix inversion. However, the number of coefficients grows rapidly with
nonlinearity order and memory depth.

Remark 1. Block-oriented models such as Wiener, Hammerstein, and
Wiener–Hammerstein systems with polynomial nonlinearities correspond to
structured special cases of the Volterra representation obtained by imposing
constraints on the coefficients hp(k1, . . . , kp).

3.1.5 Neural-Network and General Basis-Expansion Lineariz-
ers

Neural networks and related nonlinear basis-expansion structures can also be
employed for postdistortion. In this case, the compensated signal is written
as

y(n) =

M∑
m=1

θm ϕm(r(n)), (40)

where r(n) collects current and past samples of the distorted sequence v(n),
and ϕm(·) denote nonlinear basis functions. Under the universal approxima-
tion theorem (UAT) [44, Th. 2.2, p. 362] [45], such nonlinear expansions can
approximate arbitrary continuous mappings19 on compact domains.

Although the structure in (40) appears compact, the nonlinear functions
ϕm(·) may themselves involve multiple layers of computation (e.g., multi-
layer neural-network mappings or other nested nonlinear transformations20),
leading to substantial arithmetic cost. In addition, parameter estimation
typically requires iterative nonconvex optimization. Consequently, neural-
network-based linearizers may offer high modeling flexibility, but generally at

18A fading-memory operator is one for which the influence of past inputs on the current
output decays with time, so that sufficiently remote input samples have negligible effect.

19A mapping refers to a function that associates each input vector r(n) with an output
value y(n), i.e., a transformation f : Rd → R (or C) describing the relationship between
inputs and outputs.

20Nested nonlinear transformations refer to compositions of functions where the output
of one nonlinear function is used as the input to another, e.g., f(g(x)).

34



3.2 Proposed Linearizer

the expense of increased computational and training complexity compared to
structured block-oriented linearizers [46–54].

3.2 Proposed Linearizer

+

c0

+

+

w1(l)

w2(l)

wN(l)

f1(·)

f2(·)

fN(·)

+

+

+

b1

b2

bN

c1(l)
y(n)v(n)

Figure 17: Proposed linearizer with the upper (lower) dashed box indicating
the linear branch (nonlinear branches).

The proposed linearizer, shown in Fig. 17, is primarily motivated by reduc-
tion of implementation complexity while preserving sufficient flexibility to
compensate weakly nonlinear ADI distortion. In particular, it achieves lower
arithmetic cost than the Hammerstein and Wiener structures, which represent
the lowest-complexity structured linearizers discussed above.

The structure consists of a linear branch operating directly on the observed
sequence and a set of nonlinear branches. Each nonlinear branch applies a
simple memoryless nonlinear operation fm(·)–either modulus, ReLU, or 1-bit
quantization–to a biased version of the input signal v(n) + bm, followed by
linear filtering (convolution with wm). The bias values are chosen uniformly
over a prescribed interval.

By replacing polynomial nonlinearities with simple nonlinear operations,
the proposed structure reduces the number of multiplications and overall hard-
ware cost relative to the conventional Hammerstein linearizer. An additional
consequence of this architecture is improved numerical robustness. Since
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Chapter 3 Nonlinear Distortion and Linearization in ADIs

quantization can be performed after the filtering stages, quantization errors
are not amplified by the branch filters. In contrast, in a conventional Ham-
merstein linearizer (cf., Fig. 14 in Section 3.1.1), quantization applied before
filtering is scaled by the energy of the corresponding impulse responses [11,12],
potentially degrading the output SNDR or requiring increased internal word
length.21

3.2.1 Closed Form Design

We model the postdistorter (linearizer) as a basis22 expansion that is linear in
unknown parameters. Let r(n) denote a feature vector formed from available
samples of v(·), e.g.,

r(n) =

{
v(n), memoryless,
[v(n), v(n− 1), . . . , v(n− L)]⊤ , with memory.

(41)

A general expression for the linearizers considered in this thesis is written
as23

y(n) =
M∑

m=1

θm ϕm(r(n)) = ϕ⊤(n)θ, (42)

where y(n) denotes the compensated (linearized) output sequence, ϕm(r(n))
are nonlinear basis functions of the form

ϕm(r(n)) = fm
(
v(n− ℓm) + bm

)
, (43)

with branch-specific delays ℓm ∈ {0, . . . , L} and bias terms bm, and θ =
[θ1, . . . , θM ]⊤ contains the unknown parameters.

Given training data pairs {x(n), v(n)}Nn=1, the parameters are obtained
by minimizing the least-squares criterion

F (θ) =

N∑
n=1

∣∣x(n)− y(n)
∣∣2 = ∥∥x−Φθ

∥∥2
2
, (44)

21Word length refers to the number of bits used for internal fixed-point signal representa-
tion in the digital implementation. Increasing word length reduces quantization noise but
increases hardware cost and power consumption [7, Sec. 5.6.2.1, p. 242].

22Here, “basis” refers to a predefined set of nonlinear feature mappings {ϕm(·)}Mm=1

whose weighted combination spans the chosen model class, i.e., the class of input–output
mappings used to approximate the inverse of the distortion model (operator) over the
specified operating signal set.

23Real-valued signals and parameters are considered. For complex-valued data, (·)⊤ is
replaced by (·)H .
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3.2 Proposed Linearizer

where x = [x(1), . . . , x(N)]⊤ and the feature matrix Φ ∈ RN×M is defined by

Φn,m = ϕm(r(n)). (45)

The corresponding closed-form solution is

θ̂ = argmin
θ

F (θ) = (Φ⊤Φ)−1Φ⊤x, (46)

and, with ℓ2-regularization,

θ̂λ = (Φ⊤Φ+ λI)−1Φ⊤x. (47)

This linear-in-parameters structure enables training by matrix inversion (as
in Paper A-C) and makes the implementation complexity primarily governed
by the number of basis functions M and the filter order, which determines the
number of coefficients contained in θ (i.e., the coefficients of all subfilters).

3.2.2 Identifiability and Conditioning

For the model x = Φθ + e, where Φ ∈ RN×M and e denotes additive noise
samples, a necessary and sufficient condition for identifiability of θ (with
N ≥M) is that the features are not redundant, i.e.,

rank(Φ) = M ⇔ Φ⊤Φ ≻ 0. (48)

In practice, numerical conditioning of Φ⊤Φ is equally important: ill-conditioning
increases sensitivity to disturbances e(n), and can yield large parameter
variance. This motivates (i) basis choices {ϕm} that avoid strong linear
dependence between regression features (e.g., through distinct bias values,
the use of bounded nonlinear functions, or a combination thereof), and (ii)
regularization as in (47).

3.2.3 Positioning of the Proposed Linearizers

In the included papers, nonlinear ADI distortion is modeled using parallel
Hammerstein structures [27], which capture static nonlinearities together
with possible frequency-dependent effects via LTI subsystems. These models
provide the structural basis for the corresponding postdistortion linearizers.

Although more general Wiener or Wiener–Hammerstein configurations
exist, if the distortion mechanisms are adequately represented by a Hammer-
stein structure, then a Hammerstein model is preferred due to its significantly
simpler parameterization. Accordingly, the proposed linearizers are structured
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Chapter 3 Nonlinear Distortion and Linearization in ADIs

inverses tailored to Hammerstein-type distortion. The emphasis throughout
this thesis is on low arithmetic complexity and LS parameter estimation,
enabling closed-form convex solutions with predictable computational cost
and avoiding iterative nonconvex optimization typical of neural-network ap-
proaches [46–50,52,54].

Paper A proposes a low-complexity memoryless postdistorter based on pre-
defined bias terms and modulus/ReLU nonlinearities, yielding a closed-form
LS design. Paper B extends the approach to the frequency-dependent case and
considers both pre- and post-sampling dominant nonlinearities, which lead to
distinct structures when memory is present. Paper C revisits the memory-
less setting and introduces a 1-bit quantization nonlinear function, enabling
look-up-table implementations and reducing the number of multiplications to
essentially one per sample.

38



Chapter 4

Sampling Frequency Offset
Estimation and Compensation

4.1 Scope and Motivation

Accurate synchronization between sampling clocks is essential in communica-
tion and sensing systems. Clock mismatches may arise between a transmitter
and receiver [55–62], or between multiple receiver branches operating with inde-
pendent oscillators. Even small frequency discrepancies accumulate over time
and result in progressive timing misalignment between discrete-time sequences
that can result in significant degradation of system performance [55,56,63–67].
Further in OFDM systems at high data rates sampling frequency offset (SFO)
can lead to inter-carrier and inter-symbol interferences [55–57,66–70].

This chapter focuses on SFO and sampling time offset (STO), which
originate from sampling-clock mismatches. Carrier-related impairments such
as carrier frequency offset (CFO) and phase offset (PO) may also be present,
but the emphasis here is exclusively on timing-related errors. The framework
developed in this chapter formulates joint SFO/STO estimation and com-
pensation based on a time-domain Farrow based interpolation structure (cf.,
Fig. 10 in Section 2.8).

4.2 Sampling Frequency Offset Model

Let xa(t) denote a bandlimited continuous-time signal observed by two sam-
pling clocks. Let f0 be the nominal sampling frequency of a reference branch
and let f1 = f0+∆f be the sampling frequency of the impaired branch, where
∆f denotes the SFO between them. Defining T = 1/f0 and the normalized
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Chapter 4 Sampling Frequency Offset Estimation and Compensation

SFO parameter

∆ ≜ − ∆f

f0 +∆f
, (49)

the sampled sequences can be written as

x0(n) = xa(nT ), (50)
x1(n) = xa

(
n(1 + ∆)T + ε

)
, (51)

where ε denotes the STO between the branches. This process is illustrated in
Fig. 18. The SFO parameter ∆ is typically small (e.g., parts per million) but
leads to a cumulative timing drift of n∆T between the branch samples. The
STO ε is a static timing offset that may arise from initial misalignment and
can be in the order of several percent of the sampling period T .

0 T 2T 3T 4T 5T 6T 7T 8T

Time

xa(t) x0(n)

x1(n)
ε

∆+ε

2∆+ε
5∆+ε 7∆+ε

Figure 18: Two-clock sampling model illustrating SFO and STO. The sampling
mismatch induces a cumulative timing drift between the samples x0(n) and
x1(n).

The effect of SFO and STO is illustrated in Fig. 19, which shows the
constellation diagram of a 16-QAM OFDM signal sampled with a small
SFO and STO (viz., ∆ = 300 ppm and ε = 300 ppm, where ppm denotes
parts per million) at an SNR of 25 dB. The uncompensated signal exhibits
significant distortion, whereas the compensated signal, obtained using the
proposed technique with a Newton-based estimator, closely matches the ideal
constellation points. The parameter estimation was performed using 512
OFDM symbols, while compensation was applied to 8192 symbols. Further
details are provided in Paper E.

Throughout this thesis, it is assumed that a coarse synchronization [71]
stage has reduced the mismatch to a small residual value such that the
remaining interpolation factor is close to one.
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Figure 19: Constellation diagrams. Uncompensated signal, and after SFO
compensation.

4.3 Overview of SFO Estimation and Compensation
Approaches

Existing approaches for SFO and STO estimation can be categorized into
frequency-domain and time-domain methods. Frequency-domain methods ex-
ploit spectral structure (e.g., pilot subcarriers), whereas time-domain methods
rely on training sequences or symbol-level timing-error detectors.

SFO/STO estimation methods generally assume that a coarse synchro-
nization stage has already been performed, for example via cross-correlation24

with a known training sequence [72]. In addition, repeated training symbols
may be used to obtain an initial SFO estimate from the phase of the correla-
tion between identical segments [73]. The remaining task is then to estimate
and compensate the residual SFO and STO.

4.3.1 Frequency-Domain Estimation

In multicarrier systems such as OFDM, SFO manifests as a progressive phase
rotation across subcarriers and symbols. Estimation algorithms exploit this
structure using pilot tones and frequency-domain processing [56, 58, 59, 61, 66,
69,70,74–77].

These techniques are efficient when FFT-based processing is already
required by the system architecture. However, they are waveform-dependent
and tailored to specific modulation formats.

24The cross-correlation between a received signal r(n) and a known reference s(n) is
defined as Rrs(τ) =

∑
n r(n)s∗(n − τ), where the peak over all τ indicates the timing

misalignment.
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4.3.2 Time-Domain Estimation

Alternatively, SFO can be estimated directly in the time domain without
explicit frequency-domain phase processing. Feedforward techniques for
OFDM systems have been proposed to reduce implementation complexity
and avoid reliance on pilot-phase slope extraction [60, 78, 79]. These methods
operate on the received waveform prior to or independently of FFT-based
demodulation.

More recently, joint time-domain estimation of wireless channels, carrier
frequency offset (CFO), and SFO for arbitrary waveforms has been investigated
in [60]. That approach formulates the problem within an adaptive filtering
framework and relies on least-mean-squares (LMS) type updates. While
computationally efficient, LMS-based algorithms generally require careful
step-size selection to ensure convergence and stability [80, Prop. 2, p. 508],
and their convergence rate depends on signal statistics.

Overall, existing time-domain approaches either remain tailored to OFDM
structures or rely on adaptive iterative updates whose convergence behavior
depends on tuning step-size parameters.

4.4 Time-Domain Compensation via a Farrow Struc-
ture

Digital compensation of SFO can be performed either in the frequency do-
main (common for OFDM signals), by applying subcarrier-dependent phase
rotations, or in the time domain,25 where the received sampled signal is
interpolated [56,58,61,81–85].

Time-domain compensation is achieved by resampling the impaired se-
quence using a variable fractional delay. Using a Farrow structure (cf. Fig. 10
in Section 2.8), the interpolated output can be written as

yc(n,∆, ε) =

L∑
k=0

dk(n,∆, ε)uk(n), (52)

where uk(n) are the outputs of fixed LTI subfilters, and

d(n,∆, ε) = n∆+ ε. (53)
25As discussed and analyzed in [56], time-domain interpolator-based methods significantly

outperform the frequency-domain compensators for wideband signals and systems with
small subcarrier spacing by providing more precise correction.
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denotes the fractional delay. The polynomial degree L and the subfilter
structure determine the approximation accuracy and computational cost.

The goal of compensation is to construct a sequence yc(n) that approxi-
mates x0(n) by interpolating x1(n) at the corrected time instants.

4.5 Proposed Joint Estimation and Compensation
of SFO and STO

Estimation of (∆, ε) is obtained by embedding the compensator in (52) into
the least-squares objective function

F (∆, ε) =
1

2

N−1∑
n=0

(
yc(n,∆, ε)− x0(n)

)2
. (54)

leading to the optimization problem

(∆̂, ε̂) = argmin
∆,ε

F (∆, ε). (55)

For L = 1, the problem in (55) is linear and admits a closed-form solution
(cf. Paper E, Section 6). For L ≥ 2 it becomes nonlinear in the parameters,
leading to a nonlinear least-squares formulation (cf. Paper E, Section 3 and
Section 4).

In both cases, the solution reduces to an iterative update of the form

w(m+1) = w(m) − δ
(m)
w , (56)

where w(m) = [∆(m), ε(m)]⊤, m is the iteration index, and the updates vector

δ
(m)
w =

[
δ
(m)
∆ , δ

(m)
ε

]⊤
(57)

is computed using two complementary estimators based on iterative least-
squares (ILS) and Newton’s methods; see Appendices A.1 and A.2, respectively.
For L = 1, the algorithm converges in a single iteration, independently of the
initialization point (cf. Paper E, Section 6).

4.5.1 Positioning of the Proposal

The proposed framework formulates joint SFO/STO estimation and compen-
sation as a time-domain problem embedded within a Farrow structure, where
the same interpolator used for compensation is also exploited for parameter
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estimation, which leads to a low overall complexity. Unlike conventional
frequency-domain approaches [56, 58, 59, 61, 66, 69, 70, 74–77], the method
is waveform-agnostic, does not require FFT-based processing, and applies
to arbitrary bandlimited signals. Joint estimation further avoids bias that
may arise if STO is neglected. Paper E develops the Newton and ILS al-
gorithms, analyzes the special case L = 1, and evaluates performance and
implementation aspects.
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Appendix A
Optimization Methods

This appendix reviews the main optimization frameworks employed through-
out the thesis. Unless otherwise stated, only unconstrained optimization
problems are considered.

A.1 Least Squares Optimization

Least squares (LS) optimization is fundamental in parameter estimation
and system identification, balancing efficiency and computational simplicity.
Consider the linear observation model

y = Aθ +w, (58)

where y ∈ CM is the measurement vector, A ∈ CM×N a known design matrix,
θ ∈ CN the unknown parameter vector, and w ∈ CM additive noise.26

The least squares estimate minimizes the squared ℓ2-norm residual

θ̂ = arg min
θ∈CN

∥y −Aθ∥22. (59)

When A has full column rank, AHA is positive definite and (59) admits
the closed-form solution [86, Sec. 8.4, eq. (8.10), p. 225]

θ̂ = (AHA)−1AHy. (60)

The same solution can also be obtained by expanding the objective in
(59), yielding

∥y −Aθ∥22 = θHAHAθ − 2Re{yHAθ}+ yHy, (61)
26This model covers the linearizers presented in Papers A–C and the SFO estimators in

Paper E. For the filter design problems considered in Papers D and E, the term w = 0,
since these formulations do not involve noise.
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which is a convex quadratic function. Setting the gradient of the objective
with respect to θ to zero gives the normal equations

AHAθ = AHy, (62)

whose solution is (60) when A has full column rank [87, Sec 6.1, p. 293].
Geometrically, Aθ̂ is the orthogonal projection of y onto the column

space of A [86, eq. (8.11)–(8.13), p. 225]. The projection matrix PA =
A(AHA)−1AH is idempotent (P2

A = PA) and Hermitian (PH
A = PA). The

minimum achieved squared error is

Jmin = ∥y −Aθ̂∥22 = yH(I−PA)y. (63)

Regularized and Rank-Deficient Cases

When A is rank-deficient or ill-conditioned, regularization can be employed to
stabilize the solution. The ridge regression (Tikhonov regularized) formulation

θ̂ridge = argmin
θ

{
∥y −Aθ∥22 + λ∥θ∥22

}
, (64)

with λ > 0, yields the unique solution θ̂ridge = (AHA+ λI)−1AHy, trading
bias for reduced variance [87, Sec. 6.3.2, p. 306].

Statistical Interpretation

Even when the Gaussian noise assumption is violated, least squares remains
widely used due to its simplicity and closed-form solution. However, it exhibits
sensitivity to outliers [88, Sec. 7.2.1, p. 158]. This limitation motivates robust
alternatives such as minimax optimization when worst-case performance must
be guaranteed.
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A.2 Newton Methods

Newton methods are second-order iterative algorithms for minimizing a twice
continuously differentiable cost function J(θ). Let ∇J(θ) denote the gradient
and H(θ) = ∇2J(θ) the Hessian matrix. The Newton update is given by

θk+1 = θk −H−1(θk)∇J(θk). (65)

Assume J(θ) admits a local minimizer θ⋆ with ∇J(θ⋆) = 0. Furthermore,
assume the Hessian is positive definite and Lipschitz continuous with constant
L > 0 in a neighborhood

N = {θ : ∥θ − θ⋆∥2 ≤ ε}. (66)

Positive definiteness implies existence of H−1(θ) for θ ∈ N , and also that
∥H−1(θ)∥ is bounded above by some constant M on N .

Let ek = θk−θ⋆. A second-order Taylor expansion of the gradient around
θk yields [89, Thm. 5.15, p. 110]

∇J(θ⋆) = ∇J(θk) +H(θk)(θ
⋆ − θk) + rk, (67)

where the remainder satisfies ∥rk∥2 ≤ C∥ek∥22 for some constant C > 0. Since
∇J(θ⋆) = 0, (67) rearranges to

∇J(θk) = H(θk)ek − rk. (68)

Substituting (68) into the Newton update (65) gives the error recursion

ek+1 = θk+1 − θ⋆

= θk −H−1(θk)∇J(θk)− θ⋆

= ek −H−1(θk) (H(θk)ek − rk)

= H−1(θk)rk. (69)

Taking norms and using the boundedness of ∥H−1(θ)∥ on N , we obtain
the quadratic convergence bound

∥ek+1∥2 ≤ ∥H−1(θk)∥∥rk∥2 ≤MC∥ek∥22. (70)

Thus, there exists a constant C ′ = MC > 0 such that

∥θk+1 − θ⋆∥2 ≤ C ′∥θk − θ⋆∥22, (71)

provided θ0 ∈ N . This establishes the local quadratic convergence of Newton’s
method [90, Thm. 3.5, p. 44].
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A.3 Symbolic Regression

Symbolic regression is a data-driven modeling technique that identifies explicit
analytical relationships (i.e., function identification) between input variables
x ∈ Rd and an output variable y ∈ R directly from observed data. Formally
i.e, given a dataset

D = {(xi, yi)}Mi=1, (72)

symbolic regression seeks a function f : Rd → R from a hypothesis space H
such that

yi ≈ f(xi), i = 1, . . . ,M. (73)

The hypothesis space H consists of closed-form expressions constructed
from a predefined library of elementary functions and operators. Typically,

H = {f(x) = E(x) | E ∈ E} , (74)

where E denotes the set of all expressions (E) that can be formed using a set
of building blocks, e.g.,

1. Basic arithmetic operations: +, −, ×, ÷,

2. Nonlinear unary27 functions: log(·), exp(·), sin(·), cos(·), and

3. Real-valued constants: a, b, c, d ∈ R.

Optimization formulation: The selection of an optimal symbolic expres-
sion is posed as a regularized optimization problem

f⋆ = argmin
f∈H

J(f), J(f) ≜ L(f,D) + λC(f), (75)

where L(f,D) measures the fitting error (e.g., mean squared error on the
dataset D), C(f) quantifies model complexity (e.g., the number of nodes in
the expression tree), and λ ≥ 0 is a regularization parameter trading accuracy
against simplicity.

Genetic Programming Implementation: In practice, the combinatorial
search over H is typically performed using genetic programming (GP), a class
of evolutionary algorithms [91]. An illustrative procedure is summarized in
Algorithm 1.

27Mathematical operations that act on a single input variable and cannot be represented
by a linear polynomial of degree one.
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Algorithm 1: Genetic programming for symbolic regression
Data: D, H, population size P , number of generations G
Result: f⋆ ∈ H
Initialize {f (j)}Pj=1 ⊂ H;
Evaluate J(f (j)) ∀j;
for g = 1, . . . , G do

Select parents from {f (j)} ; // biased toward lower J(·)
Apply crossover ; // swap randomly chosen subexpressions
Apply mutation ; // randomly alter a subexpression
Evaluate J(f (j)) ∀j;

f⋆ ← argminf J(f);
return f⋆

Here, crossover primarily promotes exploitation by recombining well-
performing subexpressions, while mutation promotes exploration by introduc-
ing random structural variations.

Advantages for Engineering Applications: Symbolic regression is par-
ticularly valuable when interpretability and physical insight are paramount.
Unlike black-box models (e.g., neural networks), the resulting expressions are
transparent, compact, and suited to analytical manipulation [92,93].

Nest −

0

×

2π

+

π −B

π −B

× ×

a
÷

log

log

δ

δ

d
÷

π −B

×

b

log δ

Figure 20: Symbolic regression output for equalizer order estimation.

Figure 20 illustrates a symbolic regression structure obtained via genetic
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programming for equalizer order estimation in Paper D, where the output
Nest (equalizer order) is constructed from the inputs (π−B, δ) [bandwidth
and approximation error] using the operator set {+,−,×,÷, log(·)} and
learned scalar coefficients.28 The corresponding analytical expression can be
written as

Nest(B, δ) = 2π

[
d+

b log(δ)

π −B
+

a log2(δ)

(π −B)2

]
+ c, (76)

and equivalently as

Nest(B, δ) =
a′ log(δ)
π −B

+
b′ log2(δ)
(π −B)2

+ c′ (77)

where a′ = 2πb, b′ = 2πa, c′ = 2πd (see Footnote 28). In Paper D, these
coefficients and the exponents of the (π−B) and log(δ) terms are subsequently
optimized for different pulse shapes and Nyquist bands.

28Although the search space permits fixed constants (e.g., 2π), redundant constants
introduced during the evolutionary search are eliminated in the final expression, e.g., the
constant c = 0.
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