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Abstract

The Vehicle Routing Problem (VRP) is a fundamental combinatorial optimization
problem concerned with determining cost-efficient routes for a fleet of vehicles
serving a set of customers under operational constraints. In recent years, the
electrification of transportation has led to the emergence of the Electric Vehicle
Routing Problem (EVRP), where routing decisions must account for battery charg-
ing requirements and energy-related constraints. These additional considerations
significantly increase the complexity of the problem.

This thesis studies exact solution approaches for the EVRP based on branch-
and-price algorithms, the state-of-the-art methodology for solving large-scale vehi-
cle routing problems to optimality. Branch-and-price combines branch-and-bound
with column generation, where the master problem is solved using linear program-
ming relaxation and new columns (routes) are generated dynamically by solving
a pricing problem. For the EVRP, the pricing problem takes the form of an ele-
mentary shortest path problem with resource constraints, which is typically solved
using labeling algorithms.

The thesis consists of three contributions that address different components of
the branch-and-price framework. The first and third contributions focus on effi-
cient pricing to speed up the overall algorithm. In the first contribution, bounding
techniques tailored to structural properties of the EVRP are introduced, enabling
early elimination of non-promising labels and significantly accelerating the labeling
procedure. The third contribution instead considers heuristic pricing. A subgraph-
based approach is proposed in which the pricing problem is solved on carefully
selected subgraphs constructed using a machine learning procedure. This proce-
dure generates subgraphs likely to contain high-quality routes, thereby reducing
computational effort while maintaining solution quality.

The second contribution addresses the master problem and proposes a primal
heuristic designed to obtain high-quality integer solutions early in the branch-and-
price search. The method constructs routes that are compatible from an integrality
perspective, enabling rapid identification of feasible solutions even when proving
optimality is computationally demanding.

Overall, the proposed methods improve the computational performance of
branch-and-price algorithms for the EVRP and contribute to making exact large-
scale electric vehicle routing more practically tractable.
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Sammanfattning

Varje dag sker stora mängder godstransporter – fr̊an paket du beställt p̊a nätet,
till maten i din mataffär och komponenter som levereras till fabriker. För att dessa
transporter ska ske effektivt krävs noggrann planering. Att bestämma hur fordon
ska köra för att utföra en uppsättning uppdrag p̊a bästa sätt kallas ruttplanerings-
problemet, ett problem som har studerats i över 50 år.

Förenklat handlar ruttplaneringsproblemet om att, givet en fordonsflotta och
en mängd leveranser, planera hur fordonen ska köra s̊a att alla uppdrag utförs
till s̊a l̊ag kostnad som möjligt. Trots att problemet är lätt att beskriva är det
matematiskt mycket sv̊art att lösa, särskilt eftersom det finns m̊anga praktiska
begränsningar att ta hänsyn till.

En stark trend inom transportsektorn är överg̊angen till elektrifierade fordon.
Denna utveckling är viktig för att minska transporternas klimatp̊averkan, men
den förändrar ocks̊a förutsättningarna för hur transporter planeras. Till skillnad
fr̊an traditionella fordon, där tankning ofta kan ske snabbt och infrastrukturen
är väl etablerad, kräver elfordon återkommande och mer tidskrävande stopp för
laddning. Detta gör ruttplaneringen mer komplex: man behöver inte bara planera
hur fordonen ska köra, utan ocks̊a när och var laddning ska ske.

I denna avhandling studerar vi ruttplaneringsproblemet för elfordon, med fokus
p̊a att utveckla effektivare algoritmer för att lösa problemet. Den metod vi arbetar
med kallas kolumngenerering, en teknik som används för att hantera mycket stora
optimeringsproblem.

Idén bakom kolumngerering är att istället för att försöka lösa hela problemet
p̊a en g̊ang, s̊a delar man upp det i tv̊a delar: ett huvudproblem och ett eller
flera delproblem. Huvudproblemet väljer vilka rutter som ska användas, medan
delproblemen söker efter nya, bättre rutter som kan förbättra lösningen. Genom
att växelvis lösa dessa tv̊a problemdelar kan man steg för steg närma sig en optimal
eller nära optimal lösning.

Avhandlingen best̊ar av tre arbeten som tillsammans bidrar med förbättringar
i b̊ada dessa delar. I det första och tredje arbetet fokuserar vi p̊a att lösa delpro-
blemen mer effektivt, genom att utveckla metoder som snabbare hittar lovande
rutter. I det andra arbetet studerar vi huvudproblemet och utvecklar metoder för
att snabbt hitta rutter som fungerar väl tillsammans, vilket gör det möjligt att
tidigt f̊a fram lösningar av hög kvalitet.

Sammantaget bidrar resultaten till att göra avancerad ruttplanering för fram-
tida elfordon mer praktiskt användbar. Effektivare planering innebär lägre kost-
nader, bättre resursutnyttjande och kan p̊a sikt bidra till en mer h̊allbar trans-
portsektor.
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1 – Introduction

As the world transitions towards more sustainable transportation, electric ve-
hicles are becoming increasingly common. In freight transportation, electric trucks
and delivery vans are gradually being introduced, with growing implications for
logistics and distribution systems. This development is beginning to influence how
transportation systems are planned and operated.

This thesis is motivated by these developments and is carried out as a collabo-
ration between Linköping University and Scania, a major manufacturer of trucks
that in recent years has invested heavily in the development of electric vehicles.

From a planning perspective, the introduction of electric vehicles brings new
considerations compared to conventional vehicles. In addition to standard routing
decisions, it becomes necessary to account for battery levels, charging opportu-
nities, and energy consumption along routes. As a result, the structure of the
routing problem is altered, and models must be able to capture these operational
aspects. To support efficient planning, such problems are commonly formulated
as variants of the Vehicle Routing Problem (VRP), leading to the Electric Vehicle
Routing Problem (EVRP).

While the EVRP serves as the main application setting in this thesis, the
primary focus is on the development of solution methods. In particular, the thesis
contributes to different components of branch-and-price, an exact solution method
used to solve routing problems to optimality.

To provide the necessary background and context for these contributions, the
following sections introduce the main concepts used throughout the thesis. We
begin with an overview of vehicle routing problems, followed by an introduction
to branch-and-price. Finally, we describe labeling algorithms, which are used to
solve the pricing problem arising within the branch-and-price framework.

The chapter concludes with an overview of the papers included in the thesis
and a summary of their main contributions. In the second part of the thesis, the
papers are included as separate chapters.

1.1 Vehicle Routing Problems

Vehicle routing problems are one of the most videly studied combinatorial opti-
mization problems, with a history dating back to the 1950s. In 1959 Dantzig and
Ramser (1959) introduced the problem of routing a fleet of trucks to serve a set of
customers, which is recognized as the first paper on the vehicle routing problem
(VRP). The name vehicle routing problem was however not coined until 1976 by
Christofides (1976).

In its simplest form, the Vehicle Routing Problem (VRP) is defined as follows.
A set of customers with known demands is given, together with a fleet of vehicles
of limited capacity, all of which are based at a central depot. The objective is

1



2 Vehicle Routing Problems

to determine a set of routes, each starting and ending at the depot, such that
every customer is served exactly once, the capacity constraints of the vehicles are
satisfied, and the total routing cost is minimized. A graphical representation of
how a solution to a problem with nine customers and three vehicles may look is
shown in Figure 1.1.

Figure 1.1: An example of a VRP solution. The depot is shown as a square and
customers are shown as circles. Routes are represented by different types of lines.

Since the start of the field, a wide range of solution methods have been de-
veloped for the VRP, both exact and heuristic. As described by Laporte (2009),
exact methods have developed from early branch-and-bound algorithms to more
mathematically sophisticated methods such as set partitioning formulations and
commodity flow formulations. For classical VRP variants, branch-price-and-cut
algorithms, which are based on set partitioning formulations, are currently the
state-of-the-art exact solution method (Archetti et al. 2025, Pessoa et al. 2020).

However, exact methods are not always sufficient to obtain high-quality so-
lutions within a reasonable computational time, and heuristic approaches are
therefore often employed. For the VRP, a wide range of such methods has been
developed. In the overview by Archetti et al. (2025), three classes of heuris-
tics are highlighted as particularly effective for vehicle routing problems: Adap-
tive Large Neighborhood Search (ALNS) (Ropke and Pisinger 2006, Pisinger and
Ropke 2007), Genetic Algorithms (GA) (see, e.g., Vidal (2022)), and Iterated Local
Search (ILS) (see, e.g., Subramanian et al. (2012, 2013)). However, as heuristics
are not the focus of this thesis, they will not be discussed in further detail.

Another aspect that has been widely studied in the VRP literature is the
modeling of different real-world constraints. There now exists endless variants of
the VRP, with different constraints and objectives, such as time windows, multiple
depots, heterogeneous fleets, and many more. Two of the most common variants
are the Capacitated VRP (CVRP) and the VRP with time windows (VRPTW).
The CVRP is the classical variant described above, where vehicles have a limited
carrying capacity, and the VRPTW is a variant where customers also must be
served within specific time windows.

With the increasing interest in electric vehicles, a new class of vehicle routing
problems has emerged, namely the Electric Vehicle Routing Problem (EVRP), in
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which routing decisions must account for battery limitations and energy-related
constraints. Early developments of the problem are outlined in the PhD thesis
by Montoya (2016), where the works of Conrad and Figliozzi (2011) and Erdoğan
and Miller-Hooks (2012) are highlighted as some of the first contributions in the
literature. In particular, Conrad and Figliozzi (2011) introduced the Recharg-
ing Vehicle Routing Problem, where vehicles recharge their batteries at selected
customer locations, while Erdoğan and Miller-Hooks (2012) extended this setting
by introducing dedicated charging stations in the so-called Green Vehicle Rout-
ing Problem. Since then, numerous variants of the problem have been proposed,
incorporating different constraints, objectives, and solution approaches. Compre-
hensive overviews of the literature can be found in the surveys by Kucukoglu et al.
(2021) and Erdelić and Carić (2019). A notable extension is the Electric Vehicle
Routing Problem with Time Windows (EVRPTW), which generalizes the classical
VRPTW to electric vehicles and was first introduced by Schneider et al. (2014).

In this thesis, we have mainly focused on the EVRPTW with some small
variations. The problem can be described as follows. Let G = (N,A) be a directed
graph, where N is the set of nodes and A is the set of edges. The node set
N consists of a depot node, a set of customer nodes denoted by V , and a set
of charging station nodes denoted by F . Each customer node has an associated
demand, a time window for service, and a service time. Each edge has an associated
travel time, cost, and energy consumption. Vehicles are homogeneous, each having
a limited battery capacity and a limited loading capacity. They can recharge at
charging stations, where recharging is linear in time and may be partial, i.e., up
to the battery capacity. The total demand of the customers served by a vehicle
cannot exceed its loading capacity. The objective is to find a set of routes for a
fleet of electric vehicles that start and end at the depot, such that all customer
demands are satisfied within their respective time windows, the constraints of the
vehicles are respected, and the total cost is minimized. A graphical representation
of how a solution to the problem might look is shown in Figure 1.2.

Figure 1.2: An example of a EVRPTW solution. The depot is shown as a square,
customers as circles, and charging stations as triangles. Routes are represented by
different types of lines. In this example, two of the routes include stops at charging
stations, while one route does not.
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The problem can be formulated as a set partitioning problem, where the deci-
sion variables correspond to feasible routes for the vehicles. Let P be the set of
all feasible routes, and let λp be a binary variable that indicates whether route
p ∈ P is included in the solution or not. Let cp be the cost of route p ∈ P , and
let aip be a binary parameter that indicates whether route p ∈ P visits customer
i ∈ V . The objective is to minimize the total cost of the selected routes, subject
to constraints that ensure that each customer is visited at least once and that the
number of selected routes does not exceed the number of available vehicles. An
extended formulation of the problem can then be stated as

minimize
∑
p∈P

cpλp (1.1a)

subject to
∑
p∈P

aipλp ≥ 1, i ∈ V, (1.1b)

∑
p∈P

λp ≤ |K|, (1.1c)

λp ∈ {0, 1}, p ∈ P. (1.1d)

The objective (1.1a) minimizes the cost of the selected routes. Constraints
(1.1b) guarantee that each customer is visited at least once, and constraint (1.1c)
ensures that the number of routes does not exceed the number of available vehicles.

A challenge with this formulation is that the number of variables (routes) grows
exponentially with the size of the problem. This is where branch-and-price comes
in, as it allows us to solve the problem without explicitly enumerating all routes,
as we will discuss in the next section.

1.2 Branch-and-Price

To handle the exponential number of variables, branch-and-price is used. Branch-
and-price is a powerful framework for solving large-scale integer programming
problems where the number of variables is too large to enumerate explicitly. It
was first introduced by Desrochers et al. (1992).

Branch-and-price is based on an extended formulation of the problem, referred
to as the master problem (MP), such as the one given for the EVRPTW in (1.1a)–
(1.1d). Due to the exponential number of variables, the method operates on a
restricted master problem (RMP), together with one or more pricing problems
that implicitly represent the full set of feasible routes (columns). The RMP is
initially defined over a small subset of feasible routes and is iteratively expanded
by generating new columns until an optimal solution to the master problem can
be represented. This process consists of two main components: solving the lin-
ear programming relaxation of the RMP using column generation, and enforcing
integrality through a branch-and-bound procedure.

We begin with the column generation process, in which the linear programming
relaxation of the restricted master problem (RMP-LP) is considered. For the
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EVRPTW, the RMP-LP can be formulated as

minimize
∑
p∈P

cpλp (1.2a)

subject to
∑
p∈P

aipλp ≥ 1, i ∈ V (πi) (1.2b)

∑
p∈P

λp ≤ |K|, (σ) (1.2c)

λp ≥ 0, p ∈ P, (1.2d)

where P is the set of routes currently included in the restricted master problem.
Let πi, i ∈ V , denote the dual variables associated with the customer visit

constraints (1.2b), and let σ denote the dual variable associated with the vehicle
capacity constraint (1.2c). Solving the RMP-LP yields optimal values for these
dual variables. These values admit an economic interpretation: πi represents the
marginal value of serving customer i ∈ V , i.e., the improvement in the objective
value obtained from relaxing the corresponding constraint. In this sense, πi can be
viewed as the amount we are willing to pay to include customer i ∈ V in a route.
Similarly, σ represents the marginal cost of increasing the number of available
vehicles.

These dual values are used to compute the reduced cost of candidate columns in
the pricing problem(s), with the aim of identifying columns with negative reduced
cost that can improve the current solution. For the EVRPTW, since the vehicles
are identical and can traverse the same set of routes, a single pricing problem is
sufficient. The pricing problem can then be formulated as the problem of finding
the route p ∈ P with minimum reduced cost:

min
p∈P

c̄p (1.3)

where the reduced cost c̄p of a route p is defined as the original route cost minus
the contribution of the dual values,

c̄p = cp −
∑
i∈V

aipπi − σ. (1.4)

It may appear that solving the pricing problem requires enumerating the en-
tire set of routes P, thereby replacing one exponential enumeration problem with
another. However, this is not the case. The pricing problem can instead be for-
mulated as an elementary shortest path problem with resource constraints, which
can be solved using, e.g., a labeling algorithm. Labeling algorithms are capable
of identifying routes with minimum reduced cost without explicitly enumerating
all feasible routes, thereby making the column generation process computationally
tractable. More details on labeling algorithms are provided in the next section.

If a route with negative reduced cost is found when solving the pricing problem,
it is added to the restricted master problem and the RMP-LP is resolved with the
new column, yielding new dual values. The pricing problem is then solved with
the updated dual values, and the process is repeated until no more columns with
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negative reduced cost can be found, at which point the optimal solution to the
RMP-LP has been found. A schematic representation of the column generation
process is shown in Figure 1.3.

Solve
RMP - LP

Solve
Pricing Problem

route with
c̄ < 0 found?

Step 1:
Initial routes

Optimum to
RMP-LP reached

add

duals
(π, σ)

no

yes:
add new route

(λp)

Figure 1.3: Schematic representation of the column generation scheme.

Since the RMP-LP is a linear programming relaxation, the solution obtained
may not be integer, and thus may not correspond to a valid solution to the original
integer programming problem. In such cases, branching can be performed to
enforce integrality. However, branching is not as straightforward as in a standard
branch-and-bound algorithm. In particular, branching naively directly on the
λ-variables typically performs poorly. Instead, the branching scheme needs to
be adapted to the column generation setting, for example by branching on the
decision variables of the pricing problem.

Once branching decisions have been made, the column generation procedure is
applied at each node of the branch-and-bound tree by solving the corresponding
RMP-LP with the additional branching constraints. This process is repeated until
the tree has been fully explored, at which point an optimal integer solution to
the master problem has been identified, if one exists. The name branch-and-price
reflects this iterative interplay between branching and pricing (column generation).
An illustration of the first branching decision in a branch-and-price tree is shown
in Figure 1.4.

So far, we have discussed the branch-and-price algorithm. However, in prac-
tice, the branch-price-and-cut algorithm is more commonly used. This method
extends branch-and-price by incorporating cutting planes to strengthen the linear
programming relaxation of the master problem, and was first introduced by Kohl
et al. (1999). For vehicle routing problems, some of the most effective cuts are
subset row cuts, introduced by Jepsen et al. (2008) and later refined by Pecin
et al. (2017) through the use of limited-memory subset row cuts, which reduce
their negative impact on the pricing problem.

Finally, what is mentioned above has been a very high-level overview of the
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Root node
Solve RMP-LP

Left child
Solve RMP-LP with
branching constraint a

Right child
Solve RMP-LP with

branching constraint b

branching decision a branching decision b

Figure 1.4: Illustration of the first branching decision in a branch-and-price tree.
At each child node, additional branching constraints are imposed and the RMP-
LP is resolved with column generation.

branch-and-price framework, and there are many details and variations that we
have not covered here. In reality, there are quite a few different tricks and strategies
that are used to make the algorithm more efficient, such as stabilization techniques,
heuristic pricing methods, column management strategies, and many more. One
of the most important, and easiest tricks, is to not only add one column at a time,
but to add multiple columns in each iteration. Also, it is not always necessary to
solve the RMP-LP to optimality in each iteration, finding columns with negative
reduced cost is often enough. However, for a more comprehensive overview of the
branch-and-price framework, including many of the different tricks and strategies,
we refer to the books by Desrosiers et al. (2024) and Uchoa et al. (2024).

1.3 Labeling Algorithms

As mentioned in the previous section, the problem of finding a route with mini-
mum reduced cost, i.e., the pricing problem, can be formulated as an Elementary
Shortest Path Problem with Resource Constraints (ESPPRC). In this formulation,
the pricing problem is equivalent to finding an elementary shortest (minimum-cost)
path from an origin node to a destination node with respect to reduced costs while
satisfying the resource constraints defining a feasible route. For the EVRPTW the
resource constraints would include different time, battery, and vehicle load con-
straints. As for the origin and destination node, since the EVRPTW considers
a single depot, the depot node is typically duplicated to create two nodes, one
representing the start of the route (origin node) and one representing the end of
the route (destination node).

Let the ESPPRC be defined on a directed graph G = (N,A), where N is the
set of nodes and A the set of arcs. The origin node o ∈ N and the destination
node d ∈ N denote the start and end of a route, respectively. The cost of an arc
(i, j) ∈ A that ends at a customer node j ∈ V is given by its reduced cost c̄ij ,
defined as

c̄ij = cij − πj ,
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where cij is the original cost of the arc and πj is the dual variable associated with
the customer visit constraint for node j ∈ V from the restricted master problem,
(1.2a)–(1.2d). For arcs that end at non-customer nodes, such as the destination
node d or charging station nodes, the cost is simply the original cost, i.e., c̄ij = cij
for j ∈ N \ V .

To solve the ESSPRC, labeling algorithms (in other contexts known as dynamic
programming) are commonly employed. A labeling algorithm incrementally cre-
ates partial paths (labels) from the origin node to the destination node while
keeping track of the resources consumed along the path. In it is most basic form,
it is a brute-force enumeration that generates all possible paths from the origin to
the destination, but with the use of clever strategies only a small subset of these
paths are actually generated and evaluated, which allows for solving the problem
efficiently in practice.

In Algorithm 1, a basic labeling algorithm for the ESPPRC is presented in
pseudocode. The algorithm maintains a priority queue Γ of labels to be extended,
and a set of labels Λi for each node i ∈ N that have been generated so far, which
are used to keep track of the non-dominated paths to each node. A label is denoted
by Li and corresponds to a partial path from the origin node o to node i ∈ N ,
and contains information about the resources consumed along that path. The
adjacent nodes of node i ∈ N , representing possible extensions, are denoted by
∆i = {j ∈ N : (i, j) ∈ A}.

The algorithm starts by initializing the priority queue with a start label at
the origin node, and then iteratively extends the labels in the priority queue until
it is empty. In each iteration, a label Li, i ∈ N , is popped from the priority
queue, and for each adjacent node j ∈ ∆i, the label is extended from node i to
node j by the Extend(Li, j) operation, creating a new label Lj . If the new label is
feasible, it is checked for dominance against the existing labels for node j using the
Dominance(Λj , Lj) operation. It is there checked both whether the new label is
dominated by any existing label for node j, and whether it dominates any existing
label for node j. If the new label is not dominated by any existing label for node
j, then it is added to the set of labels at node j and to the priority queue for
further extension. If an existing label at node j is dominated by the new label,
the existing label is removed from the set of labels at node j.

This process then continues until the priority queue is empty, at which point
the set of labels at the destination node, Λd, contains all non-dominated feasible
paths from the origin to the destination. The optimal path can then be found by
selecting the label with the lowest cost from this set.

Two key components of the labeling algorithm are the resource extension func-
tion and the dominance criteria. The resource extension function specifies how
labels are extended to adjacent nodes by updating the consumed resources along
a path. The dominance criteria determine when one label is preferable to another
in terms of cost and resource consumption, and are used to prune the search space
by discarding dominated labels.

To clarify these concepts, let us consider a simplified version of the VRP with-
out time windows and electric vehicles, where we only care about the vehicle
capacity and the cost of the routes.
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Algorithm 1 Basic labeling algorithm

Require: Graph G = (N,A), including origin node o, destination node d.
Ensure: Set of non-dominated feasible paths from o to d.
1: Λi ← ∅ for all i ∈ N ▷ Set of labels for each node
2: Γ← {Lo} ▷ Initialize priority queue with start label
3: while Γ ̸= ∅ do
4: Li ← Pop(Γ) ▷ Get next label to extend
5: for j ∈ ∆i do
6: Lj ← Extend(Li, j) ▷ Extend label to adjacent node j
7: if Lj ̸= ∅ then
8: if j = d then ▷ Feasible path from o to d
9: Λd ← Λd ∪ {Lj}

10: else if Dominance(Λj , Lj) then ▷ Check dominance at node j
11: Γ← Γ ∪ {Lj}
12: Λj ← Λj ∪ {Lj}
13: end if
14: end if
15: end for
16: end while

First, the resources must be defined. In this setting, the tracked resources are
the path cost, the delivered load, and the set of visited customers. For a label Li

corresponding to a partial path from the origin node o to node i ∈ N , the resources
are given by

T cost
i : Cost of the partial path o→ i.

T load
i : Delivered load along the partial path.

T custn
i : Indicates if a customer n ∈ V is visited along the partial path.

As a second step, the resource extension functions are defined. For extending
a label Li to node j along arc (i, j) ∈ A, they are given by

T cost
j = T cost

i + cij , (1.5)

T load
j = T load

i + qj , (1.6)

T custn
j = T custn

i +

{
1, n = j,

0, n ̸= j,
(1.7)

where cij is the cost of arc (i, j) and qj is the demand of customer j.
As can be seen, the resource extension functions update the resource values of

the current label based on the characteristics of the traversed arc and the node
being visited. In (1.7), this implies that the visit indicator for customer n is
incremented by one only if the extension is to node j = n.

For a label to remain feasible after extension, two conditions must be satisfied.
First, the load must not exceed the vehicle capacity, i.e., T load

i ≤ Q. Second, the
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visit indicator for each customer must not exceed one, ensuring that no customer
is visited more than once.

To then decide whether a label is dominated by another label or dominates
another label, dominance criteria is used. A label L̃j is said to dominate another

label L̂j if

T̃ cost
j ≤ T̂ cost

j , (1.8)

T̃ load
j ≤ T̂ load

j , (1.9)

T̃ custn
j ≤ T̂ custn

j , n ∈ V. (1.10)

In other words, L̃j dominates L̂j if it has lower cost, greater remaining capacity,

and a set of reachable customers that is a superset of those reachable from L̂j ,

implying that L̃j can be extended to at least all customers that L̂j can be extended

to. Consequently, any path that can be extended from L̂j can also be generated

from L̃j at a lower cost, rendering L̂j redundant.
To extend the approach to the full EVRPTW, additional resources such as time

and battery level must be considered. This leads to more involved resource ex-
tension and dominance functions, which need to capture time window constraints,
charging operations, and energy consumption.

It is worth noticing that what we have presented here is a very basic labeling
algorithm, and there are many different variations and improvements that can
be made to make the algorithm more efficient. For more details, the book by
Desrosiers et al. (2024) and the paper by Irnich and Desaulniers (2005) both
provides a comprehensive overview.

However, we will mention two of the most successful strategies for improving
the efficiency of labeling algorithms for vehicle routing problems, which are ng-path
relaxation and bidirectional search. Ng-path relaxation, introduced by Baldacci
et al. (2011), is a way of relaxing the elementary path constraint in the ESSPRC
by only forbidding certain subsets of customers to be visited more than once. This
allows for a much more effective dominance rule, while still providing a strong lower
bound on the cost of the optimal solution to the pricing problem. Bidirectional
search, introduced by Righini and Salani (2006), extends the labeling approach
by propagating labels simultaneously from both the origin and destination nodes
and merging them when they meet. Compared to the monodirectional algorithm
presented so far, this can significantly reduce the number of labels that need to be
generated and evaluated, particularly for larger instances.

1.4 Contributions

In this section, the main contributions of each paper included in this thesis are
presented individually, together with a statement of the contributions of each
co-author. This is followed by an overall summary, where the contributions are
discussed at a more general level and their relationships are highlighted, along
with some directions for future research.
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Paper I: Pricing for the EVRPTW with Piecewise Linear Charging by
a Bounding-Based Labeling Algorithm

Authors: Lukas Eveborn, Jenny Enerbäck, Elina Rönnberg

Status: In proceedings of the 24th Symposium on Algorithmic Approaches for
Transportation Modelling, Optimization, and Systems (ATMOS 2024), 3–1. Schloss
Dagstuhl–Leibniz-Zentrum für Informatik.

Co-author statement: LE has contributed to Conceptualisation, Methodology,
and Supervision of JE. For Software, he has contributed with the framework for
the labelling algorithm, and to Writing of the original draft of the paper. JE has
contributed to Methodology and Software in terms of the acceleration strategies.
She has contributed to Validation and Visualisation and to Writing of the original
draft of the master thesis that this paper is an extension of. ER has contributed to
Conceptualisation, Funding Acquisition, Supervision, and Writing by review and
editing.

The main contribution of this paper is the development of completion bounds
to accelerate the exact pricing for the ERVPTW with piecewise linear charging
functions. Two bounding strategies are proposed: one based on vehicle capacity,
and one based on the time dimension, the latter accounting for electric-vehicle-
specific aspects such as battery charging times.

Note: In the paper, we state that solving the EVRPTW with piecewise lin-
ear charging functions efficiently using a bidirectional labeling algorithm appears
challenging. Since then, this has been addressed in Nafstad et al. (2025). We
believe that the proposed bounds remain valuable, as (i) they can be incorporated
into a bidirectional labeling framework, and (ii) there are still settings in which
constructing an efficient bidirectional labeling algorithm is non-trivial.

Paper II: Branch-Price-and-Cut Accelerated with a Pricing for Inte-
grality Heuristic for the Electric Vehicle Routing Problem with Time
Windows and Charging Time Slots

Authors: Lukas Eveborn, Elina Rönnberg

Status: Under review.

Co-author statement: LE has contributed to Conceptualisation, Methodology,
Software, Validation, and to Writing of the original draft. ER has contributed to
Conceptualisation, Methodology, Funding Acquisition, Supervision, and Writing
by review and editing.

The main contribution of this paper is the development of a primal heuristic for
the master problem in a branch-and-price algorithm. The heuristic is designed to
construct routes that are compatible from an integrality perspective, which allows
for rapid identification of high-quality integer solutions early in the search process.
Furthermore, a new problem variant is introduced, the EVRPTW with charging
time slots, which is motivated by practical considerations in electric vehicle routing.
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Paper III: Heuristic Pricing by ML-guided Subgraph Construction in
Column Generation for Vehicle Routing Problems

Authors: Lukas Eveborn, Gunnar Lidestam, Günther Raidl, Elina Rönnberg
Status: Manuscript.
Co-author statement: LE has contributed to Conceptualisation, Methodology,
Validation, and Supervision of GL. For Software, he has contributed to the overall
framework and the ML-based components, and to Writing of the original draft
of the paper. GL has contributed to Methodology and Software for the non-ML-
based components. He has contributed to Validation, to Writing of the original
draft of the master thesis that contains results used in this paper, and to Writing
by reviewing and editing. ER, GR has contributed to Conceptualisation, Method-
ology, Supervision, and Writing by review and editing. ER responsible for Funding
Acquisition.

The main contribution of this paper is the development of a heuristic pric-
ing method for column generation in vehicle routing problems, where the pricing
problem is solved on carefully selected subgraphs instead of the full graph. The
subgraphs are constructed using a machine learning approach that learns a distri-
bution over promising subgraphs.

In summary, the contributions of the papers included in this thesis focus on im-
proving the efficiency of branch-and-price algorithms, with a particular emphasis
on electric vehicle routing problems. Papers 1 and 3 contribute to the development
of improved pricing methods, with Paper 1 addressing exact pricing and Paper 3
focusing on heuristic pricing. In contrast, Paper 2 targets the master problem by
proposing a primal heuristic as well as introducing a new problem variant. In addi-
tion to these methodological contributions, the thesis also expands the availability
of open-source software, in an area where such resources are relatively scarce.

Future research directions include several natural extensions of the work pre-
sented in this thesis. In particular, the machine learning-based heuristic pricing
approach in Paper III could be further developed by considering richer training
data, alternative strategies for subgraph selection, and integration within a full
branch-and-price framework. Beyond this, it would be of interest to study problem
settings where resource consumption is uncertain, as such extensions are highly
relevant in practical applications. Finally, it would be of interest to work with
real-world data, since theoretical models are not always perfectly aligned with
real-world applications.
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