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Abstract

Point defects in crystals have been shown to be useful as building blocks for quantum
technology. In the search for new defects with properties better suited for specific applica-
tions, a detailed understanding of their many-body state structure is needed. Accurately
modeling the states cannot be done using standard density functional theory (DFT) meth-
ods, and true many-body methods are computationally expensive. We develop a general
computational tool for constructing many-body defect states, and for estimating their en-
ergies from constrained occupation DFT calculations. The tool is used to construct config-
uration state functions (CSF) for active spaces of orbitals in any of the 32 point groups. The
CSF were constructed for several defects, and the results agree with states reported in the
literature. The many-body energies are estimated by first expressing single-determinant
energies as linear combinations of the unknown CSF energies and then solving the result-
ing system of equations. We applied this method to estimate the many-body energies for
the nitrogen-vacancy (NV) center and the sodium substitution in diamond. For the NV
center, the ordering of CSF energies was found to be sensitive to the specific DFT settings.
The many-body states of the sodium substitution in diamond have not been mapped out
previously; we present them here. The developed tool simplifies complex group-theory
calculations, enabling the mapping of excited states of numerous point defects, potentially
offering a cheaper alternative to true many-body methods for high-throughput screening
of candidates for quantum technology.
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INTRODUCTION

The following chapter introduces the motivation for the thesis, defines its aims, and presents
the overarching structure of the text.

1.1 Motivation

Emerging quantum technologies are dependent on exploiting quantum mechanical phenom-
ena to realize qubits, quantum sensors, and quantum communication devices. Point defects
in crystals are used in all the mentioned applications. Some of the advantages of using point
defects compared to alternatives are long coherence times, optical addressability, room tem-
perature working conditions, and the option to exploit mature production techniques from
the semiconductor industry.

Density functional theory (DFT) methods have been shown to predict material proper-
ties with good accuracy, and are thus commonly used in modern material simulations. The
physics governing point defects is well known and their electronic ground states can be stud-
ied using DFT methods. However, to accurately model excited defect states, many-body
methods such as configuration interaction (CI) or coupled cluster (CC) are needed. But these
methods are much more computationally expensive compared to DFT, especially as systems
grow in size [1]. An approach based on DFT results that qualitatively determines and orders
complex many-body defect states is therefore of interest. By cheaply screening large num-
bers of defects for properties that make them suitable for quantum applications, compute
time may be more effectively utilized by only studying the most promising candidates with
true many-body methods.

1.2 Aim

This thesis develops a general framework for constructing many-body states of point de-
fects from single determinants and estimating their energies as linear combinations of single-
determinant energies obtained with DFT. This method is intended as a low-cost alternative to
be used together with a high-throughput screening workflow, to provide qualitative many-
body diagrams to help prioritize which defects are studied more in depth with expensive
many-body methods.

Group theoretical methods can be used to determine the many-body states of point defects
and their degeneracies. This type of analysis has previously been applied to the nitrogen va-
cancy (NV) center in diamond [2} [3]. It has also been applied to the silicon vacancy in silicon
carbide (4H-5iC) [4], and to the nitrogen vacancy in 4H-SiC [5]. The relative energy order-
ing of the many-body levels can be determined to varying levels of accuracy depending on
which interactions are considered. In principle, spin-orbit, spin-spin, and electron-electron



1.3. Outline of the thesis

Coulomb interactions may all be considered. We assume that spin-orbit and spin-spin contri-
butions are much smaller than the Coulomb interaction, and therefore only consider the latter
in this work. It has been shown theoretically that the energies from the Coulomb interaction
can be modeled as linear combinations of single-determinant energies. This is known as the
Ziegler sum rules [6}|7].

These single-determinant energies can be calculated using DFT. This workflow of calculat-
ing many-body energies as linear combinations of DFT energies, has previously been applied
to different defects, showing good results [§} 9, [10, [11]. However, no method exists that can
be applied to a general point defect.

This thesis proposes a computationally inexpensive way of reconstructing many-body
diagrams for any defect, with any point group symmetry. It can enable researchers to identify
defects with states that make them suitable for quantum technological applications.

1.3 Outline of the thesis

The thesis is divided into six chapters, with this being the first. Chapter 2| presents the
theoretical background, covering quantum mechanics of many-electron systems, the group-
theoretical framework needed to construct symmetry-adapted states, and the Ziegler sum
rules that connect the many-body energies to single-determinant energies. It also discusses
how DFT may be used to obtain these single-determinant energies. Chapter 3| describes the
computational method, detailing how we construct the point group representations and gen-
erate the determinant basis and configuration state functions, as well as the DFT workflow
used to obtain the single-determinant energies. Chapter [ first presents generated configu-
ration state functions for some symmetries and active spaces, and then presents energy level
diagrams for some point defects in the ADAQ database [12]. Chapter [5|discusses the results
obtained and compares them to existing research. We analyze the accuracy and limitations of
the methods. Directions for future work are also discussed. Finally, in Chapter [| the thesis is
summarized.



THEORY

The chapter is structured in the following way: first the theory of quantum mechanics rele-
vant for this thesis is presented, and a brief introduction to the field of group theory, along
with its implications for the defect systems studied. From this it show how configurational
state functions are constructed. Secondly, density-functional theory (DFT) is described, with
the purpose of highlighting specifically why Kohn-Sham DFT is single-determinant by con-
struction, and why it fails at describing multi-determinant states. The chapter concludes with
the Ziegler sum rules, showing how the energies of single-determinant states are related to
those of multi-determinant states.

2.1 Quantum mechanics

In this section, point defects are introduced, and how they give rise to localized orbitals. We
also discuss how the electronic structure of such a system can be modeled.

Point defects

A point defect is a localized disruption in a periodic crystal lattice. There are three main types
of point defects in crystals: vacancies, interstitials and substitutions, these are illustrated in

Figure

(a) (b) (©)

Figure 2.1: Examples of point defects, lighter points denote ions in the lattice while darker
points denote defect-related ions. In a) a vacancy, in b) a substitution, and in c) an interstitial.

Since a defect breaks the symmetry of a crystal, the local potential is altered. This altered
potential in turn alters the electronic orbitals, creating defect orbitals. When the energies of
the defect orbitals fall within the band gap, the orbitals have no bulk crystal states to hy-
bridize with, leading to discrete energy levels. We say that there are two types of defect
states, shallow states and deep states. Shallow defect states are characterized by energies that
lie close to either the bottom of the conduction band or the top of the valence band. The shal-
low defect orbitals have large Bohr radii, capable of spanning multiple unit cells [13]. Deep
defect states are characterized by energies that are far from either band edge, and orbitals that

3



2.2. Many-electron wave functions

are much more concentrated around the defect. These deep defect states are of interest for
quantum applications, since their discrete, well-defined energies let us both manipulate spin
states, helpful in realizing qubits, and measure magnetic fields very precisely, by the Zeeman
effect [14]. Since the energies of deep defect states lie far from any band edges thermal ex-
citation is limited, allowing for operation at higher temperatures. When we speak of defect
states in the rest of this thesis, we are referring to deep defect states.

Electronic structure of defect systems

To model the electronic structure of defect systems we solve the time-independent
Schrodinger equation

Hyp = Ey. 2.1)

Since the nuclei are much more massive than the electrons, their motion is much slower,
and the electronic structure can be solved for at fixed nuclear positions. This is the Born-
Oppenheimer approximation [15]. This results in the following Hamiltonian, which is the
one that is considered for the rest of this thesis
1y Z 1 1 1 ZiZ;
He iy oy 4 Iy 1 1w
25 il It —Ry| 2 i ri—x| 2

I#]

1

1% u

where r; is the position of electron i, and the position of nucleus I in the crystal is given
by Ry. The term 7 is the sum of single-electron kinetic energy operators, V is the sum of
single-electron energies from the external potential given by the nuclei, and ¥/ is the electron-
electron repulsion. The final term is the ion-ion repulsion, which is constant under the Born-
Oppenheimer approximation since the ion positions are fixed. This constant therefore only
affects the eigenvalues of the Hamiltonian and not the eigenfunctions.

2.2 Many-electron wave functions

In this section, we discuss properties of many-electron wave functions that are needed for the
construction of symmetry-adapted states later in the chapter.

Antisymmetry and Slater-determinants

From relativistic quantum mechanics, it is known that fermion wave functions must be anti-
symmetric under particle exchange. This antisymmetry under particle exchange implies that
two fermions can not occupy states with identical sets of quantum numbers; this is the well
known Pauli principle. Thus, for any exchange of two electrons with coordinates x; and x;,
the many-electron wave function ¥ must satisfy

Y(x1, X2, Xip e X, e) = =¥ (X1, X2, X5, X, ) (2.3)

Here, x; denotes a combination of position and spin coordinates, x; = (rj,0;). It can be
shown that, even though the Hamiltonian is spin independent, the solutions to the stationary
Schrodinger equation are not, motivating the use of combined position and spin coordinates.
We conclude that any total wave function for a system consisting of electrons must be totally
antisymmetric under the exchange of particles. One way to construct a function that satisfies
this requirement is by using Slater determinants, defined as
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Pr(xa) Pa(xa) oo Pu(xa)

“P(Xl,XZ,...,Xn) = % lpl(‘XZ) lPZ(‘XZ) an(‘XZ) = |l/)1,l/)2,...,l[]n> (2.4)

P1(xn)  P2(xn) -+ Pu(xn)

where ¢; represents a single-particle state [16]. Here, we have introduced the notation that
any ket-vector |1, ¢, ..., P, ) is assumed to be a Slater determinant of the single-particle
wave functions ¢, {, . . ., p,. We adhere to this notation for the rest of the thesis.

Operators and matrix elements

Multi-electron wave functions are conveniently represented by linear combinations of Slater
determinants since these enforce antisymmetry by construction. To work with operators be-
tween such wave functions, we present some rules for calculating matrix elements of opera-
tors in a basis consisting of Slater determinants. This section is primarily based on the book
Modern Quantum Chemistry by Szabo and Ostlund [17].

For an operator, O, acting on a many-body state, we say that this is a one-electron op-
erator if it can be written as O = Y /i(i), where /(i) is a single-particle operator acting on
particle i in the many-body state. Examples of one-electron operators are kinetic energy, po-
tential energy, and dipole moment. Furthermore, there are also two-electron operators which
model effects in which two electrons interact. An example of such an operator is the electron-
electron Coulomb interaction operator. Since we do not construct any two-electron operators
explicitly in this thesis, we do not treat them any further. We now present the rules for cal-
culating matrix elements of a one-electron operators in a basis of Slater-determinants. These
rules, called the Slater-Condon rules, give the matrix element of operator O between deter-
minants |K) and |L) as

Si(mlhjmy, |K), |L) equal
(K| O|L) = (K] Zﬁ(l) Ly =< (m|h|p), |K), |L) differ in one orbital (m — p),  (2.5)
l 0, |K>, |L) differ in more than one orbital,

where the sum in the first line runs over the orbitals occupied in |K), and in the second line
m is the orbital occupied in |K) but not in |L), were it has been replaced by p.

Furthermore, we also present the general overlap between two Slater-determinants con-
sisting of arbitrary basis functions. Let |19, ...,y and |@1¢3 . .. ¢, be two Slater determi-
nants consisting of n single-particle basis functions each. The overlap between these can be
calculated as

Wiley  Wiley - Wrlen)

2lery  Yaloz) - {Y2|pn)

1 ... Pul @192 ... puy = det , (2.6)

nlpr) ulp2) -+ Pulon)

where ¥1,...,¢, and ¢q,..., 9, may be any combinations of single-particle wave func-
tions. [18,/19]
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Spin operators and total spin

For the many-electron wave function, we define the total spin operator $? and spin projection
along an axis operator S,. For a n electron wave function, they are defined as

n

=28, 5:=)8, 2.7)
j j

where §]2 and §, ; are the equivalent operators acting on single-particle wave functions. The

total many-particle spin is still an angular momentum, and it can thus be written as $? =
$2 + S; + §2. The operators ST, and S~ are the raising and lowering operators of spin, and

are defined as
S5 =208 = D88y 28)
]

(§TS+875H). (2.9)

2.3 Symmetry and group theory

In this section, we first describe how group theory is related to the solutions to the
Schrodinger equation. We then formulate some basic results from group theory. The sec-
tion is based on the books by Dresselhaus [20], and Tinkham [21].

Symmetry of the Hamiltonian

In this section, we try to motivate why symmetries can be used to simplify the process of
solving the Schrodinger equation, and hence justify introducing group theory in the follow-
ing section.

We consider the case when we want to solve the time-independent Schrédinger equation,
for stationary nuclei corresponding to a point defect in a crystal. The Hamiltonian for the
system is given in Equation (2.2). We note that the only term with a direct dependence on
external symmetry is the crystal potential V. The other terms have no intrinsic directional
dependence. Thus, if the crystal structure has some symmetries, the crystal potential V' also
has the same symmetries. Let {R1, ..., Ry} be the set of symmetry operations such that

V(x)=V (R*lx) . (2.10)

These operations could, for example, be rotations around an axis or mirroring in a plane.
Because symmetry operations leave the potential invariant, any symmetry operation R; must
commute with the crystal potential

[R,V] =0. (2.11)
Then we can conclude that the full Hamiltonian also commutes with all symmetry operations
of the point group

[#,R] = 0. (2.12)
The set of these symmetry operations forms a group. Hence, for a system with a Hamiltonian
H, the group of symmetry operators R; acting on the Hamiltonian such that it is invariant
forms the group of the Schrodinger equation, and this group depends only on the symmetry
of the external potential, as previously discussed.

We then assume that there exists an eigenfunction ¢; of the Hamiltonian, with energy E;.

Then for a symmetry operation R; in the group of the Schrodinger equation we get

H (Riyj) = Ri (Hy;) = Ri (Ej;) = Ej (Rigy) - (2.13)

6



2.3. Symmetry and group theory

Hence if ¢; is an eigenvector of the Hamiltonian, all other vectors Iéil,b]- are also eigenvectors
with the same energy. If this set of vectors generated by symmetry operations gives us all
degenerate eigenvectors, we call the degeneracy normal, otherwise we call it an accidental
degeneracy [21].

For a degenerate energy state with n level degeneracy, which is not accidental, we have
n orthogonal basis functions ¥, ..., {,. When we act with a symmetry operation on a basis
function ¥; we know that Rl[)j must also be an eigenstate with the same energy. However,
since we know our degeneracy is not accidental, all eigenstates can be expressed as linear
combinations of ¢y, . .., ¢, hence we can write

n

Rgi = > D(R)jj 9}, (2.14)
=1

where D(R);; is a matrix element of the matrix D(R). The set of matrices {D(Ry), ..., D(Rn)},
is said to form a representation of the group. We say that the representation is reducible if
there exists a basis change that splits the degenerate space into subspaces that transforms
among themselves. If a representation is not reducible, it is irreducible. We also say that the
basis functions transform as that irreducible representation (IR).

Thus, for any crystal system, the allowed IRs are determined by the group of the
Schrodinger equation. This now gives us a direct coupling between group theory and quan-
tum mechanics. By finding the group of the Schrédinger equation, we know that eigenfunc-
tions of the Hamiltonian must transform under symmetry operations as one of the IRs of the
group. If there exist degenerate states, group theory can also be used to find the allowed
normal degeneracies.

Basic group theory

We now introduce some basic elements of group theory, which is later used to construct basis-
functions for many-body states. A group G is a set of operations {Ry, Ry, ...} which obey

1. VR;, ﬁj eG: ﬁiﬁj € G (Closure)

2. VR;, Rj, R € G : (RiR;) R = R;i(R;Ry) (Associativity)
3. IRg e Gs.t. YR; € G : RgR; = R;Rg = R; (Identity)
4. YR; e G HIA{lfl € Gs.t. IA{fllA{[ = f%,fifl = Rg (Inverse)

For the case of the equilateral triangle, the group of symmetry operations is called C3, and
it consists of: two rotations with 271/3 radians, Cs; three mirror planes, o; and the iden-
tity operation, E, corresponding to leaving the triangle unchanged. The reader can convince
themselves that these operations fulfill the rules for a group. The operations are shown in
Figure[2.2]

A representation of a group is a mapping of each symmetry operation to a square matrix,
such that group multiplication is preserved,

D(R;)D(R;) = D(R;R;) (2.15)

where D is a mapping from a symmetry operation to square matrix. For the case of symmetry
operations on the triangle, one representation of the operations could be the two-by-two ro-
tation matrices. We say that a representation is reducible if there is a change of basis that can
bring all matrices D(R;) onto block diagonal form with the same block structure; otherwise
it is irreducible. A reducible representation can therefore be decomposed into irreducible
representations (IR), and the set of allowed IRs is determined by the group.
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Op

Figure 2.2: Symmetry operations on the equilateral triangle, corresponding to the Cz, group.

We now identify a representation with what irreducible representations appear in its block
diagonal form,
D=3 aD", (2.16)
i

where a; is how many times the IR D) appears in the block diagonal form. For any group
there are a finite number of IRs [20]. The dimension of an IR is equal to the number of rows in
the smallest representation containing the IR. We label each IR of the group with a Mulliken
symbol, according to the rules presented in appendix [Al For the Cs, group, the irreducible
representations together with matrix representations for the symmetry operations are pre-
sented in Table[2.1]

Table 2.1: Irreducible representations and matrix representations of Cz,.

’ Cay E Cs c; Oa o o,
Aq 1 1 1 1 1 1
A, 1 1 1 1 1 1

W

E 2 2 2 2 2 2 2 2
o) Ly ) e ) o) Ly y) Ly g

We note that for the IR E, the representation presented in Table consists of two-
dimensional matrices, hence any similarity transform of these matrices also forms a repre-
sentation of the E IR. Since the trace of a matrix is invariant under such transformation this
can be used to identify an IR. We say that the character of representation j is the set of num-
bers

XV (R;) = Te(DV(Ry)),
for the symmetry operations R;. The content of Table can thus be condensed by only
listing the character (trace of matrix) of the representation instead of the full matrix.

At this point, it is useful to note that symmetry operations that are related by a similarity
transformation have identical characters. We say that all operations that are related to each



2.3. Symmetry and group theory

other by similarity transformation belongs to the same conjugacy classes. For any two sym-
metry operations R; and R]- in the same conjugacy class there exists a third element Ry in the
group such that
R = ROR;Ry.

Because all elements within a conjugacy class share characters, it is sufficient to group sym-
metry operations according to conjugacy classes. A character table thus groups the columns
into conjugacy classes and list the characters for each IR. The character table for the Cz, point
group is found in Table Since there are 32 crystallographic point groups, the character
tables for all of them are well known, and can be found onlineE] or in books such as [20, 21].

Table 2.2: Character table for the Cs, group.

C3V E 2C3 30y

A1 11
A1 1 4
E|l2 -1 o0

Rows of a character table, corresponding to distinct IRs can be shown to be mutually
orthogonal, as a consequence of the Great Orthogonality Theorem [20]. This mutual orthog-
onality allows us to determine the IRs of a general representation by computing its character
and projecting it into its irreducible components. However, since rows of character tables are
grouped by conjugacy class, the projection must account for the multiplicity of each class.
Hence, the number of times an IR j appears in a representation I' is

m= 1 o (R) K (R) 1)

where X/ is the character of the IR j, xT is the character of the representation we decompose,
gi is the multiplicity of class i, and / is the number of symmetry operations in the group (the
order of the group).

For representations constructed as the tensor product between two IRs the characters of
the resulting representation are given by the pointwise product of individual characters,

x®B(R;) = x*(R)XP(Ry). (2.18)

which can then be decomposed as discussed above. This quick way to find the character of
a tensor product representation is particularly useful since it can be used to decompose the
IRs of multi-electron states, where the total representation is built as a tensor product of the
single-electron IRs.

Symmetry-adapted basis functions

As discussed in Section eigenfunctions of the Hamiltonian transform according to an IR
of the group of the Hamiltonian. To construct functions transforming as an IR from a general
function, we use a projection operator. The projection operator that projects a function onto
an irreducible representation j is defined as

o e
Pl= 2 x (R)*R, (2.19)
ReG

1Such as the excellent webpage https://gernot-katzers-spice-pages.com/character_tables/|


https://gernot-katzers-spice-pages.com/character_tables/
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where [; is the degeneracy of the irreducible representation,  is the order of the group, X (R)
the character of operation R. The sum runs over all symmetry operations of the group G.
Using the projection operator allows us to systematically construct symmetry-adapted basis
function, which are particularly useful since the Hamiltonian is block diagonal in a basis of
these functions, with each block corresponding to a distinct IR.

2.4 Construction of many-body states

In this section, we discuss how many-body states can be constructed using methods from
group theory. We first consider an example, and then present a general method.

Basis state for E ® E subspace in C3,

We now work through an example of how symmetry adapted-wave functions are con-
structed. We consider the specific case when the active space consist of two basis functions,
both transforming as the IR E of the C3; point group. This corresponds to constructing a
many-body space from two single-particle basis function transforming as the IR E, in a crys-
tal with Cz, symmetry.

First consider the tensor product space between two IRs E. This is analogous to a two-
electron space, with both electrons separately transforming as the IR E. The symmetry im-
posed by the crystal is still the same, hence the many-body wave functions in this new space
must still be C3, symmetric. We then understand that E ® E must be a representation of Cs,
and can be decomposed into irreducible representations. The decomposition can simply be
determined by projecting onto the respective IR character vectors. This gives us,

EQE=A; ®AOEF (2.20)

which is easily verifiable since
(22, (—1)2,02) = (4,1,0) = (1,1,1) + (1,1, 1) + (2,—1,0) . (2.21)

Furthermore, let the basis vectors for the IR E be ey, e,. Then, the product space E ® E, has
basis vectors {(ex,ex), (ex,ey), (e, ex), (ey, ey)}. Since we know that E® E decomposes as
A1 ® A; @ E, we can project the combined basis-vectors onto these irreducible representations
to get the symmetry adapted basis. For the case of projection onto A1, we have

P (eq,e0) = £ MM (RIDE(R) (exsee) = ¢ 6™ (R) (DE(R)ew, DE(R)ex), (2:22)
R R

where the summation is over the symmetry operations R in Cz,. Then by utilizing the cor-
responding matrix from Table 2.1/ for the matrix representation of the operation Df(R), we
get

P41 (ey,ey) = % ((ex,ex) + (ey,ey)) (2.23)

By repeating the steps for all other irreducible representations, we can determine the symme-
try adapted basis for the E ® E vector space, these vectors are given in Table

Now consider the different available spin states for the states given above. We are only
interested in constructing states with definite total spin, whose wave functions are totally
antisymmetric under particle exchange, since this is required by the Pauli principle. For a
system of two spin-1/2 particles, the simultaneous eigenstates of 52 and §, are

b

(1), 7

() =Qmn), () +An), . (2.24)

Sl

2
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2.4. Construction of many-body states

Table 2.3: Symmetry adapted basis states for the E ® E configuration.

IR | Symmetry adapted basis function
A % ((exsex) + (ey ey))
A L ((ewey) ~ (egex)
E 75 ((ex,ex) = (eyrey))
% ((ex,ey) + (ey,ex))

We construct our spin- and symmetry adapted basis functions by combining the spin states
with the states in Table Since we know that the many body wave function must be an-
tisymmetric under particle exchange, we pair spatial functions that are symmetric with spin
functions that are antisymmetric under exchange, and vice versa. The resulting wave func-
tions are presented in Table We note that for the IRs A; and E, the states are spin singlets,
while for the A; IR the only valid states form a spin triplet (the same spatial symmetry but
different spins). We differentiate the spin triplet states with their m; quantum number.

Table 2.4: Symmetry adapted wave functions with definite total spin states.

IR Spin- and symmetry adapted basis function
A 3 ((exex) + (eyey)) ® (1) = (1))
ms= 1 (1)
Ary mo= 0 | 3 ((eney) = (enex)) @4 (1) + (1)
ms= -1 ()
E 2 ((exrex) = (ey,e9)) ® (1) = (L1)
2 ((exrey) + (eyrex)) ®((1) = (1))

We are now interested in finding out how the states in Table[2.4|can be expressed as sums
of Slater determinants, where the determinants are composed of single-particle wave func-
tions in the space {ex, &x, ey, &, }. Here, we use the identification ey = (ex® 1), 8xr = (ex® |),
ey = (ey® 1), and &y, = (e, ® |). By expanding the two particle determinants; |2y, ex), [, ey),
|ex, ey>, \ex,e'y> and identifying terms, we see that we can write our spin- and symmetry-
adapted states in ket notation as

1 _
‘PAl = ﬁ <|ex, €x> + |3y, ey>) ’
1 _
‘IIEX = ﬁ (|€x, €x> — ‘ey,ey>) ’
1
E _ _
Y = — (lex, ey) — [oy,ex)) (2.25)

%

‘{’3A2,+1 — |ex, 6y>/
3A 1 _ —
Y 220 = — (ley, e+ lex, ),
ﬁ (| x y> | x y>)
1F3A2,71 = |e_x’e_y>.
This shows that only the ms = +1 states of the spin triplet are well described by a single

Slater-determinant. All other states must be represented as a linear combination of two de-
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2.4. Construction of many-body states

terminants. It can be shown that this multi-determinant nature is independent of the choice
of basis for the single-particle wave functions, this is demonstrated in appendix[B.1}

General case

We now present a general method for constructing spin- and symmetry-adapted wave func-
tions, which generalizes the E ® E example.

Consider an active space of K spatial orbitals, yielding 2K spin-orbitals
{91, P1,..., 9x, px}, with all spin-orbitals transforming as an IR of the point-group. An
antisymmetric many-body basis for a system of N electrons is given by all possible N-
electron Slater determinants that can be formed by these orbitals. In total, there are M = (2Z\I]<)
such valid determinants in the active space. These determinants are labeled Dy,..., Dy.
By construction, each D; is antisymmetric and satisfies the Pauli principle, but is in general
neither an eigenfunction of $2 nor does it transform as in the IR of the point group.

The construction of spin- and symmetry-adapted states then proceed in two stages. First
the states are partitioned based on the orbital configuration. Within each configuration, the
$? eigenstates are constructed recursively as follows. Find the state with the maximum spin-
projection, ;. This state is by necessity an eigenstate of 52, since this corresponds to the state
with s = +m; in a spin multiplet. Construct 2 - mg + 1 states corresponding to a multiplet by
applying the S_ operator. Next construct the subspace orthogonal to all eigenvectors found
so far. If it is non-empty, the process is repeated on this new subspace, a new highest spin
state is found, ladder operators are applied and so on. This continues recursively until the
fixed active space is spanned by spin-adapted eigenfunctions. When multiple determinants
with the same m; are found, this scheme still produces orthogonal vectors. If the two initial
wave functions given by Slater determinants |A) and |B) are orthogonal ((A|B) = 0), then

(S_A[S_B) = (A|(S_)TS_ |B) = (A|$,5_|B) =

> Ay A (2.26)
(A2 - 82435, |B) = (s(s +1) - mE ot m) (AIB) =0

assuming that |B) is an eigenfunction of 5% and $,. This procedure of laddering yields a
complete set of spin-adapted states spanning the N-electron space.

The set of eigenvectors to the 5% operator can then be projected onto the IRs to generate
spin- and symmetry-adapted states. This is true, assuming that the symmetry operator does
not affect the spin-state. This assumption is reasonable when only the Coulomb interaction
is considered, since such a Hamiltonian does not mix the spin- and spatial parts of the wave
functions, this assumption is further discussed in Chapter 5| Since the symmetry operator
acts on each individual single-particle wave function simultaneously, the action on a Slater-
determinant is

Rig192.--9n) = |(Rg1) (Rg2) - (Rgn))- (227)
Then using Equation (2.6), the matrix elements of the operator can be written as,

[R];; = (DA RID) = (@i, @iy - i RIgy, @1, - 91> = det (R i) (229)

where R[il;iZ/---rin] [j1,jzjn] 18 the sub-matrix defined by the intersection of the rows [i1, iz, . . ., in]

and the columns [j, jp, . . ., ju] of the matrix R, defined element wise as Rij ={¢;|R |9
We call these states that are both spin- and symmetry-adapted Configuration State Func-
tions (CSF). The CSF wave functions |‘I’]CSF> within the active space can then be expressed as

linear combinations of the Slater determinant basis states according to

M
Singl
[P = Cil¥, ™). (2.29)
i=1

12



2.5. Density functional theory

were C;; are the expansion coefficients. Assuming that both the CSF and the single-
determinant wave functions constitute a basis for the antisymmetric N electron Hilbert space,
these two bases are related through

T?SF Cll . ClM Wfingle

F Single
b 453 Cvi -+ Cmm/) \¥u®

C

where the matrix C is an invertible matrix. The construction presented here provides a basis
of many-body states with well-defined spin and symmetry. Note that CSF might be intrinsi-
cally multi-determinant, which turns out to be difficult to reconstruct using DFT presented in
the next section.

2.5 Density functional theory

In this section, the basics and some limitations of density-functional theory (DFT) are pre-
sented.

Hohenberg-Kohn theorems

DFT is based on the two Hohenberg-Kohn theorems [22], these are presented below.

The first Hohenberg-Kohn theorem states that the external potential Vi (r) acting on a
system is uniquely determined by the ground-state electron density 7y(r) to within an addi-
tive constant. Since the Hamiltonian only depends on the external potential this implies that
the properties of the system are determined by the ground-state electron density.

The second Hohenberg-Kohn theorem states that a universal energy functional E[n(r)]
can be defined, such that it depends only on the electron density. This functional takes its
global minimum value Ey = E[ny(r)] when the electron density is equal to the ground-state
electron density ny(r). Thus by minimizing the energy functional, DFT provides the same
ground-state solution as would have been found by solving the Schrédinger equation.

Kohn-Sham DFT

The Kohn-Sham approach is a method for calculating ground-state electron densities by con-
structing a fictitious system of non-interacting particles, called Kohn-Sham particles [23]. The
Kohn-Sham particles give the electron density as

N
n(r) = |¢i(r), (2.31)
i=1

here 1; is the orbital of the i-th particle and these orbitals are called Kohn-Sham orbitals (KS
orbitals). The assumption that such a system of non-interacting particles exists and that it
reproduces the exact electron density, is called the Kohn-Sham ansatz. Since Hohenberg-
Kohn showed that the total energy E[n] takes its minimum value when n(r) = ng(r), an
approximation of the ground-state may be found by minimizing the total energy with respect
to the KS orbitals. It can be shown that minimizing the total energy with respect to the KS
orbitals is equivalent to solving the following equations

¥i(r) = eii(x). (2.32)

hZ
[_ngvz + Vks(r)
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2.5. Density functional theory

These equations are called the Kohn-Sham equations. Here, Vig is the effective potential and
is calculated as

/

Vics (1) = Veur (x) + f ‘f <_rr> dr’ + 55,;‘29;} (2.33)
for an external potential V,y, the electron density n(r) and an exchange-correlation func-
tional Exc[n]. Note that the Kohn-Sham equations are nonlinear, since the effective potential
is dependent on the electron density, which in turn depends on the orbitals being solved for.
Because of this non-linearity, we need to solve the Kohn-Sham equations self-consistently.
In practice, one starts with an initial electron density, solves for the KS orbitals, calculates a
new electron density, and repeats the process until the total energy as a function of electron
density is converged.

Constrained occupation DFT

In the Kohn-Sham DFT scheme, one can approximate the single electron orbitals of a single-
determinant state by the KS orbitals, even though the KS orbitals are a mathematical construct
for approximating the ground-state electron density.

For a Slater determinant ¥(xy,...,Xn) = |@1,..., ¢N) the electron density can be cal-
culated according to the Slater-Condon rules The electron density operator is a single
electron operator defined as 71(r) = >}, 6(r — r;) [17], which gives the electron density

N
i1
:Z<<Pi|5(f—ri) lpi) = Z|(Pi(r)\2.

(2.34)

This electron density is on the same form as the density assumed in Equation under
the Kohn-Sham ansatz. Even though KS-DFT may be guaranteed to converge to the true
ground-state density by the Hohenberg-Kohn theorems (with the exact exchange-correlation
functional), the KS orbitals do not need to equal the corresponding single-particle wave func-
tions in Hartree-Fock theory. Treating them as physical electron orbitals is therefore an ap-
proximation.

However, by associating KS orbitals with electron orbitals we can construct excited single-
determinant states by changing the occupation of KS orbitals to match those of a single-
determinant wave function. This association lets us approximately calculate energies other
than the ground-state energy using DFT. As shown in Section multi-determinant states
can be expressed as sums of single-determinant states. In Section 2.6, we show that the en-
ergies of multi-determinant states can be expressed as sums of single-determinant energies,
highlighting one potential use of the mapping of KS orbitals to excited single determinants.
The approach is known as constrained occupation DFT, or ASCE. [24]

Exchange-correlation functional

One of the drawbacks of KS-DFT is that the exact form of the exchange-correlation functional
Exc[n] in Equation (2.33), is unknown. Many approximations to the true functional have
been proposed, each useful for a particular system. Here, we present some of the most com-
mon families of functionals. Under the Local Density Approximation (LDA), the exchange-
correlation energy is modeled as

EXPA ) = [ exe (n(1) ) d, (2.35)

where €y (1(r)) is the exchange-correlation energy per particle in a homogenous electron gas
of density n(r). The total energy is therefore calculated as the integral of this energy for all
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2.6. Ziegler sum rules

points in space, weighted by the local electron density [23]. Under the Generalised Gradient
Approximation (GGA), the exchange-correlation energy is modeled as

EGGA[] — f exe (n(r), Va(r)) n(r) dr. (2.36)

Following similar logic as the LDA approximation, the energy is calculated as a weighted in-
tegral of single-particle exchange-correlation energies, but with the difference that ey, is mod-
eled to also depend on the local gradient of the density, Vi (r). One of the most commonly
used functionals in material simulations is the exchange-correlation functional of Perdew,
Burke and Ernzerhof (PBE) [25], which is a GGA-functional.

Furthermore, other approximations of the E,.-functional exist that include contributions
from the exact exchange term from Hartree-Fock theory, these are called hybrid functionals.
An example of a hybrid functional is HSE06 [26].

Limitations

The limitations of DFT, as mentioned in passing above are now more thoroughly discussed.

A first limitation, as discussed above, is the single-determinant nature of Kohn-Sham
DFT. As shown in Section the states 1A1 and 'E of the EQ E configuration are multi-
determinant by nature and cannot be written as a single Slater determinant. We can also
see that the wave functions Y5 = % (|ex, ex) — |ey, ey)) and ¥4 = % (lex, ex) + |8y, e)))
produce identical electron densities, showing why ordinary DFT is not able to differenti-
ate between them. We thus need a method that combines constrained occupation DFT with
qualitative knowledge of the wave functions, to determine the energies of multi-determinant
states.

A second limitation is that the Hohenberg-Kohn theorems which justifies the Kohn-Sham
approach, only applies for the ground-state. There is no equivalent guarantee that mini-
mizing the energy functional under constrained occupation yields the correct energy of the
excited state, this procedure needs to be validated using higher order methods. However,
constrained occupation DFT is still a useful tool since it allows us to study excited states
without having to resort to true many-body methods [27].

A third limitation is the assumption that the KS orbitals correspond to the single-electron
orbitals. The KS orbitals are a mathematical construction that reproduce the correct ground-
state electron density. They are not the physical single-electron orbitals of a Slater determi-
nant, and the assumption that they are similar, needs to be verified. There is no guarantee
that multi-determinant states cannot have the same electron density as a single determinant
(meaning that DFT could calculate the correct ground-state energy), but then one could not
in good faith map the KS orbitals to physical electron orbitals.

2.6 Ziegler sum rules

We now present the method first introduced by Ziegler et al. in Ref. [6] for calculating en-
ergies of multi-determinant many-body states, based on the energies of single-determinant
states. The presentation is based on the adaptation of the method to DFT by von Barth [7].
Since it was introduced, it has been used in several studies of excited states and defect sys-
tems [[11,|8,[9].

The energy of a wave functions ¥, is given by

Y] = (P|H[T). (2.37)

We know that both the single-determinant wave functions and the spin- and symmetry
adapted wave functions constitute basis for the many-electron wave function space. It fol-
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2.6. Ziegler sum rules

lows from Equation (2.30) that a single-determinant basis function can be written as

. M
‘P]Smgle _ Z (C_1>ij qjiCSF, (2.38)
i=1

and its energy can hence be calculated as

e s =(5 (e, w8 s () v )
_ zl:zk] (Cfl):, <C71>kj (¥CSF| 34 [§CSFy

The projection onto an IR operator is defined as a weighted sum of symmetry operations.
Since the Hamiltonian commutes with each symmetry operator it also commutes with the
projection operator. The $? operator commutes with the spin-independent Hamiltonian triv-
ially. Since the projection operator, and 52 operator both commute with the Hamiltonian, we
know that the Hamiltonian is block-diagonal in the CSF-basis. So under the assumption that
each such block can be diagonalized by a basis of degenerate wavefunctions, we have

(2.39)

CPESF| H¥EST) = € [ESF] (RS oESF) = oy € [#E™| (2.40)

since the basis vectors are orthonormal. Hence, the energies of single-determinant states can
be written as
Single| 71)
£ hf]‘ } N Zl: ‘ (C ij

As discussed in Section the single-determinant energies can be calculated using DFT-
based methods. By assuming that the single-determinant energies are known, we get system
of equations for the spin- and symmetry-adapted energies as

"¢ [WSSF] (2.41)

Singl _ 2 _ 2
51 nee }(C 1)11| KC 1)1\11| 51CSF
: = : : . (2.42)
Singl _ 2 _ 2
Snge |(C 1)1N| |(C 1)NN} 51€15F
Esingle A ECSF

where the energies £7"8' can be calculated using methods such as constrained occupation
DFT (cDFT). This method of calculating energies of excited states of defects has previously
been referred to as multideterminant cDFT (mcDFT) [9].

The system of equations presented in Equation[2.42)gives the single-determinant energies
as linear combinations of many-body energies. To be able to solve this equation for the many-
body energies, the matrix A needs to have rank at least equal to the number of unique many-
body energies.

Assuming that all states in a multiplet have the same energy, an upper bound for the rank
of A is the number of sets needed to partition the single determinants in the active space,
such that all determinants within a set can be mapped to each other by any combination of
symmetry operations and by flipping all spins. A proof of this is given in Appendix
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METHOD

In the following chapter we present how the algorithms for finding many-body states and
their energies are implemented. In Section (3.1 the construction and labeling of point group
operations and irreducible representations is presented. Section [3.2| presents how the con-
figuration state functions are constructed. Section [3.3| covers how the excited-state energy
equations are constructed. Finally, Section [3.4|describes how the single-determinant energies
are calculated.

3.1 Point group construction

To effectively construct configuration state functions for a defect with known symmetry, one
must first determine the operations of the corresponding point groups, and their effect on
basis functions of IRs. This section outlines the method developed to extract and label these
properties using a custom procedure that labels symmetry operations and matches computed
IR character against reference character tables.

To find the symmetry operations for one of the 32 crystallographic point groups, we utilize
the python library pymatgen [28], an open-source library for material analysis. Specifically
we use the package pymatgen.symmetry, which is based on the package spglib by Togo
et al. [29]. We utilize this library to generate all the spatial symmetry operations (3-by-3
matrices) for the point group. From these spatial symmetry operations, we calculate the
irreducible representations of the group. We use spgrep by Shinohara et al. [30], which
generates all the matrices representing the different symmetry operations for the different
IRs.

However, the irreducible representations generated using these libraries are presented
without names, something we need when creating active spaces. By taking the matrices
generated by spgrep for any of the 32 crystallographic point groups and reference character
tables, we then name the IRs as follows.

1. All rotation matrices are assigned a preliminary Schoenflies label (E, i, o, Cy, or Sp), by
analyzing the determinant and the trace of the matrix. The algorithm for this follows
the decision tree shown in Figure

2. Operations are grouped into mathematical conjugacy classes.

3. To match the notation in the reference character tables, each conjugacy class is com-
bined with the class containing the inverses of its elements, forming pseudo-conjugacy
classes.

4. The operations are given a final Schoenflies label. Mirror planes are labeled either oy,
0y, or 03,. Two-fold rotations are labeled either C,, Cé, or Cg depending on their rotation
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( . \

[Input matrix W e ]R3X3J

|

det=—1 det=+1

1

(inversion) cosf = 1 (trWw—1)

B |
. <—‘ [Snap to allowed orders n € {1,2,3,4, 6}]
—

(reflection) )
n = arg miny [k —360/0|

!

Compute angle ] C,, 0=360/
- 1 nr T n
[ cosf = 5 (trW+1) (proper rotation)

[Snap to allowed orders n € {1,2, 3,4, 6}]

[ Compute angle ]

n = argminy |k — 360/6|

)

Su, 0=360/n
(improper rotation)

Figure 3.1: Decision tree for assigning a Schoenflies label to a symmetry operation.

axis. These operations are named based on the rules found in Appendix [A] and on
specific conventions used by the reference character table.

5. The characters of the unnamed IRs are then computed for the different conjugacy
classes, and compared to known values from reference character tables. If the characters
are within a tolerance limit, the IR is labeled with the associated Mulliken symbol.

This automated workflow can produce extended character tables (character tables where

the full matrix representation for each symmetry operation is listed) for all 32 point groups.
The generated output contains all the irreducible representations labeled with the correct
Mulliken symbols, and the corresponding matrix representation for each symmetry opera-
tion.

3.2 Determinant basis

In this section, we describe how the many-body active space is constructed from a given
single-particle basis, and how the configuration state functions are generated from this space.
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3.2. Determinant basis

Single-particle basis

A single-particle basis is specified by providing K spatial orbitals, each assigned to transform
as an IR of a point group. The symmetry operations are constructed as block-diagonal ma-
trices in this basis, with each block given by the matrix representation of the corresponding
IR. The spin-orbital basis is constructed by assigning each spatial orbital a spin projection
o € {1,1}, giving 2K spin-orbitals in total. The single-particle symmetry operations in spin-
orbital space are then expressed as
in-orbital i

R?pm orbital _ Rzgrbltal ® by, (3.1)
where R?rbital is the block diagonal matrix of the symmetry operation acting on the single-
particle space. The relevant single-particle spin operators in this basis are

\ 10 . 00
Sz = Ikxk ® , ST =Ikxk® . (3.2)
0 —3 10

Construction of the determinant basis

For a system of N electrons in the 2K spin-orbital basis, the many-body basis consists of all
M= (ZI\I]<) possible N-electron Slater determinants. Each determinant is labeled by an ordered
list of occupied spin-orbital indices, with indices always sorted in increasing order to ensure
the determinants are distinct and linearly independent.

Consider as an example the basis {@1, 92, ¢3} occupied with two electrons. A valid ba-
sis for the many body states is {|¢1, 927, |¢1, ¢3), @2, p3)}. Since each wave function corre-
sponds to a column in the Slater determinant, and determinants change sign when swapping
columns we know that the remaining determinants can be found as the basis vectors multi-
plied with a phase factor, for example |¢2, 1) = — |¢1, ¢2). We can thus always consider the
many-body basis consisting of determinants of basis functions with increasing orbital index.

The matrix representations of the S, and S~ operators are computed using the Slater-
Condon rules, and the matrix representation of the symmetry operations is given by Equa-
tion (2.28).

Generation of configuration state functions

The CSF are constructed from the determinant basis following the two-stage procedure es-
tablished in Section 2.4} The procedure is described below.

The determinant basis is first partitioned into subspaces, where all determinants in a sub-
space share the same set of occupied spatial orbitals. We call each such subspace an electronic
configuration. Within each configuration, the basis determinants are grouped by their m;
eigenvalue obtained from the S, operator.

Spin eigenstates are then constructed by descending through the m; levels from mT** to
—my¥, At m*®, every basis determinant must be a state with maximum m, quantum num-
ber in a multiplet, |[s = my"®, m{*®), since no state with higher m; exist in the configuration.
Each such determinant seeds an active multiplet. At each subsequent m; level the procedure
has two steps:

1. Lowering step: S~ is applied to each active multiplet to go down an i level. The
states are normalized and collected. They span the part of the current m; subspace that
is already accounted for by existing multiplets. Any multiplet for which S~ produces
the zero vector has reached ms; = —s and is removed.

2. Seeding step: The orthogonal complement to the calculated vectors in the current m;
subspace is found using Gram-Schmidt orthogonalization. Each basis vector in this
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3.3. Solution of energy equations

complement is then a new highest-weight state of a multiplet with s = ms. These are
added to the active multiplets.

These two steps are repeated at each m; level to construct all the states which are eigenstates
of both 5% and $.. As shown in Section this procedure generates a complete orthogonal
set of spin eigenstates spanning the configuration subspace. The construction of spin states
is visualized for the two-electron case in Figure

[s =1 (triplet)] [s =0 (singlet)]

ms = +1 * highest-weight seed
unique ~TTTTTTTT b
It i
Ve e e e m d Complement of $~|11)
in the m; = 0 subspace
§= —
Mg = 0 l * seed state
s === A Y
1415, 110 PO+ [—=1 11D -1
l§ ' g
ms = —1 \J
1 11 5~ (ITh=HD) =0
e
\
STHAF=0

Figure 3.2: Construction of spin eigenstates for a two-electron configuration by repeated ap-
plication of S~ and construction of orthogonal subspaces.

Each spin eigenstate is projected onto the irreducible representations of the point group
using (2.19), with matrix elements evaluated according to Equation (2.28). Gram-Schmidt
orthogonalization is applied within each subspace corresponding to an IR and a total spin
eigenvalue, to remove any linear dependencies introduced by the projection. The result is
then spin- and symmetry-adapted wave functions expressed as linear combinations of Slater
determinants, of the form presented in Equation (2.30).

3.3 Solution of energy equations

Here, we present how the system of equations relating CSF energies to single-determinant
energies is set up and solved. In Section we have developed a system of equations for
the configuration state functions, presented in Equation (2.42). This gives us the following
equation system

Esil’lgle — A ECSF, (33)

where A is a square matrix, E*F is an unknown vector of energies for the configuration

state functions, and E*"8!€ is a vector of single-determinant energies. The single-determinant
energies can be calculated using DFT, and to minimize computational cost we try to solve
Equation (2.42) with as few single-determinant energies as possible.

We first assume that all configuration state functions in the same multiplet have the same
energies, which follows from only considering the electron-electron Coulomb-interaction.
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3.4. Single-determinant energies

This is a reasonable assumption for the splitting caused by the spin-spin interaction since
the splitting is multiple orders of magnitude smaller than the electron-electron interaction
which is modeled with this level of theory [§]. The splitting caused by spin-orbit interaction
is also assumed to be small, which is the case for lighter elements [20].

The effect of this approximation is to turn our system of equations into an overdeter-
mined system, with more equations than unknowns. Letting the previously known single-
determinant energies have index {i; ...i;}, we construct the sub matrix A[il...i,-]/the rows of
A corresponding to the previously known energies. By computing the rank of A; i)y it 1S
determined whether the system is solvable using only previously known data. If it is not
solvable, we iterate over the available rows, only including them if they increase the rank of
the row-matrix, until we get a solvable system for our unknown configuration state function
energies.

This method of determining energies is optimized to find the smallest number of de-
terminants needed to reconstruct the CSF energy levels, however, for better accuracy one
might want to include all single-determinant energies. The overdetermined system might
then be solved either with a least-square method, or with a minimum maximal error (min-
max) method. The min-max method is the workflow proposed by von Barth in his original
article [7]]. In this work, we use the method of constructing a minimal solvable system with
as few single-determinant energies as possible.

3.4 Single-determinant energies

We have a general method for finding and labeling the spin- and symmetry adapted states
(CSF) for a given active space. We have shown how we can write the CSF energies as linear
combinations of single-determinant energies. In general, these single-determinant energies
could be calculated using many different methods such as Hartree-Fock [17]], or DFT with
hybrid functionals [26}31]]. In this work, we have chosen to implement the single-determinant
calculations using constrained occupation plane-wave DFT.

We now explain how the single-determinant energies are calculated using DFT, and what
physics must be considered when running the simulations. We also present the specific sim-
ulation setup used in this work.

Workflow

In this section, we discuss our setup for running the DFT simulations and the physical con-
straints that need to be considered.

Calculating energies of many-body states is a multi-step process. We first compute the
electronic ground state and find the relaxed crystal structure. We then use ADAQ-SYM [32]
to find the point group of the defect, identify the localized defect orbitals, and assign each
orbital to an IR. We construct an active space from the defect orbitals and determine the
many-body wave functions using our previously described methods. From the many-body
wave functions, we construct the energy equations and determine which single-determinant
energies are needed to evaluate the many-body energies. Each single determinant is mapped
to an occupation pattern of the defect orbitals and its energy is calculated using constrained-
occupation DFT [24]. The last step is central to the method and warrants further discussion.

The single determinants are specified by a fixed orbital occupation pattern, based on the
KS orbitals from the ground-state calculation. The orbitals are then relaxed until convergence
under constrained occupation so that the solver does not collapse the occupation back to the
ground state. We specifically consider vertical excitations, where the ground-state geometry
is held fixed and only the orbitals are relaxed. Furthermore, any automatic symmetry en-
forcement of the orbitals must be turned off, since the excited single determinants may have
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3.4. Single-determinant energies

charge distributions with lower symmetry than the point group of the defect. If symmetry is
enforced, the solver can arrive at incorrect electron densities.

Computational details

In this work, the calculations are performed using the Vienna Ab initio Simulation Pack-
age VASP [33,[34], with the exchange-correlation functional of Perdew, Burke and Ernzerhof
(PBE) [25]. The simulations used VASP version 5.4.4.

For the defects in diamond, the simulations were performed at the gamma point of a
4 x 4 x 4 supercell containing 512 atoms for the pristine material, with a lattice constant
of 357 A. The plane-wave cutoff energy was 400 eV, and the stopping criterion for self-
consistent convergence was 1-107¢ eV. The stopping criterion for the ion relaxation for the
ground-state structure is 1- 107® eV based on energy difference between two ionic steps. All
excited calculations use the same ground-state geometry.

We consider three different methods for the self-consistent orbital convergence calcula-
tions. We call these methods (i), (ii), and (iii), and describe them below.

* (i): The method recommended by the VASP-Wik]ﬂ The calculations are performed with
fixed orbital occupation and subspace diagonalization disallowed, and uses the "all
band simultaneous update of orbitals" electronic minimization algorithm (VASP setting
ALGO=ALL).

e (ii): Calculations are performed with fixed orbital occupation (set using the
FERWE/FERDO tags in VASP) and subspace diagonalization allowed, using the blocked-
Davidson electronic minimization algorithm (VASP setting ALGO=Normal).

e (iii): Identical to method (ii), but the fixed occupation is set by modifying the order of
the KS orbitals (implemented by overwriting WAVECAR) instead of using fixed orbital
occupation.

An example of the input parameters for a simulation using method (i) is given in Ap-
pendix[C}

1Gee: https://vasp.at/wiki/Delta_self-consistent_field
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RESULTS

In this chapter, the spin- and symmetry adapted states, as well as the estimated many-body
diagrams are presented. In Section 4.1} spin- and symmetry-adapted states for different sym-
metries and active spaces, as found by our method, are presented. In Section[4.2} we present
our many-body energy diagrams for the NV center and sodium substitution in diamond.

4.1 Configuration state functions

One of the main features of the developed method is the automated construction of spin-
and symmetry-adapted wave functions for an active space of orbitals transforming as IRs of
a point group. In this section, the constructed configuration state functions are presented in
tables, organized by point group and active space.

In Table we list point defects with known active spaces considered in this work. For
each defect we give the host material, the defect type, the point group it transforms as, its
active space, the number of active electrons, a source for the claimed active space, and ref-
erences to the tables where the corresponding wave functions are listed. For a few of these
defects, explicit wave functions exist in the literature; we compare those against our results
in Chapter

Table 4.1: Symmetries and active spaces for point defects.

Host Defect Point group Active space Active electrons Source Tables
material
NV center Csy [A1][E] 2,4 [35,12, 3] E
Diamond  \y s ibstitution T, [E][T>] 6,7 3]  l7lg
Na substitution Ty [A1][T2] 5 (371 @
Silicon vacancy Csp [A1]?[E] 3 [4] ﬂ
AHSIC Divacancy Co [A1]2[E] 2 138] 42
Chlorine vacancy * Cap [A1][E] 4 [39]
hBN Carbon trimer Cop [A1][B2)? 3 [40] E
Nitrogen vacancy Cop [A1][B2)? 3 [41] 4.5
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4.1. Configuration state functions

We construct many-body wave functions for the different combinations of point groups
and active spaces found in Table[d.T| and present them grouped by point group in Tables
The tables are organized into the following four columns:

* The first column Configuration describes which spatial orbitals are occupied and how
many electrons they hold.

e The second column T specifies the many-body state with a symbol of the form 25+1T,
where the superscript indicates the spin multiplicity of the state, and I' is the spatial IR
the state transforms as.

¢ The third column g lists the total degeneracy of the term including both spin and spatial
degeneracy.

¢ The fourth column states the computed wave functions in ket notation. For readability,
numerical coefficients are simplified where possible. For states belonging to degener-
ate multiplets, only the components with the highest m; quantum number are listed.
Remaining states can be obtained by applying the S~ operator. We write the wave
functions as linear combinations of Slater determinants, using an overbar to indicate a
spin-down orbital.

C3p, Symmetry

We present a few active spaces transforming as the Cs, point group.

Active space [A1][E]

We consider an active space consisting of one orbital a1, transforming as A1, and two degen-
erate orbitals ey, e,, transforming as E. We present the configuration state functions for the
case when the space is occupied with two and four electrons respectively. The two electron
case is presented in Table and the four electron case is presented in Table

Table 4.2: CSF for active space [A1][E] in C3, symmetry, populated with two active electrons.

Configuration I g Wave function (mg = S)

(a1)? A, 1 %@ la1dq)
1 ~ 1 |-
1 1 1E 2 —? |Ell€x> + ? ‘ﬂ1€x>
(a1)" (ex/ey) — 75 |mey) + 5 mey)

3 1 1
E 6 slmey), \—@}alep

YA 1 Jlexto+ 5 leyey)

(ex/ey)? g o %@ lexx) — % leyey)
_ﬁ lexey) + % exey)

34, 3 %|€x€y>
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4.1. Configuration state functions

Table 4.3: CSF for active space [A1][E] in C3, symmetry, populated with four active electrons.

Configuration I' ¢ Wave function (mg = S)

14, 1 %|a1ﬁ1exéx>+\%‘alﬁleyéy>

(@) (/e 1p 5 valmMedo— 5 mdesey),

— 5 lmaiexey) + 5 [marevey)

34, 3 %|ﬂ1ﬁ1€x€y>

E o —% |arexeey ) + \% |arexrey ),
(111)1(€x/€y)3 —% |arexeyey ) + % |arexe,ey )

3E 6 % |arexerey ), % |arexeyey )

(ex/ey)* "AL 1 5 lextaeyy)

Active space [A1]?[E]

We consider an active space consisting of two orbitals a;, ap transforming as A; and two
degenerate orbitals ey, ey, transforming as E. We present the configuration state functions for
the cases when this space is populated with three electrons. The wave functions are presented

in Table
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4.1. Configuration state functions

Table 4.4: CSF for active space [A;]?[E] in C3, symmetry, populated with three active elec-

trons.
Configuration I' ¢ Wave function (mg = S)
(a1)*(a2)" 2A1 2 |mayan)
(a1)"(a2)? 2A1 2 |mapdn)
|a1aiex),
(a1)2(ex/ey)! 2 4 o
maey)
|axdzey),
(a2)2(ex/ey)! 2E 4 o
|axdzey )
iE g |a1azex),
|a1azey )
(a1)1(a2)1(ex/ey)l % |a1a28x) — \L@ |a1dex) — % |a1azex),
2 5 1|, = 1~
SR S S S P S S
% |laydzex) — %@ |aazex),
73 lmiaey) = 5 [mazey)
YAy 4 |mpexey)
2 1 _ 1 ~
) . A 2 7 |aiexey) + i |ayeyey)
() (ex/ey) 2 1 5 10, 5 2 |-
Ay 2 7 |ayexe, ) + 7 |arexe, ) — Z |ayexey )
S % |ajexey) — % |areye, ),
% |aqexey ) — % |ar2xey )
YAy 4 |agexey)
2 1 . 1 2
) . A 2 7 |ageyey) + W |azeyey )
(a2) (ex/ey) 2 1 5 10, 5 2 |-
Ae 2 Loyt L ety 2 ey
S \% |lagerey) — \% |azey e, ),
% |aexe, ) — % |azexey,
(@x/ey)B’ 2E 4 ‘Exe_xey>r
lexey@y)

Cop, Symmetry

We also consider the Cy, symmetry group, for which there exist no degenerate IRs thus lead-

ing to simpler active spaces.
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4.1. Configuration state functions

Active space [A1][B,]?

We consider the active space consisting of one orbital 4; transforming as A; and two orbitals
by and b, transforming as the IR By. The results for this active space are presented in Table[4.5]

Table 4.5: CSF for active space [A1][B1]? in Cy, symmetry, populated with three active elec-
trons.

Configuration I ¢ Wave function (mg = S)

(a1)?(bq)! 2B, 2 |maby)

(a1)!(by)? 2A1 2 |mbiby)

(a1)! (b2)? 2A1 2 |mbaby)

(a1)2(b2)! 2B, 2 |mdiby)

A1 4 |mbibo)

b)) (py)1 - - _
e Z ) — L mbib) - & b,
1

% la1b1by ) — % |a1b1bz)

(01)2(b2)! 2By 2 |bybiby)

(b1)' (b2)? 2By 2 |bibaby)

T; Symmetry

We also consider the T; symmetry group.

Active space [T]

We consider the active space consisting of three degenerate orbitals transforming as the IR
T, we call these t;, ty, t3. The resulting wave functions for when the space is occupied with
three electrons are presented in Table[#.6, and the wave functions for the case when the space
is occupied with two electrons are presented in Table
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4.1. Configuration state functions

Table 4.6: CSF for active space [T] in T; symmetry, populated with three active electrons.

Configuration I' ¢ Wave function (mg = S)

Ay 4 |htats)

4 ViR G R,
Jltihty = i)

1 T _ 1 T
(h/ta/ts) valfthite) = 55 lhatst),
nh 6 % |t tt3) — % lt2 2 t3),

% [t taF2) — ﬁ lt1tsts)

% |t ty to) + % |ta t3 t3),
% |t1E1t3) + % ta B2 t3),
% [tita ) + %@ |t1 t3t3)

Table 4.7: CSF for active space [T»] in T; symmetry, populated with two active electrons.

Configuration I g Wave function (mg = S)

STy 9 [ttt ts), [tats)

A 1 % |t E1) + ﬁ ltaB2) + % |ts t3)

2 N\ _ L N\ i -
(t1/t2/t3)2 1 2 \/;“1 t1) NG |t t2) 76 |t33),
% |t2 EZ> - % |t3 173>

% |t Ep) — %@ |F1 t2),
1 _ _
L, 3 %@ |t1t3) — %@ |t1 t3),

%@ |tat3) — %@ |Ep t3)

Active space [A1][Ty]

We also consider the same active space but also including a single a; orbital transforming
as the IR A;. We consider the case when this active space is occupied with 5 electrons. The
resulting configuration state functions are listed in Table
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4.2. Energies of many-body states

Table 4.8: CSF for active space [A1][T] in T; symmetry, populated with five active electrons.

Configuration I' g Wave function (mg = S)
Ay 4 |martitats)
2k 4 \@Wl a1ty fs) — \%6 layay ty Eats) — \%6 lay ay Fy tats),
%@ lay ay ty Ep t3) — % lay ay by ta t3)
1 = . 7 1 - :
—lapa1ti1t1ty)y — == |a1a; tr t3ts3),
(t1/ta/t)? (a1 )2 2 o5 lmatiiih) — =5 laai by ts bs)
i 6 %@ lay ay ty by t3) — % lay ay tr By t3),
% layayty trbr) — % lay ay ty tzt3)
% lay @ty to) + % lay ay tr t3 B3),
2 o o
T, 6 % lay @yt £ t3) + % lay @y tr B t3),
% lapayty by Fo) + %@ lay ay ty t313)
lay t1 B 2 t3),
4T1 12 |111 t1 to iT2 t3>,
|lay ty to t3 t3)
2A; 2 %@ lay ty ty ta bo) + % lay ty ty 3 t3) + % laytatrtz t3)
e, Vimhhbh - Limhhsh - Llabhsh),
4 1 _ _ _ _
(t1/t2/t3)" (a1) Llmt btk - Llnbhbth)
\/gml t bt tz) — ﬁ lay ti tytof3) — ﬁ lay t1 £y B2 t3),
2 ) i} - o
T 6 \/g |Gyt tp Fp b3y — % |ty tr Fp 3y — % lai o 2 t3),
\/g |ay ty ty t3 F3) — ﬁ |ay ty Ey t3 F3) — ﬁ lay ty ta t3 t3)
% lat1 by by B3) — % la1 t1 1 Ep t3),
2 o o
L 6 % lagty ty B3y — %@ la1 F1 by Ep t3),
% lay t1 By t3t3) — %@ lay by tat3 f3)
|t1 {1 tr {2 t3>,
(t1/t2/t3)° Ty, 6 |hEitht3hs),

|t1tr tr t3 F3)

4.2 Energies of many-body states

We now present the energies for the many-body states of some defects with known point
group symmetries and active spaces. The CSF are taken from the tables of the previous sec-
tion. We present the energy equations as found by our analytic methods, as well as the energy
differences between states calculated using single-determinant energies from constrained oc-

cupation DFT.
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4.2. Energies of many-body states

We present this analysis for the NV~ center in diamond in Section and for the negative
Na substitution in diamond in Section 4.2

NV~ center in diamond

For the active space of the NV~ center with four electrons, we get the wave functions in

Table Applying the Ziegler sum rules to these states, we get the energy equations for the
many-body states as

£

3A2) = |a1/a_1/eJC/ ey> 7
E(CA

( &( )
(1 1) 2 €(|al/ a71/ exr6(>) + 5(‘“1/ 071/ €x, ey>) -2 5(|alrﬂfl/ ex/Ey>)/
g(lE) 2 5(|111, cﬂ,ex,e;>) - 5(|ﬂ1, aH/ex/ey>)/

5(3E) = g(lallexle}/ey>)-

The single-determinant energies are then calculated using constrained occupation DFT.
The ground-state is identified to be the state |a1d;exey). The corresponding many-body state
energies from the Ziegler sum rules are found in Figure[.1} were the columns (i), (ii), and (iii)
corresponds to the single determinants being calculated using the corresponding method as
described in Section 3.4, We also include the energies reported by Ivanov et al. in Ref. [8], for
the NV~ center in the same size supercell, calculated using the PBE functional. The explicit
energy values for the many-body states in Figure [4.T]are listed in Table[4.9}

(4.1)

2.5 3E
20 1A, 1A ;
3E —— 1 —
_\3E
% 1.5
& g A
o —
£ —_—1p,
1.0 1
E
0.5 e E
0.0 1 _3A2 _3A2 _3A2 _3A2
(i) (ii) (iii) (Reference)

Figure 4.1: Energies for many-body states of the NV~ center in diamond, relative to ground-
state energy. In the first column (i), the energies are calculated with the settings as recom-
mended in the VASP-Wiki. In the second column (ii), the energies are calculated with sub-
space diagonalization and non ground-state occupation set using the FERWE /FERDO tags. In
the third column (iii), energies are calculated with subspace diagonalization and occupation
set by overwriting the WAVECAR file. In the fourth column (Reference), reference values for
the same system, as stated in [8]].

Na substitution in diamond

For the active space of the sodium substitution in diamond, occupied with five electrons, we
get the wave functions described in[4.8} It has been shown that the a; state lies lower in energy
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4.2. Energies of many-body states

Table 4.9: Excitation energies (eV) relative to the 34, ground-state, for different methods.

State (i) (ii)  (iii) Reference [8]

34, 0.00 0.00 0.00 0.00
1E 069 121 046 0.46
A, 199 117 193 1.30
3E 240 189 1.89 1.92

than the t, states [37], hence we say that lowest energy configuration is (a1)?(t;/t2/t3)3. We
consider the lowest energy many-body states as found in the ground-state configuration, as
well as the lowest energy level of the next configuration which we get by Hund’s rule. From
these five states we get the following equations for the single-determinant energies

E (lmatitats)) = E(*A),

_ 1 1

£ (|ﬂ1@1t1t1t2>) = Eg(le) + Eg(sz),
_ 2

E (|lmatitats)) = §5(4A2) +

E(lmhhtats)y) = E(*Ty).

(4.2)

1 2

The equations for energies in the (a;)?(t;/t2/t3)% configuration correspond to all the in-
dependent rows of the matrix A in Equation The energies of all other single deter-
minants are found to be exactly equal to one of the cases in Equation Assuming that
£ (*°Th) = € (*Tz), we get the energies

E(tAy) = E(lmmtitats)),

E(E) = 3& (lmmt1t2E3)) — 2E (|martitats)), 43)
ECT) = ECT) =€ (lmmthity)), .
E(*T) = € (|mtiFitats)).

We note that any additional inclusion of terms containing the energies of 2T and ?T, in Equa-
tion does not lift this degeneracy, since the system is underdetermined. We present the
solution assuming that £ (2Ty) = € (*T»). This is equivalent to the solution that a least square
method would give if multiple equations with the same right-hand side were included in the
system, as discussed further in Chapter[5} The many-body state energies are calculated from
single-determinant energies calculated using method (ii) as described in Section The
many-body energies are presented in Figure
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4.2. Energies of many-body states

2.5

2.0 A

1.5

Energy (eV)

0.5 A

0.0 1

2E
2.29 eV
1.52 eV
2T /ZT
— 0.19 eV
0.00 eV
(Doublets)

Figure 4.2: Energies for many-body states of the Sodium substitution in diamond, plotted
relative to the energy of the ground-state. The energies of the quadruplet states are plotted in
the left column, and the energies of the doublet states are plotted in the right column.
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DISCUSSION

This chapter contains discussion of the results presented in Chapter[d] with regard to the the-
ory presented in Chapter 2| Furthermore, the validity of the method presented in Chapter
is also discussed. Finally, the results are put into a wider context, and societal and ethical
aspects are highlighted.

5.1 Results

In the following section, we discuss the results presented in the previous chapter. We first
compare the construction of configuration state functions to those presented in other sources,
and we discuss any differences. We also discuss the Ziegler sums we have derived and the
energy level diagrams that were constructed using these equations.

Construction of CSF

The developed method can handle defects with any point group and active space for con-
structing configuration state functions. However, for benchmarking purposes we are limited
to considering defect symmetries for which similar analysis has already been performed.

Lenef and Rand [35] and Doherty et al. [3] have analysed the NV~ center and we note that
the results presented in Table 4.2| and Table |4.3| correspond exactly to the many-body wave
functions presented in these articles.

For the case of the silicon-vacancy in 4H-SiC, we found the many-body wave functions
listed in Table Note, this result differ from the wave functions presented by Soykal et
al. in [4] since they consider the double group. This extension of the normal point group
models how the spin-degree of freedom is affected by spatial rotations when calculating the
projection onto the IRs. The corresponding double group to Cz, contains twice as many IRs
as the base group, and Soykal et al. presents the IR of the states as I'; ® I's, where I', is the IR
the spatial wave function transforms as and I'; is the IR the spin part of the state transforms
as. A consequence of this construction is that the states considered by Soykal et al. are not
guaranteed to be eigenfunctions of $,. Since our states were constructed as S, eigenstates this
explains why our results differ.

We further note that for a given orbital configuration, the subspace of all states with a total
spin s and spatial IR T, corresponds to the subspace spanned by the corresponding multiplet
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5.1. Results

in our Table For example, within the (a1)!(ex/e,)? configuration, we have

Yy = (A2 8°Es2) @ (42 8Es2) @ (A2 O Fi o)
=" B3/, @ E3o®Ef,®E;,,
2A1 = (A ®Ep) = Ef,®E],, (5.1)
2Ay = (A2®E1p) = Ef , ®E; 5,
’E=(E®E2) = Ef,, ®E;,,® E3/2@®' E3)».

were the right hand side of the equations are the double group many-body states reported by
Soykal etal. and the left hand side is the many-body state they correspond to in Table[.4 This
shows that the states presented by Soykal et al. can be grouped and paired one-to-one to our
states. Since we have chosen not include spin-orbit or spin-spin contributions to the energy
splitting of states we assume that all the states in a multiplet should have the same energy.
Associating the double group states with our states then implies that the double group IRs
would get the same energies when the same approximations are made. This shows that to
model Coulomb interaction it is enough to only consider the ordinary symmetry group. The
double-group formalism might be useful to include if the method is developed to also model
spin-orbit interaction in the future.

We also note that our code reproduces the many-body states for substitutional nickel in
diamond (Table and Table [4.6), presented by Thiering and Gali in [36]. This is the case
both when the active space of ¢, orbitals is occupied with two and three electrons.

For the many-body states of the neutral nitrogen vacancy and the neutral carbon trimer
in hexagonal boron nitride, the wave functions are presented in Table We compare these
to the wave functions reported by Golami et al. in [40] and Abdi et al. in [41]. We see that
our method produces the expected wave functions, but the grouping of the wave functions
differs somewhat compared to the literature. For the electronic configuration (a1)!(b1)!(by)!
our proposed method finds only one many-body state 2A; with degeneracy four, while both
Golami et al. and Abdi et al. instead reports two doubly degenerate states, 2A] and 2A.

This highlights a limitation of the current method, since by projecting spin-adapted wave
functions onto IRs there is no way to differentiate between many-body states that transform
as the same IR if they have the same spin. When written on block-diagonal form the Hamil-
tonian contains a single 2 x 2 block corresponding to the states 2A] and 2A]. However within
only group theory there is no way to differentiate between the states (using the notation of
Abdi et al.)

2 - 1 - 1
2A/1 (ms = 1/2) = % |a1b1b2> — % |u1b1b2> — \7f6 |ﬁ1b1b2>, 652
1 - 1 _ ’
2AY (ms =1/2) = 7 |a1b1ba) — 7 |a1b1b2)

and any linear combination of them would still have the correct spin and transform as the
specified IR. Nor can we split this degeneracy only with symmetry operations, since two
valid functions that span the same space as 2A} and 2A7 also transform as basis functions of
IR. The degeneracy can thus not be solved using only group theory. It seems reasonable to us
that the same problem could occur even for the double group IRs, and one would still need to
resolve this degeneracy with something else than group theory. A possible solution for this
degeneracy would be to consider the Hamiltonian matrix for subspace and try to diagonalize
it using wave function methods. However, this is outside the scope of this thesis.

This analysis similarly holds for other many-body states. The multiplicity of a many-body
state should be given by ¢ x (25 + 1), where g is the degeneracy of the spatial IR, and S is
the total spin of the state. We can thus easily identify when we have multiple states that are
wrongly grouped together. For the active spaces considered in this thesis, we also find this
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5.1. Results

grouping error for the ?E state in configuration (a1)!(a2)!(ex/e,)! in C3, symmetry as stated
in Table

Furthermore, we cannot be certain that any two states that have been grouped together
by mistake would have the same energies, something that is implicitly assumed when the
Ziegler sum rules are constructed. None of the defects for which we have calculated the
Ziegler sums have had this problem. If the method were applied in a high-throughput setting,
however, this would need to be accounted for, preferably by flagging cases when this error is
detected.

In conclusion, we say that our method correctly identifies the relevant many-body states
and can construct the corresponding wave functions from single-particle orbitals. These wave
functions are constructed as eigenfunctions of 5% and S, while simultaneously transforming
as IRs of the point group. There exist other choices for how the states are constructed, but
according to our analysis, for the case when only Coulomb interaction is considered, our
method is sufficient. We have identified one major problem with the method which is the
inability to distinguish between states with the same total spin, that also transforms as the
same IR. We have no solution for this problem, but propose a method for detecting it. We
find that this is not relevant for any of the cases when the energies are calculated using the
configuration state functions.

Energy level diagrams

Based on the CSF, we also developed of a method to systematically deriving equations for
the energies of these as sums of single-determinant energies. We discuss this in two parts,
first how our method constructs the energy equations and second how the energy diagram
are constructed with single-determinant energies from DFT.

Energy equations

As shown in Section our method identifies the same sums for the energies of the many-
body states of the NV~ center in diamond as presented in [42, 43, 44]. The proposed method
hence seems to work for this case.

As mentioned in Section [2.6| and proven in Appendix there is an upper bound for
the rank of the A matrix, which can make the equations for many-body energies unsolvable.
In Section we found that the equations produced by our method could not be solved
uniquely for the many-body energies £(?T;) and £(*>T,). We now show that this follows
from an upper bound on A, and not from any numerical errors.

The Na substitution in diamond, has T; symmetry and an active space consisting of or-
bitals a1 transforming as Aj, and triple degenerate orbitals t; /t;/t3 transforming as T,. In
total, this active space is occupied with 5 electrons. Since we only consider the ground-state
configuration in which the a; orbital is fully occupied we simplify the model and write the
active space as (t/t»/t3)°. This subspace contains (g) = 20 single determinants.

The T, basis {t1,t,, t3} transforms as the Cartesian coordinates {x,y, z} [21]. The C3 rota-
tion about the body diagonal [1,1,1] sends (x,y,z) — (y,z,x), and the reflection ¢y in the
plane x = y sends (x,y,z) — (y,x,z). By composing these operations we create any per-
mutation of (x,y,z) . Combined with the spin-flip operator, this allows us to partition the 20
determinants into three sets within which all members are reachable from one another,

* The set containing |t1, t;, t3), with all three spatial orbitals singly occupied and all spins
aligned (2 determinants).

e The set containing |¢1, ¢y, f3), with all three spatial orbitals singly occupied but spins not
all aligned (6 determinants).

* The set containing |1, 1, tp ), with one spatial orbital doubly occupied (12 determinants).

35



5.1. Results

In total these sets contain 2 + 6 + 12 states, which matches the total number of determinants
in the subspace. By the rank bound, A therefore has at most three distinct rows for this
configuration, matching the three independent equations identified in Section With four
multiplet energies £(*A,), £(?E), £(?Ty), £(?°T,), the linear system is underdetermined by
one dimension, and the degeneracy reported in Section[4.2] cannot be avoided when all states
in a multiplet are assumed to have the same energy.

The analysis above only shows that the resulting system is underdetermined. In Sec-
tionwe specifically find that the energies of the states 2T; and 2T, can only be solved for on
the form £(%Ty) + £(*T,). By inspecting the wave functions in Table 4.8} we see that the con-
figuration state functions for 2T; and 2T, come in pairs. For a state ¥ 1 = 1/+/2 (|A) + |B))
in 2Ty, there is a corresponding state ¥’ =1/y2 (JA) — |B)) in 2T,, where |A) and |B) are
Slater determinants constructed from single-particle wave functions. Thus if we consider the
Hamiltonian for the subspace of {|A),|B)}, we see

(AlA1A) (Al H|B>) 63

H =
{14)/1B)} . .
<<B|H|A> (B|H|B)

and hence
2 A D 1 N A N N
N AYT = 5 ((A|H|A)+<{A|H|B)+(B|H|A)+(B|H|B)), 65
1 .

| A ¥y = - ((A|H|A) — (Al H|B) — (B| H |A) + (B| H |B)).

5 (

The sum and difference of energies are therefore

ECT) +ECT) = (A|H|A) +(B|H|B),

N . (5.5)

E(T) — £(*Ta) = (A|H|B) + (B| H|A).
The sum depends only on the diagonal matrix elements of the Hamiltonian, and matches
the third row in Equation The splitting between the states is dependent only on the off-
diagonal elements of the Hamiltonian. Since single-determinant DFT can only be used to
calculate the diagonal elements, we are not able to resolve this difference. When creating our
system of equations, we thus only find expressions for the sum of the energies.

To accurately model the energy differences between states, we would therefore need to
evaluate the off diagonal element (A| H |B). If the single-particle wave functions making up
|A) and |B) are known, the off-diagonal element could in principle be calculated as one- and
two-electron integrals over the KS orbitals by the Slater Condon rules. Evaluating the matrix
elements is equivalent to running a small CI step for the degenerate subspace, and is outside
the scope of this thesis. However, it is a good path for further development.

Energy diagrams

We now consider the energy diagrams created based on the Ziegler sums, and the single-
determinant energies found through constrained occupation DFT.

In Section we presented the energy diagram for the many-body states of the NV~ cen-
ter in Figure for different methods of self-consistent electronic convergence. The result
using method (i), with setting from the VASP-Wiki, was calculated with subspace diagonal-
ization disallowed B together with ALGO=ALL. However, as is visible in Figure this leads
to an overestimation of the direct excitation energy £(°E) — £(*A;). Using the Wiki settings
we find this energy to be 2.4 eV. The value reported by Ivanov et al. is 1.92 eV, which is
close to the absorption energy of the NV~ center stated in the ADAQ database [37]. Since

1See: https://vasp.at/wiki/Delta_self-consistent_field
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5.2. Method

the 3E state is represented by a single determinant, we believe that subspace diagonalization
allows for VASP to converge single-determinant states better. Not allowing it might therefore
explain why all the many-body energies found using the Wiki-settings are much greater than
their reference counterparts [8].

When repeating the calculations and allowing subspace diagonalization (results from
methods (ii) and (iii)), we recover a direct excitation energy of 1.89 eV, much closer to the
value reported in the literature for DFT with the PBE functional [37, §]. We also find that,
when doing calculations with subspace diagonalization allowed, the choice of algorithm used
had a very small impact on the energy. We hence choose to use ALGO=Normal as the default
algorithm. Using method (ii), were the orbital occupation is set using FERWE/FERDO tags,
we find the energies of the 'A; and IE states are found to be almost degenerate. When using
method (iii), were the non ground-state occupation was set by rewriting the WAVECAR file,
the E state is much closer to the reference value, the !A; energy is worse. The differences
between the initialization used in method (i) and (iii) even if minor, might change the ini-
tial conditions enough for the self-consistent solver to explain why it converges to different
energies for states that should be identical.

Ivanov et al. [8] introduce the basis change e = 1/+/2 (ex+ey), e = 1/4/2 (ex —ey), for
the degenerate E orbitals, and calculate the many-body energies in terms of this rotated basis.
This basis change should leave the energies of the many-body states invariant in exact the-
ory, since any orthogonal basis of the degenerate subspace should be equivalent. However,
the energies do not need to be equal in DFT, since double occupying ey yields a charge dis-
tribution 2|ey|?, while double occupying e yields a charge distribution rotated 45°. Ivanov
et al. report that in the {e,e_} basis the symmetry broken single determinants allow the
self-consistent field (SCF) solver to better converge to a symmetry broken state.

We repeat our calculations using the {e.,e_} basis. Using this basis, we find an 'E energy
equal to the value found with method (iii). The better 'E energy indicates that the rotated basis
allows the SCF solver to converge to the spin-singlet ground-state even when not allowing
for subspace diagonalization. The energies for the 'A; state could not be computed using the
rotated basis, since the single-determinant |e,é ) could not be converged. In [8] it is stated
that |e;.2 ) corresponds to a saddle point in the energy landscape. Since any two bases of a
degenerate subspace are equivalent, this should also be the case for |exéy). The energy of the
1A, state is given by

5(1141) =2 5(|ﬂ1, 6171/ EX/E;C>) + 5(‘”1/ 61711 €x, ey>) -2 5(|alrﬁ/eXre}>)r (56)

showing that the difficult saddle point energy might be the cause of the energy difference
observed in Figure Ivanov et al. use a direct orbital optimization method to assist con-
vergence to saddle points [45], and this method might be what allows them to converge states
that we cannot converge using VASP.

As shown in this discussion, it is not obvious what parameters should be used when
calculating single-determinant energies. Hence, even if the Ziegler sums can be constructed
for all excited states, the single-determinant energies may still have large errors. The method
can thus be used to produce a rough estimate of a many-body diagram, and it can find an
approximate ordering of states. The many-body states of the sodium substitution in diamond
were calculated using single-determinant energies from DFT with subspace diagonalization,
with the occupation set according to method (ii). A test of the proposed method would be to
compare these results against results from a true many-body method.

5.2 Method

It is a common analysis to construct the many-body states for a defect, something that is
done in many articles regularly, but often only for a single defect, and only for a few active
spaces. The method developed in this thesis let users quickly construct configuration state
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functions for any defect, any active space, with known defect orbitals. The identified many-
body states could then be used to construct Ziegler sums, or to act as a basis for further more
detailed theoretical studies. By considering the double group instead of the point groups
when constructing the CSF we could find states that are better adapted to study spin-orbit
or spin-spin interaction. These double group adapted states would lift degeneracies of spin-
multiplets and give a higher resolution spectrum of excited energies, since states in the same
multiplet may transform as different double group IRs.

The automated construction can also allow the method to be used in screening work-
flows, were many different defects are considered and their many-body states characterized,
something that is not possible to do by hand.

One of the main limitations of the proposed method is the assumption that excited states
are well approximated by antisymmetric combinations of ground-state orbitals, classified as
IRs of the ground-state point group. Since the orbitals are evaluated at the ground state
symmetry, the method used in this thesis considers vertical excitations, excitations where the
crystal structure is kept in the fixed ground-state positions, even after electrons are excited.
However, we note that excited states of defects may have different most stable crystal struc-
tures, with reduced symmetry compared to the ground state [39,37]]. A consequence of this is
that while the CSF for an excited state is labeled as an IR of the ground-state point group, this
might not correspond to the symmetry of the relaxed excited state. States that our method
labels as degenerate might split if the excited state has reduced symmetry. Considering the
effects of ion relaxation in the excited state is beyond the scope of this thesis.

5.3 The work in a wider context

This work develops algorithms for calculating multi-determinant states in point defects, to
offer a computationally cheaper, albeit less accurate, way of predicting defect energy-levels.
These algorithms can be used as a screening tools that can complement the high-throughput
screening workflows, to better identify defect candidates for applications in quantum tech-
nologies. In the future, quantum communication may provide uncrackable communication,
and quantum sensing may be used to develop ever more accurate devices for measuring
magnetic fields, temperature, or time. These futures, however, depend on discovering point
defects that can be used to effectively realize such devices.

By constructing many-body states for promising defects found by other means, the code
developed in this project can cheaply generate an approximative ordering of many-body
states, letting researchers select the most promising defect for further study with higher-
order methods. In this way, this project may lead to quicker workflows and higher share
of compute time being used to study promising defects.

5.4 Future work

As previously discussed a natural extension to the work would be to also consider the double
groups to construct the many-body states. By considering the double group, one can better
analyze the spin-orbit interaction of specific states. This would lift some state degeneracies,
and let us study systems where the spin-orbit interaction plays a larger role. As currently
implemented the method is well suited for studying defects where spin-orbit coupling is
much smaller than the Coulomb interaction, as is the case for most light atoms. For heavier
elements, however, the spin-orbit interaction becomes larger [20].

The proposed integration with high-throughput screening workflows would also be a
possible avenue of improvement.

The most important improvement would be to study how basis changes of degenerate
subspaces affect the SCF solver of DFT, and if there are any specific rules to follow when
constructing this basis to get as good a result as possible. We have found that when using
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constrained occupation DFT in VASP, a basis change might lower the energy of one state,
while making another state not converge. If this method is to be used in the future, we must
study how DFT is affected by basis changes more systematically. Furthermore, the results
from the Ziegler sums and constrained occupation DFT should be validated using higher-
order many-body methods for multiple systems to find how large of an error this method
actually has.

A final, more theoretical path to consider, would be to further study when the energies
for many-body states cannot be calculated according to the Ziegler sum rules. For Na sub-
stitution in diamond, we found that we could not recover the many-body energies uniquely
since the energies were depended on off-diagonal elements of the Hamiltonian. It would be
interesting to study what actually causes this and try to find for which states it occurs.
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CONCLUSION

This thesis considers how spin- and symmetry-adapted wave functions are constructed for
a general active space with a given point symmetry. We developed a general framework to
automatically construct many-body states, in the form of a Python package. The program
can accurately construct the many-body CSF for defect systems by projecting onto symme-
try group IRs and building spin-multiplets. The CSF construction was applied to the active
spaces of the NV center in diamond, the sodium and nickel substitutions in diamond, the
silicon vacancy in 4H-SiC, and the neutral carbon trimer and nitrogen vacancy in hexagonal
boron nitride. For these defects, the method reproduced the many-body wave functions re-
ported in the literature. For the hexagonal boron nitride defects, our grouping of the wave
functions differed from the grouping found in the literature. We found that the proposed
method cannot be used to differentiate between states transforming as the same IR with the
same spin, a drawback that must be considered when using the method.

The thesis also assesses how the energies for these spin- and symmetry-adapted states
could be calculated as a weighted sum of single-determinant energies. A method for de-
termining these relations was presented and implemented in software. The energies of the
single-determinants were found to always be sums of CSF energies. Recovering the CSF en-
ergies required inverting this relation, which we showed was not always possible by finding
an upper bound for the rank of the matrix relating the energies. For the sodium substitution
in diamond, this bounded rank prevents the CSF energies from being found uniquely, and
we further showed that the unrecoverable energies depended on off-diagonal elements of the
Hamiltonian, explaining why they could not be recovered from single-determinant energies
without other assumptions.

The NV center in diamond was studied in detail using the developed software and ex-
cited state energy levels were calculated using the Ziegler sum rules with energies from con-
strained occupation DFT. The energies and ordering of the states differed depending on the
simulation parameters used. The difference between our results and the reference results was
discussed and attributed to difficulties in converging excited single-determinant states. The
trouble of converging the excited single-determinant energies efficiently highlights a major
drawback of the method, which would need to be further studied before the method may be
used in a large-scale screening effort.

Nevertheless, the thesis presents a validated framework implemented in software that
can automatically construct the many-body states of any active space of a point defect. The
method reproduced the many-body wave functions reported in the literature for all consid-
ered defects. The developed software lets users construct many-body states and derive the
relations linking many-body and single-determinant energies within the same program, and
could in the future be extended to compute further defect properties. With only minor addi-
tional development, it could be used as a post-processing step in a screening workflow, sim-
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plifying complex group-theory analysis and allowing the excited states of numerous point
defects to be mapped out.
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A

NAMING CONVENTIONS

This appendix presents the various naming conventions used in the thesis. In section[A.1]the
naming of symmetry operations is presented, in section the naming for point groups is
presented and, in section[A.3|the naming of irreducible representations is presented.

A.1 Naming of symmetry operations

For symmetry operations two common naming schemes exist; Hermann-Maguinn notation
and Schoenflies notation. In this thesis we consistently use the Schoenflies notation and the
naming convention for operations are presented below, and are based on [21) 20].

¢ E: The identity operation, corresponding to doing nothing.

* C;: Rotation around some axis with the angle 277 /n. For crystals, n can only take the
valuesof 1, 2,3, 4, and 6.

* 0: Some reflection in a plane. With the following sub-categories:
— 0y Reflection in a plane perpendicular to the axis with the highest rotational sym-
metry.
— 0y: Reflection in a plane containing the axis with the highest rotational symmetry.

— 04: Reflection in a plane containing the axis with the highest rotational symme-
try, such that the reflection plane bisects the angle between two two-fold axis of
rotation orthogonal to the principle axis of rotation.

e i: Inversion operation, acting on points as (x,y,z) — (—x, -y, —z).

* S,: Improper rotation, described by rotation along some axis with the angle 27t/n fol-
lowed by mirroring in a plane horizontal to the rotation axis.

A.2 Naming of Point groups

Since crystals can only have rotation axis with at most six-fold rotation symmetry, it can be
shown that there only exist 32 point groups for crystallographic systems [20]. These point
groups are hence all the available symmetries for crystal defects. The point groups are labeled
according to the Schoenflies notation, and to confuse the reader some groups have the same
label as symmetry operations. The naming of the groups, and their main classes are presented
below, using the classification presented in [21].

* C,: Groups consisting of only a single n-fold axis, where n can take the values 1,2,3,4,
and 6.
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A.3. Naming of Irreducible representations

A3

Cno: Groups consisting of one n-fold axis of rotation, together with n mirror planes
containing the n-fold axis. These planes are separated by an angle of 77/n around the
rotation axis.

Cun: Groups containing an n-fold axis and a mirror plane perpendicular to that axis.

Syt Groups containing an n-fold axis of improper rotation. Here n only takes the values
2,4, and 6, since the odd numbered improper rotation axis would correspond to the C,,

group.
D;: Groups consisting of one n-fold axis of rotation and n two-fold axis of rotation

perpendicular to the n-fold axis.

D,,;: Groups consisting of the elements of D, but also the reflection planes o bisecting
the angle between two-fold axis.

D,,;;: Groups consisting of the elements of D, as well as a reflection plane perpendicular
to the main axis of rotation.

T: The group of proper rotations (12 in total) that take the corners of a regular tetrahe-
dron onto themselves.

Ty: The group consisting of all symmetry operations on a regular tetrahedron, mirror
planes, as well as rotations.

Tj: The group corresponding to the direct product between T; and the inversion oper-
ator.

O: The group consisting of proper rotations that take the corner of a cube onto them-
selves.

Oy,: The group consisting of all symmetry operations that take the corners of a cube
onto themselves. Can be viewed as the direct product between the group O and the
inversion operator i.

Naming of Irreducible representations

The irreducible representations for all the 32 different point groups are well known, and
labeled by a Mulliken symbol. These can be found tabulated in almost all books concerning
group theory as well as onlin The Mulliken naming convention is presented below, using
the naming convention from [21].

A: One-dimensional IR, basis functions transforming as the IR are symmetric w.r.t rota-
tion around principal axis.

B: One-dimensional IR, basis functions transforming as the IR are antisymmetric w.r.t
rotation around principal axis.

E: Two-dimensional irreducible representation.
T: Three-dimensional irreducible representation.
Xg: Basis function(s) transforming as the IR are symmetric w.r.t inversion.

Xy: Basis function(s) transforming as the IR are antisymmetric w.r.t inversion.

! An extensive list point groups (both crystallographic and not) can be found at

http:

//gernot-katzers—-spice-pages.com/character_tables/index.html.
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A.3. Naming of Irreducible representations

¢ Xj: Basis function(s) transforming as the IR are symmetric w.r.t a vertical mirror plane
containing the principal axis.

* Xj: Basis function(s) transforming as the IR are anti-symmetric w.r.t a vertical mirror
plane containing the principal axis.

e X': Basis function(s) transforming as the IR are symmetric w.r.t a mirror plane horizontal
to the principal rotational axis.

o X”: Basis function(s) transforming as the IR are anti-symmetric w.r.t a mirror plane
horizontal to the principal rotational axis.

Note that the suffixes are only used when there is a need to distinguish between multiple IRs
of the same dimension.
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B

SUPPLEMENTARY PROOFS

In this appendix we present some supplementary proofs that did not fit in the main text.

B.1 Multi-determinant nature of ! A; and 'E states

In section 2.4 the spin- and symmetry-adapted states for the E ® E configuration in Cz, were
constructed, and it was noted that the states ! A; and 'E are expressed as linear combinations
of two Slater determinants. Here we show that this multi-determinant character is not an
artifact of the chosen single-particle basis, but is an intrinsic property of these states.
Consider a general two-electron state expanded in some single-particle basis {¢;}:

¥ = Zcij 91, 9}, (B.1)
1<]

We then define the matrix C element wise as, C;; = —Cj;. Assume that there exist some single-
particle basis {¢;} in which a wave-function ¥ can be expressed as a single determinant

Y =99y, (B.2)

for some i and j. If these basis vectors are defined as linear combinations of {¢;} the de-
terminant basis constructed by {¢;} and {¢;} spans the same space since |¢1 + @2, p3) =
|91, 93) + |92, @3). This would mean that the matrix C must be expressed in the new basis as

CSingle = 1 0 ’ (B.3)

then rank(Csjngle) = 2. Since matrix rank is independent of basis this must hold for any basis,
which implies that any wave-function that can be expressed as a single determinant must
have rank(C) = 2. We now consider the matrix Ci,, as constructed by the wave function

lAlT

01 0 0

- 1|10 o0 of -
V210 0 0 1
0 0 -1 0



B.2. Rank bound of A

however rank(Ci4,) = 4 # 2, hence showing that "A1¥ cannot be expressed as a single

determinant in any choice of basis. The same argument applies directly to the 'EY states,
whose coefficient matrices also have rank 4.
As an example we work through the case of basis transformation

el = ! (ex +ey)
+ — — /5 \&x Y

\{E (B.5)
e lenme),

then the single-determinant [e; ® 1,e—® |) can be expressed in the basis {e;® 1,ex® |, e,® 1
7 ey@ l} as

1

e+@1e-® 1) =3 (lex® 1,ex® 1) — |ex®@ 1, e,® 1) + ley® 1, ex® L) — [ey® 1,e,® 1)) (B.6)
yielding the C-matrix
0 1 0 -1
11-1 0 -1 0
c—1 ) (B.7)
210 1 0 -1
1 0 1 0

which is a matrix with rank two, hence showing that although it does not look like a single
determinant in the ey, e, basis this state represents a single determinant in some other basis.

B.2 Rank bound of A

We here present a short proof that the rank of the matrix A has an upper bound, which can
be lower than the number of many-body states we want to determine the energy of.

Let ®g denote a single Slater determinant and let {®g 1, Pko,...,} be an orthonormal
basis of configuration state functions spanning multiplet K, where the second index ranges
over both the spatial-symmetry components and the m; values of the multiplet.

Since the configuration state functions are eigenfunctions of H by construction, the single-
determinant energy is

E(®s) = 2. N [{Ds| @) * E(Pe). (B.8)
K ¢

Under the assumption that the state functions of each multiplet have the same energy
E(Pk,) =: £(Pk) for every component ¢ of multiplet K, we obtain

E(®s) =) Ak E(Pk),  Ask =), [(Ds|Pke) [* (B.9)
K c

Let Px = Y., |®k ) {Pk | denote the orthogonal projector onto the multiplet-K subspace. We
then express the matrix element as

Ask = Y (P[P o) (Pi | Ps) = (Ps| Py |Ds) - (B.10)

If there is some unitary operator O that commutes with P, we let &g = O®s, inserting this
into equation (B.10) gives
Asix = (05| P |OPs) = (@s|OT PO ®s) = (@s| Py|@s) = Ask, (B.11)

showing that rows of A are equal for such functions. We now show that any operator ¢ cor-
responding to some symmetry operation commutes with the projection operator. We know
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B.2. Rank bound of A

that the action by a symmetry operator on a basis to that IR is through the matrix D(g), that
can be chosen to be unitary [21]. Then

g = Z (Z D(g)zlc |q>K,c/>Z <¢K,c”| D(g)cc”> =

C//

§1 kg = 8" |Pke) (P

) (B.12)
= Px,

Z D(g)I/CD(g)cc” [Pk ) (Prer| = 2 [ Pke) (P

c,c! " —_— c
:5CIC”

showing that any symmetry operator commutes with the projection operator. We also con-

sider the spin-flip operator £, which exchanges up and down spin on every spin-orbital. For

a single-particle version f we have

o (o1 .
f= = fl, fff = , (B.13)
10 01

showing that the single-particle operator is both unitary and Hermitian. Hence the many-
body version constructed as the tensor product of these single-particle operators inherits
these traits. We also know qualitatively that exchanging all spin in a state maps each multiplet
subspace into itself, since it sends |S, m5) to |S, —ms). This shows that the spin-flip operator
commutes with Py, since the sum over |®x () (@ .| will still visit all the same elements but
in a different order.

We hence conclude that for the basis of single-determinants we can find an upper bound
for the number of unique rows of A as the minimum number of sets we can partition the
determinants in, so that all determinants within a set can be constructed from each other by
the use of symmetry operators and the spin-flip operator. Since the number of unique rows
of A equals the rank of the matrix, this can be used to show explicitly that the Ziegler sums
cannot be solved for some defect systems, by showing that the upper bound for the matrix
rank is less than number of unknown many-body states.

48



C

VASP SETTINGS

This appendix presents an example of the settings used for single-determinant calculations.
This specific simulation correspond to the determinant |a1a1ex2x), as presented in section 4.2}
The active space was identified to consist of the KS orbitals [1022, 1023, 1024] and they
were identified to transform as the IRs Ay, E, and E respectively. The INCAR file is presented

below.

ISTART=1
ICHARG=1
LREAL=Auto
LWAVE=.TRUE.
LCHARG=.TRUE.
LASPH=.TRUE.
ALGO=Normal
PREC=Accurate
ISYM=0
ISMEAR=-2
SIGMA=0.001
ISPIN=2

FERWE=1021%1.0 1%1.0 1x0.0 1%x1.0 300%x0.0
FERDO=1021%1.0 1%1.0 1x0.0 1%x1.0 300%x0.0

ENCUT=400
ENAUG=800
NELMIN=2
NELM=40
EDIFF=1E-06
NSW=0
ADDGRID=.TRUE.
IBRION=-1
ISIF=2
EDIFFG=5E-05
NCORE=32
NSIM=16
NBANDS=1152
NELECT=2046
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